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A new non-conforming finite element discretization methodology for second order elliptic
partial differential equations involving higher order local absorbing boundary conditions in
2D and 3D is proposed. The novelty of the approach lies in the application of C°-continuous
finite element spaces, which is the standard discretization of second order operators, to
the discretization of boundary differential operators of order four and higher. For each of
these boundary operators, additional terms appear on the boundary nodes in 2D and on
the boundary edges in 3D, similarly to interior penalty discontinuous Galerkin methods,
which leads to a stable and consistent formulation. In this way, no auxiliary variables on
the boundary have to be introduced and trial and test functions of higher smoothness along
the boundary are not required. As a consequence, the method leads to lower computational
costs for discretizations with higher order elements and is easily integrated in high-order
finite element libraries. A priori h-convergence error estimates show that the method
does not reduce the order of convergence compared to usual Dirichlet, Neumann or Robin
boundary conditions if the polynomial degree on the boundary is increased simultaneously.
A series of numerical experiments illustrates the utility of the method and validates the
theoretical convergence results.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Modelling of complex systems in science and engineering, for example in electromagnetics, mechanics, acoustics or
quantum mechanics, often require the problem to be reduced to a domain of interest and conditions on its boundary are
described to incorporate the state of the system exterior to this computational domain. Very often local absorbing and
impedance boundary conditions [1-3] are used, where Dirichlet, Neumann and Robin boundary conditions are the most
prominent examples. To achieve higher accuracy, local absorbing boundary conditions of higher order are derived, which
possess higher tangential derivatives that are even of order four and higher. In this paper, solutions of second order partial
differential equations (PDEs) in a connected Lipschitz domain 2 € RY, d = 2, 3 subject to local absorbing boundary
conditions (ABCs) on a closed subset I" of the boundary 952 are considered. As prominent exponent are the symmetric local
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absorbing boundary conditions (see [4, Eq. 3.14] and [5]), which are given for d = 2 as

J . .
du+ Y (—1d(ydlu) =g. (1)
j=0
where 9, and 9, denote the normal and tangential derivatives on I", 9, := v - V, 0 = t - V, v is the outer unit normal
vector on I" and t the unit tangential vector. Furthermore, i, j = 0, ..., ] and g are smooth enough functions on I", and
J € No U {—1} is the order of highest (second) derivatives. Local ABCs for ] = —1, 0 are well-known as Neumann (J = —1)

and Robin boundary conditions (] = 0) and for ] = 1 possibly less known as Wentzell boundary conditions (see [6] and
the references therein). The discretization of second order PDEs with local ABCs by the usual C°-continuous finite element
methods (FEM) has been so far restricted to these three cases (see, e.g., [7] for Wentzell’s conditions). For local ABCs of any
order J finite element methods with CY~"-continuous basis functions (at least) along I" [8,4] or with auxiliary unknowns
[9,10] for each 82u, 3fu up to Bﬁufl)u leading to a mixed system have been proposed. Even so, local ABCs with derivatives
higher than two have rarely been used so far.

In this article, C°-continuous finite element methods were proposed for local symmetric ABCs of any order J, for both
d = 2, 3, and are analysed when they are applied to the Helmholtz equation. These finite element methods are inspired by
interior penalty discontinuous Galerkin methods [11] and exhibit additional terms on boundary nodes for d = 2 or boundary
edges for d = 3. A similar approach was introduced by Brenner and Sung [ 12] for fourth order partial differential equations.
Moreover, additional terms are introduced in the formulation if also tangential derivatives of odd orders are present, as this
is the case for several impedance boundary conditions. Eventually, for d = 3 even more general boundary conditions with
higher tangential derivatives applied to the Neumann trace are considered.

The article is organized as follows. In Section 2 several examples of local ABCs are given and corresponding variational
formulations are introduced. Then, interior penalty formulations in two dimensions are introduced in Section 3 and in three
dimensions in Section 4. The numerical analysis of the numerical method proposed in the article is presented for the case
of local symmetric ABCs in two dimensions in Section 5. Finally, in Section 6 the proven theoretical convergence results are
validated by a series of numerical experiments.

2. Local absorbing boundary conditions

Local ABCs are stated for example on artificial boundaries of truncated, originally infinite domains to approximate radi-
ation or decay conditions [13,2]. Then, the functions «; in (1) correspond to PDEs outside £2 and a better approximation is
obtained by moving the artificial boundary further to infinity or by adding further terms, i.e., increasing J.

If a possibly bounded subdomain correspond to a highly conducting body in electromagnetics, the fields can be com-
puted approximately by a formulation in the exterior of the conductor with so-called surface or generalized impedance
boundary conditions [14,1,3] on the conductor surface. While introduced first by Rytov [15] and Leontovich [16], in recent
years impedance boundary conditions of higher orders are proposed [17,18]. Similar impedance boundary conditions were
derived for thin dielectric coatings on perfect conducting bodies [ 19-22] or for viscosity boundary layers in acoustics [23].
Furthermore, impedance transmission conditions may be used to approximate the behaviour of thin layers (see [24] and the
references therein) or even microstructured layers [25]. In this case they relate jumps and means of Dirichlet and Neumann
traces on the mid-surface of the layer.

The derivation of these local ABCs is often performed by asymptotic expansion techniques or by a truncation of Fourier
series, where, at least for the rigorous error estimates, the boundary I and the functions «; are assumed to be smooth. The
local ABCs may also be applied for piecewise smooth boundaries I', e.g., domains with corners, or for piecewise smooth
functions «; which may have jumps. In this case the higher surface derivatives alrajajp are not necessary weak derivatives
on the whole boundary I and additional conditions on the corners are needed [26]. To knowledge of the authors of this
article, those corner conditions have not been mathematically analysed so far and this analysis is restricted to I € C* with
ring topology and ;j € C*°, j =0, ...,].

With these assumptions, the weak form of (1), after j-time integration by parts of the jth term along I" is, with v smooth
enough, given by

I
/avuu+zaja}ua}uda(x):fguda(x). )
r r

=0

If the local ABCs are used in combination with the Helmholtz equation with homogeneous Neumann boundary conditions
on d2\I" the corresponding variational formulation reads: Seek u; € V; .= {v € H'(2) : v|; € H/(I")} such that

J . .
ay(uy, v) = /;2 (V- VU — kuyv) dx + Z/I:(Yjajl—vUJ Hvdo) = (fj,v) Vvey, (3)
=0

where f; corresponds to source terms in the domain £2 or on the boundary I" and the wave number « € L*°(£2).
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If only second derivatives are present in (1) and so only first derivatives in (3), i.e., for the Neumann, Robin and Wentzell
conditions, a numerical realization with usual piecewise continuous finite element methods is straightforward. For] > 2, the
usual finite element spaces are not contained any more in the natural space V; of the continuous formulation. For those high-
order conditions, finite elements methods with C°-continuous basis functions will be introduced in the following section.

3. Interior penalty finite element formulation in 2D
For the derivation of the interior penalty formulation, the following regularity result is needed.

Lemma 3.1. Let u; € V; be solution of (3) with infyep |oy| > 0 and k € C*°(82r) in some neighbourhood 2 C 2 of I'. Then,
uy € COO(F)

Proof. The proofis a simple generalization of the proof of Lemma 2.8 in [5] from circular to C* boundary I, from constants
aj to o € C*, and from constants « in some neighbourhood of I" to C*°-functions in such a neighbourhood. O

3.1. Definition of the C°-continuous finite element spaces

The presented non-conforming finite element method is based on a mesh M, of the computational domain £2 (see Fig. 1)
consisting of possibly curved triangles 7; and curved quadrilaterals @, which are disjoint and which fill the computational
domain, ie, 2 = [Jy. a0, K- Each cell K in 7, or @, can be represented through a smooth mapping Fx from a single reference

triangle Kora single reference quadrilateral Tf respectively. The set of edges of My, on I" is denoted by & (My, "), N (M, ')
is the set of nodes of My on I', and .V (e) is the set composed of the two nodes of the external edge e. Furthermore, the union
of all outer boundary edges and the union of all cells is defined as

= |J e=r\v J n a=Jk=2\

ec&(Mp.I") neN (My.I') KeMp ec&(Mp)

The edges & (M, I') of M, are possibly curved, where for the analysis they are assumed to resolve I" exactly, i.e.,

r= |[J e

ecE(Mp,I")

Furthermore, each edge is assumed to have counter-clockwise orientation and can be represented by a smooth mapping F,
from the reference interval (0, 1). The mesh width h is the largest outer diameter of the cells
h := max diam(K).
KeMp
The discretization space will be defined in the following. First,E denotes areference quadrilateral or triangle, respectively,
ande denotes either one edge of K or the reference interval. Furthermore, P, (K) denotes the space of polynomials of maximal

total degree p for the reference triangle K and of maximal degree p in each coordinate direction for the reference quadrilateral
K.The space P, (K ) can be decomposed into interior bubbles edges bubbles to one of the edges and the nodal functions. The

space of interior bubbles for the reference triangle is IP, (K 0)={veP (K) v|3K = 0} and the one of the edge bubbles
related to an edge € in K is given by IPP(K ) ={vePp X) : Ve = 0,0 = 7(@) Dls), where £(8) € P;(K) is the linear

lifting function with 2(@)}s = 1.

Now, let p be a function assigning each cell K € M; and each edge e € &(My, I") a polynomial order p(K) or
p(e), respectively, which are all positive integers and p(e) > p(K) ife C K.Let p := minges, p(K) > 1and py =
MiNeeg(u,, ) P(€) = p. In order to define the local solution space, M(K) denotes the set of those neighbouring cells K in
Mp\{K} which have a common edge with K and & (K, I") denotes the edges of K which are on the domain boundary I". The
local function space in K is the space of polynomials with maximal degree p(K) on the reference element (in each direction
for a quadrilateral) and with possibly additional edge bubbles related to neighbouring elements and edge bubbles related
to boundary edges,

_ _ 1= —
P, (K) = {vh € C¥(K) : vnlk o Fx € Py (F'K) ® €D Prnaxcorr oty (F 'K Fi 'K NK))
K'€Mp(K)

o P Pp<e)(FK_11(,F,<_1€)}.

ec&(K,I")

Note that the respective space on the reference element K is a subset of Ppr ) (E) for some p*(K) > p(K). Here, p*(K) is the
polynomial degree to represent the basis functions on K. It is larger than p(K) if p(K") is larger for one of the neighbouring
elements K’ € My (K) or if an edge bubble function related to a higher polynomial order on a boundary edge has to be
represented.
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3+

Fig. 1. The triangulation .My of the domain £2 with boundary I" (unit normal vector v and tangential vector t are indicated) with partially curved cells.
For functions on the boundary I” the jump and average on boundary nodes n is defined using the neighbouring edges e; and e, with counter-clockwise
orientation.

Then, the space of continuous piecewise polynomial functions on M}, with polynomial orders p is defined as
Vi i= SP (82, My) == {vy € CO(2) : vhlk € Po(K)}.

For the definition of the surface derivative, the tangential vector 7 is assumed to be always the counter-clockwise (or
clockwise) one on the whole I" (see Fig. 1).

Finally, it is necessary to introduce additional notations specific to the non-conforming formulation. For each node
n € N(Mp, I'), e and e denote the two external edges sharing n, such that ] follows e, when going counter-clockwise
(see Fig. 1). The trace of v on n taken from within e; and e, is defined respectively by v} = lims_¢ v(Fen+ (s)) and by

v, = lim_,, U(Feﬁ (s)). The jump and the mean of v on n are respectively defined by

+ —
;r and {v}, = m
2
The length of the edge e is denoted by h, and h, defines the smallest length of the two edges sharing the node n, i.e.
h, = min(hen+, he;). Furthermore, h; = maXpey 4, ) hn denotes the mesh width of I, and its quasi-uniformity measure
is defined as p;, = max{he/he, e, e’ € &(My, I')}.

[U]n:l)n_—U

3.2, Derivation of the interior penalty Galerkin variational formulation

First, the term 8jrozjajpu for a function u € C* is multiplied by vy, € Vj,, whichisin C*°(e) in each edge on I'. Then, j times
integration by part is successively applied in each edge e to obtain

(—1)f/ rogdpuvpdo () = (=1 Y [ dheyduvy do(x)
r

ec&(Mp,I") ¥ Ee

> f G udfpdo @) + Y (=D Y [0 du 9} Ohla
i=0

ec&(Mp,I") Ve nenN (Mp,I)

o =1 L PP .
= / o udpondo ) + Y (=D Y {37 oydulal 0] Ol (4)
r i=1 newN (Mp,I")
Here, the equivalence [ab], = [a], {b}, 4 {a}, [b], is exploited, the fact that with u;, ;; € C* all jumps [affi_laja],}u]n, i<j

are zero and that with v, € C%(I") all jumps [v],, are zero.
If one is interested in symmetric bilinear forms to obtain the symmetric interior penalty Galerkin formulation (SIPG)[27],

it is necessary to add the terms s [a}u]n{ajf_i_laja’}ﬁh}n with s = 1 leading to

(—1y / ¥ -a;d}uvy do (x) = / ;@-ud) T, do (x)
r r

+Jg:(—1)"+f 3 ({af';'”ajaru}n [a"ri,,]n+s[a"pu]n{a’;"*]ajapih}n). 5)

neN (Mp,I")
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There is no loss of consistency as with the assumption ofu € C*(I") the terms [a}u]n areinfact zero. Note that, alternatively,
s = —1 for the non-symmetric (NIPG) [28] or s = O for the incomplete interior penalty Galerkin formulation (IIPG) [29] can
be chosen.

Finally, to ensure the coercivity of the bilinear forms (with a mesh-independent constant), it remains to add forj > 0 the
terms

B i1 i—1—
e o0, [ ]
which also do not harm the consistency since [&’Flu]n =0,j=1,...,]—1.

Remark 3.2. The assumption u € C®(I") in the derivation can be lowered. In fact u € H/(I"), agqu € L*(I), ajajru IS
-y N IL*I), j = 1,...,] is enough to ensure consistency. This requires o; € L*°(I"), j = 0,...,] and with
¥u e NI for2j < Jthate; € C71(I), j = 1,..., [L]. With these assumptions it is indeed enough to require
I” to be Lipschitz and ¢/>! in a finite partition of the boundary. However, if u is solution of the above system it is unlikely to
fulfil the regularity assumptions in this case [30].

Now, the interior penalty Galerkin formulation can be stated: Seek u; , € Vj, such that

an(Wn, vn) = (fj, va), Yop € Vi, (6)
where

J
ajn(up, vp) == / (Vuh - Vv — Kzuhﬂh) dx + Z (Cj(uh, Up; @) + bj py (Un, Vk; Otj))
2 j=0

Cj(uh, Uh; Olj) = / oejajruh 3]l"vh do (X),
Th

bo,h;y = b1,py = 0and forj > 1
by s v 05) 3= (=D Y (e}, [0 5], + s [0k (o) o)),
i=1 nenN (My,I")

+ > %[aﬁluh]n[a’;‘mn,

newN(Mp,I') ''n

where s corresponds to the symmetric, non-symmetric or incomplete interior penalty method.

3.3. Well-posedness and estimation of the discretization error

If the finite element space is rich enough, the interior penalty formulation is well-posed and the discretization error can
be bounded as stated in the following two theorems. For this the so called broken norm

o3, = 1012 g, + 1012, (7)
is needed, as functions in Vj, do not possess weak derivatives of orderj = 2, ..., ] in the whole I'", but only in the open set

I',. Note, that for functions in V; the || - ||V]—norm and the || - ||VM—norm coincide. The proofs of the following two theorems
will be postponed to Section 5.

Theorem 3.3. Let infycp Re(oy) > 0 or infyer | Im(ey)| > 0 and let zero be the only solution of (3) with f; = 0. Then, there
exist constants hypique, Punique > 0 such that for all h < hypique aNd p > Punique the discrete interior penalty Galerkin variational
formulation (6) for s € [—1, 1] and B;, j = 2, ..., ] large enough admits a unique solution u; , € V}, and there exists a constant
C.n > Osuch that

iy, < Gonllflly,- (8)

Theorem 3.4. Let ] > 0, let the assumption of Theorem 3.3 be satisfied, let h < Rynique, P > Punique: Pr > J and let the boundary
mesh I'y be quasi-uniform, i.e, up, < pr for some constant (. Then, there exists a constant C; > 0 independent of Vj, such
that for the solution u; , € Vy, of (6) it holds

. —J+1
lwn—wlly, =G < inf [lon — 10y + KT ||f]||v/> ~ 9
vREVR J
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The first term on the right hand side of (9) is the H'-best-approximation error in the computational domain. It can be
systematically decreased towards zero by mesh refinement or by increasing the polynomial degrees, possibly adaptively,
especially in case of material corners (see e.g. [31] for p- and hp-finite element methods). The second term is due to the
discretization of the surface differential operators in the symmetric local absorbing boundary conditions. In order to achieve
a convergent discretization, the minimum p of the polynomial degrees on I}, has to be chosen to be at least J. For simple
refinement of uniform meshes M} (h-refinement) and polynomial degrees of at least p in the cells of .M}, the polynomial
degrees on the edges of & (M}, I') has to be chosen to be at least p > p+J — 1 such that the error due to the discretization
of the absorbing boundary condition does not dominate asymptotically for h — 0.

3.4. Analysis of the computational costs

The proposed methodology requires | — 1 additional degrees of freedom per edge in &(M;, I') when comparing
absorbing boundary conditions of order J to Neumann or Robin boundary conditions, while classical methodology requires
the introduction of ] — 1 auxiliary unknowns and thus of p(J — 1) additional degrees of freedom per edge in & (M, I'). Note
that, when considering odd order ABCs, the methodology proposed by Hagstrom et al. [32,33] reduces this cost to (J — 1) /2
auxiliary unknowns and p(J — 1)/2 degrees of freedom. Hence, the strategy developed in this paper is less costly and the
higher the polynomial the larger the computational costs are reduced.

3.5. Interior penalty formulation for terms with odd tangential derivatives

The proposed interior penalty formulation can be extended to the local boundary condition involving terms with odd
tangential derivatives of order 2] — 1 and less. To illustrate this point, it is sufficient to derive the additional term in the
variational formulation on the example of the term 92 (y d,-u) for y € C*(I"). In analogy to terms with even derivatives,
an integration by parts on I';, and the use of the fact that [u], = Oonalln € & (M, I') leads to

/aﬁ(yaru)ﬂda(x)=—/ ar(ydrw)drvdo (x).
Iy Ty

Then, dividing the expression into two parts, applying integration by parts on one part, and using that [d,u], = 0 on all
newN(WMyI),itreads

1 1
/aﬁ(yaru)vda(x)zif —0r (yrwdry + ydrudjudo (9 + 5 > valorul,[0rvl,.
Iy

T newN (Mp,I")

where y, are the function values of y onn € N (M, I'). Now, adding the terms sy, [d,u], {0,v}, related to the different
variants of interior penalty formulations and using the identity yapuaﬁi = drudr(yorv) — orydrudrv it follows that

1 1
/ 07 (ydrupdo () = 5 / drudr (v ;) = o (yorwdrvde () = 5 | (Ory)orudrvdo®)
Iy

Iy Iy

t50 X v aruly 9, + slorul, (30,

neN (Mp,I")

Obviously, the formulation with those additional terms related to odd derivatives loses symmetry even for s = 1. As only the
highest derivatives in the formulation are crucial for coercivity no need to add any further penalty term to ensure coercivity,
whatever s is chosen.

4. Interior penalty finite element formulation in 3D

4.1. Local absorbing boundary conditions in 3D

In three dimensions, the gradient of a function u can be decomposed into a contribution normal to the smooth surface
I', thatis vo,u = v(Vu - v), and a tangential gradient V,u := Vu — vd,u. Similarly, the Laplacian Au can be decomposed
into the second normal derivative 32u = v H(u)v, where H is the Hessian matrix with all partial second derivatives, and
the Laplace-Beltrami operator Aru := Au — 32u. Note, that the latter is also given in terms of the surfacic divergence div -
by A = div; V[ (see [34, Sect. 2.5.6] for their definition on smooth surfaces).

For example, the ABCs by Bayliss, Gunzburger and Turkel [35] (BGT) set on a spherical boundary I" of radius R are written
in terms of the Laplace-Beltrami operator. For given wave number k, the BGT conditions of order 2 amount to

o= (ke 2 (ap g XAk e 8 (10)
u=—(-ik+ =2 — 4+ — 42k |u= Bu,
T R FT R TR z
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Table 1
Coefficients of the BGT conditions.
Order g aq a; Bo B
By —(—ik+ 1) - - 1 -
B, 2(—ik+1)° 1 - —2(—ik+ 2) -
Bs 2(-2i° + %+ % - 3) —3(—ik+ 1) - 4(—ik+ 2) (—ik+ 2) 1
B, g+ U -2 kg 2 g (—ik+ 3)’ 1 8 (—ik+2) (- -+ &) —4(=ik+ D)

where they serve as non-reflecting boundary conditions for the time-harmonic Helmholtz equation in 3D. If the shape of
the boundary is arbitrary, but smooth, similar conditions were derived in [36]. These conditions include a term of the form
divr(I — iﬂ)V[‘, where I is the identity and R the curvature tensor. Non-reflecting boundary conditions for ellipsoidal
boundaries were proposed in [37], and generalized impedance boundary conditions for highly conducting bodies of order 3
can be found in [17] in the form of Wentzell’s conditions.

All these conditions can be discretized directly with C°-continuous finite elements with an additional bilinear form

/ auv + (BVru) - ViodS(x),
r

only, where some scalar function & and some possibly tensorial function 8 appear. Patlashenko and Givoli [38,4] introduce
symmetric local absorbing boundary conditions of any order J in three dimensions

J )
du=Y o(=1yAu, (11)
j=0

where «; are scalar constants. In this case, (11) can be seen as a generalization of (1) with constant parameters «; in three
dimensions. The parameters «; were computed by Harari in [39] in the specific case where the artificial boundary is a sphere.
To the best knowledge of the authors of this article, the usage of local absorbing boundary conditions with higher
tangential derivatives than two in a finite element context has only been reported with basis functions with higher regularity
on I", but not with the usual C°-continuous basis functions only.
The following is devoted to a more general case, where the Laplace-Beltrami operator is applied once or more to the
normal derivative 9, u, and the highest derivative of u and d,u have same order. The conditions have then the form

] . .
0=>Y"(-1y (aj A+ Ajravu) : (12)
j=0
where By # 0. Hence, it can be assumed without loss of generality that 8y = —1. Those conditions arise in the derivation

of robust impedance conditions from a Padé approximation [17]. However, also the BGT conditions [35] of odd orders can

be written under this form, as illustrated in Table 1. Note that the BGT conditions of order 1 and 2 can be written as (11).

In order to derive a general weak formulation for (11) or (12), the vector valued function Ayzu := Vru is introduced,
by misuse of notation. In addition, the vector-valued function Ajﬁu for odd integer j is defined as Ajfu =Vr Aj;l/ 2. Then,
using Green formulae, the following identity holds for any j € N and for functions u, v € C*(I"):

/‘(—])jA"FuvdS(x) :/ APy AT dS (),
r r

where - denotes the dot product if j is odd and the usual product if j is even. With the Hilbert spaces in three dimensions
HJAF () = {A]fv el*(I'),j=0,....J}andV; :={v e H'(R) : v|r € HJAF (I')} the weak formulation for the Helmholtz
equation with local ABCs (11) reads: Seek u € V; such that

J . )
/(Vu-Vi—xzuﬁ)dx+ZozjfA’fu-A’ﬁidS(x):(f,,v) Yov eV, (13)
2 r

=0

where f; corresponds to the source terms. If Re(q;) > 0 or |Im(q;)| > 0, then the bilinear form a; can be written as the sum
of a Vj-elliptic bilinear form aj o and a bilinear form k with only lower derivatives corresponding to a compact operator in
V;. Hence, there exists a Garding inequality and, applying the Fredholm alternative, uniqueness of (13) implies existence of
a solution (similar to [5, Chap. 2]).

The usual way to incorporate conditions with derivatives on the normal trace is the derivation of mixed formulations
which introduce a new unknown A := 9, u and take the condition in weak form as an additional equation. In this work the
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condition (12) is incorporated directly to the original equation. Then, defining the two bilinear forms

by.o((u, 1), v) —/ (Vu- Vo — k*uv dx+Za]/ Ay A’/Z*dS(x)JrZ,s]/ AP AT S (x),

by.1 (1, 1), A) ::/(,w Zaj APy AJ/ZA/—Z,BAJ/ZA AJ/Z)J)dS(x)
j=0

the mixed variational formulation for the Helmholtz equation with (12) on I" reads as: Seek (u, 1) € V; x HJAF (I') such that

by (1, A), (v, 1)) = by.o((, 1), v) + by 1 ((u, 1), X) = {fi,v) ¥ (v,1) €V x H, (). (14)

Using test functions (v, 0) and (0, ") it is easy to see that the two equations in the volume and on the artificial
boundary are separately enforced. Equivalently to the two separate equations, the variational formulation b o((u, A), v) +

vy (U, X), M) = (f, v) can be considered, where the conjugate complex of the second equation is taken and y; # 0 is an
arbitrary complex factor. Then, with the choice v = u, )’ = X and y; = f—’ the mixed terms of highest order cancel out and

[ — ) |ﬂ,|
byo((u, A), u) + *bjl((u A),A) = |“|H1<:z) +05]|U|HJAF(F) A | )
J=1 5 :3
it g +;aj|u|HJ-Arm 2 (e - § Ay )

J-1

+ Z(ﬂ, —~ —a,) (A2, AU — %ao(x, u).

Here, the seminorms | - | = ||A"/F2 “liz¢ry> J =0, ...,J were used. If [ Im(aqj)| > 0 and B; # O then there holds a
A

()
r
Garding inequality, i.e., there exists a constant 8 € (—m, ) and

i Be—
Re (e"(b],o«u, P+ by () A))) =y (nunv, + 1212 (m> <||u||W, I m)

for some constants y > Oand é§ € R, where W)_; = L2(2) N H (F) Since V; CC W)_; and HAF(F) CCH (F) the
Fredholm alternative applies as well and there exists a unique solutlon of (14), except for a set of spurious elgenmodes

4.2. Definition of the C°-continuous finite element spaces

Similarly to the two-dimensional case, the non-conforming finite element method is based on a mesh My of the
computational domain £2 consisting of possibly curved tetrahedra, hexahedra, prism or pyramids, which are disjoint and
which fill the computational domain, i.e., 2 = UKe,M,, K. The set of faces (triangles or quadrilaterals) of M}, on I" is denoted
by F (My, I'), &(My, I') is the set of edges of M, on I" and & (e) is the set composed of all the edges of the external boundary
I'. Furthermore, the union of all outer boundary faces and the union of all cells are defined as

ni= |J f=r\ J e @a=Jrk=2\ | F.

feF (Mp,I") ec&(Mp,I) KeMp feF (Mp)

It is assumed that each face can be represented by a smooth mapping F; from the reference triangle or quadrilateral F.As
in 2D, the mesh width h is the largest outer diameter of the cells and V}, := S™'(£2, M};,) denotes the space of piecewise
continuous polynomial functions on M} with polynomial orders p.

Finally, additional notations specific to the non-conforming formulation are introduced. For each edge e € &(My, I),
the two external faces sharing e are arbitrarily denoted by f," and f,~ and the trace of v on e taken from within f;" and f, is
defined respectively by v;” and by v, . Furthermore, on an edge e of a face f € ¥ (M, I'), the outward unit normal vector
of f on e (orthogonal to v) is denoted by 7.. The jump and the mean of a scalar function v on e are respectively defined by

4 _
v+
[U]e =v, — U: and {v}e = %7
while the jump and the mean of a vectorial function v on e are respectively defined by
- - + .o+
v, s T, —US T
vl=v, -7, +vl -t and f{v}, = -—= 5 £

The diameter of the face f is denoted by hy and h, defines the smallest diameter of the two faces sharing the edge e, i.e.,
he = mm(hf+, hy— )
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4.3. Definition of the interior penalty Galerkin variational formulation

The construction of the interior penalty Galerkin formulation is similar to the 2D case. First, A’/ 2 J/zu for a func-

tion u € C* is multiplied by v, € Vj, which is in C*®(f) in each face f on I', and j-times 1ntegrat10r1 by part are
successively applied in each face f. Second, the equivalence [ab], = [a], {b}. + {a}. [b]. is exploited, the fact that with

uj, o € C* all jumps [A(' . WZoc,Ajﬁu]e, i < jare zero and that with v, € C°(I") all jumps [v], are zero. Third, the terms
s/, [A”u]{ AY " 0; A2}, do (%) are added, with s = 1 for SIPG, s = —1 for NIPG and s = 0 for IPDG. There is no loss of
consistency since the terms [A ;2 u]e are in fact zero due to the assumption that u € C*°(I"). Finally, to ensure the coercivity
of the bilinear forms (with a mesh-independent constant), the terms

Bi _
hszw / (A Pule[ AT Ty do (x)

are added for j > 0, which does not harm the consistency since [A’ /Zu]e =0,j=1,...,]— 1
The interior penalty Galerkin formulation reads then: Seek u; , € V}, such that
an(Wn, vn) = {fj, va), Vop € Vi, (15)
where
J

aj,n(Up, vp) = / (Vu - Vv — Kzui) dx + Z (/ Aj/z up - 1/27 hdS(x) + bj n(up, vh)>
2 j=0 1

and by, = by, =0and forj > 1

by (Un, V) = Z( DY / A“ TV Ay} [ AT O], + s[AF ] (AT Py ATy }) do (x)

ec&(Mp,I")

B

+ W/[ P uplo[ AT T4 do (x).
e e

ec€&(Mp,I")

5. Analysis of the interior penalty formulation in 2D

5.1. Associated variational formulation for infinite-dimensional spaces

The objective of this subsection is, in analogy to [ 11], the definition of an interior-penalty Galerkin variational formulation
which is identical to the discrete one for the discrete space V;, and which can be defined for infinite-dimensional function
spaces as well. As the discrete space V}, is not contained in the continuous function spaces V; for ] > 2, it is necessary to use
larger spaces V; p, which include both V}, and V;. These infinite-dimensional spaces are defined by

Vin={veH () :v|lr e H'(D)NH (W)} D V. (16)

Note, that the trace of functions v € V;  is continuous on I" and their tangential derivatives of order 1toJ — 1 are bounded,
but may be discontinuous over the nodes -V (M}, I"). In addition to the broken norm defined in (7) the norm

2 2 2 i 1 i 2
Hv”vj.h,lp = Hv”Hl(Q) + HUHH](I‘h) + Z Z h2(]—j)+1 ’[ajl‘ 1v]n’ (17)
n

j=2 neN(My,I)
with penalty terms on the boundary nodes n will be used. These norms are equivalent, however, with constants depending
on the edge lengths hy,.

j—i—1

The discrete formulation (6) cannot directly be used with the function space V; j since the terms {8 ajajru}n are not
well-defined for 2j — i > J ifu € V) ;. In the discrete variational formulation, those terms occur only in product with the
finitely many piecewise polynomials in V.. An extension of these products to functions u € V;; can be defined using the
lifting operators «£;; : H'(I',) — Vi, i,j € Nby

/ LiiWadrwpdo®) = Y I {d7 T eyt wntn Ywn € Vi (18)
T newN (Mp,I")

Then, any occurrence of 3", .. {8 '@y}, [850,], or of its symmetric counterpart in the discrete formulation (6)

is replaced by f i, ajaf;u£1,,(a V) do (x) or by its symmetric counterpart, respectively.
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Now, the interior penalty Galerkin variational formulation for the infinite-dimensional spaces V; j reads as: Seek; € V;
such that

a@,v) = finv), YveV,, (19)
where

3y n(u, v) ::/ (Vuj VU — k2 u]v dX+Z c](uh,vh,aj)-l—bjh](u v; a]))
j=0

and forEOM = El,h;] =0andforj > 1

-1 L. X . ) . . .
bj.ny (U, v; @) = Z(—Dm/ ajoﬁj,i(a}u)z}’ri+sajcﬁj,i(a}i)a udo (x) + Z %[afg‘u]n[a}*ﬁ]n.
r

i=1 neN (Mp,I") h

Note that, due to the definition of the lifting operators, E\Jj,h;] = bj pyonV, x Vy,and bj,h;] = 0onV; xVj,asall jump terms and
so all lifting operators vanish and the weak derivatives exist on the whole I, not only on I},. Hence, 3 , = a5 on V4 x Vj
anda;, =aonV; x V).

5.2. Analysis of the associated variational formulation

The following lemma states the equivalence of (3) and (19).
Lemma 5.1. Let (f;, v) = [, fvdx + [,.gvdo(x) withf € [*(2) and g € L*(I"). Then, the formulations (3) and (19) possess
the same solutions, i.e., if u; € V; is solution of (3), then it solves (19), and if U; € V;  is solution of (19), then it solves (3).

Proof. If ] = 0, 1, then the formulations (3) and (19) are identical, and the proof continues with /] > 2. The proof is in two
steps. First, it is proven that the solution u; € V; of (3) solves (19), and then, that the solution ﬁ, € V) n of (19) solves (3).

(i) Let u; € Vj be solution of (3). Choosing test functions v € C°(£2) C H(}(Q) vanishing on 942 in (3) and using the
definition of weak derivatives, it follows that u; solves
—Ay — 'y =f inQ. (20a)
If 32\ I" is non empty, test functions v can be chosen in v € H!(£2) with v = 0 on I". Then, using integration by parts
in £2 and the fact that u; solves (20a) one can show that u; solves
oy =0 ondf2\I. (20Db)

Now, taking test functions v in the whole space V}, using integration by parts in §£2 and on I”, and using the fact that u;
solves (20a) and (20b) it holds in the same way

] . .
iy + Z(—l)jajr (@) =g onr. (20c)

j=0
Following the same steps as for the construction of the bilinear form g; ,, (but using the lifting operators instead of the

jump terms), it follows easily that vy solves 3 (1, v) (f] h» v) forallv € V.
(ii) Let u] € V} » be solution of (19). In the same way as in Part (i), it can be proven that u] solves (20a) and (20b). Now, let

the test function v € V; N C2°(I,) such that bj(u, v) = b,.h(u v) holds for any u € V. Then using integration by parts
in £2, and the fact that 1; solves (20a) and (20b), it follows that u; solves (20¢) on I}.
Comparing with the integration by parts formula in (4) this proves that for all v € V; N C*(I})

> (e (o ), oo, - o), (6 wolo),)
i=1

j=2 neN(Mp,I")
B .
s o )[4, ) o
n

Let now the test function v € V; N C*°(I}) such that it holds {8’;]5}” =O0forallj=2,...,Jandalln € N(Mp, I')
and such that {8’;"7]01;&’}6}“ =o0forallj=2,...,Jandi=1,...,j— 1ifs = 0. Then it holds that

Y Yl o, -

j=2 neN(Mp,T")

This is only possible if [ajp_lﬂj]n =0forj=2,...,Jandanyn € N (M, I').
Hence, this proves that 'ﬁ] is in V; and solves (20) and so (3).
This completes the proof. O
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The following lemmata are required to prove the well-posedness of the variational formulation (19).

Lemma 5.2. The lifting operators £; ; : HY(I) — V4, i,j € Ndefined by (18) are continuous, i.e., there exist constants Gi>0
such that

2
2 2 [[v]al
ILii2 ) = G E 20 T
nenN(Mp,I")

Proof. From the definition of the mean over n, it holds

. . 2
(@ e |+

‘(af;"*‘a,-afr W)

. : 2
Ha'}l 1aj8’th}n‘ 2 . (21)
with the notation (v)ni = vni. Now, using inverse inequalities [31,40] and the fact that h, < heni, it reads
. . 2
@ ez < — 20 L 1/ o wa ? dor () (22)
with G; .= G i(pr) = O(pz(’ - 1) and using (21) yields
o et} | = G gl dow
r Jth _2h§0_i)_1 et uer i9r Wh
and so
hﬁo—n-l‘{yr_l_lajalrwh} ‘ < Cillogdwnl - (23)
newN(Mp,I') n

Then, using the definition of the lifting operator .£; ; and the Cauchy-Schwarz-inequality, it follows that

> vl [a’}_i_lajajfwh}n’z

2 neN (Mp,I")
||°£j,!'(v)||l_2(r) = max
wpeVy ||a18] wh”LZ(F)
2 o L . 2
PR = =D DR {ajrl l%‘ajrwh] ‘
< max neN (Mp, ) M neN (M, I) n
- WhEVh ||a]8.’ wh||L2(F)

Finally, inserting (23), and the statement of the lemma is proved. O
Lemma5.3. Lets € [—1,1],] > 1, oy € L®°(I") with infyer Re(ay) > 0 or infyep | Im(ey)| > O. Then, for B; large enough the
bilinear form &, ; defined by

J-1
3oy (U, v) = / (Vu - Vv +uv) dx + Z (cin(u, v; 1) + bjpy (u, v; 1)) + ¢ p(u, v; 1) + by py (U, v; o), (24)
2 j=0

is V; p-elliptic with an ellipticity constant independent of h, for alln € N (M, I') when measured in the || - ||y, , ,-norm.
The proof is a simple consequence of the following lemma, in which a more explicit statement how large the penalty
terms B; need to be is given.

Lemma 5.4. Let the assumption on s and «; in Lemma 5.3 be fulfilled. Then, there exist constants C, y and 6, such that the
following inequality holds for B; > /jC,j > 2:

J-1
Re(e‘g Z (cin(v, v; 1) + bjpy (v, v; 1))) + Re(e'g (cj,h(v, v; o) + by (v, v; oc,)))
=0
2 / 1 i1 2 .
= ”””Hf(r)+Z Z W’[a} U]n’ Vv € W,
n

J=2 neN(My.T)
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Proof. With the assumption on ¢ there exists @ € (—7, %) such that it holds

Re (ee /F a,|v|2> > ol . (25)

with a positive constant y;. In the remainder of the proof it is assumed that 6 is such that (25) is fulfilled.
The first step of the proof is to write

j—1 ) ) )
Re (b py (v, v; o)) = Z(—l)"“ Re (e”/ oL, (05 0) T + s L (34 D) v da(x))
r

i=1
Bi i-1.7 12
+COS(9) Z WH}}/F U]n‘ .
neN (M, ) Mn

Using that 2ab < ea® + ¢~ 'b? for any positive ¢, the fact that a; = 1forj < J in the bilinear forms B‘j’h;], the assumption on
oy and Lemma 5.2, the estimate

A

j 2 -1 i 2
eNdrvllfa ry + &7 oLy iVl )

2 ‘ / ;L)1 (8-v)8).7 do (x)
r

_ 1 i
o TNl G Y S [35v], [
neN(Mp,I") ''n

IA

Jj o2
ellopvlls

follows. Obviously, the same bound holds, if v and v are interchanged. Consequently, it follows that

J-1
Re(e‘9 Z(cj,h(v, v; 1) + bjpy (v, v; 1))) + Re(e‘9 (cj,h(v, v; o) + by (v, v; CY])))

j=0
J-1 ,

2 <050 vy + Y_(€050) = G = V&) [0l + (01 = 0 = Do) [0,
=2

J ZJ 2
cos@); . Giia i1
+ Z Z (hz(,jm_ 2 ¢ ||ai||Lm(F)W ’[3? v]"
1=] "

=2 neN (M. 1) \Mn

2

Finally, choosing ¢; = cos(0)/jforj = 2,...,] — 1and ¢ = y;/J, and with the assumption on g;, the desired inequality is
obtained. O

The following two theorems state the main results for the variational formulation (19).

Theorem 5.5. Let the assumption of Lemma 5.4 be satisfied, and let zero be the only solution of (19) with u'™ = 0. Then, there
exists a unique solution ’ﬁ, € V) n of (19) and there exists a constant C; > 0 independent of hy, for alln € N (M, I") such that

1% My < G llnllyy, e
Proof. The proof is along the lines of that of [5, Theorem 2.3]. By Lemma 5.3 the bilinear form 3 is V; y-elliptic and so the
associated operators Ap; are isomorphisms in V} ;. Let the Sobolev spaces

Won :=1%(2), Wy =L1*2)NH (), J>0,

be defined, where the Rellich-Kondrachov compactness theorem [41, Chap. 6] implies that the embedding V; , CC W, is
compact. Now, the operators K; associated to the bilinear forms

71
(chh(u, v; o — 1) 4 bj (U, v; o — 1)) , J>0,

(U, v) = —/(KZ + Duvdx +
r j=0

are compact. - - N

Hence, the operators Ay ; + K; associated to the bilinear forms 3@ = 3g; + k; are Fredholm with index 0 and by the
Fredholm alternative [42, Sec. 2.1.4] the uniqueness of a solution of (3) implies its existence and its continuous dependence
on the right hand side with constants independent of h, for all n € & (M}, I'), and the proof is complete. O

Theorem 5.6. Let the assumption of Theorem 5.5 be satisfied, and let c=! ¢ Llojc(Rz) fixed with c(x) = ¢y > 0 for |x| > Rc
and k (X) = w/c(x) with the frequency @ > R™. Then, (19) has a unique solution except for a countable (possibly finite) set of
frequencies w, the spurious eigenfrequencies, which accumulates only at infinity. The set of these frequencies coincides with the

one of (3).
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Proof. Using Lemma 5.1, the proof of this statement is analogue to the proof of [5, Lemma 2.6]. O

Remark 5.7. As the solution ﬁ, € V) of (19) coincides with u; € V; of (3) and as the eigenfrequencies coincide, the
guaranteed uniqueness in case of Feng’s absorbing boundary conditions for large enough domains by [5, Lemma 2.7] apply
to u; as well.

5.3. Analysis of the discrete discontinuous Galerkin variational formulation

The discrete discontinuous Galerkin variational formulation (6) is the Galerkin discretization of the associated variational
formulation (19), when using V}, as the finite-dimensional subspace of V; .

Proof of Theorem 3.3. By the assumption that zero is the only solution of the continuous variational formulation (3) with
zero sources, there exist a function c(x) and a frequency w such that « (xX) = w/c(x) as in [5, Lemma 2.6] and such that o
is not a spurious eigenfrequency. ForJ] = 0 and |Im «p| > O the statement of the theorem was proved by Melenk and
Sauter [43, Thm. 5.8].

The discrete system (6) is the Galerkin discretization of (19), which has by Theorem 5.6, with « (x) = w/c(x), the same
eigenfrequencies as (3). Both systems are non-linear in w and can be regarded in a similar fix-point form, as in [5, Eq. (2.6)].
These systems are linear eigenvalue problems in w? for given parameter @ € C\{0}, where the fix-point system of (19)
admits a countable set of frequencies w,,(@) and that of (6) a finite set wpy ,(@). As w is not a spurious eigenfrequency,
wm(w) # w forany m € N, and so the distances of the curves w, (@) to the point @ = w are positive. Let d,,, m € N denote
these distances.

By the BabuSka-Osborn theory [44] the discrete eigenfrequencies, wp, » (@) tend to wp, (@) if the mesh-widths tend to zero
for a minimal polynomial degree, which depends on J, or if the polynomial degrees tend to infinity. As a consequence, the
distance dp, , of the curve @m (@) to the point @ = w tends to dp, and for a fine enough mesh or large enough polynomial
degrees |dmp — dm| < dm, and so dp, , > 0. This means that w is not an eigenfrequency of the discrete variational problem
(6). Hence, it admits a umque solution [42, Sec. 2.1.6] bounded by (8).

This completes the proof. O

Proof of Theorem 3.4. First, to follow up directly the proof of Theorem 3.3 the observation that the bilinear form a; j, of
the interior penalty Galerkin formulation satisfies a Garding inequality implies its asymptotic quasi-optimality in the V; ; jp-
norm, see [45,46] and [43, Sec. 3.2], i.e.,

luyn — wyllv e < C Inf {lon — uyllvy e (26)
VhEV) :

where C denotes throughout the proof a constant not depending on V.
To estimate the jump terms in the definition of the V; j p-norm, see (17), let on any edge e € &(Mj, I") the pullback of
v, and u; to the reference interval [0, 1] be denoted by (Vp)e and @)e. Then, using the trace theorem twice on the reference
interval it follows foranyj = 2, ...,J and any n € N (Mp, I') that
1

S| = w), [ < hy (07 @ = @eplsmol” + 27 (@0, — @)plmt|)

C
T (|(vh> £ @t i + 100 = @ 12, )

| /\

J
2
Z 200 ('”h = lie oy 100 = Wl ))
=
[0,

1.

where s denotes the local coordinate in [0
Hence, it follows for any v, € Vj, that

llon =iy, = llow — u]||,,1(m+2|vh u]|,,j<rh)+2 > i M|[8’ "o —up], [

Jj=2 neN(Mp,I")

IA

J
1
2
¢ (Ilon = wlZs g, + > —ul ) 27)
J= r

To obtain optimal bounds for the terms on I'}, the function vy, is replaced by the Raviart-Thomas interpolation operator I i
on the trace space TV, (I") of V}, on I", for which it holds [47, Chap. 3]

- +1 —J+1
)Mty = tylicry < CHY T gl 1y < CHEETIg Ny (28)

Here, [5, Lemma 2.8] was used to obtain the last inequality.
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—

Fig. 2. The geometrical setting for the (a) acoustic scattering on a rigid cylinder of radius Rp = 1, and (b) for the electromagnetic scatting on two cylinders
with equilateral triangles as cross-section of length a = 1.05 and distance d = 0.25. The outer boundary is a circle of radius R.

To estimate the first term in (27) the function vy is replaced by the H'(£2)-projection Qg p : Vin — Wy, for which
Qq.h - |r = Ir - Then,

/ V(Qaonuy —up) - Vwp + Qe piy —up) wpdx =0 Ywy € Vi,
2

where V}, ¢ is the subset of functions in V;, whose traces vanish on I". Since the projection Qg j, is defined via the H! (£2)-inner
product, its continuity follows from Lax-Milgram’s lemma

Qe il < lWllyg)-
As by definition Qg 4 is a projection onto Vj, it holds that

||Q.Q,huj - U]||H1(Q) =< in{/ ||Q9,h(uj — wp) — (u] - wh)”l-ﬂ(g)
h

WhE

inf |(Qe.n —Id) (W — wh)llyig) < 2 inf [luy — wallyig)- (29)
whreVp vheVy

Finally, inserting vy, = Qg »u; into (26) and using (27)-(29), and the proof is complete. O

6. Numerical experiments

The non-conforming Galerkin formulation introduced in Section 3 for the Feng-4 and Feng-5 conditions was implemented
in the numerical C++ library Concepts [48-50], as well as Feng-0 up to Feng-3 with the usual continuous formulations
(compare [7] for implementational details related to BGT absorbing boundary conditions). The hp-FEM part of Concepts
is based on quadrilateral, curved cells in 2D where the polynomial degree can be set independently in each cell and even
anisotropically. The circular boundary can be exactly resolved with cells having circular edges. We approximate the integrals
using numerical quadrature of sufficiently high order such that the contribution to the discretization error can be neglected.

For the numerical experiments, two model problems are studied:

A. The acoustic scattering on a rigid cylinder with circular cross-section, where the computational domain £2 is the disc of
radius R, with the values R = 3 or R = 8, without the disc of radius R, = 1 (see Fig. 2(a)) and k = 1, and

B. The electromagnetic scattering on two dielectric prisms, whose cross-section are equilateral triangles of length a = 1.05
and distance d = 0.25 (see [51] and Fig. 2(b)). The computational domain 2 is the disc of radius R = 8, and
k2(x) = e(x)w? with the angular frequency @ = 0.638 and the (relative) dielectricity &(x), which is —40.2741 — 2.794i
inside the prisms and 1 outside. Hence k = w and the wavelength A = 277 /k = 9.84 in the exterior of the scatterer.

For both model problems the incident wave is a plane wave in direction (1, 0) " (from left). For model problem B the mesh
is refined close to the nodes of the triangles. The scattered fields for the two problems are shown in Fig. 4.

Discretization error for model problem A. The discretization error for the Feng-5 condition for the model problem A is
studied, where a family of meshes of the computational domain §2 with R = 8, shown in Fig. 3, are used for the computations.
Reference solutions are computed for the same model with the Feng-5 condition and on the same mesh, respectively, but
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Fig. 3. A sequence of curved quadrilateral meshes for the scattering on a circular disc in Concepts.

Fig. 4. The scattered field (real part) for the model problem A (left) and model problem B (right), both with R = 8.

with a polynomial degree which is high enough so that the discretization error of the reference solution can be neglected.
The discretization error is computed as the difference of the discrete solution and the reference solution.

The results of the convergence analysis are shown in Fig. 6. The observed convergence orders of the discretization error
in the H'(£2)-seminorm are 1.0 for p = 1, 2.0 for p = 2 and 3.0 for p = 3, and in the L?(§2)-norm 2.0 for p = 1, 3.0 for
p = 2 and 4.0 for p = 3. Hence, the convergence orders meet the orders of the best-approximation error. In the variational
formulation with Feng’s conditions integrals of the trace of the solution and its derivatives on the outer boundary I" are
present. Therefore, the convergence of the discretization error on I' is studied as well. In the H!(I")-seminorm the obtained
convergence rates are 1.2, 2.0 and 3.0 for p = 1, 2, 3, respectively, and correlate to the convergence orders of the best-
approximation error. In the L?(/")-norm convergence rates of 2.0, 4.0, and 5.3 for p = 1, 2, 3, respectively, are observed.
These observed convergence rates are for p = 2 and p = 3 better than those for the best-approximation error of an arbitrary,
smooth enough function (see Fig. 5).

Modelling error for model problem B. For model problem B Feng’s conditions of different order for a fine mesh with
polynomial p = 6 are compared. Here, the discretization error is less than 1 - 1078 in L°°(£2) and the modelling error is
dominating. In Fig. 8 the modelling error for R = 8 using the Feng-0 condition, which is of Robin type, the Feng-2 condition,
which is of Wentzell type, and the Feng-4 condition are shown. Increasing the order of the condition leads to a significant
error reduction, the error diminishes by a factor of 100 when using Feng-2 instead of Feng-0, and by another factor of 10
when using Feng-4 instead of Feng-2. For the parameters used the Feng-5 conditions do not give a further error reduction.
This will only be achieved for larger domain radius R.

Total error for model problem A. Using the proposed finite element method for the scattering using Feng’s conditions the
discrete solution compromises a discretization error and a modelling error, which in sum can be called the total error. Total
error is studied for the model problem A with a fixed domain §2 with R = 8, and uniform polynomial degrees p = 2, 3. The
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total 2 (£2)-error as a function of the mesh-width h for Feng’s conditions up to order 5 are shown in Fig. 7. Before reaching
the level of the modelling error, the total error decays like O(h®) or O(h*) for p = 2 or p = 3, respectively. In this study, where
the domain is fixed with R large enough, the error reduces with mesh refinement due to a decrease of the discretization error
and saturates on the level of the modelling error. To obtain a certain level of the total error level the refinement of mesh
might not be sufficient, where then either a higher order Feng condition has to be used or the radius of the domain has to
be increased.

7. Conclusion

A new finite element method for high-order absorbing boundary conditions was proposed. It combines the classical
C%-continuous finite element discretization with bilinear forms adopted from discontinuous Galerkin methods for the
discretization of the high-order differential operators on the boundary. As there is no need to introduce any auxiliary variable
or basis functions with higher regularity, the method is simply integrated into established high-order finite element libraries.
In this article, the case of symmetric absorbing boundary conditions in 2D, for which only derivatives of even orders are
present, was completely analysed, where we showed that the discretization of the higher-order operators does not hamper
the convergence of the finite element method as long as the polynomial degree on the boundary is increased with the order
of the boundary condition. More precisely, for each second derivative higher than two the polynomial order on the boundary
has to be increased by one, and the same convergence rate as for lower order boundary conditions like the Dirichlet,
Neumann, Robin or even Wentzell conditions is obtained. In addition, the changes in the method with additional odd
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Fig. 8. The error (absolute value) for model problem B with R = 8 on a fine mesh resolving the triangles and p = 6.

order derivatives in 2D or with powers of Laplace-Beltrami operators in 3D were explained, the latter even for generalized
Dirichlet-to-Neumann maps for which the Laplace-Beltrami operator is applied to the Neumann trace. In this way, the
method applies to generalized impedance boundary conditions as well as generalized absorbing boundary conditions in 3D
such as the BGT conditions. A series of numerical experiments for Feng’s absorbing boundary conditions up to order five
illustrated the applicability of the method and validates the theoretically obtained estimates of the discretization error.

Based on C°-continuous finite element spaces, the proposed interior penalty formulation easily handles local absorbing
boundary conditions of arbitrary order, tangential derivatives on curved boundaries of various shapes and with elements
of various types and even locally varying polynomial order, both in 2D and 3D. As absorbing boundary conditions of higher
order, and hence, higher accuracy, exhibit usually higher order derivatives, the proposed numerical method may lead to
significantly higher accuracies with the same discretization in the domain while only increasing the polynomial order in the
boundary edges.

As an extension, the method is straightforwardly combined with discontinuous Galerkin methods, where besides the
usual terms on the element boundaries additional terms on the domain boundary appear already for second derivatives.
Note that in this paper only smooth boundaries and smooth coefficients «; were considered. An extension of the proposed
method to boundaries with a corner or to the case where the coefficients ¢; are only piecewise smooth is not a trivial task
and has to be studied separately.
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