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Position of the maximum in a sequence with
geometric distribution

Margaret Archibald

The John Knopfmacher Centre for Applicable Analysis and Number Theory, School of Mathematics, University of
the Witwatersrand, Private Bag 3, Wits 2050, Johannesburg, South Afnaechibald@maths.wits.ac.za

As a sequel to [1], the position of the maximum in a geometrically distributed sample is investigated. Samples of
lengthn are considered, where the maximum is required to be in thedimtsitions. The probability that the
maximum occurs in the firgt positions is sought foil dependent om (as opposed td fixed in [1]). Two scenarios

are discussed. The first is whén= an for 0 < a < 1, where Mellin transforms are used to obtain the asymptotic
results. The second is whén< d = o(n).
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1 Introduction

Consider a word whose letters are natural numbers. Assume that these letters occur independently and
with geometric probability. So fop + ¢ = 1, each letterj appears in the word with probabiligyy’ —*.
We writeQ := ¢! andL := log Q.

We address the question: “What is the probability that the maximum in a word occurs in thé first
positions?” We take words of lengthand required < n. Previously (in [1]),d was considered fixed.
Now, d is allowed to grow withn. First, we assume thaltis proportional ton and then we consider the
case whenl is o(n) (but at least 1). The latter produces the same solutions as avisdixed (see [1]).

We distinguish between two cases: ‘strict’ and ‘weak’. A ‘strict’ maximum never recurs, whereas a
‘weak’ maximum can recur any number of times. These apply separately to the two parts of the word (the
firstd letters, and the remaining— d letters). This means that in total, there are four different cases to be
dealt with: (strict, strict), (weak, strict), (strict, weak) and (weak, weak), where the first entry refers to the
firstd letters in the word, and the second entry to the rest of the word. The results in the (strict, strict) case
for d fixed will hold for the other scenarios too (i.e., it is not required that independent of). This is
because the relevant calculations in [1] still go though when we take the limits-asco. This is not true
for the remaining three cases which are dealt with in Section 3.

2 Results

Theorem 1 The probability that the maximum value in a word of lengtls in the firstd positions (for
d = an)is

1 1
1—04(1—Q—1)) + Z(@Z’O(TLG —ap)) - 1/’0(71)),

a(@—-1)
L(1+a(Q-1))

Max 1)~ “E G (st v (o)) ).

1
Max . s) (1) ~ 7 log (

Maxs ) (1) ~ (1 +¢(n(q +pa))),

asn — oo whereQ := ¢!, L := log ), and the fluctuations are defined by

() = ZF(l — Xk )e2kmE for keZ,
k#£0
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and
Z [(—xp)e2Fmilogq = for ke Z.
k=0

Note that we writé rather than thel we use as an index.

Theorem 2 The probability that the maximum value in a word of lengtls in the firstd positions, for
1<d=o0(n),is
1-QYHd
MaX 5y (n) ~ %(1 +1(n)),

—1)d
M,y ) ~ D1 ),
—1)d
Ma,, () ~ L1 4y,
asn — oo, wherey(z) = 3 T(1 — y)e?k™loee® k¢ 7.
k#0

3 Supposed = an

Suppose we now considér= an where0 < « < 1. The ‘d fixed’ results from [1] continue to hold only

in the (strict, strict) case. For the other three cases we make use of a technique from complex analysis
called the ‘Mellin’ transform. The rules used below can be found in [2] and [5], among others. The first
case is done in greater detail than the other two, as a similar process is used in each case.

3.1 Case (weak, strict), ford = an

For this scenario (finding the probability with which the maximum occurs in the first! letters of a
word) we require that there is at least dne the firstd places, and possibly more. However, the rest of
the word may only have letters from the 4ét--- . & — 1}. Now suppose that = an, for0 < a < 1.
The generating function is explained in [1], yielding the following coefficients (#itbplaced byxn).

an—1
TORIESD D DN B e (O s @
k>1 i=0
Now note that ) '
ai: 1— qk—l 4 _ (1 _ qk)om _ (1 _ qk—l)an (2)
1—gk (1=gF)om=tgh=1(1—q)

=0
and thus, sincg = 1 — g and(1 — a)™ ~ e~ *" for smalla,

s (m) =D (1= ¢" MmO [(1 =" — (1= ¢" 1))

k>1

~ Z [ —ng* " '(1—ap) _ e*nq""l].

k>1

We are now in a position to use Mellin transforms to find an approximation. We shift the fundamental
strip from (0, o) to (—1,0) and define a new function:

fus(x) =" [(e*"qk”(l*am —1) = (e - 1)] 3)
E>1

Then the Mellin transform of this function is:

fasls) = 32 (@11 = ap)) TT(s) = (6" T (s)]

k>1
_qu(lk 1—ap) s_l]
k>1
=¢°T(s)[(1—ap)~* —1] Y (¢7*)*
k>1

1

=TI(s) [(1 —ap)” "’ — 1]
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wherel(s) represents the real part of the complex numbdrhe reason for shifting the fundamental strip

is that the transform exists in the intersection of the domain of convergence of the generalised Dirichlet
series and the fundamental strip Of(s). The intersectiof—oo, 0) N (0, co) is empty, but with the shift

we have a final fundamental strip 6f 1, 0). We choose a value inside this, say, with which to perform

our inverse Mellin transform:

1
T omi

3

1
1—qg3

Sws(x) L(s)[(1 —ap)~® —1] x ’ds. (5)

The notation(f%) under the integral sign means an integral freré —i00 to f% + ioo0. This can

be approximated by moving the contour to the right (and thus collecting negative residues) since we are
interested inc large. The first poles we encounter are the simple pote-a) (which would be a double

pole except that one cancels with the fagtbr— ap)~® — 1) and the simple poles at= x; := 2’2’”',

k € Z\ {0} whereL := log@. The former contributes the main term and the rest contribute the

fluctuations which are comparatively extremely small.sAs> 0,

)

D) ~ -

I—ap)™®—=1~1-slog(l—ap)—1=—slog(l— ap),
1 1 1 1

1—qg° 1-e¢*b8a T1—(1-slogq) slogq’

and
78 = e—slogz ~ 1.

Thus the negative residue is

I log(l—ap)
slogqg log q

7[571]2( — slog(1l — ap))

We also have simple poles at= xy, for k # 0. Lete := s — xi then expanding around= 0 gives

o 1 _ 1 B 1 1 1
l—qs 1—qgxs—=

1—q= 1—e=<losg . (1—--¢logq) - elogq’
So the negative residues for all non-zérare

1 1

Y (=D [(1 = ap) X — 1] Elogqx*m =7 ST [(1 - ap) ™ — 1]z
k0 =
- % Z F(Xk) I:eiXk 10%(1*0410) _ 1} E*X),; log x
k20
= l Z F(Xk) [eiXk‘ log(z(1—ap)) _ e Xk log x]
L k0
= % Z F(_Xk) [BQkTri IogQ(m(l—ap)) _ eZk"n"i loggo 1] )
k20

Now put these together to get the probability of having a weak maximum in thelfrssitions which
does not repeat in the rest of the word and whktre an grows withn asn — oo:

IOg(l - ap) + l Z F(*Xk) [62k7ri logg (n(1—ap)) _ e2kmilogg n]
lo L
g4 k40

_log(1—a(1- Q")
—L

+ 1 (o(n(1 — ap)) — o(n) ©)

for Q = ¢71, L = log Q andty(z) as in Theorem 1. Note thatif = 1 thend = n and the main term
yields a probability of 1, confirming our result on a word with no restrictions.
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3.2 Case (strict, weak), for d = an

In this case, we allow the maximurh, to occur only once in the firgt letters, but any number of times in
the rest of the word. Again, [1] provides us with the generating function whose coefficients are

f(s w) Zanpq 1 _ q 1)0471*1(1 _ qk)n(lfa)
k>1
~ Z anqu—le—nqk—1(q+pa). (7)
k>1

If we define the function

k—1
fsw Z owcqu Lo—zq ((H—pa)
k>1

then the Mellin transform will be

Fan(s) =Y apd" (") " (g + pa) "I (s + 1)
k>1
—(s+1) 1
= ap(q + pa) I(s+ 1)1_7

— for R(s) < 0, (8)
and the fundamental strip is the overlap of the intefvalo, 0) and the fundamental strip ek~ which
s (—1,00), i.e., (—1,0). Hence we pick our contour integral fromi — ico to —1 + ioco, and perform
the inverse Mellin transform to get:

1 e 1,
fanle) = 5 [ aplapa) CTIDGs 4 1) s, ©
3

By moving the contour to the right, the first poles we reach arse-at) ands = i, k # 0. For the main
term, the negative residue is

1 ap
slogqg  L(q+pa)’

—[s ap(q + pa) T'T(1)

The fluctuations come from the negative residues of the poles=ai;, k£ # 0. Lete := s — xx, then
arounds = 0 we getlf, and so these poles contribute:

elogq’

—Xk — ap Z F(l o Xk)62k7ri logQ(z(qupa)).

_ (xx+D1 1
2 [ ol -+ pe)” 0o+ 1) yogg” Liqg +pa) =

k#£0
This gives a total probability in the (strict, weak) case asymptotic to

a(@—1)
I+ a1yt ¥(a+p)), (10)
asn — oo wherey(z) = > T'(1 — xj)e2kmloge @,

k0
(For o = 1, the dominant term give&, which is the same as the probability of having one winner
amongn players in a game where each player tosses a coin until a head appears, and the winner is the
player who takes the longest to toss a head, see [3].)

3.3 Case (weak, weak), ford = an

Here, the maximum can recur anywhere, having first appeared at least once in thieftess. From [1],
and by (2), we can approximate as in the (w,s) case to get:

Fwany(m) ~ D [(e7m" — 1) — (e Haten) )], (11)

k>1

We define an exact function in terms:ofo be:

fuw(@) := Y (€70 — 1) = (e wben) )],

k>1
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The transform of this function is

Fow() =D a7 "*T(s) = (¢" 1) "*(q + ap) ~°T(s)]

k>1

=T(s)[1—¢*(¢+ap)~] L (12)
which exists in the strig—1, 0). We can thus rewrit¢,,., (x) as a contour integral
1 S —S —S8
Sww(T) = 2mi I'(s) [1 —¢°(q+ ap) ] pra 1:10 ds. (13)
(-3
The relevant simple poles occurst= 0 ands = xy, k£ # 0. The negative residue at= 0 is
1 1 1
—[s_l]fslog<q+ap) = —log(Q+ap), (14)
S q slogqg L q

which, as in the (weak, strict) case, is one for= 1. For the poles at = xi, lete := s — xx. Then
expanding around = 0 givesqg,,,éi1 and so the negative residues are

Elogq

e |

_ 1 Xk Xk Xk — F |: 2kmilogg @ _ 2k7rz logg (z(4
e ¢ (g+ap)” ]glogqx 7 Z —Xk)
k0 k0
(15)

By summing (14) and (15) and replacindpy n the asymptotic result for the (weak, weak) case in Theorem
1is found.

4 Supposel < d = o(n)

Initially, in this sectiond was considered to be dependentroaccording to the relationshigp = an?,
where0 < v < 1, and0 < « < 1. Mellin transforms were used to obtain the same results as found in the
d fixed case (see [1]). However, it was then found (as suggested by a referee) that in facuahythat
1 < d = o(n) will produce the same results. The explanation is given below.

We show that the results are the same as whisrfixed by referring back to the step in the calculations
for d fixed (see [1]) where thé = an calculations failed. The important stage is when the main term of
the probability is given by the expression

d—1d—1—1
—1—1 Q'1-Q7 1
2 2 ( ) =y L (+1+N)NH (16)

i=0 [=0

This is the (weak, strict) case, but the others are similar. S\geows liken, we usen instead ofN for
simplicity. Ford fixed, it can be seen that thhe= 0 term dominates, since each term in the suni e
of orderO (). Ford proportional ton, each term in the inner sum is of orde( ), so none clearly
dominates, and Mellin transforms are required to find the result (see Section 3). But Wwhatif.” for
0<~vy<1,orevend = 27

Suppose we lef(n) = o(n) for somef(n) such thatf(n) — oo asn — oo. Then we can write
d = 55 (= o(n)). In general, a typical term in the sum bis of orderO ;7.5 ). Forl = 0, we again
have an order o®(2). In fact, this term can be expressedsasherec is a constant. This will dominate
all other terms, since even the infinite sumiqa geometric series) is:

1 & . 1 1
5;%» L= ORI 0(;). a7

The results in Theorem 2 follow from the above.

5 Conclusion

Table 1 is a summary of results from this paper. (EHixed results are from [1]). This table shows only
the dominant term for the results, expressed in term.of
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Case (s,9) (w,s) (s,w) (w,w)
1-Q~1d 1-Q Yd —1)d —1)d
1<d=o(n) ( E?n ) ( gn ) (QLn) (QLn)
_ (1-Q Ha | log(l-a(l-Q")) (Q-1) log(1+a(Q-1))
d=an L < R (ZL L(fia(Qq)) = (2

Tab. 1: Table of results for the two catagories

If we considera small (i.e., close to zero) in the second category, we should get similar solutions to
catagory one (in whicHh is always small relative ta for n large). We thus determine what these dominant
terms look like asymptotically as — 0. We use the approximationisg(1l + =) ~ x andﬁ ~ 1las
x — 0 ([4]). Supposel = an, then for the (weak, strict) case, we have

logl-a(1-Q") -al-Q") al-Q7")
log Q1 ~ logQ-1 L '

For the (strict, weak) case, we find that

Q-1 o@-1)
L(I+a(Q-1) L

and for the (weak, weak) case,

log(1+a(Q-1) _a(@-1)

~

L L

By replacing eachwy by % it can be seen that each of these corresponds td fthed case in Table 1
above.
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