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A graph G is an efficient open domination graph if there exists a subset D of V(G) for which the open neighborhoods
centered in vertices of D form a partition of V' (G). We completely describe efficient open domination graphs among
lexicographic, strong, and disjunctive products of graphs. For the Cartesian product we give a characterization when
one factor is Ko.
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1 Introduction and preliminaries

Let G be a graph with vertex set V(G) and edge set E(G). We use standard notations N (v) for the open
neighborhood {u : wv € FE(G)} and N¢v] for the closed neighborhood N¢(v) U {v} for a graph G.
By u ~ v we denote adjacency of u and v from V (G). Throughout the article we consider only simple
graphs.

The domination number ~(G) of a graph G is a classical invariant in graph theory. It is the minimum
cardinality of a set S for which the union of closed neighborhoods centered in vertices of S cover the
whole vertex set of G. Such a set S is called a dominating set of G. Hence each vertex of G is either in .S
or adjacent to a vertex in S. In other words, we can say that vertices of S control each vertex outside of S.
A classical question in such a situation is: who controls the vertices of S? One possible solution to this
dilemma is the total domination. A set D C V(G) is a total dominating set of G if every vertex of G is
adjacent to a vertex of D. (Hence, also vertices of D are controlled by D.) The fotal domination number
of a graph G is the minimum cardinality of a total dominating set of G and is denoted by ;(G). A total
dominating set D of cardinality v;(G) is called v;(G)-set.

The natural question for a graph G is whether we can find a total dominating set D for which its
open neighborhoods not only cover V' (G) but also form a partition of V' (G), which means that N (u) N
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N¢g(v) = 0 for every different u, v € D. The problem has been presented under the names: total perfect
codes [3]], efficient open domination [7]] and exact transversals [4]. In the present work we follow the
terminology of efficient open domination. A graph G is an efficient open domination graph if there exists
aset D, called an efficient open dominating set, for which | J . , Ng(v) = V(G) and Ng(u) N (v) = 0
for every pair u and v of distinct vertices of D. It is easy to see that paths P,, are efficient open domination
graphs if and only if n # 1 (mod 4), while cycles C,, are efficient open domination graphs if and only if
n =0 (mod 4).

The problem of establishing whether a graph G is an efficient open domination graph is an N P-
complete problem, see [16] (or [8]). This issue has been studied under its different names, nevertheless
it has received not enough attention. Efficient open domination trees have been characterized recursively
in [8]. Various properties of efficient open domination graphs were presented in [7]. The efficient open
domination graphs among Cayley graphs were studied in [20] and the efficient open domination grid
graphs in [4} 5 [14]. Moreover, the efficient open domination graphs among direct product graphs were
characterized in [1l]. However we have not found the following basic connection in the literature.

Observation 1.1 If G is an efficient open domination graph with an efficient open dominating set D, then
1(G) = |D|.

Proof. If D is an efficient open dominating set of G, then D is also a total dominating set of G and
7 (G) < |D| follows. On the other hand, an arbitrary vertex of D has at least one neighbor in every v;(G)-
set D', since | J,cp» Na(v) = V(G). Moreover, these neighbors must be different, since |J,., Na(v)
form a partition of V(G). Hence v;(G) > | D| and the equality follows. 0

From this observation immediately follows that all efficient open dominating sets of a graph G have
the same cardinality. Another simple fact holds for regular graphs, since vertices from an efficient open
dominating set are given by disjoint pairs of adjacent vertices and all the vertices have the same number
of neighbors.

Observation 1.2 Let G be an r-regular graph of order n. If G is an efficient open domination graph,
then n = 0 (mod (2r)).

A similar approach is also known for dominating sets under the name 1-perfect graphs. That is, G is
1-perfect graph if there exists a set P C V(G) for which V(G) = |J,cp Na[v] and Ng[u] N Ng[v] =0
for every pair u and v of distinct vertices of P. Set P is called a perfect code of G. The name arose from
codes, since one can discover and repair one error in such graphs.

Several graph products have been investigated in the last few decades and a rich theory involving the
structure and recognition of classes of these graphs has emerged, cf. [10]. The most studied graph
products are the Cartesian product, the strong product, the direct product and the lexicographic product
which are also called standard products. One standard approach to graph products is to deduce properties
of a product with respect to (the same) properties of its factors. See a short collection of these types
involving total domination and perfect codes in [6} |9} [11} 112} 113} |15 117]].

The domination related problems on the Cartesian product seems to be the most problematic among
standard products. We just mention the famous Vizing’s conjecture: v(GOH) > ~(G)~y(H), which
is probably the most challenging problem in the area of domination (see the latest survey on Vizing’s
conjecture [2]). The efficient open domination is no exception.
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In the next section we completely describe the efficient open domination graphs among strong, lexi-
cographic, and disjunctive products. After that we introduce zig-zag graphs and explore their structure.
They are used in the following section where we completely describe graphs for which their Cartesian
product with K is an efficient open domination graph. We end with a section on grid-like graphs.

2 The lexicographic, strong, and disjunctive products

The lexicographic product G o H (sometimes also denoted by G[H|) of graphs G and H is a graph with
V(GoH) =V(G) x V(H). Two vertices (g, h) and (¢’, h’) are adjacent in G o H whenever gg’ € F(G)
or (g = ¢’ and hh' € E(H)). For a fixed h € V(H) we call G* = {(g,h) € V(Go H) : g € V(G)}
a G-layer in G o H. Symmetrically H-layers 9H for a fixed ¢ € V(G) are defined. Notice that the
subgraph of G o H induced by a G-layer or an H-layer is isomorphic to G or H, respectively. The map
pg : V(G o H) — V(G) defined by p((g,h)) = g is called a projection map onto G. Similarly, we
define py as the projection map onto H. Projections are defined as maps between vertices, but frequently
it is more comfortably to see them as maps between graphs. In this case we observe the subgraphs induced
by A C V(Go H) and px(A) for X € {G, H}. The lexicographic product is clearly not commutative,
nevertheless it is associative [[10].

Theorem 2.1 Let G and H be graphs. The lexicographic product G o H is an efficient open domination
graph if and only if either

(i) G is a graph without edges and H is an efficient open domination graph, or

(ii) G is an efficient open domination graph and H contains an isolated vertex.

Proof. If G is a graph without edges on n vertices, then Go H is isomorphic to n copies of H. If in addition
H is an efficient open domination graph, then also n copies of H form an efficient open domination graph.
Now, let G be an efficient open domination graph, let D¢ be one efficient open dominating set and let
ho be an isolated vertex of H. We will show that Dg x {hg} is an efficient open dominating set of
G o H. For this, notice that Neor (g, ho) = Ng(g) x V(H) and U ¢ p, Neon (9, ho) = V(G x H). If
9,9 € Dg and g # ¢, then Ngop (g, ho) N Ngor (g, ho) # 0 implies that No(g) N Ng(g') # 0, which
is a contradiction. Therefore, G o H is an efficient open domination graph.

Conversely, let G o H be an efficient open domination graph with an efficient open dominating set D.
Let (g,h),(¢’,h’") € D be adjacent vertices. Suppose first that there exists such an edge with g # ¢'.
If b € Ng(h), then (g,h"”) € Ngon(g,h) N Nagon(g', k'), which is a contradiction. Hence h (and
by symmetry also k') is an isolated vertex of H. Since H contains an isolated vertex, it follows that
G has no isolated vertices, otherwise G o H would contain isolated vertices, which is impossible for
an efficient open domination graph. Thus, the fact (g1, h1), (g2, he) € D, implies that hy and ho are
isolated vertices of H (notice that it can happen hy = hs). If g1 € Ng(g) N Ng(g') for some g, 9" €
pc(D), then *H C Ngog(g,h) N Naom (¢, h') for (g, h), (¢, ') € D, which is a contradiction. Also
Ugrepe(p) Na(g1) = V(G), since Uy, 1yep Naor(g1,h1) = V(G o H) and D is an efficient open
dominating set. Thus, G is an efficient open domination graph (with an efficient open dominating set
pc(D)).

Now we can assume that all edges between vertices of D have the same first coordinate: (g, h)(g, ).
Thus, g is an isolated vertex of G, otherwise 9 H C Neor(g,h) N Ngom (g, k') for any neighbor ¢
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of ¢ in G, which is not possible. Since {Ngom(g,h) : (g,h) € D} forms a partition of G o H, every
vertex (g1, hy) is in some Ngom (g, k). Again (g, h) is in some Ngorm (g, h') and we have g = ¢’ = g;.
Hence every vertex of G is an isolated vertex and suppose that there are n vertices in G. Every H-layer is
isomorphic to H and G o H is isomorphic to n copies of H. Since G o H is an efficient open domination
graph, every component of GG o H is such. Therefore, also H is an efficient open domination graph which
ends the proof. a

We can easily generalize the construction of Theorem [2.1] (ii). Namely, let G be any efficient open
domination graph with V/(G) = {g1,...,9n}. Choose n arbitrary graphs Hy, ..., H,. Let Ng(g;) =
{915 95>+ 94, } for every i € {1,...,n}. Connect g; by an edge with every vertex of graphs
H; ,Hj,,....H ;ki to obtain a new graph G*. It is easy to see that an efficient open dominating set
D of G is also an efficient open dominating set of G*. Moreover, we can add to G* arbitrary many edges
between vertices of H; and H; as long as g;g; € F(G) and the obtained graph is still an efficient open
domination graph. If we add all possible edges between H; and H; whenever g;g; € E(G) and all graphs
H,,...,H, are isomorphic to a graph H, then the new graph is isomorphic to G o (H U {h}) where h is
an isolated vertex of H U {h}.

The strong product G X H of graphs G and H is a graph with V(G K H) = V(G) x V(H). Two
vertices (g, h) and (¢’, h’) are adjacent in G X H whenever (g¢' € E(G) and h = h/) or (g = ¢’ and
hh' € E(H))or (g9’ € E(G) and hh' € E(H)). The commutativity of the strong product follows from
the symmetry of the definition of adjacency and for associativity see [10].

Since G o H = G X H if G is a graph without edges, Theorem [2.1] (i) already gives a hint for the
strong product. Surprisingly, these are the only graphs (up to the commutativity of the factors) among
strong products which are efficient open domination graphs. This follows immediately from the fact that
|[Nemr (g, h) N Neru(g',h')| > 2 for any two adjacent vertices (g, h) and (¢’, h'), where both g and h
are not isolated vertices of G and H, respectively.

Proposition 2.2 Let G and H be two graphs. The strong product G X H is an efficient open domination
graph if and only if one factor is a graph without edges and the other is an efficient open domination
graphs.

The disjunctive product G @ H of graphs G and H is a graph with V(G @ H) = V(G) x V(H).
Two vertices (g, h) and (¢’, ') are adjacent in G @ H whenever g¢’ € E(G) or hh/ € E(H). Like the
Cartesian and the direct product, the disjunctive product is also commutative. This notion of graph product
was introduced by Ore [18]], where it was called the Cartesian sum of graphs. The name disjunctive
product is due to [19].

Theorem [2.1] (ii) gives a hint for a characterization of efficient open domination graphs, for the case
of disjunctive product, which has quite similar behavior like lexicographic product. Thus, we have the
following result, which proof is quite similar to the proof of Theorem [2.1]

Theorem 2.3 The disjunctive product of two graphs is an efficient open domination graph if and only if
one graph is an efficient open domination graph and the other one contains an isolated vertex.

Proof. Let G and H be any graphs. Assume that G is an efficient open domination graph with an efficient
open dominating set D¢ and let h be an isolated vertex of H. Proceeding like in the proof of Theorem
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we show that D x {hg} is an efficient open dominating set of G ¢ H. Therefore, G ¢ H is an
efficient open domination graph.

On the contrary, we consider G & H is an efficient open domination graph with an efficient open
dominating set D and we also proceed as in the proof of Theorem Let (g,h),(¢',h') € D be
adjacent vertices. If g # ¢/, then h (and by symmetry also A') is an isolated vertex of H. Since H
contains an isolated vertex, it follows that G has no isolated vertices, otherwise G @ H would contain
isolated vertices, which is impossible for an efficient open domination graph. Thus, if (g1, h1), (92, ha) €
D, then hy and hy are isolated vertices of H. If g1 € Ng(g) N Ng(g') for some g,9' € pa(D),
then "H C Ngon(g,h) N Negu(g',h') for (g,h),(¢',h’) € D, which is a contradiction. Also
Ugiepa(p) Nalg1) = V(G), since Uy, n,yep Neor(g1,h) = V(G @ H) and D is an efficient open
dominating set. Thus, G is an efficient open domination graph (with an efficient open dominating set
pc(D)).

Similarly, if h # h’, then we obtain that g; and g are isolated vertices of G. An analogous procedure
shows that, in this case, H is an efficient open domination graph. Therefore, the proof is complete. O

For the case of direct product graphs, the efficient open domination graphs among them were already
characterized in [1]. By completeness we include their result in this section. The direct product G x H of
graphs G and H is a graph with vertex set V(G x H) = V(G) x V(H). Two vertices (g, h) and (¢’, h’)
are adjacent in G x H whenever g¢’ € E(G) and hh/ € E(H). The open neighborhoods of vertices in
direct product graphs are nicely connected to open neighborhoods of projections to the factors. Namely,
Nexm(g,h) = Na(g) x Ni(h) for every vertex (g, h) € V(G x H) and this is the main reason for nice
behavior of efficient open domination graphs among direct product with respect to its factors.

Theorem 2.4 [1l] Let G and H be two graphs. The direct product G x H is an efficient open domination
graph if and only if G and H are efficient open domination graphs.

By Observation, [I.1] the following corollary is obtained.
Corollary 2.5 If G and H are efficient open domination graphs, then v;(G x H) = v(G)v:(H).

3 The zig-zag graphs

This section deals with a family of graphs which is the heart of the characterization of the efficient open
domination graphs among the so called prism graphs GO K. In this sense, we give some deep description
of such a family. To do so, we need to introduce some notation. By d¢(u,v) we mean the geodesic or
shortest path distance, which is the number of edges on a shortest u, v-path in G. Distance dg (e, v)
between edge e and a vertex v in G is the shortest distance between end vertices of e and v, while the
distance d¢(eq, e2) between edges e; and e is the shortest distance between end vertices of e; and end
vertices of es. In general, for P, Q C V(G), the distance dg (P, Q) between them is the shortest distance
between a vertex from P and a vertex from (). Two different edges are incident if they have a common
end vertex.

Let G be a graph on at least three vertices and E' = {eq, ..., e} be a subset of E(G), where e; = w;v;,
with the following properties:

(i) Ng(u;) N Ng(v;) = 0;
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(i) d¢(es,ej) > 2 for every different pair i, j € {1,...,k};

(iii) for every w € V(G) — {u,v; : ¢ € {1,...,k}} there exist unique j and ¢, j # ¢, such that
d(w, e;) = d(w, e) = 1;

(iv) for every sequence of distinct edges e;,,€;,, ..., €iss 7 > 2, with d(;(eie,ei ) = 2 for

£4+1(mod j)
¢e{l,...,j}, j must be an even number.

)

<

Fig. 1: A zig-zag graph where the zig-zag set is formed by the edges in bold.

We call E’ a zig-zag set of G and, if there exists a zig-zag set in G, we call G as a zig-zag graph.
(The motivation for this name follows from the property (iv) and the zig-zag role of edges at distance 2
in efficient open domination set of GOK, as can be seen in the following section.) In Figure [I] appears
an example of a zig-zag graph, where the zig-zag set is given by the edges in bold. Notice that zig-zag
graphs among cycles are exactly Cgy, for a positive integer k£ (we need six to fulfill the property (iv) of the
definition). Also, if a zig-zag graph G contains a vertex v of degree one, then the edge vu € E(G) must
be in any zig-zag set of G. This follows from property (iii), since any vertex of degree one has not two
different non incident edges at distance one. Thus, for instance, a path P, is a zig-zag graph whenever
n = 2 + 3k for some positive integer k. Moreover, observe that if a zig-zag graph G contains no cycles,
then property (iv) is fulfilled. Hence, we need a cycle C' for property (iv) to be nontrivial. If edges from a
zig-zag set E’ which have at least one end vertex on C are successively at distance two, then its number
must be even. If this holds for all such cycles of a graph G, then property (iv) is fulfilled for G.

Since zig-zag graphs play an important role in the efficient open domination graphs among prisms,
we give somewhat deeper insight into their structure. Next we consider a construction that describes the
family G of all graphs that satisfy properties (i), (i), and (iii) of the definition. We begin with an arbitrary
graph H on n vertices, and let E' = {e; : ¢; = u;v;,7 € {1,...,r}} be a set of r disjoint pairs of edges,
with 7 > 2. Now, to obtain a graph G € G, for every vertex h € V(H) choose two edges e, e, € E’ and
connect h by an edge with exactly one end vertex of e; and one of e,. Notice that we can choose the same
edges for different vertices. It is straightforward to observe that G is a graph satisfying properties (i), (ii),
and (iii) for the set E’.

On the other hand, if G is a graph carrying out the properties (i), (i), and (iii) for the set of edges
F C E(QG), then F represents E’ and the subgraph induced by V' (G) — V(F') represents H in the above
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description. Thus, this construction gives a characterization of all graphs for which properties (i), (ii), and
(iii) hold. However, property (iv) does not always hold in this construction.

We will incorporate property (iv) to the above construction in two special cases, which also reveals
richness of the structure of zig-zag graphs. The first case is related to the following. If G € G was
constructed in such a way that every v € V() has two private edges at distance one, then such edges do
not lie in any cycle, and, as mentioned before, property (iv) is fulfilled. As a consequence, G is a zig-zag
graph. Notice that in this construction we need 2n disjoint edges in E’, where n is the order of the graph
H used to generate G.

For the second construction of zig-zag graphs, we do the following. Let H be an arbitrary graph of
order n and let E = {e; : ¢; = u;v;,1 € {1,...,7}} be a set of disjoint edges not in H where r = nif n
is even, or r = n + 1 if n is odd. We generate a zig-zag graph G as follows.

e We partition the set V/(H) into the sets Sy, . .., S; such that at most one set, say S;, has cardinality
one and other ones have even cardinality.

e We partition the set F into the sets Fy, ..., E; such that, |E;| = |S;| forevery i € {1,...,t — 1}
and, if n is odd, then |E;| = 2 or, if n is even, then |E¢| = |S|.

L] Let Sz = {:L‘,;l,xig, e axi\SH} and let E7 = {6,’1 y 6,;2 yoo ,ei‘Sv‘ }
e Now, forevery i € {1,...,t — 1}, we add edges between .S; and the vertices of F; in such a way
that we form the cycle Ti1 Ui Vi Ti2Ui, Vi, - - . xilsi‘uiw ‘ Ui|s-\ X;1.

e Now, if n is even, then we proceed with S; as above. On the contrary, if n is odd, then S; = {x41}
and E;, = {et1 €, }. Hence, we form the path Ut Vg Ty1Ue, Vt, -

Notice that a graph G obtained by such a construction is a zig-zag graph with zig-zag set E. It is also
easy to see that there are more zig-zag graphs (with less edges in zig-zag set). Take for instance, the
complete graph K5, and choose for a set £’ to be any perfect matching of K5, In addition subdivide by
one vertex every remaining edge of Ko,,. It is straightforward to observer that the obtained graph, K. is
a zig-zag graph with zig-zag set E’.

We end the discussion on zig-zag graphs by a recursive description of the family 7 of all zig-zag trees.
Since trees have no cycles, it follows that any tree 7' is a zig-zag graph if and only it satisfies properties
(1), (ii), and (iii). Recall that a path P, is a zig-zag graph whenever n = 2 + 3k for some positive integer
k. Let T} and T be zig-zag trees with corresponding zig-zag sets F and F), respectively. The following
two rules can be used to obtain a tree T' by a zig-zag tree construction.

(a) choose e; = ujv; € Ff and e2 = ugvy € E) and then identify the vertices u; with uy (hence
vertex u) and v with v9 (hence vertex v) to maintainin the edge uv in T';

(b) choose any 2z € V(T1) — V(E{) and any y € V(T3) — V(F)) and connect 2 with y by an edge to
obtain 7.

We say that a tree 7' € T if it is obtained from zig-zag trees 7} and 7% by one of the above rules (a
zig-zag tree construction) or 7" is Ps.

Theorem 3.1 A tree T is a zig-zag graph if and only if T' € T.
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Proof. If T is isomorphic to P, then it is clearly a zig-zag tree. So, suppose that 7" € T obtained from
zig-zag trees Ty and T with corresponding zig-zag sets Ej and EY, respectively. Let E' = Ej U Ej.
Notice that properties (i),(ii), and (iii) of the definition of zig-zag set are clearly satisfied for E’ in T after
applying rule (a) or (b) to T} and T5, since E| and E), are zig-zag sets. Since trees have no cycles, we do
not need to check property (iv). Therefore, T is a zig-zag tree.

Conversely, let T' be a zig-zag tree with corresponding zig-zag set E’. If T is isomorphic to Ps, then
T € T. If T is isomorphic to P 3 for k > 2, then it can be obtained from P5 and Py 3(;—1) by using
rule (a) of the zig-zag tree construction. Therefore, T' € T .

Assume now that there exists a vertex v of degree at least three in 7'. If v is not an end vertex of any
edge of E’, then exactly two vertices x,y € N (v) are end vertices of an edge in E’ by property (iii).
Choose any neighbor u € N(v) — {x,y}. By property (iii) there exists two edges e,, €., € E’ that are
at distance one to u. Now, delete edge uv from 7. Clearly T splits into two trees 7, and T, where T,
contains u and T, contains v. Consider the sets of edges £, = E' N E(Ty) and E, = E' N E(T,).
Notice that properties (i) and (ii) hold for E, and E,, since E’ is a zig-zag set. Property (iii) must be
checked only for w. But both e, and €], must be in E,, since v is not an end vertex of any edge of E’.
So, property (iii) is clear for £, and F, in T;, and T,,, respectively. Thus, T,, and T,, are zig-zag graphs
with zig-zag sets E,, and F, respectively. Moreover, T is obtained from 7, and T, by using rule (b).
Therefore, T € T.

Now let v be an end vertex of the edge ¢ € E’ and let e = uwv. We shall “divide” the tree T using a
kind of “reverse-like process” of rule (a) into two trees 7’, and 7;,, where T, contains u and T, contains
v. Let E, = E'N E(T,) and E, = E' N E(T,). We notice that properties (i), (ii), and (iii) hold for E,,
and E, by the same reason as above. Thus, again T, and T}, are zig-zag graphs with zig-zag sets E, and
E,, respectively, and T is obtained from 7}, and T, by using rule (a). Therefore, T € T and the proof is
complete. O

The Figure 2] represents an example of a tree belonging to the family 7.

Fig. 2: A tree of the family 7 obtained only by rule (a).

4 Efficient open domination graphs GO K,

The Cartesian product GOH of graphs G and H is a graph with V(GOH) = V(G) x V(H). Two
vertices (g, h) and (¢', h') are adjacent in GOH whenever (g9' € E(G) and h = k') or (g = ¢’ and
hh' € E(H)). Hence E(GX H) = E(GOH) U E(G x H). The Cartesian product is commutative and
associative (see [L0]). Layers and projections are defined identically as for the lexicographic product. The
subgraph of GOH induced by G" or 9 H is isomorphic to G or H, respectively.
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As usual in domination related problems, it seems that the Cartesian product of graphs is the most
problematic of all four standard products for the efficient open domination problem. For instance, until
now only the Cartesian product of two paths (grid graphs) [4,114] and some particular case of the Cartesian
product of two cycles (torus graphs) [5]] have been studied. In this section we characterize all efficient
open domination graphs among GO K.

Cartesian product graphs GO K5 are often called prisms and can be described as two copies of G' with
a matching between the corresponding vertices of each copy of G. We denote V (K3) = {1, 2} and for a
vertex v € V(G) we denote by v?, i € {1,2}, the copy of v in the G*-layer.

With the knowledge about zig-zag graphs we show now the relationship between them and efficient
open domination prisms.

Theorem 4.1 If G is a zig-zag graph, then GO K5 is an efficient open domination graph.

Proof. Let G be a zig-zag graph and E' = {ey,...,ex}, e; = u;v;, its zig-zag set. In addition we may

assume that £ is ordered such that for every e;, ¢ > 1, there exists e;, j < %, with dg(e;, e;) = 2. We

call such an edge e; an ancestor of e;. We define a subset D of V(GOK>) inductively as follows. Let
1,1

ut,v} € D. For an edge e;, i > 1, with ancestor e; we have either (u},v} € D if u?,vjz € D) or

(u?,v? € Dif u;, vjl- € D). Since an edge e;, i > 1, can have many ancestors, we need to show that D is
well defined. Suppose not, and let e; be the first edge which has two ancestor ¢; and e, with u;, vjl» eD
and uZ,v? € D (without loss of generality). By the choice of order of E’ there must exist a sequence
€j, €55 -,€5,,e1 wWith d(ej,e;) = d(ej,,e1) = d(ej,,ej,,,) = 2forp € {1,...,t — 1}. Notice that
every edge of this sequence has index smaller than 7. Similarly, there exists a sequence ey, ez, , ..., €q,, €1
with d(eg, eq,) = d(ee,,e1) = d(ee,,ee,.,) = 2forp € {1,...,s — 1}, where index of every edge is
smaller than ¢. Let e, = e;, = ey, be the first common edge of these two sequences. For the sequence
€5y€415- 1€, €0, 15 €0, 45 -5, €; holds that any two consecutive edges are at distance two, and also
the first and the last edge are at this distance. By the construction of D and since all indices are smaller
than i (with the exception of e;), we have that consecutive edges lie zig zag in GOK>: one edge is in G
and the other in G?. Hence, from e; to e, we have an even number of edges. Together with e; we have
an odd number of edges, which contradicts to the property (iv) of the definition of zig-zag sets. Hence, D
is well defined and for every pair of edges e;,¢; € E’ with dg(e;, e;) = 2 it follows u?, v?, u?, vjq- €D,
where {p, ¢} = {1,2}. o

Next we show that D is an efficient open dominating set of GOK5. Notice that if u/,v] € D, i €
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{1,...,k} and j € {1,2}, then they are dominated by v’ and u/, respectively. On the contrary, if
ul,v! ¢ D, then u! and v dominate u/ and v?, respectively, where £ € {1,2} — {j}. Let now w €
V(G) —{ui,v; 1 i € {1,...,k}}. By the property (iii) of the definition of zig-zag sets, there exist unique
j and ¢ with d(w, e;) = d(w,e,) = 1. Hence, either e; is an ancestor of e, or vice versa. In each case
we may assume without loss of generality that u}, vjl« € D and u2,v} € D. Now w! is dominated by uj1
or vj and w* is dominated by u7 or v7. Hence J,cp Naok,(v) = V(GOKy). By the property (i) of
the definition of zig-zag sets we have that Ngax, (u!) N Naok, (v)) = 0 for u? ,v! € D and j € {1,2}.
If dg(ei,ej) = 2, then Ngok,(2}) N Neok, (y]) = 0 for 2,y € {u,v} since {p,q} = {1,2} by the
construction of D. Finally, if dg(e;, e;) > 2, then clearly Ngox, (2 )\ Neok, (y]) = O forz,y € {u, v}
and p, ¢ € {1,2}. Therefore, the neighborhoods of D form a partition of GOK> and, as a consequence,
GOKj, is an efficient open domination graph. m|

Notice that in above proof all edges induced by D project to edges of G. However, if we wish that all



114 Dorota Kuziak, Iztok Peterin, Ismael G. Yero

edges induced by an efficient open domination set D of GO K5 projet into K, then it is not hard to see
which property is needed for G. Namely, if G is 1-perfect graph with 1-perfect code P, then D contains
exactly P in both copies of G. In particular notice that a path graph Py, is a 1-perfect graph for every
integer k£ > 1, and hence P,0K5 is an efficient open domination graph. The following result is clear.

Remark 4.2 If G is a I-perfect graph, then GOK is an efficient open domination graph.

To describe all efficient open domination graphs among Cartesian products of graphs with K5 we need a
combination of both: 1-perfect graphs and zig-zag graphs. Let H; be 1-perfect graph with 1-perfect code
P and let H be a zig-zag graph with a zig-zag set £’ = {eq, ..., ex}, e; = u;v;. (Notice that H; and Ho
do not need to be connected.) A graph G is called a I-perfect zig-zag graph if V(G) = V(H,) UV (Hz),
E(G) = E(H1) U E(H3) U E3 where Es is an arbitrary subset of the set {zw : € V(H;) — P,w €
V(Hs) — {ui,v; 11 € {1,...,k}}}. In other words, E(G) contains all edges of Hy, all edges of Hs and
for every x € V(Hy) — P and every w € V(Hs) — {u;,v; : i € {1,...,k}} we may insert an edge zw
to E(G) or not. In particular, G is isomorphic to the disjoint union of H; and H> if no edges of the type
zw are added.

Notice that a 1-perfect zig-zag graph could be formed only by a 1-perfect graph or only by a zig-zag
graph. This means that, for instance, all paths (which are always 1-perfect graphs, but not always zig-zag
graphs) are included into the family of 1-perfect zig-zag graphs. While it is easy to see that there exists
1-perfect graphs which are not zig-zag graphs, one needs a bit more effort to find a graph that is a zig-zag,
but not a 1-perfect graph. An example for this is K. ;’n. Recall that we obtain K;fn by subdividing with one
vertex every edge which does not belong to a fixed perfect matching of Ks,,.

Theorem 4.3 Let G be a graph. The Cartesian product GOK, is an efficient open domination graph if
and only if G is a 1-perfect zig-zag graph.

Proof. First, if G is formed either by a zig-zag graph or by a 1-perfect graph, then by Theorem [.1]or by
Remark [.2] respectively, we obtain that GOK is an efficient open domination graph.

Now, let G be a 1-perfect zig-zag graph built from 1-perfect graph H; with 1-perfect code P and zig-
zag graph Ho with zig-zag set ' = {e1,..., e}, e; = u;v;. Let P', i € {1,2}, be a copy of P in the
G'-layer of GOK3 and let D be a set of vertices obtained from E’ as in the proof of Theorem The set
D’ = P' U P?2 U D dominates GO K5 since P* U P? dominates H;OK5 and D dominates H,OK5. In
addition, Ngok, () N Neok, (y) = 0 for any z,y € D’. Finally, since all additional edges in G between
H, and H, are connecting vertices which neither belong to P nor to {u;,v; : i € {1,...,k}}, we obtain
that GO K, is an efficient open domination graph.

For the other direction, let GAOK> be an efficient open domination graph with an efficient open domi-
nating set D. Clearly D contains adjacent pairs of vertices and we split them into two subsets as follows.
In D; we put pairs of adjacent vertices from D for which its edge projects to the edge of K5 and in
D5 are all the remaining vertices (those whose edge projects to an edge of G). First we define a graph
H; as follows. Let V(H0OK>5) = UUEB1 Neok,(v) and H1OK is an induced subgraph of GOK5 on
V(H,0K>). It is clear that H; which is induced by vertices of layer H{ (and also by vertices of layer
H?)is a 1-perfect graph with 1-perfect code pg (D).

Next, let HoOK> = GOK,—V(H,OK>). The projection of all edges induced by D5 projects to edges
of the first factor Hy. We will show that these edges, namely pg, (D2), form a zig-zag set of H. Let
|D2| = 2k and denote adjacent vertices of Do by u and v} fori € {1,...,k} and j € {1,2}. Since D
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is a subset of an efficient open dominating set D, it follows N,0x, (u!) N N0k, (v7) = 0 for every
i€{l,...,k}and j € {1,2}, consequently Ny, (u;) N Np,(v;) = () and the property (i) holds.

For the property (ii), let e; = wjv; and es = uqus be two different edges induced by pg, (D2) and
let ¢}, e, € E(H2OK>) be edges which project to ey and es, respectively. If dg, (e1, e2) = 0, then two
end vertices coincide and the other two differ. Without loss of generality, let u; = us and vy # vg. If
both ¢} and €}, lie in the same Ho-layer, say H3, then ui € Ng,or,(v) N Ng,ox,(vs) which is not
possible, since D is an efficient open dominating set. If ¢} and €}, lie in different Hy-layers, say ¢/ in H3
and €} in H3, then u} € Ny,ok,(v1) N Ny,oxk,(ud), which again yields to the same contradiction. If
dp,(e1,e2) = 1, then there are two end vertices, say u; and us, adjacent in Hs. If both ¢/ and €} lie in the
same Hy-layer, say H2, then ul € Ny,ok, (v1)NNu,oxk, (u}), which is not possible by the same reason.
If €} and €} lie in different Ho-layers, say €} in Hj and e} in H3, then uf € N0k, (ul) " Nu,ok, (u3),
which is not possible. Hence, dg, (€1, e2) > 2 and the property (ii) holds for pgy, (D2).

Letw € V(Hz3) — pm,(D2). Hence both w' and w? are not in Dy. Suppose that they are dominated by
u! and u?, respectively. Both u' and u? have a neighbor in D, in the same layer: v' and v2, respectively.
Lete = ulv! and ¢’ = u?v?. If pp, (e) = pu,(€’), then u' € Ny,ox,(v') N Nu,ok, (u?), which is not
possible. Moreover, by the property (i) we have dm, (pm, (€), pm,(€')) = 2. Clearly dp, (w, pm,(e)) =
dp, (w,p, (")) = 1. If there exists a third edge py, (€’) induced by pg, (D2) with dgr, (w, pp, (¢”)) =
1, then either w! or w? is dominated by two vertices of Dy C D, which is not possible, and the property
(iii) is satisfied by pg, (D2).

If the property (iv) does not hold, then there exists a sequence of distinct edges e;,, €;,,- .-, €, j > 2,
with d(e;, €; )=2forl € {1,...,7} and j is an odd number. Since d(eiz,eiul(modj)) =2

Y041 (mod 5)
for ¢ € {1,...,5}, there exists a vertex wy for which d(w,e;,) = 1 = d(w,, e; ). By e, we

241 (mod j)
denote the edge which projects to e;; for every £ € {1,..., j}. Two consecutive edges €; and 6;p+1(m0d7)
\1
D

a final

must be in the same Ho-layer, say Ha, since j is odd. Without loss of generality, we may assume that w
is a common neighbor of u; and v; . Thus w, € Np,oK,(ui,) N Nor, (Vi o )
contradiction. Hence, the property (iv) also holds, pg, (D2) is a zig-zag set of Hy and Hs is a zig-zag

graph. Therefore, G is 1-perfect zig-zag graph, which ends the proof. a

To generalize this results from K5 to K, p > 2, it is easy to see that no edge induced by an efficient
open dominating set D of GOK, can project to K. Hence 1-perfect graphs have no analogue for p > 2.
However, it seems that zig-zag graphs could be generalized to higher orders of K, where property (iv)
represents the greatest problem.

5 Grid-like graphs

The study of efficient open domination graphs among Cartesian product of path and/or cycles has attracted
some researchers in the last few years. For instance, [4,|14] are dedicated to investigate the efficient open
domination graphs among the grid graphs P,.0F;. Between both works all the efficient open domination
grid graphs were characterized. Notice that, in [4], efficient open dominating sets are referred as exact
transversals, while in [14]], are called total perfect codes. The union of these two works produced the
following characterization.

Theorem 5.1 [4,[14] A grid graph P,OP,, t > r > 3, is an efficient open domination graph if and only
if r is an even number and t = x (mod r + 1) forx € {1,r — 2,r}.
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Some partial results on the efficient open domination graphs among torus graphs C,.0C}; were presented
in [5]. There was given the following characterization of all the torus graphs C,.0C} having an efficient
open dominating set where all its edges are parallel (a parallel total perfect code).

Theorem 5.2 [5] A parallel total perfect code in a Cartesian product graph C,.0Cy of two cycles C,. and
C; exists if and only if r and t are multiples of four.

From now on we give some partial results on the torus C,.0C} and the cylinder P,.00C}. To do so, in
this subsection we use the following notation: U = {ug,...,u,—1} and V" = {vg,...,v;_1} are the
vertex sets of G and H, where G and H are isomorphic to a path or a cycle of order 7 and ¢, respectively.
Operations with the subindexes of vertices of U and V' are done modulo r and ¢, respectively. With
respect to the previous section we may assume that 7, ¢ > 3. The adjacency in G and H is defined as
Ug ~ Uy ~ ...~ Upr_1(~up) and vg ~ vy ~ ... ~ v_1(~ vg), respectively.

5.1 The torus C,.0C;

By Theorem[5.2] we know that Cy, DCy; are efficient open domination graphs. Motivated by this we state
the following conjecture.

Conjecture 5.3 The torus C,.0C%, v, t > 3, is an efficient open domination graph if and only if r,t =
0 (mod 4).

Till the end of this subsection we settle this conjecture for r € {3,4,5,6,7}. We start with = 4 and
continue with all other values.

Proposition 5.4 Torus C4,0OC,, t > 4, is an efficient open domination graph if and only if t = 0 (mod 4).

Proof. If¢t = 0 (mod 4), then it follows by Theorem that C400CY} is an efficient open domination
graph.

Now suppose that the torus graph C,0Cy, t > 4, is an efficient open domination graph and let F'
be an efficient open dominating set in C40C;. By Observation [I.2] we have that ¢ is even. So either
t =0 (mod 4) ort = 2 (mod 4). Suppose t = 2 (mod 4). According to the symmetry of C40OC%, we
can suppose, without loss of generality, that (ug,vg) € F and (ug,vi—1) ¢ F.

If (ug,v1) € F, then we have that (ug,v2), (u2,v3) € F and consequently, the vertices (ug,v4),

(ug,vs), (uz,ve), (uz,v7), ..., (uo,vt—2), (ug,v¢—1) also belong to F', which is a contradiction since
(ug,v¢—1) is dominated by (ug, vo) and (ug, v¢—2). Analogously, we obtain a contradiction if (u1,vp) €
F. Therefore ¢t = 0 (mod 4). O

Theorem 5.5 Torus C,.0C,, r € {3,5,6,7} and t > r, is not an efficient open domination graph.

Proof. Ifr = 3, then itis straightforward to observe that C50C} is not an efficient open domination graph
for every ¢ > 3. Now suppose = 5 and let F5 be an efficient open dominating set in C50C}. According
to the symmetry of C50C}, we consider without loss of generality that (ug, vo) € F5 and (ug, vi—1) ¢ Fs.
If (u1,v9) € F5, then we have that (us, v1), (us,v2) € F5 and consequently, (ug,vs), (u1,v3) € Fs.
Thus, we have that at least one of the vertices of the set {(uz, v4), (us, v4), (u4,v4)} cannot be efficiently
open dominated by F3, a contradiction. On the other hand, if (ug, v1) € Fj, then (ug, v2), (us,v2) € F5
and at least one of the vertices of the set { (ug, v3), (u1, v3), (ug, v3)} cannot be efficiently open dominated
by F5, a contradiction again.
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Suppose = 6 and let Fg be an efficient open dominating set in C4OC;. We proceed similarly to the
above case. We may assume that (ug, vg) € Fg and (ug,vi—1) ¢ Fs. If (ug,v1) € Fg, then we have the
following cases.

Case 1: (us,vg), (us,v1) € Fg. As a consequence, we have that two vertices of the set {(u1, v2), (u2, v2),
(ug,v2), (us,v2)} cannot be efficiently open dominated by Fg, a contradiction.

Case 2: (usz,v1), (us,v2) € Fg. Consequently, either (ug,vg) or (uyg,v9) cannot be efficiently open
dominated by Fg, a contradiction.

Case 3: Either (ug, v2), (u2,v3) € Fgor (uyg, v2), (ug,v3) € Fg. Consequently, either (u4, v1) or (uz, vy),
respectively, cannot be efficiently open dominated by Fg, a contradiction.

Case 4: (us,v2), (u3,v3) € Fg. Consequently, (uz,v1) and (uy, v1) cannot be efficiently open dominated
by Fg, a contradiction.

Case 5: Either (ug, v2), (us, v2) € Fgor (us, va), (ug,v2) € Fg. Consequently, either (u4, v1) or (ug,v1),
respectively, cannot be efficiently open dominated by Fg, a contradiction.

On the other hand, if (u1,vg) € Fg, then we have the following cases.

Case 6: (us,v1), (ug,v1) € Fg. As aconsequence, we have that two vertices of the set { (ug, v2), (u1, v2),
(ug,v9)(us, v2)} cannot be efficiently open dominated by Fg, a contradiction.

Case 7: Either (ug, v1), (us,v2) € Fgor (ug,v1), (ug,v2) € Fg. Consequently, either (us, vy ) or (ug,v1),
respectively, cannot be efficiently open dominated by Fg, a contradiction.

Now, if » = 7, then by using a similar cases analysis like in the constructive procedure of the set Fg for
r = 6, we obtain contradictions which lead to that CvOC} is not an efficient open domination graph. We
leave the details to the reader. |

5.2 The cylinder P,0OC;

As we will see, the situation for cylinders is a little bit more complicated. The first indicator for this is
that P,OC; = Cy;0K, and, by Theorem [4.3] we know that this is an efficient open domination graph
whenever ¢ = 0 (mod 3). Also other cases are more complicated. We start with cycles on 4¢ vertices.

Proposition 5.6 Cylinder Py, 10Cy; is an efficient open domination graph for every r,t > 1.

Proof. The result follows immediately from the fact that the set F' of vertices of Py, 0Cy; given in the
following way is an efficient open dominating set for Py, 11 0Cy;.

If 2r + 1 = 1 (mod 4), then the set F' is the union of sets {ug, U4, ..., us-} X {vo, v1, V4, Vs, ...,
'U4t74,’l)4t73} and {’U,Q,'LL(;, oo 7u2')“72} X {1}271)3,’06,’1)7, ceey Ugt—2, 'U4t71}-

If 2r + 1 = 3 (mod 4), then the set F' is the union of sets {ug, u4, . . ., u2.—2} X {vo, v1, V4, Vs, .. .,
Var—4, 4¢3} and {ug, ug, . . ., Uz } X {v2,03, V6,07, .-, Va2, Var—1}- o

Next we see characterizations for P.0OC} to be efficient open domination graphs for ¢ € {3,4,5,6,7}.

Theorem 5.7
(1) P.0OC45 is an efficient open domination graph if and only if r = 2.
(i) P.OCY is an efficient open domination graph if and only if r is an odd integer.

(iii) P.0OC% is an efficient open domination graph if and only if r = 4.
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(iv) P.0OCs is an efficient open domination graph if and only if r = 2.
(v) P.0OCx is an efficient open domination graph if and only if r = 6.

Proof. It is easy to observe that P,0OC3, P,0C5, P,OCs and PsOC; are efficient open domination
graphs, while Py, 10C)} is efficient open domination graph by Proposition[5.6] Also, it is straightforward
to check that if P,.00C}5 is an efficient open domination graph, then » = 2. So (i) is proved.

For (ii) suppose that cylinder P,.0Cy, r > 4, is an efficient open domination graph and let F' be
an efficient open dominating set in P.0OCy. Clearly, at least one vertex of “°Cy must be in F' and ac-
cording to the symmetry of P.0C,, we can suppose, without loss of generality, that (ug,vg) € F. If
(u1,v9) € F, then we have that the vertex (ug,v2) cannot be efficiently open dominated by F, a con-
tradiction. Now, if (ug,v1) € F, then (uz,v2), (uz,v3) € F, and consequently only vertices of the type
(uak, v2), (UK, v3), (uae, Vo), (uae, v1) belong to F, where k, ¢ are integers and k is odd. Thus, if r is
even, then there exist two vertices (u,—_1,v;), (ur—1,v;), @ # j, and 4,5 € {0,1,2,3}, which cannot be
efficiently open dominated by F, a contradiction. Therefore, r is odd and (ii) is clear.

Now, suppose P,.00C5 is an efficient open domination graph and let F5 be an efficient open dominating
set in P.OC5. Clearly, at least one vertex of “°C5 must be in F5 and according to the symmetry of
P,.0OC5, we consider without loss of generality that (ug,vo) € F5 and (ug,v4) ¢ Fs. If (ug,v0) € F5,
then we vertices (ug, v2) and (ug,v3) cannot be efficiently open dominated by Fj, a contradiction. On
the other hand, let (ug,v1) € Fs. If r = 2, then (ug,vs) is not efficiently dominated. If r > 2,
then (uy,vs), (ug,v3) € Fs. If r = 3, then (u2,vp) and (ug,v;) are not efficiently open dominated
by F5. Hence r > 3 and also (us,vg), (us,v1) € Fs. Now, if 7 > 4, then one vertex of the set
{(uq,v2), (u4,v3), (ug,v4)} cannot be efficiently open dominated by F5, a contradiction again. Thus, the
only possible choice is » = 4 and (ii) is proved.

Assume P.0OCj is an efficient open domination graph and let F be an efficient open dominating set
in P,0Cs. We proceed similarly to the above case. Consider (ug,vg) € Fg and (ug,vs) ¢ Fg. If
(u1,v9) € Fg, then (ug,vs), (u1,v3) € Fg. If 7 > 2, then two vertices of the set {(uz,v1), (u2,v2),
(uz2,v4), (uz,v5)} cannot be efficiently open dominated by Fg, a contradiction. On the other hand,
if (ug,v1) € Fg, then (u1,vs), (u1,v4) € Fg. Analogously, if »r > 2, then two vertices of the set
{(u2,v0), (uz,v1), (u2,v2),

(ug2,v5)} cannot be efficiently open dominated by Fg, a contradiction. So, the only possible choice is
r = 2 and (iii) is proved.

Finally, suppose P,.0C' is an efficient open domination graph and let F be an efficient open domi-
nating set in P.0C7. As above we consider (ug,vg) € Fy and (ug,ve) ¢ Fr. If (u1,v9) € Fr, then
(ug,v2) and (up,vs) can be efficiently open dominated only by (ug, v3) and (ug, v4), respectively. Also
r > 2, since (ug,v2) and (u1,vs) are not efficiently open dominated yet. Now (u1,v2) and (ug,vs) can
be efficiently open dominated only by (us,v2) and (us, vs), respectively, and these two with (u3, v2) and
(usz,vs), respectively. Hence r > 3 and r # 4 since (ug, vp) is not efficiently dominated. The vertex
(us,vo) yields that (u4,vo), (us,vo) € F7 and consequently > 6. To continue, (us,vs), (us,v4) € Fy
to efficiently open dominate (uy,vs) and (u4,v4). If 7 = 6, then we are done. If > 6, then at least
one vertex out of {(ug,v1), (ug, v2), (ug, vs), (ug, vg)} cannot be efficiently open dominated by F7, a
contradiction. On the other hand, if (ug,v1) € Fy, then (ug,vs), (u1,v4) € Fr. If r = 2, then (u1, v2)
and (u1,ve) are not dominated by F, a contradiction. Hence r > 2 and to efficiently open dominate
these two vertices, (u2,v2) and (usg, vg), respectively, must be in F7. Furthermore, to efficiently open
dominate (ug,v2) and (usz,ve), (us,v2) and (us,ve), respectively, must be in Fr. Hence r > 3 and if
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r = 4, then (us,v4) is not dominated by F7. Thus, r > 4 and to efficiently open dominate (ug,v4) we
need (ug4,v4), (us,v4) € Fy. Moreover, the vertices (us,vo), (us,v1) € Fy to efficiently open domi-
nate (uq,v9) and (ug,v1). If r = 6, then we are done and if » > 6, then at least one vertex of the set
{(ug,v2), (ug, v3), (ug, vs5), (ug, vg)} cannot be efficiently open dominated by F%, a contradiction. There-
fore, the only possible choice is » = 6 and (iv) is proved. O
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