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Abstract: Synchronous dataflow graphs are widely used to design digital signal processing and
real-time streaming applications. A benefit of that model is to allow static analyses to predict
and guarantee the performances (e.g., throughput, memory requirements) of an application. Per-
formance analyses can either be performed at compile time (for design space exploration) or at
run-time (for resource management and reconfigurable systems). However, these algorithms, which
often have an exponential time complexity, may cause a huge run-time overhead or make design
space exploration unacceptably slow. In this paper, we argue that symbolic analyses are more
appropriate since they express the system performance as a function of parameters (i.e., input and
output rates, execution times). Such functions can be quickly evaluated for each different config-
uration or checked w.r.t. many different non-functional requirements. We first provide a symbolic
expression of the maximal throughput of acyclic synchronous dataflow graphs. We then perform an
analytic and exact study of the minimum buffer sizes needed to achieve this maximal throughput
for a single parametric edge graph. Based on this investigation, we define symbolic analyses that
approximate the minimum buffer sizes needed to achieve maximal throughput for acyclic graphs.
We assess the proposed analyses experimentally on both synthetic and real benchmarks.

Key-words: synchronous dataflow graphs, throughput, minimum buffer sizes, symbolic analysis
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Calcul Symbolique des Tailles Minimales de Buffers pour les
Graphes Flots de Données (Version Etendue)

Résumé : Les graphes flots de données sont largement utilisés pour modéliser les applica-
tions de traitement de signal et de streaming. Ces modéles permettent de prévoir et garantir
les performances (e.g., débit, tailles des buffers) de ces applications. L’analyse de performance
peut étre effectuée au moment de compilation (exploration de ’espace de conception) ou au mo-
ment d’exécution (gestion de ressources, systémes adaptables). Cependant, ces algorithmes ont
souvent une complexité exponentielle, et peuvent donc introduire une pénalité significative au
moment d’exécution ou rendre ’exploration de I’espace de conception excessivement lente. Nous
montrons dans ce papier que les analyses symboliques sont mieux adaptées dans ce contexte car
elles expriment la performance du systéme par des fonctions en termes de paramétres (i.e., taux
de production et de consommation, temps d’exécution). Telles fonctions peuvent étre rapidement
réévaluées pour tout changement de configuration du systéme ou utilisées pour vérifier la satisfi-
abilité des besoins non fonctionnels. Nous effectuons d’abord une étude analytique et exacte de
la taille de buffer minimale requise pour avoir un débit maximal dans le cas d’un graphe avec
seulement deux acteurs. En suite, nous étendons ces résultats pour les graphes acycliques. Enfin,
nous évaluons notre approche en utilisant des cas d’études réels et des benchmarks synthétiques.

Mots-clés : graphes flots de données, débit, tailles minimales des buffers, analyse symbolique
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1 Introduction

Synchronous dataflow (SDF) graphs [10] are widely used to design digital signal processing
and concurrent real-time streaming applications. This model comes with static analyses that
guarantee the boundedness and liveness of an application as well as predictable performances
(e.g. throughput, latency, memory requirements).

Performance analyses of SDF graphs check whether non-functional requirements are met.
They can be performed both at design time and at run-time. At design time, it is a crucial step
in the development of embedded applications. Many decisions and settings of the system need to
be explored (e.g. hardware/software partitioning, memory allocation, granularity and different
implementations of tasks, processor speeds, etc.) and the best options that satisfy the non-
functional requirements can be chosen. At run-time, performance analysis is performed either
for resource management or to cope with the dynamic behavior of parametric versions of SDF.
Indeed, in response to the increasing complexity of systems, many parametric dataflow models
have been proposed (e.g., PSDF |4], SPDF [8|, BPDF |3|, #SDF [7], SADF [6], etc.) in which
the graph (e.g., its rates or channels) may change at run-time.

Throughput is one important timing constraint of real-time systems. For example, a video
decoder should decode a minimum number of frames per second. Using a throughput-optimal
scheduling policy, such as self-timed scheduling, allows the designer to guarantee such timing
requirements, but also to use dynamic voltage and frequency scaling (DVFS) techniques to
reduce energy consumption in case the maximum throughput is larger than the desired quality-
of-service [14]. Furthermore, for embedded systems, it is primordial to determine the minimum
buffer sizes that allow such scheduling.

In this paper, we propose symbolic analyses of dataflow graphs. Our analyses consider the
rates and execution times of actors as parameters. Most non-functional properties of the ap-
plication can be described as a function of these parameters. By evaluating these functions
for specific values of parameters, the properties/performances of specific configurations can be
obtained. We propose two symbolic analyses of acyclic graphs under self-timed scheduling to
answer the following questions:

Q1. What is the mazimum throughput of the application?
Q2. What are the minimum buffer sizes that allow the application to achieve its maximum
throughput?
parametric partially specified SDF graph
dataflow graph SDF graph

N
S S, .
! A
tInstantiation!
i i

_________ (==
\

symbolic analysis symbolic SDF QF?Ph
formulas .

. [b] WO A .

R _ /" numerical

/Numerical’} \__analysis

vevaluation/ _ _.-=7
(throughput, latency, buffer sizes, ...)

Figure 1: Symbolic and numerical analyses.
Although our symbolic analyses may give only approximate (but safe) results, they are quite
useful in many cases (see Fig. [1]) :
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1. At early design stages, the SDF model of the application is usually partially specified and
many system settings remain to be explored. For instance, the execution time of an actor depends
on whether it is implemented in software or in hardware, or which algorithm will be used to
implement its functionality, etc. Therefore, design space exploration may require analyzing of a
potentially huge number of configurations (path [3]). Symbolic analyses are a big advantage in
this case. Formulas are generated only once and simply evaluated for each possible configuration
(i.e., set of parameters) (path [4]).

2. Similarly, non-functional requirements of parametric dataflow models at compile time can be
expressed symbolically as parametric formulas. Then, the requirements can be either checked by
evaluating formulas for all potential configurations (path ) or, better, by an analytic proof
(path ) to ensure, for instance, that the buffering requirements are less than some threshold
whatever the configuration of the application.

3. For dynamic models and runtime resource management, appropriate settings have sometimes
to be chosen dynamically. Consider, for instance, a parametric application where frequency
scaling is used to guarantee a specific throughput and minimize power consumption. In such
case, frequency must be adjusted at each parameter change. Instantiating the graph (path [5])
and performing a numerical analysis is far too costly at run time. Consequently, fast analyses,
like the evaluation of symbolic formulas, are required (path )

4. Finally, even for completely static SDF models, many analyses have an exponential complexity.
In practice, the exact computation of throughput and latency is acceptable at compile time
(path [1]). However, exact algorithms for minimal buffer sizes are too expensive even for small
graphs. Moreira et al. [11] shows that this problem is NP-complete for homogeneous SDF (HSDF)
graphs. Moreover, SDF-to-HSDF conversion may lead to an exponential growth of the size of
the graph. Our symbolic analysis (path [2]) is much more efficient and its approximate solution
can also be considered as a starting point to prune the parameter space and hence improve the
performance of the exact algorithm.

Contributions. The contributions of our paper are threefold:

a. We present and prove a duality theorem and show how it can be used to prune many cases.
b. We give a new analytic characterization of the parametric data-dependency 4 *—% B, called
enabling patterns, which can be used to build symbolic analyses, e.g., for buffer sizing.

c. We describe exact and approximate polynomial-time symbolic analyses to answer the above
questions (Q1 and Q2).

The article is organized as follows. Section [2] introduces synchronous dataflow graphs and
the needed definitions. Section [3] presents throughput analysis and a new generic result required
to solve the second question. We present in Section [4 an exact analysis of the minimum buffer
size for a single edge SDF graph A 2% B. These results are extended to acyclic graphs using
approximate analyses in Section[5] We evaluate our technique on both synthetic and real bench-
marks in Section [6] Finally, we review related work in Section [7] and conclude in Section [§] The
interested reader will find proofs in the appendix.

2 Background

In this section, we first introduce the application model and the scheduling policy. Then, we
review some useful properties.

Application model: A SDF graph G = (V, E) consists of a finite set of actors V' and a finite
set of edges E which can be seen as FIFO channels. The atomic execution of a given actor (called
firing) consumes data tokens from all its incoming edges (its inputs) and produces data tokens
to all its outgoing edges (its outputs).

Inria



Symbolic Computation of the Minimum Buffer Sizes for Dataflow Graphs 5

The number of tokens consumed (resp. produced) at a given port at each firing is called
the consumption (resp. production) rate. An actor can fire only when all its input edges have
enough tokens (i.e., at least the number specified by the corresponding rate). An edge may
contain some initial tokens (also called delays). The execution time of an actor X is denoted by
tx. For instance, Fig. a) shows a SDF graph with two actors A and B, with execution times
ta = 20 and tg = 7 respectively. The production and consumption rates are 8 and 5 respectively.
The top edge in Fig. 2{b) has 15 initial tokens (represented by the black dot).

SOEE0Ow
(a)

8 5
(b)
Figure 2: (a) An SDF graph; (b) The same graph with channel size constraint and
auto-concurrency disabled.

The state of a dataflow graph is the vector of number of tokens present at each edge
(i.e., buffered in each FIFO channel). Each edge carries zero or more tokens at any moment.
The initial state of the graph is specified by the number of initial tokens. The initial state of
the graph of Fig. b) is [iaa=1,iap=0,ipp=1,i54 =15]. An iteration of a SDF graph is
a non empty sequence of firings that returns the graph to its initial state. For the graph in
Fig. a)7 firing actor A five times and actor B eight times forms an iteration. The repetition
vector Z = [24=5, z5=8] indicates the number of firings of actors per iteration. If such vector
exists the graph is said to be consistent |[10]. We denote by zx the number of firings of actor X
in the iteration.

Homogeneous SDF (HSDF) is a restriction of SDF where all the production and consumption

rates are equal to 1. HSDF graphs are particularly useful because (i) their throughput can be
computed as the inverse of the maximal cycle mean (MCM); and, (i) any SDF graph can be
converted into an equivalent HSDF graph. The cycle mean of a cycle is equal to the sum of
execution times of the actors in the cycle divided by the number of delays (i.e., initial tokens)
in the channels of this cycle. This provides a way to compute the throughput of any SDF graph.
Unfortunately, the translation from SDF to HSDF may lead to an exponential increase of the
number of nodes.
Scheduling policy: In this paper, we focus on as soon as possible (ASAP) scheduling of
consistent graphs without auto-concurrency (i.e., two firings of the same actor cannot overlap).
In such self-timed executions |13]|, an actor fires as soon as if it is idle (no auto-concurrency)
and has enough tokens on its input channels. We assume there are sufficient processing units,
e.g., there are as many processors as actors or actors are implemented in hardware. ASAP
scheduling allows to reach the maximal throughput. Such schedules are naturally pipelined and
composed of a prologue followed by a steady state that repeats infinitely. Fig. [6]shows the ASAP
schedule of the graph in Fig. a).

The multi-iteration latency of the first n iterations of the execution of a graph G, writ-
ten Lg(n), is equal to the finish time of the last firing in all firings composing the first n
iterations (assuming timing starts at the very first firing). The period of the execution (denoted
by Pg) is the average length of an iteration and formally defined as

Pa = lim Le(n)

n— o0 n

The throughput of the execution, 7, is the number of iterations per unit of time, and hence
equals %

RR n° 8742
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The FIFO channel A 2% B with bounded size d can be modeled by adding a backward
channel B 2% A with d initial tokens, as shown in Fig. (b) This conservative modeling,
assumed in most works, enforces that an actor can start firing only if there is enough space on its
output channels. Fig. (b) also shows how to make the prevention of auto-concurrency explicit
by adding self-edges with rates equal to 1 and one initial token.

For a channel A 2% B with d initial tokens, the i*" firing of B (denoted B;) is enabled if
and only if the number of produced tokens is larger than ig. Hence, B has to wait for the j**
firing of A (denoted A;) such that jp + d > iq. We thus have:

iq—d—‘
p

This equation characterizes the data-dependency between A and B. However, because of the
ceiling function, this equation is not suited to symbolic manipulations. We propose in Section [4]
a new characterization that is more intuitive and suitable to reason about buffer sizes.

3 Throughput and Duality

In this section, we first determine the exact maximal throughput for acyclic SDF graphs. Then,
we present a new property that will be used to answer the minimum buffer sizes question.

Property 1 (Throughput). The mazimal throughput of an acyclic SDF graph G = (V, E) is
equal to

1

t
egptaata)

Tc = (2)

Hence, the minimal period is Pg = gla&({zAtA},
€

Proof: The only cycles in HSDF(G), the HSDF graph equivalent to an acyclic graph G,
are those used to represent the infinite firings of the same actor (see Fig. [19(a)). For each actor
A, its corresponding cycle contains one delay and z4 instances of A. Thus, the cycle mean is
equal to zaty, the MCM is equal to I}llg‘)/( zata and denotes the inverse of the maximal throughput

of HSDF(G) and G. ]

We say that actor A imposes a higher load than actor B when zata > zptg. The throughput
and period of an acyclic graph is defined by the actor which has the highest load. This implies
that this actor never gets idle once the execution enters the steady state.

(a) HSDF graph equivalent to (b) HSDF graph equivalent to

A—0—>2 TB B> 2A

Figure 3: SDF-to-HSDF transformation of a graph and its dual.

Inria
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The dual of a SDF graph G, denoted G~!, is obtained by reversing all edges of G.

Theorem 1 (Duality theorem). Let G be any (cyclic or not) live graph and G~ be its dual,
then Tg = Tg-1 and Vi. La(i) = Lg-1().

Proof: The detailed proof can be found in the appendix (Proof 1). We first prove that the
graph HSDF(G) is the dual (after renaming actors) of HSDF(G~1) (see Fig. . Therefore, both
HSDF graphs have the same MCM and, by Eq. Ta = Tg-1. We prove that Vi. Lyspr(ae) (i) =
Luspr(g-1y(i) by unfolding both HSDF graphs for ¢ iterations. [ |

Fig. [4]illustrates the duality theorem with the SDF graph G, of Fig.[2(b). The latency of the
first iteration of the ASAP execution of that graph is equal to the latency of the first iteration
of its dual i.e., Lg,(1) = L5, -1(1).

o) o] o] ] [Ca] e

Be 5| 56 | 5| 5]

I i e e

Ga

o
=]
=Y
¥
3
ey

a

c)

G71

&

Figure 4: Illustration of the duality theorem.

We use the transformation of a graph to its dual as well as the associated theorem at several
occasions during the analysis of minimal buffer sizes.

4 The parametric graph AL 4B

This section focuses on the simplest SDF graph made of a single edge: G = {A KA B}. It
provides ezact answers for the minimum buffer sizes needed to achieve maximal throughput.
Graph @ is parametrized by production and consumption ratesﬂ p,q € NT as well as execution
times 4,13 € RT. This section shows that the symbolic analysis, even for such simple graphs, is
quite involved.

The balance equation zap = zpq entails that the repetition vector of this graph is:

(24 =g/ ged(p, q), 28 =p/ ged(p, 9)]
and, according to Property [I] its period is:

Pg = max(zata, 25t5) (3)

4.1 Enabling patterns

We introduce enabling patterns which characterize the data-dependency between a producer and
a consumer. Compared to Eq. , they are more intuitive and suitable to reason about buffer
sizes.

Enabling patterns between the producer A and consumer B are defined by the following
grammar:

P u= A'~BI | [P]"=F | PP

IMathematically speaking, the results of this section can be generalized to rates defined as positive real
numbers.

RR n° 8742



8 Bouakaz € Fradet € Girault

Case B. p<yq
Let g=kp+rwith0<r<p

Case B.1. r=0
k‘\/‘-)
A B (4) ATB (M)
Case B.2. p>2r ‘
{AkJrl WB; [Ak wBiI'Yj}jZl"gcd(P,q)
(8)

Case A. p>gq
Let p=kq+rwith0<r <gq

Case A.1. r=0

Case A.2. ¢ <2r
1971 i
{Aka; [AWBk'H]a]} Ao (5)

Case A.3. g > 2r

_ PR Case B.3. p<2r
[MWBWaAwgﬂq R

I:[Ak-l-le])\j ;Aka}jzl“%
6

where a; = {ﬁJ - {%J and f; = [%W B where v; = {%J - [(FTWJJ —1land \; =
o] . ][],

p—r p—r

Figure 5: Enabling patterns.

where i, j, k evaluate to a positive integer.

An enabling pattern P is either a basic pattern (A’ ~ B7), a repetition for k times ([P]*=1"-F),
or a sequence of enabling patterns P;; P», The expressions i, j or k are arithmetic expressions
made of integers, parameters or pattern variables defined by enclosing repetition patterns.

The semantics of an enabling pattern is defined w.r.t. two counters c4 and cg representing
the number of completed firings of A and B (initially 0). The pattern A*~ B7; P w.r.t. (ca,cg)
means that:

e ¢4 firings of A have produced enough tokens to fire actor B exactly cg times;

e then, if A is not fired at least 7 times more then B cannot be fired; otherwise B can be

fired j times;

e the subsequent pattern P is considered with the new values (ca + i, c5 + 7).

z=1..k

A repetition [P]*=!* is a sequence of k patterns P. The pattern [P] is also written [P]* if

the pattern variable z is not used in P.
A correct enabling pattern must cover an entire iteration: at the end of the pattern, we should

have ¢4 = z4 and ¢g = zp. For instance, the enabling pattern of A 2 8 pig A2 ~ B i.e., after
every two firings of actor A, one firing of B is enabled. The enabling pattern of AL 5% Bis:

A~ B; A~ B* A~ B;[A~ B??
which is illustrated in Fig.[6] It can also be written as:
[A ~B;[A WBQH =2

This representation is very useful when the length and shape of enabling patterns depend on the
parameters of the graph.

4.2 Enabling patterns of AZ%B

Depending on the production and consumption rates p and ¢, there are six possible enabling
patterns.

Inria



Symbolic Computation of the Minimum Buffer Sizes for Dataflow Graphs 9

Aw»B A~B> A~B A~B> A~ B?

a1l 1 [ [ |
HEREEREEREE

Figure 6: An ASAP execution (p =38, ¢ =5, t4 =20, tg = 7).

Property 2. Fig. @ gathers all possible enabling patterns of a channel A% B.

Proof: We show here the proof of cases (A.1) and (A.2). The remaining cases can be
found in the appendix (Proof 2).

e Case (A.1) If r = 0 then p = kq and the repetition vector is Z = [1,k]. Each firing of A
enables k firings of B and the enabling pattern is A ~» B*.

e Case (A.2)(p = kq+r and ¢ < 2r) The first firing of A enables only k firings of B, yielding
the pattern A ~» B*. The number of remaining tokens in the channel after sequence AB* is equal
to r. Since 2r > ¢, the second firing of A enables k 4 1 firings of B, yielding the aggregated
pattern A ~» B¥; A~ B**+1 Tt follows that pattern A ~» B**1 can be repeated a number of times
denoted a1, after which there will be r + oy (r — ¢) tokens left. So, ay is the largest integer such

that r + a1 (r — q) > 0. Hence, ay = Lqirj'

The next firing of A will only enable k firings of B (A ~ B*). By the same reasoning as
above, this will be followed by [A ~» B¥*1]%2 where as is the largest integer such that r + oy (r —
q) + 7+ as(r —q) > 0. Hence, ag = LquTJ — |75 ]- This process is repeated until all firings of
A and B of the iteration take place, yielding the complete pattern

j=1-m

[AWBk, [AWBk+1]aj]

for some m that remains to compute. The number of firings of A in this pattern is equal to
ca = 3721 1+ @, while the number of firings of B is equal to g = 3270 k + (k + 1)ay. A

j=1
correct pattern should cover the entire iteration, i.e., c4 = za and ¢g = 2, which implies (details
omitted, see the appendix) m = gc(é(*;q). [ ]

The enabling patterns of Fig[p]can be used to derive a quasi-static schedule for the parametric
P q
graph A—=> B.

4.3 Minimum buffer size of A2 % B

We now use enabling patterns to compute the minimum size of the buffer A 2% B (denoted 64 p)
such that the ASAP execution achieves the maximal throughput or, equivalently, the minimal
period given by Eq. . The buffer size is modeled by adding a backward edge with 64 5 initial
tokens. We distinguish two cases:

e Case zaty > zptp (i.e., qta > ptg): Actor A has the highest load and should fire consecutively
for maximal throughput. Enabling patterns are the key to find the minimum number of tokens
that allows this behavior. A trivial case is (A.1) where p = kg and the enabling pattern is
A~ B*_ In order to perform the first two firings of A consecutively, the backward edge should
have at least 2p tokens. Since qtq4 > kqtp (hence t4 > ktg), the k firings of B complete before
the third firing of A which still needs 2p initial tokens in order to fire again immediately. Hence,
the minimum buffer size is 2p.

e Case z4ty < zptp (i.e., qgta < ptg): Actor B has the highest load and should fire consecutively
for maximal throughput. However, in general all firings of B cannot be consecutive since initially,
there is no token on the edge. The previous approach can still be followed using the duality

RR n° 8742



10 Bouakaz € Fradet € Girault

theorem. Since the graph G and its dual G~! have the same throughput, we can apply the
former reasoning on G~! where B is the producer and has the highest load.

Property 3. If zata > zgtg, the minimum buffer sizes of A2—% B for mazimal throughput are
given by the symbolic formulas of Fig. 7]

Case I.
Case I.1. A1V ((A2VA3)Ats > (k+1)ip)

04,8 =2p+ q — gcd(p, q) (10)

Case 1.2. B.1V ((B.2VB.3) At < kta)

0a,8 =p+q—ged(p, q) + LJ P (11)

Case I1.

L) V(A3 AT > [hyty) where 1’ =ty — ktp

[T+

Case II.1. (A2A7 >

tg — 7'
04,5 = 2p +q — ged(p, q) + {Br, L’ (12)
Case I1.2. (B2A7r' < (é]tA) VvV (B3AT < Li:’?:jiltA) where ' = tg — kty
!
0.8 = p+2q — ged(p, q) + L ,w (p—r) (13)
A — T
Case III1.
Case III.1. A2
a5 = 2p+ g+ 7 — ged(p.q) + fhax(jr mod (¢ — 1)) (14)

where n is the smallest positive integer such that L tanr'J > [qﬁ—rr—‘ and 7’ = t4 — kigp.

Cases II1.(A.3), II1.(B.2), IT1.(B.3) see the appendix.

Figure 7: Minimum buffer size 04 p when z4t4 > zptp.

Proof: Here, we only outline the proof and focus on one case ((I.1) with (A.2)). A detailed
proof can be found in the appendix (Proof 3).

Let 6; be the minimum number of tokens in the backward edge (representing the buffer) such
that the j" firing of A can occur immediately after the (j—1)t" firing of A. By definition of 64 5,
we have 04 p = maxd;. Let x; denote the number of firings of B that have finished by the start

j

of the j** firing of A. Hence, 0j = jp — x4q.

The three cases of Fig. [7| should be read as (I) else (II) otherwise (III).
CasE (I): At any given enabling point (i.e., any ~~ in the enabling pattern), all newly enabled
firings of B complete their execution before the next enabling point.

Inria



Symbolic Computation of the Minimum Buffer Sizes for Dataflow Graphs 11

In terms of the enabling pattern cases identified in Fig. |5, case (I) must be split into two
exclusive subcases, (I.1) when p > ¢ and (1.2) otherwise. The conjunction of the condition for
case (I) with p > ¢ yields the condition A.1V ((A.2V A.3) Aty > (k+ 1)tg), which is shown in
Fig.[7l The other conditions are obtained similarly.

Let us prove the result for case (I.1) and pattern (A.2), i.e., p=kq+r A g < 2r. According
to the enabling pattern (Eq. (])), at most (k + 1) firings of B can be enabled at a given point.
They all run in parallel with one firing of A. Case (I) requires that ¢4 > (k + 1)t5.

We first expand the enabling pattern of Eq. into an infinite pattern in order to compute
the minimum buffer size 4 p over the infinite execution of the graph:

Nt
aj:|]€N

[AWBk; [A~s BM] (15)

For the sake of the proof, since a; > 1, we can rewrite Eq. into the equivalent infinite
pattern:

A~ B¥ A s BRHL [[A o BEF1)% 71 A v BR; A v BRHL] JENT (16)

prologue block j

The minimum of tokens to enable the first firing of A must be §; =p. Then, do =061 + p=2p
because no B has finished before the second A starts. Then, 3 = do + (p — kq) = 2p + 7.
Subsequently, 0, = d5 + (p — (k + 1)q) = 63 + (r — q), and all «; subsequent values of d; are
obtained from §;_; by adding (r — ¢) which is negative. The sequence («;) is defined in Fig.
Hence, 614 (a,+1)4+1 =03+ a1(r —q) =2p+ 7+ a1(r — ¢). This ends at the last of the o patterns
A ~» BF*1 50 the next value 014 (a,+1)42 18 obtained by adding p — kg = r because of pattern
A~ B yielding 2p + 7 + a1 (r — q) + .

2p+r+ai(r — q)+r
0 %;____??iﬂa_ __________ %p—‘,—r—%—(r —q) /'/{%,\“'\
'/"’/.: : : ~~~~~~~~~~~ . /'//
p/,.f . . ", .
. : : : : 2p+r+aq(r — q)
1 2 3 4 3+ ay J
prologue block 1
A | | | -] | |
A~ BF A BFFL A BRHT A~ BFL A BE Ans BEFL
e et R ]

Figure 8: Sequence (J,) in case (I.1) and pattern (A.2).

The computation of the infinite sequence (4;) is illustrated in Fig. Within each block 7,
the subsequence (dy,) is strictly decreasing because (r — q) is negative, so its maximum value is
the value of the entry point, which we denote by ¢; =1+ Y7_, (a; + 1) + 2. We thus have:

j .
r
dp, =2p+71+ E (ai(r—q)+7r)=2p+7r+jr+(r—q) L/_TJ
i=1

It follows that the maximum value of the infinite sequence (d,) is:
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Oap = maxdy.
’ jeNn

. Jr
= 2 —
?eag(p+r+jr+(r q)Lq_TJ)

Jr Jr
= 2 — —
p+r+(g Tﬁ%ﬁ%,r qug)

As a conclusion, 04 g =2p+r + (¢ — r — ged(p, ¢)) = 2p + ¢ — ged(p, q).

Case (II): Case (I) is not satisfied, but, for any block (e.g., [[A ~ B¥T1%; A ~» B¥] in case
(A.2)), all firings of B during this block complete their execution before the first enabling point
in the next block.

This case is illustrated in Fig. @ A block is of the form [A ~ B?]%; A~ B. The maximum
value of o is 2. Therefore, five firings of B have to run in parallel with three firings of A. So,
we must have 5tg < 3t4. The computed sequence (J;) in case (II) is similar to that of case (I)
but with small shifts.

block L block

(A ] | | 1]
] L CE T

Figure 9: An ASAP execution (p=8, ¢=5, ta=13, tg=7).
Casg (III): Otherwise.

This is the most complicated case to solve since the sequence (z;) does not follow the enabling
patterns. Our solution is based on the following observations. We define a catch-up sequence as
a sequence of consecutive firings of B (i.e., without gaps) that may spread over many blocks.
Fig. [10] illustrates a catch-up sequence over two blocks.

catch-up sequence
Enable: A ~ B? A~ B? A~ B A~ B? A~ B

IS N N N R |
B2

Finish before: B~ A B?~ A B~ A B?~ A ~ A
(T T T [ T T T 1C
Figure 10: An ASAP execution (p=38, ¢=5, t4 =23, tg=14).

The key observation is the following. For the firings of A inside a catch-up sequence, the
number of firings of B that finish before firings of A actually follows the enabling pattern of

graph A MB, i.e., as if time was produced and consumed instead of tokens. Furthermore,
the maximum of sequence (;) occurs inside the maximal (in terms of blocks) catch-up sequence.
For instance, n in Eq. represents the length of the maximal catch-up sequence. [ |

In Case (IIT), when actors A and B impose the same load (i.e., zat4 = zptg), the catch-up
sequence spreads all over the iteration. In this worst-case scenario, all four cases (I11.A.2, T11.A.3,
ITI.B.2 and I11.B.3) give the same upper bound:

04 5 =2(p+q— ged(p,q)) (17)

This bound is also tight, in the sense that for all p, ¢, there exist ¢4 and ¢z such that 04 p
given in Eq. is equal to 84 5. This upper bound does not depend on the execution times
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Symbolic Computation of the Minimum Buffer Sizes for Dataflow Graphs 13

of the actors. Therefore, it can be used as a safe buffer size if the execution times of actors are
unknown.

Our last result concerns the minimum buffer size of the graph A 2% B when there are d
initial tokens.

Property 4. If If zata > zgtg and the channel A L % B contains d initial tokens, then the
minimum buffer size 91’4’ p that allows the mazimum throughput is

04 g = max{0,04,p — d + d mod ged(p, q)} (18)
with Oa,p as defined in Fig.[]]

Proof: See the appendix (Proof 5). ]
If zat4 < zptp the minimum buffer sizes are computed identically but on the dual graph.

5 Acyclic graphs

Exact symbolic analyses for a single edge are already so complex that they seem to be out of
reach for arbitrary (even acyclic) graphs. This section shows how to use the previous results to
obtain approximate analyses for the minimum buffer sizes of general acyclic dataflow graphs. To
achieve this, we make use of a technique that linearizes the firings of actors.

5.1 Linearization of graph AZ3%B

Consider the graph G = {4 RN B}, where, as illustrated in Fig. @ the firings of A are con-
secutive while those of B are neither consecutive nor uniformly distributed. Let fz(i) denote
the finish time of the i*" firing of actor B. In order to derive formulas that can be composed
(e.g., when dealing with a chain of actors), we want to transform B into a fictive actor B* that
fires consecutively as many times as B and such that

Vi. fp(i) < fpu (i)

Actor B* has a starting time t3, and an execution time tgu, and since it fires consecutively
[5u(i) = itge + t5..

We present one linearization method, called Stretch, illustrated in Fig. Method Stretch
determines B" by increasing the execution time of B in order to fill the gaps. We distinguish
two cases:

e Case gty > ptg: We take tgu = %. The starting time can be shown (see Proof 6 in the

appendix) to be t3., = tq +tp — Wtf;. So,

_qla

d(p,

(19)

Method Stretch may advance the starting of some firings, but always postpone their endings.
e Case gty < ptg: Firings of B are consecutive in the steady state. Therefore, we can take
tpv = tp and using the duality theorem, we have Lg(n) = Lg-1(n) = nzgts + Ap 4 and we can
take tp.. = Ap a, where Ag 4 is computed on the schedule of the first iteration of the dual graph
B1% A as the difference between the end of the last firing of A and the end of the last firing
of B (see below).

RR n° 8742



14 Bouakaz € Fradet € Girault

| 4

| | | | te1),

|
L L LELLLL

A 73 O

e

Figure 11: Linearization of B for the graph A2 % B (p=8,¢=5,ta =20,tg =7). Case
qta > ptg.

Case I.
Aa B = ’Vp-‘ tp (20)
q
Case 11
Case II.1. Let v’ =t4 — ktp
r
AA,B = tA + ’Vq_r—‘ (tB — 'I"/) (21)
Case I1.2. Let v’ =tg — kty
Ayp=1tp+ [p ; T—‘ r (22)
Case II1.
Case III.1. Let v =t4 — ktg
tgr — qr’ i L, g Jjr
A =1 T = tg — 1’ — 23
4.8 A+T+gcd(p,q)+(3 ) I?:aé{ g — 1 q—r ) (23)
Cases II1.(A.3), ITI1.(B.2), II1.(B.3): see the appendix.

Figure 12: Computation of Ay g in case zaty > 2ptp.

In both cases, it can be shown that this linearization is tight in the sense that Ji. fp(i) =
fpu (7). We can see in Fig. [11| that both 5th firings of B and B* finish at the same time.

Thanks to this linearization, the chain A =% B-*—%5 C can be treated by first scheduling the
subgraph A% B, then linearizing the firings of B if they are not consecutive, then scheduling

the subgraph B*2—% (. and finally combining the two schedules.

We now sow how to compute Ag p which is equal to the difference between the last firing
of B in the first iteration and last firing of A in the first iteration. Again, there are two cases
depending on which A or B imposes the highest load. We will give formulas for the first case,
while the second case follows using the duality theorem.

In case zata > zptp, actor A never gets idle and Pg = z4ta. Therefore, we can put ¢g(n) =
nPq + Ag p. We identify the same three cases (I), (II) and (III). The conditions of these cases
are reported in the Section [4.3]

Property 5. If zata > zptp, then the value of Ay p is given by the symbolic formulas of Fig. .

Proof. The three cases of Fig. (L2 should be read as (I) else (II) otherwise (III).
Caskg (I): In this case, the execution follows the enabling patterns. Acording to Egs. (4) to @,
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the last firing of A in an iteration enables (%] firings of B. Hence,

Ax B = P{;—‘ B (24)

Case (II.1):  Since all enablings of B during one block of the pattern finish by the first
enabling point in the next block, it is sufficient to look only at the last block in the iteration. In
case (A.2), The end of the enabling pattern is of the form A ~ B¥;[A ~ BF1]l71 (Eq. )
Hence, Ay g = [-=1](k+ 1)t — ([==] — 1)ta. In case (A.3), the end of the enabling pattern

q—r q—r
is of the form [A ~ B¥]L*="); A ~s BF1 (Eq. @) Thus, Ay, p = (k + 1)tg. Both cases (A.2)
and (A.3) can be unified in Eq. (21).

Casg (I1.2): In case (B.2), the end of the enabling pattern of the first iteration is of the form

ARt B [AF ~ B]I%51 (Eq. ) Hence, Ay, p = ([25] 4+1)tp — [27]kta. In case (B.3), the
last block is of the form [AF+1 ~s B]l#7); Ak «s B. Thus, Ay p = 2tp — kty. Both cases (B.2)
and (B.3) can be unified in Eq. (22).

Casg (III): This is the most complicated case since it requires identifying the last catch-up
sequence in the iteration. A detailed proof of case (III) can be found in the appendix (Proof 7).

O

When both actors A and B impose the same load (i.e., zata = zgtg), all four patterns in case
(IT1.) lead to the same value:

¢
Aap = g(p + ¢ — ged(p, q)) (25)

5.2 Minimum buffer sizes for maximal throughput

We give approximate minimum buffer sizes that allow general acyclic graphs to reach their
maximal throughput. We first present formulas to compute safe upper bounds for general acyclic
graphs, then we present a heuristic that improves this bound for chains, trees, and in-trees (DAGs
with only joins). These special kinds of graphs, especially chains, are common in streaming
applications.

5.2.1 Safe upper bounds

We first present a negative result. Let G be an acyclic graph and let the size of each channel
A2 9% B be equal to 04,5 as defined in Section These buffer sizes do not always permit

maximal throughpu A simple counterexample is the graph G, = {A 2ipit3 C} with
ta = 16, tg = 11 and tc = 12. The repetition vector is Z = [4,3,6]. Actor C' imposes the
higher load, hence the minimal period of this graph is Pg, = 2ctc = 72. We have 04,5 =9 and
Op,c = 6. Locally, these buffer sizes allow the producers to run freely without any constraint
from the consumers. However, when they are put together, the maximal throughput, where
actor C fires consecutively, cannot be achieved (see Fig. . The computation of 0 ¢ assumes
that the execution time of actor B is tg = 11. However, as illustrated in Fig. there are gaps
between the firings of B due to the data-dependency A — B. The global execution proceeds as
if the execution times of B were sometimes longer than 11.

2They do however allow maximal throughput in some specific cases described in the next section
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Figure 13: ASAP execution of G,

Property 6. Let G be a graph without any undirected cycle, if the buffer of every channel
AL 4B in G is at least 2(p+ q — ged(p, q)), then the ASAP execution of the graph achieves the
mazimal throughput.

Proof. We first present the proof for chains. Let G be the chain {A; LTy 4, B2 A
-+« — A, }, according to Eq. li the minimal period of G is Pg = max {#a,ta,}. The period and

therefore the throughput remain the same if the execution time of each actor A; is considered to

be fTG‘ Let G= be the version of G where all actors have the same load as the maximum load

in G. Then G and G_ have the same period and throughput.

If the size of each buffer A; MAiH in G- is OXi’AHl = 2(p; + ¢; — ged(piy i), then G-
still achieves the maximal throughput. Indeed, size 2(p1 + ¢1 — ged(p1, ¢1)) for the first channel
allows both A; and As to run consecutively in the steady state (see Eq. ) Similarly, size
2(p2 + g2 — ged(pa2, g2)) for the second channel allows both Ay and As to run consecutively, and
SO on.

Since graph G- with these buffer sizes achieves the maximal throughput, reducing the exe-
cution times of actors in G= to their original values will never decrease the throughput of the
graph thanks to the monotonicity of the self-timed execution. Hence, graph G with these buffer
sizes achieves the maximal throughput.

The proof for general graphs with no undirected cycle can be found in the appendix (Proof 8).
O

Note 1: Since the minimum buffer sizes below which the graph is definitely not live are equal
to p+ q — ged(p, q) 1], Property |§| provides a first solution which is less than twice the exact
one. For parametric dataflow models, the upper bound 6} 5 can actually be reached for some
configurations. However, if the system supports dynamic reallocation of memory, it is still useful
to evaluate the minimal buffer sizes to adjust buffers after each configuration change.
Unfortunately, Property [6] does not hold for general acyclic graphs that contain undirected
cycles. A counterexample is the graph G. = {4 13, p28 D, A Lo 22 D} with t4 = 4,
tg = 3, tc = 12 and tp = 8. The repetition vector is Z = [6,8,2,3] and all actors impose the
same load (i.e., VX. zxtx = 24). The ASAP execution when all buffer sizes are equal to their
upper bound 2(p + g — ged(p, q)) is shown in Fig. Actor A does not fire consecutively so the
throughput is not maximal. The reason is that the chain A—C — D imposes an earliest start time
for D that is after the earliest start time imposed by the chain A— B — D. More precisely, the
first firing of actor D is delayed by actor C (i.e., by the second chain), which delays the 7" firing
of B which in turn delays the 8 firing of A. Let I5a (resp. ff o) denote the linear upper bound
on finish times of actor D following the first (resp. second) chain. We have f} (i) = 8i + 16 and
f5 2(i) = 8i + 28, hence f5,(i) > f5 1(i). In order to prevent the second chain from impacting
the schedule of the first chain, we must increase the size of buffer B — D so that B may fire
during 28 — 16 time units. Since B produces 3 tokens and ¢ = 3 the size of the B — D buffer

must be increased by [2871673 =1
In the general case, fot a chain

Pn—1 4n-—1
LT

2,
A 2Ty Ay — A,, where all actors have the
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Figure 14: ASAP execution of G,

same load, we have

Z Di + qi — ng(Pz, q:)

26
DizaA; ( )

fa (@) =ta,i+ 2a,ta,
=1

If the actors do not have the same load, we consider, as in the proof of Property [6] the chain
where all actors have the same load i.e., the maximum load of the original chain.

Property 7. Let two different chains from Ay to A, such that fi (i) = ta,i+x1, fi (i) =
ta, i+ 29 and x1 < x2. To prevent the second chain from dzsturbmg the schedule of the ﬁrst one,

it suffices to increase the size of the last channel A,_1 2% A,, of the first chain by ¢ with

(= [ ‘ﬂp (27)

tAn—l

Proof. The proof is based on the following observation. Let A% B be a graph with two actors
such that zata = zptg. Hence, HA B = 2(p+q—ged(p,q)). Even if the first firing of B starts
only at time t—“(p +q — gcd(p, ), actor A can still fire consecutively provided that the buffer
size is 0} p (the proof uses Eq. l 1)), details omitted). Hence, if all actors in the first chain are
delayed as indicated by Eq. ( . en the sizes 2(p; + ¢; — ged(ps, i) still allow the first actor
to fire consecutively. Note that after introducing these delays, no actor gets idle once it starts
executing.

Let 7 and x2 denote the start time of the last actor in the two different chains from A;
to A,. If ko > x1, the extra delay (ze — 1) imposed by the second chain will hinder the previous
property. Let A,_1 =% A, be the last channel in the first chain. Increasing the size of this
channel by fu] p will allow actor A,,_1 to fire consecutively during the extra delay (z2 — 7).

That is, the 1rnpact of the second chain on the first one is avoided. O

Note 2: The value of ¢, like the value of 0} p, does not actually depend on execution times.
Indeed, Eq. . 26)) shows that x1 and 25 can be expressed as z4,ta, k1 and za, ta, ka. Since z4, ta,

za, _,ta,_,, term #2=%L can be expressed as za, _, (k2 — k1) which does not depend on execution
n—1 n—17 ta p n p

n—1

times.
This approach can be extended to deal with any acyclic graph. The final property should be
that for any two different chains from A; to A, in the graph such that

Ii, 1() ta,i+x1, fi 2() ta, i+ x2 and 1 < x4

the size of the last channel A,,_; 2% A, of the “fastest” chain is at least equal to 2(p+q—
ged(p, q)) + [“ L1 ] p. This property can be enforced by computing, for each node X and each

chain from a source actor to X, the function fXJ( i) =txi+x;. Then, asin Property we add
to each final edge of these chains the value ¢ computed w.r.t. the maximum computed z;. Such
an approach is safe but not always needed (e.g., when the predecessors of a node do not have
common ancestors). We do not describe the refined and optimized algorithm here.
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5.2.2 Improving the upper bounds

In this section, we improve the minimum buffer sizes for chains, trees, and in-trees, starting
with chains. We say that a chain is monotone if each actor imposes a higher load than its
successor or if each actor imposes a lower load than its successor.

Definition 1. The chain Ay — --- — A, is monotone if and only if (Vi. za,ta, > 24, ta,,,) V
(VZ ZAitAL‘ S zAi+1tAi+1)
Let 04 be the size of the buffer between A; and A;y; as computed in Section This

size allows the single edge graph A; uﬁli“ to reach its maximal throughput.

irAit1

Property 8. A monotone chain A1 — --- — A,, where the size of each buffer A; — A;11 is at
least Oa;,4,,, achieves its mazimal throughput.

Proof. Suppose that the chain has the descending order Vi. za,ta;, > 2a,,,t4,,,- The size 04, a,
allows actor A; to run consecutively, which is the same behavior as when there is no constraint
on buffer sizes. Then, the size 64, 4, allows actor A, to fire as soon as it is enabled by actor A;.
Actually, if there were no dependence from A; to A, the size 84, 4, would allow actor A to run
consecutively. The same reasoning shows that all actors are fired as it there were no buffer size
constraints. Therefore, the chain achieves its maximal throughput. The case of ascending order
can be easily dealt with using the duality theorem. O

Note that Property is only a sufficient condition simply because 64, 4,,, allows actor A; to
fire consecutively. However, as soon as when 4 > 1, it is not always necessary in order to achieve
the maximal throughput. E.g., let G4 = {4, £>A2 2>Ag,} such that t4, = 28, t4, = 20 and
ta, = 15. Though 64, 4, = 12, the minimum size of channel Ay — Aj is actually 9. Indeed, as
illustrated in Fig. even if this size delays firings of Ay (see the 4!" firing), the introduced
delay does not prohibit A from firing consecutively.

[ A ] | | |
[ 4 | | | |

[ 43 | | | [ T ]

Figure 15: ASAP execution of G,.

Property [8] also holds for non monotone chains made of an ascending sub-chain followed by a
descending one. We say that those chains are of the form []. The computed buffer sizes on both
wings allow the actors at the top to run consecutively.

Unfortunately, as illustrated in Fig. [I3]in the previous section, Property [§] does not hold for
any chain. Our solution is hence to put any chain on the form [| by using the same approach
as proof of Property [§} i.e., by increasing the execution times of some actors (without exceeding
the maximum load Pg), then computing the buffer sizes as in Property [8] and finally restoring
the original execution times. Fig. [16]illustrates this solution.

Any chain on the form [] obtained by increasing the load of the actors of the original chain
is a valid solution. For example, the chain A - B — ... - K can be transformed in the red
chain which is of the form []. Actually, any chain of this form inside the gray area is a valid
solution. However, we can choose one that minimizes the buffer sizes. According to Section
the channel I — J is in case (I.1) (Fig. [7)) and the size of the channel is 4 whatever the chosen
load. The channel J — K is in case (III) and increasing the load of J may put it in case (I.1)
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Figure 16: Transformation of a chain to a [| form.

where the buffer size is smaller. Increasing loads serve to put the channel in a less expensive case
as described in Fig.|7] Furthermore, as long as the load remains in the gray area, several choices
can be made e.g., to facilitate the treatment of subsequent channels. There are many heuristics
using this idea to minimize buffer sizes. They involve other criteria such as the expected size
gain that can be used to prioritize the treatment of channels. We do not describe them here but
one of them is evaluated in the experiments section (see Section @

The case of trees is solved in the same way. If the tree does not contain any sub-trees (i.e., it
consists of a set of chains originating from the same root node), then the load of the root node is
first increased to be equal the maximum of all loads in the tree and then the previous method can
be applied on every chain composing the tree. This is correct because the computed buffer sizes
will allow the root actor to run consecutively. If the tree contains sub-trees, the same process
is first applied recursively on sub-trees and then it proceeds with each sub-tree replaced by its
root node.

6 Experiments
In this section, we compare the results of our heuristic presented in Section with the safe

upper bounds (Section[5.2.1)) and the exact minimum buffer sizes using many randomly generated
SDF graphs and some real benchmarks.

£ ]
* — average j

Ratio to the lower bound

1000 2000 3000 4000 5000 6000
Number of firings per iteration

Figure 17: Heuristic vs. upper bounds.
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First, we compare the results of the heuristic with the safe upper bounds 2(p + g — ged(p, q))
using two million randomly generated chains of 10 actors where production and consumption
rates (resp. execution times) are uniformly distributed over the interval [1,20] (resp. [1,200]).
The number of firings per iteration, ) y zx, of every generated chain has been bounded by 6 x 103.
For each graph, we compute the ratio of the total buffers sizes obtained by our approach to the
sum of the lower bounds, p + ¢ — ged(p, q)ﬂ Each black dot in Fig represents the obtained
ratio for one graph, while the red line represents the average of ratios. Fig. [I7] shows that, in
average, our heuristic reduces the total buffer sizes by 20% compared to the upper bounds.

Secondly, we compare the results of the heuristic with the exact minimum buffer sizes. The
exact solution is obtained using a dichotomic search that first checks (using symbolic simulation)
whether there is a channel capacities distribution, whose total size is at the middle between
the lower bound and the already obtained solution by the heuristic, which allows the graph
to achieve its maximal throughput. Depending on the answer of this request, the algorithm
proceeds to either the top or bottom part of the search space, and so on. Due to the exponential
complexity of the minimum buffer sizes problem, we evaluate our approach on only 10* randomly
generated chains of four actors where production and consumption rates (resp. execution times)
are uniformly distributed over the interval [1,10] (resp. [1,100]). The blue (resp. red) line in
Fig. [18|represents the average of the ratios of the exact (resp. approximate) solution to the lower
bound. So, in average, our heuristic over-approximates the exact solution by 25%. Furthermore,
Fig.[18|also shows that the exact solution is 30% above the lower bound. Hence, by extrapolating
this result, our heuristic would over-approximate the exact solutions of Fig. |17 by 35%.

2.0 -
— avg-exact
— avg-heuristic
1.8 1
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(=]
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()
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©
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200 400 600 800 1000
Number of firings per iteration

Figure 18: Heuristic vs. exact solution.

Finally, we evaluate the heuristic using five real applications: the H.263 decoder, the data
modem and sample rate converter from the SDF? benchmarks [16], the fast fourier transformer
(FFT), and the time delay equalizer (TDE) from the StreamlIt benchmarks |17]. All these graphs
have a chain structure. Table [I] shows some characteristics of these applications together with
the obtained results. Our approach improves better the upper bounds in case of chains with a [ ]
form (H.263 decoder and FFT). It comes close to the upper bound for the sample rate converter
since the two actors with the highest loads are the right and left ends of the chain; increasing the
loads of the other actors to get a monotone chain results in a size of almost 2(p 4+ ¢ — ged(p, q))
for every channel.

3Without lost of generality, tokens are assumed to have the same size.
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Table 1: Experimental results for real benchmarks.

graph # actors | »_ ,za | Upper bound | Optimal size | Heuristic
(a) modem 6 37 32 20 31
(b) sample con. 6 612 60 34 57
(c) H.263 dec. 4 1190 2378 1257 1257
(d) FFT 11 94 992 504 808
(e) TDE 27 2867 7328 3680 5384

Load: MU N/ /N AL A AL

(a) (b) (©) (d) (e)

7 Related work

Few symbolic results about SDF graphs can be found in the literature. In this section, we present
the most relevant ones.

Consistency can easily be checked analytically. The repetition vector can be computed sym-
bolically as is it done in most dynamic parametric SDF models (e.g., [3,[]).

There is no exact analytical solution to check the liveness of a graph with buffers with fixed
bounds. In [2[3], the authors apply Eq. transitively (which leads to nested ceilings) on edges
of each cycle in the graph. Then, the obtained equations are linearized by over-approximating the
ceiling function (i.e., [x] < x+1). Yet, this is a conservative liveness analysis. As proved in [1],
the minimum buffer size for which the simple graph A 2% B is live is equal to p+ ¢ — ged(p, q
This however does not imply that any graph whose channels are sized this way is live. Still,
this analytical equation is used in many buffer sizing algorithms to compute a lower bound as a
starting solution [2,/15].

Let §; denotes the token timestamp vector, where each entry corresponds to the production
time of tokens in the i*" iteration of the graph. Then, the max-plus algebra can be used to
express the evolution of the token timestamp vector: §; = MS3S;_1. It has been proved that
the eigenvalue of matrix M is equal to the period of the graph. In case of parametric rates,
it is sometimes possible to extract a max-plus characterization of the graph with a parametric
matrix [12]. However, this works only in cases where Eq. can be somehow simplified to get
rid of the ceiling function (e.g., when p=1).

[9] presents a parametric throughput analysis for SDF graphs with bounded parametric
execution times of actors but constant rates. Since rates and delays are non-parametric, the
SDF-to-HSDF transformation is possible and the throughput analysis is based on the MCM.
Therefore, all cycle means are linear functions in terms of parametric execution times. By using
these linear functions, the parameter space is thus divided into a set of convex polyhedra called
“throughput regions”, each with a throughput expression. This approach has been extended in |6]
to the case of scenario-aware dataflow (SADF) graphs.

A different analytic approach to estimate lower bounds of the maximum throughput is to
compute strictly periodic schedules instead of ASAP schedules (e.g., [5]). This approach is
similar to our Stretch linearization method. The advantage of the strictly periodic scheduling
approach is its capability to handle cyclic graphs. However, not all cyclic graphs have strictly
periodic schedules (it depends on the number of initial tokens). Furthermore, experiments on

4The equation is slightly different when there are initial tokens.
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real-life benchmarks show that these approaches result in huge over-approximations (sometimes
7 times the exact value) [5]. In theory, the over-approximation is not even bounded.

8 Conclusion

We have studied analytically the different cases of the execution of a completely parametric
dataflow edge. Then, we have presented the exact symbolic solutions for the minimum buffer
size needed by a single edge to achieve its maximal throughput. Using these results and a
linearization technique, we have provided safe upper bounds of buffer sizes of acyclic graphs
for maximal throughput. Furthermore, we have proposed a heuristic to improve these bounds
for graphs with a chain or a tree structure. Experimental results show that that our heuristics
improves the upper bound by 20% in average and can give the optimal solution for some real
applications. We are following the same approach for exact and approximate symbolic evaluations
of the latency of parametric graphs. Future work will concern the extension of these analysis to
deal with general (i.e., possibly cyclic) dataflow graphs.
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A Throughput and Duality

Proof 1 (Duality theorem):

Let HSDF(G) be the HSDF graph equivalent to graph G. First, we prove that HSDF(G) and
HSDF(G™!) are dual to each other, as illustrated in Fig.

As illustrated in Fig. [I9](a), the SDF-to-HSDF transformation algorithm [13] replicates each
actor A in the original graph z4 times (recall that Z’ is the repetition vector), each instance
represents a firing of A in one iteration. Then, each edge A *—% B in the original graph
is transformed to pzy edges, each edge represents a data dependency between a firing of A
and a firing of B (these edges are denoted A® — BJ for 4,5 € {0,...,pz4a — 1}). The SDF-
to-HSDF transformation is hence compositional in the sense that each channel is transformed
independently of the rest of the graph. Hence, it is sufficient to prove that the property holds
for a graph 4 =% B.

The " token produced by A in G creates a dependency A7 — B¥ in the graph HSDF(G)
with j = (¢ — 1) mod pz4 and k = (i + d — 1) mod pz4. We then prove that 3i’ such that the
i token produced in graph G~! creates a dependency BPA~1=F _ APza—1-J ip the graph
HSDF(G™1'). For instance, in Fig(a) we have the dependency A% — B. Its counterpart in
Fig. [19(b) is the data-dependency B6~170=5 — A6-1-5=0,
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5
(a) HSDF graph equivalent to (b) HSDF graph equivalent to
——> ——> O
G382 CB4

Figure 19: SDF-to-HSDF transformation of a graph and its dual.

Therefore, we need to prove that

Vi (' —1)mod pzga =pza — k —1
’ (' +d—1)modpzy =pza—j—1

Hence, by simplification, Vi3i'. (i +4' +d —2) mod pza = pza — 1. This equation is satisfiable
independently of d, p and z4. This process goes both ways; i.e., there is a bijection between edges
in HSDF(G) and edges in HSDF(G™!). Therefore, if we rename actors in HSDF(G~1) in the
reverse order, then each edge in HSDF(G) has a reversed counterpart in HSDF(G~!). Note that
renaming actors (i.e., A,, +1_; instead of A4;) does not alter the ASAP execution since instances
of an actor has the same execution time.

Now, we prove that the numbers of initial tokens in edges A7 —s B* and BP=~—1-F

APA=1=J gare the same. The number of initial tokens in 47 — B* is equal to L)%AJ if d mod

pza < k; and L}%J + 1 otherwise. While the number of initial tokens in edge BP*~1—%F —

APa—1-J ig equal to {LJ if dmod pza < (pza — 1 — j); and L?%AJ + 1 otherwise. But since

pzA

(d mod pza < k) & (dmod pza < (pza — 1 — j)), the property is satisfied.

(a) Unfolding of (b) Unfolding of
HSDF(G) HSDF(G")

Figure 20: Unfolding of HSDF(G) and HSDF(G~!) for two iterations.

So, since the duality property holds for each channel (even for self-edges), then by com-
positionality, it holds for the whole graph. The second step in this proof is to show that
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Vi. Luspra)(1) = Luasprg-1)(i). The latency of the first 4 iterations of a HSDF graph can
be obtained by computing the latency of a directed acyclic graph (DAG) obtained by unfolding
the graph for i iterations and deleting any edge with an initial token (since this edge does not
impose a precedence constraint), as illustrated in Fig.

Thus, by unfolding HSDF(G) and HSDF(G~!) for i iterations, we obtain two DAGs which
are dual to each other since the unfolding transformation preserves duality. Therefore, for
each maximal path in the first DAG (i.e., a path from a source node to a sink node), there
is a dual maximal path in the second DAG; and both paths have the same length. Therefore,

Luspra) () = Luspra-1) (). u

B The Parametric graph A% B

Proof 2 (Enabling patterns of A% B):

e Patterns (A.1), (B.1): These cases are trivial.

e Pattern (A.2): The first firing of A enables k firings of B. Hence, after AB*, the number of
remaining tokens in the buffer is r. Since g < 2r, the second firing of A enables k + 1 firings of B
and the number of remaining tokens becomes r + (r — ¢). The sequence of numbers of remaining

tokens is thus

; k1 k1 BrH!
0 ABY | AB* r—i—(r—q)AB—) L ABTY r+ai(r—q) (28)

So, a1 is the largest number for which r + a4 (r — ¢) is non-negative, thus ay = Lqir
this point, the next firing of A will enable only k firings of B. Hence, the sequence of numbers
of remaining tokens is

k k41 k+1
4B, 2r + aq(r —q) AR AR 2r +ay(r —q) + as(r — q)

Therefore, oy = | = 2 . This process will repeat infinitely with aj = LqJ—TTj - LMJ

Note that function «; is a periodic sequence with a period of length m After one iteration,

the number of remaining tokens returns to zero. Indeed, the number of tokens at the end of the

J .
4" block is given by jr+(r—q) Y. a; = jr+(r—q) qu_r | which is equal to zero if j is a multiple

-
f_ar
Ol gcdp.0)

e Pattern (A.3): Similarly to case (A.2), the first firing of A enables k firings of B. However,
since g > 2r, the second firing of A enables only k firings. The sequence of numbers of remaining
tokens will be

i=1

k
0Ai>7‘—>2r—> —>ﬁ17‘ —> ﬁﬂ‘—&—(r—q) (29)

So, B1 is the smallest number for which 817 + (r — ¢) is non-negative. Hence, #; = [£=]. At
this point, the next firing of A enables k + 1 instances of B. This process will repeat inﬁnitely

with 3; = [2 (g— 7)1 ((j_l)r(q_"')w Sequence (3;) is periodic with a period of length - At
the end of each iteration, the number of remaining tokens returns to zero.

(p q)°

e Pattern (B.2): (k+ 1) firings of A are needed to enable the first B. Hence, after (A*T1B),
the number of remaining tokens in the buffer is (p — r). If p > 2r, then only & firings of A are
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needed to enable the second firing of B; and the number of remaining tokens will be (p —r) — r.
As in the previous cases, we will have a sequence
AFtlp A*B kB AFB
07 (p—r)—)(p—r)—r—) H(p r)—mr (30)
So, 71 is the largest number for which (p — ) — 717 is non-negative; thus y; = |2 ]. At this
point, k + 1 firings of A are required to enable another firing of B. This process will repeat
infinitely with v; = | L= | _ | U=D@=r) | Note that sequence (7;) is periodic with a period of

T T
length At the end of each iteration, the number of remaining tokens returns to zero.

T
ged(p,q)
e Pattern (B.3): Similarly to case (B.2), (k + 1) firings of A are needed to enable the first B.
However, since p < 2r, (k + 1) firings of A are required to enable the second firing of B. The
sequence of numbers of remaining tokens is then

k41 k+1p k+1 k+1 k
0P - P 2p—1) P AP - 28 (31)

So, A is the smallest number for which A;(p — r) — r is non-negative. Hence, Ay =[], At
this point, only k firings of A are required to enable the next firing of B. This process will repeat
infinitely with A; = [Z%] - [UI%)W Sequence () is periodic with a period of length gcd(p i
At the end of each iteration, the number of remaining tokens returns to zero. [ |

Proof 8 (Minimum buffer size of A% B):

As described in Section IV, we distinguish three exclusive cases (I), (II) and (IIT). For each
case, we consider all the six possible enabling patterns (A.1), (A.2), (A.3), (B.1), (B.2) and (B.3).
Once the case is solved for one pattern, the same reasoning is applied to the remaining patterns.

e Case (I): At any given enabling point (i.e., any ~> in the enabling pattern), all newly enabled
firings of B complete their execution before the next enabling point.

Pattern (A.1): In case p > g and r = 0, the parallel schedule is A; [A||B*]*, which means
that each k firings of B run in parallel with a firing of A. Let §; be the minimum number of
initial tokens in the backward edge such that the i** firing of A can occur immediately after the
previous firing. Hence, 6, = p, d2 =2p, 03 = d2 +p — kg =2p,.... So, 84, p = maxd; = 2p.

Pattern (A.2): Incase p > g and q < 2r, the parallel schedule can be written as A; [A||B¥; [A]|B*+1]«]*.
Hence, we have that 61 = p, 0o = 2p, 03 = o+ p—kq =062+ 71, 64 = 03+p— (k+ 1)g =
Sa+71+(r—q),... (see Fig. [21)

One could easily notice that this sequence is similar to the sequence of numbers of remaining
tokens in Proof ??, case A.2 (Eq. (28)). So, if Sy denotes that sequence (Eq. (28)), we have
that 64 p = m?xéi = 0y + max.S;. Since (r — ¢) is negative, the maximum of S; occurs
necessarily after an (AB¥) (i.e., after a plus r). Hence, maxS; = r + max(rj +(r—q) z]: i) =

~ LD =+ mﬁxw mod (g 7). But

o max(Gr + (r — ) ) =+ (g — r) max(
J J
max(jr mod (¢ — 1)) = ¢ —r — ged(q,7) = ¢ — r — ged(p, q) [Using Bézout identity]. Thus,

J
max S = ¢ — ged(p, q); and therefore, 64 5 = 2p + ¢ — ged(p, q)
[

Pattern (A.3): We write the parallel schedule as A; [AHB"]/}J Al|B¥*11*. Again, we have
03=00+p—q=02+71,04=03+p—q=200+2r,... (seeFlg
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S Ity 2ptrtan(r —q)+r
J ?ﬁ __________ ?:r ~~~~~~~~~~~ 2.1?4-7'4—(7‘ _ q) //,.rg? ~-\.\.\~
’/-/’/ : : : ~~~~~~~~~~~ . ,/"_/' :
_cp‘/ : ;'/2p+7“+a1(:r -q)
S 3 3 4 3+ J
prologue block
LA | | | -] | |
Aka AkaJrl Aka+1 Aka+1 Aka AwB’Hl
HinEEN R NN BN

Figure 21: Case (I) pattern (A.2).

0:P 2p +7r +r 2p + Bir +(r—q) cee
L4 | | | | | |

A~ BF A~ BF A~ B A~s BFHL A~ BF A~ BF

s e ey ey ety L

Figure 22: Case (I) pattern (A.3).

Hence, we will have a sequence similar to that of Eq. . If S; denotes that sequence,
then 64 p = maxd; = Jy + maxSe. Since (r — ¢) is negative, we have that max Sy, = (¢ —
K2

)+ max(i(r = q) 7 X 8) = (g =) + max(r[2] — ja) = (¢ =) + rmax([] = 2). Bt

T T

max([44] — %) = r=ged(em) [Using Bézout identity]. Thus, max Sy = (¢ —r) + r — ged(q, 7).
Hi}nce, Oa, B =2p+q — ged(p, q).

Pattern (B.1): The first firing of B will not finish before the start of the ([%])th firing of
A. Letusput z =k + (%] Hence, 0, = 2p, 641 =02 +D— ¢, -, 001k =0 +Tp— q =0, . ..
So,0ap=ap=q+ if]p

Pattern (B.2): The first firing of B will not finish before the start of the (k41 + f%} )th

firing of A. Let us put z =k + 1+ [%1 Hence, 6, = xp. We have that 0,4 = 0, + kp — q =
Op =Ty, Opqyyk = TP — N7, ... (See Fig.

;- v v o Y

LAl [ feed 1 Pl [ T 0T 7 eed [ 1 T 1 [ |

A1 B Ak B AF B A1 B AF B

Figure 23: Case (I) pattern (B.2).

This sequence is similar to the sequence in Eq . So, 64, p = max§; = xp+max(j(p—r) —
i J
J . .
r Y. %) = xp+rmax( — [£]) = xp + max(jp mod r). But, max(jp mod r) = r — ged(p,r).
i=1 J J J

Therefore, 64 p = p + q — ged(p, q) + [£]p.
Pattern (B.3): Similarly to case (B.2), we have that §, = zp,dpqp41 =0+ (E+1)p—q =
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51~ + (p - 7’), SN 75x+(k+1)(7171)+k = 5;C + (’)/1 — 1)(p - ’I“) - Tr,... (See Fig.

5 L{’ +(p;r) xp+()\1;1)(pfr) ;I‘ +(p;r)
lal [ e [ F Peef [ [ P | T[] [ [ o] | ] [own
Ak+1 ~ B Ak+1 ~ B Ak+1 ~ B Aka Ak+1 ~ B

| I I || ]

Figure 24: Case (I) pattern (B.3).

This sequence is similar to that of Eq. 1' So, Oa.p = xp + (r — p) + max(—rj + (p —
J

p=r p—

HVMQ.

r)
=1
0a.8 =p+q—ged(p,q) + [E]p.

In case p > ¢, we have that f%} = 1. Therefore, all cases can be unified in one equation

M) +r=axp+2r—p+ (p—r)max([-L] - jrr) =ap+2r—p+(p—7r—ged(p,r)). Thus,
J

t
&B=p+q—@ﬂn®+{£Wp

e Case (II): There exists an enabling point such that not all newly enabled firings of B can
complete their execution before the next enabling point (i.e., case (I) is not satisfied), but, for
any block (e.g., [[A~ B¥T1%: A~ B¥] in case (A.2)), all firings of B during this block complete
their execution before the first enabling point in the next block.

Patterns A.1, B.1 are not possible.

Pattern (A.2): Since ktp + [tp < ta < (k+ 1)ip (i.e., case (I) is not satisfied), we can put
tay = kitg +7'. If k+ 1 firings of B are enabled, then there execution will be larger than t4 by
e=(k+ 1)tg —ta = tg — 1. According to the enabling pattern, a block is of the form [A ~~
Bkt1ei; A~ B*. Hence, the firings of B brim over the block by aje+ktg —ta = aj(tg —r') —1r'.
Thus, to satisfy case (II), we must have Vj. a;(tg — ') —r’ < 0. But, the maximum value of ¢
is [-Z-]. Therefore,

q—r

-]
ESES

q—r

ta > ktg + tp

Similarly to case (I.A.1), we compute sequence (J;) (see Fig. [25). Compared to case (I.A.2), the
sequence is shifted by a (+r). Hence, 84, p = maxd; = 2p + g — ged(p, q) + .

o:p 2p +r +r +(r —q) e 2p+2r+an(r—q)
[ A | | | | | |
A~ B A~ BEH1 A~ BFt+1 A~ BEFL A~ BF A~ BFt1
LI e PP rr P b pJelf [
are

Figure 25: Case (II) pattern (A.2).

Pattern (A.3): According to the enabling pattern, one block is of the form A~ B¥*1;[A~
B¥)Pi. Hence, firings of B will brim over the block by e + (ktg —t4)3;. Thus, to satisfy case (II),
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we must have Vj. e + (ktg — t4)5; < 0. But, the minimum value of 3; is | £ ]. Therefore,

r

1
ta > kip + —1p

7]

0 : 2p+pPrr +r +(r—q) . 2p+Bir+r+(r—q)+Bar

A~ BF A~ BFt1 A~ BF A~ Bk A~ B+ A~ BF

N N I N N N N N O O O

Figure 26: Case (II) pattern (A.3).

The sequence (9;) is illustrated in Fig. Compared to case I.(A.3), it is shifted by (+X7r)
where X is the smallest integer such that e + (ki — t4)X < 0 (i.e., the overflow is caught up).
So, X = [m} — 1. Therefore, 64,5 = 2p + ¢ — ged(p, q) + X7r.

In case (A.2), we have that [%] = 2. Thus, X will be equal to one. Therefore, it is possible
to unify cases A.2 and A.3 in a unique equation:

L,
Oa.5 =2p+q—ged(p,q) + (LA—BMB—‘ —Dr

Pattern (B.2): Since kty < tg < kta + Jta (i.e., case (I) is not satisfied), we can put
tg = kta + r’. So, the execution time of one firing of B is larger than the execution time of k
firings of A by e = tg — kt4 = r’. According to the enabling pattern, a block is of the form
[AF ~~ B]Yi; A¥+1 s B. Hence, the firings of B brim over the block by ;7 +tp — (k+1)t4. Thus,
to satisfy case (II), we must have Vj. ;7" + 7' —t4 < 0. But, the maximum value of v; is [2==].
Therefore,

1
tg < ktsa + —=1t4

H
Similarly to case I.(B.2), we compute sequence (&;) (see Fig. 27). So, a5 = 2(k + 1)p +
max(j(p —r) —r ZJZ vi) = 2(k+ 1)P+rmjax(]% —[22]) = 2(k+ 1)p+ (r — ged(p, q) = 2p+2q —
- gedpg)

i 2(k i Dp - ;7‘ +(p ' r)
(Al e e PPy PP il |
AM B Ak B Ak B Al B Ak B

Figure 27: Case (II) pattern (B.2).

Pattern (B.3): According to the enabling pattern, one block is of the form A* ~ B; [AF 1+
B]% . Hence, firings of B will brim over the block by te+Ajte—kta—Xj(k+1)ta = 1"+ X (1" —ta).
Thus, to satisfy case (II), we must have Vj. 7/ + A;(r" — t4) < 0. But, the minimum value of \;
is ;5] Therefore, we must have

—r

RR n° 8742



30 Bouakaz € Fradet € Girault

55)
ESES

p—r

tg < ktg + ta

The sequence (4;) is illustrated in Fig. Compared to case I.(B.3), the sequence is shifted
by (+X (p —r)) where X is the largest integer such that ' + X (r' —t4) > 0 (i.e., the overflow is
not caught up). Hence, 64 5 = p+q—ged(p, ¢) + (%]p—i—X(p—r). But, f%] = k+1. Therefore,

Oag =2p+2q—r—ged(p,q) + X(p— 7). We have that X = f—tAiT,] —1.

5. Zf +(p n r) +(» n r) +(p h r) 7 +(1); r)
lal [ el [ [ P [ T [ [ Jel [ [ [eedf [ [ [ee] [ [#]
ARl B AR+l B A1 B A* B AF1.. B A1 B A B

| | | | | | | | |
Figure 28: Case (II) pattern (B.3).

In case (B.2), the value of X is zero. Therefore, it is possible to unify both cases B.2 and B.3
in a unique equation:

04,8 = p+2q — ged(p, q) + [ ,w (p—r)

ta — 7T

e Case (III): Otherwise

Pattern (A.2): Sequence («;) takes two values’s Vj. a; € {| 7], [ .5 [} Oncea; = [ =],
an overflow will propagate from this block to the subsequent blocks. Thus, all firings of B till
the catch-up point are consecutive. We call this sequence a catch-up sequence. The value of §;

for the firing of A at the catch-up point will be equal to that computed in case II.(A.2). See
Fig.

a catch up point a catch up point

!

r o Hr-q)  +r—0) T g - +r-ay
L4 [ 4 [ a4 | 4 [ 4 [ 4 | 4 [ 4 ]
A~ B* A~ BFF1 A~ BFH1 A~s BFT1 A~ Bk A~ BFH1 A~ BEH1 A~ BF
casem. L [ T T T T T T T [ T | [ T T T T )=
z +7r +(r—q) +(r —q) +(r—q) +r +(r—q) +(r—q)
A [ a4 | a4 | a4 [ a4 [ a4 | 4 | 4 |

casen. L[ I [ T T T T T T T T AT T T T T T T 10

a catch up point

Figure 29: Case (III) pattern (A.2).

To know how many firings of B in the catch-up sequence finish before the start of any firing
of A, we may look at the enabling pattern of the graph A B Since ta > tp and tg < 27’
(because B C A), this enabling pattern is [A ~ B¥; [A ~> BF+1]%5] with off = {LJ - {HJ :

tg—r’ tg—r’

5Note that if (a;) ((B;), (7;) or (X;)) takes only one value, then case III is impossible.
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If a catch-up sequence starts at the j** block, then it will end at some block (j +n — 1) if

n Jj+n—1
and only if Y~ af > > «y; i.e., nis the smallest integer that satisfies
i=1 i=j
[n@2] 2 [(j — Dy +nay | — [(G — 1w (32)
where x; = q;_ and zo = t;%ﬂ One important a catch-up sequence is the longest one (called

the maximal catch-up sequence). If we put (j — 1)r = a(q¢ — r) + b, then the previous equation
can be rewritten as [nxq] > |nx; + q%rj This implies that n is maximal when b is maximal;

i.e., b = ¢ —r — ged(q, 7). However, this does not imply that the (j — 1)** block such that

(j —Drmod (¢ —r) = q—r —ged(p, q) is actually a catch-up point. To prove that we need to
m Jj—1

show that Am < (5 —1). Y ol < > a de, [maa] < [(—Dz1] — [(F — D — ma;
i=1 i=j—m

which can be rewritten as |mazs] < — \-qEr

solution because zo > x1 (since B C A).

This means that among all catch-up points, the maximum value of (4;) occurs at the catch-up

point before the maximal catch-up sequence; and it is equal to 2p + ¢ — ged(p, q) (see Fig. .

Furthermore, since any catch-up sequence is a prefix of the maximal catch-up sequence, the

worst-case occurs inside this maximal sequence. Therefore, 84 5 = 2p + ¢ — ged(p,q) + (r +

—mx1] = [ma1]. Inequality |mas] < |mz1] has no

_ J
ITI_Llal%((T'j + (r — q) >_ «of) where n is the length of the maximal catch-up sequence. So, 045 =
j= i=1

/ n—1 . .
2p+ g+ 7 —ged(p,q) + max(rj + (r — g)jr2 ).

But, according to Eq. (32)), the maximal n is the smallest integer such that [nas| > [na]
(recall that (j — 1)r mod (¢ —7) = ¢ — r — ged(p, q)). Hence, Vj < n. [jxa] < [jz1]. But,
we know that Vj. jze > jx; (because xo > x1). Thus, Vj < n. |jz1]| < [jz2] < [jz1]; thus
|jz2| = |jz1]. Therefore,

0.5 = 2p+ g+ 1 — ged(p,q) + ax(jr mod (¢ — 7)) (33)
na

Case I1.(A.2) is a special case of this one where all catch-up sequences are of length one. In the
worst-case scenario, the catch-up sequence consists of an entire iteration. This occurs when gt4 =
ptp; thus z9 = x1. So, n is the smallest integer that satisfies |nzq| > [nx1]; thus n = %
g—r
ged(p,a)

(i.e., an entire iteration). In this case, 04 p = 2p+q+r—ged(p, q) + max (jr mod (g—7)) =
]:
2(p+q — ged(p, ).

Pattern (A.3): The proof follows the same scheme as that of case I.(A.2). Sequence (5;)
takes two value; Vj. 8; € {[ "], [£]}. Once p; = [ L], an overflow will propagate from this

T T T

block to the subsequent blocks.

a catch up point a catch up point
z +r +r +7 +(r—q) +r +r +(r—q)
L a4 [ 4 | a4 [ a | a4 | A [ 4 | 4 ]
A~ Bk A~ BFH A~ Bk A~ BF A~ BFF1 A~ Bk A~ BF A~ BF A~ BFH1

Figure 30: Case (III) pattern (A.3).
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To know how many firings of B in the catch-up sequence finish before the start of any firing

of A, we may look at the enabhng pattern of the graph A-4—"2 B. Since t4 > t and t5 > 27,
this enabling pattern is [[Aka} ; A~ B**1] where B = [jz2] = [(j — D] — 1 with x5 = &,
We also put z; =

If a catch—up sequence starts at the j** block, then it will end at some block (j +mn — 1) if
j+n—1

and only if Z Bl < Z Bi; i.e., n is the smallest integer that satisfies
i=1 =j

[nzo] < [(j — Doy +nay| = [(j — Da] (34)

If (j — 1)g = ar +b, then the previous equation can be rewritten as [nzs] + [2] < [nzy + 2].
This implies that n is maximal when b is minimal and not null; i.e., b = ged(p, ¢). However, this
does not imply that the (j — 1)** block such that (j — 1)r mod r = gcd(p, ) is actually a catch-

up point. To prove that we need to show that Am < (j — 1). Z B > Z Bi; i.e., [mxa] >
i—mm

[(j—1)x1]—[(j —1)x1 —ma1]; which can be rewritten as [maxza]| > |may — MJ +1=[maq].

But, this is impossible because x5 < 7.

J
If a catch-up point occurs at the j** block, then the value of 6; is equal to 2p+ 317+ Y (B17+
i=2

(r—q)) =2p+(g—r)+ Z (Bir+(r—q)) = 2p+(q—r)+r([jz1]—jz1). Its maximum occurs when
jg mod r = ged(p, q); hence at the catch-up point before the maximal catch-up point; and it is

equal to 2p + g — ged(p, ¢). Furthermore, since any catch-up sequence is a prefix of the maximal
catch-up sequence, the worst-case occurs inside this maximal sequence. Therefore, 04,5 = 2p +

q—ged(p,q) + (Iﬁag(j(r —q)+r il Bi)+(q—r)) =2p+2q—r—ged(p,q) +r maX( 2] = ja).

According to Eq. (34), the maximal n is the smallest integer such that [nxa] < |nxq].
Hence, Vj < n. [jza]| > |jx1]. but, we know that Vj. jzo < jx; (because xzo < x1). Therefore,
Vi < mn. [jxe| = [jz1]. When j = n, we have that [jza] — jx1 < 0; hence it can be excluded
from the equation. So,

n—1
0.5 = 2p + 2q — ged(p, ¢) — min(jg mod 7) (35)
i

In the worst-case scenario, the maximal catch-up sequence consists of an entire iteration.
This occurs when gt4 = ptg. Indeed, in this case, we have that zo = z1. So, n is the smallest

integer that Satisﬁes |—n./131—| S I—nle; thus n = m Therefore, HA)B = 2p + 2q - ng(p7 CI) —
m
min (jgmod r) =2(p + g — ged(p, q)).

Pattern (B.2): Sequence (v;) takes two values; Vj. v; € {| %=, [%"]}. Once v; = [2+],
an overflow will propagate from this block to the subsequent ones. If a catch-up sequence starts
j+n—1
at the j" block, then it will end at some block (j +n — 1) if and only if Z vi> Z ~; with
=j

v = B L%J — 1 where ' = tg — kts4. So, n is the smallest integer that satlsﬁes

(] = [(G — Dy +nay ] — [(5 = D] (36)
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a catch up point

z +(p-7) - - +(p—r) —r —r —r
. | " V' | " } } )
A7 [ 7 T "1 T T T T 1T T T T T T T T 1T 1T 1T 1 T T

Akt B AF B A* B Ak B At B A B Ak B
| | | | | | | | |
Figure 31: Case (III) pattern (B.2).

where z; = 2 and x5 = % If we put (j—1)p = ar+b, then the previous equation can be rewritten
as |nxa] > |nx + %J This implies that n is maximal when b is maximal; i.e., b = r — ged(p, q).
We need to prove that the (j —1)** block such that (j —1)p mod p = r — gcd(p, q) is actually

a catch-up point. To prove that, we need to show that Am < (j — 1). Z v < Z i

i—j—m

ie., [mxa] < [mxy + %ﬂqn — 1= |ma|. But, this is impossible because x2 > 7.

J
If a catch-up point occurs at the j*" block, then the value of §; is equal to 2(k+1)p+ > ((p—
i=1
r)—~ir)+(r—p) = p+2¢—r+7r(jz1—|jz1]). Its maximum occurs when jp mod r = r—ged(p, ¢)
(i.e., at the block before the maximal catch-up sequence) and it is equal to p + 2g — ged(p, q).
Since any catch-up sequence is a prefix of the maximal catch-up sequence, we have that 04 g =

n—1,. n—1 . .
p+2q—ged(p,g)+ (p—r) +max(j(p—r)—r Z vi) = 2p+2q—r—ged(p, ) +rmax(jor — [ joa ).

According to Eq. , the maximal n is the smallest integer such that |nzs| > [naq].
Hence, Vj < n. |jza| < [jz1]. But, we know that Vj. jzo > jx; (because xo > z7). Thus,

Vi < n. [jxe| < |jz1]. Therefore,

04,8 =2p+2q —r — ged(p, q) + I’iﬁ%(jp mod ) (37)
p

In the worst-case scenario (i.e., x5 = x1), n is the smallest integer such that |nxi] > [na].

d(p a)

Thus, n = Therefore, 04,5 = 2p +2¢ — r — ged(p, ¢) + max (jp mod r) =2(p+q—
j

ged(p, q))-
Pattern (B.3): Sequence ();) takes two values; Vj. A; € {[ ;5 “—1}. Once \; = |

) 7J
-T p—r p—r
an overflow will propagate from this block to the subsequent ones. If a catch—up sequence starts
Jj+n—1
at the j'" block, then it will end at some block (j +n — 1) if and only if E A< ST A with

1=j

_r
ged(p.q)

N, = [L] - [w] So, n is the smallest integer that satisfies

[nze] < [(j — Doy +nzi | — [(j — Da] (38)

where 1 = p%r and x9 = tA -

can be rewritten as [nxza] + fpfr] < [nay
minimal but not null; i.e., b = ged(p,r). However, this does not imply that the (5 — 1) block

such that (j — 1)r mod (p — r) = gcd(p, q) is actually a catch-up point. To prove that we need to
show that Am < (j —1). Z A, > Z Ai; de., [maa] > 14 [mag — %J = [mz;]. But,

i=j—m

If we put (j — l)r = a(p — 1) 4 b, then the previous equation

this is impossible because xz S 1.
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5. f +([); r) +(p ; ) -(/); r) Ir‘ +(p—r) +(p; 7)
b [ [ ] [ [ P [ ] D] [ [ [ [ P T [ o] [ ]
A1, B Ak B A1 B A1 B AF s B A1 LB AR B

1 | | | | I |

Figure 32: Case (III) pattern (B.3).

If a catch-up point occurs at the j* block, then the value of §; is equal to 2(k + 1)p +
J
M=2p-1)+>Np—-t)—r)=2q+7r+ (p—7r)([jz1] — jr1). Its maximum occurs when
i=2

jrmod (p—r) = gcd(p, q) (i-e., just before the maximal catch-up sequence) and it is equal to
2q + p — ged(p, q). Since any catch-up sequence is a prefix of the maximal catch-up sequence, we
n
have that 6,5 = 2q +p — ged(p, ) + (r + max(>, (Ai(p =) = 7))) = 2¢ +p +r — ged(p, q) +
J=1 =31

(p—r) 1}%{(( [Ja2] = ja1).

According to Eq. (37), n is the smallest integer such that [nz,] < |[nzi]. Hence, Vj <
n. [jxe] > [jz1]. But, we know that Vj. jzo < jx; (because zo < x1). Thus, Vj < n. [jz1] =
[jz1]. When j = n, we have that [jzo] — jz1 < 0; hence it can be excluded from the equation.
So,

04,3 = 2p +2q — ged(p, q) — glzigl(jr mod (p — 7)) (39)

Property 9 (Canonical form). Let p’ = and ¢ = Replacing any channel

_p _q
ged(p,q) ged(p,q)

A2 B with d initial tokens in the graph by a channel A *—% B with { d )J initial tokens,

ged(p,g
does not alter the ASAP execution of the graph.

Proof 4 (Canonical form):

The case when ged(p, ¢) divides d is trivial. The other case is less evident. Firstly, we know
that the new rates need to have a ratio equal to % (since 7 tends to infinity, any variation from

this ratio will give eventually different results). So, we take the new rates as np’ and ng’ and we
have to find the minimum values of n, x € N such that

Vi Fq—d" _ qu/_m-‘ (40)

D np’

Eq. 40| means that the data-dependencies created by both channels are the same. But, we have
[m-‘ = {ﬂ + w—‘. Let r; = (ig — d) mod p. We have that Vi. r; # 0 since

np’ p np
ged(p, g) does not divide d. Thus, Eq. 40| can be rewritten as Vi. 1 = [% + %;d(m]; and
max r;+d—p . miinrier

; ry 4 nd—zged(p,q) A e S
hence Vi. 0 < " + - < 1. So, we have A () <z< wdpa)

But, Vi. ged(p, q) divides r; 4+ d [Using Bézout identity]. Furthermore, we have that maxr; —

d+minr; d+minr;
K2

o . . . . inr z z 1
minr; = p ged(p, ¢) [Using Bézout identity]. So, o L <% < waea Therefore, £ lies
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between two successive integers. Hence, the minimum value of n is 1, while = takes the value
d+minr;

ged(pg)
Since minr; is the smallest integer that makes ged(p,q) divides d 4+ minr;, we put = =
(] K3

d
{gcd(pmJ ) u

Proof 5 (Minimum buffer size with initial tokens):

The initial buffer state of the graph is sg = ( ) Firstly, we prove that there is a live

0 5

schedule (which consists of « firings of A and y firings of B) that transforms the initial state sg
d mod ged(p, q)

04 p +d — dmod ged(p, q) )

Though equation d+ zp —yq = d mod ged(p, q) is a feasible equation [Using Bézout identity],
this does not imply the existence of a live schedule. The schedule is constructed as follows.
Initially, there are oy = d tokens in the channel A — B. After firing B as much as possible,
the number of remaining tokens is o; = d mod q. Since the graph is live, A can fire at least
once. Then, actor B is fired as much as possible; and the number of remaining tokens is oy =
(01 +p) mod ¢. The process can be repeated infinitely; and the sequence of number of remaining
tokens is o, = (0p—1 + p) mod ¢. Since (a mod b + ¢) mod b = (a + ¢) mod b, we can put o,, =
(d+(n—1)p) mod q. The question now is whether there exists n such that o,, = d mod ged(p, q).
The answer is yes [using BA@Zout identity]. So, state s; is reachable from state so. Therefore, if
the ASAP execution does not achieve the maximum throughput starting from s;, then it cannot
do that starting from sq.

Secondly, for a graph with d mod ged(p, ¢) on the forward edge, 04,5 tokens on the back-
ward edge are still needed to achieve the maximum throughput. This follows immediately from
property @ The normalized channel will contain zero token since d mod ged(p, ¢) < ged(p, q).

Hence, we must have 0 p +d —d mod ged(p, ) > 64 5. [ ]

to state s1 = (

C Acyclic graphs
Proof 6 (Linearization of A% B):

We distinguish the same three cases (I), (II) and (III), and for each case we consider all the
possible patterns.
Firstly, we have that tp. = %4 = % since Pg = zata; and t3. = max(f(i) — itgu).
2

e Case (I):

Pattern (A.1): We have that fz(ik + j) = (i + 1)ta + jtg where 1 < j < k. Hence,
0 _ . L AV . _tay) g _ <
the 112]'8%(k((l + D)ta + jtg — (ik + j)tpu) 1réljaé<k(t,4 +j(tg — %)). Since tg — % < 0, we have
the =ta +1tg — Fta.

Pattern (A.2): For a batch of consecutive firings of B, the maximum of function fg (i) —itgu
occurs at the first firing. Hence, the sequence of values that this function takes (for the first
firing of each batch) is illustrated in Fig. where x = t4 + tg — tgu, 01 = t4 — kigu, and
o9 =14 — (k4 1)tg«. We have that o1 = % >0 and o9 = (r=a)ta < 0.

p

RR n° 8742



36 Bouakaz € Fradet € Girault

L4 | | | | | |

A~ BF A~s BEF1 A~ BRHL A~ BFHL A~ BF A~ BRH1

HNE NN
f f ! f f 1

max T T+oq r+o1+09 T+o1+209 T+o1+a109 r+o1+aio0407

Figure 33: Case I.(A.2): values of fz(i) — itgu.

J : .
So, th. =z + 01+ mjax(jcrl + o9 2:101(2)) =r+o01+ 7(‘17;)“ mjax(—qur -5 =2z+o1+
i=

%(q —r —ged(p, q)). Hence, tgu =ty +tp — % ged(p, q).

Pattern (A.3): Similarly to case (A.2), we construct the sequence fz(i) — itgu. See Fig.
where =ty + tg — tgu, 01 =ty — kige = % >0and g =t4 — (k+ 1)tgu = =a)ta -,

P
LA | | | | | |
A~ BF A~sB* A~ BF A~ BFFL A~ BF A~ BF
Lo ey ey
max :I: x—lT—al x—lQal I+L101 .7:+/31<T71+02 J?+,B1l1+02+0'1

Figure 34: Case I.(A.3): values of fg(i) — itgu.

J .
Thus, t3. =z — 0 +mjax(j02+c71 Zlﬂ(z)) =x—09+ %mjax(“—] — )=z —oy+B(r—
=

ged(p, ). Thus, (3, = ta +tg — % ged(p, q).

Pattern (B.1): We have that fz(i) = ikts +15. Therefore, t3. = max(ikts +tp —itp.) = tp.

Pattern (B.2): The sequence of values of fg(i) — itg« is illustrated in Fig. |35 where o4 =
ktA - tBu and 09 = (k + ].)tA — tBu.

Al [ P [ 7] T [ [ e [ 7 [ [ [ |
A1 B AF~ B Ak~ B Akl B A¥~B
1 1 [ I
t t t
tg+o2 tg+oo + 01 tg+o2+y101 tg+oo+y101+02

Figure 35: Case 1.(B.2): values of fz(i) — itgu.

We have that o1 = %f“ < 0 and o9 = %tf\ > 0. Thus, t3. = tg + 02 + max(joa +
J

j ) iy
o1 3 7(i) = tp + 03+ " max(P — |2]) =t + 05 + % (r — ged(p, g)). Thus, B, = ta +t5 —
i=1 7

“ ged(p, q)-

Pattern (B.3): Similarly to case (B.2), the constructed sequence is illustrated in Fig.
where 07 = kty — tg« and o9 = (k‘ + 1)tA — tpu.
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228 N N Y N CE N N N N N N N N N A
Akt B Akl B Akt B AbB Akl B

1 1 ‘7171 [
f f f f 1

tg+o2 tg+202 tg+A0o2 tg+Aioa+01
Figure 36: Case 1.(B.3): values of fz(i) — itpu.

j , _ .
Therefore, t%., = tg — o1 + max(jo1 + o2 Y. A1) = tp — o1 + L_;)t“ max([ 5] — 5 =
J i= J

=1
tg — oy + %(p —r —ged(p, q)). Hence, t3. = ta +tp — %‘ ged(p, q).
All six cases can be unified in one equation:

_ata

fpu(i) = » i+ (ta+tsg — ngg’Q)tA) (41)

e Cases (ITI) + (III):

Patterns (A.1) + (B.1) are impossible. The proofs for the remaining patterns are based
on the the notion of catch-up sequences (presented in Proof 3).

Pattern (A.2): As illustrated in Fig. firings of B in a catch-up sequence are consecutive
and the maximum of fz(i) — itgu occurs at the first firing (since both o] = kip — ktg« and
o = (k+ 1)tg — (k+ 1)tg« are non-positive). Thus, it is sufficient to look only at the first firing
after each catch up-point. At these points, the value of f5(i) —itgu is equal to that of case I.(A.2)
in which the maximum occurs when jr mod (¢ — ) = ¢ — r — ged(p, q); hence at the beginning
of the maximal catch-up sequence. Hence, Eq. is also valid in this case.

[ A [ a [ a [ A | a [ A [ a4 [ A [ A ]
A~sB* A~ BEH1 A~ BFH1 A BRHL A~ BE A~ BEH1 A~ BEHL A~ BE
(T T T T T T T T T T T 1T T T T T T T J[_
max 1 +r17| +r17$ +1rr§ iﬁé +1(7/1 +10§ +0% 24301+ (1 +az)os

Figure 37: Case III.(A.2): values of fz(i) — itgu.

Pattern (A.3): In case I.(A.3), the maximum occurs when jg mod r = ged(p, q); i.e., at the
beginning of the maximal catch-up sequence. Therefore, Eq. is also valid in this case.

Pattern (B.2): For a batch of consecutive firings of B, the maximum of fz (i) — itgu occurs
at the first firing while its minimum occurs at the last firing. This is illustrated in Fig. [38 where

0} = tp — tgu = PEZIA <),

) I N N N N N N N N O ()
Ak+l ~ B Ak ~ B Ak ~ B Ak: B Ak:+1 ~ B Ak: B Aka

1 | | | | | | |
t t t t t t
z T+02 z+oy+0o] z+o+20] e z402+60]

Figure 38: Case III.(B.2): values of fz(i) — itgu.
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In case I.(B.2), the maximum of fg(i) — itgu occurs when jp mod r = r — ged(p, q); i.e., at
the beginning of the maximal catch-up sequence. Therefore, Eq. is also valid in this case.

Pattern (B.3): In case 1.(B.3), the maximum of fz(¢) — itg« occurs when jr mod (p —r) =
ged(p, q); hence at the beginning of the maximal catch-up sequence. Therefore, Eq. is also
valid in this case. ]

Proof 7 (Computation of A g, case (II1.)):

Pattern (A.2): Suppose that the last catch-up sequence in the iteration starts at the j"

block. Thus, all the remaining firings of B are consecutive. Let us put N = %. The number

N
of remaining firings of A is equal to N — j — 1+ > «(i), while the number of remaining firings
i=j

N N

of Bis equal to k(N —j)+ (k+1) > a(i). Therefore, Ay g =ta—1'(N—j)+ (tg —1") > ali).
i=j i=j

If 21 =~ and 25 = tB%T” then Ay g =1ta + 1"+ gig(p‘f; + (g —7")((j — Dxa — [(j — Va1 ]).

j—1 j=1

We can rewrite (tg —7')((j — 1wz — [( —D)z1]) as }- (ta+a(i)ta) — 3 (ks + (i) (k+1)ip);

i.e. as the difference between the sum of execution times of A over the first (j — 1) blocks minus
the sum of execution times of B over the same blocks. The maximum of this difference occurs

at the last catch-up point before the end of the iteration. Therefore, we can put

tgr — qr’
ged(p, )
tBrfqr'
ged(p,q)

. r—qr’ —r—gcd(p, —r")(q—gcd(p,
liw1]) = ta+r/+ B (g — 1) (N = 1) (wa — 21 + (tp — 1) 200 = p, 4 lm=r)lamecd0)

N-1,. .
Aap=ta+71 + + (tg — 1) ma(?((zxg — liz1])
7=

So, A4, p can be upper bounded by t4+7'+ +(tg—1") Ijgl_ao)lc(ixg—ixl)%—(tg—r’) gl_a(%{(ixl —

Therefore,

(tg —1")(q — ged(p, q))
q—r

Agp <ta+

In the worst-case scenario (i.e. when gt4 = ptg), we have that t‘z%:/ = % and hence Ay p =
= (p+q— ged(p, ))-

Pattern (A.3): Similarly to case (A.2), we suppose that the last catch-up sequence in the

iteration starts at the 7' block and we put N = m. The number of remaining firings of

N
A is equal to (N —j + 1)+ Y 5(4), while the number of remaining firings of B is equal to

i=j
N N
(k+1)+ 3 (kB() + (k +1)). Therefore, Ay p = (k + 1)tg + (N — j + D)(tg — ) — ' 3. B(0).
i=j i=g
If 11 = % and xy = %, then Ay p = (k+ 1)tp + gzg(;;{g) +7'([(j = D)z1] = (j — 1)z2). Hence,

tBT'
A =(k+1)tg+ ————
a5 = Jio ged(p, )

Hence, Ay g < (k+ 1)tp + s Y rjglaglc(fiajl] —iwy) + 7’ gﬁglc(ixl —ix2). So,
1= 7=

o %aglc((m] —ixs)
1=

ged(p,q)
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/

.
App <ta+2p— 7(q + ged(p, q))

Pattern (B.2): Suppose that the last catch-up sequence in the iteration starts at the ;"

block. Let us put N = m. The number of remaining firings of A is equal to (N — j)(k +
N N
1) + > kv(j), while the number of remaining firings of B is equal to (N — j + 1) + > v(4).
i=j =]
N
Therefore, Ay g =tg — (N = )(ta —7") + 7" > v(j). fzg = i—, and z3 = 2, then
i=j

pr! —tar

ged(p, q)

So, Ag, g can be upper bounded by (k+1)t4+ Ig’g:l(_;*‘;; +7/ I];]ligl((ixl —lizy )+’ I]{ﬁgl((ixg —iry).
’ 1= 1=

Aap = (k+ 1)t + + %gglc(ixz — liz1])

Hence,

/

Ay <tp+ %(p —ged(p, q))

Pattern (B.3): Again, we suppose that the last catch-up sequence in the iteration starts at

the j** block and we put N = #}:q). The number of remaining firings of A is equal to (N —j+

N N
2)k+ > A(4)(k+1), while the number of remaining firings of B is equal to (N —j+3)+ > A(7).

i=j =
N ’
Therefore, Ay p =tp + (N —j+2)r" — (ta — 1) 3° A(i). If 22 = ;= and x5 = ', then
i=y
pr’ —tar A N—1,-. ]
App =1+ 4+ 4 (tq — ) max([iz,]| — iz
zcd(pq) T Jpag(fin] )
Hence,
ta — 1’

,
A p<tat+ig+r — (7 + ged(p,q))

Proof 8 (Property|[6)):
We present here the proof for any graph without undirected cycles. We first construct the graph
G- where the load of each actor is equal to the maximal load, hence VA;. t4, = fTG Then, we
prove that there exists a schedule (not necessarily an ASAP schedule) of G= with pzeriod equals
P¢ and where the size of each buffer AX—% B is equal to 04 p- In the computed schedule, each
actor never gets idle once it starts.

The proof is based on the Stretch linearization method. For a graph A *—% B such that
zata = zptp, the linearization of B gives Vi. fpu(i) = tpi+ %B(p + g — ged(p, q)) (see Eq.).
If B is delayed by xg = %B(p +q — ged(p, ), then a buffer with size equal to 0} g still allows
the graph to achieve the maximal throughput. Indeed, the required buffer size is equal to
max;(ip — qy;) such that y; is the number of firings of B that finish before the start of the i'"
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firing of A. Hence y; is equal to the largest non-negative integer such that (i — 1)ta > fpu(y;)-
tp

 maa
o (ip_ ‘ Vp ( p+qq ged(p, q))J ) .
’ 0

Therefore, y; = LWJ where |x]o = max(|z],0). Hence, the required size is
0

Using Eq. 26, we can compute x4, , the start time of actor A, in a chain A; - Ay —... - A,
after delaying each actor in the chain as indicated by the linearization method. Note that a size
0%, a,,, for each channel in the chain will allow each actor to fire consecutively once it started.
Hence, the execution will achieve the maximal throughput.

Suppose that there are two chains that start form the same root: chain A; > A —...—» A,
and chain A; - A5 —...— A} Delaying each actor as described above still allow to construct the
desired schedule. This solves the problem of trees.

Suppose that there are two channels that enter a node E: channel C 2% E and channel

D2 % E. We have that zp = max(z1,z2) such that z; = 2o + %(p + ¢ — ged(p, q)) and
To = xp + ff,(p’ + ¢’ —ged(p’,¢’)). Since the original graph G does not contain any undirected
cycle, graphs | C (obtained by actor C' and all its predecessors) and | D are disjoint graphs.

If x5 > x1, then the schedule of graph | D imposes a larger delay on the start time of actor
FE than graph | C. Since we want to compute a schedule where each actor never gets idle once
it starts, we have to delay the start time of schedule of the first graph | C' by x5 — x; unit of
time in order to synchronize with the schedule of the second graph; and hence avoiding to block
actors of the first graph for the extra delay xo —x1. By using this technique at each merge node,
we can compute the desired schedule. [ ]
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