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Abstract

We devise and study experimentally adaptive strategies driven by a posteriori error
estimates to select automatically both the space mesh and the polynomial degree in a
numerical approximation of the Laplace equation in two space dimensions. The adap-
tation is based on equilibrated flux estimates. These estimates are presented here for
inhomogeneous Dirichlet and Neumann boundary conditions and for spatially-varying
polynomial degree; they deliver a global error upper bound with constant one and,
up to data oscillation, error lower bounds on element patches with a (computable)
generic constant independent of the mesh size and of the polynomial degree. We nu-
merically asses the estimates and the hp-adaptive strategy using the interior penalty
discontinuous Galerkin method. Asymptotic exactness is observed for all the sym-
metric, nonsymmetric, and incomplete variants on non-nested unstructured grids for
a smooth solution. Exponential convergence rates are reported for the incomplete
version on several benchmarks with a singular solution.

Keywords: Laplace equation, a posteriori error estimate, p-robustness, hp-refinement,
inhomogeneous boundary conditions, discontinuous Galerkin

1 Introduction

A posteriori error estimates for elliptic problems have been studied for several decades.
These estimates deliver global upper bounds for the discretization error as a Hilbertian
sum of local (cellwise) error indicators that are computable solely from the discrete
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in the Necas Center for Mathematical Modeling ncmm.karlin.mff.cuni.cz.
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solution. At the same time, they represent local error lower bounds, up to data oscil-
lation, see, e.g., the recent textbook [31]. They can be devised under various forms.
Among these, equilibrated flux error estimates offer the salient advantage of deliver-
ing error upper bounds with constant one. Such estimates are typically evaluated by
solving local mixed finite element problems on element patches around mesh vertices,
see [22, 11, 3, 17] and the references therein. Another attractive property of equili-
brated flux a posteriori error estimates that was uncovered recently in the conforming
finite element setting, see [2], is polynomial-degree-robustness, that is, the generic con-
stant in the local error lower bound turns out to be uniform in the polynomial degree (it
can only depend on the shape-regularity of the underlying meshes). This result stems
from nontrivial properties of mixed finite element spaces, namely from a right inverse
of the divergence operator [8, Corollary 3.4] and from a right inverse of the normal
trace [9, Theorem 7.1], whose stability properties are uniform in the polynomial degree;
this type of result is not expected to hold in the more popular setting of residual-based
a posteriori error estimates. The polynomial-degree-robustness of equilibrated flux er-
ror estimates was extended recently in [18] to a unified setting encompassing many
nonconforming discretizations as Crouzeix—Raviart finite elements, mixed finite ele-
ments, and interior penalty discontinuous Galerkin. Therein, the idea is to introduce,
in addition to the flux reconstruction, a conforming potential reconstruction which is
also built by solving local problems in element patches around vertices.

The recent advances on equilibrated flux a posteriori error estimates have been
presented in the setting of homogeneous Dirichlet boundary conditions and for uniform
polynomial degree. The first contribution of this work is to extend these estimates to
the practical setting of inhomogeneous Dirichlet and Neumann boundary conditions
and to cover discretizations with variable polynomial degree. These extensions turn
out to be nontrivial: possibly different polynomial degrees need to be assigned to each
patch when reconstructing the flux and the potential, the local mixed finite element
problems have to be suitably modified on patches touching the boundary, and the
local partition of unity which combines contributions from all the vertices of a given
mesh cell has to be revisited. Herein, we still achieve global error upper bounds with
constant one and polynomial-degree-robust local error lower bounds.

The second contribution of this work is to devise an hp-adaptive strategy driven by
the above polynomial-degree-robust equilibrated flux a posteriori error estimates. Sev-
eral criteria for determining whether it is preferable to perform h- (mesh) or p- (poly-
nomial degree) refinement have been proposed over the years, see, e.g., [19, 20, 16, 24]
and the references therein. Typically, it is natural to increase the polynomial degree
when the solution is estimated to be sufficiently smooth, and to decrease the mesh
size when the solution is estimated to be rather rough. Therefore, a key ingredient is
an estimate of the local smoothness of the exact solution. In the present setting, we
exploit the polynomial-degree-robustness of the estimate to devise a smoothness indi-
cator based on the comparison of the error indicator for the current discrete solution
and its local projection onto the discretization space with polynomial degree minus
one. Such an approach is well-suited to discretizations by the discontinuous Galerkin
method. We assess the hp-adaptive strategy, which also allows for mesh coarsening
and for local decrease of the polynomial degree, using the incomplete interior penalty
discontinuous Galerkin method on three benchmark problems with a locally singular
exact solution. Our numerical results show that exponential convergence rates with
respect to degrees of freedom can be achieved with the present strategy, in agreement
with general theoretical results [27, 28, 1, 10, 29].

The paper is organized as follows. In Section 2, we briefly describe the setting and
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introduce basic notation. In Section 3, we devise and analyze equilibrated flux a pos-
teriori error estimates for inhomogeneous Dirichlet and Neumann boundary conditions
and varying polynomial degree. We devote Section 4 to the hp-adaptive strategy and to
salient implementation aspects. Finally, we discuss our numerical results in Section 5.

2 Setting

Let Q C R? be a polygonal domain (open, bounded, and connected set). We suppose
that 02 is divided into two simply connected parts I'p and I'n with disjoint interiors,
and we assume that [I'p| > 0. We consider the Laplace equation: find u : @ — R such
that

—Au=f in Q, (2.1a)
—Vung=0on on I'y, (2.1b)
U = UuUp on I'p. (2.1¢)

All what follows can be easily extended to the case where a Neumann condition is
enforced on the whole boundary, by adding a zero-mean value constraint to the solution
and assuming the usual compatibility condition between f and on.

Let H'(Q) denote the Sobolev space of L?(Q2) functions with weak gradients in
[L*()]?. Then, H!(Q) (resp., H!(f)) is composed of all functions in H'(2) with
zero trace (resp., with trace equal to up) on I'n. The variational formulation of (2.1)
reads: find u € H} () such that

(Vu, Vo) = (f,v) — (on, )1y Yo e H(Q). (2.2)

Here (-,-) stands for the L2-inner product; we denote by |-|| the associated norm.
Similarly, (-,-) stands for the L*-inner product on 9Q. We add an index to (-,-)
and (-,-) when a (proper) subset of Q is considered. We suppose that f € L?*(9),
on € L? (I'n), and up € Hl(FD)7 where H? (I'p) is the one-dimensional Sobolev space
on the manifold I'p.

Numerical discretizations of (2.2) typically rely on a partition 7 of Q. We consider
here matching triangulations in the sense of Ciarlet [7]; below, we will need 7, to be
shape-regular in the sense that there exists a constant k7 > 0 such that the ratio
hk /oK is uniformly bounded by k7 for all triangulations 7Ty, where hx is the diameter
of K and gk the diameter of the largest ball inscribed in K. The edges of the mesh
Tr form the set &, with X" the edges lying on the boundary of Q. We suppose that
the interior of each boundary edge lies entirely either in I'p or I'n and denote the
corresponding subsets of £~ by SZXt’D and SZXt’N, respectively. Similarly, V), stands
for all mesh vertices and V" (VXN respectively) for the mesh vertices which lie
on some Dirichlet (Neumann) boundary edge. Note that VZXt’D N VZX“N is not empty
unless I'p = 9N; vertices on the interface between I'p and I'y lie both in V;Xt’D and
VZ’“’N in our notation. We will consider the subset VZX“D for the flux reconstruction
and the subset VZXt’N for the potential reconstruction. We also denote by Vg the
vertices of the element K € Tp, and by V. the vertices of the edge e € £,. Finally, all
edges of an element K € T, are denoted by £k and those edges that lie in I'p (I'x)
by ER (EX). The jump operator [-] yields the difference of the traces of the argument

int

from the two mesh elements that share e € £ (evaluated along a fixed unit normal

n. of €) and the actual trace on e € £*. Similarly, the average operator {-} yields
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the mean value of the traces from adjacent mesh elements on inner edges and the
actual trace on boundary edges.
0 -1 . . .
Let R% =1y o ) be the matrix of rotation by 7. We use the convention
Rzng = to to link the unit exterior normal and tangential vectors, and similarly on

subdomains of 2. We let
HY(Th) = {v e L*(Q); v|x € H(K) VK € T}

be the broken Sobolev space and denote the broken (elementwise) weak gradient by
V. Similarly, V- stands for the broken weak divergence and R%V for the broken
weak curl, (Rz Vv)|x = (—0yv, 0,0)t | for v € H'(T3) and all K € Tp,. Let V be
a finite-dimensional subspace of L?(2); then we denote by IIy the L?(Q)-orthogonal
projection onto V, and similarly on various subsets of Q. We will also denote by II2
the L2 (e)-orthogonal projection onto constants.

3 Equilibrated flux a posteriori error estimates for
inhomogeneous boundary conditions and varying
polynomial degree

We present in this section a posteriori error estimates of equilibrated flux type, which
extend previous results to inhomogeneous boundary conditions and varying polynomial
degree.

3.1 Potential and flux reconstructions

Let up, € H'(7:) be the approximate solution. Let ®(uy) € [L*(Q)]? represent its
gradient: typically, either &(uy) is given by the broken weak gradient Vuy or by a
discrete gradient also taking into account the jumps in up, see (3.27) below for an
example. In practice, u, and &(uy) are piecewise polynomials, see assumption (3.30)
below. They come from a specific numerical method, cf. Section 4.1. In general,
un, € HY(Q) and —&(up) ¢ H(div,Q), the space of [L?(Q)]? functions with weak
divergences in L?(Q), which leads us to:

Definition 3.1 (Potential reconstruction). We call a potential reconstruction any
function sy, constructed from up which satisfies

sn € H'(Q)NC°(Q), (3.1a)
sp(a) = up(a) Vae V. (3.1b)

Definition 3.2 (Equilibrated flux reconstruction). We call an equilibrated flux re-
construction any function o constructed from &(up) which satisfies

o € H(div, ), (3.2a)
(V-on, D = (f,)x VK € T, (3.2b)
(onma,1)e = (on, 1) Ve e VN, (3.2¢)

The continuity of s, imposed in (3.1a) is needed in (3.1b) to take point values; we
also notice that (3.2c) requires that o, ne|. € Lt (e) for all e € 52“’1\1. In practice, sy,
and o, are piecewise polynomials, so that these requirements are readily met.
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3.2 A general a posteriori error estimate

Our first important result is the generalization of [18, Theorem 3.3] to problem (2.1).
Recall that if K is a triangle from the mesh 75, and e one of its edges, the following
trace inequality holds:

v = TIle < Cexcchd* |Vl Vo € H'(K). (3.3)
It is shown in [25, Lemma 3.5] that C7 . = Cyh% /| K|, where Cy ~ 0.77708.

Theorem 3.3 (General a posteriori error estimate). Let u be the weak solution
of (2.2). Let u, € H*(T3,) be an arbitrary approzimation of u, with &(uy) € [L*(Q)]?
an approximation of Vu. Let sp be a potential reconstruction in the sense of Defi-
nition 3.1 and o an equilibrated flur reconstruction in the sense of Definition 3.2.
Then,

19— S)l? < nti= 3 ik (3.42)

KeTy

with
h 2
nic={ [6n) +onllx + 7K||f —Veoullk+ Y Coxeh?|onnag — o—N||e>
[ ——
1NCR, K > constitutive rel. m Eegll\é
nFN,K,Neumann BC
2
+ (o) ~ Vsl + min 9ol ) (3.4b)
—_— vloknrp =D —5h

1
7INC, K » Pot. nonconformity veH ! (K), ”l(’)K\FD =0

o, K> Dirichlet BC

Proof. Let s € H} () be such that (Vs, Vo) = (&(up), Vo) for all v € H} (). This
leads to the Pythagorean equality

IVu = &(un)[* = |V (u — 8)|* + Vs — & (un)|*. (3.5)
The first term in (3.5) can be rewritten as follows, since (u — s) € H}(Q):

[V (u—s)ll = sup (V(u—s), Vo),
PEHL(Q); [|[Vell=1
= sup (Vu — &(un), Vo),
PEHL(Q); [|[Vell=1

= sup {(f7 90) - <0-N750>FN - (ﬁ(uh%v‘p)h
PEHL(Q); [Vell=1

where we have used the definition of s and (2.2). Fix ¢ € HL(Q) with ||[Vep| = 1.
Adding and subtracting (o, V¢), where oy, is the equilibrated flux reconstruction in
the sense of Definition 3.2, and using the Green theorem, we infer that

(f, 0)={on, @)ry—(B(un), Vo) = (f=V-ou, 0)+{on-ng—on, o)ry —(&(un)+on, V).

The first and last terms above are treated exactly as in the proof of [18, Theorem 3.3],
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Fig. 1. Notation for the inhomogeneous Dirichlet boundary condition estimate

using in particular the equilibration (3.2b). For the middle term, we observe that

(onngo —oN,Q)ry = Z Z (ornng —oN,@)e

KETh, ceeN

= Z Z (onma —on, ¢ — ).
KeTy eGEIIi

< >0 Y Allonna — onlleCrx.eh Vel },
KeTp eGEII\é

owing to (3.2c), the Cauchy—Schwarz inequality, and (3.3). Note that only those
elements having (at least) one face located on the Neumann boundary are concerned.
This leads to the terms composing the first line of (3.4b).

Consider now the second term in (3.5). Proceeding as in [21, Section 4.1], we infer
that

Vs — S(uw)|> = min Vo — &(up)|?
weH] ()
< min > (IVsn — S(un)llk + [V(w - sn)|x)’

1
weH! [, (%) Ker,

IN

> <||V8h = &(un)llx + min IV (w— 8h)|K> :

e o e

where the first inequality follows by localization on mesh elements and the triangle in-
equality, and the second one by restricting the global minimum to elementwise minima
over functions w € H'(K) with values on 9K fixed respectively to up or sp, thanks to
conditions (3.1a) and (3.1b). Note that the elements concerned by the minimization
are those having (at least) one edge located on the Dirichlet boundary. This leads to
the terms composing the second line of (3.4b). O

The expression for the general Dirichlet boundary condition error from Theo-
rem 3.3 is not computable. We now derive a computable upper bound for this quantity.
The proof is skipped since it follows that in [6, Theorem 5.1]; it consists in bounding
the minimum by considering a function given by the Dirichlet boundary misfit on the
concerned edges and extending it linearly to zero at the cell barycenter using polar
coordinates.
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Theorem 3.4 (Inhomogeneous Dirichlet boundary condition estimate). Let K € T
be such that |0K NTp| > 0. Let xx denote the barycenter of K. For each e € £,
consider the polar coordinates 1,0 centered at X, where the triangle K. given by the
edge e and the point xi is described by 0 € [ae, Be] and 7 € [0, Re(0)]; Re(0) is thus
the distance of xx and x¢ € e, see Figure 1. Set ge(0) := (up — sn)(X¢) and denote
by ' the differentiation with respect to 6. Then

min IV x
vloknrp =uD—5h

1
veH1(K), ”l@K\FDZO

Be v
<> {; {[gewnZ+[(g;(e)Rew)—ge<9)Ré(9>>/Re(9)JQ}dH} :

6652 «

This computable estimate is of higher order whenever up has enough regularity,
see the discussions in [21, 6].

3.3 Reconstructions from local problems with variable
polynomial degree

In this section, we extend the material of [18, Section 3.1.3] to potential and flux
reconstructions where each element patch around a mesh vertex can be assigned a
specific polynomial degree. For a vertex a € Vp, let Ta denote the patch of elements of
Tr. which share a, and let wa be the corresponding open subdomain of diameter h,,, .
We denote by 1), the continuous piecewise affine “hat” function, taking the value 1
at the vertex a and 0 at the other vertices. We assign a polynomial degree pa > 0 to
each vertex a € V. Then, we let V,(wa) be the Raviart—Thomas mixed finite element
space of degree pa on the mesh 7T, of wa; functions in this space belong elementwise to
[Pp. (K)]?+P,, (K)x and their normal trace over the edges inside Ta is in P, (e) and is
continuous [5, 26]. Let Qr(wa) be the space of discontinuous piecewise polynomials on
Ta of degree pa. We remark that Brezzi—-Douglas—Marini spaces can also be considered,
see [18, Remark 3.21].

The reconstruction of an equilibrated flux o, following Definition 3.2, for varying
polynomial degree and general boundary conditions, takes the following form:

Definition 3.5 (Flux reconstruction o). Assume that &(up) satisfies the hat-function
orthogonality

(B(un), Viba)wa = (f, Ya)wa — (0N, Ya)ry VA €V \ V0P, (3.6)
For each a € Vy, prescribe g, € Vi,  and 7;, € Qf by solving

(sh>Vi)wa = (Fhs VVh)wa = —(€a®(un), Va)wa Vv, € V7, (3.7a)
(V-6hsqn)wa = (Waf — Vba-B(un), qn)wa  Yqn € QR (3.7b)

int

with the following spaces: for all a € Vi,

Vin =V} :={vh € Vi(wa); Vh-Du,|ow, = 0}, (3.8a)
Qh = {an € Qn(wa); (g, )wa = 0}, (3.8b)
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and, for all a € Vi**, with g = Iy, (wa)n (YaoN),

Vin :={vh € Vi(wa); ViDu,|owa\00 =0, VD, [owanry = IN ) (3.92)
Vi = {vh € Vi(wa); Vi-Duglowa\00 = 0, Vi N, |owanry = 0}, 3.9b)
while
Q= {an € Qulwa); (gn, Dwa =0} @€ VX \ V0P, (3.10a)
Q% = Qn(wa) ac VP, (3.10b)
Then, set

o= Y o (3.11)

acVy,

The above local problems only differ from those of [18, Construction 3.4] for vertices
which lie on the Neumann boundary I'x, i.e., whenever a lies on 992 and |OwaNI'n| > 0.
In the present setting, an inhomogeneous Neumann boundary condition is encoded in
the space V} y of (3.9a) whereby ¢j; 1w, |ow.nry is enforced to be the polynomial
projection of ¥aoN onto the space of normal traces of the local mixed finite element
space V,(wa). Problem (3.7) for a € V¥t is a pure Neumann problem when dwaNI'y =
Owa N 0N, i.e., when the whole boundary of wa lying on 9 is on the Neumann
boundary. This happens if and only if a € V;** \VZXt’D. The Neumann compatibility
condition then requests that

(d)af - Vwa'ﬁ(uh)v 1)wa = <HVh(wa)-n(d)aUN)7 1>5waﬂFN' (3'12)

Noting that (Ilv, (w.)n(¥aoN), 1)owanry = (Ya0N, 1)1y, this is nothing but (3.6) for
a € Vet \ P Shall |dwa N Tp| > 0 for a boundary vertex, we have a local
Neumann—Dirichlet problem, with the normal trace of gj not prescribed on Owa NI'p.

Lemma 3.6 (Properties of o). The following holds:

on € H(div, Q), (3.13a)
(f — V.o'h,vh)K =0 VK € /Th’ VU}L (S ]Pmi“aEVK Pa(K)7 (313b)
(ornmo —on,vn)e =0 Vee€ S;Xt’N, VUi € Prmingey, pa (e). (3.13¢)

Thus, in particular the three properties in (3.2) are satisfied.

Proof. The first two properties are proved as in [18, Lemma 3.5]. Let e € £2Xt‘N and let
U € Pringey, pa(€). Employing that osle = >°, .y, sk and using the normal trace con-
dition imposed on V7,  in (3.9a), we infer that (o na,vn)e = Zaeve (shno,vp)e =
Zaeve (Ya0N, Vn)e = (ON, Uh)e. O

Remark 3.7 (Local flux minimization). Similarly to [18, Remark 3.7], Definition 3.5
can be equivalently stated as:

G := arg la® (un) + Vi llwa Va eV, (3.14)

vpEVE Vv :1_{11111(¢ f=Via-6(up))
h h,N’ h Qz a a h

We now turn to the potential reconstruction. We can construct s, via the same
local problems (3.7), upon merely replacing the right-hand sides and adjusting the
spaces V5 and Q5 close to the boundary. This turns out to be equivalent to a primal
conforming finite element solve, see Remark 3.10 below.
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Definition 3.8 (Potential reconstruction sp). For each a € Vi, prescribe s € Vj y
and 75 € QF by solving

(Sh, Vi)wa — (TR, VeVh)wa = —(Rgv(¢auh),vh)wa Vv, € V§, (3.15a)
(Vi qn)wa =0 Yan € Qf (3.15D)

int

with the following spaces: for all a € V",

VZ,N = Vz = {Vh S Vh(wa); Vh~nwa‘@wa = O}, (3.16&)
h o= {an € Qn(wa); (qn,1)wa = 0}, (3.16b)

and, for all a € Vi**, with g = Iy, (wa)n(V(¢aup)-ta),

Vi = {Vvh € Vi(wa); ViNu,|owa\00 = 0, ViNu, lowanrp = 9D (3.17a)
V5 = {vh € Vi(wa); Vi-Nu,|owa\00 = 0, Vi, [6wanrp = 0}, (3.17b)
while

@ = {an € Qn(wa); (gh, Dwa =0} @€ VP \ VPN, (3.182)
Q% := Qn(wa) acV>oN, (3.18b)

Then, set
—RngZ =g, (3.19a)
Shlowaro0 = 0, (3.19b)
Sp 1= Z sh (3.19¢)

acVy,

Note that for boundary vertices a € Vi** \V;Xt’N (which are such that dwa NT'p =
Owa N 0N, i.e., the whole boundary of wa lying on 99 is on the Dirichlet boundary),
(3.15) is a pure Neumann problem: the normal trace of ¢f on dwa NT'p is prescribed
by the (polynomial projection of the) tangential trace of V(¢¥aup). The Neumann
compatibility condition then requests that

<§]%7 1>0waﬁFD - <HVh(wa)~n(V(wauD)'tQ)7 1>8waﬁFD =0. (320)
This is immediate developing the above right-hand side since
(9D: Dowanrp = — (Rg V(Yaup)na, )owarrpy = —(Rz V(Yaup) Nua; 1)owa
= = (V-(RzV(¢aup)), Duwa = (Rz V(Yaun), V1)w, =0,  (3.21)

for any smooth enough extension up of the Dirichlet boundary condition up. Shall
|0wa NT'n| > 0, (3.15) is a local Neumann—Dirichlet problem, with the normal trace
of ¢i not prescribed on dwa NT'x.

Lemma 3.9 (Properties of sp). Conditions (3.1a) and (3.1b) are satisfied. Moreover,
the following holds for all e € £VP:

(Vsn-ta)lrp = IIp (ey(Vup-ta)|ry, (3.22)

mingcy, Pa
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Proof. Condition (3.1a) is met by construction. We next show (3.22). Let e € &*""
and let v € Pmingey, pa(€). Since —Rz Vs, = Zaevh Si, using the normal trace
condition imposed on V7,  in (3.17a), we infer that

(-Rz Vsnpnq,vn)e = Z (Shna,vp)e = Z (V(taup)-ta,vn)e = (Vup-ta, va)e,
acVe acVe

and (3.22) follows from —R% Vsp-ng = Vsp-tq. To show (3.1b), we reason as follows:

for each a € V7P| Vsitq preserves edgewise mean values of V(aup)-te for all

e € &P contained in dwa. This follows as above by (3.19a) and (3.17a). Moreover,
by (3.19b), sh(a’) = 0 = (vYaun)(a’) for the other vertices a’ of wa lying on dwa NT'p.
Thus, sh(a) = (¢Yaup)(a) = up(a), and the conclusion follows by (3.19¢). O

Remark 3.10 (Local potential minimization). Similarly to [18, Remark 3.10], Defi-
nition 3.8 can be equivalently stated as:

Sh = arg min ||R% V (Yaun) + vh”wa Ya € V. (3.23)

vaV:YN, V-vp=0

Moreover, a discrete primal formulation is

v;LGV;

sp=arg min [|V(¥aun — vn)|wa Va € Vp, (3.24)
D

where V2 denotes piecewise polynomials on Ta such that Rz VViip = Vi n; in par-

ticular, there is a zero Dirichlet boundary condition on the whole dwa for a € Vitt g

zero Dirichlet boundary condition on Owa\0S2 for a € VfLXt\V;iXt’D, and, fora € VZ’“’D,

the Dirichlet boundary condition on dwa \ I'n is given by

(Vonta)le = Iy, (wa)no, (V(¥aup)ta)le Ve € £, e C Owa,
vh(a) = Uup (a),

Un]owar00 = 0.

Let Vi be as Vi'p, with a homogeneous Dirichlet boundary condition everywhere on
Owa \T'n. Then, (3.24) is further equivalent to finding sj, € Vi such that

(Vsh,Vop) = (V(haun), Vor)  You € Vi

3.4 Local efficiency

In this section, we extend the polynomial-degree-robust, local error lower bound
from [18, Theorem 3.17] to inhomogeneous boundary conditions and variable poly-
nomial degree. Define the spaces

H}(wa) := {v € H (wa); (v,1)wa = 0}, acV,\ VP, (3.25a)
H}(wa) :={v € H (wa); v=0o0n dwa NATp}, ac VP, (3.25b)

Then, the Poincaré—Friedrichs inequality states that

HUHWa S CPFvwahwavauwa Yo € Hi(w3)7
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cf. Veeser and Verfiirth [30] and the references therein. Similarly, the broken Poincaré—
Friedrichs inequality states that

1/2
[v]lwa < CbPF wahwa <||W||wa + { > hellﬂg[[vﬂlli} > (3.26)

ecgintyg™hl acy,

for any v € H*(T3), with (v, 1)., = 0 when a € V;,\V*"'P, see Brenner [4, Remark 1.1]
and the references therein. Define Ceont,pr := maxacv, {1 + CPF,wahwa || Valloo,wa t
and Ceont,bPF := MaxXacv, {1 + CbPF wafwa [[V¥alloo,wa - The constants Ceont,pr and
Ceont,bpF only depend on the mesh regularity parameter x7 and can be fully estimated
from above, see the discussion in [18, proofs of Lemmas 3.12 and 3.13 and Section 4.3.2].

To state our local efficiency result, we introduce some assumptions. First, we link
the discrete gradient &(up) to the broken gradient Vu, and the jumps in uj via

& (un) = Vun =9 > Le([un]), (3.27)

ecéy

where ¢ € {—1,0,1} is a parameter (cf. (4.1) below), and the lifting operator . :
L?(e) — [Po(Te)]? is such that, cf. [12, Section 4.3],
(

[E(ﬂuhﬂ)vvh)Te = <{vh}'n57 [[uh]]>e Vv, € [Po(ﬁ)ﬁ, (328)

where 7. denotes the triangles sharing the edge e. Moreover, we assume that wup

and 6 (up) are piecewise polynomials. More precisely, we introduce the set of integer
numbers p := {px € N, K € T}, and we define the following spaces:

Shp = {vn € H'(Th); vnlk € Pp (K) VK € Th}, (3.29a)

Shypfl = {Uh S Hl(n); Uth [S ]P)pKfl(K) VK € ﬁ} (3.29]3)

Then, we assume that
up € Shyp, Qi(uh) S [Sh’p71]27 (330)
and that the polynomial degrees assigned to vertices are such that

Da 1= 1)(1r{1r1€a7)_ip;<, Va € V. (3.31)

Theorem 3.11 (Polynomial-degree-robust local efficiency for varying polynomial de-
gree and inhomogeneous boundary conditions). Let u be the weak solution of (2.2),
let up € Spp and &(un) € [Shp—1]>. Assume (3.31) for the polynomial degrees and
that the local hat function orthogonality (3.6) holds. Consider Definition 3.5 of o.
Then, for all K € Ty, with the constant Cs of [18, inequality (3.40)] only depending
on K71, the following holds:

18 (un) + onllx < CstCeont, PR Z IVu — &(un)l|wa (3.32a)
acEVy
L L) 12
+ Gt Z{ > ( : ||1/)af—HQh<wa)(¢af)HK'> } + An,
acVig \K’'€Ta
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with the oscillation of the inhomogeneous Neumann condition given by

25 1/2
An:=Ca Y { > { > (Ct,K,ehi/QlwaaN—gme)} } : (3.32b)

a€Vx \K'€Ta \ eceX

where Gx=IIv, (wa)n(PYaon). Consider now Definition 3.8 of s and assume (3.27).
Then, for all K € Ty, with'the constant C' only depending on k7, see [18, Sec-
tion 4.3.2], and £ = {e € EMUEP|Fa € Vi, 3K’ € Ta,e € Ex+}, the following
holds:

|8 (un) — Vsn|lx < CstCoeont,bPF Z IVu — &(un)l|wa (3.33a)
acVy
1/2
+C{ > e fu - uh]Hi} + Ap,
665;2

with the oscillation of the inhomogeneous Dirichlet condition given by

24 1/2
Api=Cs 3 { 3 { 3 (ct,K,ehi/ﬂw(wauD)-tQ—gsue)} } . (3.33b)

acVk \K'€Ta \ ccel

where g% :th (wa)m (V(wauD)-tQ) .

Proof. Let K € Tp. Using the partition of unity as in [18, Theorem 3.17], it suf-
fices, for all a € Vg, to bound ||[9a®(un) + Si|lw. With i given by (3.7) for the
flux reconstruction. Similarly, for the potential reconstruction, it is enough to bound
[Rz V(Yaun) + <i|| with ¢ given by (3.15).

For interior vertices a € Vi™, the assertion coincides with that of [18, Theo-
rem 3.17]. Indeed, the polynomial degree of the reconstructions o and sj is fixed
by pa on the patch Ta so that the conditions (3.41) and (3.43) of [18] hold, whereas
the contributions on boundary edges e € EX and e € £R in (3.32a) and (3.33a),
respectively, are discarded by the hat function ta.

For boundary vertices a € V;**, we first treat the inhomogeneous Neumann bound-
ary condition imposed on the spaces V7, i in (3.9a). First, the continuous-level problem
of [18, Lemma 3.12] will appear with an inhomogeneous Neumann boundary condition

g2 = aoN On Owa N Ty, with ra in the space H! (wa) of (3.25) satisfying
(Vra, V)w, = — (T, VU)wa + (9%, V) wa — (9N, V) 8wanry Yo € H (wa), (3.34)

where 71 1= ¥a®(un) and ¢* := Yaf— ViPa-&(up). Proceeding as in [18, Lemma 3.12],
we obtain ||V7rallw. < Ceont,pr||Vu — &(up)||w.. The local discrete formulation (3.7)
leads us to the problem: find 7a € H} (wa) such that

(v/’:37 vv)wa = 7(7-}?3 vv)wa + (ga’,u)wa - <§§7’U>8waﬂFN VU € Hi (Wa)v

which is a modification of (3.34) with polynomial source term §% :=Ilg, (u,)(¥af) —
Vpa-&(ur,) and polynomial Neumann term Gx=IIv, (w.)-n(¥aon). Then, bounding
the misfit SUP, ¢ 1 (0p); | Voll, =1 (9N — INs V)owanry as in the proof of Theorem 3.3, we
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arrive at

vaa”wa < CCont,PF”VU — Qﬁ(uh)l‘wa

) 1/2
+{ Z (hK, ”waf_HQh,(wa)(waf)|KI)2}

™
K'€Ta
25 1/2
+{ 5 { 5 (ct,K,ehi/anaaNm)} } |
K'€Ta EGS%

Finally, the stability result in [2, Theorem 7], based on [8, Corollary 3.4] and [9,
Theorem 7.1], gives ||[$a®(un) + i llwa < Cst||VTallwa, and (3.32a) follows.

We now treat the inhomogeneous Neumann boundary condition on dwa NT'p dic-
tated by (3.17) (note that the Dirichlet boundary condition on I'p appears here as
a Neumann boundary condition on dwa N I'p). Similarly to [18, Lemma 3.13], we
introduce the problem: find ra € Hy (7a) such that

(VTEH Vv)wa = _(Tf?a Vv)wa + (gav U)wa - <g]%a U)BwaﬂFD V'U € Hbl (7;)7

with gp = V(¢aup)-ta, 77 := Rz V(Yaus), and ¢g* := 0, and with

Hbl(%) ={ve H' (wa); (v, Dwa = 0}, aec VPt szt,N7
Hbl(Ta) = {vGHl(wa); v =0 on dwa NTxn}, aeszt,N'

Again, the local discrete formulation (3.15) leads us to study the above problem with
a polynomial Neumann term given by §p=Ilv, (w.).n(V(¥aup)ta), and we have to
bound the misfit SUP, e 1 (Ta); 19 0]lwa=1(9D = D V)owanrp - Using (3.26) and proceed-
ing as in [18, Section 4.3.2], we obtain

1/2
[V7allwa < Ceont,bpr (IV(uuh)llwa +{ > hellﬂﬂ[[uwzﬂli} )

ext,D
h s

eegintue ac€Ve

2y 1/2
+{ > { > (Ct’K,ehimlvwauD)-tQ—g%u)} } 7

’ D
K'€Ta \ ecel

whereas [2, Theorem 7] again implies [|[Rz V(¢aun) + 65 llwa < Cst[|Va|lw,. Finally,
employing (3.27) allows us to conclude that (3.33a) holds, as in [18, Section 4.3.2]. O

4 The hp-adaptive strategy

We present in this section our hp-refinement strategy driven by the equilibrated flux
a posteriori error estimates devised in Section 3. We also briefly discuss the imple-
mentation of the mixed finite element solves for the flux and potential reconstructions.
Even though our strategy is generic as the estimates of Section 3, we prefer to present
it on a discontinuous Galerkin discretization to fix ideas.
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4.1 Discretization by the interior penalty discontinuous
Galerkin method

Consider the interior penalty discontinuous Galerkin method: find u, € Sh,, (defined
by (3.29a)) such that

Y (Vun, Vo) = > {{{Vundne, [one + O{{Vor}ne, [un —u])e}

KeTh ecgintygxt D

+ Y (ahd [un —ul, [al)e = (f,0n) = (on,vn)rx Vo € Shp, (4.1)
ecgintygxt-D

where « is a positive penalty parameter and ¢ € {—1,0, 1} corresponds respectively to
the nonsymmetric (NIPG), incomplete (IIPG), and symmetric (SIPG) versions of the
method; 9 is the parameter considered in (3.27). Remark that above, [ur, — u] = [un]
for e € € and [up, — u] = [un — up] for e € EXYP. Taking ¢a € Sh,, as the test
function in (4.1) for the vertices a € Vj, \ V5" and using the definition (3.27) of the
discrete gradient, we infer the hat-function orthogonality condition (3.6).

An important issue with interior penalty discontinuous Galerkin methods is the
choice of the penalty parameter a. Typical choices, supported theoretically and nu-
merically, are o = O(pz) for the symmetric variant and a p-independent choice o > 0
for the nonsymmetric one. Numerical evidence indicates that a p-independent choice
for a is also possible for the incomplete version.

4.2 Smoothness indicator

Let nr, K € Ty be the local error indicators of (3.4b). Let IIs, ,_, (us) be the LA (Q)-
orthogonal projection of w, onto the lower-polynomial-degree space Shp—1 defined
by (3.29b); note that this projection can be evaluated elementwise and that its actual
computation is particularly simple if local hierarchical polynomials bases of Si , are
considered. Then, we also evaluate the local error indicators from Hsh,p—l (un), and
we denote the corresponding values by 17?{1 for all K € T5. Obviously, Is, ,_, (us)
does not satisfy the hat-function orthogonality (3.6). However, n?{l is not used for an
error estimate but only for the smoothness indicator.
We define the following local smoothness indicator:
g = K VK € Th. (4.2)

-1
77P

Assume that the local smoothness of the exact solution can be quantified by the real
number rx > 1 such that u|x € H"¥ (K). Then, finite element approximation theory
indicates that gx = O(hi) with 8=1ifpx+1<rk,B€(0,1)if rx € (px,prx +1),
and B8 = 0 if rx < px. We expect that if u € H™¥(K), then the optimal local
polynomial degree px satisfies

prx <rx <prx +1. (4.3)
We define the limit values
Gh=hyl? G =ntc (4.4)

Assuming without loss of generality that hx < 1, we observe that G% < 1 < GY%.
This leads us to the following heuristics:
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o If gx < G%, we expect that px + 1 < rx, and we should increase px.
o If g > G'%, we expect that rx < px, and we should decrease px.
o If G% < g < G%, we keep px unmodified.

Let us notice that in practical computations, the case where gx > G% seldom appears.

4.3 hp-adaptation algorithms

Let @ > 0 be a given error tolerance. Our aim is to adapt the mesh and the polynomial
degrees in order to satisfy the condition

n<w, (4.5)

where 7 is the global error indicator. In order to fulfil (4.5), we simply require that

w
V#Tn

where #7n denotes the number of elements in the mesh. The equidistribution con-
dition (4.6) is stronger than (4.5); its advantage is that all elements can be adapted
at once without any sorting. In practice, we actually set wx := crw/+/#7Tn where
cr = 1/2 is a safety factor.

We first introduce a simple Algorithm 1 consisting only of refinements, that is,
either the polynomial degree is increased, or the mesh size is halved locally.

VK € T, (4.6)

g < Wk 1=

Algorithm 1 Simple hp-adaptive algorithm
let up, € Spp and @ > 0 be given
for all K €7, do
let hxg = diam(K) and let px be the corresponding polynomial degree
compute ng as in Theorem 3.3, gk by (4.2), and wk by (4.6)
if Nk > wr then
if gx <G% then

PEY =pg+1; p:=1 (p-refinement)
else
PEY = pk; pi=2 (h-refinement)
end if
end if
W™ = hi/p
end for

A more computationally-effective Algorithm 2, also allows for decreasing the poly-
nomial degree or for local coarsening of the mesh. The modification of the local mesh
size is driven by the criterion

hK™ = hk/p, = cr (nx/wr)"/PE (4.7)

where cr = 1.25 is again a safety factor. This formula is motivated by the relations
ni &~ chh¥ and wk ~ c(hE")PX, from which we can eliminate the unknown constant
c. In order to avoid a strong refinement, we additionally restrict p < 2. Moreover, if
the local error indicator nx is several times smaller (in our computations ten times
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smaller) than the local tolerance wg, we carry out a coarsening using again (4.7)
new

evaluated with pi™.

Algorithm 2 Full hp-adaptive algorithm

let up, € Spp and w > 0 be given
for all K € 7;, do
let hxg = diam(K) and let px be the corresponding polynomial degree
compute nx as in Theorem 3.3, gk by (4.2), and wg by (4.6)
if nxg > wk then
if gx <G% then
PRy = pr + 1 p:i=1 (p-refinement)
else

Pk
end if
else if nx < wk /10 then
if gx < G% then
PivY = pi + 1, p o= (g /wr)/Pxt) (h-modification & p-

‘= PK; p = (nK/wK)l/pK (h-refinement)

refinement)
else if GI;( <gg < G% then
PRV = pk; p = (nr/wK)/PK (h-modification)

else if GY% < gx then

PRy = pr — 1 p o= (ni/wg)/PrY (h-modification & p-
derefinement)
end if
end if
h9EY 1= hy /min(p, 2)
end for

new

Algorithms 1 and 2 define for each K € Tj, new values hi™ and pi¢™. Consequently,
we generate a new mesh 7,'°" which consists of isotropic triangles. The length of edges
of each K’ € T,V should be approximately equal to h%", where K € T}, is the closest
triangle to K’ € 7,"°V. In practice, for the barycentre of each K € T, we define an
isotropic Riemann metric (the Euclidean metric scaled by 1/h%™). Then, with the
aid of the code ANGENER [14], we create T,°", see [13, 15] for more details. The
elementwise constants pi™, K € Ty, are then interpolated onto 7,*°".

4.4 Implementation of the mixed finite element solves

The patchwise mixed finite element problems (3.7) and (3.15) are solved using the
Schur complement and a direct solver. An important issue when the polynomial
degree grows is the choice of basis functions so as to tame the growth of the condition
number of the corresponding mass matrices. Starting with the usual shape functions
that constitute the dual basis of the canonical degrees of freedom of the Raviart—
Thomas finite element, significant improvements in the condition number of the mass
matrix are observed if a Gram—Schmidt process is applied to orthogonalize the shape
functions attached to cell-based degrees of freedom. A further marginal reduction
of the condition number is achieved if suitable linear combinations are formed to
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p original cell orth. cell and face orth.
1 | 2.24E401 | 2.77E401 3.60E+01
2 1.78E+02 | 1.09E+02 1.07E+02
3 | 4.74E4+03 | 2.44E402 2.02E4-02
4 | 1.42E405 | 5.41E402 3.93E+02
5 | 4.66E+06 | 1.10E+403 6.24E+02
6 1.46E+08 | 2.34E+03 9.63E+02
7 | 443E409 | 5.18E+03 1.16E+03

Tab. 1: Mass matrix condition number for the local mixed finite element prob-
lems with various choices of the basis functions as a function of polyno-
mial degree p, generic shape-regular patch

orthogonalize cell- and face-based shape functions. Elemental results are presented in
Table 1.

5 Numerical examples

In this section we first check the behavior of the derived estimates for a smooth solu-
tion. We then study the computational performance of the hp-adaptive Algorithms 1
and 2 producing a sequence of non-nested unstructured hp-grids for three singular
benchmark solutions from [23]. In each case, we consider the problem (2.1) with
I'p = 0. The right-hand side f and the Dirichlet datum up are evaluated from the
known exact solution.

5.1 A smooth solution

We first consider Q = (0,1) x (0,1) and u(z1,z2) = sin(27z1)sin(27rz2). Here a
given sequence of four unstructured non-nested grids is considered, with SIPG and
NIPG (4.1) methods and polynomial approximations up to order 6 (similar results
on uniformly refined nested grids in the IIPG case were already presented in [18,
Section 5]). The penalty parameter a was chosen a = 5p® for SIPG and a = 1 for
NIPG. The results are presented in Tables 2-3, where ||u—up||3 := Dece,, ho M T2 [u—
up]||2 is the jump seminorm and |u — un||pg := |[Vu — &(un)|® + ||u — unl|3 is the
DG norm. The estimator n and its components are given by Theorem 3.3; the full
DG estimator is ndg := 7% + ||u — un||3. The tables also report the effectivity indices
It .= m and I, .= G Agymptotic exactness is observed in both

lu—urllpc
cases, similarly to [18, Section 5].

5.2 Case 1: re-entrant corner singularity
Here Q := (—1,1)?\ [0,1]* and

u(r, @) = r*/%sin(2¢/3), (5.1)

where (7, @) are the polar coordinates. In this case f = 0. Owing to the re-entrant
corner, this problem features a singularity at the origin such that uw € H®/ 374 (Q),
Ve > 0. Henceforth, we consider the incomplete version (¢ = 0) with o = 20; note
that [|[Vu — &(un)|| = |[V(u — up)|| in this case, cf. (3.27). The presence of the
singularity does not allow faster convergence than O(hQ/ 3) for uniformly refined grids.
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h__ p[IVu—8 ()l lu—uply lu—uplpc| 7cR __ Mosc __inc ___uBC n___mpg |17 IEG
ho 1 1.07E-00 1.92E-01 1.09E-00 1.12E-00 5.55E-02 4.16E-01 1.09E-09|1.25E-00 1.26E-00(1.17 1.16
zh0/2 1 5.56E-01 7.28E-02 5.61E-01 5.71E-01 7.42E-03 1.82E-01 2.20E-10(6.07E-01 6.11E-01(1.09 1.09
~hgp/4 1 2.92E-01 2.82E-02 2.93E-01 2.96E-01 1.04E-03 8.77E-02 4.54E-11|3.10E-01 3.11E-01|1.06 1.06
~hp/8 1 1.39E-01 9.19E-03 1.39E-01 1.40E-01 1.10E-04 3.85E-02 7.45E-12|1.45E-01 1.45E-01(1.04 1.04
hq 2 1.54E-01 1.76E-02 1.55E-01 1.55E-01 5.10E-03 3.05E-02 1.41E-10|1.63E-01 1.64E-01|1.06 1.06
~hg/2 2 4.07E-02 4.66E-03 4.09E-02 4.13E-02 3.53E-04 7.55E-03 2.20E-11|4.23E-02 4.26E-02|1.04 1.04
~hg/4 2 1.10E-02 1.26E-03 1.11E-02 1.12E-02 2.51E-05 1.97E-03 2.11E-12|1.14E-02 1.15E-02(1.03 1.03
'A‘hyo/S 2 2.50E-03 2.90E-04 2.52E-03 2.54E-03 1.30E-06 4.21E-04 1.57E-13|2.57E-03 2.59E-03|1.03 1.03
hq 3 1.37E-02 3.96E-04 1.37E-02 1.37E-02 3.58E-04 1.74E-03 1.35E-11|1.41E-02 1.41E-02|1.03 1.03
~hp/2 3 1.85E-03 4.53E-05 1.85E-03 1.85E-03 1.26E-05 2.10E-04 8.24E-13|1.88E-03 1.88E-03|1.01 1.01
~hg/4 3 2.60E-04 4.79E-06 2.60E-04 2.60E-04 4.73E-07 2.54E-05 4.23E-14|2.62E-04 2.62E-04(1.01 1.01
~hg/8 3 2.75E-05 3.75E-07 2.75E-05 2.75E-05 1.15E-08 2.55E-06 8.51E-15(2.76E-05 2.76E-05|1.01 1.01
ho 4 9.87E-04 2.95E-05 9.87E-04 9.84E-04 2.12E-05 1.11E-04 5.61E-13|1.01E-03 1.01E-03|1.02 1.02
~hp/2 4 6.92E-05 2.06E-06 6.93E-05 6.92E-05 3.96E-07 7.44E-06 2.09E-13|7.00E-05 7.00E-05|1.01 1.01
~hp/4 4 5.04E-06 1.42E-07 5.04E-06 5.04E-06 7.58E-09 4.98E-07 1.36E-13|5.07E-06 5.07E-06|1.01 1.01
~hp/8 4 2.58E-07 7.61E-09 2.59E-07 2.58E-07 8.96E-11 2.47E-08 7.63E-14|2.60E-07 2.60E-07|1.01 1.01
hq 5 5.64E-05 6.76E-07 5.64E-05 5.63E-05 1.06E-06 4.50E-06 1.76E-12|5.75E-05 5.75E-05(|1.02 1.02
~hg/2 5 2.01E-06 2.18E-08 2.01E-06 2.01E-06 9.88E-09 1.46E-07 1.61E-12|2.03E-06 2.03E-06|1.01 1.01
~hg/4 5 7.74E-08 6.04E-10 7.74E-08 7.73E-08 1.01E-10 4.35E-09 1.64E-12|7.76E-08 7.76E-08|1.00 1.00
~hp/8 5 1.86E-09 1.18E-11 1.86E-09 1.86E-09 1.70E-12 1.00E-10 7.51E-13|1.86E-09 1.86E-09(1.00 1.00
hg 6 2.85E-06 3.70E-08 2.85E-06 2.85E-06 4.70E-08 2.18E-07 3.04E-11|{2.90E-06 2.90E-06(1.02 1.02
~hp/2 6 5.42E-08 6.78E-10 5.42E-08 5.42E-08 2.40E-10 4.02E-09 3.29E-11(5.46E-08 5.46E-08|1.01 1.01
~hg/4 6 1.07E-09 1.20E-11 1.07E-09 1.07E-09 1.03E-11 6.90E-11 2.16E-11|1.08E-09 1.08E-09|1.01 1.01
Tab. 2: Errors and estimates for a smooth solution, SIPG method

N eff reff

h plIVu—&(up)|l [l[u—uplly lu—upllpg| ncR Nosc INC nBC n g |1 G
hg 1 1.08E-00 1.69E-01 1.09E-00 8.05E-01 5.55E-02 7.98E-01 1.09E-09(1.17E-00 1.18E-00|1.09 1.09
~hgp/2 1 5.50E-01 7.52E-02 5.55E-01 4.18E-01 7.42E-03 3.75E-01 2.20E-10|5.66E-01 5.71E-01{1.03 1.03
~hp/4 1 2.84E-01 3.34E-02 2.86E-01 2.18E-01 1.04E-03 1.86E-01 4.54E-11|2.87E-01 2.89E-01(1.01 1.01
~hp/8 1 1.34E-01 1.19E-02 1.35E-01 1.04E-01 1.10E-04 8.64E-02 7.45E-12|1.36E-01 1.36E-01|1.01 1.01
ho 2 1.65E-01 4.82E-02 1.72E-01 1.41E-01 5.10E-03 1.71E-01 1.41E-10|2.24E-01 2.30E-01{1.36 1.33
zh0/2 2 4.28E-02 1.25E-02 4.46E-02 3.67TE-02 3.53E-04 4.74E-02 2.20E-11(6.01E-02 6.14E-02(1.41 1.38
~hg/4 2 1.14E-02 3.37E-03 1.19E-02 9.86E-03 2.51E-05 1.29E-02 2.11E-12|1.63E-02 1.66E-02|1.43 1.40
~hp/8 2 2.58E-03 7.93E-04 2.70E-03 2.24E-03 1.30E-06 2.99E-03 1.56E-13|3.74E-03 3.82E-03|1.45 1.42
hq 3 1.53E-02 1.25E-03 1.54E-02 1.34E-02 3.58E-04 9.19E-03 1.35E-11|1.65E-02 1.66E-02|1.08 1.08
~hg/2 3 2.07E-03 1.66E-04 2.07E-03 1.79E-03 1.26E-05 1.22E-03 8.24E-13|2.18E-03 2.18E-03|1.05 1.05
~hg/4 3 2.99E-04 2.00E-05 2.99E-04 2.64E-04 4.73E-07 1.59E-04 4.26E-14|3.08E-04 3.09E-04|1.03 1.03
'A‘hyo/S 3 3.16E-05 1.68E-06 3.17E-05 2.82E-05 1.15E-08 1.60E-05 8.38E-15|3.24E-05 3.25E-05|1.02 1.02
hq 4 1.11E-03 1.22E-04 1.12E-03 9.80E-04 2.12E-05 7.21E-04 5.19E-13|1.23E-03 1.24E-03(1.11 1.11
~hp/2 4 7.71E-05 8.21E-06 7.75E-05 6.89E-05 3.96E-07 5.08E-05 2.27E-13|8.59E-05 8.63E-05(1.11 1.11
~hgp/4 4 5.66E-06 5.94E-07 5.69E-06 5.05E-06 7.58E-09 3.76E-06 1.38E-13|6.30E-06 6.33E-06(1.11 1.11
~hp/8 4 2.89E-07 3.19E-08 2.91E-07 2.58E-07 8.96E-11 1.96E-07 7.45E-14|3.24E-07 3.26E-07(1.12 1.12
ho 5 6.23E-05 3.08E-06 6.24E-05 5.62E-05 1.06E-06 3.23E-05 1.92E-12|6.57E-05 6.58E-05|1.05 1.05
~hp/2 5 2.26E-06 1.01E-07 2.27E-06 2.04E-06 9.88E-09 1.17E-06 1.71E-12|2.36E-06 2.36E-06|1.04 1.04
~hp/4 5 8.86E-08 3.15E-09 8.87E-08 8.17E-08 1.01E-10 3.90E-08 1.59E-12|9.06E-08 9.06E-08|1.02 1.02
~hp/8 5 2.11E-09 6.47E-11 2.12E-09 1.96E-09 1.70E-12 9.02E-10 7.13E-13|2.16E-09 2.16E-09[1.02 1.02
hq 6 3.18E-06 1.90E-07 3.18E-06 2.91E-06 4.70E-08 1.66E-06 2.96E-11|3.39E-06 3.39E-06|1.07 1.07
~hg/2 6 6.00E-08 3.27E-09 6.01E-08 5.57E-08 2.40E-10 3.07E-08 2.85E-11|6.38E-08 6.39E-08|1.06 1.06
f:ho/él 6 1.20E-09 6.34E-11 1.20E-09 1.12E-09 1.03E-11 6.01E-10 2.06E-11|1.28E-09 1.28E-09|1.07 1.07

Tab. 3: Errors and estimates for a smooth solution, NIPG method

We carried out computations with @ = 10~* by both Algorithms 1 and 2. Fig-
ure 2, left, compares the convergence of the error estimator 7 with respect to the
degrees of freedom (DoF). Figure 2, right, compares the convergence of the energy
error ||V(u —up)|| and of its estimator . We observe that Algorithm 1 leads to an
exponential order of convergence. Incidentally, the experimental order of convergence
is increasing here with respect to levels of adaptation (the decrease of the error is faster
than any linear decrease in logarithmic scale, cf. Figure 2). The full Algorithm 2 is
still more efficient due to the possibility to decrease DoF.

Table 4 shows the computational errors and the values of the various components
of the error estimator 7 according to (3.4b). We observe that the effectivity index takes
roughly constant values comprised between 1.6 and 2. Furthermore, Figure 3 shows
the final hp-grids with their details obtained by both algorithms. Finally, Figure 4
shows the hp-grids with their details for selected levels of adaptation obtained by
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Fig. 2: Case 1, estimates n (and error |V (u — uy,)||) with respect to DoF, com-
parison of Algorithms 1 and 2 (left) and Algorithm 2 (right)

lev. #7T, DoF | |[V(u— up)ll NCR TNosc NC nBC n It
0 114 684 6.22E-02 6.63E-02 1.89E-15 4.48E-02 3.81E-02 1.05E-01 | 1.69
1 122 1180 4.28E-02 4.27E-02 1.18E-14 3.08E-02 2.92E-02 7.29E-02 | 1.70
2 139 1919 3.28E-02 3.37TE-02 8.21E-14 2.09E-02 2.12E-02 5.36E-02 | 1.64
3 165 2573 2.32E-02 2.30E-02 3.88E-13 1.50E-02 1.03E-02 3.41E-02 | 1.47
4 174 2858 1.02E-02 1.01E-02 4.48E-13 8.22E-03 9.19E-03 1.99E-02 | 1.96
5 199 3351 6.27E-03 6.21E-03 1.12E-12 4.81E-03 6.18E-03 1.25E-02 | 2.00
6 237 3926 4.21E-03 4.23E-03 1.98E-12 3.15E-03 3.29E-03 7.66E-03 | 1.82
7 285 4537 2.84E-03 2.91E-03 7.47E-12 2.13E-03 2.42E-03 5.33E-03 | 1.88
8 338 5257 2.04E-03 2.19E-03 4.63E-11 1.45E-03 1.32E-03 3.51E-03 | 1.72
9 372 5658 1.21E-03 1.23E-03 1.11E-11 9.07E-04 9.99E-04 2.26E-03 | 1.87
10 426 6500 7.70E-04 7.69E-04 5.69E-11 5.55E-04 6.95E-04 1.46E-03 | 1.89
11 453 7010 4.95E-04 5.04E-04 9.77E-11 3.97E-04 4.74E-04 9.91E-04 | 2.00
12 469 7308 3.41E-04 3.47E-04 1.13E-10 2.55E-04 2.88E-04 6.40E-04 | 1.88
13 463 7286 2.42E-04 2.42E-04 1.39E-10 1.73E-04 1.94E-04 4.37E-04 | 1.81
14 458 7215 1.69E-04 1.69E-04 1.23E-10 1.19E-04 1.53E-04 3.17E-04 | 1.88
15 440 6955 1.29E-04 1.31E-04 1.45E-10 9.21E-05 9.10E-05 2.24E-04 | 1.73
16 435 7035 9.71E-05 9.91E-05 1.39E-10 6.89E-05 7.63E-05 1.74E-04 | 1.79
17 434 7167 8.52E-05 8.97E-05 1.41E-10 5.76E-05 5.47E-05 1.42E-04 | 1.67
18 419 6960 7.51E-05 7.97E-05 1.44E-10 5.00E-05 4.15E-05 1.21E-04 | 1.60
19 410 6838 6.06E-05 6.35E-05 1.47E-10 3.87E-05 3.65E-05 9.69E-05 | 1.60

Tab. 4: Case 1, Algorithm 2: convergence of the error and of the estimate and

with its components

Algorithm 2.

5.3 Case 2: circular front

The computational domain and the exact solution are here = (0,1)? and

u(x1,x2) = tanfl(m(r —70)),

(5.2)

where r = ((x1 —%1)? + (22— £2)?)"/? and where Z; = Z» = 0.5, m = 50, and ro = 0.25.

The solution has a steep wave front in the interior of the domain. Due to the tan™

1
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Fig. 3: Case 1, comparison of Algorithms 1 and 2: final hp-grids with details
around the origin

lev.  #Thn DoF | ||[V(u — upn)|| 1CR TNosc NG nBC n It
0 64 384 7.05E400 5.52E4+00 2.47E+01 1.77E-01 1.71E-04 2.93E+401 | 4.15
1 168 1040 4.91E+00 3.57TE4+00 9.48E+00 8.44E-02 6.33E-05 1.30E+01 | 2.65
2 524 3560 2.09E4-00 1.87E+4+00 2.22E+00 3.26E-02 3.22E-06 3.98E-+00 | 1.91
3 1370 9826 6.99E-01 6.74E-01 2.75E-01 1.26E-02 4.10E-06 9.27E-01 | 1.33
4 3566 25423 1.81E-01 1.81E-01 2.09E-02 3.99E-03 4.54E-06 1.99E-01 | 1.10
5 6746 56553 4.84E-02 4.89E-02 4.28E-03 1.26E-03 4.82E-06 5.13E-02 | 1.06
6 10958 96001 1.25E-02 1.26E-02 1.04E-03 3.38E-04 4.65E-06 1.30E-02 | 1.04
7 21876 171416 3.70E-03 3.73E-03 4.51E-04 1.07E-04 4.50E-06 3.84E-03 | 1.04

Tab. 5: Case 2, Algorithm 2: convergence of the error and of the estimate and
with its components

function, there is also a mild singularity in the center of the circle.

We carried out computations with = 1072 by both algorithms. Figure 5, left,
compares the convergence of the error estimator n with respect to DoF. Figure 5, right,
compares the convergence of the energy error ||V (u — up)|| and of its estimator n. Here,
Algorithms 1 and 2 behave similarly and yield exponential order of convergence.

Table 5 reports the energy errors and the values of the various components of the
error estimator 1. We observe that the effectivity index is very close to 1. Finally,
Figure 6 shows the hp-grids with their details for selected levels of adaptation obtained
by Algorithm 2. We observe a strong h-refinement along the steep circular front and
also around the singularity at the center of the circle.
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Fig. 4: Case 1, Algorithm 2: hp-grids with details around the origin; levels 1, 5,
and 12

5.4 Case 3: interior line singularity
The setting is here Q = (—1,1)? and

cos(mx2/2) for z1 < B(z2 — 1),

wrna) = { ool - s - 1) St 69

with @ = 2 and 8 = 0.6. The solution satisfies u € H***/27¢(Q) for all € > 0 and
features a mild singularity along the line 1 — B(z2 — 1) = 0.

We carried out computations with @ = 10~ by both algorithms. The line singu-
larity is difficult to capture since it is relatively weak. However, without a sufficient
refinement along this line, it is not possible to decrease the computational error under
the given tolerance. Figure 7 again compares ) and ||V (u — up)||. The exponential
order of convergence can be observed only for Algorithm 2.

Table 6 and Figure 8 finally report the error and the estimator with its components
in this last case. The effectivity index takes fairly constant values comprised between
2.3 and 4.4 and we observe an h-refinement along the line singularity, which spreads
only over a few elements in the direction perpendicular to this line.
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Fig. 5: Case 2, estimates n (and error |V (u — uy,)||) with respect to DoF, com-
parison of Algorithms 1 and 2 (left) and Algorithm 2 (right)
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Fig. 6: Case 2, Algorithm 2: hp-grids with details along the circular front; levels
1,3,and 7

References
[1] I. BABUSKA AND M. SuRl, The p and h-p versions of the finite element method,
basic principles and properties, SIAM Rev., 36 (1994), pp. 578-632.

[2] D. BrRAESS, V. PILLWEIN, AND J. SCHOBERL, Equilibrated residual error estimates
are p-robust, Comput. Methods Appl. Mech. Engrg., 198 (2009), pp. 1189-1197.



ROBUST hp-REFINEMENT STRATEGIES 23

AIgorilthm 1, estimate I Algc;rithm 2, error ==
Algorithm 2, estimate ---x--- % Algorithm 2, estimate ---x---
0.01 ¢ 0.01
pS
\‘x\
0.001 3 % 0.001
X,
X
*
0.0001 ’; 0.0001
1e-05 1e-05
10000 100000 10000 100000

Fig. 7: Case 3, estimates n (and error |V (u — uy,)||) with respect to DoF, com-
parison of Algorithms 1 and 2 (left) and Algorithm 2 (right)
lev. #Tn  DoF | [V (u— un)ll nCR Nosc INC BC n IS
0 586 3516 | 7.07E-03 |G6.25BE-03 1.05B-02 1.06E-03 3.70E-04 1.64E-02 | 2.32
1 647 6350 | 2.40E-03 | 2.02E-03 6.24E-03 1.19E-04 5.21E-05 8.16E-03 | 3.40
2 883 9653 | 8.56E-04 |7.22E-04 2.69E-03 8.96E-05 1.74E-05 3.38E-03 | 3.95
3 1206 14646 | 4.80E-04 | 3.44E-04 1.17E-03 2.07E-05 2.71E-05 1.49E-03 |3.11
4 1840 21822 | 227E-04 |1.95E-04 6.49E-04 1.21E-05 2.03E-05 8.39E-04 | 3.70
5 2217 27218 | 9.78E-05 | 7.59E-05 2.97E-04 1.03E-05 9.17E-06 3.69E-04 | 3.77
6 2683 33940 | 6.00E-05 |4.72E-05 1.82E-04 3.30E-06 2.30E-06 2.27E-04 | 3.79
7 3113 39196 | 4.00E-05 |3.32E-05 1.44E-04 3.14E-06 3.15E-06 1.75E-04 | 4.38
8 3519 44853 | 2.52E-05 | 1.88E-05 9.57E-05 3.03E-06 3.87E-06 1.12E-04 | 4.4
9 3618 47837 | 2.02E-05 | 1.47E-05 5.90E-05 8.32E-07 6.85E-07 7.24E-05 | 3.58

Tab. 6: Case 3, Algorithm 2: convergence of the error and of the estimate and

3]
(4]
[5]

[6]

with its components

D. BRAESS AND J. SCHOBERL, Equilibrated residual error estimator for edge ele-
ments, Math. Comp., 77 (2008), pp. 651-672.

S. C. BRENNER, Poincaré-Friedrichs inequalities for piecewise H' functions,
SIAM J. Numer. Anal., 41 (2003), pp. 306-324.

F. BrEZZI AND M. FORTIN, Mized and hybrid finite element methods, vol. 15 of
Springer Series in Computational Mathematics, Springer-Verlag, New York, 1991.

C. CARSTENSEN AND C. MERDON, Computational survey on a posteriori error
estimators for nonconforming finite element methods for the Poisson problem, J.
Comput. Appl. Math., 249 (2013), pp. 74-94.

P. G. CIARLET, The Finite Element Method for Elliptic Problems, vol. 4 of Studies
in Mathematics and its Applications, North-Holland, Amsterdam, 1978.

M. COSTABEL AND A. MCINTOSH, On Bogovskii and regularized Poincaré integral
operators for de Rham complexes on Lipschitz domains, Math. Z., 265 (2010),
pp. 297-320.



ROBUST hp-REFINEMENT STRATEGIES

24

total view

~1.OE+00

zoom 10x

~1.0E-01

Fig.

[9]
[10]
[11]
[12]
[13]

[14]

[15]
[16]

[17]

18]

level 4 level 9

IY4)YAVAVAVAVAVAVAVAVAVAVAVAVAYY
R R RIS R RIS
SR
‘gIgﬂA N AE%V

JAN

VAVAVANAVAVAN A
RIS
S SPRKIK]

SRSERPERREL
PRSI O]
R NSKDRCOAN
RIS
AR
N ﬂ<
o
_VAVAVAVAYAVAV

S
VAVAVAVAN

S B

0.0E+00

1.OE-01 —1.0E-01 0.0E+0 1.OE-01 —1.0E-01

8: Case 3, Algorithm 2: hp-grids with details along the interior layer; levels
1,4, and 9

L. DEMKOWICZ, J. GOPALAKRISHNAN, AND J. SCHOBERL, Polynomial extension
operators. Part III, Math. Comp., 81 (2012), pp. 1289-1326.

L. DeEmkowicz, W. RAcHOwICZ, AND P. DEvVLOO, A fully automatic hp-
adaptivity, J. Sci. Comput., 17 (2002), pp. 117-142.

P. DESTUYNDER AND B. METIVET, Ezplicit error bounds in a conforming finite
element method, Math. Comp., 68 (1999), pp. 1379-1396.

D. A. D1 PIETRO AND A. ERN, Mathematical Aspects of Discontinuous Galerkin
Methods, vol. 69 of Mathématiques & Applications, Springer-Verlag, Berlin, 2011.
V. DoLEJSI, Anisotropic mesh adaptation for finite volume and finite element
methods on triangular meshes, Comput. Vis. Sci., 1 (1998), pp. 165-178.

, ANGENER - software package, Charles University Prague, Faculty of
Mathematics and Physics, 2000. http://www.karlin.mff.cuni.cz/~dolejsi/
angen/angen.htm.

, Anisotropic mesh adaptation technique for viscous flow simulation, East-
West J. Numer. Math., 9 (2001), pp. 1-24.

T. EIBNER AND J. M. MELENK, An adaptive strategy for hp-FEM based on testing
for analyticity, Comput. Mech., 39 (2007), pp. 575-595.

A. ERN AND M. VOHRALIK, Adaptive inexact Newton methods with a posteriori
stopping criteria for nonlinear diffusion PDEs, SIAM J. Sci. Comput., 35 (2013),
pp- A1761-A1791.

, Polynomial-degree-robust a posteriori estimates in a unified setting for
conforming, monconforming, discontinuous Galerkin, and mixed discretizations,
SIAM J. Numer. Anal., 53 (2015), pp. 1058-1081.



http://www.karlin.mff.cuni.cz/~dolejsi/angen/angen.htm
http://www.karlin.mff.cuni.cz/~dolejsi/angen/angen.htm

ROBUST hp-REFINEMENT STRATEGIES 25

[19]

[20]

21]
[22]
[23]

[24]

[25]
[26]

[27]
[28]

[29]
[30]

31]

W. Gui AND 1. BABUSKA, The h, p and h-p versions of the finite element method
in 1 dimension. III. The adaptive h-p version, Numer. Math., 49 (1986), pp. 659
683.

P. HousToN AND E. SULI, A note on the design of hp-adaptive finite element
methods for elliptic partial differential equations, Comput. Methods Appl. Mech.
Engrg., 194 (2005), pp. 229-243.

K.-Y. KiMm, A posteriori error analysis for locally conservative mized methods,
Math. Comp., 76 (2007), pp. 43-66.

P. LADEVEZE AND D. LEGUILLON, Error estimate procedure in the finite element
method and applications, STAM J. Numer. Anal., 20 (1983), pp. 485-509.

W. F. MITCHELL, A collection of 2D elliptic problems for testing adaptive grid
refinement algorithms, Appl. Math. Comput., 220 (2013), pp. 350-364.

W. F. MITCHELL AND M. A. McCLAIN, A comparison of hp-adaptive strategies
for elliptic partial differential equations, ACM Trans. Math. Software, 41 (2014),
pp. Art. 2, 39.

S. NICAISE, A posteriori error estimations of some cell-centered finite volume
methods, STAM J. Numer. Anal., 43 (2005), pp. 1481-1503.

J. E. ROBERTS AND J.-M. THOMAS, Mized and hybrid methods, in Handbook of
Numerical Analysis, Vol. II, North-Holland, Amsterdam, 1991, pp. 523-639.

C. SCHWAB, p- and hp-Finite Element Methods, Clarendon Press, Oxford, 1998.

P. SoLiN, Partial differential equations and the finite element method, Pure and
Applied Mathematics, Wiley-Interscience, New York, 2004.

P. SoLiN AND L. DEMKOWICZ, Goal-oriented hp-adaptivity for elliptic problems,
Comput. Methods Appl. Mech. Engrg., 193 (2004), pp. 449-468.

A. VEESER AND R. VERFURTH, Poincaré constants for finite element stars, IMA
J. Numer. Anal., 32 (2012), pp. 30-47.

R. VERFURTH, A posteriori error estimation techniques for finite element meth-
ods, Numerical Mathematics and Scientific Computation, Oxford University
Press, Oxford, 2013.



