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HOMOGENIZATION OF MATERIALS WITH SIGN CHANGING
COEFFICIENTS*

RENATA BUNOIUT AND KARIM RAMDANI#

Abstract. We investigate a periodic homogenization problem involving two isotropic materials
with conductivities of different signs: a classical material and a metamaterial (or negative material).
Combining the T-coercivity approach and the unfolding method for homogenization, we prove well-
posedness results for the initial and the homogenized problems and we obtain a convergence result.
These results are obtained under the condition that the contrast between the two conductivities is
large enough in modulus. The homogenized matrix, is generally anisotropic and indefinite, but it is
shown to be isotropic and (positive or negative) definite for particular geometries having symmetries.
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1. Introduction

In optics, metamaterials (also known as negative or left-handed materials), have
known a growing interest in the last two decades. These artificial composite materials
exhibit the property of having negative dielectric permittivity and magnetic permeabil-
ity in a certain range of frequency, leading hence to materials with negative refractive
index and super lens effects. For a brief overview on metamaterials, we refer the inter-
ested reader to the review papers by Shamonina and Solymar [31] and Smith, Pendry,
and Wiltshire [32]. From a mathematical viewpoint, Bouchitté et al. proposed a rigorous
derivation and a mathematical justification of negative materials for Maxwell’s system
through a homogenization process (see [9-11,19]). Similar results have been established
in phononics by Avila et al. [4]. Motivated by the study of metamaterials, many au-
thors have investigated the questions of well-posedness and numerical approximation of
boundary value problems involving sign changing coefficients. For scalar transmission
problems, let us mention the works of Bonnet-Ben Dhia et al. [5,7], Chesnel and Ciarlet
Jr. [14], Chung and Ciarlet Jr. [15], Nicaise and Venel [25]. Time harmonic Maxwell’s
equations with sign changing coeflicients have been investigated by Bonnet-Ben Dhia,
Chesnel and Ciarlet Jr. [6], Fernandes and Raffetto [20], Oliveri and Raffetto [26]. For
Maxwell’s system in the time domain (see Li and Huang [23] and references therein).

More recently, physicists and mathematicians have been interested in periodic struc-
tures involving positive and negative materials, especially in the context of cloaking.
For instance, Tricarico et al. [33] used alternating stacked plasmonic and non-plasmonic
cylindrical layers to obtain Epsilon-Near-Zero (ENZ) metamaterials (i.e. metamaterials
with close-to-zero values of the permittivity). Pendry and Ramakrishna [27] also used
a stack of sign changing layers to refine the design of perfect lens. Jacob et al. [21] and
Salandrino and Engheta [30] showed that a hyperlens can be designed using a multi-
coated cylinder (or sphere) with many sign changing thin coatings. A mathematical
analysis of cloaking effects —when obtained via sign changing coefficients— can be found
in Bouchitté and Schweizer [12], Milton and Nicorovici [24], Ammari et al. [3].
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Fic. 1.1. The domain Q:ﬁfUQg containing positive and negative materials.

In this work, we propose a mathematical analysis of the homogenization problem for
indefinite systems, i.e. composite materials involving two materials with different signs.
For the sake of simplicity, all the results are stated in dimension two, although they
obviously hold true in higher dimension. Let us consider a bounded open domain €2 in R?
with Lipschitz boundary I'= 0. We assume that ) contains e-periodically distributed
inclusions of size € >0 occupying a domain denoted 2. The domain exterior to the
inclusions QF = Q\ O is supposed to be connected (see Figure 1.1). Given f€ H (),
consider the problem

(1.1)

(SR

—div(c®Vu®) = f, in Q
u® =0, onl.’

where the matrix ¢ is given by

10
06(3;):(0@192(3:)—#@]195 (x)) <0 1) , (1.2)
in which o, and o; are two real numbers satisfying
00 <0.

This last condition represents the main difference with the classical elliptic case, whose
homogenization is by now very well understood (for a short introduction, see for instance
Allaire [2] and references therein). In the standard elliptic case, the well-posedness of
the initial problem (1.1) and the homogenized problem (including the cell problems) are
strongly based on the ellipticity of o¢. For sign changing matrices like the one considered
in this paper, one has to obtain these well-posedness results in a different way. To achieve
this, we use here the so-called T-coercivity approach introduced in Bonnet, Ciarlet, and
Zwolf [7] and we adapt it to the particular context of homogenization. We are then
able to recover the same type of results known for the elliptic case provided the contrast
between the two materials is large enough, .e. when

>Ry, (13)

for some constant xy depending only on the geometry of the reference cell Y. Note
that the interior and exterior domains do not play symmetric roles due to the Dirichlet
boundary condition on I'. This is why we can not expect similar results for the case of
low contrasts.
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The paper is organized as follows: Section 2 is devoted to the question of well-
posedness. We prove that under condition (1.3), problem (1.1) admits for all e>0 a
unique solution u® € H}(2) which is uniformly bounded with respect to € (see Theorem
2.6). In Section 3, we derive the unfolded limit of problem (1.1) as ¢—0 and we
prove a convergence result (Theorem 3.1). The limit problem is proved to be well-posed
(Theorem 3.2). Finally, Section 4 is devoted to the analysis of the homogenized problem.

2. Some well-posedness results for sign changing problems

This section is devoted to the proof of the well-posedness of the problem (1.1). Let
us start with a more precise description of the geometry.

Without loss of generality, let Y =[0,1]? denote the reference cell and assume that
Y is composed of two materials: a dielectric material (positive material) and a metama-
terial (negative material) located in the two subdomains Y, and Y; =Y\ Y, (see Figure
2.1). The positive material can be indifferently located in Y, or Y;. We assume that
the interface ¥.=0Y,.NAY; (which is also the boundary of Y;) is Lipschitz and that
¥NIJY =@. Given o.,0; such that o.0; <0, we define the 2 x 2 matrix-valued function
o€ L>®(Y;R?%2) by

o) =t r. () +a 1.0 ).

For any £ >0 and any integer vector k € Z2, we define the shifted cells:
Yile,k) =e(k+Yi).
The interior periodic subdomain of €2 is then given by

0f = | J{Yi(e,k) | Yi(e, k) c @},
keZ

and we set

With the above notation, the function o€ L>(Q;R?*?) defined by (1.2) can also be
written as

og(x)zo(—), Ve

Fia. 2.1. The unit cell Y composed of a positive and a negative material.
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2.1. Background on T-coercivity. The T-coercivity approach has been
introduced in [7] to study the well-posedness of indefinite (i.e. sign changing) boundary
value problems arising in electromagnetic wave propagation. We refer the interested
reader to [5] for a more detailed discussion on the T-coercivity and its use for the study of
well-posedness of sign changing transmission problems. Approximation and convergence
issues for sign changing problems can be found in [7]. Finally, let us emphasize that the
T-coercivity has also been used in [8] to investigate the so-called interior transmission
eigenvalue problem appearing in some scattering inverse problems [13].

DEFINITION 2.1 (T-coercivity). Let T € L(V') be an isomorphism on a Hilbert space V
equipped with the norm ||-||. A bilinear form a(-,-) on V xV is called T-coercive if there
exists v >0 such that

Ja(u, Tu)| = [ul]*.

The next theorem, which follows immediately from [7, Theorem 2.1], provides an ab-
stract existence and uniqueness result for a family of variational problems depending
on a parameter €. The proof is given for reader’s convenience.

THEOREM 2.1. Let V be a Hilbert space equipped with the norm ||-|| and let (T¢)eso be
a family of uniformly bounded linear invertible operators on V

HTEHZ:(V)<07 V€>07

for some constant C >0 independent of €.
Let €V’ and let a®(-,-) be a bilinear form on V such that there exists ~y,M >0 such
that

|a® (u,0)| < MJul[[], Vuvev,

and
|a® (u, Tu)| > |ull?, VueV. (2.1)
Then, the variational problem
Find u® €V such that :a®(u®,v)=L(v), YveV (2.2)

admits for all e >0 a unique solution u® €V and there exists C* >0 independent of €
such that

[l < C7[[€]lv.

Proof. Since T¢ is invertible, problem (2.2) is equivalent to the variational problem
Find u® €V such that :a°(u®,Tv)=£(Tv), YveV. (2.3)
By assumption, the bilinear form b°(-,-) :=a®(-,T*-) satisfies then for all u,v€V:
6% (u,0)| < MCfull||v]] 1% (w,w)| = .

Lax-Milgram lemma applied to the coercive bilinear form b°(-,-):=a°(-,T¢-) and the
linear form ¢¢(-) :=¢(T=-) shows the existence of a unique u® € V satisfying (2.3). More-
over, setting C* =C/~, we have
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< el < e
! d
In order to apply this abstract result to our problem (1.1), the main difficulty is
the construction of a family of operators (T¢).~o such that the uniform T-coercivity
condition (2.1) holds true. To do so, we need two preliminary technical results on

extension operators in the reference cell Y (from Y, to Y) and in Q (from QZ to ).
This is done in the next subsection.

2.2. Extension operators.
LEMMA 2.2. Let P denote the harmonic extension operator from Y, to Y. That is, for
allue H(Y,), (Pu)y, =u in Yo and (Pu)y, satisfies:

—A(Pu) =0 Y;
2% & @4

Then, the operator P € L(HY(Y,.); HY(Y)) satisfies the following conditions
1. Affine functions are invariant by P: for all ¢ €R? and all v ER, we have

(Pe)(Y) = e (), Vyey,

where g (y) =&-y+7-
2. There exists ky >0 depending only on the geometry of Y. such that for all
ue HY(Y,):

IV P22y, < v I Vulliagy,)- (2.5)

Proof.  The first assertion simply follows from the fact that affine functions are
harmonic. To prove the second one, we note that

Pu=P(u— My, (u))+ My, (u),

where the constant My, (u) = |Ye|™* [, u denotes the mean value of u on Y,. Conse-
quently, we have

IV (Pu)||L2(v;) = |V (P(u MYS( u))) |l L2y,
< | Pu— My, ()| a1 vy
< IPlleea( Y)HI(Y N llw—= My, (W)l 1 (v,
<

V1+Crw(Ye) 2| Pl zcar vy () IV (u = My, (w))[ L2¢v,)
= V1+Cpw(Ye)?||Pll o (v y:mr vy VUl 2y,

where we have used the Poincaré-Wirtinger inequality in Ye

l[u =My, (W)l L2(v.) < Crw (Ye) [Vl L2(x), VueH'(Y,).
This shows (2.5) with

ry = (14 Cpw (Ye)*) 1P Z (a1 (v, )i (v))-
.

REMARK 2.3. Among all the possible extension operators from Y. to Y satisfying
an estimate of the form (2.5), one may wonder which operator leads to the smallest
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constant ky. It turns out that it is the harmonic extension operator P defined by (2.4).
Indeed, it follows immediately from (2.4) that

/ V(Pu)-Vo=0, Yuve Hy (V7).
Vi
Therefore, for any extension operator R € L(H' (Ye); H*(Y)) (i.e. such that (Ru)y, =u):
IV(Ru)|?= [ |V(Pu)=V(Pu—Ru)]*= [ |[V(Pu)*+ [ |V(Pu—Ru)l?
Yi Yi Yi Yi
since (Pu— Ru)y, € Hj(Y;). Consequently, we have
IV(Pu)|l2(v) < IV (Bu)l L2(v2), VueH'(Ye).

Using this harmonic extension operator P for the reference cell, we are able to construct
a family of uniformly bounded extension operators from 2% to Q. To do this, we use
a classical result from homogenization theory (see e.g. [18, Theorem 2.10]), which is
recalled below, whose proof is given to make explicit the dependence of the constant
appearing in the estimate (2.6). In particular, it turns out that the (uniform) bound for
the family of extension operators from Qf to € is the same as the one in the reference
cell (and this fact is important to obtain the well-posedness results of subsection 2.4).

PROPOSITION 2.4. Let
Hyp(95)={ue H'(QF) | ur =0}.

Then, there exists a family of continuous extension operators P L(Hy 1(Q2); Hy (2))
such that

(Pu)(z) =u(x), Vo e
and
HV(PEU)”%2(Q) < “Y”VUH%%QQ (2.6)
where Ky is the constant given by Lemma 2.2.

Proof.  Given ue Hj (%), we define for all ke Z? the function uj, € H'(Y) by
setting

ug(y)=u(e(k+y)), WyeYe.
Set

(Peu)(z) = (PuS) (f - k) . Vre(,
€
where P denotes the harmonic extension operator defined in Lemma 2.2. This operator
clearly defines a bounded map from Hj (%) to H (€2). Moreover, on each cell e(k+Y;),

k€ Z?, we have
/ IV (Pou) ()] da = / eIV (Pug) (y) P2 dy
e(k+Y5) Y;

< ky / e~V ug () P2 dy
Ye

= |Vu(x)]? de.
e(k+Y5)

The result follows by summing the above inequalities over k. a
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2.3. Well-posedness in the reference cell. Before establishing the well-
posedness of problem (1.1), we first state a well-posedness result for a similar problem
set in the reference cell with periodic boundary conditions. Solving this simpler problem
(which appears naturally for the study of the so-called cell problems, see Section 4)
allows us to highlight the main steps of the proof for problem(1.1).

Let

W# .= {ueH;(Y); /Yu_o}cﬂl(y), (2.7)

where H;&(Y) is the subspace of H'(Y) constituted of functions satisfying periodic

boundary conditions on 9Y. Thanks to Poincaré-Wirtinger inequality, the space W#
defines a Hilbert space when endowed with the norm

[ull = [ Vull2v)-
For f€(HY(Y))', we investigate the well-posedness of the problem
Find u € W# such that: —div(oVu)=f. (2.8)

Setting
atw)i= [ o)Vul) Vo) dy,  Vuve HIY), (2.9)
Y
the weak formulation of problem (2.8) reads
Find u € W# such that: a(u,v)=(f,v), Yoe W, (2.10)
Throughout the paper, duality will be denoted by integrals for the sake of simplicity.

THEOREM 2.5. Let ky denote the constant in (2.6). If the contrast k:= ’2 satisfies

g;

K> Ry,

then boundary value problem (2.8) (or equivalently its variational formulation (2.10))
admits a unique solution w€ W# depending continuously on f for all f € (H(Y)) sat-
isfying the compatibility condition (f,1)=0.

Proof.  Without loss of generality, we may assume that o, >0 and o; <0 so that
k=0c/|oi|. Let Ty be the operator defined on H'(Y) by

in Ye
Tyu=1{ ¥ m (2.11)
—ujy, +2P(ujy,) inY;.

We clearly have Ty € L(W#) and (Ty)?=1Id. Moreover, for all u€ W# and for all
1n >0, we have

a(wTyu) =a, [ [Vuly)Pdy+loi] | [Vulw)Pdy+20: [ Tuly)- 9 (Pu)y) dy
Ye Y; Yi

i

n

> 0€||Vu|\%2(ye)—|—|oi|HVu||%2(m —|oi|n|\Vu||%2(m - ||V(PU)||%2(yi) <
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where we have used Young’s inequality for the last estimate. Consequently, using (2.5),
we obtain that

Ry
o, Ty ) > |or { <m— n) |Vu||i2<ye>+<1—n>||w|im}-

Thus, if the contrast satisfies k> Ky, we can choose n € (ky/k,1) and get the existence
of a constant >0 such that

a(u, Tyu) > 7] Vul L2y =llull}

for all W#. The conclusion follows then immediately by applying Theorem 2.1 (or
more precisely its simpler version corresponding to the case where the bilinear form is
independent of ¢). O

2.4. Well-posedness of the problem in .  For fc€ H (), we investigate
the well-posedness in H}(€2) of the problem

—div(e*Vu®) = f. (2.12)
The weak formulation of the above problem reads as follows:

Find u® € Hy(Q) such that

1 (2.13)
a(us,0) =(fv)g-1().mi YveH(Y),
where the bilinear form a®(-,-) is defined on H}(Q2) by
as(u,v)::/ o (x)Vu(z) - Vo(x) dz, Yu,v€ Hy (). (2.14)
Q

Using the family of extension operators (P¢) obtained in Proposition 2.4, we are able
now to construct a family of uniformly bounded operators (T¢) and to apply Theorem
2.1. This leads to the main result of this section.

i

THEOREM 2.6. Let ky denote the constant in (2.6). If the contrast k:= satisfies

K> Ky,

then equation (2.12) admits a unique solution u® € H}(Q) for all f € H=1(Q). Moreover,
there exists a constant C >0 such that

VUl L2y SO fll a1 (2.15)
for all e>0.

Proof.  Since the proof is quite similar to the proof of Theorem 2.5, we only sketch
the main differences. Assuming once again for simplicity that o, >0 and o; <0 (so that
k=0c/|oi|), let us define for all £ >0 the following operator on Hg(£2) (endowed with
the norm ||V -[|z2(q)):

u(x) for z € Q)
—u(x)+2(Pu)(xz) for zefs.

(Tu)(z) = {
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We clearly have T¢ € L(H}(Q2)), (T¢)?=1d and the family of operators (T¢).~¢ is uni-
formly bounded in £(H}(Q2)) due to the estimate (2.6) of Proposition 2.4. Moreover,
for all u € H} () and all >0, we have

|oi]
a® (u,Tu) > el Vul Lz +[0il [Vl Loz = loilnl Vel Lo — —

) IV (P*u)l[72 )

Using (2.6), this yields
€ € Ry 2 2
o0 ol { (= "2 ) Il + (= Vg |-

Hence, for x> Ky, there exists a constant v > 0 such that for all v € H}(Q) and all & > 0:

a (u, Tu) 27| Vul 720 -

[

The conclusion follows then from Theorem 2.1.

3. Convergence analysis

In this section, using the uniform estimate (2.15), we first pass to the limit in
problem (1.1) (more precisely in its weak form (2.13)) using the unfolding method for
periodic homogenization. For this step, the non-ellipticity of ¢ plays no role: the proof
is the same as in the elliptic case. However, we prefer to include it for the reader’s
convenience. The obtained limit problem involves two scales (a macroscopic one and a
microscopic one) and is indefinite. It is proved (see Theorem 3.2) to be well-posed for
high contrasts using the T-coercivity.

3.1. Derivation of the unfolded limit problem. In order to pass to the limit
as € tends to zero in problem (2.13), we will use the unfolding method, introduced in [16].
The idea of the unfolding method is to transform oscillating functions defined on the
domain €2 into functions defined on the domain 2 X Y, in order to isolate the oscillations
in the second variable. This transformation, together with a priori estimates, will allow
us to use compactness results and then to get the limits of u. when ¢ tends to zero. We
first recall some results concerning the unfolding operator that we use in the sequel.

For every real number a, we introduce the decomposition a=[a]+{a} where [a]
denotes the integer part of a and {a}€[0,1) its fractional part. By analogy, we can
write every x = (x1,72) € R? using the decomposition of z;/e, i =1,2 which yields

el el Elen (2

DEFINITION 3.1. For every w € L?(R2), extended by zero outside Q, the unfolding oper-
ator T is defined by

E(w)(ﬂf,y):w(f[gYJrsy), reQyeY.

According to [16], this operator has the following properties:
(Py) 7: is linear and continuous from L?() to L2(Qx Y);

(P2) Te(p) =Te()T:(¥), Yo, € L2();
(P3) If p. € L*(Q) and ¢. — ¢ strongly in L*(2), then

Tz (pe) — ¢ strongly in L*(QxY);
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T
(Py) If o€ L3(Y) is a Y-periodic function and ¢°(x) = gp(f) then
5

Te(¢f,) — ¢ strongly in L2(QxY);

In what follows, in order to replace integrals over the domain 2 by integrals over the
domain 2 x Y, we use the following classical relation

/godx ! T-(¢) dady, Ve L'(Q), (3.1)
|Y| QxY

where the symbol ~ means that the difference between the two integrals tends to 0 as
e goes to 0 (throughout, we prefer to keep the term |Y| in the formulae for the sake
of generality, although we obviously have for our particular choice of unit cell |[Y|=1).
Indeed, for every cell e€ +¢cY, & € Z? strictly included in Q, we have

/ p(z)dr=¢? / (et tey)dy= = T:(¢) (,y) dady.
E+eY Y |Y|

(e€4+eY )XY

By using this equality in every cell strictly included in @ and by denoting as (AZE the
largest union of such e£+¢€Y cells strictly included in €2, the following exact formula is
obtained

/ w(x)dx:|71| / To()(@y) dady,

SAZE SAZE XY
yielding

1
[e@ar=qz [ T dedy) < 2ol
Q QxY

which shows (3.1).
We can now state the main result of this section.

THEOREM 3.1. Let f € H-1(Q) be given and let u® be the solution of problem (2.13).
Then there exist ug € H}(Q) and uy € L2(Q;H7L(Y)) with My (u1) =0 such that, up to
a subsequence, the following assertions hold true:

1. uf —ug weakly in HZ ().

2. To(u®) = ug weakly in L?(,H*(Y)).

3. Te(Vuf) = Vuog+ Vyuy weakly in [L*(QxY)] 2.

4. The functions uy and uy satisfy the following unfolded limit problem:

|Y|// ) (Vug () + Vyui(x,y)) - (Vg + Vyvr (z,y)) dedy
=(f,v0) 1 —1(Q),HL(Q)> (3.2)

for all vo € Hy(Q) and vy € L*(Q; HL(Y)).

Proof.  Let us recall that according to Theorem 2.8, the variational formulation
(2.13) has a unique solution u® € Hg (2) which satisfies in addition the uniform estimate

| Vus|| L2y <C.
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Assertions 1, 2, 3 are easily obtained by following the steps of the proof of [16, Theo-
rem 5.3].

In order to pass to the limit in the variational formulation (2.13) and obtain the
last assertion, we choose particular test functions of the form

v () = po(a) +epr (@) (£) € HY(Q),

where @o,¢1 €D(Q2) and ¢ € H%& (Y). For the left-hand side we have by using (3.1) and
property (P3):

/ Ja(x)Vua(:r)-Vva(:r)d:rwﬁ /Q /Y To(0°Vus - Vof ) (z,y) dedy

|Y|// T-(Vus) (z,y) - To (Vo) (z,y) dzdy
|Y|//7; Te(Vu)(x,y) - Te(Vaepo +eVaepr1 + o1 Vyh) (x,y)dady.

We pass to the limit € — 0 and by using the fact that 7:(c°) strongly converges to o(y)
in [LY(Q2xY)]?*2 (recall that o° is uniformly bounded in L% (Y,R?*2)) assertion 3
above, and properties (P;)— (P4), we obtain that:

lim [ o°(2)Vu(z) Vo (x)dx

5%0

- / | 7 (Tuala)+ 9y s (Vo )+ 1 (2) 7 () .
Q
Similarly, for the right-hand side we have:

. e 1 - = _
21_13%<f71) >H*1(Q),H§(Q)—il_r%<f7‘ﬁ0+5@11/)(€)>H71(Q))Hé(ﬂ) (fp0)m 1(2),HE ()

since 5@11/)( ) tends weakly to 0 in Hg ().
Passing to the limit in (2.13) we get for all ¢o,1 € D(2) and ¢ € Hj, (Y):

371 o Lo (T + i) (Tt +Tuter @) ) dwa
:<f7S00>H*1(Q))Hé(Q)7

and by the density of D(Q2) in Hj(2) and D(Q)® HL,(Y) in L*(Q; H}(Y)) we obtain
that (uo,u:) satisfies for all vo € Hg () and all vy € L*(; HL(Y)):

1 LT+ 9,01 (Fo0e) 9,01 ) oy = (20,30

a

2. Well-posedness of the unfolded limit problem. In this section, we
construct an appropriate two scales T-coercivity operator to show the well-posedness
of the unfolded limit problem (3.2) under the contrast condition (1.3).
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Let W# be the functional space defined by (2.7) and let H = H} () x L2(Q;W#).
The Hilbert space H is endowed with the norm

1/2
Ul = {900l 3 0y + I Vgt aeyy b U= (1) €.

Let us emphasize that due to the periodicity of u;(x,-), it follows from Green’s formula

that
//Vuo )-Vyui(z,y) dedy = // (Vuo(x)ui(z,y)) dedy =0,
Q Q

for all U= (ug,u1) € H. As a consequence, we have
IVuo(@) + Vyur (2, 9) 7205y = U3, (3-3)
We define on H the bilinear form

ALY |Y|/Q/ ) (Vo (2) + Vs (2,9)) - (Voo (@) + V1 (2,3)) dody

for all U = (ug,u1) € H and all V= (vp,v1) € H. Given F € H' (H' denotes here the dual
space of H), consider following the variational problem:

Find U = (ug,u1) € H such that
AUYV)=(F V) n VYV = (vp,v1) €H.

(3.4)

Note that the limit problem (3.2) fits into the above variational framework provided we
set (F, V) = (f,v0) m-1(0),m1(q) Which clearly defines an element J of H'.

THEOREM 3.2. Let F€H' and let ky denote the constant in (2.5). If the contrast

K= satisfies

g;

K> Ry

then the variational problem (3.4) admits a unique solution U = (ug,u1) € H and there
exists a constant C' >0 such that

[Ul[2 < Cl[Fllae- (3.5)

Proof. Without loss of generality, we assume that o.>0 and ;<0 so that
k=0¢/|oi|. Let Ty € L(H*(Y)) be the operator defined by (2.11). We note that Ty
defines an isomorphism on H*(Y) (one can check that (Ty)? =1d). Furthermore, since
P leaves invariant affine functions (according to assertion 1 of Lemma 2.2), we clearly
have

Ty (§-y) =&y, VEER?. (3.6)
Now, we can define on H the operator

TUZ(Uo,Tyul), VUZ(UQ,ul)EH (3.7)
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where for the sake of simplicity and by a slight abuse of notation, we have denoted by
Tywu; the function defined on Q@ xY by (Tywu1)(z,y) = (Ty (ui(x,-))(y). One can easily
check that T € £(H) and defines an isomorphism on H (with T?=1d).

For every U = (ug,u1) € H, we note that

Vuo(z) + Vyui(z,y) = Vy (Vue(z) -y +u1(2,y)) .

Therefore, we have
AU, TU) = IYI// y (Vuo(@)-y+ui(z,y))-Vy (Vuo(z) y+ Tyui(z,y)) dedy
and by using (3.6)

AU, TU) = |Y|// v (Vug(z)-y+ui(z,y)) -V, Ty (Vuo(z) - y+ui(z,y)) dedy.

Defining the function y— U, (y):=Vuo(z)-y+u1(x,y) (which satisfies U, € H'(Y) for
almost every z € 2), we have

AU, TU) = // y) -V, (TyU,) (y) dedy = a(Uy, Ty U,) dz
V] Jq IYI Q

where a(-,-) is defined in (2.9).
Following the proof of Theorem 2.5, one can easily show that there exists v > 0 such
that

a(Us, Ty Us) 27| VyUs|Z2(v)

Integrating the above relation on 2 we immediately get that
AU, TU) 27/0 IVyUsll72 vy dz =7 Vo (@) + Vyur (@)l 2 vy =V IU 17

where the last equality follows from (3.3). We conclude by using Theorem 2.1. a

4. Analysis of the homogenized problem

In the previous section, we have seen that u° converges (in the sense of Theorem 3.1)
to a limit (ug,u1) solution of the unfolded limit problem (3.2). Let us emphasize that
this problem reads as the classical unfolded limit problem obtained in the elliptic case
(i.e. for coefficients o; and o, having the same sign). In view of numerical computations,
a more convenient way to characterize the limit (ug,u1) can be obtained by introducing
the classical cell problems, which read in variational form as follows for j =1,2 (see (2.7)
for the definition of the functional space W#):

Find x; € W# such that for all ve W#:

/Y o (4)V x5 () Voly) dy = /Y (Gely. (y) +0:1y, <y>>§—;j<y> day. (4.1)

These two problems are non elliptic but they fit into the framework of §.2.3 (see (2.10)).
Hence, according to Theorem 2.5, their well-posedness is ensured for

K> Ry,
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where ky denote the constant in (2.6).

By following the same steps as in the elliptic case, one can now decouple the unfolded
limit problem (3.2) to obtain a single boundary value problem equation for ug and
express uj via ug, X1, x2. More precisely, we can get the following result (see for instance
[17, p. 184-185]).

o
PROPOSITION 4.1.  Assume that the contrast k:= ’—6 satisfies

g;

K> RKy.

Let x1,x2 be the solutions of (4.1), and o = (Uﬁc)léj7k§2 be the 2 x 2 symmetric matrix
defined by

1
Th= 7 [ 7 0= 0) -5 = xs(0) o (42)
Then, the following assertions hold true:

1. If (ug,u1) € H solve the unfolded limit problem (3.2), then ug solves the homog-
enized problem

—div(e™Vug) =Y f, in €,
(4.3)
up=0 on 092,
and uq s given by
2 ou
0
ui(z,y) = —ij(y)%(:v), (4.4)
J

j=1

2. Conwversely, let ug€ H}(Q) solve (4.3) and let uy € L2(Q;W#) be defined by
(4.4). Then w:= (ug,u1) € H solves the unfolded limit problem (3.2).

The above result provides two equivalent formulations of the limit problem satisfied
by (ug,u1), a coupled and decoupled one. Due to the well-posedness result obtained in
Theorem 3.2 for large enough contrasts, it also provides a well-posedness result for the
homogenized problem (4.3), which is far from being obvious a priori.

It is worth noticing that the expression of the homogenized coefficients (4.2) is
exactly the same as in the standard elliptic case, for which the homogenized tensor o’ is
known to be symmetric definite positive (see for instance [17, p.115]). Indeed, according

to formula (6.44) in [17], the following identity holds true for all £ = (£1,&)T € R2:

. / o (4) Ve (4) - Ve (y) dy, (4.5)
Q
where

ug(y) =E1(y1—x1(y)) +&2(y2 —x2(y))-

Equation (4.5) shows that o is positive in the elliptic case, but suggests that o can
be indefinite in the case of sign changing coefficients. One needs to study the sign
of the determinant of the diagonalizable matrix ¢, which strongly depends on the
inclusion Y; (shape and volume) and on the values of ¢; and .. Taking advantage of
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the isotropy of o, let us derive more explicit expressions for the homogenized coefficients.

Noting that the integrand appearing in the right-hand side of (4.1) can also be written
o(y)Vy;-Vo(y), we obtain that the problem satisfied by x;, j=1,2, is equivalent to

/Y o) (Vs — Vs () Vo) dy=0,  YoeW#. (4.6)
In particular, we have
/U(y)(Vyj—VXj(y))-VXk(y)dFO, k=12
Y

Using this identity in the definition (4.2) of o, we obtain that:

o — (E_pl T ) (4.7)

T O—p2

in which (below, j=1,2):

1 X _ R v
p==1 | ettt ) GE W =gz [ o) V) Txs )
_ 1 . Ix1 1 :
r= =i L et )+ ot @) G )=~ [ o) Vi) Vi) dy
a;:|71| /Y (0e 1y, () + 01y, (1)) dy= a0+ (1 —a)or,

and

el
V]

Q=

Fia. 4.1. Simple rotationally invariant geometries.

Proving theoretical results on the influence of the different parameters of the in-
clusion (shape and volume of the inclusions, average material conductivity @) on the
definiteness of o7 seems to be a hard problem. Indeed, obtaining bounds for the co-
efficients of the homogenized matrix using Hashin—Shtrikman variational principle (see
Allaire [1, p. 107]) is not trivial as it uses in a crucial way the ellipticity of o(y). Direct
computations in two dimensions are possible for some specific configurations as detailed
in Jikov, Kozlov, and Oleinik [22, p. 35]. However, one can check that the symme-
try condition required there does not cover our main assumptions (0Y;N9Y =& and
oo, <0). Consequently, a numerical study could be helpful to enlighten whether o
is positive/negative or indefinite (see, for instance, Rohan, et al. [4,28,29] for such nu-
merical investigations in phononics). As the numerical approximation of sign changing
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coefficients problems requires specific tools [14,15,25], this task is beyond the scope of
this paper and will be the investigated in a forthcoming work.

However, more can be said about ¢ in the particular case —but rather significant
for applications— where o(y) is invariant by the rotation ©,, of angle /2 centered in
the middle of the reference cell Y (see Figure 4.1 for simple illustrations).

In particular, the next result shows that for such geometries, the obtained homog-
enized problem is always isotropic and definite (positive or negative) or degenerate.

PROPOSITION 4.2.  Assume that the reference cell is invariant under a rotation of
angle © /. Then, the coefficients of the homogenized tensor ol defined by (4.7) satisfy

p1=p2, T=0.

Proof.  Recall that if O=®(0*) is a given bounded Lipschitz domain obtained
from a reference domain O* via a diffeomorphism ® € €*(0*,0), then

[ e vewy= [ vur)-Ave)ay
with (here, D® denotes the Jacobian of ®)

u*(y*) =uly) = (uo®)(y"), v (") =v(y) =(vo®@)(y")
A=(D®) " (D®) T |det DD|.

According to (4.6), x1 is characterized by:
[ o) (T -Vl Vewdy=0,  Yoew*
Y

The change of variable y* = ©, oy = (—y2,y1) in the above relation yields immediately
(using the fact that o(y) is by assumption invariant under a rotation of angle © ;)

/ o(y*) (Vyz = Vxi(y")) Vu* (y*) dy* =0, VoreWw#,
Y
where we have set x7(y*):=x1(y) =x1(©_r/2y*). This shows that

x2(¥") =x1(0—r/29"), vy ey.
This implies in particular that

p1= / Y)Vx1(y)-Vxi(y) dy
|Y|
= |Y| a(y*) Vxa(y*) - Vxa(y*) dy* = pa=:p,

and

Hence, 7=0. a
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REMARK 4.3. The above result shows that setting p the common value of p; and po,
we have

ot =@ —p) (é ?)

and hence, ol is positive (respectively negative) definite if and only if a, . and o; are
chosen such that

(18]
(19]

20]

21]

p<T (respectively p>7).

REFERENCES

G. Allaire, Shape Optimization by the Homogenization Method, Appl. Math. Sci., Springer-Verlag,
New York, 146, 2002.

G. Allaire, A brief introduction to homogenization and miscellaneous applications, in Mathemat-
ical and Numerical Approaches for Multiscale Problem, ESAIM Proc., EDP Sci., Les Ulis,
37, 1-49, 2012.

H. Ammari, G. Ciraolo, H. Kang, H. Lee, and K. Yun, Spectral analysis of the Neumann-Poincaré
operator and characterization of the stress concentration in anti-plane elasticity, Arch. Ra-
tion. Mech. Anal., 208, 275-304, 2013.

A. Avila, G. Griso, B. Miara, and E. Rohan, Multiscale modeling of elastic waves: theoretical
justification and numerical simulation of band gaps, Multiscale Model. Simul., 7, 1-21, 2008.

A.-S. Bonnet-Ben Dhia, L. Chesnel, and P.J. Ciarlet, T-coercivity for scalar interface problems
between dielectrics and metamaterials, ESAIM Math. Model. Numer. Anal., 46, 1363—-1387,
2012.

A.-S. Bonnet-Ben Dhia, L. Chesnel, and P.J. Ciarlet, T-coercivity for the Mazwell problem with
sign-changing coefficients, Comm. Part. Diff. Egs., 39, 1007-1031, 2014.

A.-S. Bonnet-Ben Dhia, P.J. Ciarlet, and C.M. Zwolf, Time harmonic wave diffraction problems
in materials with sign-shifting coefficients, J. Comput. Appl. Math., 2008.

A.-S. Bonnet-BenDhia, L. Chesnel, and H. Haddar, On the use of T'-coercivity to study the interior
transmission eigenvalue problem, C.R. Acad. Sci., Ser. I, 349, 647651, 2011.

G. Bouchitté and C. Bourel, Homogenization of finite metallic fibers and 3D-effective permittivity
tensor, Tech. report, Université de Toulon, 2009.

G. Bouchitté and C. Bourel, Multiscale nanorod metamaterials and realizable permittivity tensors,
Commun. Comput. Phys., 11, 489-507, 2012.

G. Bouchitté and D. Felbacq, Homogenization of a wire photonic crystal: the case of small volume
fraction, SIAM J. Appl. Math., 66, 2061-2084 (electronic), 2006.

G. Bouchitté and B. Schweizer, Cloaking of small objects by anomalous localized resonance, Quart.
J. Mech. Appl. Math., 63, 437-463, 2010.

F. Cakoni, D. Colton, and H. Haddar, The linear sampling method for anisotropic media, J.
Comput. Appl. Math., 146, 285-299, 2002.

L. Chesnel and P.J. Ciarlet, T-coercivity and continuous Galerkin methods: application to trans-
mission problems with sign changing coefficients, Numer. Math., 124, 1-29, 2013.

E.T. Chung and P.J. Ciarlet, A staggered discontinuous Galerkin method for wave propagation
in media with dielectrics and meta-materials, J. Comput. Appl. Math., 239, 189-207, 2013.

D. Cioranescu, A. Damlamian, and G. Griso, The periodic unfolding method in homogenization,
SIAM J. Math. Anal., 40, 1585-1620, 2008.

D. Cioranescu and P. Donato, An Introduction to Homogenization, Oxford Lecture Series in
Mathematics and its Applications, The Clarendon Press, Oxford University Press, New York,
17, 1999.

D. Cioranescu and J. Saint Jean Paulin, Homogenization of Reticulated Structures, Appl. Math.
Sci., Springer-Verlag, New York, 136, 1999.

D. Felbacq and G. Bouchitté, Homogenization of a set of parallel fibres, Waves in Random Media,
7, 245-256, 1997.

P. Fernandes and M. Raffetto, Ezistence, uniqueness and finite element approximation of the
solution of time-harmonic electromagnetic boundary value problems involving metamaterials,
COMPEL, 24, 1450-1469, 2005.

Z. Jacob, L.V. Alekseyev, and E. Narimanov, Optical hyperlens: Far-field imaging beyond the
diffraction limit, Opt. Express, 14, 8247-8256, 2006.



1154 HOMOGENIZATION OF MATERIALS WITH SIGN CHANGING COEFFICIENTS

(22]
(23]
[24]

[25]

[26]
27]

(28]

[29]
(30]
(31]
32]

(33]

V.V. Jikov, S.M. Kozlov, and O.A. Oleinik, Homogenization of Differential Operators and Integral
Functionals, Springer-Verlag, Berlin, 1994.

J. Li and Y. Huang, Ttme-domain Finite Element Methods for Mazwell’s Equations in Metama-
terials, Springer Series in Comput. Math., Springer, Heidelberg, 43, 2013.

G.W. Milton and N.A.P. Nicorovici, On the cloaking effects associated with anomalous localized
resonance, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci., 462, 3027-3059, 2006.

S. Nicaise and J. Venel, A posteriori error estimates for a finite element approximation of trans-
mission problems with sign changing coefficients, J. Comput. Appl. Math., 235, 4272-4282,
2011.

G. Oliveri and M. Raffetto, A warning about metamaterials for users of frequency-domain nu-
merical simulators, IEEE Trans. Antennas and Propagation, 56, 792-798, 2008.

J.B. Pendry and S.A. Ramakrishna, Refining the perfect lens, Physica B: Condensed Matter, 338,
329-332, 2003.

E. Rohan and B. Miara, Homogenization and shape sensitivity of microstructures for design of
piezoelectric bio-materials, Mechanics of Advanced Materials and Structures, 13, 473-485,
2006.

E. Rohan, B. Miara, and F. Seifrt, Numerical simulation of acoustic band gaps in homogenized
elastic composites, Internat. J. Engrg. Sci., 47, 573-594, 2009.

A. Salandrino and N. Engheta, Far-field subdiffraction optical microscopy using metamaterial
crystals: Theory and simulations, Phys. Rev. B, 74, 075103, 2006.

E. Shamonina and L. Solymar, Metamaterials: How the subject started, Metamaterials, 1, 12—18,
2007.

D.R. Smith, J.B. Pendry, and M.C.K. Wiltshire, Metamaterials and negative refractive indez,
Science, 305, 788-792, 2004.

S. Tricarico, F. Bilotti, and L. Vegni, Scattering cancellation by metamaterial cylindrical multi-
layers, Journal of the European Optical Society - Rapid publications, 4, 2009.



