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Abstract

The well-known approach of Bose, Ray-Chaudhuri and Hocquenghem and its generalization by Hartmann and
Tzeng are lower bounds on the minimum distance of simple-root cyclic codes. We generalize these two bounds to
the case of repeated-root cyclic codes and present a syndrome-based burst error decoding algorithm with guaranteed
decoding radius based on an associated folded cyclic code.

Furthermore, we present a third technique for bounding the minimum Hamming distance based on the embedding
of a given repeated-root cyclic code into a repeated-root cyclic product code. A second quadratic-time probabilistic
burst error decoding procedure based on the third bound is outlined.

Index Terms

Bound on the minimum distance, burst error, efficient decoding, folded code, repeated-root cyclic code, repeated-
root cyclic product code

I. INTRODUCTION

The length of a conventional linear cyclic block code C over a finite field F, has to be co-prime to the field
characteristic p. This guarantees that the generator polynomial of C has roots of multiplicity at most one and therefore
we refer to these codes as simple-root cyclic codes. The approach of Bose and Ray-Chaudhuri and Hocquenghem
(BCH, [11], [2]) and of Hartmann and Tzeng (HT, [3], [4]) gives a lower bound on the minimum distance of simple-
root cyclic codes. Both approaches are based on consecutive sequences of roots of the generator polynomial. We
give—similar to the BCH and the HT bound—two lower bounds on the minimum Hamming distance of a repeated-
root cyclic code, i.e., a cyclic code whose length is not relatively co-prime to the characteristic p of the field I,
and therefore its generator polynomial can have roots with multiplicities greater than one.

Repeated-root cyclic codes were first investigated by Berman [3]. A special class of Maximum Distance Separable
(MDS) repeated-root constacyclic codes was treated by Massey et al. in [6], [Z] and the advantages of a syndrome-
based decoding were outlined. An alternative derivation of the minimum Hamming distance of these repeated-single-
root MDS codes and their application to secret-key cryptosystems was given by da Rocha in [8]. Castagnoli et
al. [9]-[11] gave an elaborated description of repeated-root cyclic codes including the explicit construction of
the parity-check matrix, which was investigated for the case ¢ = 2 slightly earlier by Latypov [12]. Although
the asymptotic badness of repeated-root cyclic codes was shown in [9]-[11], several good binary repeated-root
cyclic codes were constructed by van Lint in [13] with distances close to the Griesmer bound. Zimmermann [14]
reproved some of Castagnoli’s result by cyclic group algebra and Nedeloaia gave a squaring construction of all
binary repeated-root cyclic codes in [15]. Recent publications of Ling—Niederreiter—Solé [16] and Dinh [17], [18]
consider repeated-root quasi-cyclic codes.

Besides the generalization of the BCH and the HT bound to repeated-root cyclic codes, we provide a third lower
bound on the minimum Hamming distance. Similar to the approach [19], [20] for simple-root cyclic codes, this
bound is based on the embedding of a given repeated-root cyclic code into a repeated-root cyclic product code.

This work has been supported by the German research council (Deutsche Forschungsgemeinschaft, DFG) under grants Bo867/22-1 and
Ze1016/1-1 and was initiated when both authors were affiliated with the Institute of Communications Engineering, University of Ulm, Ulm,
Germany.



Therefore, we recall the relevant theorems of Burton and Weldon [21] and Lin and Weldon [22] for repeated-root
cyclic product codes that are the basis for the proof of our third bound, which generalizes the results of our previous
work on simple-root cyclic codes [19], [20]. Moreover, we present two burst error decoding schemes based on the
derived bounds.

The paper is structured as follows. In Section I, we give necessary preliminaries for repeated-root cyclic codes
and introduce our notation. Section III provides the generalizations of the BCH and the HT bound, which are
denoted by d; and d) respectively, and in addition a syndrome-based error-correction algorithm with guaranteed
decoding radius. The defining set of a repeated-root cyclic product code is given explicitly in Section IV, which
is necessary to prove our third bound dj; on the minimum Hamming distance of a repeated-root cyclic code in
Section Y. Section VI gives a probabilistic burst error decoding approach based on the Generalized Extended
Euclidean Algorithm (GEEA, [23]). We conclude this paper in Section VIIL.

II. REPEATED-ROOT CYCLIC CODES

A. Notation and Preliminaries

Let g be a power of a prime p. F, denotes the finite field of order ¢ and characteristic p and F,[X] the polynomial
ring over [, with indeterminate X. Let n be a positive integer and denote by [n) the set of integers {0, 1,...,n—1}.
A vector of length n is denoted by a lowercase bold letter as v = (vg vy ... v,—1). A set is denoted by a capital
letter sans serif like D.

A linear [n, k,d], code over F, of length n, dimension £ and minimum Hamming distance d is denoted by a
calligraphic letter like C.

Let us recapitulate the definition of the Hasse derivative [24] in the following. Let a(X) = ), a; X" be a
polynomial in F,[X], then the j-th Hasse derivative is:

all(x) 3 <;>aiXi_j . (1)
i
Let a/)(X) denote the formal j-th derivative of a(X). The fact that al)(X) = j!all(X) explains why the Hasse
derivative is considered in fields with a prime characteristic p, because then 5! = 0 and hence also /) (X) = 0 for
all 7 > p. We say a univariate polynomial a(X) € F,[X] with dega(X) > s has a root at vy with multiplicity s if:
all(y) =0, Vjels).
B. Defining Set

A linear [7, k, d], simple-root cyclic code C over F,, with characteristic p is an ideal in the ring F,[X]/(X™ —1)
generated by g(X), where gcd(7,p) = 1. The generator polynomial g(X) € [F,[X] has roots with multiplicity at
most one in the splitting field ., where 7 | (¢! — 1). A cyclotomic coset M; 7 , is denoted by:

Mz = {iqj mod 7 | j € [m;)},

where 7; is the smallest integer such that i¢"* = ¢ mod 7. Let  be an element of order 7 in F,. The minimal
polynomial of the element ~* is:

Migg(X)= J] (X—=79).
JEM; 7.4

Let ged(7,p) = 1 and n = p°7. A linear [n, k, d], repeated-root cyclic code C is an ideal in the ring
Fo[X]/(X" = 1) = Fy[X]/(X" = 1)F".

The generator polynomial of an [n, k, d], repeated-root cyclic code C is

9(0) = [ Mima(X)".



where s; < p®. The defining set D¢ of an [n = p°T, k, d], repeated-root cyclic code C with generator polynomial
g(X) is a set of tuples, where the first entry of the tuple is the index of a zero and the second its multiplicity,
namely:

Dc = {z’<si> l0<i<m—1, gVl(y)=0, Vje [Si)}’ @

Furthermore, we introduce the following short-hand notation for a given z € Z:

DF < {(i+2)") i) € Dc}. 3)
For two given defining sets D4 and Dg, define
max def [ .(s.
Dy U D= {z<81> s; = max(a;, b;), where it ¢ D 4 and i) g DB} )

III. TwWoO BOUNDS ON THE MINIMUM HAMMING DISTANCE OF REPEATED-ROOT CYCLIC CODES AND BURST
ERROR CORRECTION

A. Lower Bounds on the Minimum Hamming Distance

In the following, we prove two lower bounds on the minimum Hamming distance of repeated-root cyclic codes.
They generalize the well-known BCH [1], [2] and HT [3] approach suited for simple-root cyclic codes.

Theorem 1 (Bound I: BCH-like Bound for a Repeated-Root Cyclic Code). Let an [n,k,d], repeated-root cyclic
code C over F with characteristic p and generator polynomial g(X ) with deg g(X) > p®—1 be given. Let n = p°7,
where gcd(, p) = 1. Let 7y be an element of order v in an extension field of F,. Furthermore, let three integers f,
m # 0 and § > 2 with ged(m, m) = 1 be given, such that for any codeword ¢(X) € C

Z Py X =0 mod X071 (5)
i=0

holds. Then, the minimum distance of C is at least d; def 0.

Proof: First, let us prove that the left-hand side of (5) cannot be zero. Assume it is the zero polynomial. Then,
all 40,41, ... 4™ ! are roots of the codeword ¢(X) with multiplicity p®, yielding that deg ¢(X) = p*n = n, which
contradicts the fact that the degree of a codeword ¢(X) of an [n, k,d], code is smaller than n. Second, we rewrite

the expression left-hand side of (5) more explicitly. Let Y = {i : ¢; # 0} be the support of a non-zero codeword.

‘We obtain:
00 o] T +1
Zc[p Y X = Z Z (p:il)c ( f“m)

i=0 =0 ueY
_Z 51 (up+1fz<(up+1mX)_ (6)
ueY =0

With the geometric series, we get from (6):

s 1
( *+1)f (u—p°+1) — U (u—p°+1) f
3 (a3 () =S e e 0
ueY ueyY
and with D

Z a; _ ZiEY i T—xv, )
—~ 1 — Xb; D ’
icY

where D lcm((l — Xb;) :i €Y), we obtain from (7):

u (U_ps-i-l)f lcm(l_fy(j*pSJrl)mX . jEY)
U P SR o 0 s =
= o 1 —Alumprtlmx lem (1 —AGPFDmX ;i eY)

=0 mod X% (10)



Obviously, the degree of the numerator of (9) cannot be greater than |Y| — 1, and it cannot be smaller than § — 1,
since (10) must be fulfilled. Since this is true for all codewords, the minimum distance of C is not smaller than
|Y|. Thus, with |Y| > ¢ follows that the true minimum distance of C is at least 9. [ |

Thm. 1 tells us that a repeated-root cyclic code of length n = p*n with generator polynomial g(X) that has
0 — 1 consecutive zeros of highest multiplicity p?, i.e.,

gP (AT = gl (g fAmy = = gl FH0=2my —

)

has at least minimum distance J. If s = 0, the repeated-root cyclic code is a simple-root cyclic code and then
Thm. 1 coincides with the BCH bound [1], [2].

Remark 2 (Parameters). To obtain the parameters f,m and § as in Thm. 1, one needs to check the (p® —1)th Hasse
derivative of the given generator polynomial (respectively the defining set) of a given repeated-root cyclic code
and find f and m that maximize . The advantage of the representation as in (8) and in (11) is that a syndrome
definition can directly be obtained and an algebraic decoding algorithm can be formulated (see Section LII-B).

Theorem 3 (Bound II: HT-like for a Repeated-Root Cyclic Code). Let an [n = p°T, k,d], repeated-root cyclic
code C over Fy with characteristic p and generator polynomial g(X) with degg(X) > p® — 1 be given, where
ged(m, p) = 1. Let vy be an element of order v in an extension field of F,. Furthermore, let four integers f, m # 0,
d > 2 and v > 0 with ged(m,m) = 1 be given, such that for any codeword ¢(X) € C

Zc[ptl](VmeJrj)Xi =0 mod X, Vielv+1) an
=0

holds. Then, the minimum distance of C is at least dy def 5 + v.

Proof: Let ¢(X) € C and let Y = {ig,41,...,9y—1} denote the support of ¢(X), where y > d holds for all
codewords except the all-zero codeword. We linearly combine the v + 1 sequences from (11). Denote the scalar
factors for each power series as in (11) by A\; € F, for i € [v 4 1). We obtain:

Z Z )\jc[ps_u (47 M X =0 mod XL (12)
i=0 j=0

The Hasse derivative (as defined in (1)) of (12) leads to:

DI (Z (o y) cay P HIU “’mﬂ')) X'=0 mod X5 L. (13)

i=0 j=0 u€Y

We re-order (13) according to the coefficients of the codeword and obtain:

i Z XV: Aj ((psu_l)Cu’Y(U7pS+1)(f+im+j)> X — i Z (pszil)cufy(ufpwrl)(fﬂm) zl/: auj)\j X

i=0 u€Y j=0 i=0 ueY j=0
=0 mod X°!. (14)
We want to annihilate the first v terms of ¢;;,¢;,,...,¢;,_,. From (14), the following linear system of equations
with v 4 1 unknowns is obtained:

1 ,}/io ,yiOZ . ,yioy )\0 0
1 ,.YZl 7212 ... ,Yl'llj )\1 .

. o= (15)
Do : . : : 0
1 ,Yz,, 7@,,2 L. ,Yz,,u )\V 1

and it is guaranteed to find a unique non-zero solution, because the (v+1) x (¥+1) matrix in (15) is a Vandermonde
matrix.



Let Y <y \ {é0,%1,...,9,—1}. Then, we can rewrite (14):

oo 12
Z Z (psu_l)CuV(U7ps+l)(me) ZVW)‘J’ X'=0 mod Xé—l‘
i=0 \uey =0

This leads with the geometric series to:

Z (psu_1) Cu'Y(uipSJrl)f Z]V':O VUJ Aj

— -1
. | — G Fi)m =0 mod X°°,
u€eyY

and can be expressed with one common denominator using (8) as follows:

s o lem(1—AU-PHUM X oGy
Z~ <(psu_1)0u’7(u p+Df Z?:O 'Vu])‘j ( 1 G- PFhmx )
u€eyY

A ) =0 d X‘S*l,
lem (1 — AP HmX ¢ eY) o

where the degree of the numerator is smaller than or equal to y — 1 — v and has to be at least 6 — 1. Therefore for
y > d, we have:

d—1-v>56-1,
d>dy <540

|
Note that for » = 0, Thm. 3 becomes Thm. 1. Thm. 3 tells us that an [n = p°7, k, d], repeated-root cyclic code
with generator polynomial ¢g(X) that has v+ 1 sequences of § — 1 consecutive zeros of highest multiplicity p°, i.e.,

g () = g () == gl (S HOmRmy —
g T () =gl U () = = gl (p ML) —
g I = g Iy = = g (IO Rmy — g,

has at least minimum distance § + v. If s = 0, the repeated-root cyclic code is a simple-root cyclic code and then
Thm. 1 coincides with the HT bound [3], [4].

Remark 4 (Alternative Proof of the Two Bounds). An [n = p°T, k, d], repeated-root cyclic code with considered
consecutive set(s) of zeros with multiplicity p® as in Thm. 1 and Thm. 3 is a sub-code of a cyclic code of length n
over F s with the same zeros (see Lemma 7).

Let us consider an example of a binary repeated-root cyclic code and use Thm. 3 to bound its minimum distance.

Example 5 (Binary Repeated-Root Cyclic Code). Let C be the binary [34 = 2-17,18, 5]y repeated-root cyclic code
with defining set as defined in (2):

De = {1(2>, 202 42 8(2) 92 13(2) 152 16( },

i.e., its generator polynomial is:

9(X) = My 179(X)*.

Thm. 3 holds for the parameters f =1, m =7, § = 4 and v = 1 and therefore the minimum distance of C is at
least 5.



B. Syndrome-Based Burst Error Decoding Algorithm up to Bound I and Bound 11

Let ¢ € s be such that (1 ¢ ... ¢P"~1) is an [F,-basis of the extension field F <. We define the following
bijective map:

o: F{I’S — Fppe
(ao a ... aps_1) —ap+ a1+ - --aps_lgpsfl.
Definition 6 (Folded Code). Let C be a linear code over F, of length n = p*n. The folded code Ct" of length
over F s is defined by:

def
cF {(¢(c0 1) e (enpe oo nc1)) | (co ... Cni) ec}.
Equivalently, we denote the folded polynomial of a given polynomial c¢(X) € F,[X] by cF'(X).

Lemma 7 (Folding Repeated-Root Cyclic Code). Let C be an [n = p°n, k = p°k, d)4 repeated-root cyclic code
over I, with characteristic p and defining set:

De = {z‘<PS> lie DCF},

where |D¢r| =7 — k. Then the folded code C* as in Def. 6 is an 7, k, d] e simple-root cyclic code with defining
set Der.

Proof. Length and dimension of C*" follow directly from Def. 6. Let us prove the defining set. Every codeword
c(X) of the given repeated-root cyclic root C can be written as

ps—1 n—1 ps— k—1
C(X) _ Z X Z Ci+jp5XJp5 _ Z X' Z Ui7jX]psg(Xps)’
i=0 =0 =0 =0

where g(XP") = g(X)P" is the generator polynomial of C with m — k distinct roots of multiplicity p®. The
corresponding codeword of the folded code C*" over [F,»s in vector notation is:

Co+jp* _ uo,j
el P g ;
F j 7
F(X) = o= Y e
=0 : =0
Cps—1+jp* Ups—1,5
and has 7 — k distinct roots of multiplicity one. U

Folding as given in Def. 6 is discussed extensively in the literature, especially for Reed—Solomon codes (see
e.g. [25]-[27]). The operation is essential to decode a given repeated-root cyclic code. In the following we describe
the decoding approach for p®-phased burst errors, i.e., errors measured in [F <. The transmitted (or stored) codeword
c(X) of a given [p°m, k,d|, repeated-root cyclic code C is affected by an error e(X) € F,[X]. The received
polynomial r(X) € F,[X] is 7(X) = ¢(X) + e(X). We fold the received word r(X) as in Def. 6 and obtain

rf(X) = (X)) + e"'(X),

where e/ (X) = 3, g ef X? and E is the set of p*-phased burst error with cardinality [E| = e. We describe a
syndrome-based decoding procedure up to ¢ < |(dy — 1)/2] p®-phased burst-errors based on a set of v + 1 key
equations that can be solved by a modified variant of the Extended Euclidean Algorithm (EEA) similar to the
procedure to decode simple-root cyclic codes up to the HT bound (see e.g., [23], [28], [29]). Let us first define
syndromes in the corresponding extension field.

Definition 8 (Syndromes). Let C be an [n,k,d|, repeated-root cyclic code over ¥y with characteristic p, where
n = p*n. The integers f, m # 0, 0 > 2 and v > 0 are given as in Thm. 3. Let v € Fy be an element of order



7. We define v + 1 syndrome polynomials S\ (X), S (X), o, SWNX) € Fye[X] for a received polynomial
r(X) € Fy[X], respectively the folded version r*'(X) € F - [X], as follows:
5—2
SOX) E S (X vt e [+ 1), (16)
=0
To obtain an algebraic description in terms of key equations, we define an error-locator polynomial in the
following.

Definition 9 (Error-Locator Polynomial). Let v be an element of order 7 in F and let m # 0 as in Thm. 3. The
support of the additive error is E with |E| = €. Define the error-locator polynomial in Fy[X], as:

A) =TT @ - xym), (17)
1€E
with degree ¢.
We now connect Def. 8 and Def. 9. From the expression of the syndrome polynomials as in (16), we obtain with
the folded received polynomial r#'(X) = ¢f'(X) + ef'(X):

5—
S(t 70F f+zm+t

l\’)

T
[ R e]

Z eF f—l—zm—l—t

0
. <Z eu+jps<“> HmE0I | X e [v), (18)

i=0 \ j€E \u=0

Oq@
I

i.e., the syndromes are independent of the folded codeword ¢ (X). We use the geometric series and we obtain
from (18):

00 =1 o\ pl AU
2|2 (Z eu+jps<“> AUHmHOI ) X1 =37 <Z eu+jps<“> o med XL a9)

i=0 \j€E \u=0 jEE \u=0

We need two more steps to obtain a common denominator. From (19), we have:

. r! T+ -
St >(X) = Z Z €u+jp8<u m mod X°~

j€E \u=0
ZjeE (ZZ:)1 equjpSCu) 7(f+t)j HiiE.(l — X"
i#]
HiEE(l — Xvy'm)

mod X°~!, vte ), (20)

mod X1

where

RS 3] O SRS EED (S R e

cE i€E
’ i#i
are the v + 1 error-evaluator polynomials Q0 (X), Q" (X)), ..., Q") (X) of degree at most € — 1.
The v 4+ 1 key equations as in (20) can be collaboratively solved by a so-called multisequence shift-register
synthesis (see e.g., [23], [28]). Algorithm 1 is based on the Generalized Extended Euclidean Algorithm (GEEA)
that solves the corresponding multisequence problem.



Algorithm 1: Decoding a [p°m, k,d|, repeated-root cyclic code C up to [(d; — 1)/2] p*-phased burst
erTors.

Input: Received word r(X) € F,[X], element ~ of order 7
Parameters f, m # 0, § > 2 and v > 0 as in Thm. 3
Output: Estimated folded codeword ¢/'(X) or DecodingFailure

1 Calculate S (X),..., 8" (X) as in (16) using folded r¥'(X) // Syndrome calculation
2 A(X),Q0(X),..., Q" (X) = GEEa(XL, SO (X),...,S¥ (X)) // Generalized EEA
3 Find all 4, where A(y;) =0=E = {ip,41,...,0c_1} // Chien-like search
4 if ¢ < deg A(X) then

5 ‘ Declare DecodingFailure

6 else

7 | Determine e el ... el // Forney error-evaluation
8 ef'(X) « > vcE el x*

9 cF(X) « rF(X) — ef'(X)

For the v + 2 input polynomials X°~' and S (X),SM(X),...,S" (X) the GEEA returns the polynomials
A(X), QO(X), ..., Q¥)(X) in F,[X], such that (20) holds (as in Line 2 of Algorithm 1). One error-evaluator
polynomial Q) (X) as given in (21) is sufficient for the error-evaluation in Line 7.

Clearly, for v = 0 Algorithm 1 decodes up to [(dj — 1)/2] p°-phased burst errors. Then, the GEEA coincides
with the EEA.

IV. DEFINING SETS OF REPEATED-ROOT CYCLIC PRODUCT CODES

Our third lower bound on the minimum distance of a given repeated-root cyclic code A is based on the embedding
of A into a repeated-root cyclic product code A® B. Therefore, we explicitly give the defining set of a repeated-root
cyclic product code and stress important properties.

Let A be an [n, = p°Tig, kq, dg)4 repeated-root cyclic code, where ged(7i,, p) = 1, and let B be an [ng, kp, dp)g
simple-root cyclic code. If ged(ng,ny) = 1, then the [n = p*Tgny, koks, dqdp]y product code C = A ® B is
(repeated-root) cyclic (see e.g., [30, Ch. 18] for linear product codes). Note that the lengths of two repeated-root
cyclic codes over the same field cannot be co-prime and therefore a cyclic product code is not possible.

Let us investigate the defining set of a repeated-root cyclic product code in the following theorem, originally
stated by Burton and Weldon [21, Corollary IV].

Theorem 10 (Defining Set and Generator Polynomial of a Cyclic Product Code). Let A be an [ng = p*Tig, ka, dolq
repeated-root cyclic code over Fy with characteristic p, and let o be an element of order T, in .. Let B be an
[, ky, dpq simple-root cyclic code and let 3 be an element of order ny, in F,. Let | = lcm(ly, ). The defining
sets of A and B are denoted by D 4 respectively Dg and their generator polynomials by g,(X) respectively gy(X).
Let two integers a and b be given, such that:

ang + bny = 1.
The generator polynomial g(X) of the repeated-root cyclic product code A ® B is:

9(X) = ged (X"“"b 1, ga (XU gb(X‘m“)). (22)

Let ~ def af in Fy and let:
Dg = {¢<p‘*> lie DB}. (23)
Then the defining set of the repeated-root cyclic product code C = A Q B is:

max _[an}

De = {DA upfluDl™ U u DE{‘“”M} U {55 uDpluDg™ U uﬁgﬁ“_l)"”},



where DE?“] was defined in (3) and the operation in (4).

For the proof we refer to the proof of [21, Thm. 3 and Corollary IV]. We explicitly give the defining set of the
repeated-root cyclic product code A ® B here and we want to emphasize that the roots of the simple-root cyclic
code B have highest multiplicity p* in the defining set of A ® B (see (23)), because

gb(Xcma) — gb(Xaﬁa )ps ‘
V. BOUND III: EMBEDDING INTO REPEATED-ROOT CYCLIC PRODUCT CODES

Similar to Thm. 4 of [31] for a simple-root cyclic code, we embed a given repeated-root cyclic code A into a
repeated-root cyclic product code .4 ® B to bound the minimum distance of .A.

Theorem 11 (Bound III: Embedding into a Product Code). Let A be an [ng = p°Tig, kq,dqq repeated-root cyclic
code over F, with characteristic p, where gcd(Ti,,p) = 1 and let B be an [ny, ky, dp), simple-root cyclic code,
respectively, with gcd(ng,ny) = 1. Let o be an element of order T, in Fg., B of order ny in Fy,, respectively,
and let two integers fo, f, and two non-zero integers m, # 0, my, # 0 with ged(ng, mq) = ged(ng, mp) = 1 be
given. Assume that for all codewords a(X) € A and b(X) € B

Za[psfll (afetimay  p(gletimy XT =0 mod X1 (24)
i=0
holds for some integer 6 > 2. Then, we obtain:
e 5
do > dy < [—] : (25)
dp

Proof: From Thm. 10 we know that (24) corresponds to 6 — 1 consecutive zeros with highest multiplicity p°
of the repeated-root cyclic product code A ® B. By Thm. 1, the minimum distance d of A ® B is greater than or
equal to J. Therefore:

0
d=d,dy >0 <— d,= {—-‘
dp
Note that the expression of (24) is in F [X], where | = lem(l4,1).
Example 12 (Bound by Embedding into a Product Code). Ler A be the [34 = 2 - 17,18, 5]y repeated-root cyclic
code with p = 2, ng, = 17 and defining set:
D= {1<2>7 2(2) 462) g2 92 132) 152 16<2>}7

of Ex. 5 and let B denote the [3,2,2|y simple-root cyclic parity check code with defining set

Dp = {0<1> }

Let a € Fos and 8 € Fos denote elements of order 17 and 3, respectively. Then, for f, = —4, f, = —1 and
mg = mp = 1 Thm. 11 holds for 6 = 10 and therefore d, > 5, which is the true minimum distance of A.
Since 1-34 — 11 -3 =1, according to Thm. 10, the defining set of the repeated-root cyclic product code A ® B
is:
DB :{{1@, 2(2) 42 g2 9{2) 13 15() 16<2>} U {18<2>, 1942, 21<2>,25<2>,26<2>,30<2>,32<2>,33<2>}
U {35<2>,36<2>,38<2>,42<2>,43<2>,47<2>,49<2>,5o<2>}} i {{0<2>} u{3@}u---u {48<2>}}
:{0<2> 12 2@ 3 42 62 82 9@ 122 132 152 162 182 192 212 242 25() 96(2) 27(2)

) ) ) ) ) )

3023202 332 35 3612 38 392 42(2) 43 452 470 482 492 502 }



VI. PROBABILISTIC DECODING UP TO BOUND III

In contrast to the decoding approach for p®-phased burst errors in Section III-B, we do not use folding (as in
Def. 6) in the following. Instead we decode a given [n, = p*T,, kg, dq)4 repeated-root cyclic code A (embedded
in a repeated-root cyclic product code A ® B via an associated single-root cyclic code B as in Thm. 11) as a
p°-interleaved code and apply a probabilistic decoder (as e.g. analyzed in [25], [32], [33]). Note that this decoding
method also corrects p®-phased burst errors. Let a(X) € A and let the received polynomial be r(X) = a(X)+e(X).

Let p* polynomials (' (X),r1)(X),...,r® "1 (X) € F,[X] of degree smaller than 7z, be given, such that

pe—1
X)=>Y rx")X, (26)
where E; denotes the corresponding error-positions in 7 (X). The set E = UfiglEi with ¢ = |E| is the set of

p°-phased burst-errors.
In the following the set of p® key equations is derived and the decoding procedure up to £ < Lp—f’_l (dy —1)]
p°-phased burst errors is described.

Definition 13 (Syndromes). Let A be an [n, = p°Tig, kq, da)q repeated-root cyclic code over F, with characteristic
p, where gcd(q, p) = 1, and B an [ny, ky, dp]q simple-root cyclic code, respectively, with ged(ng, np) = 1. Let a,
B be elements of order N, in K. and of order ny in By, respectively. The integers fo, fp, ma # 0, my # 0 with
ged(ng, mg) = ged(ny, mp) =1 and § > 2 are given as in Thm. 11. Furthermore, let b(X) € B be a codeword of
weight dy. We define p® syndrome polynomials S (X),SM(X),..., 8% ) (X) e Fy[X], where | = lem(lq, 1)
for the received polynomials v (X),rM)(X), ..., rP°~1V(X) € F,[X] as in (26):
6—2
) LENT 0 (fetimay p(ahtimy Xy e [pf). 27)
=0
To obtain an algebraic description in terms of a key equation, we define an error-locator polynomial in the
following.

Definition 14 (Error-Locator Polynomial). Ler b(X) = Y_,.y b, X" be a codeword of weight Y| = dy of the
associated [ny, ky, dp|q simple-root cyclic code B. Let o and 3 be elements of order T, in F . and of order ny, in
[Fyu,, respectively, and let mq, # 0 and my, # 0 be as in Thm. 1L

The support of the additive error is E with |E| = €. Define the error-locator polynomial in Fyu[X], where

I =1lem(ly,lp), as
A ETT ] (- xaimepimy | (28)
icE \jeY
with degree ¢ - dp,.
For some j €Y, let 7, distinct roots of the error-locator polynomial A(X), as defined in (28), be denoted as:
;X gimgmima g [m,). (29)

We pre-calculate 7, roots as in (29) and identify the error positions of a given error-locator polynomial A(X) as
in Def. 14.



We now connect Def. 13 and Def. 14. From the expression of the syndromes in (27), we obtain:

6—2
[0 (X) = Zr(ﬂ (afa—l—ima) . b(ﬂfb“l‘imb)Xi

=0
6—2

— Z et (afa-i-ima) b(ﬂfb-i—imb)Xi
=0
6—2

— 3 el qUfatima)i N7 p ghtimal | X1y e [pe), (30)
i=0 \j€E, ley

As in (19), we use the geometric series and we obtain from (30):

e N . A , b, 3 v
Z Z e§t>a(fa+'lma)] . Z blﬁ(fb-f—lmb)l X = Z 6§t>afaj Z - Xla/@jma/@lmb mod X°~1. 3D
i=0 \j€EE, leYy JEE; ley

We need two more steps to obtain a common denominator. From (31), we have:

. b[ﬁf”l .
SU(X) = Z e§t>o¢f‘1] Z [~ Xomgimn mod X°~1
j€EE: ley

Siey B Tlicy (1 = Xame gim)
= Z e<‘t> afaj Z;ﬁl A -
’ HigY(l — XaJma Blmb)

J€EE;
ZjeEt <e;t>afaj ZleY <blﬁfbl Hzi\l((l — Xajmaﬁin%)> HSEAE HLEY (1 _ Xasmaﬁwnb)>
(A s#j
[ice, (ITjey (1= Xaime gim))

mod X°71, Vte [p*), (32)

mod X1

where

def j M QEMy, SMg QLMY s
QO x) =3 | a3 oM T - Xadme gy | TTTI (- Xasmepmey |, veep®)  (33)
JEE; ley zi\lf SiE' 4
% s#]

are the p® error-evaluator polynomials Q0 (X), QW (X), ... QP =1 (X) of degree at most ed, — 1. We skip the
explicit error-evaluation and refer to [19, Proposition 4].

Algorithm 2 summarizes the syndrome-based decoding procedure up to [pspil (di — 1)J p®-phased burst errors
with high probability based on the key equations as in (32) and (33).



Algorithm 2: Decoding a [p*Tig, ke, ds], repeated-root cyclic code A up to [pfil(ah” — I)J p®-phased

burst errors.
Input: Received word r(X), codeword b(X) = >,y b; X" € B,
Elements « and 3 of order n, and ny,

Parameters f,, fp, mq # 0, mp # 0 and > 2 as in Thm. 11
Output: Estimated codeword a(X) € A or DecodingFailure

Preprocess: ’ ‘
for all i € [n,): calculate v; = 77" a ", where j € Y

1 Calculate S (X),..., 8P~V (X) as in (27) using 79 (X),..., "~ (X) // Syndrome calculation

2 A(X),Q0(X),..., QP 1 (X) = ceEA(XL, SO(X),...,SP" -1 (X)) // Generalized EEA

3 Find all 4, where A(y;) =0 = E = {ig,41,...,%c_1} /I Chien-like search

4 if €]Y| < deg A(X) then

5 ‘ Declare DecodingFailure

6 else

7 for all i € [p®): Determine ¥ (X) using Q% (X) as in [19, Proposition 4] // Forney-like
error-evaluation

8 e (X) > jicE, e§Z>Xj

-

a(X) «+ YV (rO(XP) — el (xP7)) X7

All error-evaluator polynomials Q{0 (X), Q) (X),..., Q% =1 (X) as defined in (21) are needed for the error-
evaluation in Line 7.

Bound III simplifies to the BCH-like generalization of Bound I (as stated in Thm. 1) if the associated code B
is the trivial [n, np, 1], code and decoding up to & ;:1 |(dy — 1)/2] p°-phased burst errors with high probability is
possible. Then the p® parallel operations (as e.g., the syndrome calculation) are computed over F: instead in F .

Note that the p® cyclic subcodes can be collaboratively list decoded with the approach of Gopalan [34] up to the

g-ary Johnson radius with relative distance d/n,.

VII. CONCLUSION

We have proved three lower bounds on the minimum distance of a repeated-root cyclic code, i.e., a cyclic code
whose length is not relatively prime to the field characteristic. The two first bounds are generalizations of the BCH
and the HT bound to repeated-root cyclic codes. A syndrome-based decoding algorithm with a guaranteed radius was
developed. The third bound is similar to a previous published technique for simple-root cyclic codes and is based
on the embedding of a given repeated-root cyclic code into a repeated-root cyclic product code. A syndrome-based
probabilistic decoding algorithm based on a set of key equations using the third bound was proposed.
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