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VAN DER WAALS INTERACTIONS BETWEEN TWO HYDROGEN ATOMS:
THE SLATER-KIRKWOOD METHOD REVISITED

ERIC CANCES * AND L. RIDGWAY SCOTTY

May 18, 2015

Abstract. We examine a technique of Slater and Kirkwood [22] which provides an exact resolution of the asymptotic
behavior of the van der Waals attraction between two hydrogen atoms. We modify their technique to make the problem more
tractable analytically and more easily solvable by numerical methods. Moreover, we prove rigorously that this approach provides
an exact solution for the asymptotic electron correlation. The proof makes use of recent results [1] that utilize the Feshbach-
Schur perturbation technique. We provide visual representations of the asymptotic electron correlation (entanglement) based
on the use of Laguerre approximations.

Van der Waals forces play a ubiquitous role in science. The nature of the van der Waals interactions
between atoms, whose attractive energy depends like —CgR~° as a function of the separation distance R,
has been understood for nearly a century. A mathematical argument explaining the attraction between two
neutral atoms was first given by London [13], and later summarized in the book by Pauling and Wilson
[17]. The interaction, known as London dispersion, is an example of quantum entanglement and cannot be
rigorously explained without quantum mechanics. Work to clarify the mathematical derivation of the van
der Waals interaction from many-body quantum mechanics has continued to be of interest [12, 1, 11].

In the case of two hydrogen atoms, Slater and Kirkwood [22] derived a factorization of the solution and
an equation for one of the factors leading to the calculation of C's. What is remarkable about the approach
in [22] is that, in the case of two hydrogen atoms, the problem splits exactly into an angular factor and a
function of two one-dimensional variables (the underlying problem is six-dimensional). Although the partial
differential equation (PDE) defining the function of these two variables is not solvable in closed form, it is
nevertheless easily solved by numerical techniques.

Here we provide a slightly modified version of Slater and Kirkwood’s derivation in which the resulting
PDE is more suitable for theoretical analysis and numerical simulation. We prove that the PDE is well
posed and that, when its unique solution is multiplied by the angular factor, the resulting function solves
the original six-dimensional problem. We use a Laguerre approximation to compute not only Cg but also to
display the asymptotic electron correlation visually. This simple example provides a way to see concretely
the effect of electron correlation, or entanglement, that is the basis for the van der Waals effect.

We begin by recalling the heuristic approach originally used [13] to estimate the van der Waals interaction
intensity. This is a perturbation argument for an eigenvalue problem. It leads to a PDE whose solution gives
the asymptotic perturbation of the electron densities of the interacting atoms. It can be shown by completely
different means, using recently developed techniques [1], that this equation is a valid representation. The
paper is devoted to analyzing this PDE, providing numerical solutions, and justifying the perturbation
method introduced by Slater and Krikwood using the Feshbach-Schur technique.

1. Interaction between two hydrogen atoms. Throughout this article, we use atomic units so that
h=1,e=1, me =1 and 4weg = 1, where £ is the reduced Planck constant, m. the mass of the electron, e
the elementary charge, and ¢y the dielectric permittivity of the vacuum. In this system of units, the length
unit is the Bohr (about 0.529 Angstroms) and the energy unit is the Hartree (about 4.36 x 108 Joules).
We consider a system of two hydrogen atoms, which, within the Born-Oppenheimer approximation, consists
of two classical point-like nuclei of charge 1 and two quantum electrons of mass 1 and charge —1. We denote
by R the distance separating the two nuclei, by e the unit vector pointing in the direction from one hydrogen
atom to the other, and by R; and R, the positions in R? of the two electrons, the origin being chosen at
the center of mass of the nuclei (see Figure 1).

LUniversité Paris Est, Ecole des Ponts, and Inria, 6 & 8 avenue Blaise Pascal, 77455 Marne-la-
Vallée, France

2Departments of Computer Science and Mathematics, The Computation Institute, and the In-
stitute for Biophysical Dynamics, University of Chicago, Chicago, Illinois 60637, USA

1



2 E. CANCES AND L. RIDGWAY SCOTT

R,

Iy ./\ R/2

—R/? 0 ry
R

Fic. 1.1. Coordinates for positions of nuclei and electrons in a quantum model of two hydrogen atoms.

It is well-known that the ground state of the hydrogen molecule, which exists by virtue of Zhislin’s
theorem for neutral systems [26], is a singlet spin state [9]

[T = 1)

V2o
where the spatial component Ug of the ground state is symmetric (Tg(Rq1,R2) = Ur(Ro, Rq)). Moreover,
PR can be characterized as the nondegenerate lowest eigenstate of the spin-less Schrodinger equation ap-

plied to real functions without symmetry, that is, the minimum energy over all functions corresponds to a
symmetric eigenfunction. Thus Vg (R4, Rs) satisfies the normalization constraint

Vr(R1, R2) (1.1)

/ |Ur(R1,Ry)[?dR 1 dRy = 1,
R3xR3
and the six-dimensional Schrédinger equation
1 1
_§AR1 Ur(R1,R2) — §AR2‘I’R(R1>R2) + Wgr(R1,R2)¥R(R1,R2) = ErVr(R1, R2), (1.2)

where AR, is the Laplace operator with respect to the variables Ry € R3, where

1 1 1 1 1 1
_|_

Wr(Ry,Ro) = — - - - + R’
r(R1,R2) |R1—%Re| \RQ—%Re| \R1+%Re\ |R2+%Re| IRi —Rs| R

(1.3)

and where Ep is the lowest eigenvalue of the self-adjoint operator —3Ar, — 2Ag, + Wg on L?(R? x R?).
The proof of uniqueness of the ground state, and thus its positivity and symmetry, can be achieved by a
standard argument using Harnack’s inequality [7] on the complement of the singularity set of Wx which is
of co-dimension 3. The interaction energy between the two atoms is given by

SE(R) = Ep — Eoo = Eg + 1,

as in the limit R = 400 the two hydrogen atoms do not interact and the energy of the system is then twice
the energy of a single hydrogen atom, that is Fo, =2 x (—1/2) = —1.

In order to study the asymptotic limit when R goes to infinity, it is convenient to make the following
changes of variable

R, = —R/2e+r;, Ry=R/2e+r;, R=¢e /3

Ye(ry,re) = \IJe—l/3( — %6_1/39 +rq, %6_1/39 + 1'2), Ae=FE._1/s.

Denoting respectively by (-,-) and || - || the scalar product and the norm of L?(R®), the function . (r1,r2)
satisfies, for all € > 0, the normalization condition |1 ]| = 1 and is the ground state of the Schrédinger
equation

(HO + ‘/E)wﬁ = )\ewm (14)
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where
1 1 1 1
Hy=—=Ay — — — =Ap, — — 1.5
0 2 r ‘r1| 2 ro |I'2| ( )
and where the correlation potential V, satisfies
1 1 1
Vi(ry,re) = — - 1/3, 1.6
(ry,r2) vy — e 1/3e| |ry+ e /3¢ * [r; — o — e 1/3e| Te (16)
Recall that the normalized ground state (A, o) of the Hamiltonian Hy is known explicitly:
to(r1,rg) = e (Imil¥iral o yy = 1. (1.7)

The interaction energy of the two hydrogen atoms is therefore given by
0E(R) = Agp-3 — Ao,
and can be computed to high accuracy [25] as shown in Figure 3.1. Similar data can be found in [10].

2. Van der Waals interaction. To understand the asymptotic behavior of the interaction energy
JE(R) = Agp—3—X\g for large R, we need to understand the asymptotic behavior of A, for e small. Two classical
methods can be used to estimate this quantity, namely the Rayleigh-Ritz method and the perturbation
method.

2.1. Rayleigh-Ritz variational method. The energy \. can be bounded above by the Rayleigh-Ritz
variational method as

M= min R($), Re(w) = LlHotVIy) (2.1)

wex\{o} ]2
An upper bound of A, is obtained by minimizing the Rayleigh quotient R () over a subset of X \ {0},
where the function space X is the form domain of the operator Hy (X = H!(R%) in the case of two hydrogen
atoms).
It was thus possible for London [17] to approximate the interaction energy for two hydrogen atoms to a
remarkable degree of accuracy using (2.1). It was found that

>\e - /\0 S 70662 = 7C6R76, (22)

where R is the separation distance (e = R~3). Subsequent studies [15, 16] have carried out similar com-
putations to estimate Cg for hydrogen and other atoms to high accuracy by similar methods. Recently, a
rigorous derivation of the expression for Cg for general atomic interactions has been given [1].

Lieb and Thirring [12] were able to show that the R~5 upper bound was rigorously valid for a wide range
of molecular interactions. They used the Rayleigh-Ritz formula (2.1) with a special choice of trial functions.

2.2. Perturbation method. Formally in this case,
Ve = eB + o(e), (2.3)

where B is a symmetric multiplication operator defined subsequently in (3.2). The first-order perturbation
theory for such an eigenproblem seeks

’L/)e = % + EW + 0(6)

24
Ae = Ao + €N + o(e), (24)

where

Hoo = Moo

Ioll = 1 (25)
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and

(Ho — Xo)y" = Nbo — Bibo
(¢/7¢0> =0.

Since 19 depends only on radial variables, we will see that (¢g, Biyg) = 0. From this we get, using (2.5) and
the self-adjointness of Hy,

(2.6)

N = (Yo, Byo) + (tho, (Ho — Ao)y") = 0. (2.7)

To obtain the leading term of the interaction energy, we therefore need to carry out the perturbation to
higher order, as observed in [17]. Since V, is (formally) analytic in R~' = €/3 ie., V. = eB + €*/3C + - - -,
we make the ansatz

6
e =0+ Y /3P0 4 o(e?), (2.8)
=3

where we have temporarily written 1/’ = 1)), Since 1Vell2®sy = |Yollz2(resy = 1, we see that

6 6 6
0= 2(w0’§€i/3¢(i)) 4 (;€i/3¢(i),§ei/3w(i)) i 0(62)
6

2(vo, Y ) + (1,9 @) + o) (2.9)

=4

5
= 2(1/)0, ; ei/gqﬁ(i)) + € (2(w0,¢(6)) + (w(g),¢(3))) + o(€?).

Dividing (2.9) by €*/3, and letting ¢ — 0, we conclude that (1p,%®) = 0. Next, dividing (2.9) by /3,
and letting € — 0, we conclude that (1g,%(®) = 0. Therefore (¥, Hytbg) = Ao(1)),4hg) = 0 as well for
i = 3,4,5. Finally, dividing (2.9) by €2 and letting ¢ — 0, we conclude that

2(¢po, ) + (0@, 43 = 0. (2.10)
Expanding again, we have
6 6 6
(the, Hote) =(to, Hotbo) +2(vo, > e/ Hop ) + (32 /200, 3 2 Hou) + 0 ()
=3 =3 =3
6 6 6
“ o+ 2\ (W Z ei/S,L/)(i)) n (Z /3. Z ei/SHOw(i)) +0(e) (2.11)
1=3 1=3 =3

=Xo + 2A0€® (Yo, ¥ D) + € (v, Hop™®)) + 0 (€?)
=Xo = Xo€” (@, ) + € (p®), Hygp®)) + 0 (¢?)
in view of (2.10). Also note that
(e, Vetbe) = (Yo, Vetho) + 262 (), Big) + 0 (€2) . (2.12)
Putting together (2.11) and (2.12) we find
Ae :<'(/}67 (HO + ‘/;)we) = (wea HO"/)G) + (1/167 ‘/ewe)
=X + € (¥, (Ho = o)™ +2Buy) + (o, Vetbo) + 0 (¢?) (2.13)
=X + € (1%, Bibo) + (o, Vero) + 0 (¢7),
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where we used (2.6) at the last step (recall ' = 1/®)). The quantity

2
ve = (Yo, Veto) = 2 <;% + g - % - i) (R™3 =¢) (2.14)

has been known for some time [23, 2]. Thus
Ae — Ao = € (¢, Bhg) + 0 (€%) .

where we have switched back to the notation ' = ¢®). We therefore have

SB(R) = 20 + o(R™9), (2.15)
where
Cs = —(¢', Bibo) = ((Ho — Xo)¥', ). (2.16)

The first order perturbation ¢’ allows one to compute explicitly the coefficient Cg. This function is also
interesting in itself since it represents the asymptotic electron correlation.

The above derivation of the expression of Cy is still heuristic in the sense that we have not proved that the
expansions in e are rigorously valid. The mathematical difficulty arises from the fact that the perturbation
V. does not tend to zero as a multiplication operator from D(Hy) = H?(R®) to L?(R), so that regular
perturbation theory [19, Section XII.2] does not apply. However, with a different approach known as the
Feshbach-Schur perturbation method [8], it is proved in Section 5, using the ideas of [1], that the equalities
(2.15) and (2.16), with ¢’ given by (2.6), hold true. In Section 5, we also verify that

Ve — o — €U'|| gr2(msy = o(€).

To do so, we need some regularity and decay properties of 1’ that we derive based on the structure of the
equation (2.6) in the case of two hydrogen atoms. Thus we take the problem (2.6) as our starting point, and
we will derive rigorously results about the equation and its solution.

2.3. Computing Cs. In view of the previous two sections, we can imagine two different approaches to
computing Cs. Thus we can compute the limit of the functionals or a functional of the limit:

leigh-Ri h
¢~1(PDE,—PDEy) Rayleigh-Ritz method O = Ag)/e2

[ o [0 (2.17)

functional of v’

limiting PDE —Cs .

The approach using the Rayleigh-Ritz method (2.1) consists in approximating A — g (recall that e = R~3)
and computing its limit, using the upper right side of (2.17).

The main strategy for using (2.1) is to pick ¥ = 1y + w where w € 13, since directions proportional to
1o do not add anything. Here and in the sequel, we use the notation

Yo = {f € L*(R®) : (f,4h) =0} . (2.18)

In physical terms, there is a basis set of functions for the set of functions w L v, and this basis consists of the
excited states of the atoms (including diffusion states corresponding to the continuous spectrum). For this
reason, there has been some confusion in the literature about van der Waals forces being related to excited
states. Quite the contrary, the best choice in (2.1) is ¥ = 19 + €)' where ¢’ encodes the asymptotic form of
the electron correlation. Although it can be expanded as a sum of excited states, the physical interpretation
is quite different.



6 E. CANCES AND L. RIDGWAY SCOTT

interaction energy between two hydrogen atoms
10° .
o iy
4.
+
1072 ++++ |
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by
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21078 1
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10712 s
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Fi1G. 3.1. Interaction energy (van der Waals energy) between two hydrogen atoms. The unit for the vertical scale is the
Hartree, and the unit for the horizontal scale is the Bohr. Distinct points are the data in Table II in [25], and the solid line
corresponds to the asymptotic expression Ce R~ with Cs = 6.4990267 [4]. The breakpoint between the data and the asymptotic
model corresponds to R =~ 10Bohr ~ 54, or e ~ 0.0005.

3. Slater-Kirkwood approach. Here we propose to use instead the lower left side of (2.17) to first
compute the limiting equation, and then express Cg in terms of its solution. We have seen that the Rayleigh-
Ritz approach is limited since the derivative X’ of A with respect to € vanishes at € = 0, causing this approach
to be a second-order perturbation. On the other hand, the limiting PDE does have a nonzero solution, so
the first-order perturbation related to the wave function does not vanish.

It is well known (e.g., [5]) that the correlation potential V. satisfies

Ve(ry,re) = e(r1 Ty —3(r1-€)(ra- e)) + O<64/3). (3.1)
Thus the interaction of two hydrogen atoms corresponds to the model in Section 2.2 with
B(ri,ra) =r1-r2—3(r;-€)(rz2-e). (3.2)

The expression eB is the asymptotic dipole-dipole interaction potential for two dipoles placed a distance
R = ¢/3 apart along a vector e [5]. The approximation (3.1) can be made precise via

sup  |Ve(r,ra) — eB(r1,1p)| < CKe/?. (3.3)
vy |+|rz| <K '

We therefore need to solve

[(Ho — Ao)v' = —Byo, (Y0,9') =0,

(3.4)

where Hy, 1o, Ao and B are given in (1.5), (1.7), and (3.2). Equation (3.4) is the analog of (2.6) in the case
of two interacting hydrogen atoms. This is still a PDE in six dimensions, so it is of significant interest that
this can be factored, as observed by Slater and Kirkwood [22].

3.1. Separation of variables. Let us attempt to represent the solution to (3.4) as

Y'(r1,r2) = B(ri,r2)S(|ri, [raf). (3.5)



VAN DER WAALS INTERACTIONS BETWEEN TWO HYDROGEN ATOMS
The function S is closely related to the function R in [22]. Define
Q={(r1,r2) eR?:ry > 0}.
In addition to S : Q — R, define S : RS — R by S(ry,ra) = S(|r1], |r2|). We have
A(BS) = BAS +2VB- VS
since AB = 0. Then
VB(ri,r3) = (r2 — 3e(rz - e),r; — 3e(ry - €))

and

VS(r1,r2) = ((S./[r1])r1, (S2/Ira2l)r2),
where S; = 05/0r;. Note that

ri - (ro —3e(rz - e)) = B(ry,r2) and ry- (r; — 3e(ry - €)) = B(ry, ra).

Thus (ary, brs) - VB(ry,r2) = (a + b)B(ry,r2), and

I _ S,l 572
VB(ry,r) - VS(ry,r2) = B(rlarQ)(m " |I'2|>'
Therefore
ABS)=B|AS+2(—=— + — .
(55 ( (|1'1| |1‘2|)
Thus
(Ho—)\o)(Bg):B((HO Ao)S i_ S)2>
|r1] |ra|
So if S satisfies
~ S S
(Ho = A0)S — o 22 =)o,
r1] |ra|

then ¢’ = BS satisfies (3.4). Note that ¢/ = BS L 1 if S L Bu.
If we write r1 = |r1|s; and ro = |ra|s2, we can separate variables in B as

B(ry,ry) = |ry|[r2f(s1-s2 —3(s1 - €) (s2-€)) = [r1] [r2] b(s1, s2),
where the variables s; are on the 2-sphere So. Here b is defined on (S3)? by
b(s1,82) =s1-s2—3(s1-€)(s2-¢€).

The condition S L Bty is automatically satisfied since,

/ glgwodrldrgi/ / b(Sl,SQ)dsldSQ/ / S(Th’l"g)l[}o(?”l,T‘g)d’l"ldTQ:07
RS S2 JSa 0 0

since the angular integral vanishes, where ¥ (|r1|, [r2|) = ¥o(r1,r2), that is, 1o (r1,72) = Le—(rtra),

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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F1c. 3.2. Plots of (a) —T(r1,7r2) and (b) =T(r1,72)/(r1r2) = —¢/(r181,7282)/b(81,82), where T is the unique solution in
H(Q) of the equation (3.24), b is defined in (3.16), and ¢’ is defined in (3.28). The vertical scale has been chosen so that the
amplitude (mazimum) of the ground state wave function ¥g is one instead of the actual value of 1/m to make the comparison
easier between o and the perturbation ey’. The unit for the two horizontal axes r1 and ra is the Bohr. Computational details
are given in Section 3.4. The degree of Laguerre functions used was k = 9.

Using spherical coordinates, we can write

= 1 S1 Se S S
HyS=——(S11+82)— ———"—— — — —. 3.18
0 2 ( ,11 ,22) |I'1| |I'2| |I'1| |I'2| ( )
Therefore (3.13) becomes
1 S S 1 1 -
—= (S +82) —2( =+ 22 ) — [ =+ =) S~ oS = . (3.19)
2 1 T2 1 T2

Similarly, from (2.16) and (3.5), we have

Cs = — (0, BY') = — (o, B2S)

2 . 4. 4 (3.20)
—/ b(Sl,Sg) dSldSQ/ / ¢0(T1,T2)T1T25(7“1,7“2) d’l‘ld’l“g,
S2 /82 0 0

where the extra factor 72r3 comes from the Jacobian in the transformation to spherical coordinates. The
angular integral can be computed analytically:

32m?
/ / b(Sl,Sg)2 dSldSQ = i (321)
So JS2 3

This calculation is detailed in Section 3.5.

3.2. Understanding S. Our numerical simulations suggest that S does not vanish at the boundary of
Q. Tt is therefore not obvious how to make sense of the equation (3.19) due to the singularities. In order to
circumvent these difficulties and to obtain a symmetric equation, we consider the function

T(r1,r2) = (r1ir2)?S(r1,2). (3.22)
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Let us see what sort of equation T satisfies. We compute the Laplacian of the product and use (3.19) to
simplify its expression:

AT = (r1719)?AgS + 4riro(re,71) - VS 4 2(1r% + 7“2 )S

= (r1rs)? (AQS +4 (ill + SQ> ( é) 5) (3.23)

1 1 1 1
Y N Y LA Pt
T1 T2 1 T35

where here Agw = w11 + w 22. Therefore T' solves the equation

_%AQT(T:h 7“2) + (K(Tl) + Ii(’l‘g)) T(Tl, 7“2) = —(T1’I"2)2’(/J0(7“1, 7“2), (324)

where the function k is defined by
k(r)y=r—2—rt - 30 = P2ty z (3.25)
The minimum of  occurs at r = 2, and we have k(r) > i. This problem is well posed in H}(Q), i.e., given

Dirichlet conditions on the boundary of the quarter-plane 2 defined in (3.6), as we demonstrate in Section
3.3. From (3.20) and (3.21),

= ——W/ / 26_(T1+T2)T(r1,r2) drydrs. (3.26)

The solution for T in (3.24) is depicted in Figure 3.2, and in Table 3.1 we see values of Cg, both computed
using Laguerre function approximation (cf. Section 3.4).
Recall from (3.5) that

T(|r1], |r
(11,2 = Blr, w28l fal) = B(ea ) 2D, (327
1]%[r2
so that
T(|r1],|r
¢! (r1,r9) = b([ry| ey, |1‘2|71r2)wa (3.28)
[Ty | [re]

where b(s1,s2) is defined in (3.16).

THEOREM 3.1. The function ¢’ defined in (3.28), where b is defined in (3.16) and T is the unique
solution in H}(Q) of (3.24), belongs to H*(R®) and is the unique solution of (3.4) in L?(R%). Moreover, ¢’
decays exponentially at infinity.

In Figure 3.3, we see a comparison of the spatial factor T' of the perturbation )’ with the ground-state
wave function g along the diagonal (r,7) in (r1,75) coordinates. The minimum of ¢/ (rsy,rss)/b(s1,s2) =
T(r,7)/r? occurs near 1.3 Bohr, and the minimum value is just less than —0.092 of the amplitude (maximum)
of 1, that is, less than 10%. At that point, ¥y ~ 0.076 of the amplitude of 1, but it should be remembered
that, according to Figure 3.1, the asymptotic model fails to provide accurate approximations of the interaction
energy for e much bigger than 0.0005, or for R smaller than about 10 Bohr ~ 5A. Thus et represents a
relatively small perturbation to ¥y in the range of € values of interest.
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Comparison of perturbation versus ground state wave function
1 T T T

o
®

o
)

I
~

o
o

Amplitude of perturbation versus ground state wave function
o

-0.2 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3

distance measured in Bohr

Fia. 3.3. Comparison of perturbation v’ (rsi,rs2)/b(s1,s2) (lower curve) with ground-state wave function 1o(rsi,rssa)
(upper curve). The vertical scale has been chosen so that the amplitude of the ground state wave function is one instead of the
actual value of 1/m to make the comparison easier between 1o and the perturbation. The unit for the horizontal scale is the
Bohr.

3.3. Well posedness of equation (3.24). Recall the definition of Q = (0,00)? from (3.6). We want
to prove the following.

LEMMA 3.2. The PDE (3.24) has a unique solution T in H}(Q) which decays ezponentially at infinity.
More precisely, for any o < £v/3, there is a constant C, < 00 such that ||T(r)ea(”+r2)HH1(Q) < C,.

Proof. The variational form for the problem (3.24),
a(u,v) = / (3Vu(ri,ra) - Vo(r,re) + (k(r1) + £(r2)) u(ry, r2) v(ri, r2)) dridrs, (3.29)
Q
is bounded on H} () because of the Hardy inequality

/Oo(u(vﬂ)/r)2 dr < 4/OO (u'(r))*dr (3.30)
0 0

for u € HE(0,00).

The form (3.29) is coercive on H} (), since k(r1) + £(r2) > 3. In particular,

1
5-
1
a(v,v) > 5/ |Vu(ry,re)|? + v(ry,re)? dridrs, (3.31)
o

for all v € H}(Q). Note that

1 d? 1 1 1 1
“ogz 2Ty on (000,

since the operator on the left-hand side is the case ¢ = 1 of the radial Schrodinger operator

1d>  (+1) 1

C2dr? 2r2 r
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for the hydrogen atom for the orbital quantum number ¢. Thus
a(v,v) > Z/Qv(rl,m)Z drydrs. (3.32)
Thus there is a unique distributional solution T € H}(Q) to (3.24), satisfying
a(T,v) = —/Qr%rgﬁo(rl,rg)v(rl,rg)drldrg (3.33)
for all v € H}(Q).

Now let us consider the exponential decay. For simplicity, we will use the notation r = (r1,r9) for points
in 2. Let v,w € C§°(Q2). Differentiating, we find

V(e Hm2)y(r)) - V(r) = e F72) (ow(r) (SZ(r) + SZ(r)> + Vo(r) - vw(r)). (3.34)

Applying (3.34) twice yields

v (ea(“*'”)v(r)) -Vuw(r) — Vu(r) - V (ea(rﬁ”)w(r))

ow ow ov Ov (3.35)
— p(ritra) hathad) thnd) _ it il
et 473 (ufo) (G20 + 50 ) = wlr) (50 + 5 0))).
Thus an integration by parts shows that
/ \Y (ea(”“ﬂv(r)) - Vw(r)dr — / Vou(r) -V (eo‘(”Jr”)w(r)) dr
“ . o (3.36)
= / 20 F2 () [ —(r) + —(r) ) dr —|—/ 202e2 M+ (r)o(r) dr.
Q 67"1 87’2 Q
For u(r) = e("+72)y(r), we find
/ Vu(r) - Vw(r)dr = / Vou(r) -V (eo‘(T1+r2)w(r)> dr
e o (3.37)
+/ 2ou(®) (2 w) + 2% ) dr +/ 202w(r)u(r) dr
Q @ 87’1 87‘2 Q oW ’
Therefore
a(ri4rs) ow ow 9
a(u,w) = a(v, e w(r)) + | au(r)| =— )+ z—(r) | dr+ | a“w(r)u(r)dr. (3.38)
Q 87’1 8r2 Q
Define the bilinear form
ow ow 9
aq(v,w) = alv,w) — | av(r)| =—(r)+ —(r) | dr— | a*v(r)w(r)dr. (3.39)
0 87’1 8r2 0
Then for u(r) = e +72)y(r), we find
o (u,w) = a(v, ey (r)). (3.40)
All of the above relations extend to the case where u, v, and w are in H(Q).
For « sufficiently small, a,, is coercive on H} () because (3.32) implies
2. (32 3 2 2
aq(v,v) = a(v,v) — / a“v(r)®dr 2/ (f -« )U(Th’l’g) drydrs. (3.41)
Q o \4
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Thus a, is coercive for 0 < o < 1v/3. Clearly a, is continuous on H}(Q) for 0 < a < /3, so the

2
Lax-Milgram theorem implies that there is a unique u € H} () such that
aq(u,w) = —/ r2r2ao(r)e ")y (r) dr (3.42)
Q
for all w € H (). Define v(r) = e~ ("1+72)y(r) for r € Q. Then v € H} () and from (3.40) we find
a(v, e®MF2)y(r)) = — / 132 (r)e Ty (r) dr = a(T, e w(r)) (3.43)
Q
for all w € C§°(£2). Thus we conclude that v = T and so
e T 1) = ull @) < Callrir3do(r)e 72| 2() < Ci. QED (3.44)
Note that (3.44) implies that
||ea(r1+T2)THLP(Q) < Cha (3.45)

forallp<ocand 0 < a < %\/5 [20].
With ¢’ as defined in (3.28), we have

/ 1| dry dro =

where the constant 327%/3 comes from (3.21).

32r2
i T2 drydrs, (3.46)

3.4. An approximation scheme. We used a Galerkin scheme to compute the solution of (3.24).
Consider the Laguerre functions oy, o(r) = e=*"r™ [14, 21]. We used tensor products of these functions for
a = 1, which we denote by o,, = 0,1, to approximate the solution of (3.24):

Vg T17T2 chz]az T1 U] 7"2) (347)

=1 j=1

Using the variational form (3.29), we seek solutions uy of the form (3.47) to

aluk, vi) = (f,vx) (3.48)
for all vy, of the form (3.47), where
(f,vk) :/ / flri,ro)vg(ry, re) dridrs. (3.49)
o Jo
In particular, we will be interested in the case
f(ri,m2) = —02(r1)oa(r2), (3.50)

so the computation of the integrals on the right-hand side in (3.48) are simplified. The solution T}, of (3.48)
using k = 9 is depicted in Figure 3.2.

Note that [, oo(|r|)? dr = 47 fooo o1(r)2dr = w. Thus we can write ¢ (r1,72) = (1/7)00(r1)o0(r2). In
view of (3.26) and (3.57), we have

2
3 7T/ / 0'2 7"1 g9 7"2) (7‘1,7’2) dT’ldTQ (351)

Similarly, we can write

3272
3
where a(+, -) is the form defined in (3.29). In Table 3.1, we see values of Cs computed using Laguerre functions
of degree k for k = 2,...,15 via the formula (3.51). For values of k > 12, we begin to see effects of round-off.
For Cg values with k£ > 9 we have agreement with [4].

C =

a(T,T), (3.52)
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k | Cg values k | Cg values k | Cg values

6 | 6.499025 11 | 6.49902670534
2| 6.17 7 | 6.4990266 12 | 6.49902670539
3 | 6.486 8 | 6.49902669 13 | 6.499026705401
4 | 6.4985 9 | 6.499026703 14 | 6.499026705404
5 1 6.49900 10 | 6.4990267051 || 15 | 6.499026705403

TABLE 3.1
Convergence of Cg values as a function of the degree k of polynomials used in the Laguerre function approximation.

3.5. Spherical harmonics calculations. We collect some facts about spherical harmonics that will
be used for two concrete calculations as well as subsequently in Section 4. We denote by (V]")ien, —1<m<i
the basis of real spherical harmonics [24], with the normalization convention that (J]")ien, —i<m<: is an
orthonormal basis of L2(S5). In particular,

1 3
VS:.’B, )y % 687 yox’ yR) = T = yilxa y %) = —
(y)zo(y)ml(y) gy
/3 3
y?(x,y,z)z % yll(x,y,z): Y-
4 4
The fundamental remark is that
A\ 12
Vs€Sy, s= <3) Y VrGs)em,
—1<m<1
where e_; := e;, ey := e, e; := e,, so that the function b has a simple expression in terms of spherical

harmonics:

b(sl, S2) =81 -S2 — 3(s1 - €)(s2-€)

( Z V" (s1) V1" (s2) Z Yi(s1)em - e)( Z y{n(SQ)em,e)) (3.53)

—1<m<1 —1<m<1 —1<m<1

We can simplify by assuming, without loss of generality, that ey := e. In this case, b simplifies to

bors) = 5 (D0 I - 30 (s)). (3.5

—1<m<1

Using the orthonormality property

/ m ynL ds = 6l7l’6m,m’;
Sa

we obtain
/(S o b(s1, SQ)lel (Sl)y;:2 (s2)ds1 dsy = 4%51,l151,l2 (6my,ms — 300,m400,ms) - (3.55)
2
Therefore
/ b(s1,82) Y Vi'(s1) Vi"(s2)dsydsy = 0. (3.56)
(S2)? —1<m<1
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Thus

/ b(Sl, 52)2 dSl dSQ = 747‘[’/ b(Sl, Sg)y? (Sl)y?(SQ)
S22

S 2
2 (3.57)
47)? 272
= _{ 7?:) (00,0 — 390,000,0) = 52m .

This proves (3.21).

3.6. Asymptotic electron distributions. Knowing the exact form of the wave function perturbation
allows us to compute, at least asymptotically, properties of the wave function of physical interest. First of
all, the electron distribution is given by

pelr) =2 [ e dry =2 [ o) dra =2 [ (e, ma) + 0/ (e dra -+ ofe)

:2/ [Yo(r1, r2)|? dr2+46/ / Yo(r1,r8)b(|ry| ey, )T (|re|, 7)|e |~ r dr ds + o(e)
R3 S, Jo (3.58)

= po(ry) + 46/0 (/SQ b(|r|'ry,s) ds) Yo(ry,7s)T(|r],7)|re|~tr dr + o(e)
— polr1) + ofe)

since 1o(r1,rs) is independent of s and the angular integral vanishes. Thus to first order, the electron
distribution is unchanged for large R (small €).

We can also determine the asymptotic dipole associated with ¢’ in the following sense. Using the idea
of “atoms in molecules” [18], we can associate a half-space H; to the i-th hydrogen atom, where

H; ={ReR®: (—1)'Ry > 0}.

The “local” dipoles D; associated with the i-th hydrogen atom are defined to be the vectors

Dl = 2/ r1\¢€(r1,r2)|2dr1 drg, D2 = 2/ r2\¢€(r1,r2)|2dr1 drg. (359)
H; xR3 R

3><H2

Writing 1. = 19 + €/, we find
D; ~ 46/ rio(r1,r2)Y (r1,12) dry dra, (3.60)
R3 xR3
since the integrands are exponentially small on the complement of H; x R? and R® x H; and
/ ri[1ho(ry,12)|? drydry = 0, (3.61)
R3 xR3
by symmetry. But

/ rio(r1,r2)) (r1,12) dry dry
R3 xRR3

1
:*/) rie IR (e o) |pa] 72 [ro| T2 B(ry, 12) dry drs (3.62)
T JR3xR3
1
= — / Sib(Sl, 52) / ’I“ie_rl_mT(?"l, 7‘2)7‘1 &) d’l“l dT‘2 dSl dSQ,
So? Q

s
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----r-=>e=(1,0,0)
.
¢

F1G. 3.4. Spherical coordinates for visualizing the function b defined in (3.16).

where s; = |r;|7'r; and r; = |r;|. We can compute the angular integral using (3.54). Without loss of

generality, we can assume that ¢ = 1. Then for p € {—1,0,1},

Vi (s1)b(s1,82) dsy = / Vi (s1) Z Vi (s1) Vi (s2) — 3V7 (s1) ) (82)) ds1
S2 —1<m<1 (363)

= %(yf(sz) - 3(5“,03??(52)).

But by symmetry, the integrals of each YJ" are zero for all m € {—1,0,1}. So
/ S; b(Sl, SQ) d51 dSQ =0. (364)
322

Thus we find that, to order €, the dipole is zero. This confirms that the van der Waals interaction between
hydrogen atoms cannot be explained as a classical (induced) dipole-dipole interaction.

3.7. Visualizing B. We can represent the coordinates for So via
s(6, ¢) = (cos 0, sin b cos @, sinf sin @)
where —7/2 < 0 < 7/2 and —7 < ¢ < 7. With this representation,
ds = sinf d¢ df.

Although the ¢ variable is important, we are mainly interested to see if there are correlations between the
0 variables. Thus we will average out the ¢ variables to simplify. Define

B(01,02) = sin 6 sin 92/ b(s(61,¢1),8(02,¢2)) do1 deps .

[—m,m]?

Then for any function f defined on So X Sy that is cylindrically symmetric around the z-axis (that is, the
axis joining the two hydrogen atoms), we have

/ f(S]_,SQ)b(S]_7SQ)dS]_dSQ = / f(01,92)6(91,92) d91d92
So X Sso [—7/2,7/2]

since f does not depend on ¢1, ¢2. In these coordinates,
b(s(01, ¢1),8(02,¢2)) = sin by sin s (cos ¢y cos pa + sin ¢y sin pa) — 2 cos By cos s .
Thus
B(01,02) = —872 sin 6y sin O cos O cos By = —27% sin 26, sin 265 .

Recalling that T' < 0, we have a positive correlation when sign(f;) = sign(f2) and a negative correlation
otherwise.
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4. Proof of Theorem 3.1. Let Q = (0,+00)? and T be the unique solution of (3.24) as guaranteed

by Lemma 3.2. Then T is the unique solution of the minimization problem

ueH} ()

T := argmin (; / |Vul? + / (k(r1) + w(r2))u(ry, o) dry dry
Q Q

(4.1)
+/ r2r2e” M2y (ry ry) diry dr2>,
Q
where £ is defined in (3.25). Note that T satisfies, for all u € H}(Q2),
1
a(T,u) = / r2r2e” T2y (ry ro) drry dir, (4.2)
T Ja
where the bilinear form a(-,-) is defined in (3.29).
We now introduce the function ¢ defined almost everywhere in R? x R3 by
T(ry,r T(rq,r
C(ry,r2) = %B(I‘hrz) = Mb(shsz), (4.3)
rirs T1T2

where s; = (1/r;)r;. The function ¢ is in L?(R? x R?), and we have

2
[ et andr = ([ sl dsidsy ) ([ 1760 drdre) = S0Py (1)
RS xR3 (S2)? Q

—(r1+r2)
e
/ C(r1,P2)1/J0(P17P2) drl dI‘2 = / T(’I“l,’l“g)i’l"lrz d?“l d?‘g / b(Sl,Sg)dsl d82 =0. (45)
R3 XR3 Q m (S2)?

Similarly, by Hardy’s inequality

/ r2¢%dry dry < C / r2T% dry dry < C' / T2 drydry < C”. (4.6)

R3 X R3 Q Q ’
The next step is to show that
1
—iAg = C + £ + XoC¢ — ¢YoBB (4.7)

in the distributional sense, where A denotes the usual Laplaman in R®. Note that the right-hand side is in
L?(R3 x R3) in view of (4.6).
Let ¢ € C(R? x R?). The function ¢ can be expanded as follows

¢(r17r2 Z Z ¢ll,m1,l2 mo (Tl,TQ) yll (Sl)ylz (SQ)

11,lo=0 —l1<m1 <l
—lg<ma<la

where the functions ¢y, m,;i,,m, are defined by
By myila,ms (T1572) =/ P(r181,7282) V" (1) V). (82) ds1 dsa. (4.8)
SQ XSQ

Thus the functions @i, m,:1,,m, are in C°(Q), the series in the RHS being uniformly convergent, and con-
vergent in any Sobolev space H*(R3 x R?), s € R. In particular,

1 0 1 0
1‘1,1‘2 Z Z (T a,,, (Tléll’mlyl2;m2)+gai,r%(7‘2¢ll’ml§l2;m2)

l1,lo=0 —l1<m1<ly

—lg<mga<lgy (49)

N (q({;) N qgl;>> ¢h,m1;12,m2>(ﬁ»r2)3’ff (1) Y, (s2),

1 2
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where ¢(¢) = ¢(¢ 4+ 1). We have, using (3.55) and (4.3),

e = c.n0) = [ cavandn = [ Ty ) apdr ar,
R3 xRR3 R3 xRR3 T1T2
47
=5 3 Gonns e - @)em-0)) [ raraT(rira) x
—1<m <1 Q
“1Zmp<1
1 o2 1o aV) a1
a8 9 m1;l,me a9 mi1;1l,me 5 5 mi1;1l,me d d
(7“1 or? (r101,my:1, )+r2 o2 (rod1 ms 1, )+< 2 + r2 >¢1, i1, > 71 AT
47
-3 Z (6my,ma — 3(€m, - €)(em, - €))
TEms

2 2
X / T(Tla ’/‘2) <A2u7n1,m2 (’1"1, TQ) + <7"2 + 7"2> Umy ,my (Tla 7‘2)) drl era
Q 1

2

where we have introduced the functions w,, m, (r1,72) = T172¢1 m131,ms (11, 72). As the latter functions are
in H} () N C>(Q), we infer from (4.2) that for each —1 < my,map < 1,

2 2
/ T(ri,m2) (A2um1,m2 (r1,7r2) + (2 + 2) Uy ma (7’1,7"2)> dry drg
Q

rToora

2 2
— —/ VT - VU, m, dri dra + / <2 + 2) T(r1,72)Um, msy (T1,72) dry dirg
Q o\’ T2

1 1
= —2/ << + =+ )\0) T(ry,r2) — rfr%e(”Jr”)) Uy my (T1,72) dr1 drg
Q

1 T2

1 1
= —2/ (( +—+ )\0) T(ri,m2) — r%r%e_(“Jr”)) T17201 my:1,ms (11, 72) dry drs.
Q 1 ]

Therefore,
4
<ACa¢> =-2x ? Z (6m1,m2 - 3(em1 'e)(emz e))

—1<my <1

—1<mo<1
1 1

X / ((r + 77 + )‘O> T(ry,r2) — Tirge(rﬁrz)) T1T201,ma51,ms (11, 72) dr1 dra (4.10)

Q 1 2

1 1
= -2 </ ¢ < 4+ =+ )\O) ¢ dry dra f/ B¢ dry dr2> .
R3 xR3 T2 R3 xR3

Hence, (4.7) is proved. As the RHS of (4.7) is in L?(R® xR?), so is the LHS. Consequently, ¢ € H2(R3xR3) =
D(Hy) (the domain of the self-adjoint operator Hy), and it holds that

(Ho — Xo)¢ = —Buo.
y (4.5), ¢ is orthogonal to 1y in L?(R? x R?), and we finally obtain that ¢ = 1.

5. Rigorous justification of the perturbation method. The following is the main result of the
paper.

THEOREM 5.1. Let 1. € H?(R®) be the positive L?(R®)-normalized ground state of H¢ and let . be the
associated ground-state energy (solutions of (1.4)). Let (1o, \o) be as given in (1.7), and let o' € H*(RS)
be the unique solution to (3.28). Then

e — Yo — €| 2roy < Ce*/3(loge)®

5.1
[Ae = (Mo — 0662)\ < 067/3(log 6)3, (5:1)
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where Cg is given by (2.16).
Define P to be the projection onto the space spanned by 1o defined in (1.7). Using the Feshbach-Schur
method [8, 1], we write ¥, = atpg + Y., where Y, = P4, and |a.| < 1. We will show in Section 5.2 that

a. # 0, for € small enough, so we can write Y. = «.Y,. Then the equation (1.4) for 1. simplifies to
He(Ye +90) = Ac(Ye + to). (5:2)
after dividing by .. Multiplying on the left by P+ we find
PHH.(Ye + to) = AV,
and so we can characterize }Z by solving

(HY = \)Y. = =P H.ipg = =P Viahy = —Viaho + vetbo, Yo L 4, (5.3)

where HGJ- = PJ-(HO + Ve)PL and v, is defined in (2.14). Thus ¢ = a. (wo + }76) and we can determine o,
using the fact that [[¢c||z2rs) = 1:
-2 112 _ 2 112 _ 112
o = |[vo + Yellz2mey = [Yollz2me) + Vel 2oy = 1+ [[Yell 72 Ro)- (5.4)

REMARK 5.1. The standard perturbation expansion (2.4) can be related simply to the Feshbach-Schur
expansion as follows. The latter can be written

P = actho + Yo = aetho + €’ + O(¢*3(log €)?), (5.5)

where the O term is measured in H?(RS) and . is defined in (5.4), so that using the subsequent estimate

(5.26)
ae = /1= |[YelTogey =1+ O(é). (5.6)

Thus the two perturbation approaches are identical to within o(e).

5.1. Lower bounds. In order to justify the Schur decomposition, we need to show that H: — ). is
invertible on 93, and we need some uniform bound on its inverse. It is proved in [1] that the symmetric
operator H- — )\ is uniformly coercive, i.e.,

HY — X\ >7v>0o0n ¢y

for € sufficiently small and v independent of €. For completeness, we sketch this result.
Let 1 = 3/8 be the difference between the ground state energy and the energy of the first excited state
of a hydrogen atom, that is, the second lowest eigenvalue of Hy. We know that

PLHoP* — \g — 71 > 0 on 9.
We need to analyze the relevant perturbations to yield a similar result for
H*: — \. = Pt (Hy + V.)P*+ — ). (5.7)
Let A\~ be the ground state energy of the hydrogen ion H™. Define 75 = A~ — Ag. Let us prove that

~2 > 0. The Hamiltonian for the hydrogen ion is

1 1 11 1 1
H = —ZA;, — =

o —— = — 5.8
2 2 ir1|  Jra|  |ri— o O e — 1y (58)

It can be shown using the HVZ theorem [19, page 120] that the hydrogen ion has a ground state, and by an
analogous argument to that used for the ground state of the hydrogen molecule, it follows that the ground
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state for (5.8) is non-degenerate and can be represented by an L?(R®)-normalized eigenfunction ¥~ that is
positive almost everywhere. We have

_ . (v, H™ ) - . - 116 _
A = e o) TOE U~ = argmin { (¢, H™¢) : ¢ € H'(R®), [[¢9]| =1, ¢ > 0}. (5.9)

We necessarily have

(U=, HyU~) (U~ H~T")

Ao < < =\, (5.10)
(e [N
since the integral
1
/ \I/_(I'h 1‘2)27 dl‘ldrg
R6 |I‘1 - I'2|
must be positive. Thus v5 = A7 — g > 0.
Define 7, by
Yo = min{vy1,v2} > 0. (5.11)
LEMMA 5.2.
HE > X+ — 0 on g, (5.12)

where 6 — 0 as € — 0.

Lemma 5.2 is proved in [1], and we summarize the proof in the Appendix for completeness.
To show that HX — ). is invertible, using Lemma 5.2, we need to know that . is not too much greater
than \g. But this follows just by using v as a test function:

e < (Yo, Hetbo) = Ao + (o, Vetbo) = Ao + Ve, (5.13)

where we recall the formula (2.14) for v.. Therefore H, EL — Ae > Y9 — 6¢ — Ve is uniformly coercive for e
sufficiently small.

5.2. Proof that o, # 0. If ac =0, then ¢ =Y, € 1/13- and
Ae = (Hetbe, ) = (HE e, ) > Ao + 90 — dc. (5.14)
Combining (5.14) with (5.13) we have
Ao+ 7 —0e S Ae < Ao+ v,

which gives a contradition for e small enough.

5.3. Proof of Theorem 5.1. We now compare the expression (5.3) for ﬁ with one for ¢’. If v’ is the
solution to (3.4), then 9" L 9y and

(HE = X' = PH(Ho + Vo)’ — At/
= PTHyp' — Ao’ + PV + (Mo — A )Y

5.15
= —PBijo + PV + (Ao — Ay 1%
= —Byo + PV + (Ao — Ay’
since By L 1. Then in view of (5.3), the difference & = Y, — Y € 9y satisfies
(HE = A€ = € (=Viapo + vetho) + Biho = PV — (Ao = MY/ (5.16)

= (B— e 'V)bo + € vy — PRV — (Ao — A
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To prove that & — 0 as € — 0, we use in part the following.
LEMMA 5.3. There is a constant C independent of € such that
1B = €' Ve)hol 22 (ze) < Ce'/P(loge)? (5.17)
and
Ve[| L2 ey < Ce/3. (5.18)

We will prove this lemma in Section 5.4. Using it together with (5.16) and the bounds on HZ from Section
5.1, we conclude that

||€71}/;e — w/”L"’(RG) < 061/3‘ log 6|3 + C|Ao — Ael- (5.19)
Now let us derive an expression for the eigenvalues. From (5.2), we have
(He - /\e)(f}e + 1/}0) =0.
Therefore

0= ((He = A)(Ye +10),%0) = (Ve + %o, (He — A)to) = (Ye + 0, (Ao + Ve — A)to)

= (Yo, Vetho) + (Mo — Ae) + (o, Veto) = (Ye, Verbo) + (Ao — Ae) + Ve, (>20)
which we can re-write as
Ae = Ao+ ve + (Veto, Yo). (5.21)
Using (5.3), (5.17), and the bounds on HZ from Section 5.1, we conclude that
I¥ell 2 zs) < Ce. (5.22)
Thus (5.17), (5.21), and (5.22) combine to show that
IAe — Xo| < O (5.23)
Combining (5.19) with (5.23), we obtain
€|l 2Ry = €71 Ye — ¥/ || r2re) < Cel/?|logel’. (5.24)

Recall that ¢, = ag(?e + 1g). Therefore

e — o — €' || L2(rey = lleve (Ve + o) — 30 — e || L2(ro)
< [1Ve = el ams) + 11 = ael | Ye + doll 2 gms) (5.25)
< Ce*3|logel® + C|1 — a|.
From (5.4) and (5.22), we have
11— a.| < Cé. (5.26)
This proves the first inequality in (5.1) with H?(R®) replaced by L?*(RS).
To prove the eigenvalue inequality, we return to (5.21). Thus
Ae = Xo = ve = (Vetho, Yo) = e(Vitbo, o) + (Vetbo, Ve — e)')

_ (5.27)
GQ(BwOa W) + 6((‘/6 - €B)w0a¢/) + (VvewO,X/e - ﬂﬁ/)-
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Using (5.24) and Lemma 5.3, we find
Ae = Ao — €(Brbo, )| < el + el(Ve — eB)o, )| + [(Veako, Vi — e)] < O3 log e’ (5.28)

This proves the second inequality in (5.1).

Now we have a lower bound on A, which allows us to bound ((H. — A.)1)™! as a map from 3 to
H?(RS) as follows. Thanks to the Hardy inequality in R3, the quadratic form associated with the operator
H, — )\ is continuous and coercive, uniformly in € < ¢y on H*(R%) N1y, similar to the discussion in Section
3.3. This proves that ((H. — Ac))~! is a uniformly bounded map from 93 to H*(R%). Using the Hardy
inequality again, together with elliptic regularity, shows that ((H, — A¢)*)~! is a uniformly bounded map
from ¢35 to H2(R®). Replacing L?(R%) by H2(R®) in (5.19), (5.22), (5.24), (5.25), and (5.27) completes the
proof of the first inequality in (5.1).

REMARK 5.2. The proof Theorem 5.1 requires a type of boot-strapping with regard to estimates for A..
The principle expressions are (5.16) and (5.21), and they are coupled with respect to Y and \.. The first
step is the simple upper bound (5.13) for A\.. This implies that H> is bounded on L?(R®), which in turn
leads to the estimate (5.22). That yields the estimate (5.23), which then leads to the remaining results.

5.4. Proof of Lemma 5.3. Estimate (5.17) follows from (3.3) by breaking the integral into two parts,
one involving points at a distance no more than K from the origin, and the other integrating over the
complementary domain, then choosing K = (log R)*. See [1, (3.45)] for comparison. Estimate (5.18) is
proved as follows.

Recall that R = e~1/3 and write V. = V.V + V@ + v® 4 1/2R following (1.6). Define the sets S; by

S; = {(rl,rg) e RS : VO (ry,10)| > 1/3}. (5.29)
Then for each i = 1,2, 3, we have using (5.29) and (3.46) that

i i 1 i C
||Ve( )d/HL?(RG) < ||‘/e( )77[}/||L2(S¢) + EHw/HLQ(Sf) < ||‘/5( )¢/||L2(S,i) + R (5.30)
Define B = max {|b(s1,s2)| : s; € So}. Then (3.28) implies, for any ¢ > 1, ¢/ = q/(¢ — 1), and 8 > 0,
||Ve(i)¢/||2L2(Si) < 32/ K(i)(r17r2)2|r1|72|r2‘72 T'(Jr, \I‘2|)2 drydrs
Si
= 32/ ‘/;(i) (r1,12)%|r1] "2 [ra| "2 T (|14, |r2|)2e—(b’/q)(lr1\+|r2\)e(ﬁ/q)(\r1|+\rzl) drydr
8 (5.31)
2 (i 20|y, <20 |y (<20 g—B(Ir1 [ +Ix2]) Ha
< B2( | VO (rayea) 2o |2 feaf 72 PR ey )
S
20’ o8(a’/a) 1|+ Ir2]) e
< (TGl sy P 2 0 D g gy )
Si
But
/ |T(|r1], |r2|)‘2’1/e/3(q'/11)(\rl|+\T2|) dridry < C (5.32)
Si
using (3.45), provided 3 < ¢v/3. Thus it only remains to show that

; C
/S |V€(’)(r1,r2)|2q|r1|_2q|r2|_2q e PUriltir2D) gy gpy < T (5.33)

fori=1,2,3.
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Case 1: Let i = 1. Then Sy = {(ry,r2) : [r; — 2Re| < R, ry € R3}, Ve(l)(rl,rg) = |r; — 2Re|™!, and
for (ry,re) € S1, |r1| > |2Re| — |r;1 —2Re| = 2R — |r; — 2Re| > R. Thus

/ VD (21, 12) |2 ry |29 |pg| 22— AUmaIHIe2D gr ) dr,
S1

1
< ﬁfﬁR/ [V (r1,12)[*9|ra| 29172l dry dr (5.34)
S1
= %e‘ﬂR/ (/ lr; — 2Re|%¢ dr1> |r2|_2qe_’@|r2| droy < 4Cq 36_5R
Rr24 R3 \ J|r;—2Re|<R R*a=

provided ¢ < 3/2. Choosing e.g. ¢ = 10/7 and 8 = 1/3 yields (5.33).
Case 2: By reversing the roles of ry and ro, we prove (5.33) for ¢ = 2 under the same conditions.
Case 3: We have S3 = {(rl,rQ) i |ri —ro—2Re| < R, ry € R3}. For |[r1 —rs — 2Re| < R,

2R =1|2Re| <|r;y —r3 —2Re| +|r; —r2| < R+ |r; —ro| < R+ |ry| + 1o,

so that

R <ri| +|ra] < v/2(Jr1]? + |r2|?) for (r1,r2) € Ss. (5.35)

But (5.35) implies that for (ry,r2) € Ss, either |ry| > %R or |rg| > %R. Define
Sy ={(ri,r2) € S5 : [r| > 3R} and S5 = {(r1,r2) € S5 : [r2| > LR} (5.36)

Then S3 C S3US2. On Si, we get

/ |V6(3)(r1,r2)|2q|r1|_2q|r2|‘2qe_ﬁ(|“|+|”2|)drldrg
Sl

3

= / Iry — ry — 2Re| 291|291y | 20 AlrlHIr2D) gp dr,
S

3

q (5.37)
< —e_BR/z/ [r1 —ro — 2Re|_2q|r2\_2q6_5‘r2| drydrs
53
229 / c’
_ 2 R (/ 1 — 1o — 2Re|~27d )| |=2agBlrs| gpy < 4 ~F/2
= € I Iro e 1 )|T2 e o S — € ,
R24 R3 |r1—r2—2Re|<R R4q 3

provided ¢ < 3/2.
Reversing the roles of r1 and ry proves that a similar result holds for the integral over S3, so choosing
again ¢ = 10/7 and 8 = 1 yields (5.33).

6. Further comments. The limiting expression (2.2) for the energy difference for hydrogen-hydrogen
interaction is accurate for separation distances greater than 10 Bohr (about 5 Angstroms), but it deviates
dramatically from this model for smaller separation distances, as shown in Figure 3.1. One attempt [2] to
explain this discrepancy involves the term v, = (¢g, Vcibg) in (2.14). But this contribution is no larger than
CsR~% in magnitude, exceeding it only slightly for R near 3.86 Bohr. Thus v, is about an order of magnitude
too small to explain the discrepancy in Figure 3.1 in the range, say, of 6 to 10 Bohr (3 to 5 Angstroms).
Adding the Cg and Cyo terms in [4] similarly fails to account for the rapid change in energy in the range
R € [5,10]. Perturbation theory is therefore not an appropriate tool to compute the H-H interaction energy
in this separation range, in which it is necessary to solve the full 6D Schrédinger equation or one of its
approximations (MCSCF, coupled cluster, ...) [9].

It is known [4] that C7 and Cg are both zero. To prove such a result would require more terms in the
approximation of V, cf. (3.3).
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X2 x2

| = -
- e

F1a. A.1. Hashed areas indicate locations of the negative singularities of the interaction potentials for two decompositions.
The open squares indicate the presumed location of the electrons. In (a), the assumption is that the i-th electron is near the
i-th proton; the hashed areas depict (QF)¢. In (b), both electrons are assumed to be close to just one proton (the ionic case);
the hashed areas depict (Q )e. In (c), both electrons are assumed to be close to just one proton (the other ionic case); the
hashed areas depict (Q%)¢. In (d), the assumption is that the i-th electron is near the j-th proton, where {i,j} = {1,2}; the
hashed areas depict (Q, e,

X2

]

]
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Lastly, it is worth emphasizing that the Schrodinger equations are only a model of physics, not physical
reality. In particular, for modeling van der Waals interactions, there is a different model with different
properties. The Casimir-Polder model [3] involves quantum electrodynamics and obtains an interaction
energy that decays like O (R*7). According to [11], the latter model becomes significant at a distance of
100 Bohr, or about 53 Angstroms.
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of Chicago for generous support. LRS acknowledges partial support from NSF grants DMS-0920960 and
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Appendix A. Proof of Lemma 5.2.

The following proof is a specialization of the proof in [1] to the hydrogen molecule, and it is included
for completeness. Comparing (5.7) with (5.12), we see that, to prove Lemma 5.2, we have to show that V,
can be viewed as a small perturbation. The latter would seem to be a result of (5.17), but the difficulty
is that there are (negative) singularities in V, as indicated by the hashed regions in Figure A.1(a). These
singularities occur at distant places, but nevertheless we need to deal with them. We will do so by looking
at different decompositions of H, in which the corresponding singularities appear at different places [1].

A.1. The ionic view point. The decomposition of the Schrodinger equation given in (1.4) suggests a
prejudice that the electron associated with position r; is close to the proton at (fl)Z%Re. But we can take
a different point of view in which we write the Schrédinger operator as

1 1 1

Ho=-1A, — 1A, — - + +Vi=H +V} Al
2 27" ry+ 3Re| |ra+ 3Re|  |ri —ryf (A-1)
where the correlation potential V! satisfies
1 1 1
Vi(r;,ry) = — — + —, A2
() vy — 3Re| |ro—iRe| R @2

and H~ is defined in (5.8). The singularities in the interaction potential V! are in different places. More
precisely, the hashed areas of Figure A.1(b) represent the complement (2%)¢ of the set of points

Qp = {(r1,r2) : r; €ER?, |r; — 1Re| > SR and |r» — JRe| > SR}, (A.3)

where 3 will be fixed in the interval 0 < 8 < 1. On the set Q}, we can guarantee that V! > —2/8R.
The tacit thinking in the decomposition (A.1) is that the electrons are located near the proton at —%Re,
mostly inside the open box B}, indicated in Figure A.1(b), defined by

Bj = {(r1,12) : 1; ER®, |r1 + $Re| < BR and |ry + L Re| < BR}. (A.4)
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Correspondingly, the hashed areas in Figure A.1(a) depict the complement of the set

Q% = {(r1,r2) : 1; €R®, |r; — JRe| > SR and |5 + $ Re| > SR}, (A.5)
and on Q% we can guarantee that V. > —2/BR. The tacit thinking in the decomposition (1.4) is that the
i-th electron is located near the proton at (—I)Z%Re7 mostly inside the open box B% indicated in Figure
A.1(a), defined by

B} = {(r1,r2) : 1; ER®, |r1 + $Re| < BR and |ro — LRe| < BR}. (A.6)

We can equally assume that that the electrons are near the other proton, giving the decomposition

1 1 1
+VE=H +V3 (A7)

- - +
* |ri—gRel [ra—gRe[ [|ri-rsf °°

lAr

1
He = _7Ar1 )

2

where the correlation potential V2 satisfies

1 1 N 1
Ir1+ 3Re| |r+iRe| R

VZ(ry,ry) = (A.8)

and H~ is defined in (5.8). The locations of negative singularites of V2 are depicted in Figure A.1(c).

There remains a common point of negative singularity between the potentials V, V!, and V.2, near
the point r; = ry = %Re. However, if we simply reverse the ordering of the electrons in the original
decomposition (1.4), we obtain the decomposition

1 1 1 3

Ho=—-1A,, — 1A, — - + V3, A9
2 27" |ry— iRe| |r2+ }Re (4.9
where the correlation potential V2 satisfies
1 1 1 1
V3(ry,re) = , (A.10)

Ir1+iRe| |ro—3Re| [ri—12] R

(recall e = (1,0,0)), and we assume that proton i is located at (—1)’3Re. This corresponds to the Hamil-
tonian for the original hydrogen pair, just with the labels re-ordered.
In Figure A.1(c-d), we have plotted the complements of the sets of points

Q% ={(r1,r2) : r; €ER®, vy + 1Re| > SR and |r5 + S Re| > SR},

A1l
Q% = {(r1,r2) : 1; €R?, |r; + JRe| > SR and |r; — 2 Re| > BR}. (A-11)

together with the open boxes
B} = {(r1,r2) : 1; ER®, |r; — $Re| < BR and |r, — 3 Re| < BR} (A.12)

B}, = {(r1,r2) : 1; ER?, |r; — 1 Re| < BR and |r> + L Re| < BR}.

To unify notation, we denote by V. the original potential in (1.6). With these definitions, we have H, =
H! + V! with

Vi(ry,re) > —2/BR V(r1,rp) € O, (A.13)

for i = 0,1,2,3. Furthermore, H! > \g + o for i = 1,2 and P-H!P+ > \g + 7 for i = 0,3.
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A.2. General decompositions. In [1], general decompositions are considered that associate electrons

with protons. Let us denote the four ordered decompositions of {1,2} considered so far by a; = [A1, As]
with ¢ = 0,1, 2, 3, given by the definitions
ao =[{1},{2}], ar=[{1,2},0], a2 =1[0,{1,2}], as=[{2},{1}]. (A.14)

Note that in all cases we have a; = [A1, Ao] with A;UAs = {1,2} and A1 N Ay = §). Thus each decomposition
a; of electrons corresponds to a different interaction potential V' having different postions for the negative
singularities. More precisely, we have

3

(%) =0. (A.15)

=0

Therefore the open sets Q% form an open covering of R3. So we can pick [1] a subordinate partition of unity
J; (that is, the closure of the support of J; is contained in Q% for all i) with the properties that Z?:O J2=1,
together with 0 < Ji(r) < 1for all r € R?, and ||[D*J;|| o (r2) < C|a‘(BR)_‘“|, where (3 is the constant in
the definitions of Q% and B%. Moreover, J;(r)?V!(r) > —2/(8R) Vr € R?, in view of (A.13), since J;(r) =0
for r ¢ Q. Notice that for any i = 0,1,2,3, if we define ¢; = {j = 0,1,2,3 : j # i}, then (Qg{)c = Bi,.
Thus we conclude that J; =1 on Bj, for all : = 0,1, 2, 3.

Now we use the IMS localization formula [6, page 28] to write H, = Z?:o Ji;H.J; — |VJ;|?. Therefore

JEL;

H. = 23: JiH J; — |V J;|* = ZE: JiH!J; + JVE I — |V Ji|?
7 | | izOC , | ) . (A.16)
> ;JiH;Ji + VI — e 2 ;JngJi - 3%~ AP
Since H! > \g + 7o for i = 1,2, we have
PLILH! J;Pt > (Ao + ) P-J2PE (A.17)

for i = 1,2. Similarly PinPl > Ao+ for i = 0,3 and thus JiPLHEiPLJi > (Ao +70)Ji P+ J; fori =0, 3.
We can then obtain (A.17) for ¢ = 0,3 from the following;:

PLLH! ;P > J;PYHIPYJ; — Ce PR fori=0,3. (A.18)
This allows us to conclude that
PLLHLI;PY > (Ao + 70)Ji PLJ; — Ce PR (A.19)

for i = 0,3 (compare this with (A.17)). The proof of (A.18) is straightforward, although lengthy [1].
To complete the proof of Lemma 5.2, we need to bound J; PLJ; (see (A.19)) in terms of PLJ2P~ (see
(A.17)). Again, straightforward arguments [1] yield

JiPtJ; — PLJiPt > —Ce PR, (A.20)
Thus we have proved that
PHJHLT P > (Mo + 7o) PHJZ P — Ce™ PR, (A.21)
for i =0,1,2,3. Applying (A.16), we conclude that

HY > (Ao +70) = =5 — iy — Ce PR, (A.22)

and this completes the proof of Lemma 5.2.
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