
HAL Id: hal-01149625
https://inria.hal.science/hal-01149625

Submitted on 13 May 2015

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution - NonCommercial - ShareAlike 4.0 International
License

Types for REWERSE reasoning and query languages
I3-D4

Horatiu Cirstea, Emmanuel Coquery, Wlodzimierz Drabent, Francois Fages,
Claude Kirchner, Luigi Liquori, Benjamin Wack, Artur Wilk

To cite this version:
Horatiu Cirstea, Emmanuel Coquery, Wlodzimierz Drabent, Francois Fages, Claude Kirchner, et al..
Types for REWERSE reasoning and query languages I3-D4. 2005, 71p. �hal-01149625�

https://inria.hal.science/hal-01149625
http://creativecommons.org/licenses/by-nc-sa/4.0/
http://creativecommons.org/licenses/by-nc-sa/4.0/
http://creativecommons.org/licenses/by-nc-sa/4.0/
https://hal.archives-ouvertes.fr


���������

	�

����������������� �����
� ���� !�"�!#%$&#%'  !#)( *
+%�,�-

.  !#%'!+/ �'0���

132547698;:=<"<?>@<?AB8DC E"8;FDG?4DHI>BHIJK4DHL<?MI8ONP8RQTS">@<?MUE"VIAB8WGXFDH�YTZ[8R\]F7H&<5>B:WG
132547698;:=<-FD:R2?4^H[_&\TC E"`3N%`aE-Z[`
132547698;:=<XH[VI\bQc8R2;C deZgf�h9i7j^j7k7h9l7j^m&n^npo
132547698;:=<X>BH�G9<52?V�\K8WH&<WC `rq�st1rm]u-8v<9S�4D25w]47x�`zyI:v8RABAB8RH�:R8,{|uX4^`a}
132547698;:=<"<?M�8R\]Fp<5>B:�~I25>@4^2?>@<9_�C 1325>@4^2?>@<9_]igCtd�Hgx�4D25\]Fp<?>B4DH�Zg4[:R>@8R<9_]f�8;:�MIHI4DAB4DJ^>@8;GX{�deZIfX}
��4[:RVI\,8RH&<"<9_[~�8^C ��{|Yg8RAB>@�^8R2�F7QIAB8;}
u-F7<?VI258O47x�Yg4g:vVI\,8WH^<;C E�{�258R~c4D2?<�}
��>BG5Ge8W\,>@H�F7<?>B4DHTAB8R�D8WA|C 1rq�{�~IVIQIAB>B:;}
��4[:RVI\,8RH&<XH[VI\bQc8R2;C deZgfXlDjDm&n^npo[��N�F72�G?F�SO� ��>BHIwD�^~I>BHIJ[�;d9�7h���k[�7���;1aq��pF��
E"8;Ge~c4DH�G?>BQIA@8O8;Yg>@<?4D2�GWC N�����25FDQ�8WH&<"FDH�YT��� N%>@ABw
E"8W�&>B8RS�8R2�GWC 13>B8R252?8O��8R2�F7H�G5F72?<W�g��F7H�G"�^�I25JD8RH���MIABQ�FD:�M
� 4DH&<52?>BQIVg<5>@HIJ,~�FD2e<5>B:R>@~�F7H&<5GWC ��>BHIw^�D~I>BHIJ��gu�F7H�:R_D�I1zF725> GR�[N�F72�G?F�S
� 4DH&<52?>BQIVg<5>@HIJ,S�4D25w[~�FD:�wpF7J^8WGWC d9�
� 4DH&<525F^:=<?V�F7A¡YIFp<58O47x�Yg8RAB>@�^8R2�F7QIAB8DC i7¢,s�8RQI25V�F725_�i7j^j^l
�":=<5V�F7A£GeVIQ�\K> G5Ge>B4DHTYIFp<58DC j7k]¤�FD25:�MTi7j^j^l

¥�¦�§W¨R©pªI«7¨
f¬MI> G¬2?8W~�4^2e<¬~I258WG?8RH&<5Ga~I254D~c4^G5F7A G3x�4^2XF�<9_[~c8OGe_gGe<?8R\�x�4D2"F­G?VIQ�G?8v<"4DxtE"`3N%`aE-Z[`%A F7HIJ^V�F7J^8WGW��NP8

Ge<?V�Yg_�<9Sa4�F7~I~I254^F^:�MI8WGX<?4�GeV�:�MPF�<9_[~c8KG?_gG9<58R\T�¡S"MI> :�M!FD2?8­Q�FDG?8WYU4^H!Yg8;G?:R2?>B~g<5>@�^8­F7H�Y�~I258WG5:v25>@~I<?>B�D8
<9_[~I>BHIJ��3��GXF7H�8vyIF7\,~IAB8�2?V�A@8�A F7HIJ^V�F7J^8�S�8�V�Ge8O®�¤���¯&VI8R25_�A F7HIJ^V�F7J^8-°r±R²7³�´Wµv�
¶U·&¸¡¹bº ©�»%¼a½�§W¨
:v4^H�Ge<?2�F7>BH^<�GR�z258RS"25>@<?8T:RF7A :vV�A@V�GW�325VIAB8LQ�F^Ge8;Y¾A F7HIJ^V�F7J^8D��<9_[~c8�G?_gG9<58R\T�3<9_[~c8L>BHgx�8R258RH�:v8D�r~�4^A@_[\,4D25~IMI> :
<9_[~I>BHIJ���YI8WG5:v25>@~g<5>@�^8-<9_[~I>BHIJ��I~I258WG5:v25>@~g<5>@�^8-<9_[~I>BHIJ

¿�À�Á�Â9ÃÅÄ?Æ�ÄÅÁ=Ç ÈÅÉ;Ê7ËvÃÅË�ÌeÍ"Æ@Î;ÃzÏ¡É;À�Á�Ð;Ã�ÑvÊLÒ�ÁvÓaÓ�ÔÖÕÅÕÅÔ@Á=ÊKÑ=Ê7ËXÆ@Î;Ã3×DØ�Ô@ÕÅÕ�ÙgÃ�ËRÃeÀ�ÑvÚ¡Û^Ü�ÄÅÃcÈ9Á=ÀtÏ�Ë=É�Ä�ÑvÆBÔBÁ=Ê­ÑvÊ7Ë¬×^Ä?Ô@Ã?Ê7Ä�ÃrØ�Ô@ÆÖÎ;ÔÖÊ
Æ@Î;Ãr×DÔ ÝvÆ@Î"Ù&À�Ñ=Ó¬Ã?Ø�Á=À�Þ¬¿�À�Á�ßvÀ�Ñ=Ó�Ó¬Ã5à
á© â ÏaãXÏ â ×�Ï!ä;åvå=æRà



>B>



	�

���������0�����ç� �����è� ���� !�"�!#%$&#%'  !#)( *é+%�,��

.  !#%'!+/ �'0���

êUº ©�ªI¨W½�ë)ì­½�©p§W¨ · ª 1 ªIít»%î�ïéï¾ªIí¡ë ·&ð ì º�ñ ë · © ¸ 2 ªIí£»óòõô º »£ö^½�ï¾½ · ©�öL÷�©pªg¦ · í�¨ 3 ªIít»ø ©pªIítù º ½�§ ø ªIú · § 2 ªIí£»/ì ð ªIë£» ·�¶ ½�©�«�ûtí · © 1 ªIít»)¼rët½�úc½a¼a½ ñ ë º ©p½ 5 ª�í£»%ü · í&ý;ªIï¾½|íéòþªI«;ÿ 1ªIít»%¥�©�¨Wë£©�òç½ ð ÿ 4

1 �t��E"d9�bC � u-E�Z��Id9u-EXd9����q-HI>@�^8R2�Ge>@<?>B8WG¬4Dxtu�F7H�:R_mI�;lI�[2?VI8OYgVU�&F72�Yg>BHLQc47<�F7HI> ¯&VI8D�
lpk^m^jDj��->BA@AB8R2�G9hÅA��WGehÅu�F7H�:R_ � 8WYg8Ry��Is�25FDH�:v8

2 d9u-E"d9�s�25FDH�:v8
3 d�H�Ge<?>@<?Vg<58O47x � 4D\,~IVg<58R2-Zg:R>@8WH�:v8^�I1�4DAB>BG?MT�":RFDYI8R\b_�47x�ZI:v>B8RH�:R8WGW�NPFD25G5F�SO�[1�4DA F7H�Y

4 �-8W~�F72?<?\,8WH^<"4Dx � 4^\K~�Vg<?8W2XF7H�YLd�Hgx�4D25\]Fp<5>@4^HTZg:R>@8WH�:v8^���>BHIwD�^~I>@H�JKq-HI>@�^8R2�Ge>@<9_
Z&h9l7¢I��¢D�,��>@HIw^�D~I>BHIJ��gZgSa8;Yg8RH
5 d9u-E"d9� Z[4^~IMI> F,�XH&<?>B~�4^A@> Gi7j^j7k��[254DVg<58OYg8WG"��V�:v>B4DAB8WG�h���1%oD�

jDmDo^j^i­Z[4D~IM�>BF]�-H^<5>@~c4DAB> GR�Is�25FDH�:v8
j7k]¤�FD25:�MUi7j^j^l

¥�¦�§W¨R©pªI«7¨
f¬MI> G¬2?8W~�4^2e<¬~I258WG?8RH&<5Ga~I254D~c4^G5F7A G3x�4^2XF�<9_[~c8OGe_gGe<?8R\�x�4D2"F­G?VIQ�G?8v<"4DxtE"`3N%`aE-Z[`%A F7HIJ^V�F7J^8WGW��NP8

Ge<?V�Yg_�<9Sa4�F7~I~I254^F^:�MI8WGX<?4�GeV�:�MPF�<9_[~c8KG?_gG9<58R\T�¡S"MI> :�M!FD2?8­Q�FDG?8WYU4^H!Yg8;G?:R2?>B~g<5>@�^8­F7H�Y�~I258WG5:v25>@~I<?>B�D8
<9_[~I>BHIJ��3��GXF7H�8vyIF7\,~IAB8�2?V�A@8�A F7HIJ^V�F7J^8�S�8�V�Ge8O®�¤���¯&VI8R25_�A F7HIJ^V�F7J^8-°r±R²7³�´Wµv�
¶U·&¸¡¹bº ©�»%¼a½�§W¨
:v4^H�Ge<?2�F7>BH^<�GR�z258RS"25>@<?8T:RF7A :vV�A@V�GW�325VIAB8LQ�F^Ge8;Y¾A F7HIJ^V�F7J^8D��<9_[~c8�G?_gG9<58R\T�3<9_[~c8L>BHgx�8R258RH�:v8D�r~�4^A@_[\,4D25~IMI> :
<9_[~I>BHIJ���YI8WG5:v25>@~g<5>@�^8-<9_[~I>BHIJ��I~I258WG5:v25>@~g<5>@�^8-<9_[~I>BHIJ



>B�



���
	���
�	����

��� í�¨W© º »£ët«7¨;½ º í �
� ÷ · §;«7©p½��£¨;½�� · ¨ ¸ ��½�ítú�� º © °r±v²7³�´;µ �

ig�B� d�H&<?254gYgV�:v<?>B4DH����O�O���O���O���O�O���O���O���O�O���O���O���O���O�O���O���O���O�O���O���O��� i
ig� i ¤U4gYg8WA@AB>BHIJ,®�¤�� ��Fp<�F �O���O�O���O���O���O�O���O���O���O���O�O���O���O���O�O���O���O��� �
ig� � fa_[~�8O��8���HI>@<?>B4DH�G ���O���O���O�O���O���O���O�O���O���O���O���O�O���O���O���O�O���O���O��� k
ig� k 13254D~c8R2Xfa_[~�8O��8���H�>Ö<5>@4^H�G ���O�O���O���O���O�O���O���O���O���O�O���O���O���O�O���O���O��� m
ig� l ��~c8R2�Fp<5>@4^H�G�4DHTfr_[~c8WGP���O���O�O���O���O���O�O���O���O���O���O�O���O���O���O�O���O���O��� n

iI� lI�@� `3\,~g<5>@H�8WG5G � MI8;:�w����O�O���O���O���O�O���O���O���O���O�O���O���O���O�O���O���O��� n
iI� lI� i d�H&<?8W25G?8W:v<?>B4DH�47x�fr_[~c8WG��O���O���O���O�O���O���O���O���O�O���O���O���O�O���O���O��� ¢
iI� lI� � d�H�:RA@V�Ge>B4DH�Z[VIQI<9_&~�>@HIJ �O���O���O���O�O���O���O���O���O�O���O���O���O�O���O���O��� o

ig� m fa_[~I>@H�JK4Dx�°r±R²7³�´Wµ���VI8R25_�E"8;GeV�AÖ<�G��O���O���O�O���O���O���O���O�O���O���O���O�O���O���O�����Wj
iI� m��@� °r±R²7³�´Wµ ��d�H&<?254[YIV�:=<5>@4^H ���O���O���O�O���O���O���O���O�O���O���O���O�O���O���O�����Wj
iI� m�� i E"8;FDG?4DHI>BHIJ]F7Qc4DVI<"fa_[~�8;G¬47xt°r±v²D³|´;µ!��V�8R25_�E"8WG?VIA@<5G �O���O���O���O�O���O���O�����W�
iI� m�� � � 4^\K~�Vg<?>BHIJ��X~�~I2?4�yg>B\]Fp<?8;YLZ[8R<X47xz�XH�G?S�8R2�G�x�4D2XF"��VI8R25_�f£8R25\����O���O���O�����Rk
iI� m�� k � 4^\K~�Vg<?>BHIJ"��8v<?<?8R2X�-~I~I254�yg>@\]Fp<5>@4^H�G�47x3Z[8v<X4Dxt�-H�GeS�8R2�G�x�4D2XF"��VI8W2?_�f£8R25\ ����n
iI� m�� l � 4^\K~�Vg<?>BHIJ,<?M�8�fr_[~c8�4Dx#��V�8R25_�E"8WG?VIA@<5GW�õ�O���O���O�O���O���O���O�O���O���O��� ig�
iI� m�� m �-H�F7AB_gGe> G¬47xt°r±v²D³|´;µ�1r2?4^JD2�F7\]GR�è���O�O���O���O���O���O�O���O���O���O�O���O���O��� iDi

ig� n s�Vg<?VI258OS�4D25w
���O�O���O���O���O�O���O���O���O�O���O���O���O���O�O���O���O���O�O���O���O��� i7�
ig� ¢ � 4^H�:vABV�G?>@4^H�G)���O�O���O���O���O�O���O���O���O�O���O���O���O���O�O���O���O���O�O���O���O��� i7�

$&% © · §W«D©�½��£¨;½�� · ¨ ¸ � · ½�í'� · © · ít« · � º ©�© ·&¹ ©p½�¨ ·)( ¦�ªI§ · » ð ªIí£úcëtªIú · § �+*
�I�B� d�H&<?254gYgV�:v<?>B4DH����O�O���O���O���O�O���O���O���O�O���O���O���O���O�O���O���O���O�O���O���O��� iDl

���@�^�@� f¬MI8�EX8RS"25>Ö<5>@HIJDhÅ:WF7A :vVIABV�G �O���O���O�O���O���O���O���O�O���O���O���O�O���O���O��� iDl
���@�^� i � x�4^VIH�YIF7<?>B4DH�FDA�x�25FD\K8WSa4^2?w,x�4^2"N!8WQUE"8WF^Ge4^HI>@H�J!���O�O���O���O���O�O���O���O��� i7m
���@�^� � fa_[~�8;Y�EX8RS"25>Ö<5>@HIJ]:WF7A :vVIAB>0�O���O���O�O���O���O���O���O�O���O���O���O�O���O���O��� i^n

�I� i f¬MI8�Z[_gGe<?8W\-,�.0/21����O���O���O�O���O���O���O�O���O���O���O���O�O���O���O���O�O���O���O��� i7¢
��� iI�@� Z[_[H&<5F7y0�O�O���O���O���O�O���O���O���O�O���O���O���O���O�O���O���O���O�O���O���O��� i7¢
��� iI� i s�2?8W8vh3�3F725>BFDQIA@8;G¬F7H�YTZ[VIQ�Ge<?>@<?VI<?>B4DH�GW�O�O���O���O���O���O�O���O���O���O�O���O���O��� i7o
��� iI� � ¤�F7<5:�MI>BHIJ,`r¯&V�F7<?>B4DH�GW��f¬MI8W4D25>@8;G�FDH�Y�f�8W2?\ �X~I~I254�yg>@\]F7<?>B4DH�GW�,���O�O���O���O��� i7o
��� iI� k f¬MI8O1�4^A@_[\,4D25~IMI> :�E"8RS"25>Ö<5>@H�J7h�:RF7A :vV�A@V�GW�4,�.0/21 �O���O�O���O���O���O�O���O���O�����Dj

�I� � f¬MI8�1�4DAB_[\,4D25~IMI> :�fa_[~�8�Z[_gGe<?8W\-,�.0/21)���O�O���O���O���O���O�O���O���O���O�O���O���O�����I�
��� ���@� ¤U8R<5F7<?MI8W4D25_�47x
,�.0/21 �O���O���O���O�O���O���O���O���O�O���O���O���O�O���O���O�����7k
��� ��� i fa_[~I>@H�J­<5MI8O258R~I258WG?8RH&<5F7<?>B4DHL47x�°r±R²7³�´Wµ"¯&VI8R25>B8WG��O���O�O���O���O���O�O���O���O�����^l

�I� k f¬MI8�1�4DAB_[\,4D25~IMI> :�fa_[~�8�d�Hgx�8W2?8WH�:v8657,�.0/21 �O���O���O���O���O�O���O���O���O�O���O���O�����^l
��� k��@� fa_[~I>@H�J­<5MI8O258R~I258WG?8RH&<5F7<?>B4DHL47x�°r±R²7³�´Wµ"¯&VI8R25>B8WG��O���O�O���O���O���O�O���O���O�����D¢

�I� l fa_[~�8�>BHgx�8R258RH�:R8 �O���O���O���O�O���O���O���O�O���O���O���O���O�O���O���O���O�O���O���O�����Do
��� lI�@� ��8W:R>BYIFDQI>BA@>@<9_�4Dx�<9_[~I>BHIJ,x�4D2
,�.8/91 �O�O���O���O���O���O�O���O���O���O�O���O���O�����Do
��� lI� i 57,�.0/21

�
C3FKYI8W:v> YIFDQIA@8�x�2�F7J^\K8WH&<¬4Dx 57,�.0/21 �O���O���O�O���O���O���O�O���O���O��� k^j

��� lI� � f¬MI8��-A@J^4D25>Ö<5MI\
W
� �O�O���O���O���O�O���O���O���O���O�O���O���O���O�O���O���O��� k��

�I� m E"8WABF7<?8;Y�NP4D25w�F7H�Y � 4^H�:vABV�G?>@4^H�G �O���O���O�O���O���O���O���O�O���O���O���O�O���O���O��� k[n

�



:;% © · §W«D©�½��£¨;½�� · ¨ ¸ �t½|í£ú�<=�|© º ï ì­¼ % ¨ ºP°r±R²7³�´Wµ :?>
k��B� d�H&<?254gYgV�:v<?>B4DH����O�O���O���O���O�O���O���O���O�O���O���O���O���O�O���O���O���O�O���O���O��� k^¢
k�� i fa_[~�8�Z&<52?V�:v<?VI258��O���O���O���O�O���O���O���O�O���O���O���O���O�O���O���O���O�O���O���O��� k^¢

k�� iI�@� 13258RAB>B\K>BH�FD2?>B8WG ���O���O�O���O���O���O�O���O���O���O���O�O���O���O���O�O���O���O��� k^¢
k�� iI� i fa_[~�8;G��O�O���O���O���O�O���O���O���O�O���O���O���O���O�O���O���O���O�O���O���O��� k^o
k�� iI� � Z[V�Qg<9_[~I>@H�J]4D2�Yg8R25>@H�JP�O�O���O���O���O�O���O���O���O���O�O���O���O���O�O���O���O��� l7j
k�� iI� k Z[V�Qg<9_[~I>@H�J�:v4DH�G9<525FD>@H&<5G ���O���O���O�O���O���O���O���O�O���O���O���O�O���O���O��� l7j

k�� � fa_[~�8;Y � ��1è1r2?4^JD2�F7\]G �O���O�O���O���O���O�O���O���O���O���O�O���O���O���O�O���O���O��� lg�
k�� k Z[V�Qg698W:v<-E"8WYgV�:=<?>B4DHTSO� 2W� <W� � Zg�£� E"8;Ge4^A@Vg<5>@4^H �O���O���O���O�O���O���O���O�O���O���O��� lg�
k�� l Z[V�Qg698W:v<-E"8WYgV�:=<?>B4DHTSO� 2W� <W�3Z[V�Q�G9<5>Ö<5Vg<?>B4DH�GU�O�O���O���O���O���O�O���O���O���O�O���O���O��� lDi
k�� m fa_[~�8;Y�°r±R²7³�´Wµ¬13254DJD2�F7\]G����O�O���O���O���O�O���O���O���O���O�O���O���O���O�O���O���O��� lpk
k�� n fa_[~�8O:�MI8;:�w&>BHIJ,�O�O���O���O���O�O���O���O���O�O���O���O���O���O�O���O���O���O�O���O���O��� l^n
k�� ¢ � 4^H�:vABV�G?>@4^H ���O�O���O���O���O�O���O���O���O�O���O���O���O���O�O���O���O���O�O���O���O��� l7o

* ø ½�ítª ð © · ïéªg©�ÿ�§ *2@

�[>



A B 	��DCE�GFIHKJ���L��
	

f¬MI> G]258R~c4D2?<�~I2?8;Ge8WH&<5G,~I254D~c4^G5F7A G­x�4D2,<9_[~�8�G?_gG9<58R\]G,x�4^2�GeVIQ�Ge8R<5G]4Dx�E"`rN%`rE-Z[`�A F7H�JDV�FDJD8WGW�ódÅ<�> G
Ge<?25V�:=<5VI2?8;Y¡��x�4DABAB4pS">@HIJ�<?MI8]FD~I~I254^FD:�M�FDA@258WF^Yg_TV�G?8WY�>BHNM �"� � + j7kPOÅ��Q[_Q��2�G9<O:v4^H�G?>BYg8W2?>BHIJ�Yg8WG5:v25>@~I<?>B�D8<9_[~�8;GXF7H�Y�<5MI8RHT~I258WG5:v25>@~I<?>B�D8�4DHI8;GR�

Z[8;:=<?>B4DH0i]~I2?8;Ge8WH&<5G-F�Yg8WG5:v25>@~I<?>B�D8�<9_[~I>BHIJ�F7~�~I2?4&FD:�M�<?4�®�¤��
¯^V�8R25_LA F7HIJ^V�F7J^8�°r±v²7³�´;µv�-f¬MI8b254DAB8
47x�Yg8WG5:v25>B~g<?>B�D8�<9_[~I>@H�JK> G�<?4,~I254p�[>BYI8�FD~I~I254�y[>B\]Fp<5>@4^H�G34Dx�<?M�8�Ge8W\,FDH&<?> :RG�47xt~I2?4^JD2�F7\]GW��NP8�~�2?4^~�4&Ge8�F
x�4D25\]F7AB>BG?\�<54�Yg8���H�8�Ge8R<5G"4Dx�YIF7<5F­<?8W2?\]G"S"M�>B:�M�>BG-F,JD8RH�8R2�F7AB>SR;Fp<?>B4DH�47xt<?258R8�F7VI<?4D\]F7<5FI�zf¬MI8�YI8���HI8;Y
G?8v<5G�2?4^VIJDMIAB_0:R4D252?8;Ge~c4DH�Y�<?4�G?8v<�G�47x"Yg4g:vVI\,8RH&<�G�Yg8���H�F7QIAB8]Q[_�\,8WFDH�GO47x�®�¤��/G?:�MI8W\]FLA F7H�JDV�FDJD8WGW�
AB>@w^8���f"� F7H�Y�®�¤0�PZg:�M�8R\]FI�zf¬MI8�\]F7>BHL:R4DH&<?25>@Q�Vg<?>B4DHL>BG¬F7H�F7ABJD4^2?>@<?MI\ x�4^2¬:R4D\,~IVg<5>@H�Jb<5MI8�<9_&~c8�47x
~c4^G5Ge>BQIAB8X2?8;GeV�AÖ<�Gz47x�F7H,°r±R²7³�´Wµ325VIAB8D�^JD>B�D8RHK<5MI8X<9_[~c8X47x�<?M�8�YIF7<5F7Q�FDG?8D�£f£S�4O�D8R2�G?>@4^H�G�47x�<?M�8�F7ABJD4^2?>@<?M�\
F7258�~I2?8;Ge8WH&<?8WY��&4^HI8�>BG¬G?>@\,~IAB8R2"F7H�Y�\,4D258-8UT�:v>B8RH&<"S"MI>@AB8�<?MI8�47<5MI8R2¬~I254p�[>BYI8WGa\K4^2?8�FD:W:vVI2�Fp<58-258WG?VIA@<5GW�
f¬MI8OF7ABJD4^2?>@<?M�\�:WF7HLQ�8�V�G?8WY�<?4,F7Vg<54D\]Fp<5>B:WF7ABA@_]:�MI8;:�w�:v4D25258W:=<5HI8WG5G34Dx�°r±v²D³|´;µa~�2?4^JD2�F7\]G3S">@<?M�2?8;Ge~c8W:v<
<?4­Ge~c8W:R>V��:WFp<5>@4^HKJ^>@�^8RHKQ[_­\,8WFDH�Gz4Dx�<9_[~c8WGW�&FDH�Y­<?4�:v4^\,~IVg<?8­{�F7~�~I2?4�yg>B\]Fp<?>B4DH�G£4Dx5}�<5MI8XG?8v<5Gr47x�2?8;GeV�AÖ<�G
47x�HI4^Hgh�258W:RVI2�Ge>B�D8-°r±v²7³�´;µ�~I254DJ^25FD\]GR�

13258WG5:v25>@~I<?>B�D8�<9_&~�>@HIJ]F^YIYg258WG5Ge8;Gr<5MI8O> G?G?VI8�47xt<?MI8O:R4D\,~�4&Ge>@<?>B4DH��#�a_�~I2?4p�[> Yg>BHIJb<9_[~c8WG�x�4^2¬x�VIH�:=<5>@4^H
F7H�Y!~�2?8;Yg>B:WFp<58,G?_[\bQc4DA GR�tF7H�YP>BHP<?VI25H�\K4gYgV�A@8;GR�£4DHI8]8Ry[~�2?8;G?G?8WG�<?M�8�Ge_[H&<5F^:=<5>B:,:RF7<?8WJD4D25>B8WG�<?4US"MI> :�M
<?M�8R_,:RF7H,Qc8-F7~�~IA@>B8WY��E��_K:�MI8W:�w[>BHIJ�<?MI8-:R4DH�G?> G9<58RH�:R_b47x�F�~I254DJ^25FD\�SO� 2;� <W�7<5MI8WG?8¬<9_[~�8;GR�[F�~I258WG5:v25>@~I<?>B�D8
<9_[~�8XG?_gG9<58R\ <5MI8R258vx�4^2?8�~I254p�&> Yg8¬F�Yg>BG5:v>B~IAB>@H�8a<54O:v4D\,~c4^G?8r<5MI8R\ :v4^2?258W:v<?AB_D����Gt<?MI8XE"8WS"2?>@<?>BHIJ�:RFDAB:RVIA@V�G
~I254p�[>BYg8;G�F�x�4DV�H�YIFp<5>@4^H�F7A7x�25FD\K8WSa4^2?w¬<54X8vyg~I258WG5G�>BH�Yg8v<�F7>BA7<?M�834D~c8R2�Fp<5>@4^H�F7A7G?8R\]F7H&<5>B:WG¡47x[2?8WS"2?>@<?8zQ�FDG?8WY
A F7HIJ^V�F7J^8WGW�;S�8¬GeMI4pSé>@H,Z[8W:v<?>B4DH,�g�7MI4pS <5MI8¬:RF7A :vV�A@V�G�:R4DVIA Y�Qc8¬V�Ge8;Y�<54�8Ryg~I2?8;G?G�°r±v²D³|´;µt:R4DH�Ge<?25V�:v<?>B4DH�GW�
f¬MI8WH��¡Sa8K>BH^<52?4gYgV�:v8­FL~c4DAB_&\,4^2?~IM�>B:�<9_&~c8,Ge_gGe<?8R\ x�4^2-<5MI8]E"8RS"25>Ö<5>@H�JL:RFDAB:RVIABV�GR�Of¬MI> G�~I254p�&> Yg8;G"<?M�8
:RFD~�F7Q�>@AB>Ö<9_�<54�~I254D~c4^G?8r~c4DAB_[\,4D25~IMI> :z<9_[~�8¬G?_[Ge<?8W\ x�4D2£°r±v²D³|´;µv�7�[>BFX<?MI8�8vyg~I258WG5G?>@4^H�47xI°r±R²7³�´Wµ£~I2?4^JD2�F7\]G
FDG�E"8WS"2?>@<?>BHIJL:WF7A :vVIABV�GX<?8R25\]GR���-G�G?8R�D8W25FDA�25VIA@8­ABFDHIJDV�F7JD8;G¬x�4D2�\]F7HI>B~IVIA Fp<5>@H�JLG?8R\,>Öh�Ge<?25V�:=<5VI2?8;YUYIFp<�F
M�F��^8¬<?MI8W>@2�Ge8W\,FDH&<?> :RGz>BHIMI8W2?>@<?8;Y,x�2?4^\þ:R4DH�Ge<?2�F7>BH&<3A@4^JD> :¬~I2?4^JD2�F7\,\,>@H�J��74^VI23~I258WG5:v25>@~I<?>B�D8¬<9_[~�8�Ge_gGe<?8R\
f � ��1 x�4^2,:R4DH�Ge<?2�F7>BH&<­AB4DJ^>B:LABFDHIJDV�F7JD8;Gb~�2?4p�[> Yg8WG,F!JD4[4gY¾Q�F^Ge> G­x�4D2�F0<9_&~c8UGe_gGe<?8W\ x�4D2K<?M�8WG?8�25VIAB8
A F7HIJ^V�F7J^8WGW�tZ[8;:=<?>B4DH,kO8Ry[~�ABFD>@H�G�M�4pSé<5MI8X> Yg8WF^G�47x¡~I258WG5:v25>@~g<5>@�^8�<9_&~�>@HIJ�x�4^2r:v4^H�G9<525FD>@H&<zAB4DJD> :¬A F7HIJ^V�F7J^8WG
:RFDHTQ�8�F^YIF7~g<58WYLx�4D2XEX`3N%`rE-Z[`/2?VIAB8�ABFDHIJDV�F7JD8;G¬GeV�:�MUF^G�<?MI8O®�¤�� ¯&VI8R25_�A F7HIJ^V�F7J^8�°r±R²7³�´Wµv�as£>B2�G9<;�
S�8�~�2?8;Ge8WH^<Xf � ��1èFDH�Y�258W:WF7ABA¡Ge4^\K8�4Dx£>@<5G"~I254D~c8R2?<?>B8WGW��f¬MI8RHTS�8�8Ryg~IABFD>@HLMI4pS/>@<-:RFDH�Qc8�FDYIFD~g<?8;Y�<54
25VIA@8�A F7HIJ^V�F7J^8WG3x�4D2"¯&VI8R25_[>@HIJKF7H�Y�<?2�F7H�G9x�4^2?\,>BHIJ­G?8R\,>@hÅGe<?25V�:=<5VI258WY�YIF7<5F���f¬M�>BG¬> G�>@ABA@V�G9<525F7<?8WY�<?MI254DV�JDM
F�~I258WG5:v25>@~I<?>B�D8�<9_[~�8-G?_gG9<58R\ x�4D23®�¤���¯&VI8R25_bA F7H�JDV�FDJD8a°r±v²7³�´;µv�tNP8-FDABG?4OYg>BG5:vV�G?G3G?4D\,8¬<9_[~c8-:�MI8W:�w[>BHIJ
> G?G?VI8WG�x�4^2¬<?MI> G¬<9_[~c8�Ge_gGe<?8R\T�

�



W X 
��DJ C'L�YZ��L�[

\�2]6YKLU	I^`_P�
Cbadcfe#g8hDi

jlknm oqp�r7sut�vxw�y+ruz{t�p
d�H,<?M�>BG3G?8W:v<?>B4DH,S�8�~�2?8;Ge8WH^<rF�Yg8;G?:R2?>B~g<5>@�^8a<9_[~I>BHIJ�FD~I~I254^FD:�Mb<?4O®�¤��U¯&VI8R25_bA F7HIJ^V�F7J^8r°r±R²7³�´WµlM �¬ZIj^ipQ¡�
�"Zgj^iD:p�f�"Zgj^iDF[�f�l�¬ZgN)jD�8OÅ�K��G�8vyg~IA F7>BHI8WY!>@H!<?M�8K~�2?8W�&>B4DV�G-~�FD~�8W2GM �"� � + j7k|Oz<9_&~c8WG�>BH�Yg8WG5:v25>@~I<?>B�D8<9_[~I>BHIJ F7258�FD~I~I254�y[>B\]Fp<5>@4^H�Gb4Dx�~I254DJ^25FD\ Ge8W\,FDH&<?> :RGW�èf¬MI8U:R4DH�G?>BYI8R258WY¾~�2?4^JD2�F7\,\,>@HIJ!ABFDHIJDV�F7JD8�> G
VIH&<9_[~�8;YUF7H�Y�<9_[~I>BHIJ�Yg4[8;G"HI47<�>@H7}�VI8RH�:R8�>@<5G-G?8R\]FDH^<5>B:WGR�ad�HT<?MI> GXS¬F�_�4^HI8�:RFDHT:R4D\­QI>@H�8bFDYg�pFDH^<�F7J^8WG
47xt<9_[~�8;YTF7H�Y�VIH&<9_[~�8;Y�~I2?4^JD2�F7\,\,>@H�JbA F7HIJ^V�F7J^8WGW����8WG5:v25>B~g<?>B�D8�<9_[~�8;GX:RFDHLQc8OV�G?8WYTFDG"G?~c8W:v>S��:WFp<?>B4DH�G
x�4D2z~�2?4^JD2�F7\]G�F7H�Ybx�4D2z®�¤��UYIFp<�F7Q�F^Ge8;GR�£d�Hb<5MI8X:v4^H&<?8vy[<z47x¡Yg8;G?:R2?>B~g<?>B�D8�<9_[~I>BHIJ��7<9_&~c8X:�MI8;:�w&>BHIJ�\,8WF7H�G
{�FDVg<?4^\]Fp<?> :W}K�^8R25>V�c:RFp<5>@4^HéS"MI8R<?MI8W2�F�~I254DJ^25FD\õ> G�:R4D252?8;:=<,SO� 2;� <;�3>@<5G�G?~�8;:v>S��:RF7<?>B4DHf~X<9_&~c8U>BHgx�8R258RH�:R8
\,8WFDH�G3:v4^\,~IVg<?>BHIJ�{|F7~I~I254�yg>@\]F7<?>B4DHb4Dx5}t<5MI8XGe8W\]F7H&<?> :RGz4Dx�F�J^>@�^8RH,~I254DJD2�F7\T��f£4�\]F7wD8¬<9_[~c8X:�MI8W:�w[>BHIJ
F7H�YL>BHgx�8W2?8WH�:v8O~c4^G5Ge>BQIAB8OF­258WGe<?25> :=<?>B4DHL<?4�G?4D\,8O:vA FDG5G¬47x�258W:vV�25G?>@�^8�G?8v<�G¬>BGXHI8W:R8WG5G?FD2?_^�^<54DJ^8v<?M�8R2"S">@<?MUF
�Iyg8WYLx�4^2?\]F7AB> Ge\�4DxtYg8U��HI>BHIJ�G?8v<5GW�

�XHK4DQI698W:=<5>@�^8a4Dx�<5MI>BGtS�4D25wO>BG£<54�YI8R�D8WA@4^~­FDH�F7AB_gGe> G�<58W:�MIH�>B¯&VI8;G�x�4^2�2?VIAB8WG�V�Ge8;Y�>BH­S�8RQ,F7~I~�A@> :RF7<?>B4DH�GW�
��\]F7>BHU>BH^<58RH�YI8WYUF7~�~IA@> :RF7<?>B4DHT> GXAB4[:WFp<5>@HIJ]8W2?254D2�G�>@H¾{�~I254DJD2�F7\]G¬:v4^H�G?>BGe<?>BHIJ]47x�}"25VIA@8;GR��f¬MI8�25VIAB8WG"S�8
Yg8;F7AtS">Ö<5M0:RFDHUQ�8,Ge8W8RH�F^G"<?2�F7H�G9x�4^2?\,8R2�G"4DxrGe8R<5GX4Dx3®�¤��
Yg4g:vVI\,8WH^<�GR����VI8R25_LA F7H�JDV�FDJD8�°r±v²D³|´;µXM�F^G
Qc8R8RHU:�MI4&Ge8WH�F^G"FK2?8W~I2?8;Ge8WH&<5Fp<5>@�^8�8RyIF7\,~IAB8�4DxtFK25VIA@8OA F7H�JDV�FDJD8D�

®�¤0��{�8R®-<?8WH�Ge>BQIAB8�¤�F725w[VI~���F7H�JDV�FDJD8;}-M�F^GOQ�8;:v4^\K8]FUYg4^\,>@H�FDH&<OGe<5FDH�YIFD25Y0x�4D2�YIF7<5F�8RH�:v4gYg>BHIJ
F7H�Y�8vyI:�M�FDHIJD8­4DH0<?MI8Kd�H&<?8R25HI8R<W�OdÅ<OM�FDG�Qc8R8RH�Yg8;Ge>BJDHI8;YU<54�:R2?8;Fp<?8­\,4D258­Ge<?25V�:=<5VI2?8;Y0FDH�Y�FDY�F7~g<�F7QIAB8
Yg4g:vV�\K8WH&<5G�FDH�YóYg4g:vVI\,8WH^<�G?_gG9<58R\]GW� Z[8R<5G�4Dx�YI4[:RVI\,8RH&<5GW�¬47x <58RH):RFDA@AB8WY
<9_[~c8WGW�¬:WF7HóQc8�Ge~c8W:R>V��8;Y
V�G?>@H�J]��FD2?>B4DV�G�G5:�MI8W\,FKA F7HIJ^V�F7J^8WGW�^AB>BwD8���f"��M `3y&<�OÅ�I®�¤��¾ZI:�MI8R\]FKM s�8Wj���O���4D2"E"`r�£�X®0u���M � ¤�j���O��
�X~�~IA@> :RF7<?>B4DH�G�S"MI> :�M�Yg8WFDA�S">@<?M!\,FDH[_�Yg>S��8R258RH&<���f"��� G-4^2-®�¤��
Zg:�M�8R\]FDG-2?8;¯^V�>@258O\,8W:�M�FDHI>BG?\]G"x�4^2
:v4^\,~�F725>@H�J�GeV�:�M]G?~�8;:v>S��:RF7<?>B4DH�G�~&>@H]4D<?MI8W23Sa4^25Y�G�<?4�:R4D\,~�F7258¬<9_[~�8;GR�zf¬MI> Gz>BH�:vABV�Yg8;Gr:R4D\,~�F725>BHIJ�<9_[~�8;G
JD>B�D8WHLQ[_�YI>V��8R258RH&<-G5:�MI8R\]FKABFDHIJDV�F7JD8;GR��sI4^2�<?MI> G"~IVI25~c4^G?8�F,:R4D\,\,4DH��&>B8RS 47x£<?MI8W\ > G"HI8;:v8WG5G5F725_D�

�-G3®�¤���Y�Fp<5FOFD2?8"8;G?G?8RH&<5>BFDA@AB_O<?258R8XGe<?25V�:v<?VI258WY¡�&FOH�F7<?VI2�F7AIFD~I~I254^FD:�MK> G�<?4��[>B8RSè®�¤��0Yg4g:vVI\,8RH&<�G
FDG3<?258R8;G-{�4^2W�&8W¯&VI>B�pF7AB8RH&<?AB_D�D<?8W2?\]G�}=�gF7H�YK<9_[~c8WGaFDGrG?8v<�G34Dx¡<?258R8WGW�zZ[4�S�8XHI8R8;Y�F�x�4^2?\]F7AB> Ge\þ<?4bYI8WG5:v25>@Qc8
Yg8;:v> YIF7QIAB8]Ge8R<5G�47xa<?258R8;GR�­dÅ<OG?MI4^VIABY!Qc8,FDQIAB8b<54TYI8WG5:v25>@Qc8]Ge8R<5G�:v4^2?258WG?~�4^H�Yg>BHIJ�<54�<?MI4&Ge8,Ge~c8W:R>V��8WY!Q&_
\]Fp694^2-G?:�M�8R\]F,ABFDHIJDV�F7JD8;G�x�4D2�®�¤��r����VI2X>BH&<?8WH�Yg8WY0F7~I~IAB> :RFp<5>@4^HT2?8;¯^V�>@258WG¬<5M�Fp<�Q�FDG?>B:�4^~�8W25F7<?>B4DH�GX4DH
G?8v<5Gb8vyg~I258WG5Ge8;Y�>@H�<5MI8�x�4^2?\]FDA@> Ge\ {�AB>BwD8�>BH&<?8R2�G?8W:=<5>@4^H F7H�Y :�MI8;:�wgGOx�4D2b\K8W\bQc8R2�GeM�>@~���8W\K~I<?>BHI8WG5G­FDH�Y
>BH�:vABV�G?>@4^H�}XFD2?8bYI8W:v> YIFDQIA@8­F7H�YT8UT]:R>@8WH&<�F7ABJD4^2?>@<?M�\,G"x�4D2X<5MI8R\ 8Ry[> Ge<W�-� Sa8WA@A£w&H�4pS"H�GeV�:�MTx�4^2?\]FDA@> Ge\
> G�<?258R8OF7Vg<54D\]Fp<�FZM � ��� + oDo8Oa{�4D2�<?258R8�J^25FD\K\]FD25GW�^S"M�>B:�M�F7258r69V�Ge<-F7H�47<?M�8R2¬�[>@8WS/47x£<?258R8�F7Vg<54D\]Fp<�F^}v��X4pS�8R�^8R2]<52?8W8!FDVg<?4^\,F7<5F¾YI8WF7A�S">Ö<5M)<58R25\,G�S"MI8R25808;FD:�M)G?_[\bQc4DA-M�FDG�F��Iyg8WY)FD2?>@<9_D�þf¬MI>BGL> G�HI4D<
:v4^\,~�Fp<5>@QIAB8bS">@<?M0®�¤��r�cS"M�8R258O<?MI8­H[VI\bQc8R2�47x38WA@8W\K8WH&<5G�Q�8R<9Sa8W8RH�F�J^>@�^8RHU~�FD>@2�47xrFLG9<�F72?<eh�<5F7J�FDH�Y
8RH�Y[h|<�F7J­>BGaHI47<��Iyg8WY��3��H�8�:RFDH�FDYp69V�G9<�<?M�8��[>B8RS%47x�®�¤��PYIFp<�FO<?4b<?MI8�<?258R8�F7Vg<54D\]Fp<�FOx�4^2?\]F7AB> Ge\T�&Q&_
258R~I258WG?8RH&<?>BHIJbG?8W¯&VI8WH�:v8;Gr4Dx�F725QI>@<?2�F725_bAB8RHIJD<?MLF^G3AB>BGe<5G�{�<?MI> G�\K8;F7H�G3<?8W2?\]GaQIVI>BAÖ<"V�G?>@H�J�<9S�4bGe_[\­Q�4^ABGa47x
�Iyg8WYLF725>Ö<5>@8;GaibF7H�YLj^}=��d�H]<5MI> GaS¬F�_

n
:�MI>@A Yg258RH�4Dx£FO<52?8W8-HI4gYg8�:RFDH�Q�8�258R~IA FD:R8WY]Q[_,4DHI8�:�MI>BABY¡�[S"MI> :�M

> GXFKA@> G9<"4Dx£AB8RHIJD<?M
n
�3Z[V�:�MUF7HTF7~I~�2?4&FD:�M�> G¬V�G?8WY�>@HdM �!�-1ajDjPOÅ�zNP8�x�4DABA@4pS MI8R258�FDHI47<5MI8R2XFD~I~I254^F^:�M6�

8vy[<58RH�Yg>BHIJ,<5MI8�<?258R8OF7VI<?4D\]F7<5Fbx�4D25\,FDA@> G?\��
�-G�F7Q�G9<525F^:=<?>B4DH,4Dx�®�¤��!YIFp<�FOSa8-8R\,~IAB4p_KYIF7<5F�<58R25\]GR�z��Fp<5FO<?8R25\]Ga:WF7H]Qc8�G?8R8WH�FDG3\,>@yg8WY,<52?8W8WGW�

S"MI> :�M�FD2?8�ABFDQ�8WA@AB8WY�<?258R8;GaS"M�8R258�:�MI>BA Yg2?8WH�47x�FbH�4[YI8�FD2?8�8R>@<?MI8W2�AB>BHI8WFD2?AB_]4D2�Yg8R258WY�4D2�VIHI4D2�Yg8W2?8;Y¡�z��V�2
x�4D25\]F7AB>BG?\ x�4D23YI8���HI>BHIJOG?8v<5Gt4DxcYIF7<5F�<?8W2?\]G�:v4^\bQI>BHI8WGt<52?8W8aJ^25FD\,\,FD25G£S">@<?MK2?8WJDVIA F72t8vyg~I258WG5Ge>B4DH�GR�tf¬MI8
A Fp<e<58R2¬F7258XV�G?8WY,<54­Yg8;G?:R2?>BQc8X<?M�8-~c4^G5Ge>BQIAB8�G?8W¯&VI8RH�:v8WG�{�4^2aG?8v<5G�}z4Dx�:�MI>BABYg258RH�47x�F�G?>@H�JDAB8-HI4gYg8�>@H�F�<?258R8^�
Z[>B\,>@A F72zx�4^2?\]FDA@> Ge\þ>BG3V�Ge8;Y,>@H�M ¤��£¤��OjD�0OÅ�D<5MI8XHI4p�^8RA@<9_�47x�4DV�2rF7~I~�2?4&FD:�Mb> Gz<5M�Fp<3S�8XYg8;F7A�S">@<?M]\,>@yg8WY
<?258R8;GR�

f¬MI8W2?8�8Ryg>BGe<b�pF725>@4^V�GO25VIAB8�ABFDHIJDV�F7JD8;G�2?8WABF7<?8;YP<?4�®�¤��/Yg4g:RVI\,8RH&<5GL{�AB>@w^8�E"VIAB8W¤���M �¬f¬N)j���O�4^2
°r±v²D³|´;µ?}=�3q�GeV�F7ABA@_,25VIA@8;GaFD2?8K{�>BH&<?8RH�Yg8WY�<?4bQc8;}aF7~�~IA@>B8WY�<?4KYg4g:vVI\,8RH&<�Gr4Dx£Fb:R8R2?<5F7>BH]<9_[~c8D�z�XHL4DQ[�[>@4^V�G

i



¯&VI8WGe<?>B4DHTF725> Ge8;G�FDQ�4^Vg<¬<?MI8�G?8v<"4Dxt~c4^G5Ge>BQIAB8�258WG?VIA@<5G¬4DxtG?V�:�M�FK25VIAB8,{�4D2"4DxtF,Ge8R<"47x�2?VIAB8WG�}=�r��HI8�S�4DVIA Y
AB>@w^8O<?4�8Ryg~I2?8;G?G"<?MI8O<9_[~c8b4Dx�25VIAB8O2?8;GeV�AÖ<�GX>BHT<?8R25\]GX4Dxt<5MI8�<9_[~c8WG-47x3Yg4g:vVI\,8WH^<�G"<54�S"MI> :�MT<?MI8�25VIAB8�> G
F7~�~IA@>B8WY���� ��FD2?> F7H&<-4Dxz<?MI> G�¯&VI8WGe<?>B4DH�> G�:�MI8W:�w[>BHIJ]S"MI8v<5MI8R2�<?M�8­25VIAB8b> GX<9_[~c8­:v4^2?258W:v<��L4^HI8b258W¯&VI>B2?8;G
<?M�Fp<-F7H[_]258WG?VIA@<�4Dx�<?M�8�25VIAB8�>BG¬4Dxt:v8W2e<�F7>BH�<9_[~c8�FDH�YLS�FDH^<�Ga<?4K~I2?4p�^8K{�4D2"Yg> Ge~�2?4p�^8;}�<5MI> G�x�FD:=<;�3�XQI>BAB>Ö<9_
<?4!~�8W2ex�4^2?\ G?V�:�Mé:�MI8;:�w[G­F7Vg<54D\]Fp<5>B:WF7ABA@_^�£4^2�<54!:v4^\,~IVg<?8�<?MI8�<9_[~�8L47xX258WG?VIAÖ<�GR��> Gb>BH�Ge<?25VI\,8RH&<5FDA3x�4^2
Yg> G?:R4p�D8W2?>BHIJP8R252?4^25G­>@Hó<5MI8U25VIA@8;GR�%`3y[~c8R25>B8RH�:R8US">Ö<5Mè~�2?4^JD2�F7\,\,>@HIJPA F7HIJ^V�F7J^8WG,GeM�4pSXG­M�4pS :R2?V�:R>BFDA
Ge<5Fp<5>B:�<9_[~I>BHIJ,M�F^GaQc8R8WH�x�4D2X¯&VI> :�w�Yg> G?:R4p�D8R25>BHIJb4Dxt:v8W2e<�F7>BHLw[>BH�YIG¬4Dx£8R25254D2�Gr>BHT~I2?4^JD2�F7\]G�F7H�Y�<?M[V�G�x�4^2
>B\K~�2?4p�[>BHIJ�8�T�:R>@8WH�:v_T47x3~�2?4^JD2�F7\,\,8R2�GXF7H�Y0¯^V�F7AB>Ö<9_�47xr~�2?4^JD2�F7\]GR����H�<?MI8K47<5MI8R2�M�F7H�Y��c8Ryg~�8W2?>B8RH�:R8
S">@<?MKVIH&<9_&~c8WYb~I254DJD2�F7\,\,>BHIJXA F7HIJ^V�F7J^8WGW�;AB>BwD8r1r2?4^A@4^J��7G?MI4pSXG�MI4pSéABF^:�w�4DxI<9_[~I>BHIJ�\]FDwD8WG£\]F7H[_�G?>@\,~IAB8
8R25254D2�G�YI>VT�:vV�AÖ<"<54,YI>BG5:v4p�^8R2;�

d�H!<?MI> G�:�M�FD~g<?8W2�S�8,~I258WG?8RH&<�Yg8WG5:v25>@~I<?>B�D8­<9_&~�>@HIJ�x�4^2�{�F�ABFD2?J^8KG?VIQ�G?8v<O4Dx5}�®�¤��%¯&VI8W2?_UA F7H�JDV�FDJD8
°r±v²D³|´;µ�M �"Zgj^i7Q¡�4�¬ZIj^i7:��4�"Zgj&i7Fg�4�l�"Z[N)jD�8OÅ��°r±v²D³|´;µ�Ge<?8R\]G�x�254D\ A@4^JD> :�~I254DJ^25FD\,\K>BHIJ���dÅ<�V�G?8WG�~�Fp<?h
<?8W2?H�Ga>BH�Ge<?8;FDY�4Dx�~�Fp<5M�Ga<?4KH�F��[>@J&Fp<58"<?MI8�YIF7<5F7Q�FDG?8D��f¬MI8�\,8;:�M�F7HI> G?\�47x�\]Fp<�:�MI>@H�JKFb~�Fp<?<?8R25HLFDJ^FD>@H�Ge<
F�YIF7<5FDQ�FDG?8,2?8;Ge8W\bQIAB8WGOV�HI>V�c:RFp<5>@4^H���N!8�~�2?8;Ge8WH^<bF�\K8R<?MI4gY�4Dx":R4D\,~IVg<5>@H�JT<?MI8]<9_[~c8�47x"258WG?VIA@<5G�x�4^2
F7HT°r±R²7³�´WµX~�2?4^JD2�F7\T�gJD>B�D8WHTF]<9_&~c8�4Dxt<5MI8­Y�Fp<5FDQ�FDG?8D�¬f£4�Ge>B\,~IAB>Öx�_L<?MI8­~I258WG?8RH&<5F7<?>B4DH��I4^VI2X\,8v<5MI4gYU> G
>BH^<52?4gYgV�:v8WY]x�4D2r~�2?4^JD2�F7\]Gz:v4^H�Ge> Ge<?>BHIJO47x�F�G?>BHIJDAB8X25VIA@8-47x�FO2�Fp<5MI8R23258WGe<?25> :=<?8;YKx�4D25\T�t�-Q�F7H�YI4DHI>BHIJO<5MI>BG
258WGe<?25>B:v<?>B4DH�> GrM�4pSa8W�D8R2�Yg> G?:RV�G?G?8WY�>@Hgx�4^2?\]FDA@AB_D��f¬MI8�\K8R<?MI4gYLF7~I~IAB>B8WGr<?4,:�MI8W:�w[>BHIJ�47x�<9_&~c8�:v4D25258W:=<5HI8WG5G
47x¬F725QI>@<?2�F725_�~�2?4^JD2�F7\]G-FDH�YU<54I��H�Yg>BHIJ�<?MI8,258WG?VIAÖ<�<9_[~�8Kx�4^2�H�4DHP2?8;:vVI2�Ge>B�D8­~I254DJD2�F7\]GW��dÅ<OFDABG?4TGeVIQIh
G?VI\,8WGO:�MI8;:�w&>BHIJLS"MI8v<5MI8R2�FLJD>B�D8WH!YIF7<5F�<?8R25\�> GOF�\,8W\bQc8R2�47x¬F�J^>@�^8RH�<9_[~c8D�,�þx�4D25\K8W2��D8R2�G?>@4^H�47x
<?M�>BGO:�M�FD~g<?8W2OF7~I~c8WFD2?8;Y0FDG�M N)��j^�8O3~£F�\]F7>BH!:v4^H&<?25>@QIVI<?>B4DH04Dxr<5MI8]:vVI252?8WH&<�~�FD~�8W2�>BG�F�\,4D258b~I258W:R>BG?8
�D8W25G?>B4DH�4Dx£<5MI8�F7ABJD4^2?>@<?M�\��

f¬MI80:�M�F7~g<58R2�> GL4D25J^F7H�>SRW8WYèFDG]x�4^A@AB4pSXGW� f¬MI8�HI8Ry&<TGe8;:=<5>@4^H%>@H&<?254gYgV�:R8WG�Y�Fp<5F <?8R25\]G�FDH�Yó<?M�8R>B2
:v4^2?258WG?~c4DH�Yg8WH�:v8�<?4�®�¤��èYIFp<�FI��Z[8;:=<?>B4DH�ig� ��~I258WG?8RH&<�GX<5MI8bx�4^2?\]FDA@> Ge\ 4Dx3<9_[~�8,Yg8���HI>Ö<5>@4^H�GW�bZ[8W:v<?>B4DH
ig� kOYg> G?:RV�G?G?8WG�:R8R2?<5F7>BHb258WGe<?25> :=<?>B4DH�G£4^Hb<9_[~c8"Yg8���H�>Ö<5>@4^H�GR�7<?MI8W>@2z~IV�2?~c4^G?8a> Gt<?4�4^Qg<5FD>@H,Ge>B\,~IAB8R23F7H�Y�\,4D258
8�T�:R>@8WH^<�FDA@J^4D25>Ö<5MI\]GR�Of¬MI8Kx�4DABAB4pS">@HIJ�Ge8;:=<5>@4^H!Yg> G?:RV�G5Ge8;G�FDA@J^4D25>Ö<5MI\]GXx�4^2�Q�FDG?>B:­4D~c8R2�Fp<5>@4^H�G-4^H�<9_[~c8WGW�
Z[8;:=<?>B4DH�iI� mK~I258WG?8RH&<5Ga°r±R²7³�´Wµ"F7H�Y�>BH&<?254[YIV�:v8;Gr<5MI8�F7ABJD4^2?>@<?M�\�x�4D2X:R4D\,~IVg<5>@HIJ]¯&VI8W2?_�FDH�G?Sa8W2a<9_[~c8WGW�

jlk�j ��t�v��D�n��znp!�����������'r7�
NP8�\,4gYg8WA¡®�¤���YIF7<5F­V�Ge>BHIJ]Fbx�4D25\,FDA@> G?\�47x£YIF7<5Fb<?8W2?\]G"G?>@\,>BABFD2a<54b<5M�Fp<XYg8U��HI8;Y�>BH�M �"Zgj^i7Q�O��3��Fp<�F
<?8W2?\]G�:RFDH�Qc8KG?8R8WH0FDG�\,>Öyg8WY�<?258R8;G-S"MI> :�M!FD2?8bABFDQ�8WA@AB8WY�<?258R8WG�S"MI8W2?8K:�MI>@A Yg258RH!47xrF�H�4[YI8KFD2?8­8R>@<?MI8W2
AB>@HI8;F725A@_L4D2�Yg8R258WY�4^2"VIHI4D2�Yg8W2?8;Y¡��f¬M�>BG"> GX258RA Fp<58WYL<?4�8vyg>BGe<?8WH�:v8O4Dx�<9Sa4]Q�F^Ge> :O:v4^H�:v8W~g<5GX>@HU®�¤��3C��3 �¡P¢
S"MI> :�M]F7258aHI4gYg8;G�47x¡F7HK4D2�Yg8R258WY�<?258R8"F7H�YK |���¤£�¥�¦�§7�©¨�¢�<?M�F7<rFp<?<5FD:�M,Fp<?<?25>@Q�Vg<?8Rh��pF7ABVI8¬\]F7~I~�>@HIJ&Gt<?4�HI4gYg8;G
47x¬FL<?258R8D�,f¬MI8;Ge8,\]F7~I~�>@HIJ&GOF7258­258R~�2?8;Ge8WH^<58WY!FDG�VIHI4^25Yg8W2?8;YU<52?8W8WGW�Kq-HI4D2�Yg8R258WY!:�MI>BABYg258RHP47x¬F�HI4gYg8
\]F�_!FDABG?4UQ�8�V�Ge8;YP<?4�FDQ�G9<525F^:=<Ox�254D\�<?MI8�4^25YI8R2O47x"8WA@8W\K8WH&<5GW�£S"MI8WH�<?MI> G�4^25YI8R2O> G�>BHI8WG5Ge8WH&<?> F7A���NP8
FDG5G?VI\,8-<5M�Fp<"<5MI8R258�> G¬HI4,Ge_[H&<5F^:=<5>B:�Yg>S�c8W2?8WH�:v8�Qc8v<9S�8R8RH�®�¤0�0<�F7JKH�F7\,8;G"F7H�Y�Fp<?<?25>@QIVI<?8�H�F7\,8WG"FDH�Y
<?M�8R_�Qc47<5M�FD2?8�A F7Qc8RA G¬47x£H�4[YI8WG�>@HT4^VI2¬\K>@yg8WY�<?258R8;G�{|F7H�Y�G?_&\­Q�4^ABG¬4Dx£4^VI2"YIFp<�F�<58R25\,G�}=�3f¬M�8�>BH7��H�>Ö<58
F7AB~IM�FDQ�8R<X47xtABFDQ�8WABG"S">BABA�Q�8�YI8RHI4D<?8WYLQ[_ L ��è:v4DH&<58RH&<£4Dx�F7H­8RAB8R\,8RH&<�>BGtF�G?8W¯&VI8WH�:v8a47x�4D<?MI8W2£8WA@8W\,8RH&<5Gt4D2 ¦�ªI§W½|«�« º ít§R¨;ªIí�¨W§ �'�¬F^Ge> :r:R4DH�Ge<5FDH^<�G
F7258]Q�F^Ge> :K��FDA@V�8WG�G?V�:�M FDG�F7<e<52?>BQIVg<58��pF7ABVI8WG�FDH�Y�F7ABA�ª9x�2?8W8�«,Y�Fp<5FUFD~I~c8WF725>BHIJT>@H¾FDHP®�¤��%Yg4g:vV�\K8WH&<
��F7ABA3YIFp<�F�<5M�Fp<O> G�Qc8v<9S�8R8WH!Ge<5FD2e<OF7H�Y!8RH�Y�<�F7J�8RyI:v8R~I<�®�¤��è8RAB8R\,8RH&<�GR���¬F^Ge> :­:R4DH�Ge<5FDH&<5G�4[:W:vVI2OF^G
Ge<?25>@HIJ&GO>BH¾®�¤��/Yg4g:vVI\,8RH&<�G�QIVg<b<?MI8W_P:WF7H ~IA F�_!FU254DAB8]47xXYIF7<5FT4Dx¬4D<?MI8W2O<9_[~�8;GbYg8W~�8WH�Yg>BHIJ�4^H¾F7H
FDYI8W¯&V�Fp<58�Yg8U��HI>@<?>B4DH >BHé��f"�õ{�4^2b4D<?MI8W2bG?:�M�8R\]FUA F7HIJ^V�F7J^8WG�}-8^� J��Td9��E"`asa� � �X�zft���B�R�W�R��f¬MI8�Ge8R<
47x3Q�FDG?>B:�:R4DH�Ge<5FDH&<5G"S">BA@AtQc8bYg8RH�47<?8;YUQ[_ B �"d�HU4DV�2-HI4D<5Fp<5>@4^HUSa8bS">@ABA�8WH�:vAB4^G?8bF7ABA�Q�FDG?>B:�:R4DH�Ge<5FDH&<5G">BH¯&VI47<�Fp<5>@4^HL\]F725wgG «U«=�

®�¤0� Yg4g:vVI\,8RH&<�G"F7258�258R~�2?8;Ge8WH^<58WYLFDG
¬­ |�3 Z�©¨�£�®�¢=�
÷ ·)¯ ít½�¨W½ º í �f°±�f°���² »tªg¨WªP¨ · ©pï ¥±¢� P³d¨�´�µ+£�¨�¢¶¢�¥�·P³d¬)¨�¸�³+¨¶¬G¥¹³?¬P§9ºU��¥¹»P¨U¼¾½I 8¢#¿�·|¼¹¼S·PÀE¢UÁ

�



• ² ³9½"¦¶ 8¢�¥�º6º�·|³u¢��© P³9� ¥±¢� Z¬­ |�3 "�3¨U£�®�Â

• Ã ¿ l ¥±¢
 6¼S )¦¶¨�¼D |³+¬ t1, . . . , tn  |£�¨ n ≥ 0
¬­ |�3 G�3¨U£�®�¢¶ÂÄ��Åu¨U³

l[t1 · · · tn]
 |³+¬

l{t1 · · · tn}
 |£�¨�¬) P�© 

�3¨U£�®�¢UÆ
f¬MI8"AB>@H�8WF72�4^25Yg8W2?>BHIJ�47x�:�MI>@A Yg258RHK47x�<?MI8"HI4gYg8¬S">@<?M,A F7Qc8RA

l
>BGzYI8RHI4D<?8WY­Q[_�8RH�:vAB4^G?>@HIJ�<5MI8R\ Q[_�Q�25F^:�wD8v<�G

M{OÅ�IS"MI>BAB8OVIHI4D2�Yg8W2?8;Y�:�MI>BABYI2?8WH�FD2?8�8RH�:vAB4^G?8WYLQ&_�QI25F^:v8;G�Ç)È^�
��¢�§9¦U�3¨U£�® 4DxrF�YIF7<5F,<58R25\

t
> G-YI8���HI8;YU>BH�YgV�:v<?>B�D8RAB_�C

t
>BG�F�G?VIQg<?8W2?\ 4Dx

t
�¡F7H�YUF7H[_�G?VIQg<58R25\ 47x

ti
{
1 ≤ i ≤ n }�> GXF,G?VIQg<?8W2?\ 47x

l′[t1 · · · tn]
F7H�YL4Dx

l′{t1 · · · tn}
�

f£4,G?MI4pS MI4pS/®�¤���8RAB8R\,8RH&<�G"F7258�258R~I258WG?8RH&<58WYLQ&_LYIFp<�Fb<58R25\]GR�I:R4DH�G?>BYI8R2XF7H�®�¤0��8RAB8R\,8RH&<

E = <tag attr1=value1 · · ·attrk=valuek>E1 · · ·En</tag>,
{
k ≥ 0, n ≥ 0

}3S"MI8W2?8�8WF^:�M
Ei

{�x�4D2
i = 1, . . . , n

}3> G¬F7HL8RAB8R\,8RH&<¬4D2a<?MI8�<?8Ry[<�4g:R:RVI252?>BHIJ�Qc8v<9S�8R8WH�<9S�4
8RAB8R\,8WH^<�G"4D2¬Qc8vx�4^2?8�<5MI8���2�G9<"8RAB8R\,8WH^<X4^2"Fpx <?8W2¬<?MI8OA FDGe<X8RAB8R\,8WH^<;�

E
> G"258R~I258WG?8RH&<58WY�F^G"F,YIFp<�Fb<58R25\

tag[attributes child1 · · · childn]
�
S"MI8R258X<5MI8�Y�Fp<5FO<?8R25\]G

child1, . . . , childn
258R~�2?8;Ge8WH^<

E1, . . . , En
�

F7H�Y�<5MI8�YIF7<5F­<?8W2?\
attributes = &{attr1[value1] · · · attrk[valuek]}

258R~I258WG?8RH&<5G�<5MI8�Fp<?<?25>@QIVI<?8WG�4Dx
E
�]dÅx

E
M�FDG�HI4UFp<?<?25>@Q�Vg<?8;G�<?MI8WH

attributes
> G�<?MI8�YIF7<5FL<?8W2?\

&{ } �S"MI> :�MUS">@ABA�Qc8�V�G?V�F7ABAB_LF7Q�QI2?8W�[>BF7<?8WY�FDG
&
�¬Z[VIQg<58R25\]G"2?8W~I258WG?8RH&<?>BHIJ]Fp<?<?25>@QIVg<58WGXFD2?8OH�47<X4D2�Yg8W2?8;YLFDH�Y

<?M�>BG"> GXYg8WHI47<58WYLQ[_�8RH�:vAB4^G?>@HIJ­<?M�8R\ Q[_�Q�25F^:v8WGW�
îxÉ�ªIï�� ð�· �4°¹�4°���Ê Å7¥±¢
¥±¢
 |³KË=ÌZÍÎ¨�¼�¨�®G¨�³2�� |³+¬Z�¹Å9¨�º¶·P£�£�¨�¢¤µ9·P³+¬|¥¹³q¡K¬­ |�3 Z�3¨U£�®GÆ

Ï)ÐqÑ�Ò7Ó+ÔqÕ­Öq×4Ø0Ù�ÚnÙ�Û?Ø�ÜuÖ�Ý­Ó7×4Ø�Þ8Ùqß�à?ØPá âfã M ä�ÇUµ+£�¥�º¶¨UM «9oI� oDjP«¤OE½­¨¶ P£�M «��;oD¢^l8«¤O¤È
å|æ Ò4Ô8ÓuÖèç�é�Ó9êqÖ9ë|ì­é9Ö «�`3\,~I>@258
��VI25A@8;G?¯&VI8�«
Ïuë0é�í7î?Ô8îuêqÖ7á�Ï�ï7ë8é�í7î2Ô8îuêqÖ�á ¢�§9¦��¤¥¹�¤¼S¨�M ä�O
ÏqÝ­Ó�î?ÔqëPîuá|ç9ð­íNÑ�Ü9êqÝ­ñ9Ï�ïqÝ)Ó�î+ÔqëPî9á  P£��¤¥±¢���M äò«{��4DQT�-_[A F7H�«3O
ÏuÕ|ð­é�ñ7î�ÓqÜ9áPó2ô)õuÏ�ïuÕ­ðPé�ñ�î�ÓqÜuá º¶·P§7³2��£�½PM äò«9q�Zg��«¤O

Ï�ï)Ð)Ñ9á O
f¬MI8
£�·�·|��47x�FOYIF7<5F�<58R25\

t
�[Yg8WHI47<58WYQ£�·0·P��ö3�V÷p�D> GrYI8���HI8;Y]FDG�x�4^A@AB4pSXG"��dÅx

t
>BGr47x�<?MI8Xx�4D25\

l[t1 · · · tn]4D2
l{t1 · · · tn}

<5MI8RH
root(t) = l

~[x�4D2
t
Q�8W>@H�J�F­Q�FDG?>B:�:v4^H�Ge<5F7H&<"S�8�F^G?G?VI\,8�<?M�F7<

root(t) = $
�

jlk�ø ùKú�û=�ò���4ü�pxz©ruz{t p�ý
�X8W2?8"S�8¬>@H&<52?4gYgV�:R8XF�x�4D25\,FDA@> G?\�x�4D2rG?~c8W:v>@x�_[>@H�J�FO:RABF^G?G�4DxcYg8;:v> YIF7Q�A@8XG?8v<�Gz47x�YIFp<�F�<?8R25\]G�2?8W~I258WG?8RH&<?>BHIJ
®�¤0�PYI4[:RVI\,8RH&<5GW��dÅ<">BG¬FK:v8R2?<5FD>@HLGe>B\,~IA@>S��:WFp<?>B4DHL47x�<5MI8�x�4D25\]F7AB>BG?\�47x M �¬��¤0j7kPOÅ�3st>@2�G9<¬S�8�G?~�8;:v>@x�_�F
G?8v<X47x ¨ ¸ � · ítªIï · § T = C ∪ S ∪ V S"MI> :�M�:R4DH�G?>BGe<"47x

• ¨ ¸ � · « º í£§W¨Wª�í�¨W§ x�254D\�<5MI8�F7AB~IM�FDQ�8R< C
• §U� · «^½�ª ð ¨ ¸ � · ítªIï · § x�2?4^\�<?MI8�FDA@~�M�F7Qc8v< S
• ¨ ¸ � · �Iªg©p½�ªg¦ ð�· § x�254D\ <?MI8OF7AB~IM�FDQ�8R< V
NP8�F^G?G?4g:v> Fp<58X8WF^:�M�<9_[~�8�H�FD\,8

T
S">@<?MTFKGe8R<

[[T ]]
{�<?MI86�¤½�µu¨�¬­¨U³+·|�3¨¶¬"¦U½

T
}r47xtYIFp<�F�<58R25\,G�S"MI> :�M

F7258LFDA@AB4pS�8WY��pF7ABVI8WG,F^G?G?>@J^HI8WYP<54
T
�Ps�4D2

T
Q�8W>@H�J!F0<9_&~c8T:v4DH�G9<�F7H&<b4D2,FPGe~c8W:R>BFDAr<9_[~c8LH�FD\,8D��<?M�8

8RAB8R\,8WH^<�G"47x
[[T ]]

FD2?8�Q�FDG?> :�:R4DH�Ge<5FDH&<5GW�

k



fa_&~c8�:v4DH�G9<�F7H&<5G�:v4^2?258WG?~�4^H�YIG�<?4óF7H/®�¤�� G?:�MI8W\]FéA F7HIJ^V�F7J^8�Q�F^Ge8!<9_[~�8;GR��f¬MI8�G?8v<T47x�<9_[~c8
:v4^H�Ge<5F7H&<�Gr> G �Iyg8WY�FDH�YG��H�>Ö<58D�zd�H�4^VI2�8vyIF7\,~IAB8WGaSa8�S">@ABA�V�G?8�F�<9_&~c8�:v4DH�G9<�F7H&<�þ F^G?G?VI\,>@H�J�<?M�Fp<

[[#]]> G¬<?MI8�G?8v<"4DxtHI4^HL8W\,~g<9_LGe<?25>@H�J^G�47xz:�M�F72�FD:v<?8W25GW�£f¬MI> G"> G"Ge>B\,>@A F72¬<54"ÿ�� ÐqÑ�õ���õ >BHU��f"�­�
sI4^2�FèG?~�8;:v> F7A�<9_[~�8PH�F7\,8

T
<5MI8P:R4D252?8;Ge~c4DH�Yg>@H�JéGe8R<

[[T ]]
> GTF ��HI>Ö<58 Ge8R<�4DxbQ�FDG?> :!:R4DH�Ge<5FDH^<�G

{c1, . . . , cm}
{
m ≥ 0

}=��f¬MI>BG�G?8v<z>BG�G?~�8;:v>S��8WY­Q[_�F-25VIAB8a4DxI<?M�8ax�4^2?\
T → c1| . . . |cm

�td�H­4^VI2tHI47<�Fp<?>B4DH��
<9_[~�8�:R4DH�Ge<5FDH&<5G"F7H�YLG?~�8;:v> F7A�<9_[~c8OH�F7\,8WG"FD2?8OG?8W¯&VI8WH�:v8;Ga4DxtAB8v<?<?8W25G¬Qc8RJ^>@HIH�>@HIJ]S">@<?MU:�M�FD25F^:=<58R2

#
�

`rF^:�ML<9_[~c8O�pF725>BFDQIA@8
T
>BG-FDG5Ge4g:v> Fp<58WYLS">Ö<5MUF]Ge8R<X47xzYIFp<�Fb<58R25\]G

[[T ]]
S"MI> :�MT>BG-Ge~c8W:R>V��8;Y�>@HUF,S¬F�_

G?>@\,>BABFD2O<?4U<5M�Fp<­47x�M �¬��¤�j7k­OaF7H�Y YI8WG5:v25>@Qc8WYPQc8RAB4pSO��st>B25Ge<�Sa8�>@H&<?254gYgV�:R8�Ge4^\K8�FDVgyg>@AB> F725_�HI47<5>@4^H�GW�
f¬MI8,8R\,~g<9_!G9<52?>BHIJ�S">@ABA�Q�8]Yg8WHI47<58WY!Q&_

ε
�K� £�¨¤¡­§7¼S |£G¨�´�µ+£�¨�¢¶¢�¥�·P³T4p�D8W2�FDH!F7AB~IM�FDQ�8R<

Σ
>BG
ε
�
φ
��F7H[_

a ∈ Σ
FDH�Y F7H[_

r1r2, r1|r2
FDH�Y

r∗1
�tS"M�8R258

r1, r2
F7258]258RJDV�ABFD2�8vyg~I258WG5Ge>B4DH�GR�T��A F7HIJ^V�F7J^8

L(r)
47x

Ge<?25>@HIJ&G�4p�D8R2
Σ
> G�FDG5Ge>BJDHI8;YT<?4�8WF^:�M�258RJDV�ABFD2�8Ry[~�2?8;G?G?>@4^H

r
>BH�<?M�8,Ge<5FDH�YIFD25YUS¬F�_ {�G?8R8,8D� J��EM �-q�npo8O�}=�

d�HT~�F72?<?> :vV�ABFD2W�
L(φ) = ∅ � L(ε) = {ε} F7H�Y L(r1|r2) = L(r1) ∪ L(r2)

�
÷ ·)¯ ít½�¨W½ º í �f°�$D°���² © · úcë ð ªg©¾¨ ¸ � · · É4�£© · §W§;½ º í ¥±¢Q �£�¨3¡|§7¼S |£Q¨�´�µ+£�¨�¢¶¢�¥�·P³ ·|»8¨U£Q�¹Å9¨� P¼ µ9Åu )¦�¨U�G·{¿
�¤½�µu¨�³+ |®6¨�¢ T Æ���¨� ­¦0¦�£�¨�»0¥� P�©¨" Z£�¨3¡|§7¼S |£�¨�´�µ?£�¨�¢�¢�¥�·|³ rn|rn+1| · · · |rm Â�À�Åu¨U£�¨ n ≤ m

Âl P¢
r(n : m)

Â
rnr∗

 8¢
r(n :∞)

Â
rr∗

 8¢
r+ Â  P³?¬ r(0 : 1)

 8¢
r? Æ ² £�¨3¡|§7¼S |£���½�µ9¨�¨�´�µ+£�¨�¢¶¢�¥�·P³�·{¿���Åu¨ ¿�·P£�®

W1 · · ·Wk

À�Åu¨U£�¨
k ≥ 0

Â�¨¶ ­º¶Å
Wi

¥±¢
Ti(ni,1 : ni,2)

Â
0 ≤ ni,1 ≤ ni,2 ≤∞

¿�·|£
i = 1, . . . , k

Â� P³+¬
T1, . . . , Tk

 P£�¨
¬P¥±¢��¤¥¹³+ºU� �¤½�µ9¨
³? P®G¨�¢¶Â#ÀÄ¥¹¼¹¼'¦¶¨�º¶ P¼¹¼S¨¶¬K  ïPë ð ¨W½�� ð ½|«D½�¨ ¸¾ð ½�§W¨ Æ
¤UVIA@<?>B~IAB>B:R>Ö<9_�AB>BGe<5G¬S">BA@A�Q�8OV�G?8WY�<?4�G?~c8W:v>@x�_�\­VIA@<?> Ge8R<5G¬47xt<9_[~�8OH�F7\,8WGW�
÷ ·)¯ ít½�¨W½ º í �f°�$D°±� ² ¨ ¸ � · » ·q¯ ít½�¨;½ º íI� º ©X¨ ¸ � · �Iªg©p½�ªI¦ ð|· §

T1, ..., Tn
¥±¢  �¢U¨��f·{¿�£�§7¼S¨�¢ {R1, ..., Rn}À�Åu¨U£�¨6¨¶ ­º¶ÅQ£�§7¼S¨

Ri
ö
i = 1, ..., n

÷�¥±¢�·{¿���Åu¨ ¿�·P£�®

Ti → Gi,

T1, ..., Tn
 P£�¨Q¬|¥±¢¶�¤¥¹³+ºU��Â
 |³+¬d¨¶ ­º¶Å

Gi
¥±¢K |³ ¨�´�µ+£�¨�¢¶¢�¥�·P³�·{¿Z�¹Å9¨x¿�·|£�®

li[ri]
·P£
li{qi}

À�Åu¨U£�¨
li
¥±¢I 

¼S )¦�¨U¼ Â
ri
¥±¢� 6£�¨3¡­§7¼S P£��¤½�µu¨�¨�´�µ?£�¨�¢�¢�¥�·|³�·P»P¨�£ {T1, . . . , Tn} ∪ C ∪ S

Â� |³+¬
qi
¥±¢
 G®�§7¼¾�¤¥ µ+¼V¥�º�¥¹�¤½G¼¾¥±¢��l·|»8¨U£

{T1, . . . , Tn} ∪ C ∪ S
Æ

� <9_[~�8OYg8U��HI>@<?>B4DH�x�4D2�<9_[~�8��pF725> F7QIAB8WGa<?4^JD8R<?MI8W2�S">@<?MTF,Ge8R<"47x£25VIAB8WG¬Yg8U��HI>BHIJ]Ge~c8W:R>BFDA�<9_&~c8�H�F7\,8;G
S">BA@A¡Qc8O:RF7ABAB8WY�F ¨ ¸ � · » ·q¯ ít½�¨;½ º í ��� 2?VIAB8�47x�<5MI8�x�4D25\

T → G
{�4g:W:vVI252?>BHIJ­>@HTF�<9_[~c8OYg8���H�>Ö<5>@4^H

D
}

S">BA@A�Qc8�:WF7ABA@8;Y,<?MI8�£�§7¼S¨Ä¿�·|£
T
{�>BH

D
}v��N!8�2?8;¯&VI>@258X<5M�Fp<�x�4D2¬F7H[_]G?~�8;:v> F7A�<9_&~c8�H�F7\,8

S
<?MI8�Yg8���HI>Ö<5>@4^H

:v4^H&<5F7>BH�G"F7<¬\,4&G9<X4^HI8�2?VIAB8�x�4D2
S
�

îxÉ�ªIï�� ð�· �4°±$f°�� â ·|³u¢�¥�¬­¨U£
�¤½�µu¨�¬­¨�¸#³2¥¹��¥�·|³
D
Á

Cd → cd [Title Artist+ #Category? ]
Title → title[# Subtitle?]
Subtitle → subtitle[#]
Artist → artist [#]
#Category → µu·¶µ | £�·0º�� | ºU¼S P¢�¢�¥�º

D
º¶·P³9�© P¥¹³9¢� K£�§7¼S¨�¿�·|£6¨¶ )º�Å�·n¿��¤½�µ9¨6»8 |£�¥� ­¦U¼S¨�¢�Á � Y¡��f¬>Ö<5A@8^��Z[VIQg<5>Ö<5A@8^���X2?<?> G9<Z |³+¬� K£�§7¼S¨�¿�·|£�¢¤µ9¨¶º�¥� |¼

�¤½�µu¨Q³? P®G¨
#Category

Æ�Í� ­¦¶¨�¼¾¢Q·0º�ºU§7£�£�¥¹³q¡�¥¹³
D

 |£�¨�ÁT:WY¡�z<5>Ö<5A@8^�aG?VIQg<?>@<?AB8D��F72?<?> G9<�Â� P³+¬�~c4D~��r254[:�w��
:vA FDG5G?>B:Z |£�¨�¦� P¢�¥�º�º¶·|³u¢��3 |³9��¢UÆ

l



fa_&~c8�YI8���HI>@<?>B4DH�G�FD2?8�Fbw[>BH�Y]47x£JD2�F7\,\]F72�GR�p<5MI8R_�YI8���HI8�G?8v<5GaQ[_,\K8;F7H�Ga47xtYg8R25>@�pF7<?>B4DH�Gr4p�D8R2�YIFp<�F
~�F7<e<?8W2?H�GR�
÷ ·)¯ ít½�¨W½ º í �f°�$D°�$ò² »tªg¨Wªd��ªg¨R¨ · ©pí ¥±¢
¥¹³+¬|§9º��¤¥¹»8¨U¼¾½Z¬)¨�¸�³+¨¶¬Z P¢Ä¿�·|¼¹¼S·PÀE¢

•  G�¤½�µu¨�³+ |®6¨� P³?¬Z Z¦¶ P¢¶¥�º6º¶·P³9¢��3 |³9�� |£�¨�¬­ P�© �µ9 P�¤�©¨�£�³9¢�Â

• ¥ ¿ d1, . . . , dn
ö
n ≥ 0

÷� |£�¨=¬­ |�3 �µ9 P�¤�©¨�£�³9¢� P³?¬
l
¥±¢� �¼S )¦¶¨�¼?��Åu¨U³

l[d1 · · · dn]
 |³+¬

l{d1 · · · dn}
 P£�¨

¬­ P�© �µ9 P�¤�©¨�£�³9¢�Æ
f¬M[V�GW�^YIF7<5F�<?8W2?\]G3FD2?8XY�Fp<5F�~�Fp<e<58R25H�GW�DQIVg<aHI47<3HI8;:v8;G?G5F725>@AB_��[> :v8"�D8W25G5FI�^Ge>BH�:v8XFOY�Fp<5F�~�Fp<e<58R25H,\,F�_

>BH�:vABV�Yg8L<9_[~�8LH�F7\,8WGb>@Hé~IABF^:v8L47x-YIF7<5FT<58R25\,GW�d��>B�D8WH¾FU<9_[~c8LYg8U��HI>@<?>B4DH
D
S�8�V�Ge8L>Ö<­<?4!YI8���HI8�F

258RS"25>Ö<58�258RA Fp<5>@4^H →D
4DHTYIFp<�F­~�Fp<e<58R25H�GW�

÷ ·)¯ ít½�¨W½ º í �f°�$D°S: ÍD¨U�
d, d′

¦�¨�¬­ |�3 =µ9 P�¤�3¨U£�³u¢UÆ
d→D d′

¥ � ·P³+¨�·{¿���Åu¨ ¿�·P¼¹¼�·PÀÄ¥¹³q¡"Å9·P¼S¬P¢UÁ
	 Æ
d′
¥±¢�·)¦��© P¥¹³?¨¶¬ ¿¶£�·P®

d
¦U½�£�¨©µ+¼S )º�¥¹³�¡" P³�·0º�ºU§7£�£�¨U³+º¶¨�·{¿� ��¤½�µ9¨�»8 |£�¥� )¦�¼�¨

T
¥¹³
d
¦�½
l[s]

Âq¿�·|£!¢U·P®G¨
£�§7¼S¨

T → l[r]
¥¹³
D
 P³?¬6¢U·P®G¨

s ∈ L(r)
ö¤¢U·

s
¥±¢� 6¢��¤£�¥¹³q¡K·{¿��¤½�µu¨�³+ |®6¨�¢3÷|Æ


 Æ
d′
¥±¢K·)¦��© P¥¹³?¨�¬�¿¶£�·|®

d
¦U½ £�¨3µ?¼S ­ºU¥¹³q¡� |³ ·0º¶º�§7£�£�¨U³+º¶¨Q·{¿I  �¤½�µ9¨Z»P P£�¥� )¦�¼S¨

T
¥¹³
d
¦U½
l{s} Â'¿�·|£¢�·|®6¨�£�§7¼S¨

T → l{r} ¥¹³ D  |³+¬I �µ9¨�£�®�§7�© P�¤¥�·P³
s
·{¿�¢U·|®6¨

s0 ∈ L(r)
Æ

� Æ
d′
¥±¢=·)¦��© P¥¹³?¨¶¬�¿¶£�·|®

d
¦�½G£�¨3µ?¼S ­ºU¥¹³q¡K P³�·�º¶ºU§7£�£�¨�³?º¶¨
·{¿� G��½�µ9¨�º¶·P³9¢��3 |³9�

C
¦U½" Z¦¶ 8¢�¥�º�º�·|³u¢��© P³9�

¥¹³
[[C]]

Æ
� Æ Ê Å9¨�£�¨�¨�´)¥±¢���¢!¥¹³

D
 �£�§7¼S¨

S → c1| . . . |cm
¿�·|£� 
¢�µ9¨¶º�¥� |¼2�¤½�µ9¨�³? P®G¨

S
ÂE P³?¬

d′
¥±¢x·­¦U�3 |¥¹³+¨¶¬�¿¶£�·P®

d
¦U½G£�¨©µ+¼S )º�¥¹³�¡K |³d·0º¶º�§7£�£�¨U³+º¶¨�·{¿

S
¦U½Z·P³+¨�·{¿
�¹Å9¨�¦¶ 8¢�¥�º�º¶·P³u¢��© P³2��¢

c1, . . . , cm
Æ

îxÉ�ªIï�� ð�· �4°±$f°¹� 
 ·P£ �¹Å9¨ �¤½�µu¨ ¬)¨�¸�³9¥¹�¤¥�·P³
D

¿¶£�·P® ��Åu¨ µ+£�¨U»0¥�·P§�¢ ¨�´q |®!µ?¼S¨ ¥¹� Åu·P¼�¬8¢UÁ
Cd →D cd [Title Artist #Category ] →∗D cd [title[#] artist [#] � µ9·�µ � ] →∗D cd [title[ ��� �©·�µ � ]
artist[ ���  P®���£�·PÀÄ³ � ] � µu·¶µ � ] Æ

dÅ<?8W25F7<?>BHIJ�<?MI8¬258RS"25>Ö<5>@HIJ�G9<58R~�G�S�8�\,F�_O8W�D8WH^<5V�F7ABAB_�FD2?25>B�D8aF7<�F�YIF7<5F-<?8W2?\T�£f¬M�>BG�J^>@�^8WGtF�G?8R\]F7H&<5>B:WG
x�4D2¬<9_[~c8�Yg8���HI>Ö<5>@4^H�GW�
÷ ·)¯ ít½�¨W½ º í �f°�$D°±* ÍD¨U�

D
¦�¨= ��¤½�µ9¨=¬­¨�¸#³9¥¹�¤¥�·P³?Æ Ê Å9¨¬<9_[~�8

[[T ]]D
 8¢¶¢U·�ºU¥� P�©¨¶¬6ÀÄ¥¹�¹ÅK ��¤½�µu¨�³? P®G¨

T
¦U½

D
¥±¢=��Åu¨
¢�¨U��·n¿=��Åu¨�¬­ P�© G�©¨U£�®�¢=��Åu P�lº¶ P³d¦¶¨�·­¦U�3 |¥¹³+¨¶¬x¿¶£�·P®

T

[[T ]]D = { t | T →∗D t
 |³+¬

t
¥±¢
 I¬­ |�3 Z�3¨U£�® }

uX4D<?> :v8b<?M�F7<�>@x
T
>BG�F]<9_[~c8­:R4DH�Ge<5FDH^<�<?MI8WH

[[T ]]D = [[T ]]
��dÅx3>@<�> G�:RA@8;F72-x�2?4^\ <5MI8­:R4DH&<?8Ry[<�S"MI> :�M

<9_[~�8­Yg8���H�>Ö<5>@4^HU>BG�:v4DH�Ge> Yg8R258WY��ISa8OS">BABA�47x <58RHU4^\K>@<"<?M�8bGeV�Q�G?:R2?>B~g<->BHT<?M�8�HI47<�Fp<5>@4^H
[[ ]]D

F7H�YTG?>@\,>BABFD2
4DH�8WGW�

jlk�� ��sut#û=�fs ùKú�û=� ���fü�p�z{ruz{t�pxý
sI4^2�4DVI2�F7H�FDA@_gG?>BG�47xr°r±v²7³�´;µ�25VIA@8;G�Sa8KHI8R8;Y0FDA@J^4D25>Ö<5MI\]G�:R4D\,~IVg<5>@HIJ�>BH^<58R2�Ge8;:=<5>@4^H�47xaG?8v<�G�Yg8���H�8WY!Q&_
<9_[~�8¬Yg8U��HI>@<?>B4DH�GW�7F7H�Y�~�8W2ex�4^2?\,>BHIJX8R\,~g<5>@H�8WG5GtFDH�YO>BH�:vABV�G?>@4^Hb:�MI8;:�w[G�x�4D2�GeV�:�MbGe8R<5GW�£f£4-4^Qg<5FD>@H�8UT�:v>B8RH&<
F7ABJD4^2?>@<?M�\,G£S�8a>B\,~�4&Ge8":v8W2e<�F7>BH�258WGe<?25>B:v<?>B4DH�G£4DH­<9_[~�8¬Yg8���HI>Ö<5>@4^H�GW�tf¬MI8W_�F7258�YI>BG5:vV�G5G?8WY�>BH�<5MI> GzGe8;:=<?>B4DH��

� 4DH�Ge> Yg8R2�F]<9_[~�8KYg8���HI>Ö<5>@4^H
D
�XdÅx

T → G
> G-<?MI8­2?VIAB8Ox�4^2�F,<9_[~c8b�pF725>BFDQIAB8

T
>@H
D
�cS"M�8R258

G
>BG

47xt<?M�8�x�4D25\
l[r]

4D2
l{q} �&<?M�8RH l S">@ABA�Qc8�:RFDA@AB8WY�<?MI8�ð ªg¦ ·[ðt47x T {�>@H

D
}¬FDH�YTYg8RH�47<?8;Y

labelD(T ) = l
�

m



sI4^2
T
Qc8R>BHIJ­F�<9_[~c8-:v4^H�Ge<5F7H&<r4^2rF�G?~�8;:v> F7A�<9_&~c8XH�FD\,8-S�8XYg8���H�8

labelD(T ) = $
�zZ[4�>@x

d ∈ [[T ]]
<5MI8RH

root(d) = label(T )
�

NP8KF^G?G?VI\,8�<5M�Fp<OF7AB~IM�FDQ�8R<�4Dx3ABFDQ�8WABG L ∪ {$} > G�<?4D<5F7ABAB_�4^25YI8R258WYTQ[_�F�258RA Fp<5>@4^H ≤ ~¡Sa8K:RFDA@A£<?MI> G4D2�Yg8W2?>BHIJ� P¼ µ9Åu ­¦¶¨U��¥�º6·|£�¬­¨U£�¥¹³q¡D�r� \bVIA@<?>B~IAB>B:R>Ö<9_LA@> Ge<
W1 . . .Wk

�IS"M�8R258�8;FD:�M
Wi = Ti(ni,1 : ni,2)

FDH�Y
Ti
> G¬FO<9_[~c8�H�FD\,8D�[>BG § º ©�¨ · » SO� 2W� <

D
>Öx
labelD(T1) ≤ . . . ≤ labelD(Tk)

�zsI4^2a~I2�FD:v<?> :RFDA�258WF^Ge4^H�G3S�8
FDG5G?VI\,8�<5M�Fp<"<5MI8O\bV�AÖ<5>@~IAB> :v>@<9_�AB>BGe<5G¬4g:R:RVI252?>BHIJ,>@H�4DV�2¬<9_&~c8�Yg8U��HI>@<?>B4DH�GXFD2?8�G?4D2?<?8WY��

NP8�G5F�_K<?M�F7<"Fb<9_[~�8�Yg8U��HI>@<?>B4DH
D
> G �t© º � · © �g>@x�x�4D2¬8;FD:�M�258RJ^VIABFD2a8Ryg~I2?8;G?G?>B4DH

r
>BH
D
F7ABA¡Yg>BGe<?>BH�:v<

<9_[~�8PH�FD\K8;G�4[:W:vVI2525>@HIJé>@H
r
M�F��D8!Yg>V��8R258RH&<TABFDQ�8WABGW��f¬M[V�GLJD>B�D8RH F¾<58R25\

l[c1 . . . cn]
F7H�Y/F¾25VIAB8

T → l[r] ∈ D
4D2�FP<58R25\

l{c1 . . . cn}
F7H�YóFP2?V�A@8

T → l{r} ∈ D
x�4^2]8WF^:�M

ci
��<5MI8U2?4[4D<,4Dx

ciYg8R<?8R25\,>@H�8WGOFp<�\,4&G9<O4DH�8­<9_[~c8,H�F7\,8
S
GeV�:�M!<?M�Fp<

S
4g:W:vVI2�G�>@H

r
FDH�Y
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S2 → l[r2]
<5MI8RH

D
:R4DH&<5FD>@H�G�<?MI8�25VIAB8

S1,l∩̇S2,l → l[r]
~

>Öx¡<5MI8X25VIA@8;Gzx�4^2
S1, S2

FD2?8"4Dx�<?MI8"x�4^2?\
S1 → l{r1}

FDH�Y
S2 → l{r2}

<?MI8WH
D
:v4^H^<�F7>BH�G�<5MI8-25VIAB8

S1,l∩̇S2,l → l{r} �
dÅx
S1
F7H�Y

S2
F7258a<9_[~c8X�pF725>BFDQIAB8WG�F7H�Y

D1, D2
:v4^H^<�F7>BH��7258WG?~�8;:=<5>@�^8RAB_D�725VIAB8WGz4Dx�<5MI8¬x�4D25\

S1 → l[r1]F7H�Y
S2 → l{r2}

4D2£47x[<?M�83x�4D25\
S1 → l{r1}

F7H�Y
S2 → l[r2]

<5MI8RH
D
:v4^H^<�F7>BH�G�<5MI8r25VIAB8

S1∩̇S2 → l[φ]
�

¢



dÅx
S1, S2

F72580G?~�8;:v> F7A�<9_&~c8PH�F7\,8WGW�X4^2�4DH�8047xO<5MI8R\ > G�FéG?~�8;:v> F7A�<9_&~c80H�F7\,8PFDH�Yó<5MI804D<?MI8W2
> G�F :v4^H�G9<�F7H&<,<9_[~�8U<5MI8RH

D
:v4^H&<5F7>BH�GK<5MI8�25VIA@8

S1∩̇S2 → c1| . . . |cn
�aS"MI8W2?8

[[S1]]D1 ∩ [[S2]]D2 =
{c1, . . . , cn}

�
sI254D\ <5MI8UYg8WG5:v25>B~g<?>B4DHéFDQ�4p�^8LFDH�Y¾x�254D\ ��8���HI>Ö<5>@4^HóiI� ��� kè{�4DxX<?MI8UYg8W2?>B�pFp<5>@4^Hé258RA Fp<?>B4DH →D

}­>@<
x�4DABAB4pSXG�<?M�F7<

T ∩̇U →D l[T1∩̇U1 · · ·Tn∩̇Un]
>S�

T →D1 l[T1 · · ·Tn]
�

U →D2 l[U1 · · ·Un]
�IF7H�Y

labelD1(Ti) = labelD2(Ui)
x�4^2

i = 1, . . . , n
�

x�4D2]FDH&_
n ≥ 0

F7H�Y¾<9_&~c8���FD2?> F7Q�A@8;G
T, U, T1, . . . , Tn, U1, . . . , Un

�é� Ge>B\,>@A F72­x�FD:v<]MI4DA YIG­x�4D2K2?V�A@8;G
S">@<?M {} �/f¬M[V�G T ∩̇U →∗D t

>S�
T →∗D1

t
F7H�Y

U →∗D2
t
{ x�4^2�F7H[_éYIF7<5FP<58R25\

t
}�~-<?MI> G]>B\,~IA@>B8WG

[[T ∩̇U ]]D = [[T ]]D1 ∩ [[U ]]D2

�zdÅxzYg8���HI>Ö<5>@4^H�G
D1

F7H�Y
D2

F7258�~I2?4^~�8W2�<?MI8WH
D
> G"~I254D~c8R2;�

îxÉ�ªIï�� ð�· �4°¹*4°��2� â ·P³9¢¶¥�¬)¨�£���½�µ9¨G¬­¨�¸#³2¥¹��¥�·|³u¢UÁ
D = {A→l[B|C], B→l[A+], C→m[ ] }  P³+¬ D′ =

{A′→l[A′∗|C ′], C ′→m[C ′∗] } Æ��6¨ º¶·P³9¢¶�¤£�§9ºU�Z  ��½�µ9¨ ¬)¨�¸�³9¥¹�¤¥�·P³
D′′

À�Å�¥�º¶Å ¬­¨�¸#³?¨�¢��¤½�µu¨
A∩̇A′¦¶¨�¥¹³�¡N�¹Å9¨�¥¹³9�©¨�£¶¢U¨¶º��¤¥�·P³ò·{¿ ��½�µ9¨�¢

A
 P³?¬

A′
ö
[[A∩̇A′]]D′′ = [[A]]D ∩ [[A′]]D′

÷­Æ
D′′ = {A∩̇A′ →

l[B∩̇A′|C∩̇C ′] Â B∩̇A′ → l[(A∩̇A′)+], C∩̇C ′ → m[ ] } Æ��Ä´� |®!µ?¼S¨ 
 Æ! ­Æ 	"
 ÀÄ¥¹¼¹¼#¢�Åu·|À �¹Å9 P�
[[A]]D ⊆

[[A′]]D′
 P³+¬"�¹Å9 P��¥±¢=À�Å�½

[[A∩̇A′]]D′′ = [[A]]D
Æ

�f°±*f°�$ � í£« ð ët§W½ º í$#�ë�¦t¨ ¸ �t½|í£ú
f¬MI8-FDA@J^4D25>Ö<5MI\ ~I258WG?8RH&<58WYKMI8R258"> GzQ�FDG?8WYK4^H­<5MI8-FD~I~I254^FD:�M­<5FDwD8WHK>BHQM �¬��¤�j7k­O���f¬MI8-G?AB>@J^M^<rYI>V��8R258RH�:R8
:v4^\,8WG�x�254D\�<5MI8�x�FD:v<"<?M�F7<X4DVI2¬x�4^2?\]F7AB> Ge\�> G¬\,4D258OGe~c8W:R>V��:�x�4^2¬°r±v²D³|´;µv�zd�HT4DVI2XFD~I~I254^FD:�M�Sa8OYg4]HI4D<
V�G?8

label language
QIVI<->@H�G9<58WFDYLS�8�F^G?G?VI\,8�<?M�F7<X8R�^8R25_,<9_&~c8�:v4^H�Ge<5F7H&<"M�F^G�<?MI8�G5F7\,8�ABFDQ�8WA

$
�

��8R<
T1, T2

Qc8-<9_[~c8�H�F7\,8WG¬Yg8U��HI8WY�>@H�<9_[~�8�Yg8���HI>Ö<5>@4^H�G
D1, D2

�&258WG?~c8W:=<5>@�^8RAB_D�
T1
> G¬F7H�¥¹³?º�¼¾§�¢�¥�·|³

¢�§9¦��¤½�µ9¨�47x
T2
>S�

[[T1]]D1 ⊆ [[T2]]D2

�,N!8]~I258WG?8RH&<OF7H�F7ABJD4^2?>@<?MI\�S"MI>B:�M�:�MI8;:�w[G�<5MI>BGOx�FD:=<;�,dÅ<�> GOHI4D<
258W¯&VI>B2?8;Y�<5M�Fp<

D1
>BGX~I2?4^~�8W2W�

f¬MI8���2�Ge<¬~�F72?<¬4Dx�<5MI8�F7ABJD4^2?>@<?MI\ :v4DH�G9<52?V�:v<5G¬F]G?8v<
C(T1, T2)

47x�~�FD>@2�G�47xt<9_&~c8WG�<54]Q�8�:R4D\,~�FD2?8;Y¡�
dÅ<X> G¬<?MI8�G?\]F7ABA@8;G9<XG?8v<XG?V�:�M�<?M�F7<

• >Öx label(T1) = label(T2)
<?M�8RH

(T1, T2) ∈ C(T1, T2)
�

• >Öx

% (T ′1, T
′
2) ∈ C(T1, T2)

�
% D1, D2

:R4DH&<5FD>@H��r2?8;Ge~c8W:v<?>B�D8RAB_D�r2?VIAB8WG
T ′1 → l[r1]

F7H�Y
T ′2 → l[r2]

�r4D2
T ′1 → l{r1}

FDH�Y
T ′2 → l{r2}

{�S">Ö<5MT<?MI8�G5F7\,8�A F7Qc8RA
l
}v��F7H�Y

% <9_[~c8�H�F7\,8WG T ′′1 , T ′′2 4g:R:RVI2"258WG?~�8;:=<?>B�D8WA@_]>BH
r1, r2

�IFDH�Y
labelD1(T ′′1 ) = labelD2(T ′′2 )

<?MI8WH
(T ′′1 , T

′′
2 ) ∈ C(T1, T2)

�¬��G
D2

> GX~I254D~c8R2;�gx�4D2-8R�D8W2?_
T ′′1

>BH
r1
�I<?M�8R258�8vyg> G9<�GXFp<-\,4&G9<X4^HI8

T ′′2
>@H
r2
G5Fp<5>BGex�_[>@H�J­<5MI> GX:v4^H�Yg>@<?>B4DH��

f¬MI8OG?8W:v4^H�Y�~�F72?<¬4Dx�<5MI8OF7ABJD4D25>@<?MI\�:�MI8;:�wgGaS"M�8v<?M�8R2
[[T ′1]] ⊆ [[T ′2]]

x�4^2"8WF^:�M
(T ′1, T

′
2) ∈ C(T1, T2)

C

o



d9s
C(T1, T2) = ∅ f"�-`ru 258v<?V�2?HLx�F7A Ge8`r�£Z[`èx�4^2"8WFD:�M

(T ′1, T
′
2) ∈ C(T1, T2)

Yg4K<5MI8�x�4DABA@4pS">BHIJ�C
d9s

T ′1, T
′
2

FD2?8�G?~�8;:v> F7A¡<9_[~c8�H�F7\,8WG¬4^2¬<9_&~c8�:v4^H�Ge<5F7H&<�G
f"�X`au�:�MI8W:�w�S"M�8v<?M�8R2

[[T ′1]] ⊆ [[T ′2]]
F7H�YL2?8R<?VI25HL<?MI8O258WG?VIA@<

��8R<
T ′1 → l[r1]

FDH�Y
T ′2 → l[r2]

�I4^2
T ′1 → l{r1}

F7H�Y
T ′2 → l{r2}Qc8O2?VIAB8WG¬4Dx

D1, D2
�I258WG?~�8;:=<5>@�^8RAB_

��8R<
s1
FDH�Y

s2
Qc8�<?M�8O2?8WJDVIA F72�8vyg~I258WG5Ge>B4DH�Ga4p�^8R2¬A F7Qc8RA G

:v4^2?258WG?~c4DH�Yg>BHIJb<?4
r1
FDH�Y

r2� MI8W:�w�S"MI8v<5MI8R2
L(s1) ⊆ L(s2)d9s¾x�4D2XF7ABA¡~�FD>@2�G�x�2?4^\
C(T1, T2)

<5MI8�F7H�G?S�8R2¬>BG�<52?V�8�f"�X`ru 258v<5VI2?HL<?25VI8
`r�tZ[`�258v<5VI25H�x�FDABG?8

f¬MI8�F7ABJD4D25>@<?MI\ 8R\,~IAB4p_[G­F�:�MI8;:�w!>@x
[[T ′1]] ⊆ [[T ′2]]

�zS"MI8W2?8�8WFD:�M 4Dx
T ′1, T

′
2

> Gb8W>Ö<5MI8R2KF�Ge~c8W:R>BFDA3<9_[~c8
H�FD\K8K4D2�F]<9_[~c8K:R4DH�Ge<5FDH&<W�Of¬MI> G�:�M�8W:�wT>BG�Q�F^Ge8;YU4DH!2?8;:v4^25Yg8;YT>@HIx�4D25\,F7<?>B4DH0FDQ�4^Vg<�>@H�:RA@V�Ge>B4DH�4Dx3<?M�8
G?8v<5G-Yg8���H�8WY�Q[_]<9_[~�8�:R4DH�Ge<5FDH^<�G¬F7H�YTF7Qc4DVI<¬S"M�>B:�MT:v4^H�G9<�F7H&<5G"FD2?8�\,8R\­Q�8W25G¬4Dx�<5MI8WG?8�Ge8R<5GW�

dÅx�<5MI8¬F7ABJD4D25>@<?MI\�258v<5VI2?H�G��¤£�§9¨�<?MI8WH
[[T1]]D1 ⊆ [[T2]]D2

�£dÅx�>Ö<z258v<?V�2?H�G?¿� |¼ ¢U¨�F7H�Y
D1

M�F^GtHI4�H[VIABA F7QIAB8
G?_&\­Q�4^ABG"{�>|� 8D�

[[T ]]D1 6= ∅
x�4D2z8WF^:�Mb<9_[~c8¬H�F7\,8

T
>BH
D1
}£<5MI8RH

[[T1]]D1 6⊆ [[T2]]D2

��f¬M�8�\]FD>@HKx�FD:v<3V�G?8WY
>BH]<?MI8-~I2?4[4Dxc4Dxc<5MI> G3~I254D~c8R2?<9_b> Gz<5M�Fp<aF�~�4&Ge>@<?>B�D8XFDH�GeS�8R2r47x�<?MI8�F7ABJD4D25>@<?MI\þ\K8;F7H�Gz<?MI8-x�4DABA@4pS">BHIJ��tsI4^2
F7H[_

(S,U), (S1, U1), . . . , (Sn, Un) ∈ C(T1, T2)
>@x
S →D1 l[S1 · · ·Sn]

<?M�8RH
U →D2 l[U1 · · ·Un]

���
G?>@\,>BABFD2"x�FD:v<XMI4DA YIG¬x�4^2¬<?8R25\]G"S">@<?M�Ç­È�{�2?8W\K8W\bQc8R2"<5M�Fp<X>BHT<?M�>BGX:WFDG?8�<?MI8O258RJ^VIA F72¬8vyg~I258WG5Ge>B4DH�G¬>@H�<?M�8
F7~�~IA@>B8WY�25VIAB8WG"F7258�Ge4^2e<58WYL\bVIA@<?>B~IAB>B:R>Ö<9_LA@> G9<�G5}v�
îxÉ�ªIï�� ð�· �4°¹*4°��7� â ·P³9¢¶¥�¬)¨�£K��Åu¨K�¤½�µu¨�¬)¨�¸�³9¥¹�¤¥�·P³u¢�¿¶£�·P®���Åu¨&�Ä´� |®!µ?¼S¨ 
 Æ! )Æ 	'	 Á

D = {A→l[B|C],
B→l[A+], C→m[ ] }  P³+¬ D′ = {A′→l[A′∗|C ′], C ′→m[C ′∗] } Æ Ê ·�º¶Åu¨¶º(��À�Åu¨U�¹Å9¨�£ [[A]]D ⊆ [[A′]]D′

Â
¸#£¶¢�� À�¨�º¶·|³u¢���£�§9ºU�Ä¢U¨U�

C(A,A′)
À�Å7¥�º�Å�¥±¢ {(A,A′), (B,A′), (C,C ′)} Æ Ê Å9¨�³��¹Å9¨=¢U¨¶º¶·P³?¬�µ9 P£���·{¿���Åu¨ P¼ ¡)·|£�¥¹�¹Å7® º¶Åu¨¶º��P¢�¥ ¿

L(l|m) ⊆ L(l∗|m), L(l+) ⊆ L(l∗|m)
 P³?¬

L(ε) ⊆ L(m∗)
Æ � ¥¹³?º¶¨= P¼¹¼4��Åu¨
º¶Åu¨¶º(�8¢¡­¥¹»8¨!µ9·8¢�¥¹��¥¹»P¨�£�¨�¢¶§7¼V��¢¶ÂÄÀ�¨�º¶·|³+ºU¼¾§9¬­¨���Åu P�

[[A]]D ⊆ [[A′]]D′
Æ

uX4D<?> :v8"<5M�Fp<ax�4D2�FO~I254D~c8R2
D2

FDH�YU�Rh�VIH�F7\bQ�>@J^VI4DV�G�258RJ^VIA F7238Ry[~�2?8;G?G?>@4^H�G�M �l��N)oD¢0O�>@H
D1, D2

<?M�8
F7ABJD4^2?>@<?M�\ >BG3~�4^A@_[HI4^\K> F7A��td�H­<5MI8XJ^8RHI8W25FDAI:RFDG?8"F�~�4^A@_[HI4^\,>BFDAIF7ABJD4D25>@<?MI\ YI4&8;GzHI4D<38vyg>BGe<W�&FDGz>BH�:RA@V�G?>B4DH
x�4D2XF,AB8WG5G¬JD8WHI8R2�F7Acx�4^2?\]F7AB> Ge\�4Dx�<52?8W8�FDVg<?4^\]Fp<5FK> G¬`3®-1af¬d9¤U`zh�:v4D\,~IAB8v<58"M � ��� + o^o8OÅ�

jlk�) ùKú�ûxz�p!� t+*-,/.1032�46587 w��fs7ú:9N��ýqwx�©ruý
d�H!<?MI> GOGe8;:=<5>@4^H0S�8���25Ge<�>BH&<?254gYgV�:v8K®�¤0�è¯&VI8W2?_UA F7H�JDV�FDJD8�°r±R²7³�´Wµv�,f¬MI8WH!S�8KYI>BG5:vV�G5G�4DQg698;:=<5>@�^8WG�47x
:v4^\,~IVg<?>BHIJ,<9_[~c8WG¬47xz¯&VI8R25_�258WG?VIA@<5G"F7H�Y�~I258WG?8RH&<XF7HTF7ABJD4^2?>@<?M�\��

�f°<;D°�� °r±R²7³�´Wµ % � í�¨R© º »tët«7¨W½ º í
°r±v²D³|´;µr> GaF�2?VIAB8vhÅQ�F^Ge8;Y]¯^V�8R25_KFDH�Y,<?2�F7H�G9x�4^2?\]Fp<5>@4^H,ABFDHIJDV�FDJD8¬x�4^2a®�¤��é{|Ge8W8�M �¬ZIj^i7F[�7�"Zgj&ipQ¡���¬ZIj^i7:��
�l�"Z[N)jD�g�¡sE�"Z + j7k|O }v��dÅ<�8R\,~IAB4p_gG-~�F7<e<58R25H�GX>BH�Ge<?8WF^YU47xa~�Fp<5M�GX<54L¯&VI8W2?_T®�¤0�éF7H�Y�Ge8W\,>BGe<?25V�:=<5VI258WYYIF7<5FI��f¬MI>BG�F7~I~�2?4&FD:�MUG9<58R\]G-x�2?4^\ AB4DJ^>B:O~�2?4^JD2�F7\,\,>@HIJ����þ¯&VI8R25_�<58R25\ >BG-\,F7<5:�MI8;Y�F7J&F7>BH�Ge<-F�YIFp<�F
<?8W2?\ x�254D\�FbY�Fp<5FDQ�FDG?8D���/G?V�:W:v8WG5Gex�VIA�\]F7<5:�MI>BHIJ�258WG?VIA@<5Ga>@H�Q�>@H�YI>@HIJb<?MI8��pF725>BFDQIAB8WG3>BH]<5MI8�¯&VI8W2?_K<?8W2?\
<?4�:R8R2?<5FD>@HTGeV�Qg<?8W2?\]G¬47x£<?MI8�Y�Fp<5F­<58R25\��3f¬M�>BG"4^~�8W25F7<?>B4DHL>BGX:WF7ABA@8;YLG?>B\bVIA Fp<5>@4^HLVIH�>V��:WFp<5>@4^H��

NP8¬:R4DH�G?> Yg8R2tMI8R258¬F�G?4D\,8RM�4pSéGe>B\,~IAB>V��8;Yb�^8R2�Ge>B4DHO4Dx�°r±R²7³�´Wµv�tN!8�x�4g:vV�Ge8;Yb4^H­:v4^2?8r°r±v²D³|´;µ�x�8;Fp<?V�2?8;G
<?4!\]F7wD8]4^VI2­FDA@J^4D25>Ö<5MI\]G�G?>@\,~IAB8R2bFDH�Y Qc8v<?<?8R2­VIH�Yg8W25Ge<5FDH�YIFDQIA@8^��f¬MI8�\]F7>BH¾Yg>S�c8W2?8WH�:v8L>BG�<?M�F7<b4DV�2
YIF7<5F�<?8R25\]G�2?8W~I2?8;Ge8WH&<X<?258R8;G�S"M�>@AB8­>BH�x�V�A@A�°r±R²7³�´WµX<58R25\]G�FD2?8­V�G?8WYU<54L258R~�2?8;Ge8WH^<�JD2�F7~IM�Gb{�Q[_�F^YIYg>BHIJ
VIHI> ¯&VI8�>BYg8WH&<?>S��8R2�Ga<?4,Ge4^\K8-<?258R8�HI4gYg8WG¬F7H�Y�>BH^<52?4gYgV�:v>BHIJbHI4gYg8;G�S"MI>B:�MLF7258-258vx�8R258RH�:v8WGr<?4­<?M�8WG?8�> Yg8RHIh
<?>S��8W25G�}=�3�-<?MI8W2zHI8RJ^A@8;:=<58WYb°r±v²7³�´;µ£x�8;Fp<?V�2?8;G�>@HK2?8;Ge~c8W:v<�<?4�<?MI8¬°r±R²7³�´Wµ��D8W25G?>B4DH­YI8WG5:v25>@Qc8WY­>@HKM Z7�¬j7kPO�FD2?8^C

�;j



x�VIH�:v<?>B4DH�G�F7H�YTFDJDJD258RJ&Fp<5>@4^H�GR�&HI4^Hgh�~�Fp<e<58R25HU:v4DH�Yg>Ö<5>@4^H�GW�I4D~g<5>@4^H�F7A�G?VIQg<58R25\]GR�I~c4^G?>@<?>B4DHUGe~c8W:R>V�c:RFp<5>@4^H�GW�
HI8WJ^Fp<5>@4^H��g258RJDV�ABFD2�8Ryg~I2?8;G?G?>B4DH�GW�

all
FDH�Y

some
:v4^H�Ge<?25V�:=<�GR�gF7H�YLA F7Qc8RA¡�pFD2?> F7QIAB8WG¬>BHU¯&VI8R25_,<?8W2?\]GW�

NP8�F^G?G?VI\,8X<5M�Fp<XFbY�Fp<5FDQ�FDG?8-> G¬FbYIF7<5Fb<?8W2?\�4^2�Fb\bVIA@<?> Ge8R<�4Dx£YIF7<5Fb<?8R25\]GR�zf¬MI8W2?8�F7258X<9S�4b4D<?MI8W2
w[>@H�YIG¬47x£<?8R25\]G¬>@HL°r±v²D³|´;µvC3¯&VI8R25_,<?8W2?\]G¬F7H�YL:R4DH�Ge<?25V�:=<�<?8W2?\]GW�z� « º í£§W¨R©pët«7¨K¨ · ©pï > G"F­YIF7<5F­<?8W2?\
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»P P£�¥� ­¦U¼S¨�¢UÆ

result [ name[TITLE ] author [ARTIST ] ] ←
catalogue{{ cd{title[TITLE ] artist [ARTIST ] year [ T 	"W1X'X T ] }}}

Ê Åu¨�£�¨�¢�§7¼¾��¢�£�¨U��§7£�³?¨¶¬"¦�½G��Åu¨�£�§7¼S¨� P£�¨0Á

result [ name[ TZY ¥�¬­¨�½­·P§7£xÅ9¨� |£�� T ] author [ T ��·|³9³9¥�¨ Ê ½P¼S¨U£ T ] ]
result [ name[ T[� �3·¶µ T ] author [ T[�  P®a��£�·PÀÄ³ T ] ]

�f°<;D°±� b · ªI§ º ít½�ítú!ªg¦ º ë£¨-� ¸ � · § º � °r±v²D³|´;µ = ë · © ¸ b · §Wë ð ¨;§
d�H <5MI>BGKG?8W:=<5>@4^H Sa8LG9<5V�Yg_P<?MI8L2?8WABF7<?>B4DH�Qc8v<9S�8R8RH¾<9_&~c8WGb47x-YIF7<5FDQ�FDG?8WG�FDH�YP<9_[~�8;Gb4DxX¯^V�8R25_!258WG?VIA@<5GW�
�-G5G?VI\,8]<?M�F7<b<5MI8�4DH�A@_!>@Hgx�4^2?\]F7<?>B4DH¾F��pF7>BABFDQIAB8,FDQ�4^Vg<�<5MI8�YIF7<5F7Q�FDG?8]>BG�<?M�F7<b>Ö<K>BGbF�YIFp<�F�<?8W2?\ {�4^2
F0G?8v<K47xXYIF7<5FU<58R25\]G5}�4Dx-F�J^>@�^8RH�<9_[~�8

[[TDB]]
� ��HI8�\]F�_PS�FDH^<b<?40w[HI4pS�S"M�F7<­¯&VI8R25_P2?8;GeVIA@<5GKF7258

~c4^G5Ge>BQIAB8­x�4^2�GeV�:�MPYIF7<5FDQ�FDG?8D�KN!8�G?MI4pS M�4pS <?4U:R4D\,~IVg<58�{�FTGeV�~�8W25G?8v<O47x�}�<?MI8�G?8v<O47x¬GeV�:�M!258WG?VIA@<5GW�
f¬MI8,Ge8R<�S">BABA£Qc8­8Ryg~I2?8;G?G?8WY0FDG�F]<9_[~�8^�¡Ge~c8W:R>V��8;Y�Q[_UF]<9_[~c8KYg8U��HI>@<?>B4DH���NP8­S">BABAtV�GeV�FDA@AB_U:RFDA@At>Ö<�<?M�8
¯&VI8R25_�258WG?VIA@<�<9_[~c8D�

� 4D\,~IVI<?>BHIJU<?M�8L¯&VI8R25_0258WG?VIA@<�<9_[~�8L\]F�_!G?8R25�D8�G?4D\,8�FDY�Yg>Ö<5>@4^H�F7Aa~IVI25~�4&Ge8;GR���^�UdÅx"<?MI> GO<9_[~c8�> G
8R\,~g<9_^�t<?MI8WH�<?MI8�¯&VI8W2?_0S">@ABArHI8W�D8W2�JD>B�D8]F7H FDH�GeS�8R2�x�4^2bF�YIF7<5F�<58R25\�x�254D\

[[TDB]]
�T�XH¾F7ABJD4^2?>@<?M�\

:�MI8;:�w&>BHIJ0<?MI> GK~I2?4^~�8W2e<9_P> Gb4^Qg<5FD>@HI8;Y¾Q[_ :v4^\bQI>BHI>BHIJ!:R4D\,~IVg<5>@HIJP¯&VI8R25_�2?8;GeVIA@<b<9_[~c8LS">@<?Mè:�MI8W:�w[>BHIJ
8R\,~g<5>@H�8WG5Gb4Dx"FU<9_&~c8D�Pig��dÅxXG?4D\,8�G?~�8;:v>S��:RF7<?>B4DH 4Dx�<5MI8�>BH&<?8WH�Yg8WY <9_&~c8�4Dx"2?8;GeVIA@<5Gb8vyg> G9<�GR�t4DHI8�\,F�_
:�MI8;:�w�>Öx¬<5MI8�¯&VI8R25_0> G�:v4^2?258W:v<�SO� 2;� <;�¡<?MI8LGe~c8W:R>V��:WFp<5>@4^H���Q[_0:�MI8;:�w[>@HIJTS"MI8R<?MI8W2O<?M�8�:v4D\,~IVI<?8WY!<9_[~c8
47x�<?M�8]2?8;GeVIA@<5G�> GO>BH�:vABV�Yg8;YP>@H!<?MI8�G?~c8W:v>S��8;Y!4^HI8D�����¡dÅx�S�8]V�G?8]F�Y�Fp<5FL<58R25\

d
FDG�<5MI8]Qc4[YI_047xa<?MI8

¯&VI8R25_D�c<5MI8RHP:v4D\,~IVI<?>BHIJ�<5MI8K2?8;GeVIA@<-<9_[~c8­> G�F7A Ge4�F�:�MI8;:�w�S"M�8v<?M�8R2
d ∈ [[TDB]]

�Ou-FD\,8RAB_
d ∈ [[TDB]]>S��<?MI8�258WG?VIA@<a<9_[~c8�> G¬HI4D<¬8W\,~g<9_D�zk��[f¬M�8�FDA@J^4D25>Ö<5MI\�:v4^\,~IVg<?>BHIJ­<?MI8�¯&VI8W2?_]258WG?VIA@<a<9_[~c8�~I2?4gYgV�:v8WG¬F^G

F]G?>BYg8�8U�c8;:=<"<?M�8�<9_&~c8WGX47x�<5MI8O�pF725>BFDQIAB8WG¬47x£<?MI8�¯&VI8W2?>B8WGW�zsI4^2"8WFD:�M��pF725>BFDQIAB8�x�254D\�<?MI8�¯&VI8W2?_�>@<XJD>B�D8;G
F�G?8v<�:v4^H^<�F7>BHI>BHIJ�8R�^8R25_L�pFDA@VI8b<?M�F7<�:WF7H�Qc8KF^G?G?>BJDHI8;Y�<54�<5MI8­�pFD2?> F7QIAB8�{�S"MI8RH0¯&VI8W2?_[>BHIJ�FLYIFp<�F]<?8W2?\
x�254D\�<9_[~c8

[[TDB]]
}=�af¬MI>BG¬~�2?4p�[> Yg8WG¬FDY�Yg>Ö<5>@4^H�F7A¡>BHgx�4^2?\]Fp<5>@4^H�FDQ�4^Vg<¬<?MI8OQc8RM�F��&>B4DV�2�4Dx�<5MI8�¯&VI8R25_D��NP8

\]F�_�:v4^H�Ge> Yg8W2�G?~�8;:v>S��:RF7<?>B4DH�G�4Dx�<?M�8-<9_[~c8WG¬47x�<?MI8O¯&VI8R25_]�pF725>BFDQIAB8WGW�t� ¯&VI8R25_,>BG":R4D252?8;:=<�SO� 2;� <;�gGeV�:�M�F
G?~�8;:v>S��:RF7<?>B4DH�>Öx�x�4D2"8W�D8W2?_]�pF725> F7QIAB8-<5MI8�:v4^\,~IVg<?8;YL<9_&~c8O> G"FKG?VIQ�G?8v<X4Dx�<5MI8�Ge~c8W:R>V��8WYL<9_[~�8^�
îxÉ�ªIï�� ð�· �4°�;f°±$ â ·|³u¢�¥�¬­¨U£��¹Å9¨���½�µ9¨�¬­¨�¸#³2¥¹��¥�·|³

D
¿¶£�·P®c�Ä´� |®!µ?¼S¨ 
 Æ � Æ 	  |³+¬� �º¶·P³9¢¶�¤£�§9ºU��de>U§9¨�£�½

£�§7¼S¨
Q
Á

result [ name[TITLE ] author [ARTIST ] ]←
cd{{TITLE ARTIST;artist{{}} T £�·0º�� � }}

�;�



Ê Åu¨K¥¹³2�3¨U³9�¤¥�·P³�·{¿Z�¹Å9¨K£�§7¼S¨I¥±¢Z�3·dº¶·P¼¹¼S¨¶ºU�=��¥¹�¤¼S¨�¢I P³?¬d |§7�¹Å9·P£¶¢K·n¿I |¼¹¼ ��Åu¨ âfãf^ ¢I·{¿I�¹Å9¨Z£�·�º(��º¶ P�©¨gd
¡q·P£�½­Æh�GÅ9¨�³���Åu¨f>�§9¨U£�½d�3¨U£�® ·{¿K��Åu¨Q£�§7¼S¨�¥±¢I®G P�©º�Å9¨�¬  U¡q P¥¹³u¢���  ¬­ P�© ­¦¶ P¢�¨�·{¿I��½�µ9¨ â ¬PÂ��¹Å9¨Q»P P£�¥!d
 ­¦U¼S¨�¢ Ê Ã Ê Í_� Â ²i`
Ê Ã(� Ê  P£�¨I¦¶·P§7³?¬��©·�¬­ |�3 ��3¨U£�®�¢G·n¿6��½�µ9¨�¢¶Â�£�¨�¢¤µ9¨¶º��¤¥¹»8¨U¼¾½8Â Ê ¥¹�¤¼S¨�Â ² £��¤¥±¢��x·P£ ² £��¤¥±¢���Â² £��¤¥±¢¶�©Æ ² ¢G��Åu¨I»P P£�¥� ­¦U¼S¨ Ê Ã Ê Íj��¥±¢"¥¹³2�3¨U³+¬)¨�¬ �©·��© k�)¨Z»P P¼V§9¨�¢I·|³9¼¾½�·n¿G�¤½�µu¨ Ê ¥¹��¼�¨�Â��¹Å9¨�>U§9¨U£�½�¥±¢"¥¹³3d
º¶·P£�£�¨¶ºU��À�Æ�£UÆ��©Æ
·|§7£ ¨�´�µ9¨�ºU�© P�¤¥�·P³u¢UÆ Ê Åu¨��¤½�µu¨ ` ¨�¢�§7¼¾��·n¿���Åu¨8>�§9¨U£�½�£�¨�¢¶§7¼V��º¶ P³ò¦�¨d¬­¨�¢Uº�£�¥�¦¶¨¶¬ ¦�½���Åu¨
¿�·P¼¹¼�·PÀÄ¥¹³q¡���½�µ9¨G¬­¨�¸#³2¥¹��¥�·|³

D ′ = D ∪ {Result→result [Name Author ], Name→name[Title|Artist ],
Author→author[Artist] } Æ

d�HóS"M�Fp<]x�4^A@AB4pSXGKSa8�F^G?G?VI\,8UF��Iyg8WYè~I254D~c8R2,<9_[~�8�YI8���HI>@<?>B4DH
D
{�YI8WG5:v25>@QI>BHIJP<?M�8T<9_&~c8U47x�<?M�8

YIF7<5F7Q�FDG?8;}=�
f£4-258R~I258WG?8RH&<�F-G?8v<t47x�FDH�GeS�8R2�G3{�x�4D2�F-¯&VI8R25_�<?8R25\�F7H�YbFXGe8R<£4Dx�YIFp<�F"<?8W2?\]G�}¡S�83S">BA@A[V�G?8rFX\]FD~I~I>BHIJ

m : V → E �[S"MI8R258 V > G3<5MI8�G?8v<¬47x��pFD2?> F7QIAB8WGr4g:R:vV�2?25>@H�J�>@H�<?MI8�:v4^H�G?>BYg8W2?8;Y�¯&VI8R25_K2?VIAB8�F7H�Y E >BG�F­G?8v<47xa8vyg~I258WG5Ge>B4DH�GW� E :v4DH&<�F7>BH�G-j��t�^�c<?MI8­<9_[~�8KH�F7\,8;GXx�254D\ D
��FDH�YU8vyg~I258WG5G?>@4^H�GX4Dx3<?MI8­x�4D25\

T1 ∩ T2
�

S"MI8W2?8
T1, T2 ∈ E

�¬`rFD:�MT8Ry[~�2?8;G?G?>@4^H
E
x�2?4^\ E Yg8RH�47<?8;GXF�G?8v< [[E]]

47x3YIF7<5FK<58R25\,GW�
[[1]]

Yg8WHI47<58WG¬<5MI8
G?8v<�4Dx3F7ABA£YIF7<5F,<58R25\,GW�

[[0]] = ∅ � [[T ]] = [[T ]]D
x�4D2�F7H[_�<9_[~c8�H�FD\K8

T
��FDH�Y

[[T1 ∩ T2]] = [[T1]] ∩ [[T2]]
�

f¬MI8�G?8v<X4DxtG?VIQ�Ge<?>@<?Vg<5>@4^H�GX:v4^2?258WG?~c4DH�Yg>BHIJb<?4�FK\]F7~I~I>BHIJ
m : V → E > G

substitutionsD(m) = { θ | ∀X∈V θX ∈ [[m(X)]] }.
{|Zg4]>Öx

θ ∈ substitutionsD(m)
<?M�8RH

V ⊆ dom(θ)
F7H�Y�>@x

θ ⊆ θ′ <?MI8WH θ′ ∈ substitutionsD(m)
� }

NP8,YI8���HI8 ⊥,> : V → E Q[_ ⊥(X) = 0
FDH�Y >(X) = 1

x�4D2O8W�D8R25_
X ∈ V �Ks�4D2 Y1, . . . , Yk ∈

V, T1, . . . , Tk ∈ E
�I\]F7~I~�>@HIJ

[Y1 7→ T1, . . . , Yk 7→ Tk] : V → E > GXYg8���HI8WY�FDG

[Y1 7→ T1, . . . , Yk 7→ Tk](X) =

{
Ti

>@x
X = Yi

1
4D<?MI8W2?S"> Ge8^�

NP8LS">BA@A¬HI4D<KYg> Ge<?>BHIJDVI> G?M¾Q�8R<9Sa8W8RH
8vyg~I258WG5Ge>B4DH�G
T ∩ 1

FDH�Y
T
�3FDH�Y Qc8v<9S�8R8WH

T ∩ 0
F7H�Y

0
{�S"MI8W2?8

T ∈ E }v�3sI4^2XF7H[_ m1,m2 : V → E Sa8�>BH^<52?4gYgV�:v8 m1∩m2 : V → E G?V�:�M�<5M�Fp<

(m1 ∩m2)(X) = m1(X) ∩m2(X).
uX4D<?> :v8�<5M�Fp<

m ∩ ⊥ = ⊥ FDH�Y m ∩ > = m
x�4D2XF7H[_

m : V → E �sI4^2"Fb~�FD2e<5>B:RVIA F72¬¯^V�8R25_,<?8R25\�<?M�8R258�\]F�_]Qc8�\,FDH[_]~�4&G?G?>@Q�A@8�FDG5Ge>BJDH�\K8WH&<5Ga47x�<9_[~c8WG�x�4D2¬�pF725> F7QIAB8WGW�
f¬M�F7<X>BG¬S"M[_�S�8�S">@ABA�V�G?8OGe8R<5G¬4Dxt\]F7~�~I>@H�J^G�x�254D\

V → E �3s�4D2XG?V�:�MTGe8R<5G M1
FDH�Y

M2
Sa8OYg8U��HI8^C

M1 uM2 = {m1 ∩m2 | m1 ∈M1,m2 ∈M2}
M1 tM2 = M1 ∪M2

�X8WH�:v8
M u {⊥} = {⊥} � M u {>} = M

��x�4^2OF7H[_�Ge8R<�4Dxr\]F7~I~�>@HIJ&G
M
�ONP8,S">@ABA�HI47<�Yg> Ge<?>BHIJDVI> G?M

Qc8v<9S�8R8RH
M t {⊥} FDH�Y M ��F7H�YLQ�8R<9Sa8W8RH

M t {>} F7H�Y {>} �

�f°<;D°�$ ì º ï���ë�¨;½�ítú0¥"�'�t© º É�½|ï¾ªg¨ · »l# · ¨ º �X¥Lí£§ ¹b· ©p§G� º ©�ª = ë · © ¸ � · ©pï °
� ��2�Ge<bG9<58R~�47xX:v4^\,~IVg<?>BHIJT<5MI8,<9_[~�8;G�47x¬258WG?VIAÖ<�GO47x"¯&VI8R25_�25VIAB8WGO> G�:v4^\,~IVg<?>BHIJT<5MI8�G?8v<�47x"F7H�GeS�8R2�G
x�4D2�F­J^>@�^8RHU¯&VI8R25_]<58R25\

q
F7H�YL<?M�8�YIFp<�FK<?8R25\]G¬x�254D\ F,J^>@�^8RH

[[T ]]D
�3N!8bQ�8WJD>BH�~�2?8;Ge8WH^<�Fp<5>@4^H�47x�4DV�2

F7ABJD4^2?>@<?M�\�x�2?4^\�>@<5GXFDVgyg>@AB>BFD2?_]~�2?4g:v8;YgVI258D�g:RFDA@AB8WY
restrict m language �f¬MI8]>BHI~IVg<­x�4D2

restrict m language FD2?8]FT258RJ^VIABFD2�<9_[~�8�8Ryg~I2?8;G?G?>B4DH rS �£~�FD2?8WH&<?MI8;Ge8;G αβ FDH�Y�F<9_[~�80��FD2?> F7Q�A@8
T
� �-G]>@<�S">BA@A�Q�8U8Ry[~�ABFD>@HI8;YóABF7<?8W2W�

rS
>BG]258RA Fp<58WY
<?4¾F ¯&VI8W2?_é<?8W2?\

lαq1, . . . , qnβF7H�Y¾F7ABA3<5MI8LGe<?25>@H�J^G�>BH
L(rS)

F7258]47x"<?M�8LG5F7\,8�AB8RHIJD<?M
n
� ��8WA@4pS�S�8�FDG5GeV�\K8�<?M�F7<

r
>BG­FU258RJDV�ABFD2

<9_[~�8L8vyg~I258WG5Ge>B4DHP4g:R:RVI2?25>BHIJU>@H�<5MI8�25VIAB8,x�4D2
T
>BH
D
��f¬MI8�~I2?4g:R8WYgVI258]258v<?V�2?H�GbFU2?8WJDVIA F72OA F7H�JDV�FDJD8

L′ ⊆ L(rS)
�3f¬M�8�Ge<?25>@H�J^G

T1 · · ·Tn
<?M�F7<�Qc8RAB4DHIJ­<?4

L′
G5Fp<5>BGex�_]:v8R2?<5FD>@H�:v4^H�Yg>@<?>B4DH�G�Yg8R~c8RH�Yg>@H�JK4^H]<?M�8

w[>@H�YL4Dxt~�F7258RH&<?MI8;Ge8;G
αβ
C

�Wk



• >Öx αβ F7258OGe>BHIJ^A@8�4D2XYI4DVIQIAB8�QI2�FD:�wD8R<5GW�gF7H�Y�<?MI8O25VIAB8�x�4D2 T >@H D :v4^H^<�F7>BH�G�QI2�FD:v8;G�<?MI8WH
L′ = ∅ �

• >Öx αβ F7258�G?>@HIJ^A@8�QI2�FD:�w^8v<5GW�^FDH�Y]<5MI8�2?V�A@8�x�4D2 T >BH D :v4^H^<�F7>BH�GaQI25F^:�wD8R<5Gz<5MI8RH
T1 · · ·Tn ∈ L(r)

�

• >Öx αβ F7258KYI4DVIQIAB8,QI2�FD:�wD8R<5GW��F7H�Y�<?MI8]25VIAB8bx�4^2 T >BH
D
:v4^H&<5F7>BH�G�QI2�FD:�w^8v<5G�<5MI8RH

T1 · · ·Tn
> GOF

GeVIQ�Ge8;¯^V�8RH�:R8�4DxtF]Ge<?25>@H�Jbx�254D\
L(r)

�

• >Öx αβ F7258OGe>BHIJ^A@8�QI2�FD:R8WGa<?MI8WHUF,~�8W2?\­Vg<5F7<?>B4DH�47x T1 · · ·Tn
Qc8RAB4DHIJ&G�<?4

L(r)
�

• >Öx αβ FD2?8!Yg4DVIQ�A@8PQI2�FD:v8;G]<5MI8RH F¾~c8R25\bVg<�Fp<?>B4DH 47x
T1 · · ·Tn

> G�F
G?VIQ�G?8W¯&VI8WH�:v8!47xbFéGe<?25>BHIJ
x�2?4^\

L(r)
�

T1 · · ·Tn ∈ L′
\,8WFDH�G�<5M�Fp<UF7~�~IA@_[>BHIJ
¯&VI8W2?_

lαq1, . . . , qnβ
<?4óYIFp<�F <58R25\,G�x�254D\

[[T ]]
2?8;GeV�AÖ<�G�>BH

F7~�~IA@_[>BHIJ
qi
<54]YIFp<�Fb<58R25\]G�x�2?4^\

[[Ti]]
{�x�4D2

i = 1, . . . , n
}v�

restrict m language(rS , αβ, T ) :A@8R<
r
Qc8�<?MI8O258RJ^VIABFD2¬8vyg~I258WG5Ge>B4DHL>@H�<?M�8�25VIAB8�x�4D2

TA@8R<
s
Q�8

r
S">Ö<5MT8R�D8W2?_,<9_[~c8OH�F7\,8

U
2?8W~IABF^:v8;Y�Q[_

U |εd9s <?M�8�25VIAB8�x�4D2
T
>@H
D
>BG¬4Dx£<5MI8�x�4D25\

T → l{r} F7H�Y (αβ = [ ]
4^2
αβ = [[ ]])

f"�X`ru
258v<5VI2?H ∅d9s
αβ = [ ]

f"�X`ru 2?8R<?VI25H
L(r) ∩ L(rS)d9s

αβ = [[ ]]
f"�X`ru 258v<5VI2?H

L(s) ∩ L(rS)d9s
αβ = {} f"�X`ru 258v<5VI25H perm(L(r)) ∩ L(rS)d9s
αβ = {{}} f"�X`ru 2?8R<?VI25H perm(L(s)) ∩ L(rS)

�X8W2?8
perm(L)

Ge<5FDH�YIG¬x�4^2¬<?MI8OA F7HIJ^V�F7J^8-4Dxt~c8R25\bVg<�Fp<5>@4^H�G¬47x£<?MI8�Ge<?25>@H�J^G�x�254D\ FKA F7HIJ^V�F7J^8
L
�

f¬MI8T~I254g:v8WYIVI2?8T8W\K~�A@4p_gG,Ge4^\,8�4^~�8W25F7<?>B4DH�GK4^H
258RJ^VIABFD2,ABFDHIJDV�FDJD8;GR�%��HI8T47x�<?MI8W\ > G,>@H&<?8W25G?8W:vh
<?>B4DHP47x�GeV�:�M!ABFDHIJDV�F7JD8;G-S"M�>B:�MP:RF7H!Q�8]:R4D\,~IVg<58WY!>@H�G9<�F7H�Y�F72�YUS�F�_TQ[_0:R4DH�Ge<?25V�:=<5>@4^H�47x¬F�~�2?4gYgV�:v<
F7VI<?4D\]F7<?4DH��
f¬MI8T47<5MI8R2,4^~�8W25F7<?>B4DH
:R4D\,~IVg<5>@H�JP>BH&<?8W25G?8W:v<?>B4DH¾4Dx�FP2?8WJDVIA F72KA F7HIJ^V�F7J^8

L(rS)
F7H�YèF

A F7HIJ^V�F7J^8
perm(L(r))

:R4DH&<5FD>@HI>BHIJ�FDA@A3~c8R25\bVI<5Fp<5>@4^H�GO4Dx�S�4D2�YIG�47xXG?4D\,8,47<5MI8R2�258RJ^VIA F72OA F7HIJ^V�F7J^8K> G
\,4D258-:v4^\,~IA@8Ry¡�tf£4b:v4^\,~IVg<?8�>Ö<�Sa8-V�Ge8X<?MI8-x�FD:=<a<?M�F7<3<?M�8-258RJDV�ABFD238vyg~I258WG5Ge>B4DH

rS
M�F^GrF�G?~c8W:v> F7A�x�4D25\T�

��8R<
T1, . . . , Tm

Qc8O<9_[~�8OH�FD\,8WG"4g:R:RVI252?>BHIJK>@H
r
F7H�Y�AB8v<

rAll
Q�8�<?MI8O258RJ^VIABFD2"8vyg~I258WG5Ge>B4DH

T1| . . . |Tm
�

f¬MI8O258RJ^VIABFD2a8Ryg~I2?8;G?G?>B4DH
rS
M�F^Gr<5MI8�x�4D25\

S1S2 · · ·Sn
�gS"MI8R258�8WFD:�M

Si
> G"Fb<9_[~c8OH�F7\,8�4g:R:RVI2?25>BHIJb>BH

r
4D2¬>Ö<X> G¬<5MI8O2?8WJDVIA F72¬8Ry[~�2?8;G?G?>@4^H

rAll
�3��8R<

U1 · · ·Uk
Qc8

S1 · · ·Sn
S">@<?MUFDA@A

rAll
2?8W\K4p�^8WY¡�

f£4!:v4^\,~IVg<?8
perm(L(r)) ∩ L(rS)

S�8Z��2�Ge<K:v4^H�Ge<?25V�:=<]F7HèF7Vg<54D\]Fp<54DH x�4^2b<5MI8LA F7H�JDV�FDJD8
L(r)

�
f¬MI8WH���<?258WFp<5>@H�J >Ö<�F^G�F�JD2�F7~IM��rS�8Q��H�Y%F7ABAX~�F7<?M�G�47xOF�A@8WHIJ7<5M

n
AB8WFDYI>@HIJ�x�254D\ F G9<�F72?<�G9<�Fp<?8T<54

G?4D\,8���H�FDAcGe<5F7<?8^�&:R4DH&<5FD>@HI>BHIJ�<525FDH�Ge>@<?>B4DH�G3S">@<?M�A F7Qc8RA G
U1, . . . , Uk

>BH�FDH�F725QI>Ö<525FD2?_b4D2�Yg8R2;�tf£4bYg4�<?M�F7<
S�8�:WF7H¾V�G?8TF0Ge<5F7H�YIF72�Y¾F7ABJD4^2?>@<?M�\õ8^� J��£Q�2?8;FDY[<5M ��2�G9<]G?8WF72�:�M���sI4^2­8;FD:�MéG?V�:�Mé~�Fp<?M
:v4DH�Ge> Yg8R2­<?M�8
\bV�AÖ<5>BG?8v< {U1, . . . , Uk, V1, . . . , Vn−k}

4Dxt<5MI8bA F7Qc8RA GX4Dx�<?MI8­~�Fp<5M��cFDH�Y�<?M�8�\bVIA@<?> G?8v< {V1, . . . , Vn−k}
�

��8R<
W
Q�8�<?M�8�G?8v<¬47xtGeV�:�M

(n− k)
h�8WA@8W\K8WH&<�\­VIAÖ<5>BG?8v<�G¬:v4D25258WG?~�4^H�Yg>BHIJO<?4­<?M�8�4^Qg<5FD>@HI8;Y�~�F7<?M�GW�zf¬MI8RH

perm(L(r))∩L(rS )
> G�<?MI8¬Ge8R<£4Dx�F7ABA^Ge<?25>@HIJ&G

S′1 · · ·S′n
�pS"MI8W2?8

S′1 · · ·S′n
> G�4^Qg<5FD>@H�8WY�x�254D\

S1 · · ·Sn
Q&_

258R~IA FD:R>@HIJb<?MI8
i
h|<5M�4g:R:RVI252?8WH�:v8X4Dx

rAll
Q[_

Vi
�[x�4D2¬Ge4^\,8 {V1, . . . , Vn−k} ∈W

�"{|Zg4bx�4^2a8;FD:�M�\­VIAÖ<5>BG?8v<
{V1, . . . , Vn−k} ∈W

FDH�Y�8;FD:�ML~�8W2?\­Vg<5F7<?>B4DH
V ′1 , . . . , V

′
n−k

4Dx
V1, . . . , Vn−k

<?MI8W2?8�8vyg> G9<�Ga4^HI8�Ge<?25>BHIJ
47x�<?MI8�x�4D25\ · · ·V ′1 · · ·V ′n−k · · · >@H perm(L(r)) ∩L(rS)

�3Z[V�:�MLGe<?25>BHIJ^Grx�4D2¬FbJ^>@�^8RH {V1, . . . , Vn−k} ∈
W

:WF7HéQc8UYg8WG5:v25>BQ�8;Y Q[_¾F!��sg� S">@<?M
O(k · 2n−k)

G9<�Fp<58WGW�zS"MI8R258L8;FD:�MéGe<5F7<?8�2?8;:v4^25YIG�<?MI8UG?8v<,47x
<?M�8�F7AB258WFDYI_­:v4^H�G?VI\,8WY]G?_&\­Q�4^ABGzx�2?4^\ {V1, . . . , Vn−k}

FDH�YK<?MI8-H&V�\bQc8R2r4Dx�:v4^H�GeV�\K8;Y]Ge_[\­Q�4^ABG�x�254D\
{U1, . . . , Uk}

� }
f¬MI8XFDA@J^4D25>Ö<5MI\ > Gz>@H�8�T�:v>B8RH&<rF7H�Y­> GzF7~�~IA@> :RFDQIAB8"4DHIAB_O<?4�:WFDG?8WG�S"MI8W2?8

n
F7H�Y

k
F7258"Ge\]F7ABA��£dÅ<rG?8R8W\,G

<?M�Fp<-\]F7>BHIAB_�G?V�:�MU:RF^Ge8;G"4g:R:RVI2">@HU~�25F^:=<?> :v8^��s�4D2-F,J^8RHI8W25FDA�:RF^Ge8O4^HI8�:RFDH�258WG?4D2?<"<?4�FDHUF7~I~I254�yg>@\]F7<?8

��l



F7ABJD4^2?>@<?M�\���x�4D2O>BH�G9<�F7H�:R8,2?8R<?VI25HI>BHIJ ∅ >@x�<?MI8�FDQ�4p�^8vhÅ\K8WH&<?>B4DHI8;Y�Ge8R<�47x�~�Fp<5M�G�>BGOx�4DVIH�Y0<?4UQc8]8R\,~g<9_F7H�Y
L(rS)

4D<?MI8W2?S"> Ge8^�
uX4pS Sa8]F7258K2?8;FDYg_T<54�~�2?8;Ge8WH^<OF7H�F7ABJD4^2?>@<?M�\çS"MI>B:�M�:v4^\,~IVg<?8;G�<?MI8]G?8v<O47x¬F7H�G?S�8R2�GXx�4^2�F�J^>@�^8RH

¯&VI8R25_]<58R25\
q
FDH�YL<?MI8�Y�Fp<5F­<58R25\,G�x�254D\ F­J^>@�^8RHL<9_[~�8

[[T ]]D
47xzFKY�Fp<5FDQ�FDG?8D�

match(q, T ) :d9s
q
> GXFK�pF725>BFDQIAB8

X
f"�X`ru

258v<5VI2?H {[X 7→ T ]}d9s
q
> G"4Dx�<?M�8�x�4D25\

X ; q′258v<5VI2?H {[X 7→ T ]} umatch(q′, T )d9s
q
> G"4Dx�<?M�8�x�4D25\

desc q′
f"�-`ru

d9s
T
> GXF­<9_&~c8�:v4^H�Ge<5F7H&<¬4D2XF,G?~�8;:v> F7A�<9_[~�8OH�F7\,8�f"�X`ru

2?8R<?VI25H
match(q′, T )AB8v<

r
Q�8�<5MI8O2?8WJDVIA F72�<9_[~c8�8Ryg~I2?8;G?G?>B4DH�>BH�<?MI8O25VIAB8�x�4D2

T
>@H
D258v<5VI2?H

match(q′, T ) t⊔T ′∈types(r)match(q, T ′){�uX4pS
q
> G"FK2?4[4D<?8WY�¯&VI8R25_]<58R25\�4D2XFKQ�F^Ge> :�:v4DH�G9<�F7H&<�}v�

d9s
root(q) 6= label(T )

f"�X`au�2?8R<?VI25H ∅d9s
T
> GXF­<9_[~�8�:R4DH�Ge<5FDH&<�4^2XFKG?~c8W:v> F7A�<9_[~c8OH�F7\,8�f"�-`ru

d9s
q
> GXFKQ�FDG?>B:��pF7ABVI8�>BH

[[T ]]
f"�X`ru 258v<5VI2?H {>} `r�£Zg`%2?8R<?VI25H ∅A@8R<

q = lαq1 · · · qnβ (n ≥ 0)
�

A@8R<
r
Qc8�<?MI8O258RJ^VIABFD2�<9_&~c8�8vyg~I258WG5Ge>B4DHL>@H�<5MI8O2?V�A@8�x�4D2

T
>BH
DA@8R< {S1, . . . , Sm}

Qc8�<?MI8�G?8v<
types(r)A@8R<

rAll
Q�8O258RJ^VIA F72�<9_[~�8O8Ry[~�2?8;G?G?>@4^H

S1| . . . |SmA@8R<
rS
Qc8O2?8WJDVIA F72�<9_[~c8�8Ryg~I2?8;G?G?>B4DH

r1r2 . . . rn
S"M�8R258

ri =





type(root(qi), r)
>Öx
qi
>BG"FK254&4D<?8;YL¯&VI8W2?_]<58R25\4D2XFKQ�F^Ge> :�:v4DH�G9<�F7H&<W�

rAll
47<5MI8R25S">BG?8

2?8R<?VI25H {m1 ∩ . . . ∩mn | T1 . . . Tn ∈ restrict m language(rS, αβ, T )
�

m1 ∈ match(q1, T1), . . . ,mn ∈ match(qn, Tn) }
uX4D<?> :v8"<5M�Fp<a8WFD:�M,\]F7~�~I>@H�J

m ∈ match(q, T )
M�FDG3F�~I254D~c8R2?<9_�<5M�Fp<

m(X)
>BGrHI8R>@<?MI8W2-�"HI4^2rj�x�4D2aF7H[_

�pF725>BFDQIAB8
X
4g:R:vV�2?25>@H�J­>BH

q
�IF7H�Y

m(X) = 1
x�4D2XFDH&_

X
HI4D<X4[:W:vVI2525>@HIJ­>@H

q
�X{�dÅ<X>BG¬MI4pS�8R�^8R2�~�4&G?G?>BQIA@8

<?M�Fp<
m(X) = T1 ∩ T2

��S"MI8R258
[[T1]] ∩ [[T2]] = ∅ � }f¬MI8�Ge8R<�4Dx£\]F7~�~I>@H�J^G

match(q, T )
~I254gYgV�:v8;Y�Q[_,<?M�8�FDA@J^4D25>Ö<5MI\�Yg8WG5:v25>@Qc8WGa<5MI8�~�4&G?G?>@Q�A@8�F7H�G?Sa8W25G

x�4D2
q
�zdÅx

q
YI4&8;G¬HI47<-:R4DH&<5FD>@H

;
<?M�8RH�<?MI8�YI8WG5:v25>@~g<5>@4^HL> G"8RygF^:=<;�

% © º � º §;½�¨;½ º í �f°<;D°�� ÍD¨U�
q
¦¶¨� A>U§9¨�£�½
�©¨U£�®  |³+¬

S =
⋃
m∈match(q,T ) substitutionsD(m). Ã ¿ θ ¥±¢x P³ P³9¢�À�¨�£�¿�·P£

q
 P³?¬K Q¬) P�© K�3¨U£�®

d ∈ [[T ]]D
��Åu¨U³

θ ∈ S Æ Ã ¿ q ¬)·�¨�¢�³+·|�!º�·|³9�© P¥¹³ ;
��Åu¨U³�¨¶ ­º¶Å

θ ∈ S¥±¢� P³� P³u¢�À�¨U£#¿�·P£
q
 |³+¬G¢�·|®6¨

d ∈ [[T ]]
Æ

f¬MI8]�pF7ABVI8;GO47x�<?MI8�\,FD~I~I>BHIJ^G�x�254D\
M = match(q, T )

\]F�_�Qc8�8vyg~I258WG5G?>@4^H�G�47x�<?MI8,x�4^2?\
T1 ∩

. . . ∩ Tn
�IS"MI8R258�8WF^:�M

Ti
>BG-Fb<9_[~c8OH�F7\,8^� � 4^H�G?>BYg8W2¬<?MI8�G?8v<

WM
4Dx�FDA@A�G?V�:�M�8vyg~I258WG5Ge>B4DH�G

WM =

{
T1 ∩ . . . ∩ Tn

∣∣∣∣
T1 ∩ . . . ∩ Tn = m(X), m ∈M, X ∈ V
n > 1,

8;FD:�M
Ti
>BG"FK<9_[~c8�H�F7\,8

}
.

sI4^2rF7H[_­8vyg~I258WG5Ge>B4DH
E ∈WM

�
[[E]]

>BGz<?MI8X>BH&<?8W25G?8W:v<?>B4DH,47xc<9_[~�8;G3Yg8���HI8WY,Q[_
D
�zq�Ge>BHIJ�<?M�8-F7ABJD4^2?>@<?MI\

x�254D\ iI� lI� i�Sa8,:RFDHP:R4DH�Ge<?25V�:v<�FL<9_[~�8]Yg8U��HI>@<?>B4DH
DM

GeV�:�M�<?M�Fp<Ox�4D2�8;FD:�M
E ∈ WM

<?MI8W2?8K8vyg> G9<�GOF

�;m



<9_[~�8L�pF725>BFDQIA@8
TE

x�4^2bS"MI> :�M
[[TE ]]DM = [[E]]

��¤U4^2?8W4p�D8R2;�
[[T ]]DM = [[T ]]D

x�4D2KF7ABA3<9_[~c8��pF725>BFDQIA@8;G
4g:R:RVI2?25>BHIJ­>BH

D
{�MI8WH�:v8�x�4^2¬<?MI4&Ge8�4g:R:RVI2?25>BHIJ­>BH

M
}=�zdÅx

D
> G"~I254D~c8R2¬<5MI8RH

DM
> G¬~I254D~c8R2;�

Z[4KS">Ö<5MI4DVI<¬A FD:�w]4Dx�JD8WHI8R2�F7AB>@<9_KS�8�:RF7H�FDG5GeV�\K8�<?M�Fp<
match(q, T )

258v<?V�2?H�G¬FKGe8R<"47x�\]F7~�~I>@H�J^G
MG?V�:�M�<?M�F7<

m(X)
> G"F­<9_[~�8OH�FD\,8D�gx�4^2"8WFD:�M

m ∈M FDH�Y�x�4^2"8WF^:�ML�pF725> F7QIAB8
X
4g:R:RVI252?>BHIJK>@H

q
�

f¬MI8O:v4^\,~IA@8Ryg>Ö<9_�4Dx£<5MI8O~I254g:v8WYIVI2?8
match(q, T )

>BG¬Q�F^YLx�4D2X¯&VI8R25_,<?8W2?\]G"4DxtF,:v8W2e<�F7>BH�Ge<?25V�:v<?VI258D�
f¬MI8�Sa4^25Ge<�:WFDG?8-> G�S"MI8RH�F­¯&VI8W2?_K<?8W2?\

q
>BG�47x�<?MI8�x�4D25\

l{{q1 · · · qn}}
F7H�Y,<?MI8�H[VI\­Q�8W2a4Dx�VIHI254[47<?8;Y

¯&VI8R25_L<?8R25\]G�FD\,4DHIJ
q1, . . . , qn

> G�QI>@J��Xd�HU<5MI>BG�:RF^Ge8�<?MI8­~I25F^:=<5>B:WF7A�V�G?FDJD8�4Dxt<5MI8,F7ABJD4D25>@<?MI\ \,F�_�Qc8
>B\K~c4^G5G?>@QIAB8D�3f¬M�8�:R4D\,~IAB8vyg>Ö<9_]>BH�:R2?8;FDG?8WG�F7A Ge4KS"MI8RH�<?MI8�H[VI\­Q�8W2"47x�<5MI8O:�MI>@A Yg258RHL47x

q
4D2�<?MI8�H[VI\­Q�8W2

47xzYg>S�c8W2?8WH&<"<9_&~c8WG¬4g:W:vVI252?>BHIJK>@H�<5MI8O2?8WJDVIA F72¬8Ry[~�2?8;G?G?>@4^H�x�4^2
T
JD254pSXGW�

îxÉ�ªIï�� ð�· �4°�;f°�: â ·|³u¢�¥�¬­¨U£I Q�¤½�µu¨K¬­¨�¸#³2¥¹��¥�·|³
D = {T → l{T1 T

∗
2 }, T1 → a[#], T2 → b[#]}  P³+¬ n>�§9¨U£�½��3¨U£�®

q = l{{X;b[′′s′′] Y }} Æo��¨�¨�´�¨¶ºU§7�3¨
match(q, T )

Æ Ã ³���Åu¨�¸#£¶¢���£�§7³ ·n¿Q�¹Å9¨6µ?£�·Kd
º¶¨¶¬P§7£�¨dÀ�¨ º¶ |¼¹¼E¿¶§7³?º��¤¥�·P³

restrict p language((T1|T2)(T1|T2), {{}}, T )
À�Å7¥�º�Åò£�¨��¤§7£�³u¢� N¼� P³q¡­§9 U¡q¨

L = {T1T1, T1T2, T2T1, T2T2}
Æ Ê Åu¨U³d¿�·|£�¨¶ ­º¶ÅÎ¨U¼S¨U®6¨U³9�G·{¿Q��Åu¨�¼S |³q¡­§9 U¡q¨

L
À�¨dº¶ P¼¹¼x®6 |�3º¶Å�¿�·|£

£�¨U¼S¨U»8 |³9�@>�§9¨U£�½G�3¨U£�®�¢= |³+¬Z��½�µ9¨�¢UÁ

• match(X;b[′′s′′], T1)
 P³?¬G£�¨¶º¶¨�¥¹»P¨ ∅

• match(Y, T1)
 P³+¬I·­¦U�3 |¥¹³ {[Y → T1]}

• match(X;b[′′s′′], T2)
 P³?¬Z·­¦U�© P¥¹³ {[X → T2]}

• match(Y, T2)
 P³+¬I·­¦U�3 |¥¹³ {[Y → T2]}

q�·|À�À�¨xº¶·|³u¢�¥�¬­¨U£x·P³2¼¾½=�¤À�·�¨U¼S¨�®G¨U³9��¢�·n¿
L
ö
T2T1

 P³?¬
T2T2

÷E¿�·|£!À�Å�¥�º¶ÅGÀ�¨�¡q¨���³+·P�Ä¨U®!µ?��½=®G �µ)µ+¥¹³q¡|¢UÆ
² ¢� Z£�¨�¢�§7¼¾�+¿�·|£

match(q, T )
À�¨=¡q¨��� Z¢U¨���·{¿�®6 ¶µ­µ+¥¹³�¡P¢ {[X → T2, Y → T1], [X → T2, Y → T2]} ÆÊ Åu¨�£�¨�º¶¨U¥¹»8¨¶¬�£�¨�¢�§7¼¾��¥±¢x³+·P�#¨�´� ­ºU�3Æ Ê Åu¨�®G �µ­µ?¥¹³q¡|¢�¢�Åu·|À ��Åu |�

X
®6 |½�¦¶¨�¦¶·P§7³+¬��©·�¬) P�© ��3¨U£�®�¢x·n¿!�¤½�µu¨

T2
Æ Ã ³�¿� ­ºU� X º¶ P³�¦¶¨�¦¶·P§7³?¬Z·|³9¼¾½G�©·6¢�§9º¶Å�¬­ |�3 Z�3¨U£�®�¢=·n¿

T2
À�Å�¥�º¶ÅQÅu P»P¨ ′′s′′ ¥¹³9¢�¥�¬­¨0Æ

�f°<;D°S: ì º ï���ë�¨;½�ítú0ü · ¨W¨ · ©�¥Z���t© º É�½�ï¾ªg¨;½ º í£§ º ��# · ¨ º �X¥�ít§ ¹­· ©p§6� º ©Lª = ë · © ¸ � · ©pï
f¬MI8L~I2?8W�[>@4^V�G�G?8W:=<5>@4^H¾Yg8WG5:v25>BQ�8;GbF7H¾FDA@J^4D25>Ö<5MI\õS"MI>B:�M¾:R4D\,~IVg<58WG­F7H¾F7~�~I2?4�yg>B\]Fp<?>B4DH�4Dx�<5MI8LG?8v<K47x
F7H�GeS�8R2�G�x�4D2tF-¯&VI8W2?_�<?8W2?\T�£�-8R2583S�83~I254p�&> Yg8rFDH�F7ABJD4^2?>@<?MI\ :v4^\,~IVg<?>BHIJX\,4^2?83~�2?8;:v> Ge8rFD~I~I254�yg>@\]Fp<5>@4^H�G
47x3G?V�:�MTGe8R<5GW�rd�HT<?M�8O~I2?8W�[>@4^V�G"F7ABJD4^2?>@<?MI\ Sa8O4^HIA@_�:�MI8W:�w�>Öx3F]¯&VI8R25_]<58R25\ \]Fp<�:�MI8WG"Y�Fp<5FK<58R25\]G"47xzF
JD>B�D8WH�<9_[~c8D�,f�4�M�F��D8­\,4D258­8RygF^:=<�2?8;GeV�AÖ<�G�x�4D2OFL¯&VI8W2?_

X ; q′
S�8K\­V�Ge<�w[HI4pS S"M�>B:�M�YIFp<�F�<58R25\]G

47x�F0J^>@�^8RH <9_[~c8UF7258�\]Fp<�:�MI8WY
Q[_�<?MI8T¯&VI8R25_
q′
��F7H�Y
Yg8WG5:v25>BQ�8�<?M�8�G?8v<]47x�GeV�:�Mé<?8W2?\]GKQ[_¾F�<9_[~c8

Yg8U��HI>@<?>B4DH��3f¬MI8�:v4^\,~IVg<?8;YLG?8v<¬47x�F7H�G?S�8R2�G3> Ga8RyIFD:=<¬>BH�FK:RF^Ge8�S"MI8RH�F­¯&VI8W2?_,<58R25\�Yg4[8WG�HI47<":v4^H&<5F7>BH
\bV�AÖ<5>@~IAB8�4[:W:vVI25258RH�:R8WGz4Dx¡F���FD2?> F7Q�A@8^�tf¬MI8�Ge8R<5Gr47x�F7H�GeS�8R2�G�x�4D2�GeV�:�M�¯^V�8R25_b<58R25\,GaF7258XHI4D<a8vyg~I258WG5G?>@QIAB8
Q[_¾258RJDV�ABFD2KG?8v<�GR�óf¬MI8TF7ABJD4D25>@<?MI\ > G,\bV�:�Mè\,4D258�:R4D\,~IAB8vy <5M�F7H
<?MI8T~I258R�[>B4DV�GK4^HI8�F^G,>Ö<]258W¯&VI>B2?8;G
:v4^H�Ge<?25V�:=<5>@HIJ,HI8WS/<9_[~c8WG¬S"MI> :�MUF7258�G?VIQ�G?8v<�G¬47xt<?MI8�<9_[~c8WG"Yg8U��HI8;YLQ[_�F­J^>@�^8RH�<9_&~c8�Yg8U��HI>@<?>B4DH��

�-G�Qc8vx�4^2?8KS�8,Ge<5FD2e<�<?M�8K~�2?8;Ge8WH^<�Fp<5>@4^H�x�254D\�F7H�F7VIy[>BAB>BFD2?_T~I254g:v8WYIVI2?8
restrict m languageE �­dÅ<�G>BHI~IVg<�FD2?J^VI\,8RH&<5G¬FD2?8^C�FK258RJ^VIABFD2¬8vyg~I258WG5Ge>B4DH

r
�cFKH&V�\bQc8R2"47xz:�MI>BABYT¯&VI8W2?_]<58R25\]G

n
FDH�Y�~�FD2?8WH&<?MI8;Ge8;G

αβ
�Ä�a8WA@4pS S�8¬FDG5GeVI\,8a<?M�F7<

T1, . . . , Tm
FD2?8r<?MI8�<9_[~�8¬H�FD\,8WGt4g:R:vV�2?25>@H�JX>@H

r
�zf¬MI8a~�2?4g:v8;YgVI258r258v<5VI2?H�G

FT258RJDV�ABFD2OABFDHIJDV�FDJD8
L′
4p�D8R2�<5MI8�FDA@~IM�F7Qc8v< {T1, . . . , Tm, U11, . . . , Un1, . . . , U1m, . . . , Unm}

��`aFD:�M
G?_&\­Q�4^A

Uij
S">BABA�2?8W~I258WG?8RH&<a<5MI8�G?8v<X47x�YIFp<�F­<?8R25\]G¬x�254D\�<5MI8�<9_[~�8

[[Tj ]]
\]Fp<�:�MI8WY�Q[_�F,¯&VI8R25_

qi
�

��8R<
h
Qc8,F�MI4D\,4^\K4^2?~�MI>BG?\ GeV�:�M0<?M�F7<

h(Uij) = Tj
F7H�Y

h(Ti) = Ti
�Of¬MI8KABFDHIJDV�F7JD8

L′
>BG-<?M�8

QI>BJDJ^8WGe<"G?8v<-G5Fp<5>BGex�_[>@H�Jb<5MI8�x�4DABA@4pS">BHIJ]:v4^H�Yg>@<?>B4DH�GWC

• h(L′) ⊆ L(r)

�pn



• x�4D2"8WF^:�M w ∈ L′ FDH�YLx�4D2"8;FD:�M i = 1, . . . , n
<?MI8W2?8O> G¬8vyIF^:=<?AB_�4^HI8OGe_[\bQc4DA

Uij
>BH
w

• % >@x αβ = [ ]
<?MI8WH

L′
:v4DH&<�F7>BH�G¬4DHIAB_�S�4D2�YIG�47x£<?MI8�x�4^2?\

U1j1 · · ·Unjn
{
ji ∈ {1, . . . ,m}

}v�
% >@x αβ = { } <?M�8RH
L′
:v4DH&<�F7>BH�G¬4DHIAB_�~c8R25\bVg<�Fp<5>@4^H�G¬47xtSa4^25YIG�4Dx£<5MI8�x�4D25\

U1j1 · · ·Unjn
{
ji ∈ {1, . . . ,m}

}v�
% >@x αβ = [[ ]]

<?M�8RH
8W�D8R25_]S�4D2�Y�47x

L′
M�FDG"F,GeV�Q�Ge8;¯&VI8RH�:R8�47xt<?MI8�x�4^2?\

U1j1 · · ·Unjn
�

% >@x αβ = {{}} <5MI8RH8W�D8R25_�Sa4^25YU4Dx
L′
M�F^G�F�G?VIQgh�Ge8;¯^V�8RH�:R8bS"MI> :�M0> G�FL~c8R25\bVg<�Fp<?>B4DH!47xrFLSa4^25Y�47x3<5MI8bx�4^2?\

U1j1 · · ·Unjn
�

restrict m languageE (r, n, αβ) :A@8R<
rAll

Q�8�<5MI8O258RJDV�ABFD2�8Ryg~I2?8;G?G?>B4DH
T1| . . . |Tm

S"MI8R258 {T1, . . . , Tm} = types(r)A@8R<
r′
Q�8�<5MI8O2?8WJDVIA F72¬8Ry[~�2?8;G?G?>@4^H

r
S">Ö<5M�8W�D8W2?_]<9_[~c8OH�F7\,8

Ti
2?8W~IA FD:v8;Y�Q[_

Ti|U1i| . . . |UniA@8R<
s
Q�8�<5MI8O258RJDV�ABFD2�8Ryg~I2?8;G?G?>B4DH

(U11| . . . |U1m) . . . (Un1| . . . |Unm)A@8R<
s′
Qc8�<?M�8O2?8WJDVIA F72¬8vyg~I258WG5G?>@4^H

r∗All(U11| . . . |U1m)r∗All . . . r
∗
All(Un1| . . . |Unm)r∗Alld9s

αβ = [ ]
f"�X`ru 2?8R<?VI25H

L(r′) ∩ L(s)d9s
αβ = [[ ]]

f"�X`ru 258v<5VI2?H
L(r′) ∩ L(s′)d9s

αβ = {} f"�X`ru 258v<5VI25H L(r′) ∩ perm(L(s))d9s
αβ = {{}} f"�X`ru 2?8R<?VI25H L(r′) ∩ perm(L(s′))

f¬MI8K\,4^Ge<�:R4D\,~IAB8vy�4D~c8R2�Fp<5>@4^H08W\K~�A@4p_^8WYUQ[_T<?M�8,FDA@J^4D25>Ö<5MI\çF7Qc4p�D8­>BG�F�:v4D\,~IVI<5Fp<5>@4^H04DxaF�A F7HIh
JDV�F7JD8

L(r′)∩perm(L(s′))
�tf¬MI8¬>BH&<?8R2�G?8W:=<5>@4^H�47xc2?8WJDVIA F72tA F7HIJ^V�F7J^8WGt:RF7H­Q�8":R4D\,~IVg<58WY­>@HKF�Ge<5FDH�YIFD25Y

S¬F�_LQ[_U:v4^H�G9<52?V�:=<?>B4DHU4Dx3F�~I254gYgV�:=<�F7Vg<54D\]Fp<54DH��x�a4D<?MUA F7HIJ^V�F7J^8WG
L(r′)

FDH�Y
perm(L(s′))

FD2?8�258RJDh
VIA F72;�è�-HèFDVg<?4^\]Fp<?4^Héx�4^2

L(r′)
:RFDH
Qc8T4DQg<�F7>BHI8WY
>@HóF�G9<�F7H�Y�F72�Y¾S¬F�_+~¬HI4D<?> :v8�<?M�Fp<]Sa8�\]F�_¾V�G?8

F7H�u-sg�b��F��D4^>BYg>BHIJL8vyg~�8WH�G?>@�^8K:R4DH�Ge<?25V�:=<5>@4^H�47x¬FL��sg����N!8]Yg8;G?:R2?>BQ�8KMI4pS�<54LQ�VI>@A Y�FL��sg�þx�4D2�<?M�8
A F7HIJ^V�F7J^8

perm(L(s′))
��N!8PV�G?8!M�8R258�<?M�80x�F^:=<�<5M�Fp<�<?M�8!258RJ^VIABFD2�8Ry[~�2?8;G?G?>@4^H

s′
> GL47x­F
Ge~c8W:R>BFDA

x�4D25\TC
r∗All(U11| . . . |U1m)r∗All . . . r

∗
All(Un1| . . . |Unm)r∗All

� f¬MI8TGe<5Fp<58WG­47x"<5MI8�FDVg<?4^\]Fp<?4^HéYg8U��HI>BHIJ
perm(L(s′))

F7258�G?VIQ�G?8v<�G¬47x {1, . . . , n} �&<5MI8R258O>BG"FDABG?4,F­J&F725Q�F7J^8�Ge<5F7<?8Z¨U£�£�·P£=�3f¬MI8�FDVg<?4^\]Fp<?4^H�> G¬>@HFOGe<5Fp<58
S ⊆ {1, . . . , n} S"MI8WH S > G�<?M�8XGe8R<347x�>@H�YI>B:R8WG i 4Dx�<5MI4^G?8XG?_&\­Q�4^ABG Uij <5M�Fp<3M�F��D8¬Q�8W8RH]F7AB258WFDYI_258WFDY��Xf¬MI8�>BHI>Ö<5>BFDAtGe<5F7<?8�4Dx�<?MI8KF7Vg<54D\]Fp<54DHT>BG ∅ F7H�Y�<?MI8���H�F7AtG9<�Fp<58b> G {1, . . . , n} �"dÅxrF�Ge_[\bQc4DA Uij> G"2?8;FDY�>@HUF,G9<�Fp<58

S
<5MI8RH�C

• >Öx i ∈ S <5MI8RH�<?M�8OHI8vy[<-Ge<5Fp<58O>BG
¨U£�£�·|£=�

• 47<?M�8R25S">BG?8�S�8O\,4p�D8�<?4�Ge<5F7<?8 S ∪ {i} �
dÅxzF]Ge_[\bQc4DA�x�254D\ {T1, . . . , Tn}

> G"258WF^Y¡�[<?MI8�Ge<5F7<?8�> G¬HI47<-:�M�FDHIJD8;Y¡�
f¬MI8bx�VIH�:=<5>@4^H

matchE(q, T )
~I258WG?8RH&<58WYTQc8RAB4pS�2?8R<?VI25H�GXF�G?8v<�47x3~�FD>@2�G

(mk, Uk)
�cS"MI8R258

mk
>BG�F

\]F7~I~�>@HIJ�x�254D\ ��FD2?> F7Q�A@8;G�{�4g:R:vV�2?25>@H�J�>BH
q
}£<?4�<9_[~�8;G3F7H�Y

[[Uk]]
> G3F�Ge8R<347xcY�Fp<5F�<58R25\]Gtx�2?4^\

[[T ]]
S"MI> :�M

F7258r\]F7<5:�MI8;Y�Q[_
q
�7258WG?VIAÖ<5>@H�J->BH­F7H�GeS�8R2�G�x�254D\

substitutions(mk)
�t��8v<

q
Q�8�47x�<?MI8�x�4D25\

lαq1 · · · qnβ
�

<?M�8�2?V�A@8]x�4^2
T
Q�8�47x¬<?MI8�x�4D25\

T → lα′rβ′
FDH�Y

T1, . . . , Tm
Qc8]<?MI8�<9_&~c8�H�FD\,8WGO4g:R:RVI252?>BHIJU>BH

r
�

sI4^2�8W�D8W2?_
(mk, Uk)

258v<5VI25HI8WYUQ[_
match(q, T )

��<?MI8­2?V�A@8bx�4D2
Uk

S">@ABA£Qc8K47xz<?M�8�x�4D25\
Uk → lα′r′β′S"MI8W2?8

r′
>BG�FT258RJ^VIA F72O8vyg~I258WG5G?>@4^H!4p�^8R2�<?MI8LF7AB~IM�F7Qc8v< {T1, . . . , Tm, U11, . . . , Unm}

�L`rFD:�M
Uij

> G�F
<9_[~�8OH�F7\,8OYg8RHI4D<?>BHIJ�F,Ge8R<"47xt<?MI4&Ge8OYIF7<5F­<?8W2?\]G¬47xt<9_[~�8

Tj
S"MI>B:�MTF7258�\]Fp<5:�M�8WYLQ&_

qi
�

`3�^8R25_LGe<?25>@HIJ]4Dx
L(r′)

> G"4DQI<5F7>BHI8;Y�x�2?4^\ F]Ge<?25>@HIJ,x�254D\
L(r)

Q[_�258R~IA FD:R>@HIJ]G?4D\,8�4g:R:RVI252?8WH�:v8;G¬47x
<9_[~�8]H�F7\,8WG

Tj
Q[_

Uij
�,f¬MI8Kx�VIH�:v<?>B4DH

restrict m languageE GeVIJ^JD8;G9<�G�S"M�>B:�M�¯&VI8R25_T<?8W2?\]GOG?MI4DVIA Y

�;¢



Qc8K\]F7<5:�MI8;Y�F7J&F7>BH�G9<�S"MI> :�MU<9_[~�8,H�FD\K8;GR�O��G-<5MI8R258­FD2?8­\]F7H[_T~�4&G?G?>@Q�A@8,GeV�:�M0FDG5Ge4g:R>BF7<?>B4DH�G-4DH�8;FD:�M
AB8R�D8WA�4Dxz¯&VI8W2?_L<?8W2?\

q
�
matchE(q, T )

2?8R<?VI25H�G-HI47<�F�Ge>BHIJDAB8O~�FD>@2
(mk, Uk)

QIVI<�F]G?8v<�4Dx3GeV�:�MU~�F7>B25GW�
f¬MI8�VIHI>B4DH�4Dx�F7ABAcG?V�:�M]<9_[~c8WG

Uk
> Gr<?MI8�Ge8R<�4Dx¡<?MI4&Ge8�YIFp<�F�<?8W2?\]Grx�2?4^\

[[T ]]
S"MI> :�M�FD2?8�\,F7<5:�MI8;Y]Q[_

q
�

sI4^2"<?M�8�F7ABJD4D25>@<?MI\�Qc8RAB4pS Sa8�F^G?G?VI\,8�<?M�F7<"<?MI8W2?8O8Ryg>BGe<5GXFK<9_[~c8bYg8U��HI>@<?>B4DH
D
S"MI8R258�<?MI8�<9_&~c8

T> GbYg8U��HI8WY��T��VI25>@H�JU<?MI8�8vyg8W:RVg<?>B4DH�47x¬<5MI8�F7ABJD4^2?>@<?M�\�HI8WSþ<9_[~c8WG­F7258]Q�8W>@HIJ!:v258WFp<58WY�F7H�Y0<5MI8]<9_[~c8
Yg8U��HI>@<?>B4DH

D
> G�Q�8W>@HIJT8Ry&<58RH�YI8WY!S">Ö<5M!25VIAB8WG�Yg8���HI>@H�J�<5MI8,HI8RS <9_&~c8WGW��NP8]FDG5GeVI\,8­<?M�F7<O~I2?4g:R8WYgVI258

define(U → ...)
FDYIYIG"FK25VIAB8

U → ...
<54,<?MI8�<9_[~c8OYg8���H�>Ö<5>@4^H���F7H�Y�<5M�Fp<

U
>BG"FKHI8WS/<9_[~c8�H�F7\,8D��HI47<

4g:R:RVI2?25>BHIJ­8WABG?8RS"M�8R258D�

matchE (q, T ) :d9s
q
> GXFK�pF725>BFDQIAB8

X
f"�X`ru

2?8R<?VI25H {([X 7→ T ], T )}d9s
q
> G"4Dx�<?M�8�x�4D25\

X ; q′
f"�X`au

258v<5VI2?H {(mi ∩ [X 7→ Ui], Ui) | (mi, Ui) ∈ matchE(q′, T )}d9s
q
> G"4Dx�<?M�8�x�4D25\

desc q′
f"�-`ru

d9s
T
> GXF­<9_&~c8�:v4^H�Ge<5F7H&<¬4D2XF,G?~�8;:v> F7A�<9_[~�8OH�F7\,8�f"�X`ru

2?8R<?VI25H
matchE(q′, T )d9s¾<?MI8�25VIA@8�x�4^2

T
> G"47x£<?MI8�x�4^2?\

T → l[r]A@8R< {T1, . . . , Tm} = types(r)A@8R<
r′
Q�8�FK258RJ^VIABFD2¬8vyg~I258WG5Ge>B4DH�GeV�:�ML<?M�Fp<

L(r′) = restrict m languageE(r, 1, {{}})2?8R<?VI25H
matchE(q′, T ) ∪ { (mj , U) | j ∈ {1, . . . ,m}, (mj , T1j) ∈ matchE(q, Tj)

�
define(U → lα′r′′β′)

�IS"MI8W2?8
r′′
> G
r′
S">@<?M�<?MI8�<9_[~c8OH�F7\,8

U1j
2?8W~IABF^:v8;Y�Q[_

T1j
�

F7H�YL8WF^:�M
U1k

S"MI8R258
k 6= j

258R~IA FD:R8WYLQ[_
φ }d9s¾<?MI8�25VIA@8�x�4^2

T
> G"47x£<?MI8�x�4^2?\

T → l{r}A@8R<
r
Qc8�FK\bVIA@<?>B~IAB>B:R>Ö<9_LA@> G9<

T1(l1 : u1) · · ·Tm(lm : um){�S�8�\,F�_LFDG5GeVI\,8�<?M�Fp<
uj > 0

�[x�4D2
j = 1, . . . ,m

}
2?8R<?VI25H

matchE(q′, T ) ∪
{ (mj , U) | j ∈ {1, . . . ,m}, (mj , Uj) ∈ matchE(q, Tj),
define(U → l{r′′}) �IS"M�8R258 r′′ >BG"FK\bV�AÖ<5>@~IAB> :v>@<9_�AB>BGe<
Uj T1(l1 : u1) · · ·Tj(max(lj − 1, 0) : uj − 1) · · ·Tm(lm : um) }{�uX4pS

q
> G"FK2?4[4D<?8WY�¯&VI8R25_]<58R25\�4D2XFKQ�F^Ge> :�:v4DH�G9<�F7H&<�}v�

d9s
root(q) 6= label(T )

f"�X`au�2?8R<?VI25H ∅d9s
T
> GXF­<9_[~�8�:R4DH�Ge<5FDH&<�4^2XFKG?~c8W:v> F7A�<9_[~c8OH�F7\,8�f"�-`ru

d9s
c
> GXFKQ�FDG?> :�:R4DH�Ge<5FDH&<�>BH

[[T ]]
f"�X`au

define(T ′ → c)2?8R<?VI25H {(>, T ′)}`r�tZ[`ó2?8R<?VI25H ∅A@8R<
q = lαq1 · · · qnβ (n ≥ 0)

�
d9s <?M�8�25VIAB8�x�4D2

T
>BG"4Dx�<5MI8�x�4D25\

T → l[r]
f"�X`ru

AB8v< {T1, . . . , Tm} = types(r)AB8v<
r′
Qc8�FK2?8WJDVIA F72¬8vyg~I258WG5G?>@4^HLG?V�:�M�<5M�Fp<

L(r′) = restrict m languageE(r, n, αβ)258v<5VI2?H { (m1j1 ∩ . . . ∩mnjn , U) | x�4D2"8WF^:�M i = 1, . . . , n, ji ∈ {1, . . . ,m},
(miji , Tiji) ∈ matchE(qi, Tji),
define(U → l[r′′])

�IS"MI8W2?8
r′′
> G
r′
S">@<?M

<5MI8�<9_[~�8�H�FD\K8;G
U1j1 , . . . , Unjn

258R~IA FD:R8WY�S">Ö<5M
T1j1 , . . . , Tnjn

��F7H�Y
FDA@A�<9_[~c8OH�F7\,8WG

Ukl (k = 1, . . . , n, l = 1 . . .m)
4D<?MI8W2¬<?M�FDH

U1j1 , . . . , Unjn258R~IA FD:R8WY�S">Ö<5M
φ }

�;o



d9s <?M�8�25VIAB8�x�4D2
T
>BG"4Dx�<5MI8�x�4D25\

T → l{r} f"�X`aud9s
αβ = [ ]

4D2
αβ = [[ ]]

f"�X`ru
2?8R<?VI25H ∅d9s
αβ = {} f"�-`ru2?8R<?VI25H { (m1j1 ∩ . . . ∩mnjn , U) | x�4^2"8WFD:�M i = 1, . . . , n, ji ∈ {1, . . . ,m},

(miji , Uiji) ∈ matchE(qi, Tji)
�
Tj1 . . . Tjn ∈ perm(L(r))

�
define(U → l{U1j1 . . . Unjn })}d9s

αβ = {{}} f"�-`ruA@8R<
r
Qc8�FK\bVIA@<?>B~IAB>B:R>Ö<9_LA@> G9<

T1(l1 : u1) . . . Tm(lm : um)2?8R<?VI25H { (m1j1 ∩ . . . ∩mnjn , U) | x�4^2"8WFD:�M i = 1, . . . , n, ji ∈ {1, . . . ,m},
(miji , Uiji) ∈ matchE(qi, Tji)

�
yj
{ x�4D2

j = 1, . . . ,m
}�> G�<?MI8OH[VI\­Q�8W2X47xt4[:W:vVI25258RH�:R8WG�47x

j
>@H
j1 . . . jn

��F7H�Y
yj ≤ uj

�
define(U → l{r′′}) �IS"MI8R258 r′′ > G"F­\­VIA@<?>B~IA@> :v>@<9_�AB> G9<
U1j1 . . . UnjnT1(max(l1 − y1, 0) : u1 − y1) . . . Tm(max(lm − ym, 0) : um − ym)

È
f¬MI8�FDA@J^4D25>Ö<5MI\�M�FDG�<5MI8�x�4DABAB4pS">@HIJK~I254D~c8R2?<9_D�
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q
 P³+¬N  ¬­ |�3 è�©¨�£�®

d ∈ [[T ]]
�¹Å9¨�³

��Åu¨U£�¨�¨�´)¥±¢���¢
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cd(title( Ó �X> Yg8�_D4^VI2"MI8WFD2e< Ó ), artist( Ó ��4^HIHI>B8�fa_[A@8W2 Ó ), year( Ó �Wo^¢D¢ Ó )),
cd(title( Ó Z&<54D~ Ó ), artist( Ó ZgF7\ �a254pS"H Ó ), year( Ó �WoD¢^¢ Ó )))

F7H�Y�<5MI8O258W¯&VI8WGe<">BG¬8Ryg~I2?8;G?G?8WY�Q[_�<?M�8�x�4DABA@4pS">BHIJK8vyg~I258WG5Ge>B4DH��g:WF7ABA@8;YLF
ρ
h|<58R25\�{�258RS"25>Ö<58�2?VIAB8;}vC

cd88Rule = catalogue{}(cd{}(title(TITLE ), artist(ARTIST ), year( Ó �WoD¢^¢ Ó )), SubCat)
_
result(name(TITLE ), author(ARTIST ))f¬MI8

catalogue{}
F7H�Y

cd{}
Ge_[\bQc4DA G,>BH�Yg> :RFp<58T<?M�F7<]<?MI80\,F7<5:�MI>BHIJ F7J&F7>BH�Ge<­<5MI80:v4^2?258WG?~c4DH�Yg>BHIJ

G?_&\­Q�4^ABG­>BH¾<?M�8�YIF7<5FDQ�FDG?8�F7258LYI4DHI8L\K4gYgV�A@40<?MI8�8W¯&V�F7<?>B4DH�FDAr<5MI8R4^2?_P<?M�Fp<­S�8TYg8RHI4D<?8L4DH¾~IV�2?~c4^G?8
T H({}) F7H�Y,S"M�>B:�M]254DVIJ^MIAB_­:v4^2?258WG?~c4DH�YIGt<54bF7H�F^G?G?4g:v> Fp<5>@�^8¬FDH�Y�:R4D\,\bVg<�Fp<5>@�^8¬<?MI8W4D25_bS">@<?M�HI8WVg<?2�F7A8RAB8R\,8WH^<;�zf¬MI8

SubCal
�pF725>BFDQIA@8¬> GzF7H�¨�´­�©¨U³u¢�¥�·P³I»8 |£�¥� ­¦U¼S¨v�[:vA FDG5G?>B:WF7Ag>BHKF^G?G?4g:v> Fp<?>B�D8¬F7H�YK:R4D\,\bVI<5Fp<5>@�^8

258RS"25>Ö<5>@HIJQM 1aZg¢��D�I�q�O¢Dm[�9�=�Oo^o0O��zN%MI8WHTHI4�GeV�Q�G?:R2?>B~g<"> G¬V�Ge8;YTFKG?_[H&<5FD:v<?> :�\,F7<5:�MI>BHIJ,> G¬V�Ge8;Y¡�
�-G�Sa8,x�4^2?\]F7ABAB_0Yg8v<�F7>BA3>@<�Q�8WA@4pSO��<?MI8]8W��FDA@V�Fp<?>B4DH�25VIAB8WG�47x�<?M�8�:RF7A :vV�A@V�G�_&>B8RA Y�FDG�258WG?VIA@<Ox�4D2�<?M�8

F7~�~IA@> :RF7<?>B4DH�47xt<?MI8O258W¯&VI8;G9<¬<54­<5MI8�YIF7<5F7Q�FDG?8D�[>|� 8D��x�4^2¬<?MI8
ρ
h�<?8R25\

(cd88Rule
ã �!£�Åu·

)
�g<?M�8

ρ
h�<?8W2?\TC

result(name( Ó �X> Yg8�_D4^VI2"MI8;F72?< Ó ), author( Ó ��4DHIH�>@8Ofa_&AB8R2 Ó ))
;
result(name( Ó Z&<54D~ Ó ), author( Ó ZgFD\ ��254pS"H Ó ))

iDm



S"MI8W2?8�<?M�8�ª
;
«�4^~�8W25F7<?4^2¬Ge<5F7<?8;G�<?M�F7<-F�ªeAB>BGe<{«�47x£8WA@8W\,8RH&<5FD2?_�258WG?VIA@<">BG"4^Qg<5FD>@H�8WY¡�

��H�<5MI> GzGe>B\,~IA@8¬8RygFD\,~IA@8^��<?MI8"E"8WS"2?>@<?>BHIJ�:RFDAB:RVIA@V�GtFDA@AB4pSXG£V�G£<?4�8vyg~I258WG5G�>BH,FXx�VIABAB_�8vyg~IAB>B:R>Ö<zS¬F�_OF7ABA
<?M�8�:v4D\,~c4DHI8WH&<5G�<?M�Fp<-G?MI4DVIA Y�Q�8�F^:=<5>@HIJK<54,G?4DAB�D8OF,¯&VI8R25_�Ct<?MI8O25VIAB8WGW�[<?MI8�YIF7<5FKQ�F^Ge8^�[<?MI8O\]Fp<�:�MI>BHIJ
<?M�8R4D25_�>BHLV�Ge8^�zN!8O:RFDH�FDABG?4,Ge8W8�<5M�Fp<¬<5MI8O2?8;GeV�AÖ<"> G"F���25Ge<X:vA FDG5Ga8WH&<?>@<9_�47x£<?MI8�:WF7A :vVIABV�GW��f¬M�>BG"FDA@AB4pSXG
V�G">BHT~�F72?<?> :vV�ABFD2a<54]:�M�F7>BH�FD~I~IAB>B:WFp<5>@4^HL4Dxt25VIAB8WG"FDG":WF7H�Q�8�G?MI4pS"H�4DH�\,4D258�8WABFDQ�4^25F7<?8;Y�8vyIFD\K~�A@8;GR�

dÅx¡Sa8X:R4DH�G?> Yg8R23FDH,F^G?G?4g:v> Fp<5>@�^8�FDH�Y,:v4D\,\­Vg<5F7<?>B�D8
;
4D~c8R2�Fp<54D2zF7H�Y­S�8XF7~�~IA@_b<?MI8Xx�4DABA@4pS">BHIJ

ρ
h�<?8W2?\

authorsRule = (X ; L
_
(result(name(TITLE), author(ARTIST )) _ singer(ARTIST )) X)

<?4,<5MI8O~I258R�[>B4DV�G?A@_]4^Qg<5FD>@H�8WYL2?8;GeVIA@<¬<?MI8WHUSa8�4^Qg<5FD>@HTFDG¬258WG?VIA@<�<5MI8�<?8W2?\

singer( Ó ��4^HIHI>B8�fa_[A@8W2 Ó )
;
singer( Ó ZIF7\ ��254pS"H Ó )

f¬MI8��pF725>BFDQIA@8
X
:RFDH�Q�8�>BH�G9<�F7H&<?> Fp<58WY]Q[_,<5MI8�\]F7<5:�MI>BHIJ­FDA@J^4D25>Ö<5MI\ 8R>@<?MI8W2aQ[_�FO<58R25\�47x¡<5MI8-x�4^2?\

result(. . .)
4^2�Q[_PF�Ge<?25V�:v<?VI258�47x¬<5MI>BG­w[>@H�Y 47x¬<?8W2?\]GW�Ud�H <?M�8]x�4D25\,8R2­:WFDG?8D�£<?MI8L2?V�A@8�>BH <5MI8�25>@J^M^<

M�FDH�YLG?> Yg8O:RF7H�Qc8�FD~I~IAB>@8;YLG?V�:W:v8WG5Gex�VIA@AB_�FDH�Y�<5MI8�2?8;GeV�AÖ<"> G�<?MI8�:R4D252?8;Ge~c4DH�YI>@HIJKGe>BHIJ^8R2;�ts�4D2¬<?M�8�A Fp<?<?8W2
:RF^Ge8^��<5MI8b\]F7<5:�MI>BHIJ�x�FD>@A G�F7H�Y�<5MI8bx�FD>@ABVI258�> G-8WA@>B\,>@H�F7<?8;Y�FDG�GeM�4pS"HU>@HU<5MI8KHI8vy[<�G?8W:v<?>B4DH�GW��Z[>BH�:R8�<?M�8
\]Fp<�:�MI>@H�J�F7ABJD4^2?>@<?MI\ _[>@8WABYIG-Ge8W�D8R2�F7A£Ge4^A@Vg<5>@4^H�GW�g<?MI8���H�FDA�2?8;GeV�AÖ<-> G-F�G9<52?V�:v<?VI258�:v4^2?258WG?~c4DH�Yg>BHIJK<?4LF7ABA
<?M�8O~�4&G?G?>@Q�A@8�>BH�G9<�F7H&<?> Fp<5>@4^H�G¬47x

X
�

�-Gax�4^2�\]FDH&_]4D<?MI8W2rx�2�F7\,8WSa4^2?wgGW�^S"M�F7<�> G�4D~c8RH�<?4gYIF�_]> Gr<54­V�H�Yg8R2�Ge<5F7H�Y�S"MI8R<?MI8W2a<5MI8OE"8RS"25>@<?>BHIJ
:RFDAB:RVIABV�Gr> GrFDQIAB8X<?4b\K4gYg8WA�<5MI8-\]FD>@H]x�8;Fp<5VI2?8;G34Dx�ABFDHIJDV�FDJD8;G�A@>BwD8-°r±v²7³�´;µv��f¬M�>BGaHI8R8;YIG3>BH�~�FD2e<5>B:RVIA F723<54
\]F7w^8"8vyg~IAB>B:R>Ö<z<5MI8X\]Fp<�:�MI>@H�J�<5MI8R4^2?_­V�G?8WY,Fp<325VIHK<?>B\,8X>@H]G?V�:�M,ABFDHIJDV�F7JD8;GR�7G?8R8¬x�4^238vyIFD\K~�A@8�M �-1rE-oD¢I�
Zg:�M�jDkPOÅ�

�-G,Yg8R<5FD>@AB8WY >BHÎM �"� � + j7kPOÅ�3258RS"25>Ö<58�Q�F^Ge8;Y¾A F7HIJ^V�F7J^8WGOM�F��^8�Qc8R8WHé8W¯&VI>B~I~c8WYéS">Ö<5Mé�pF725>@4^V�G�~�2?8RhG5:v25>@~g<5>@�^8�<9_&~c8�G?_[Ge<?8W\]GR��NP8�G9<5V�Yg_�M�8R258�FK~c4pSa8W2ex�V�A�GeV�:�M�~c4DAB_&\,4^2?~IM�>B:�4DH�8D�

$D°��+°�$ � ¸ � · » b ·&¹ ©p½�¨;½�ítúP«^ª ð «^ë ð ½

� �© P�¤¥�º� P³? P¼¾½8¢�¥±¢��&> F"F¬<9_[~c8aG?_[Ge<?8W\ {�>@H�MI8R25>Ö<58WY�x�254D\ <?MI8���FD\bQ�YIFph�:RFDAB:RVIA@V�G5}c8WHgx�4D2�:v8;G�FXG5Fpx�8R2�~I2?4^JD2�F7\Kh
\,>@H�J�Yg>BG5:v>B~IAB>@H�8D�,d�HèM �^N)j^l0OÅ�£F�E"MI4DhÅ:WF7A :vVIABV�G-Ô�¼S  � M&V�25:�Mó{�:WF7ABA@8;Yè,�.8/91&}Xx�8WF7<?VI25>BHIJUGe8;:v4DH�Y[h�4^25YI8R2
~c4DAB_&\,4^2?~IM�>B:L<9_[~�8;G]S¬FDG,~I254D~c4^G?8WY¡�r<?4^JD8v<5MI8R2]S">@<?M%F :R4D252?8;Ge~c4DH�YI>@HIJ0<9_[~�8U>BHgx�8R258RH�:v8�G?_[Ge<?8W\ÕÔ�¼� 
� VI252?_U{{5�,�.8/91&}v�g� G?>@\,~IAB8�<9_&~c8�>@Hgx�8W2?8WH�:v8�S¬FDG3~�2?4p�[> Yg8WY,x�4^2�,�.8/91��&Q�Vg<�4^HIAB_KV�H�Yg8W:R>BY�F7QI>BA@>@<9_]47x�<9_&~Ih
>BHIJbS¬FDGr~I2?4p�^8WYKx�4^2�57,�.0/21��Dd�H�<?MI> GaSa4^2?w��DS�8�:�M�F72�FD:=<58R25>SRW8¬<?MI8�258WFDG?4DH�G�x�4D2a<?MI> GaVIH�Yg8;:v> YIF7QI>BAB>Ö<9_^�[FDH�Y
S�8�Yg8���H�8�F,~�2?4^~�8W2¬G?VIQ�G?8v<=57,�.0/21

�
S">@<?MUF7H�>BHgx�8R258RH�:R8�F7ABJD4^2?>@<?MI\T�

d�HéZ[VIQ�Ge8;:=<?>B4DH¾iI� iI�£S�8]~I258WG?8RH&<O<?MI8LGe_[H&<5F7y047x¬<?M�8�:RFDAB:RVIA@V�G�F7H�Y�>@<5GbGe\]F7ABA@hÅGe<?8W~�G?8R\]FDH^<5>B:WGR�Ld�H
Z[VIQ�Ge8;:=<?>B4DHTig� �I�&Sa8�>@H&<52?4gYgV�:R8X<5MI8-x�V�A@AB_,<9_[~�8;Y�G?8W:v4^H�Y[hÅ4D2�Yg8R2r2?8WS"2?>@<?>BHIJb:WF7A :vVIABV�G�Ô�¼S  � M[VI25:�M�,�.8/91�C
<9_[~�8;G�47xz<?M�8­Qc4DVIH�YU�pF725>BFDQIA@8;G-FD2?8KGe~c8W:R>V��8;YU>BH�<?M�8b<58R25\���\]F7w[>BHIJ]<9_[~c8­258W:R4DH�Ge<?25V�:=<5>@4^H�F7H�Y��D8R25>S�Ih
:RF7<?>B4DHP¯^V�>Ö<58,Ge<?2�F7>BJDM&<?x�4D25S�FD25Y¡��f¬MI8,:RFDAB:RVIA@V�G�8WHp694p_gG�GeVIQI698W:=<�258WYgV�:v<?>B4DH���FDH�YU<9_[~c8,VIHI> ¯^V�8RHI8;G?GW�Od�H
Z[VIQ�Ge8;:=<?>B4DH�iI� k��&S�8�~I258WG?8RH&<¬<?MI8O:RFDAB:RVIABV�G/ÔG¼S  � VI252?_�57,�.0/21�C[<9_[~c8�>BHgx�4^2?\]Fp<5>@4^HL> G¬HI4D<¬J^>@�^8RH�>@HL<?M�8
<?8W2?\T�tF7H�Y0<?MI8,<9_[~c8]Ge_gGe<?8R\ >BG�H�47<�x�VIABA@_PGe_[H&<5F7y&h�Yg>B2?8;:=<58WY¡��<5M&V�GO8RHgx�4^25:R>@H�J�FI}�8Ry[>BQIAB8,~�4^A@_[\,4D25~IMI> :
<9_[~�8"Yg> G5:v>B~IA@>BHI8^�tf¬MI8¬:RFDAB:RVIABV�Gt8RHp694p_gGtGeVIQI698W:=<�258WYgV�:v<?>B4DH��DQIVg<zFDGt>Ö<z> GtSa8WA@A@h�w[HI4pS"H�x�4D2£<?MI8

λ
hÅ:WF7A :vVIABV�GW�

<9_[~�8L>@HIx�8R258RH�:R8�>BGbVIH�Yg8;:v> YIF7Q�A@8^�Ud�HéZ[VIQ�G?8W:v<?>B4DHéig� lg�tS�8�JD>B�D8,<5MI8�<9_[~c8�>@HIx�8R258RH�:R8�F7ABJD4^2?>@<?MI\]GW�tFDH�Y
~I254p�D8�<?MI8W>@2�:v4D25258W:=<5HI8WG5GW�&:R4D\,~IAB8v<?8WHI8WG5G"F7H�YL~�2?>BH�:v>B~�FDA@>@<9_D�

i&n



# ¸ í�¨;ªI«7¨;½�«0ì­ªg¨ °
K ∈ Kinds

τ.ι ∈ Type

Γ.∆ ∈ Context

P.Q ∈ Pattern

A.B.f ∈ Term

¥�¦�§R¨W©�ª�«7¨�# ¸ í�¨Wª7É
K ::= ∗

τ ::= ι | α | τ _ τ | ∀α.τ

∆ ::= ∅ | ∆, α:K | ∆, f :τ | ∆, X :τ

P ::= stk | α | X | f(P )
ö{ P¼¹¼D»P P£¶¢�·0º¶º�§7£
·P³2¼¾½I·|³+º¶¨
¥¹³d P³9½§Ö'÷

A ::= stk | f | X | P _∆ A | [P �∆ A]A | A A | A τ | A ;A

st>@J^VI2?8,�^CzZg_&H&<�Fpy�4Dx=,�.8/91

ølk�j ù8×!�ÙØ ú!ý)r7�_Ú Û-Ü�Ý�Þ
f¬MI> G"Ge8;:=<5>@4^HLGe<?8R\]G�x�254D\ M �DN)j&l0OÅ�zN!8OYg8R<5F7>BA�<?M�8�G?_[H&<5Fpy�FDH�Y]<5MI8OGe8W\]F7H&<?> :RG�47x
,�.8/91��gFDH�Y�S�8�JD>B�D8
G?4D\,8�8vyIF7\,~IAB8WGW�

$D°±�f°�� # ¸ í�¨WªuÉ
ßUº ¨Wªg¨;½ º í£ª ð ì º í?� · í�¨W½ º ít§ ° NP8P:R4DH�G?> Yg8R2L<?MI8P\,8v<�Fph�Ge_[\bQc4DA G6ª m _ m «è{�x�VIH�:=<5>@4^Hgh�F7H�Y)<9_[~�8RhF7Q�G9<525F^:=<?>B4DHc}=��FDH�YKª

[ m � m ]
«�{�Yg8WABF�_^8WY0\,F7<5:�MI>BHIJU:v4^H�Ge<?2�F7>BH^<=}=��FDH�YQª m ; m «T{�Ge<?25V�:v<?VI258,4D~c8R2�Fp<?4^2�}v�f¬MI8�FD~I~IAB>B:WFp<?>B4DH�4D~c8R2�Fp<54D2¬> G"Yg8RHI4D<?8;YLQ[_�:R4DH�:WFp<58RH�F7<?>B4DH��

NP8�FDG5GeVI\,8,<5M�Fp<O<5MI8�F7~�~IA@> :RF7<?>B4DHP4D~c8R2�Fp<54D2OFDG5Ge4g:R>BF7<?8WG�<54T<?MI8]AB8vx <;�£S"M�>@AB8]<?M�8]47<?M�8R2�4^~�8W25F7<?4D2�G
FDG5G?4[:R>BF7<?8K<?4�<5MI8�25>@J^M^<;��f¬MI8]~I25>@4^2?>@<9_U47x�<?M�8�F7~I~IAB> :RFp<5>@4^H!> GOMI>BJDM�8R2�<?M�F7HP<?M�F7<�47x#ª

[� ]
«KS"M�>B:�M�> G

MI>BJDMI8W23<5M�F7H]<5M�Fp<a47x2ª _ ª�S"MI> :�M]> GR�&>@H�<?VI25H��&47x�MI>BJDMI8W23~I25>@4^2?>@<9_�<5M�F7H�<?MI8lª
;
«��zf¬MI8�Ge_[\bQc4DA

τ
25FDHIJD8;G

4p�D8W2r<5MI8�Ge8R< Type
4Dx�<9_[~c8WGW�^<5MI8OGe_[\­Q�4^A

ι
2�F7H�JD8WGa4p�D8W23<5MI8OGe8R< TypeK

4Dx�<9_[~�8O:R4DH�Ge<5FDH^<�G�{ TypeK ⊆
Type

}=��<5MI8aG?_[\bQc4DA G
α, β

25FDHIJD834p�^8R2¡<5MI8¬Ge8v< TypeV
4Dxg<9_&~c8vhÅ�pF725>BFDQIAB8WG3{ TypeV ⊆ Type

}v��<?MI8�Ge_[\­Q�4^ABG
A,B,C, . . . , U, V,W

25FDHIJD8"4p�^8R2�<5MI8-G?8v< Term
47x3{�VIH�}Å<9_[~c8WY,<58R25\]GR�D<?MI8�Ge_[\bQc4DA G

X,Y, Z, . . .
25FDHIJD8

4p�D8W23<5MI8�G?8v< Var
47x�<58R25\���FD2?> F7Q�A@8;G�{ Var ⊆ Term

}v�&<?MI8�Ge_[\­Q�4^ABG
a, b, c, . . . , f, g, h, . . .

25FDHIJD8-4p�D8R2�F
G?8v< TermK

47x�<?8W2?\ç:R4DH�Ge<5FDH^<�G�{ TermK ⊆ Term
}v�Xf¬MI8bG?_&\­Q�4^ABG

P,Q
2�F7HIJ^8�4p�D8R2X<?MI8KGe8R< Pattern47x�~�Fp<?<?8W2?H�GW�r{ Var ⊆ Pattern ⊆ Term

}v�,f¬M�8,G?_[\bQc4DA G
θ, φ, ψ

2�F7HIJ^8­4p�^8R2�GeV�Q�G9<5>Ö<5Vg<?>B4DH�GR�]st>@H�F7ABA@_^�
<?M�8�Ge_[\bQc4DA G A,B, C 2�F7H�JD8T4p�D8W2 Type ∪ Term

�%NP8�Yg8RHI4D<?8
A
x�4D2

A1 · · ·An
�ax�4D2

n ≥ 0
�)f¬M�8

F7~�~IA@> :RF7<?>B4DH�47x"FT:v4^H�G9<�F7H&<W�tG?F�_
f
��<?4�FL<58R25\

A
S">BA@A3Qc8]V�G?V�F7ABAB_!Yg8WHI47<58WYPQ[_

f(A)
��x�4^A@AB4pS">BHIJ�<?MI8

F7ABJD8WQI2�F7> :�x�4DABw&AB4D258­~D<?MI> G�:v4DH[�^8RH&<?>B4DH,:RFDH]Q�8�:vVI252?>S��8;Y,>@H]4^25Yg8W2z<?4­Yg8RHI4D<?8�F�x�VIH�:v<?>B4DH,<5FDw[>@HIJb\bVIA@<?>B~IAB8
F725JDV�\K8WH&<5GW�D¨v� ¡7�

f(A)
4
= f(A1, · · · , An)

4
= f A1 · · ·An

�

# ¸ í�¨Wª7É$à ø ½|ú�ë£© · �¡á8° f¬MI8
�¤½�µu¨�¢XF7258XFDGz4^HI8"S�4DVIA YK8vyg~�8;:=<3x�254D\ F�~�4^A@_[\,4D25~IMI> :�<9_[~�8XG?_gG9<58R\ {{¥ �¹¨v�
<9_[~�8Rh��pFD2?> F7QIAB8WG":WF7HTQc8�Q�4^VIH�YT>BHT<9_[~�8;G"<?M�2?4^VIJDML<?MI8 ∀ QI>@H�Yg8R2=}=�¬f¬MI8�µ9 P�¤�3¨U£�³u¢�FD2?8OF7ABJD8WQI2�F7> :-<58R25\]G{{¥ �¹¨R�¡<?8W2?\]G�:v4^H�G9<52?V�:=<?8;YU4DH�A@_US">@<?MP�pF725>BFDQIA@8;GR�¡:R4DH�Ge<5FDH^<�G�FDH�Y0FD~I~IAB>B:WFp<5>@4^H�G5}XS"MI> :�MP:WF7H�Qc8,V�Ge8;Y0F^G
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Fv
á

Fv(f)
4
= ∅

Fv(stk)
4
= ∅

Fv(X)
4
= {X}

Fv(α)
4
= {α}

Fv(P _∆ A)
4
= Fv(A) ∪ Fv(∆) \ Fv(P )

Fv([P �∆ A]B)
4
= Fv((P _∆ B) A)

Fv(A ;B/A B)
4
= Fv(A) ∪ Fv(B)

Fv(A τ )
4
= Fv(A) ∪ Fv(τ )

Fv(τ1 _ τ2)
4
= Fv(τ1) ∪ Fv(τ2)
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Ge<?2�F7>BJDM&<ex�4^2?S¬F72�YgAB_D�[Ge>BH�:v8�>@<-F��D4^>BYIG�~I254DQ�A@8W\,G¬AB>BwD8��pF725>BFDQIA@8�:RFD~g<?V�2?8^�
÷ ·)¯ ít½�¨W½ º í $D°±�f°±� à�#�ë�¦�§W¨W½�¨;ë�¨;½ º í£§ á
² ¢¶§9¦�¢���¥¹�¤§7�¤¥�·P³

θ
¥±¢� è®G �µ­µ?¥¹³q¡�¿¶£�·P® ��Åu¨�¢U¨��"·n¿��©¨�£�® »P P£�¥� ­¦U¼S¨�¢Nö3£�¨�¢¤µ4Æ �¤½�µu¨d»P P£�¥� )¦�¼S¨�¢3÷è�©· ��Åu¨

¢U¨��Q·{¿��©¨�£�®�¢ ö¤£�¨�¢¤µ4Æ �¤½�µu¨�¢3÷|Æ ² ¸#³2¥¹�3¨�¢�§9¦�¢��¤¥¹��§7�¤¥�·P³
θ
Å9 8¢��¹Å9¨Z¿�·|£�® {A1/X1 . . . Am/Xm}

Â�·P£
{τ1/α1 . . . τm/αm}

Â= P³+¬�¥¹��¢I¬)·P®G P¥¹³
Dom(θ)

¬­¨U³+·|�3¨�¢ {X1, . . . , Xm}
Âx£�¨�¢¤µ4Æ {α1, . . . , αm}

Æ Ê Åu¨
 �µ)µ+¼¾¥�º¶ |��¥�·|³�·n¿� 6¢�§9¦�¢���¥¹�¤§7��¥�·|³

θ
�©·Z G�©¨U£�®

A
ö3£�¨�¢¤µ4Æx��½�µ9¨

τ
÷8Â�¬)¨�³?·P�©¨¶¬Z¦U½

Aθ
ö3£�¨�¢�µfÆ

τθ
÷0Â ¥±¢
¬)¨�¸�³+¨¶¬

 8¢#¿�·|¼¹¼S·PÀE¢UÁ

fθ
4
= f

stkθ
4
= stk

(A τ )θ
4
= (Aθ) (τθ)

Xiθ
4
=

(
Ai ifXi ∈ Dom(θ)

Xi otherwise

ιθ
4
= ι

(P _∆ A)θ
4
= P _∆ Aθ

([P �∆ A]B)θ
4
= [P �∆ Aθ]Bθ

(A ;B/A B)θ
4
= Aθ ;Bθ/Aθ Bθ

αiθ
4
=

(
τi if αi ∈ Dom(θ)

αi otherwise

(τ1 _ τ2)θ
4
= τ1θ_ τ2θ
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θ
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P ≺≺TA
M�FDG£F"VIHI> ¯&VI8aG?4DABVg<?>B4DH��

S�8�Yg8RHI4D<?8�>@<XQ&_
θ(P ≺≺T A)
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NP8�YI8���HI8OFKGeV�~�8W2?~c4^G?>Ö<5>@4^H�258RA Fp<5>@4^H v : Pattern ×Term
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f v f

stk v stk

X v A (∀A)

α v τ (∀τ )

f(P ) v A if A ≡ f(B) ∧ P v B

P v A if A ≡

8
>>>><
>>>>:

X ∨ (A1 ;A2) ∨A τ ∨

(A1 A2 ∧A1 /∈ Pattern)∨

([Q�∆ A1]A2 ∧Q v A1 ∧ P v A2) (∀P )
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[P �∆ A]B →stk stk if P 6v A

stk ;A →stk A

A ; stk →stk A

stk A →stk stk
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(P _∆ A) B →ρ [P �∆ B]A

[P �∆ B]A →σ Aθ(P ≺≺stk B)

(A ;B) C →δ A C ;B C

A →stk B
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,�.0/21
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~IV�G?MI8WGz>BH&<?4�<5MI8X4D~c8R2�Fp<5>@4^H�F7AIG?8R\]FDH^<5>B:WG�<?M�8X2?8WS"2?>@<?>BHIJO25VIAB8WG�<5M�Fp<rFD2?8"~�FD2e<5>B:RVIA F72�<?4�<?MI8¬<5MI8R4^2?_
FDYg4^~g<?8;Y�>BH�<?MI8�:WF7A :vVIABV�G�~g>@HT4DV�2X:RFDG?8�<?MI8�FDQ�4p�^8�Yg8U��HI8;Y

Tstk
h|<5MI8R4^2?_^�

NP8�Yg8RHI4D<?8,Q[_ 7→ρσδ <5MI8�:v4^H&<?8vy[<5V�F7A3:RA@4&GeVI258K>@H�YIV�:v8;Y!Q[_U<5MI8WG?8,2?V�A@8;GR�,dÅ<5G�258�}�8vyg>@�^8KFDH�Y!<?2�F7H�G?>@<?>B�D8:vAB4^G?VI258]>BGbYg8RHI4D<?8;Y�Q&_ 7→→ρσδ �Tf¬MI8�G?_&\,\,8v<52?> :]F7H�Y0<525FDH�G?>Ö<5>@�^8�:vAB4^G?VI2?8,4Dx 7→→ρσδ > G�Yg8WHI47<58WY�Q[_ =ρσδ
�

uX4D<?> :v8­<?M�F7<�<5MI8WG?8b258RA Fp<5>@4^H�G�F7258�~�F72�F7\,8R<?8R25>�RR8WYTQ[_T<5MI8KF^Yg4D~I<?8WYU<?MI8W4D25_
Tstk

�ONP8,Yg8RHI4D<?8­Q&_ 7→stk

ρσδ<?M�8O2?8WABF7<?>B4DH 7→stk ∪ 7→ρσδ
�3sI4^2 7→stk

ρσδ

�g<?MI8�x�4^A@AB4pS">BHIJ,MI4DA YIGW�
��û ·[º © · ï $D°±�f°�� à?ì­û¡ë£©�«�û b º §;§ · ©"� º ©�ê+ë6ì írî ì­¼gò �9:3ï[á
Ê Åu¨�£�¨U¼S P�¤¥�·P³ 7→stk

ρσδ

¥±¢
º¶·|³ké�§9¨�³2�3Æ

ølk�ø ù8×!�ä�Qt��©úiÚ t#suûU×�zny�ùKú�û=�QØ ú!ý)r7�_Ú Û&ÜIÝ�Þ
fa_&~c8WG­:RFDH Q�8�V�Ge8;Y FDG�~�2?8;Yg>B:WFp<58WG�x�4^2O<?8W2?\]G�4DxXE"MI47h�:RFDAB:RVIABV�GR�Tf£8R25\,G­:RFDHPQc8LYI>@258W:v<?AB_ ¬)¨�º¶·|£� P�©¨¶¬
S">@<?M
<9_&~c8WG,FDH�Y <5MI8RH
8R�D8W2?_ :RA@4&Ge8;Y�<?8W2?\ :R4D\,8WG,Yg>B2?8;:=<5A@_�S">@<?MóF0VIH�>B¯&VI8^�3>@H&<52?>BH�G?>B:�<9_[~�8^� d�H¾<?M�8
¿¶§7¼¹¼¾½���½�µ9¨¶¬]F7~�~I2?4&FD:�M,47x#M �^N)j^l0OÅ�gF�<9_[~�8r69V�YgJD8W\,8RH&<aS">BA@AcQc8�Yg8WHI47<58WY]Q[_K<?MI8�Ge_[\­Q�4^A `T

{�x�4D2vðz_[~�8;Y
<?8W2?\]G�}=�r� �¤½�µ9¨�¬G¢�½8¢¶�©¨U® > GXF,Ge8R<X47x£25VIAB8WG¬x�4^2"~I254p�&>BHIJ�69V�YgJ^8R\,8RH&<5GX47x�<5MI8�G?M�F7~c8

Γ `T A : τ
�IS"M�8R258

A
>BG�F�<9_&~c8WY�<?8W2?\T�

τ
> G�F�<9_[~�8^��F7H�Y

Γ
> G�F�:v4^H&<?8vy[<;��f¬MI8­\,8;F7HI>BHIJ�4DxaG?V�:�M0Fb69V�YgJD8W\,8RH&<�> GWC"<?MI8

<?8W2?\
A
M�F^G¬<9_[~�8

τ
VIH�Yg8W2X<5MI8�:v4^H^<58vy[<

Γ
��F7H�Y

Γ
258W:R4D2�YIGa<?MI8O<9_[~c8WG"4Dx£<5MI8Ox�258R8Rh��pF725> F7QIAB8WG�47x

Γ
FDH�Y

τ
��st>@J^VI258WG��g��F7H�Y�k�~I258WG?8RH&<5G-<?M�8­w[>BH�Yg>BHIJ[��<9_&~�>@HIJ�2?VIAB8WG�47x6,�.0/21��cS"MI>B:�MPF7258bYg>B2?8;:=<5A@_U>BH�G?~I>@258WY�Q&_
<?M�8���>@2�F72�Y�Zg_[Ge<?8W\ s�M ��>B25¢^m8O��3¤�4D258�~�2?8;:v> Ge8WA@_^�^<5MI8�G?_[Ge<?8W\ ~I254p�D8;G�69V�YgJD8W\K8WH&<X47xt<?MI8�G?M�F7~c8DC

Γ `T ok ñVò�ó Γ `T τ : ∗ ñVò�ó Γ `T P : τ ñVò�ó Γ `T A : τ
N!8,Yg> G?:RV�G?G�4^HIA@_T<5MI8­<9_&~�>@HIJ�25VIA@8;G�x�4D2�Sa8WA@A@h�x�4D25\K8;YT<?8W2?\]G�F7H�Y�~�F7<e<?8W2?H�GR�c<?M�8K4D<?MI8W2-<9_[~I>BHIJ�2?V�A@8;G

Qc8R>BHIJ�G9<�F7H�Y�F72�Y¡�

���
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∅ `T ok
(Ctx·Empty)

Γ `T ok α 6∈ Dom(Γ)

Γ, α:∗ `T ok
(Ctx·V ar∀)

Γ `T ok ι 6∈ Dom(Γ)

Γ, ι:∗ `T ok
(Ctx·Const)

Γ `T ok Γ `T τ : ∗ X 6∈ Dom(Γ)

Γ, X :τ `T ok
(Ctx·V ar)

ò ·&ð|ð¹( ÿ�½�ít» · »n� ¸ � · §
Γ1, ι:∗,Γ2 `T ok

Γ1, ι:∗,Γ2 `T ι : ∗
(Type·Const)

Γ1, α:∗,Γ2 `T ok

Γ1, α:∗,Γ2 `T α : ∗
(Type·V ar)

Γ, α:∗ `T τ : ∗

Γ `T ∀α.τ : ∗
(Type·Poly)

Γ `T τ1 : ∗ Γ `T τ2 : ∗
Γ `T τ1 _ τ2 : ∗

(Type·Arrow)

Γ `T ok ι 6∈ Dom(Γ)

Γ, ι:∗ `T ok
(Ctx·Const)

Γ `T ok Γ `T τ : ∗ X 6∈ Dom(Γ)

Γ, X :τ `T ok
(Ctx·V ar)

ò ·&ð|ð¹( ÿ�½�ít» · »n� ¸ � · §
Γ1, ι:∗,Γ2 `T ok

Γ1, ι:∗,Γ2 `T ι : ∗
(Type·Const)

Γ1, α:∗,Γ2 `T ok

Γ1, α:∗,Γ2 `T α : ∗
(Type·V ar)

Γ, α:∗ `T τ : ∗

Γ `T ∀α.τ : ∗
(Type·Poly)

Γ `T τ1 : ∗ Γ `T τ2 : ∗
Γ `T τ1 _ τ2 : ∗

(Type·Arrow)

st>BJDVI258O�ICzf¬MI8
��>BH�YTZ[_gG9<58R\�x�4^2
,�.0/21

(
(Term·V ar)(Term·Const) < �-GrV�G?V�F7A��7<5MI8-:v4^H&<?8vy[<rYg8R<?8W2?\,>BHI8WG�<5MI8"<9_[~c8X47x¡�pF725>BFDQIAB8WGW��dÅ<a:WF7HIHI4D<:v4DH&<�F7>BH�<9S�4]Yg8W:RABFD25F7<?>B4DH�Grx�4D2¬<5MI8�G?FD\,8��pFD2?> F7QIAB8]{�4^2X:v4DH�G9<�F7H&<�}�~

(
(Term·Stuck)

< Z[>@H�:v8
stk

:RFDH�FD~I~c8WF72¬>BHUF7H[_�G9<52?V�:=<?V�2?8^�g>Ö<�G¬<9_[~�8�:WF7H�Q�8O�[>B2e<5V�F7ABA@_�FDH[_^<5MI>BHIJ,QIVg<
¿� P¼ ¢�§7®K�f¥ �±¨R� ⊥ 4=∀α.α ~

(
(Term·Abs_)

< sI4D2t<5MI8"A@8Rx <ehÅM�F7H�Y­G?>BYI8�4DxI<?M�8XF7252?4pS¬h�<9_[~�8^�WS�8¬V�Ge8a<?M�8¬<9_&~c8¬47x�<?MI8¬~�F7<e<?8W2?H
P
~p<5MI>BG

2?VIAB8,F7ABA@4pSXG-4DHI8­<?4�MI> Yg8KG?4D\,8­<9_[~�8K>@HIx�4D25\,F7<?>B4DH�>BH!FL~�F7<e<?8W2?HP:v4^H^<�F7>BHI>BHIJLFD~I~IAB>B:WFp<?>B4DH�G­{�¨v� ¡7�
τ2
Yg> G?FD~I~�8;F72�G�>@H!<?MI86��H�F7A�<9_[~c8K4Dx

f(X)
>BH!<?MI8�69V�YIJD8R\,8WH^<

f :τ2 _ τ1, X :τ2 ` f(X) : τ1
}=�

f¬MI8K:R4DH&<?8Ry[<
∆
JD>B�D8;G"<5MI8b<9_[~c8WG�47xz<5MI8­x�2?8W8vhÅ��FD2?> F7Q�A@8;GX47x

P
��f¬M�8�<9_[~�8,G?_[Ge<?8W\ç8RH�G?VI258WGX<?M�F7<

<?MI8�G?4DABVg<?>B4DH�G¬47x�<5MI8�:v4^2?258WG?~c4DH�Yg>BHIJK\]Fp<5:�M�>@HIJ,8;¯^V�Fp<?>B4DH�G�FD2?8�S�8RABAÖh�<9_[~�8;Y4~
(

(Term·Appl_)
< N!8­Yg>@258W:v<?AB_L8Ryg~IA@4^>Ö<-<?MI8­>@Hgx�4^2?\]F7<?>B4DHUJD>B�D8WHT>@HU<5MI8O<9_[~c8b47x�<5MI8�x�VIH�:=<?>B4DH��cGe<5F7<?>@h

:RF7ABAB_�:�MI8W:�w[>BHIJ­<?M�F7<"<?MI8OJ^>@�^8RHTF725JDVI\,8RH&<¬M�FDG�<5MI8O8vyg~c8W:v<?8WYL<9_[~c8
τ1
~

�&i
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Γ1, X :τ,Γ2 `T ok

Γ1, X :τ,Γ2 `T X : τ
(Term·V ar)

Γ1, f :τ,Γ2 `T ok

Γ1, f :τ,Γ2 `T f : τ
(Term·Const)

Γ `T A : τ1 _ τ2
Γ `T B : τ1

Γ `T A B : τ2
(Term·Appl_)

Γ,∆ `T P : τ1 Fv(P ) = Dom(∆)
Γ,∆ `T A : τ2 Γ,∆ `T τ1 _ τ2 : ∗

Γ `T P _∆ A : τ1 _ τ2
(Term·Abs_)

Γ, α:∗ `T A : τ

Γ `T α_∗ A : ∀α.τ
(Term·Abs∀)

Γ `T A : ∀α.τ1 Γ `T τ2 : ∗

Γ `T A τ2 : τ1{τ2/α}
(Term·Appl∀)

Γ `T A : τ
Γ `T B : τ

Γ `T A ;B : τ
(Term·Struct)

Γ,∆ `T P : τ1 Fv(P ) = Dom(∆)
Γ,∆ `T A : τ2 Γ `T B : τ1

Γ `T [P �∆ B]A : τ2
(Term·Match_)

Γ `T τ : ∗ τ 6= ⊥
Γ `T stk : τ

(Term·Stuck)
Γ `T τ2 : ∗ Γ, α:∗ `T A : τ1

Γ `T [α�∗ τ2]A : τ1{τ2/α}
(Term·Match∀)

s£>BJDV�2?8�k�C3f¬M�8�fa_[~�8bZg_[Ge<?8W\�x�4D2
,�.8/91

(
(Term·Abs∀) < f¬MI8O2�Fp<5>@4^H�F7AB8�> GWC α_∗ A ' α_(α:∗) A

�a�-Q�G9<525F^:=<5>@4^HL4^HL<9_[~c8vhÅ�pF725>BFDQIA@8;G¬\]F7wD8;G
<?MI8�~�4^A@_[\,4D25~IMI> :"\,8W:�M�FDHI> Ge\�F��pF7>BABFDQIA@8XF7<r<5MI8-V�G?8R2?hÅA@8W�D8RA�C�H�47<?8X<?M�F7<�FO<52?>B�[>BFDA�~�F7<e<58R25H]>BGaV�G?8WY
>@HT~c4DAB_&\,4^2?~IM�>B:vhÅFDQ�G9<525F^:=<5>@4^H��

(
(Term·Appl∀) < f¬MI8O2�Fp<5>@4^H�F7AB8�>BGWC3F7ABA¡x�258R8O4g:R:RVI2?258RH�:v8WG�4Dx α >@H τ1 FD2?8OG?VIQ�Ge<?>@<?Vg<58WYTS">@<?M τ2 �a�-H&_Sa8WA@A@h|x�4^2?\,8;Y]<9_[~�8

τ2
>BGXG?VI>@<5FDQIA@8^�gS"MI> :�M�\]FDwD8WGa<5MI8�<9_[~I>@H�J­x�V�A@AB_�~c4DAB_[\K4^2?~�MI>B:D�

(
(Term·Struct) < f¬M�>BG�25VIAB8¬Ge<5F7<?8;Gt<?M�F7<rF7ABA[<?MI8"\,8R\­Q�8W25G�4Dx�F�Ge<?25V�:=<5VI258aM�F��^8�<?MI8XG5F7\,8a<9_&~c8D�zf¬MI> G>BG�>B\,~�4^2e<�F7H&<3S"MI8RH,:v4^H�G?>BYg8W2?>BHIJOGe<?25V�:=<5VI2?8;G�FDGzF�:v4^A@AB8W:v<?>B4DHK47x�2?8;GeVIA@<5G�~D>@x¡F-x�V�H�:=<5>@4^H,:WF7HK2?8R<?VI25H

Yg>V��8R258RH&<X258WG?VIA@<5GW�[<?MI8WH�S�8�Sa4^VIA YLF7<¬AB8WF^G9<X8Ryg~�8;:=<¬<?MI8W\�<54]M�F��D8�<?MI8�G5F7\,8�<9_[~�8)~
(

(Term·Match_)(Term·Match∀)
< f¬M�8���2�Ge<�25VIAB8KGe<5F7<?8WG�<5M�Fp<�<?MI8]:R4DH�Ge<?2�F7>BH&<

[P �∆ B]A
J^8v<5G

<?MI8,G?FD\,8�<9_[~�8KFDG
(P _∆ A) B ��f¬MI>BG�> G�G?4DV�H�Y�G?>@H�:R8 (P _∆ A) B →ρ [P �∆ B]A

��f¬M�8
Ge8;:v4DH�Y�25VIAB8�>BH�Ge<5FDH^<5>BF7<?8;G

α
S">Ö<5M

τ2
�

îxÉ�ªIï�� ð�· $f°±$f°�� à�# º ï · » · ©�½��Iªg¦ ð�· ¨ ¸ �t½|í£ú�ý;ët»£ú · ï · í�¨W§�î@üKªg© @+�6ï ( ½�ít§U��½�© · » á
Í�¨��

Γ
4
= ι:∗, f :ι_ ι, a:ι

Æ Ê Å9¨�¿�·P¼¹¼S·|ÀÄ¥¹³q¡Uô�§9¬U¡q¨U®6¨U³9��¢� P£�¨�¬­¨U£�¥¹»8 )¦�¼�¨�Á
∅ `T ⊥ ≡ ∀α.α : ∗ õ6ö�÷�økù�ú�û�økü\úKö�ü�úKö�ý_ù1þ�ÿ!þ�økù�ø�������� �	��

∅ `T α_∗ X _⊥ (X α) : ∀α.(⊥_ α) ��
������ ��ø���ö����"þ�ÿ��"ü����1ø�ú�� þ��eö�ÿ��
∅ `T β _∗ Y _β X : ∀β.(β _ β) ��ø�� ��
Cøkü��! "þ�÷iþ�úKö�ù1ÿ!þ�ÿ��
Γ `T (γ _∗ f(Z) _(Z:γ) Z) ι f(a) : ι ��ø�� ��
Cøkü��! "þ�÷iþ�ù"��ÿ��kù1ÿ!þ��kÿ!þ�øVù�û#�$�%�&� þ�÷'�kÿ!þ!økù

�	( �g�k|�~�����¢v{����������_� {<�Z���r��{��(�����*)Z����¢����@���V|	+¡|�~��+������)Z� á |_�({¡|�~����,)�����¢��e�@���g|_���_� |��Ç���Z�k�({Z�

�^�
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f¬MI8�<9_[~�8"G?_gG9<58R\ 8WH�GeV�2?8;G�<5M�Fp<3FD2?J^VI\,8RH&<5Gt47x�FXx�V�H�:=<5>@4^HKM�F��D8a<?MI8"G5F7\,8r<9_[~c8WGzF^G�<5MI8X:v4^2?258WG?~c4DH�Yg>BHIJ
x�4D25\]F7A�~�FD25FD\K8R<?8W25GW�£f¬MI8�25VIA@8

(Term·Appl) 4DH�A@_]:�MI8;:�w[Gr<?M�Fp<¬<?MI8�~�F7<e<?8W2?HL8vyg~c8W:=<58WYLQ[_,Fbx�VIH�:v<?>B4DHF7H�YU<?M�8,FD2?J^VI\,8RH&<K{|:v4^H�Ge> Yg8W2?8;Y0FDG�F�Ge>BHIJDAB8­<?8R25\�}XM�F��D8­<?MI8,G?FD\,8b<9_[~c8D�bf¬MI8,G?M�F7~c8­4Dxa~�F7<e<58R25H0> G
8WG5G?8RH&<?> F7A�<54]JDV�FD25FDH^<58R8�<?MI8�G?4DV�H�YgHI8;G?G¬4Dx�<?M�8�<9_&~c8�G?_[Ge<?8W\TC�<?MI8O\,4D258�8vyg~I258WG5Ge>B�D8�<?M�8O~�Fp<?<?8R25H�GXFD2?8^�
<?M�8O\K4^2?8�HI4^Hgh�Ge8WH�Ge8�:RFDH�x�4DABA@4pSO�
b · ï¾ªI©;ÿ $f°±$f°�� à�#4� º�º � · © î@ü]ì ¶ ¼ �+$6ï[á Ã ¿6À�¨K P¼¹¼�·PÀ�»P P£�¥� )¦�¼�¨�¢I P¢6��Åu¨6Åu¨¶ )¬�¢�½P®G¦�·|¼ ·{¿I �µ9 P�¤�3¨U£�³
ö{º¶ P¼¹¼S¨¶¬ â  )º��¤¥¹»8¨�»8 |£�¥� ­¦U¼S¨�¢ � ÷8ÂQ�¹Å9¨�³òÀ�¨ º¶ P³òÀÄ£�¥¹�©¨���Åu¨6¿�·P¼¹¼�·PÀÄ¥¹³q¡ º¶·P§7³2�3¨U£�¨�´q |®!µ?¼S¨0Æ Ã ³ò��Åu¨ º¶·P³2�3¨�´)�
Γ
4
=X :τ1 _ τ2, Y :τ1, f :τ3 _ τ2, a:τ3

Â#�¹Å9¨lµ9 P�¤�3¨U£�³

Γ `T X : τ1 _ τ2 Γ `T Y : τ1

Γ `T X(Y ) : τ2
 |³+¬"�¹Å9¨
�©¨�£�®

Γ `T f : τ3 _ τ2 Γ `T a : τ3

Γ `T f(a) : τ2

Åu |»8¨� 
º¶·P®�®6·|³"�¤½�µu¨�Â'¦U§7�f�¹Å9¨l¢U·P¼V§7��¥�·|³I·{¿l��Åu¨!®6 |�3º¶Å�¥¹³�¡lµ?£�·­¦U¼S¨U®
X(Y )≺≺f(a)

¥¹³u¢��© P³2��¥� |�3¨�¢
X
 |³+¬

Y
ÀÄ¥¹��Å �3¨U£�®�¢�³?·P�#Åu |»�¥¹³�¡Z��Åu¨6¨�´�µu¨¶ºU�3¨¶¬G�¤½�µ9¨Zö3¥�Æ¹¨0ÆE¢�§9¦ZôU¨�ºU��£�¨¶¬P§9ºU��¥�·|³�¥±¢
¼S·P¢��V÷�O�¥ ¿

Γ
4
= f :τ3 _ τ2, a:τ3 P³?¬

∆
4
=X :τ1 _ τ2, Y :τ1

Â#�¹Å9¨�³
Γ `T (X(Y ) _∆ Y )f(a) : τ1

¦�§7�
Γ `T a : τ3

Æ
�XABAz<5MI8,\K8R<5FD~I2?4^~�8W2e<5>@8;G�~I2?8;Ge8WH&<?8WY0Q�8WA@4pS x�4D2",�.0/21�FD2?8,FDY�F7~g<58WY0x�2?4^\ <?MI8]:vA FDG5G?>B:WF7A�~I254D~c8R2?<?>B8WG�47x
<?M�8���>@2�F72�Y4� G"��F7\­QcY�Fph�:RF7A :vV�A@V�GW�
¼ · ï¾ïéª $f°±$f°�� à�#�ë£¦�§R¨;½�¨Wë£¨W½ º íó¼ · ïéï¾ª á
	 Æ Ã ¿ Γ,∆ `T P : τ

 P³?¬
Γ `T B : τ

 P³?¬
Dom(∆) = Fv(P )

Â� |£�¨Z¢�§9º�Å��¹Å9 P�
P ≺≺stkB

Åu P¢I 
¢�·|¼¾§7�¤¥�·P³

θ
Âf��Åu¨U³l¿�·|£l |¼¹¼

X ∈ Fv(P )
Âf�¹Å9¨�£�¨�¨�´)¥±¢���¢

σ
¢�§9º¶Å
��Åu |�

Γ,∆ `T X : σ
 P³?¬

Γ `T Xθ : σ
Æ


 Æ Ã ¿ Γ,∆ `T A : τ
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Æ
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∆
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= f(X) _∆ X f(X)

Æ Ê Åu¨U£�¨�¿�·|£�¨�Â
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ig� mI� i[C

(catalogue{{ cd{title[TITLE] artist[ARTIST ] year[ Ó �Wo7¢^¢ Ó ] }, SubCat}}
_
result [ name[TITLE ] author [ARTIST ] ])
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title : string _ tl
artist : string _ art
year : int_ yr
cd : tl_ art_ yr _ entry

{{ }} : entry _ entry _ entry
catalogue : entry _ ctl

name : string _ nm
author : string _ aut
result : nm_ aut_ res
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U.V.f ∈ Term
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FDG5G?>@J^HI\,8RH&<XGe_gGe<?8R\T�
÷ ·)¯ ít½�¨W½ º í $D°S:�°��bÊ Åu¨���£� 8¢�¥¹³�¡ 
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L stk M 4
= stk

L f M 4
= f

LX M 4
= X

LA B M 4
= LA M LB M

LA ;B M 4
= LA M ; LB M

LA τ M 4
= LA M

Lα_∗ A M 4
= LA M

L [α�∗ τ ]B M 4
= LB M

LP _∆ A M 4
= P _ LA M P 6≡ α

L [P �∆ A]B M 4
= [P � LA M]LB M P 6≡ α
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α _∗ A
}­F7H�Y¾<9_[~�8TF7~I~�A@> :RF7<?>B4DH){

A τ
}­F7258�HI4!A@4^HIJD8W2
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Γ `U ok ñVò�ó Γ `U τ : ∗ ñkò�ó Γ `U P : τ ñkò�ó Γ `U U : τ

�^m



ò ·&ð|ð¹( � º ©pï · »èì º í�¨ · É¡¨W§

∅ `U ok
(Ctx·Empty)

Γ `U ok α 6∈ Dom(Γ)

Γ, α:∗ `U ok
(Ctx·V ar∀)

Γ `U ok ι 6∈ Dom(Γ)

Γ, ι:∗ `U ok
(Ctx·Const)

Γ `U ok Γ `U τ : ∗ X 6∈ Dom(Γ)

Γ, X :τ `U ok
(Ctx·V ar)

ò ·&ð|ð¹( ÿ�½�ít» · »n� ¸ � · §
Γ1, ι:∗,Γ2 `U ok

Γ1, ι:∗,Γ2 `U ι : ∗
(Type·Const)

Γ1, α:∗,Γ2 `U ok

Γ1, α:∗,Γ2 `U α : ∗
(Type·V ar)

Γ, α:∗ `U τ : ∗

Γ `U ∀α.τ : ∗
(Type·Poly)

Γ `U τ1 : ∗ Γ `U τ2 : ∗
Γ `U τ1 _ τ2 : ∗

(Type·Arrow)
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(Term·Abs_)
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(Term·Appl∀) < f¬MI> G¬2?V�A@8O> G¬HI47<-G?_[H&<5Fpy�YI>@258W:v<?8WYf~g<?MI8�<9_[~c8 τ2 > G¬JDVI8;G?G?8WY¡�

(
(Term·Match_)

< f¬MI8�:v4DH&<58vy[<
∆
>BG�QIV�>@A@<"x�2?4^\�<?MI8�x�258R8Rh��pF725> F7QIAB8WGa47x
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Dom(∆) = Fv(P )
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Ã ¿ Γ `U U : τ

 |³+¬
Dom(θ) ⊆ TypeV

 |³+¬
CoDom(θ) ⊆ Dom(Γ)

��Åu¨U³
Γθ `U U : τθ

Æ
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Ã ¿ Γ `U U : τ

 |³+¬
U 7→stk

ρσδ V
Â#��Åu¨U³

Γ `U V : τ
Æ
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Γ `U U : τ

Æ
2
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ò ·&ð|ð¹( � º ©pï · »u� · ©�ïé§­ªIít» % ªI¨R¨ · ©pít§
Γ `U τ : ∗ τ 6= ⊥

Γ `U stk : τ
(Term·Stuck)

Γ1, X :τ,Γ2 `U ok

Γ1, X :τ,Γ2 `U X : τ
(Term·V ar)

Γ1, f :τ,Γ2 `U ok

Γ1, f :τ,Γ2 `U f : τ
(Term·Const)

Γ `U U : τ1 _ τ2
Γ `U V : τ1

Γ `U U V : τ2
(Term·Appl_)

Γ,∆ `U P : τ1 Dom(∆) = Fv(P )
Γ,∆ `U U : τ2 Γ,∆ `U τ1 _ τ2 : ∗

Γ `U P _ U : τ1 _ τ2
(Term·Abs_)

Γ, α:∗ `U U : τ

Γ `U U : ∀α.τ
(Term·Abs∀)

Γ `U U : ∀α.τ1 Γ `U τ2 : ∗

Γ `U U : τ1{τ2/α}
(Term·App∀)

Γ `U U : τ
Γ `U V : τ

Γ `U U ;V : τ
(Term·Struct)

Γ,∆ `U P : τ1 Dom(∆) = Fv(P )
Γ,∆ `U U : τ2 Γ `U V : τ1

Γ `U [P � V ]U : τ2
(Term·Match_)
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τ
¢�§9º¶Å=��Åu |�

Γ `U U : τI
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�XJ&F7>BHU>@HT<5MI> G-G?_[Ge<?8W\ S�8b:WF7HUFDG5Ge>BJDHUF]~c4DAB_[\,4D25~IMI> :�<9_&~c8 ∀α.(α _ α _ α)

<?4�:R4DH�Ge<?25V�:=<54D2�G"GeV�:�M
FDG {{ }} QIVg<XS�8OYg4]HI47<"HI8W8WYL<?4]Ge<5F7<?8OS"MI> :�M�<9_[~c8OS">@ABA�>BH�Ge<5F7H&<5>BF7<?8 α �3f¬M�8�¯^V�8R25_

(catalogue{{ cd{title[TITLE ] artist [ARTIST ] year [ Ó �;oD¢^¢ Ó ] }, SubCat}}
_
result [ name[TITLE ] author [ARTIST ] ]) DB

:RFDHU<?M�8RH0Qc8,FDG5Ge>BJDHI8;Y�<?MI8­<9_[~�8
ctl _ res

S">@<?M�4DVg<�M�F��[>@HIJ�<?4�F7HIHI4D<5F7<?8b>@<W�Of¬MI8­>@H�G9<�F7H&<?> Fp<5>@4^H
47x£<?MI8�<9_[~c8��pFD2?> F7QIAB8

α
<54
entry

> Ga>BHgx�8W2?258WY¡�gQ�Vg<¬<?MI8O:v4^H�Ge<?25V�:=<54D2 {{ }} 2?8W\]F7>BH�G3x�V�A@AB_�~c4DAB_&\,4^2?~IM�>B:x�4D2¬x�V�2e<5MI8R2XV�Ge8�>BHTFDHI47<5MI8R2X¯&VI8W2?_^�
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colour : string _ clr
coloured m object : ∀α.(α _ clr _ clrd(α))

[ ] : ∀α.(α _ α_ α)
coloured m catalogue : clrd(α) _ clrd m ctl(α)

f¬MI8WHLx�4^2">@H�G9<�F7H�:R8D�g>@x
cat : animal

FDH�Y
mouse : animal

�&<?MI8�YIF7<5FDQ�FDG?8

coloured m catalogue[ coloured m object[cat, colour[“black′′]],
coloured m object[mouse, colour[“white′′]]]

> GX:v4^2?258W:v<¬FDH�Y�M�FDG�<9_[~�8
clrd m ctl(animal) �sI4^2X¯&VI8R25_[>@HIJ��[Sa8OS">BA@A¡V�Ge8�<5MI8�:v4^H�G9<52?V�:=<?4^25G

{{ }} : ∀α.(α _ α_ α)
result : ∀α.(α _ res(α))

f¬MI8�x�4^A@AB4pS">@H�JK¯&VI8W2?_�G?8RAB8W:v<5G¬8W�D8R25_]QIA FD:�w�4^Qg698W:v<WC

coloured m catalogue{{coloured m object[OBJ, colour[“black′′]], SubCat}}
_
result[OBJ ]
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A
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	 Æ Ê ½�µ9¨ ` ¨¶º�·|³u¢��¤£�§9º��¤¥�·P³?Á!¥±¢=��Åu¨U£�¨� Z��½�µ9¨

τ
¢¶§9º¶ÅQ��Åu |� ∅ `T A : τ

I

 Æ Ê ½�µ9¨ â Å9¨�º(�|¥¹³q¡qÁE¿�·P£� �¡|¥¹»P¨�³

τ
Â�¥±¢=¥¹� �¤£�§9¨=��Åu |� ∅ `T A : τ

I
-/M�./.%0/1
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τ
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false
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Γ `T A : τ
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Type2(A; Γ)
4
= match A with

α ⇒ ∗
if α:∗ ∈ Γ

X/f ⇒ τ

if X/f :τ ∈ Γ

A1 ;A2 ⇒ Type2(A1; Γ)

if Type2(A1; Γ) = Type2(A2; Γ)

P _∆ A1 ⇒ Type2(P ; Γ,∆) _ Type2(A1; Γ,∆)

if Type2(P ; Γ,∆) 6= false 6= Type2(A1; Γ,∆)

and P 6≡ α
[P �∆ A1]A2 ⇒ Type2(A2; Γ,∆)

if Type2(P ; Γ,∆) = Type2(A1; Γ,∆) 6= false

and P 6≡ α
A1 A2 ⇒ τ2

if Type2(A1; Γ) = τ1 _ τ2 and Type2(A2; Γ) = τ1

α_∗ A1 ⇒ ∀α.Type2(A1; Γ, α:∗)
if Type2(A1; Γ, α:∗) 6= false

[α�∗ τ ]A1 ⇒ Type2(A1; Γ, α:∗){τ/α}
A1 τ ⇒ τ1{τ/α}

if Type2(A1; Γ) = ∀α.τ1
m ⇒ false

st>@J^VI2?8O¢�C�f¬M�8��XABJD4D25>@<?MI\
Type2

Typecheck2(A; Γ; τ)
4
= if Type2(A; Γ) = τ then true else false

st>BJDVI258OoICzf¬MI8��-A@J^4D25>Ö<5MI\
Typecheck2
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α
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{|Yg8RH�47<?8;Y
Q[_ ≤ }�FDG�x�4^A@AB4pSXGWC

τ1 ≤ τ2
>V�
τ2
4
= ∀α.τ3

FDH�Y
τ1
4
= τ3{τ/α}

x�4^2XGeV�>Ö<�F7QIAB8
τ .
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FK:v4DH�G9<�F7H&<�:WF7H�M�F��D8�F�<9_[~�8
f : ∀α.(α → ι)

S"M�8R258X<?M�8�~�FD25FD\,8v<?8W2
α
Yg4[8;GaH�47<"F7~I~c8WFD2a8Ry[~�A@> :v>@<?AB_]>@H

<?M�8O2?>BJDM&<?\,4&G9<¬<9_[~�8
ι
�3f¬MI8WHTS"MI8RHL<9_[~I>@H�J

[f(X)� f(Y _ Y )](X1)

<?M�8�~�F7<e<?8W2?H
f(X)

JD8R<5G�<9_&~c8
ι
��S"MI8R258]<5MI8�<9_[~c8�47x

Y _ Y
>BG�x�4D25JD4D<e<?8WH��Uf¬MI8RH >@<­> G�>B\,~�4&G?G?>BQIA@8
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X
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∀β(int→ β)
��G?4K<?MI8�<9_[~c8�:v4D\,~IVI<?8WY�x�4D2¬<5MI8O8vyg~I258WG5G?>@4^HLF7Qc4p�D8O:WF7H�Q�8�FDH&_&<5MI>@H�J��
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<?M�Fp<�<?MI8�~�Fp<?<?8W2?H�:R4DVIA Y]Qc8�258R~�ABF^:v8WY,Q[_]F��pFD2?> F7QIAB8

Z
F7H�Y,<?MI8�\]Fp<�:�MI>@H�JbF7J&F7>BH�G9<

f(X)
:WF7H]<5MI8RHLQ�8

F725QI>@<?2�F725>@AB_,HI8WGe<?8;Y�>BH�<5MI8�Q�4gYg_�47x�<5MI8OYg8RA F�_D8;Y�\]Fp<�:�MI>@H�JK:R4DH�Ge<?2�F7>BH&<W��f¬M&V�GR�[S�8�HI8W8WY�<?4K8RHI25> :�M�<?M�8
25>@J^M^<5\,4^Ge<-<?8W2?\ 4Dxz<?MI8­<9_[~�8K47x

f
S">@<?MPF7ABA�<5MI8b<9_[~c8­�pFD2?> F7QIAB8WG�F7~I~c8WFD2?>BHIJ�>BHU<5MI8­S"M�4DAB8�<9_[~�8^�Of¬MI8

258WG?VIAÖ<5>@H�J�<9_&~c8XG?_[Ge<?8W\ > G3J^>@�^8RHK>@H]st>@J^VI258WG"�;j�FDH�Y��D�7�zf¬MI8"4^HIAB_b25VIA@8;Gt<?M�F7<rHI8W8WYIG�<54OQ�8�:v4D\,\,8RH&<58WY
F7258DC

• sI4D25\]Fp<5>@4^HL4DxzF^Yg\,>BG5G?>@QIAB8�<9_[~�8�G5:�MI8W\K8;G¬x�4DABAB4pS G?4D\,8�Ge<?25>B:v<X2?VIAB8WGWC38W�D8R25_�Qc4DVIH�YT��FD2?> F7Q�A@8�M�F^G<?4�F7~�~�8;F72z>BH,<?MI8"25>@J^M&<?\,4^Ge<z<9_[~�8^�DMI8WH�:v8¬<5MI8-:v4^H&<?8vy[<3> G3Yg>B�[>BYg8;YK>@H,<9S�4�~�F72?<5Gz>BH,4D2�Yg8R2�<54OwD8W8R~
<?2�FD:�w]47xt<?M�8WG?8�Qc4DV�H�Y���FD2?> F7Q�A@8;GU~

• (Type·Poly)
C3FDA@A�<9_[~c8�G?:�M�8R\,8OF7258�QIV�>@A@<�Fp<"4^H�:v8)~

• (Term·V ar) �IF7H�Y (Term·Const) C�<5MI8�<9_&~c8-4Dx£F��pFD2?> F7QIAB8��7:v4^H�G9<�F7H&<3> GaF�<9_&~c8�>@H�Ge<5FDH�:v8�47x�>@<5G<9_&~c8vh�G5:�MI8R\,8­~

• (Term·Abst_)
C�<?MI8O:R4DH&<?8Ry&<

∆
M�FDG�<?4,Qc8�>@Hgx�8W2?258WY��gQIVg<X>@<":WF7HTFDG5Ge>BJDHL4DHIAB_,<9_[~�8;GO{�HI4D<"<9_[~�8Rh

G?:�MI8W\,8WG�}�<54P<?MI8U�pF725> F7QIAB8WG,4Dx
P
�%dÅ<�:v4^2?258WG?~c4DH�YIG­<54!<5MI8UQc8RM�F��[>B4D2,47x�<?MI8T<9_[~I>BHIJ�25VIA@8�x�4^2

x�VIH�:=<5>@4^H�F7A£F7Q�Ge<?2�FD:v<?>B4DH
fun x→ a

>BHU¤��3�

• (Term·Match)
C�<?MI> Gz25VIA@8�~c8R2?x�4D25\,G�F�258WGe<?25>B:v<?8WY�x�4D25\ 47xc~�4^A@_[\,4D25~IMI> :r<9_&~c8¬>@HIx�8R258RH�:R8D���XJ^FD>@H

<?MI8¬:v4^H^<58vy[<
∆
V�Ge8;Y�<?4�<9_[~�8

P
FDG5Ge>BJDH�G�4DH�A@_�<9_[~�8;G£<?4X<5MI8ax�2?8W8r�pF725>BFDQIAB8WG£47x

P
�pQIVg<�S"MI8WH�<9_[~I>BHIJ

U
<?MI8K:v4D25258WG?~�4^H�Yg>BHIJK<9_&~c8vh�G5:�MI8R\,8WG-:RF7HUQc8bV�Ge8;Y¡�¬dÅ<�> G-F7HU8WHIM�FDH�:v8;YT�D8R2�G?>@4^H�4Dx�<?MI8K¤��

letx�8WFp<5VI25>@HIJ,\]Fp<�:�MI>BHIJ��
st>@J^VI258]�;iKGeM�4pSXGXF]Ge>B\,~IAB8�<9_&~c8bYg8W2?>B�pFp<5>@4^H�>BH�57,D.8/91

�
x�4^2"<?MI8b~I2?4^QIAB8R\]Fp<5>B:�<58R25\ G?MI4pS"HUFp<"<?M�8

Qc8RJD>BHIHI>BHIJ�47x3<5MI> G�G?VIQ�G?VIQ�G?8W:v<?>B4DH���NP8KG?8R8­<?M�Fp<�<?MI8K~�Fp<?<?8W2?H
f(X)

> G�FDG5Ge>BJDH�8WYUF�<9_&~c8
ι1(β _ β)

�
8RH�GeVI25>BHIJ�<5M�Fp<

X
M�F^GX<9_[~c8

β _ β
��f¬MI8RH!JD8RH�8R2�F7AB>SR;Fp<?>B4DHUJ^>@�^8WG�>Ö<�<9_[~�8 ∀β.(β _ β)

S"MI8RH0<9_&~�>@HIJ
<?M�8OQ�4gYg_^�IS"MI> :�M�8WH�G?VI2?8;Ga<?M�F7<-F7H[_]<9_[~�8O4Dx

x
> GXF7H�>BH�G9<�F7H�:R8�47x

β _ β
�

f¬MI8XH�8vy[<aG?VIQ�G?VIQ�G?8W:=<5>@4^H,~I2?8;Ge8WH&<5G3FDH�F7ABJD4D25>@<?MI\ {�:RFDA@AB8WY
W
�}t<?M�F7<rJD>B�D8;G3F�G?4DABVg<?>B4DHK<54O<?MI8�F7Qc4p�D8

~I254DQIAB8R\T�

$D°±*f°�$ �bû · ¥ ð ú º ©p½�¨Wûtï
W
�

NP8�:RV�Ge<?4D\,>�RR8�<?M�8�FDA@J^4D25>Ö<5MI\
W
4Dx£��FD\]FDGehÅ¤U>BABHI8R2�M ��¤�¢&i0Or{�G?8R8OFDABG?4�<5MI8SÉÇ»�Ï/º&HI47<58WG�47x�s��g1t4D<e<5>@8W2

M 1t4D<nO�}=�"NP8�~I258WG?8RH&<-F7H�FDA@J^4D25>Ö<5MI\
W
� <5M�Fp<-<5F7w^8WGXF^G">BHI~IVg<�FK5�,�.8/91

�
h�<?8R25\

U
��F7HU8WH[�&>B254DHI\,8RH&<

Γ
�

F7H�YUF�Ge8R<�4Dxfª9x�258WG?M�«�<9_[~c8b�pF725> F7QIAB8WG Var
��F7H�Y {e�;}-:�MI8W:�wgG">@x3>Ö<�:RF7HUQc8bS�8RABA@h|<9_[~c8WY¡�cF7H�Y {�iD}">BHgx�8W25G�F

µ+£�¥¹³?º�¥ µ9 P¼'�¤½�µ+¥¹³q¡
τ
x�4D2

U
>@H

Γ
��GeV�:�ML<?M�Fp<WC

�^�"f¬MI8¬69V�YgJ^8R\,8RH&<
Γ `U U : τ

> G"Yg8W2?>B�pF7QIAB8

k��



¥�¦t§W¨R©pªI«D¨�# ¸ í�¨;ª7É

τ ::= α | ια | τ _ τ
1t4^A@_Lfr_[~c8WG

σ ::= ∀α.τ 1t4^A@_Lfr_[~c8bZg:�MI8R\,8;G
U.V ::=

�-G�x�4D2�57,�.0/21 1t4^A@_Lf�8W2?\]G
ò ·&ð|ð¹( � º ©pï · »èì º í�¨ · É¡¨W§

∅ `U ok
(Ctx·Empty)

Γ `U ok Γ `U σ : ∗ X 6∈ Dom(Γ)

Γ, X :σ `U ok
(Ctx·V ar)

ò ·&ð|ð¹( ÿ�½�ít» · »n� ¸ � · #�«�û · ï · §
Γ, α:∗ `U ok

Γ `U ια : ∗
(TypeScheme·Const)

Γ, α:∗ `U ok

Γ `U α : ∗
(TypeScheme·V ar)

α ∈ Lab(σ) Γ, α:∗ `U σ : ∗

Γ `U ∀α.σ : ∗
(TypeScheme∀)

Γ `U τ1 : ∗ Γ `U τ2 : ∗

Γ `U τ1 _ τ2 : ∗
(TypeScheme_)

Lab(ια) = α Lab(τ1 _ τ2) = Lab(τ2)

Lab(α) = {α} Lab(∀α.σ) = Lab(σ) \ α
st>BJDVI258,�WjICzfa_[~�8;G¬47x�5�,�.8/91

�

iI�¬dÅx
Γ `U U : τ ′

�g<5MI8RH�<?M�8R258�8Ryg>BGe<5G"F]G?VIQ�Ge<?>@<?Vg<5>@4^H
θ
��G?V�:�M�<5M�Fp<

Γθ `U U : τθ
�

÷ ·)¯ ít½�¨W½ º í $D°±*f°�� à���û · ¥ ð ú º ©p½�¨;û£ï
W
�á

Ê Åu¨" |¼ ¡q·P£�¥¹��Å�®
W
� ¥±¢x¡|¥¹»P¨U³�¥¹³ 
 ¥V¡­§7£�¨ 	"� Æ Ã �l§�¢�¨�¢
��Åu¨GºU¼S 8¢¶¢�¥�º¶ P¼# P¼ ¡q·P£�¥¹��Å�® mgu

Âl��Åu P�l¥±¢���Åu¨�§7³2¥ ¸+d
º¶ P�¤¥�·P³� P¼ ¡q·P£�¥¹��Å�® ¦¶¨U��À�¨¶¨U³�¸#£¶¢���dn·P£�¬)¨�£��©¨�£�®�¢�·{¿L4 ` ·)¦�s' 9 ö�Å9¨�³?º¶¨�·|®�¥¹�¤�3¨¶¬�÷|Æ
÷ ·)¯ ít½�¨W½ º í $D°±*f°±� à � ít» · � · ít» · ít« · á 	 Æ ² ¢�§9¦�¢¶�¤¥¹�¤§7��¥�·|³

θ
¥±¢�¥¹³?¬­¨©µu¨U³+¬)¨�³2�D¿¶£�·|®- I¢U¨���·n¿��¤½�µ9¨gd

»8 |£�¥� ­¦U¼S¨�¢ Var
Â#ÀÄ£�¥¹�¤�©¨�³

θ 6^Var
Â ¥ ¿

Dom(θ) ∩ Var = ∅  |³+¬ CoDom(σ) ∩ Var = ∅ Æ

 Æ Ê À�·"¢�§9¦�¢��¤¥¹��§7�¤¥�·P³9¢

θ1
 P³?¬

θ2
Â� P£�¨�¨(>�§9 |¼ ¢�·P§7��·{¿ Var

Â�ÀÄ£�¥¹���©¨U³
θ1
Var
= 6^ θ2

Â�¥ ¿
αθ1 = αθ2

Â+¿�·P£
 P¼¹¼

α 6∈ Var
Æ

��û ·[º © · ï $D°±*f°±� à�# º ëtít»£í · §W§ º �
W
�á

Ã ¿ W
�
(Γ;U ;Var) = (τ ; θ;Var ′)

Â#��Åu¨U³
Γθ `U U : τ

Æ
-/M�./.%0/1§�!½�¥¹³+¬|§9º��¤¥�·P³è·|³ ��Åu¨G¢¶�¤£�§9ºU��§7£�¨G·n¿

U
Æ �6¨G�¤£�¨¶ P�x�¹Å9¨Zº¶ 8¢U¨�¢"·n¿6»8 |£�¥� ­¦U¼S¨�¢�Â
 ­¦�¢���£� ­ºU��¥�·|³uÂ� ¶µ}d

µ+¼V¥�º� |��¥�·|³  |³+¬Q®G P�©º¶Å�¥¹³q¡�º¶·P³u¢��¤£� P¥¹³2��¢(Oxº¶·P³9¢��3 |³9��¢6 P£�¨G�¤£�¨¶ P�©¨�¬I¢�¥¹®�¥¹¼S P£�¼V½��3·�»8 |£�¥� ­¦U¼S¨�¢Z |³+¬K¢��¤£�§9º��¤§7£�¨�¢
¢�¥¹®�¥¹¼� P£�¼¾½I�3·I �µ­µ?¼¾¥�º¶ P�¤¥�·P³?Æ

• ¥ ¿ U = X
�¹Å9¨�³

τ = Inst(Γ(X);Var)
 |³+¬

θ = θ
ID

Æ Ê Åu¨ ¿¶§7³+ºU��¥�·|³
Inst

¨U³u¢�§7£�¨�¢���Åu |�
τ ≤ Γ(X)¢�·

Γ `U X : τ
Æ

k[i



ò ·&ð|ð¹( � º ©pï · »u� · ©�ïé§­ªIít» % ªI¨R¨ · ©pít§

Γ `U τ : ∗
Γ1, X :σ,Γ2 `U ok σ ≤ τ

Γ1, X :σ,Γ2 `U X : τ
(Term·V ar)

Γ `U V : τ1
Γ,∆ `U P : τ1 Bv(CoDom(∆)) = ∅
Γ,Gen(∆; Γ) `U U : τ2 Dom(∆) = Fv(P )

Γ `U [P � V ].U : τ2
(Term·Match)

Γ `U τ : ∗
Γ1, f :σ,Γ2 `U ok σ ≤ τ

Γ1, f :σ,Γ2 `U f : τ
(Term·Const)

Γ,∆ `U P : τ1 Bv(CoDom(∆)) = ∅
Γ,∆ `U U : τ2 Dom(∆) = Fv(P )

Γ `U P _ U : τ1 _ τ2
(Term·Abst_)

EX8R\,4p�D8
(Term·Abst∀) F7H�Y (Term·Appl∀)

Gen(τ ; Γ)
4
= ∀α.τ S"MI8W2?8

α = Fv(τ) \ Fv(Γ)F7H�Y
Gen

>BG"~c4D>BH&<9S">BG?8�8vy[<?8WH�Yg8;Y�<54�:v4DH&<58vy[<5GW�
s£>BJDV�2?8,�D�^Czf�8W2?\]G¬47x�57,�.0/21

�

(∗)

β ≤ β
Γ, Y :β `U Y : β

Γ `U Y _ Y : β _ β

Γ `U f(Y _ Y ) : ι1(β _ β)

(∗)
β _ β ≤ β _ β

Γ, X : β _ β `U X : β _ β

Γ, X : β _ β `U f(X) : ι1(β _ β)

ι_ ι ≤ ∀β.(β _ β)

Γ,∆ `U X : ι_ ι

ι ≤ ι
Γ,∆ `U 1 : ι

Γ,∆ `U X 1 : ι

Γ `U [ f(X)� f(Y _ Y )] (X 1) : ι

S"MI8W2?8
Γ
4
= 1:ι, f :∀α.(α _ ι1(α))

��FDH�Y
∆
4
=X :∀β.(β _ β)

�

F7H�Y
(∗) >BG

(β _ β) _ ι1(β _ β) ≤ ∀α.(α _ ι1(α))

Γ `U f : (β _ β) _ ι1(β _ β)

s£>BJDV�2?8,�;iICz� Z[>@\,~IAB8�fa_&~c8O�-8W2?>B�pFp<5>@4^HL>BHd5�,�.8/91
�
�
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W
�
(Γ;U ;Var) = (τ ; θ;Var ′)

W
�
(Γ;U ;Var)

4
= match U with

f ⇒ if f ∈ Dom(Γ) then

take (τ ;Var ′) = Inst(Γ(f);Var) and θ = θ
ID

X ⇒ if X ∈ Dom(Γ) then

take (τ ;Var ′) = Inst(Γ(X);Var) and θ = θ
ID

U1 ;U2 ⇒ let (τ1; θ1;Var1) = W
�
(Γ;U1;Var) in

let (τ2; θ2;Var2) = W
�
(Γθ1;U2;Var 1) in

let φ = mgu(τ1θ2 = τ2) in

take τ = τ2φ and θ = φ ◦ θ2 ◦ θ1 and Var ′ = Var2

P _ U1 ⇒ let X = Fv(P ) and αX ∈ Var1 in

let (τ1; θ1;Var1) = W
�
(Γ, X :αX ;P ;Var \ {αX}) in

let (τ2; θ2;Var2) = W
�
(Γθ1, X :αXθ1;U1;Var1) in

take τ = τ1θ2 _ τ2 and θ = θ2 ◦ θ1 and Var ′ = Var2

U1 U2 ⇒ let (τ1; θ1;Var1) = W
�
(Γ;U1;Var) in

let (τ2; θ2;Var2) = W
�
(Γθ1;U2;Var 1) in

let α ∈ Var2 in

let φ = mgu(τ1θ2 = τ2 _ α) in

take τ = αφ and θ = φ ◦ θ2 ◦ θ1 and Var ′ = Var2 \ {α}

[P � U2].U1 ⇒ let (τ1; θ1;Var1) = W
�
(Γ;U2;Var) in

let X = Fv(P ) and αX ∈ Var1 in

let (τ2; θ2;Var2) = W
�
(Γθ1, X :αX ;P ;Var1 \ {αX}) in

let φ = mgu(τ1θ2 = τ2) in

let (τ3; θ3;Var3) = W
�
(Γθ1θ2φ,X :Gen(αXθ2φ; Γθ1θ2φ);U1;Var2) in

take τ = τ3 and θ = θ3 ◦ φ ◦ θ2 ◦ θ1 and Var ′ = Var3

m ⇒ false

Inst(∀α.τ ;Var )
4
= (τ{β/α};Var \ {β}) S"MI8W2?8

β
F7258OYg> G9<5>@H�:v<"x�2?8;GeM��pF725>BFDQIAB8WG�<5FDwD8WHL>BH Var

st>BJDVI258,�W�ICzf¬MI8O�-A@J^4D25>Ö<5MI\
W
��

k^k



• ¥ ¿ U = P _ U1
�¹Å9¨�³

τ = τ1θ2 _ τ2
 P³+¬

θ = θ2 ◦ θ1
À�Åu¨U£�¨

τ1, θ1, τ2
 P³+¬

θ2
 |£�¨
·­¦U�© P¥¹³+¨¶¬"¦U½

£�¨¶º�§7£¶¢�¥¹»P¨�º¶ P¼¹¼¾¢��©·
W
� ¿�·P£
��Åu¨
¢�§9¦��©¨�£�®�¢

P
 |³+¬

U1
Æ

ÍD¨U��§�¢��© k�)¨
∆ = X : αX

Æ ��½è¥¹³+¬P§9ºU�¤¥�·P³�Å�½�µ9·P��Åu¨�¢¶¥±¢dÀ�¨�Åu P»P¨
Γθ1,∆θ1 `U P : τ1

 P³?¬
Γθ,∆θ `U U1 : τ2

Æ��!½"��½�µ9¨�»8 |£�¥� ­¦U¼S¨�¢�¢�§9¦�¢��¤¥¹��§7�¤¥�·P³èö3¼S¨�®�®G  � Æ � Æ 	 ÷8Â�À�¨6 P¼ ¢U·GÅu |»8¨
Γθ,∆θ `U

P : τ1θ2
Æ Ê Å�§�¢=À�¨�º� |³ ¥¹³?¬­¨¶¨¶¬I¬)¨�£�¥¹»P¨

Γθ `U P _ U1 : τ1θ2 _ τ2
Æ

• ¥ ¿ U = U1 U2
��Åu¨U³

τ = αφ
 |³+¬

θ = φ ◦ θ2 ◦ θ1
À�Åu¨U£�¨

τ1θ2φ = τ2φ_ αφ
 |³+¬

τ1, θ1, τ2
 P³?¬

θ2
 P£�¨�·­¦U�© P¥¹³+¨¶¬K¦�½G£�¨�ºU§7£¶¢�¥¹»8¨�º¶ P¼¹¼ ¢=�©·

W
� ·|³ ��Åu¨
¢�§9¦��©¨�£�®�¢

U1
 |³+¬

U2
Æ

��½I¥¹³+¬P§9ºU�¤¥�·P³ Å�½�µ9·P��Åu¨�¢�¥±¢�À�¨
Åu |»8¨
Γθ1 `U U1 : τ1

 P³?¬
Γθ1θ2 `U U2 : τ2

ÆC�!½Z�¤½�µu¨�»P P£�¥� )¦�¼S¨�¢
¢¶§9¦�¢���¥¹�¤§7�¤¥�·P³�ö3¼S¨�®�®G  � Æ � Æ 	 ÷8ÂÄÀ�¨�Å9 P»P¨

Γθ `U U1 : τ1θ2φ
 |³+¬

Γθ `U U2 : τ2φ
Æ � ¥¹³+º¶¨�À�¨¥�P³?·PÀ�¹Å9 P�

τ1θ2φ = τ2φ_ αφ
Â�À�¨�º¶ P³�¥¹³?¬­¨¶¨¶¬I¬)¨�£�¥¹»P¨

Γθ `U U1 U2 : αφ
Æ

• ¥ ¿ U = [P � U2]U1
�¹Å9¨�³

τ = τ3
 P³?¬

θ = θ3 ◦φ
À�Å9¨�£�¨

τ1θ2φ = τ2φ
 |³+¬

τ1, θ1, τ2, θ2, τ3
 P³?¬

θ3
 P£�¨�·­¦U�© P¥¹³+¨¶¬K¦�½G£�¨�ºU§7£¶¢�¥¹»8¨�º¶ P¼¹¼ ¢=�©·

W
� ·|³ ��Åu¨
¢�§9¦��©¨�£�®�¢

U2
Â
P
 |³+¬

U1
Æ

ÍD¨U�?§�¢E�© k�)¨
∆ = X : αX

Æ+�!½�¥¹³?¬P§9ºU��¥�·|³
Å7½�µu·|�¹Å9¨�¢�¥±¢�À�¨EÅ9 P»P¨
Γθ1 `U U2 : τ1

 P³?¬
Γθ1θ2,∆θ2 `U

P : τ2
 P³?¬

Γθ1θ2φθ3,Gen(∆θ2φ; Γθ1θ2φ)θ3 `U U1 : τ3
Æ Ã ��¥±¢
¨¶ P¢¶½G�©·6¢U¨¶¨��¹Å9 P�

Gen(∆θ2φ; Γθ1θ2φ)θ3 = Gen(∆θ2φθ3; Γθ1θ2φθ3)
¢¶¥¹³?º¶¨

θ3 6^Dom(Γθ1θ2φ)
Æ

��½x��½�µ9¨ »8 |£�¥� ­¦U¼S¨�¢ ¢�§9¦�¢��¤¥¹��§7�¤¥�·P³Kö3¼S¨�®�®G  � Æ � Æ 	 ÷8Â?À�¨ÄÅ9 P»P¨
Γθ `U U2 : τ1θ2φθ3

 P³?¬
Γθ,∆θ2φθ3 `U

P : τ2φθ3
Æ � ¥¹³?º¶¨=À�¨��P³?·PÀ���Åu |� τ1θ2φ = τ2φ

Â#À�¨�º¶ P³�¥¹³+¬)¨�¨¶¬K¬­¨U£�¥¹»8¨
Γθ `U [P � U2]U1 : τ

Æ
2
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 ·P£� P¼¹¼ Var
 P³+¬

Γ
ÂÄ¢�§9º¶ÅQ��Åu P� Var ∩ CoDom(Γ) = ∅ Â#¥ ¿ Γφ `U U : τ ′

Â#�¹Å9¨�³?Á
	 Æ

W
�
(Γ;U ;Var) 6= false

O

 Æ

W
�
(Γ;U ;Var) = (τ ; θ;Var ′)

Â9¿�·P£
¢�·|®6¨
τ
 P³?¬

θ
 |³+¬ Var ′

O
� Æ
τ ′ = τψ

 P³?¬
φ
Var
= 6^ ψ ◦ θ Â9¿�·|£=¢U·P®G¨ ψ Æ

-/M�./.%0/1§�!½�¥¹³+¬|§9º��¤¥�·P³è·|³ ��Åu¨G¢¶�¤£�§9ºU��§7£�¨G·n¿
U
Æ �6¨G�¤£�¨¶ P�x�¹Å9¨Zº¶ 8¢U¨�¢"·n¿6»8 |£�¥� ­¦U¼S¨�¢�Â
 ­¦�¢���£� ­ºU��¥�·|³uÂ� ¶µ}d

µ+¼V¥�º� |��¥�·|³  |³+¬Q®G P�©º¶Å�¥¹³q¡�º¶·P³u¢��¤£� P¥¹³2��¢(Oxº¶·P³9¢��3 |³9��¢6 P£�¨G�¤£�¨¶ P�©¨�¬I¢�¥¹®�¥¹¼S P£�¼V½��3·�»8 |£�¥� ­¦U¼S¨�¢Z |³+¬K¢��¤£�§9º��¤§7£�¨�¢
¢�¥¹®�¥¹¼� P£�¼¾½I�3·I �µ­µ?¼¾¥�º¶ P�¤¥�·P³?Æ

• ¥ ¿ U = X
�¹Å9¨�³

Γ(X)φ ≤ τ ′
Â�À�Å7¥�º�Å ¦U½�¬)¨�¸�³9¥¹�¤¥�·P³�®G¨¶ P³9¢I��Åu P�

Γ(X) = ∀α.τ1
 P³+¬

τ ′ =

τ1φ{τ/α}
Æ Ã ³��¹Å7¥±¢�º¶ 8¢U¨�Â W

� ³?¨�»P¨U£�¿� |¥¹¼ ¢6 |³+¬
τ = Inst(Γ(X);Var) = τ1{β/α}

 P³+¬
θ = θ

ID

Æ
Ê Å7§�¢¶ÂDÀÄ¥¹�¹Å

ψ = {τ/β} ·P»P¨�£ β = Var \Var ′
 P³?¬

ψ = φ
·P��Åu¨U£�ÀÄ¥±¢U¨�Â'À�¨ Å9 P»P¨

τ ′ = τ1φ{τ/α} =

τ1{β/α}φ{τ/β} = τψ
 |³+¬

φ
Var
= 6^ ψ

Æ

• ¥ ¿ U = P _ U1
��Åu¨U³

τ ′ = τ ′1 _ τ ′2
À�Åu¨U£�¨

Γφ,∆ `U P : τ ′1
 P³?¬

Γφ,∆ `U U1 : τ ′2
¿�·P£K 

º�¨U£��© P¥¹³
∆
 8¢¶¢�¥V¡|³2¥¹³q¡ ��½�µ9¨�¢��3·��¹Å9¨�¿¶£�¨¶¨G»P P£�¥� )¦�¼S¨�¢I·{¿

P
Æ&�!½K¢¶§7¥¹�© ­¦U¼S¨"£�¨�³? P®�¥¹³q¡�·{¿��¹Å9¨Z¦¶·P§7³?¬

»8 |£�¥� ­¦U¼S¨�¢=¥¹³
U
ÂÄÀ�¨
º¶ |³  P¼¾À� |½8¢
 P¢¶¢¶§7®G¨

∆ = X : αX
 P³?¬Gº¶·P³u¢�¥�¬)¨�£
 P³ ¨�´)�3¨U³+¬)¨¶¬

φ
¢U·���Åu P��¥¹³

¿� ­ºU� À�¨���½�µ9¨¶¬
P
 |³+¬

U1
¥¹³��¹Å9¨�º¶·P³2�3¨�´)�

Γφ,∆φ
Æ

��½�¥¹³+¬P§9ºU�¤¥�·P³"Å�½�µ9·P��Åu¨�¢¶¥±¢¶Â
W
�
(Γ,∆;P ;Var \{αX}) = (τ1; θ1;Var1)

¢¶§9º¶Å"�¹Å9 P�
τ ′1 = τ1ψ1

 P³?¬
φ
Var
= 6^ ψ1 ◦ θ1

¿�·P£� Iº�¨U£��© P¥¹³
ψ1
Æ

Ã ³Kµ9 P£��¤¥�º�§7¼S |£ (Γ,∆)φ = (Γ,∆)θ1ψ1
¢U·�¦U½Q¥¹³+¬|§9º��¤¥�·P³dÅ7½�µu·|�¹Å9¨�¢�¥±¢

W
�
(Γθ1,∆θ1;U1;Var1) =

(τ2; θ2;Var2)
¢¶§9º¶ÅQ��Åu |�

τ ′2 = τ2ψ2
 P³?¬

ψ1
Var
= 6^ ψ2 ◦ θ2

¿�·P£� Iº¶¨�£��© P¥¹³
ψ2
Æ
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Ê Å7§�¢¶Â
W
�
(Γ;P _ U1;Var)

¬)·�¨�¢�³?·P�4¿� P¥¹¼¾Âx P³+¬K¥¹��£�¨��¤§7£�³u¢
(τ1θ2 _ τ2; θ2 ◦ θ1;Var2)

Æ Ê Å�§�¢¶Â
ÀÄ¥¹�¹Å

ψ = ψ2
ÂGÀ�¨�Åu |»8¨

τψ = (τ1θ2 _ τ2)ψ2 = τ1ψ1 _ τ2ψ2 = τ ′1 _ τ ′2 = τ ′
 P³?¬

φ
Var
= 6^ ψ1 ◦ θ1

Var
= 6^ ψ2 ◦ θ2 ◦ θ1

Var
= 6^ ψ ◦ θ2 ◦ θ1

Æ

• ¥ ¿ U = U1 U2
��Åu¨U³ ��Åu¨U£�¨�¥±¢�¢�·|®6¨

τ ′1
¢¶§9º¶ÅQ��Åu |�

Γφ `U U1 : τ ′1 _ τ ′
 |³+¬

Γφ `U U2 : τ ′1
Æ

��½�¥¹³+¬P§9ºU�¤¥�·P³ Å�½�µ9·P��Åu¨�¢¶¥±¢¶Â
W
�
(Γ;U1;Var) = (τ1; θ1;Var1)

¢¶§9º¶Å �¹Å9 P�
τ ′1 _ τ ′ = τ1ψ1

 P³?¬
φ
Var
= 6^ ψ1 ◦ θ1

¿�·P£=¢U·P®G¨
ψ1
Æ

Ã ³Qµ9 P£��¤¥�º�§7¼� P£ Γφ = Γθ1ψ1
¢U·�¦U½�¥¹³+¬|§9º��¤¥�·P³�Å�½�µ9·P��Åu¨�¢¶¥±¢¶Â

W
�
(Γθ1;U2;Var 1) = (τ2; θ2;Var2)¢¶§9º¶ÅQ��Åu |�

τ ′1 = τ2ψ2
 P³?¬

ψ1
Var
= 6^ ψ2 ◦ θ2

¿�·P£�¢U·P®G¨
ψ2
Æ

Ê Å9¨�³
ψ3 = ψ2 ◦{α/τ ′}

¥±¢x 
§7³2¥ ¸ ¨U£f¿�·P£
τ1θ2 = τ2 _ α

Á!À�¨�Å9 P»P¨�¥¹³+¬)¨�¨¶¬
τ1θ2ψ3 = τ1θ2ψ2 =

τ1ψ1 = τ ′1 _ τ ′ = τ2ψ2 _ α{α/τ ′} = (τ2 _ α)ψ3
Æ Ê Å7§�¢���Åu¨�®G·8¢��E¡q¨U³+¨U£� P¼f§7³2¥ ¸ ¨U£=¥±¢�¢�·|®6¨

ψ4
¢�§9º�Åd��Åu |�

ψ3 = ψ ◦ ψ4
Æç�6¨Iº¶ |³ ³+·|À�º�·|³+ºU¼¾§9¬­¨0ÁZ¥¹³+¬­¨¶¨¶¬

τ ′ = αψ3 = αψ4ψ = τψ
 P³+¬

φ
Var
= 6^ ψ1 ◦ θ1

Var
= 6^ ψ2 ◦ θ2 ◦ θ1

Var
= 6^ ψ3 ◦ θ2 ◦ θ1

Var
= 6^ ψ ◦ ψ4 ◦ θ2 ◦ θ1ψ ◦ θ

Æ

• ¥ ¿ U = [P � U2]U1
��Åu¨U³��¹Å9¨�£�¨�¥±¢�¢�·|®6¨

τ ′1
 P³?¬

∆ = X : αX
¢�§9º�Å ��Åu P�

Γφ `U U2 : τ ′1
 P³?¬

Γφ,∆φ `U P : τ ′1
 P³?¬

Γφ,Gen(∆φ; Γ) `U U1 : τ2
ö¤À�Å9¨�£�¨

φ
Åu P¢6¦¶¨¶¨�³d¢�§7¥¹�© ­¦U¼¾½Q¨�´)�3¨U³+¬)¨¶¬I·|³

Dom(∆)
÷­Æ

��½�¥¹³+¬|§9º��¤¥�·P³IÅ7½�µu·|�¹Å9¨�¢�¥±¢
W
�
(Γ;U2;Var) = (τ1; θ1;Var1)

ÀÄ¥¹��Å
τ ′1 = τ1ψ1

 |³+¬
φ
Var
= 6^ ψ1 ◦ θ1¿�·P£�¢U·P®G¨

ψ1
Æ

Ã ³6µ9 P£��¤¥�º�§7¼� P£ Dom(θ1) ∩ Dom(∆) = ∅  P³?¬6¢U· Γφ,∆φ = (Γθ1,∆)ψ1
Æ@�!½G¥¹³+¬|§9º��¤¥�·P³�Å�½�µ9·P��Å�d

¨�¢�¥±¢¶Â
W
�
(Γθ1,∆;P ;Var1 \ {αX}) = (τ2; θ2;Var 2)

ÀÄ¥¹�¹Å
τ ′1 = τ2ψ2

 |³+¬
ψ1
Var
= 6^ ψ2 ◦ θ2

¿�·P£
¢�·|®6¨

ψ2
Æ

Ê Å9¨�³NÀ�¨6Åu P»P¨
τ1θ2ψ2 = τ1ψ1 = τ ′1 = τ2ψ2

Â���Å�§�¢G�¹Å9¨I¨(>U§9 P�¤¥�·P³
τ1θ2 = τ2

 )¬P®�¥¹��¢Z  ®6·P¢��
¡)¨U³+¨U£� P¼D§7³9¥ ¸ ¨U£

µ
¢�§9º�Å��¹Å9 P�

ψ2 = ψ3 ◦ µ
¿�·P£=¢U·P®G¨

ψ3
Æ

� ·
¿� |£GÀ�¨GÅu P»P¨"¢�¨¶¨U³ ��Åu |� φ Var
= 6^ ψ1 ◦ θ1

Var
= 6^ ψ2 ◦ θ2 ◦ θ1

Var
= 6^ ψ3 ◦ µ ◦ θ2 ◦ θ1

Æ Ê Å�§�¢¶Â
Γφ,∆φ = (Γθ1θ2µ,∆θ2µ)ψ3

¢U·d¦�½�¥¹³?¬P§9ºU��¥�·|³ Å�½�µ9·P��Åu¨�¢¶¥±¢
W
� ¢�§9º¶º¶¨�¨¶¬P¢"·|³

U1
 |³+¬ £�¨U��§7£�³9¢

(τ3; θ3;Var3)
¢¶§9º¶ÅQ��Åu |�

τ ′ = τ3ψ4
 |³+¬

ψ3
Var
= 6^ ψ4 ◦ θ3

¿�·P£=¢U·|®6¨
ψ4
Æ


 ¥¹³? P¼¹¼¾½8Â �¹Å9¨� |¼ ¡)·|£�¥¹�¹Å7® £�¨��¤§7£�³u¢
τ = τ3

¢U·6¥¹³?¬­¨¶¨¶¬
τ ′ = τψ4

 |³+¬
φ
Var
= 6^ ψ3 ◦ µ ◦ θ2 ◦ θ1

Var
= 6^

ψ4 ◦ θ3 ◦ µ ◦ θ2 ◦ θ1
Var
= 6^ ψ4 ◦ θ

Æ
2
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 ·P£� ZºU¼S·P¢�¨¶¬Z�3¨U£�®
U
¢¶§9º¶ÅQ��Åu |�

stk /∈ U Â#�¹Å9¨�¿�·|¼¹¼S·PÀÄ¥¹³�¡�µ+£�·)¦�¼�¨�®�¢� P£�¨�¬­¨¶ºU¥�¬­ )¦�¼S¨0Á
	 Æ Ê ½�µ9¨ Ã ³�¿�¨U£�¨�³?º¶¨�Á�¡|¥¹»P¨U³ Γ

ö�¡|¥¹»P¨�¢�®G¨¶ P³2¥¹³q¡6�©·"º¶·P³9¢¶�© P³2��¢3÷8ÂE¥±¢���Åu¨U£�¨� 
τ
¢�§9º¶ÅK�¹Å9 P�

Γ `U U : τ
I


 Æ Ê ½�µ9¨ â Å9¨�º(�|¥¹³q¡qÁ�¡|¥¹»P¨�³
Γ
 |³+¬

τ ′
Â�¬)·�¨�¢=�¹Å9¨+ô�§9¬�¡)¨U®G¨�³2�

Γ `U U : τ ′
Åu·|¼S¬ I

-/M�./.%0/1
	 Æ���½6¢U·P§7³?¬P³?¨�¢¶¢� P³?¬Zº¶·P®�µ+¼S¨U�©¨�³?¨�¢¶¢¶Â�À�¨�Åu P»P¨ ∃τ, Γ `U U : τ ⇐⇒ W

�
(Γ;U ;Var) 6= false

k&m




 Æ���½6¢U·P§7³?¬P³?¨�¢¶¢� P³?¬�µ+£�¥¹³?º�¥ µ9 P¼V¥¹��½8Â��¹Å7¥±¢+ô�§9¬U¡q¨�®G¨�³2��¥±¢�¨(>�§7¥¹»P P¼�¨�³2� �©·

W
�
(Γ;U ;Var) = (τ ; θ;Var ) ∧ τ ′ = τψ

ÀÄ¥¹��Å
Dom(ψ) ⊆ Var

� ¥¹³+º¶¨�®6 |�3º¶Å�¥¹³�¡"¥±¢�¬)¨�ºU¥�¬­ )¦�¼�¨�¥¹³ ��Åu¨�¼S P³�¡|§9 �¡)¨�·{¿=�¤½�µ9¨�¢¶Â#��Å�¥±¢�µ+£�·)¦�¼�¨�® ¥±¢�¬­¨¶ºU¥�¬­ ­¦U¼S¨0Æ
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��8R<
(E,≤)

Qc8­F�~�F72?<?> F7ABA@_L4D2�Yg8R258WYTG?8v<;�-sI4^2�F�H�4DHU8R\,~g<9_UG?VIQ�G?8v<
S
47x
E
��S�8bH�47<?8 ↓S = {x ∈

E|∀y ∈ S x ≤ y} <?MI8�Ge8R<a4Dx�A@4pS�8R2rQ�4^VIH�YIG�47x S F7H�Y ↑S = {x ∈ E|∀y ∈ S y ≤ x} <?MI8�Ge8R<a4Dx�VI~I~c8R2Qc4DVIH�Y�G"47x
S
�zsI4D2¬<5MI8�8R\,~g<9_�Ge8R<W� ↓∅ = ∅ F7H�Y ↑∅ = ∅ ��N!8OH�47<?8 uS {�258WG?~�� tS }r<?M�8�J^2?8;Fp<58WGe<�AB4pSa8W2Qc4DVIH�Y/{�258WG?~��£AB8WF^G9<­VI~I~c8R2KQ�4^VIH�Y�}�47x
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list(α) ≤ term
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k1(α, β) ≤ k2(β)
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¤U4^2?8W4p�D8R2;�7~c4^G?>Ö<5>@�^8XF7H�Y,H�8RJ^F7<?>B�D8"<9_[~c8XA F7Qc8RA GrF7258XYg> G9<5>@H�JDVI> GeM�8WY]>BH]4D2�Yg8R23<?4�8Ry[~�2?8;G?G�<5MI8�:R4p�pF725>BFDH�:v8
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k1≤Kk2≤Kk3
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a(k1) ∩ a(k3) ⊆ a(k2)

Æ
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S ⊆ K Â#¥ ¿ uS ¨�´)¥±¢¶��¢¶ÂÄ�¹Å9¨�³
a(uS) ⊆ ⋃s∈S a(s)

Æ
� Æ ¿�·P£� P¼¹¼
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k1≤Kk≤Kk2
 |³+¬

a(k) = a(k1) ∩ a(k2)
Æ

� 4DH�Yg>Ö<5>@4^H�GL�D�3ig�3�U8Ryg~I2?8;G?G�<?MI8T:v4^MI8R258RH�:v8]47xXA F7Qc8RA GIÀz�S£=���|� <?M�8�4D2�Yg8W2b258RA Fp<?>B4DH¾FDH�Y¾FD2?8�G?>B\K>BA F72�<54
<?M�8O4DHI8;G�x�4DVIH�Y�>BH�M 1�47<�jDj8O�x�4^2"ABF7<e<5>B:R8WGW� � 4^H�Yg>@<?>B4DHTk,>BG"G?~c8W:v>S��:�<54,¯&V�F^Ge>@hÅABF7<e<?> :v8;GR�[>@<5G"~�VI2?~c4^G?8�>BG¬<54
x�4D25QI> Y,Ge>BJDH�F7<?VI258WGtAB>@w^8

k1(α)≤Kk2(β)
S"MI> :�M,YI4�H�47<z>@H�YgV�:v8XFO¯&V�F^Ge>@hÅABF7<e<?> :v8¬Ge<?25V�:=<5VI2?8�x�4^2�<9_&~c8WGW��sI4D2

8vyIFD\K~�A@8^�g>Öx
k3
FDH�Y

k4
F7258�H�47<X:v4^\K~�F72�F7QIAB8D�^<?MI8WH

k2(k3)
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ε ∈ dom(τ)

Æ
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w ∈ dom(τ)
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l ∈ L Â w.l ∈ dom(τ)
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l ∈ a(τ(w))
Æ

NP8�HI47<58 T (S)
<?MI8�G?8v<X4Dx¬{�~�4&G?G?>BQIA@_L>@Hu��HI>@<?8;}"<9_[~�8;G"QIVI>BAÖ<�VI~�4^H�<?MI8bG?>BJDH�F7<?VI258 S �rd�H�<?M�8Ox�4DABA@4pS">BHIJ��S�8�FDG5GeVI\,8]FK�Iyg8WY�G?>@J^H�Fp<5VI258 S = (K,≤K,L+,L−, a)

F7H�Y0S�8]HI47<58 T = T (S)
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>BH
τ
�

:�°±�f°�$ #�ë£¦£¨ ¸ ��½�ítú º ©p» · ©p½|í£ú
f¬MI8,GeV�Qg<9_[~I>@H�J�258RA Fp<?>B4DH ≤ >BG�Yg8���HI8WY04p�D8R2X<9_&~c8WGW�¡FDG-<?MI8K>BH^<58R2�Ge8;:=<5>@4^H�47xrF�G?8W¯&VI8WH�:v8

(≤n)
47x3~�2?8Rh

4D2�Yg8W25G�4p�D8W2�<9_&~c8WG-Yg8���H�8WYLQ&_�C

• ≤0= T × T

• τ ≤n+1 τ
′ >@x τ(ε)≤Kτ ′(ε)

F7H�Y�x�4D2XFDA@A¡A F7Qc8RA G
l ∈ a(τ(ε)) ∩ a(τ ′(ε))

C

% 8W>Ö<5MI8R2 l ∈ L+ F7H�Y
τ/l ≤n τ ′/l

% 4^2 l ∈ L− FDH�Y τ ′/l ≤n τ/l
• ≤ =

⋂
n∈N ≤n

% © º � º §;½�¨;½ º í :�°±�f°�� ≤ ¥±¢
 |³d·|£�¬­¨U£�·P»P¨U£ T Æ
% © º � º §;½�¨;½ º í :�°±�f°±� ÍD¨U�

τ1, τ2 ∈ T
Æ
τ1≤τ2

¥ ¿Q P³+¬�·|³9¼¾½d¥ ¿
τ1(ε)≤Kτ2(ε)

 P³?¬6¿�·P£Q P¼¹¼l¼S ­¦¶¨U¼ ¢
l ∈

a(τ1(ε)) ∩ a(τ2(ε))
Á

• ¨�¥¹��Åu¨U£
l ∈ L+  P³?¬

τ1/l≤τ2/l

• ·P£
l ∈ L−  |³+¬

τ2/l≤τ1/l
��û ·[º © · ï :�°±�f°�� 4 â 
 7 ��9

(T ,≤)
¥±¢� Zº¶·P®�µ+¼S¨U�©¨§>U§9 8¢�¥!d©¼S |���¤¥�º¶¨�Æ

:�°±�f°S: #�ë£¦£¨ ¸ ��½�ítú « º í£§W¨R©pªI½|í�¨W§
��8R< W Qc8�Fb:v4^VIH&<5FDQIA@8�Ge8R<a4Dx���½�µ9¨�»P P£�¥� )¦�¼S¨�¢=�I4D2�µ9 P£� |®6¨U�3¨U£¶¢=�[HI47<58WY

α, β, . . .
�3fa_[~�8;GrS">@<?ML��FD2?> F7Q�A@8;G

F7258TYg8���H�8WYéF^G­<?MI8UG?8v<W�rHI47<58WY TW �347x­{�~�4&G?G?>BQIA@_ >BH7��H�>Ö<58;}­<9_[~�8;GKQIVI>BAÖ<]VI~c4DHé<?MI8UG?>@J^H�Fp<5VI2?8 (K ∪
W ,≤K,L+,L−, a)

�z� GeVIQI<9_&~�>@HIJ­:v4DH�G9<525FD>@H&<3> GaFO~�F7>B2r47xu¸�³9¥¹�©¨z<9_[~c8WG
t1
F7H�Y

t2
>BH TW F7H�Y,> GaHI47<58WY

τ1 ≤ τ2
�rsI4^2XF,Ge_gGe<?8R\

C
4Dx�G?VIQg<9_[~I>BHIJ]:v4^H�Ge<?2�F7>BH^<�GR�gS�8�HI47<58

V (C)
<5MI8�G?8v<X47x��pF725>BFDQIAB8WG�4g:R:vV�2?25>@H�J

>BH
C
�

÷ ·)¯ ít½�¨W½ º í :�°±�f°S: ² ¢�§9¦�¢��¤¥¹��§7�¤¥�·P³
ρ :W → T G?F7<?> G{��8;G!��Åu¨�º¶·P³u¢��¤£� P¥¹³2� τ1 ≤ τ2 Â�³?·P�©¨¶¬ ρ |= τ1 ≤ τ2

Â
¥ ¿
ρ(τ1)≤ρ(τ2)

Æ Ê Åu¨�¢�§9¦��¤½�µ+¥¹³�¡�º¶·|³u¢���£� P¥¹³9�
τ1 ≤ τ2

¥±¢3G5Fp<5>BGn��F7Q�A@8
¥ ¿!�¹Å9¨�£�¨�¨�´­¥±¢��Ä �¢�§9¦�¢¶�¤¥¹�¤§7��¥�·|³
ρ
¢�§9º�Å

��Åu P�
ρ |= τ1 ≤ τ2

Æ
��û ·[º © · ï :�°±�f°±� 4 â 
 7 ��9 Ê Å9¨�¢U P�¤¥±¢�¸  )¦�¥¹¼¾¥¹�¤½Qµ?£�·­¦U¼S¨U® ¿�·|£Q¢¶§9¦U�¤½�µ+¥¹³q¡èº¶·P³u¢��¤£� P¥¹³2��¢Q¥¹³­>U§9 8¢�¥!d©¼S |���¤¥�º¶¨�¢
ÀÄ¥¹��Å  �¸#³9¥¹�©¨=³2§7®6¦¶¨U£
·{¿
¨�´­�¤£�¨U®6 I¨¶ ­º¶ÅQÀÄ¥¹��Å  |³�¨�®�µ+�¤½Z P£�¥¹�¤½"¥±¢�q¥Övdnº�·|®!µ?¼S¨U�3¨0Æ

lDj
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� ��1!~I254DJD2�F7\]G�FD2?8aQIVI>BAÖ<�4p�D8W2£F�Yg8RH[VI\,8R2�F7Q�A@8rG?8v< V 47xf»P P£�¥� ­¦U¼S¨�¢=�^F���HI>Ö<58�G?8v< F 4Dx)¿¶§7³+ºU�¤¥�·P³�G?_[\bQc4DA GR�JD>B�D8WH­S">@<?MK<5MI8R>B23F725>Ö<9_�{|:v4^H�G9<�F7H&<5GzFD2?8ax�VIH�:v<?>B4DH�G347xcFD2?>@<9_�j^}v�DF7H�YKFx��H�>Ö<58¬G?8v< P 47x9µ+£�·�¡|£� P®Îµ+£�¨¶¬P¥�º¶ |�3¨
F7H�Y�º�·|³u¢��¤£� P¥¹³2�9µ?£�¨¶¬P¥�º¶ P�©¨aGe_[\bQc4DA GzJ^>@�^8RH]S">@<?M,<?M�8R>B2aF725>@<9_D�^:R4DH&<5FD>@H�>@HIJ�<5MI8X8;¯^V�F7AB>Ö<9_K:v4DH�G9<525FD>@H&<

=
�t�

¯&VI8R25_
Q
> G�F
��HI>@<?8�Ge8;¯&VI8RH�:R8X47x£:R4DH�Ge<?2�F7>BH&<5GaF7H�Y�F7<?4^\,GW���/~I254DJ^25FD\ :RABFDV�G?8X>BG¬FDH�8vyg~I258WG5Ge>B4DH]H�47<?8;Y

A← Q
S"M�8R258

A
>BG¬F7H�Fp<54D\ x�4D25\,8WY�S">@<?M�F�~I254DJ^25FD\þ~�2?8;Yg>B:WFp<58�FDH�Y

Q
F­¯&VI8R25_D�zf¬MI8�Ge8R<��pFD2?> F7QIAB8WG

4g:R:RVI2?25>BHIJ­>BHUF,Ge_[H&<5F^:=<?> :�4DQg698;:=<
O
>BG¬H�47<?8;Y

V (O)
�

���¤½�µ9¨�¢Uº�Å9¨�®G¨£>BGtF7HO8Ry[~�2?8;G?G?>@4^HO47x[<?M�8rx�4^2?\ ∀ατ1, . . . , τn → τ
�pS"M�8R258

α
>BG�<?MI8¬Ge8R<£4Dx[~�F72�F7\,8v<58R2�G

>BH­<9_[~c8WG
τ1, ..., τn, τ

��NP8XFDG5GeV�\K8�<5M�Fp<r8;FD:�M­x�VIH�:v<?>B4DH]Ge_[\­Q�4^A
f ∈ F �^M�FDGzF"¬)¨�ºU¼S |£�¨¶¬
�¤½�µu¨�¢Uº¶Åu¨U®6¨347x<?M�8�x�4^2?\ ∀ατ1, . . . , τn → τ

�IS"MI8W2?8
n
> Gr<5MI8OF725>Ö<9_,4Dx

f
�IF7H�Y

τ
> G�F�}�F7<�<9_[~c8D�3Z[>B\,>@A F725A@_^�[Sa8�FDG5GeV�\K8

<?M�Fp<X8WF^:�ML~�2?8;Yg>B:WFp<58�G?_[\bQc4DA
p ∈ P M�FDG"F,Yg8W:RABFD2?8;Y�<9_[~c8�G?:�M�8R\,8�47xt<?MI8�x�4^2?\ ∀ατ1, . . . , τn → predS"MI8W2?8

n
>BGz<?MI8XFD2?>@<9_�47x

p
�zf¬MI8XYg8;:vA F7258WYb<9_[~�8"4Dx�<5MI8X8W¯&V�FDA@>@<9_b:R4DH�Ge<?2�F7>BH&<zG?_[\bQc4DAg> G ∀u u, u→ pred

�
sI4^2LH�47<5F7<?>B4DH�FDA�:R4DH[�D8WHI>@8WH�:v8^�¬<?MI8�¯&V�F7H&<5>V��8W25G�>@H)<9_&~c8!G5:�MI8W\K8;GLFDH�Yó<5MI80258WG?VIA@<?>BHIJ¾<9_[~c8

pred
4Dx

~I258WYg> :RF7<?8;G¬S">@ABA¡Q�8�4^\K>@<e<58WY�>BH�<9_[~c8�Yg8W:RABFD25F7<?>B4DH�GW�D<5MI8�Yg8;:vA F7258WY]<9_[~c8OG?:�MI8W\,8WG¬S">BA@A¡Qc8O>@H�Yg>B:WFp<58WYLQ&_
S"25>Ö<5>@HIJ

fτ1...τn→τ
FDH�Y

pτ1...τn
��FDG5G?VI\,>@HIJ�FKx�258WG?MT2?8WH�F7\,>BHIJ,47xt<?MI8b~�F72�F7\,8v<58R2�G�>@H

τ1, . . . , τn, τ
x�4^2

8WF^:�ML4g:W:vVI252?8WH�:v8�47x
f
4^2
p
�

f¬MI254DVIJ^MI4DVI<-<?M�>BG�~�FD~�8W2W��S�8KF^G?G?VI\,8�<5M�Fp< F ��F7H�Y P FD2?8��Iyg8WY0Q&_U\,8;F7H�G�47xrYI8W:vA F72�Fp<5>@4^H�G�>@HPF
�¤½�µu¨¶¬�µ?£�·�¡|£� |®­��S"MI8R258�<?MI8�G?_[H&<5FD:v<?> :RFDA�YI8v<5FD>@A GXFD2?8�>@H�Ge>BJDHI>S��:WF7H&<¬x�4D2"4DV�2"2?8;GeVIA@<5GW�
� »8 |£�¥� ­¦U¼S¨���½�µ?¥¹³q¡�> G¬FK\,FD~I~I>BHIJ­x�2?4^\ F
��HI>Ö<58�GeV�Q�Ge8R<"47x V <54 TW �gS"25>@<e<?8WH�F^G {x1 : τ1, . . . , xn :

τn}
�£f¬MI8�<9_[~c8¬G?_gG9<58R\ Yg8U��HI8;G�Sa8WA@A@h|<9_[~c8WY�<?8R25\]GR�^Fp<?4^\]GtFDH�Yb:RABFDV�G?8WGt2?8WABF7<?>B�D8WA@_�<54�F��pF725>BFDQIA@8a<9_[~I>BHIJ

U
�,f¬MI8K<9_[~I>@H�JL25VIAB8WG�F7258­J^>@�^8RH!>@H�f£FDQIAB8L�^�­f¬MI8,25VIA@8;G�Q�FDG?>B:WF7ABA@_�:R4DH�G?> G9<�47xa<?MI8,25VIA@8;G�47x�¤�_[:R2?4Dx <

F7H�Yè��� ��8R8vx�8L~IABV�G­F!GeV�Qg<9_[~I>@H�J!25VIAB8D��uX47<58�<5M�Fp<Kx�4D2­<?M�8�G5F7w^8�47x-G?>@\,~IAB> :v>@<9_¾:v4DH�G9<525FD>@H&<5G­F7258�HI4D<
Yg> G9<5>@H�JDVI> GeM�8WYLx�2?4^\�47<5MI8R2XF7<?4^\,G¬>BH�<?MI> GXG?_gG9<58R\T�

�XH�4DQI698W:=<;�gG?F�_]Fb<?8R25\
t
�g> GxÀ�¨U¼¹¼xd©�¤½�µu¨¶¬�>@x�<?M�8R258�8Ry[> Ge<"G?4D\,8���FD2?> F7Q�A@8�<9_[~I>@H�J

U
FDH�Y�G?4D\,8-<9_&~c8

τG?V�:�MU<?M�Fp<
U ` t : τ

�O�-<?MI8W2?S"> Ge8�<?MI8b<?8R25\ >BG�¥¹¼¹¼xd©�¤½�µu¨¶¬L{�F7H�YUA@>BwD8WS">BG?8Ox�4^2�Fp<54D\]GW��8v<�:7� }=��� ~I254DJ^25FD\
> G"Sa8WA@A@h�<9_&~c8WYL>@x�FDA@A¡>@<5GX:RABFDV�G?8WG"F7258�Sa8WA@A@h|<9_[~c8WY¡�

f¬MI8TYg> G9<5>@H�:v<?>B4DHèQ�8R<9Sa8W8RHè2?V�A@8;G Y ¨¶ ­¬�F7H�Y ² �3·|® 8vyg~I258WG5Ge8;G�<5MI8TV�GeV�F7A
¬­¨�¸#³2¥¹��¥�·|³+ P¼�¡q¨U³+¨U£�¥�º�¥¹�¤½
~I25>@H�:v>B~IA@8IM �£EXoI��OtS"MI> :�M�Ge<5Fp<58WG-<?M�F7<-<5MI8�<9_[~c8b47x3FLYg8���H�>@HIJ�4[:W:vVI25258RH�:R8�47x3F�~�2?8;Yg>B:WFp<58�{�>�� 8^�cF7<X<?M�8
AB8vx <347xuª ← «a>@H]F�:vA F7V�Ge8�}�\­V�Ge<�Qc8"8W¯&VI>B�pF7AB8RH&<zVI~gh�<?4�258RH�FD\K>BHIJ�<?4�<5MI8XFDG5Ge>BJDH�8WYO<9_[~c8¬47xc<?MI8¬~I258WYg> :RF7<?8^�f¬MI8,25VIA@8 Y ¨¶ ­¬­V�G?8WY�x�4D2OYg8W2?>B�[>@HIJ�<?MI8K<9_[~c8­4Dxr<?M�8­MI8;FDY047x3<5MI8]:vA F7V�G?8b> G�<?M[V�G�HI4D<�FDA@AB4pSa8;YT<?4�V�G?8G?VIQ�Ge<?>@<?Vg<5>@4^H�Gr4D<?MI8W2z<?M�F7H]�pF725>BFDQIAB8X2?8WH�F7\,>BHIJ^G�>BH]<5MI8-Yg8;:vA F7258WYK<9_[~�8-47x�<?MI8�~I258WYg> :RF7<?8D��sI4^238vyIFD\K~�A@8^�
<?M�8K~�2?8;Yg>B:WFp<58

member
:RFDH0Qc8­<9_[~c8WY0~�4^A@_[\,4D25~IMI> :RFDA@AB_D��>�� 8^�

member : α × list(α) → pred
��>@xr>@<5G

Yg8U��HI>@<?>B4DHóYg4[8WG­HI47<]:v4^H^<�F7>BHéG?~�8;:v> F7Aax�FD:=<�GKA@>BwD8
member(1, [1])

��<5M�Fp<,Sa4^VIA Y�x�4D2�:v8L>Ö<�Gb<9_[~c8�<?40Qc8
member : int× list(int)→ pred

�gx�4^2XG?F7<?> G9x�_[>BHIJK<?MI8�YI8���HI>@<?>B4DH�F7A@h�J^8RHI8W2?> :v>@<9_]:v4DH�Yg>Ö<5>@4^H��
f¬MI80x�4DABA@4pS">BHIJ ~I254D~c4^G?>Ö<5>@4^H)GeM�4pSXG]<?M�Fp<L>@xbF7H/8vyg~I258WG5Ge>B4DHó47<5MI8R2�<?M�FDH/Fé:RABFDV�G?8�4D2�F MI8WF^Y%> G

S�8RABAÖh�<9_[~�8;YL>BHTF,��FD2?> F7Q�A@8�<9_[~I>@H�J
U
�I>Ö<X258R\]FD>@H�G�S�8RABAÖh�<9_[~�8;Y�>@HTF7H[_�>BH�Ge<5F7H�:v8

Uρ
�

% © º � º §;½�¨;½ º í :�°�$D°��$
 ·|£� P³2½"»P P£�¥� ­¦U¼S¨6�¤½�µ+¥¹³�¡
U
Â� P³2½"�¤½�µu¨�ô�§9¬U¡q¨U®6¨U³9�

R
·P��Åu¨U£
��Åu P³�  Y ¨¶ ­¬K·P£� â ¼S P§�¢U¨�Â� P³?¬Z |³9½G�¤½�µu¨
¢�§9¦�¢��¤¥¹��§7�¤¥�·P³

ρ
Â#¥ ¿

U ` R ��Åu¨U³
Uρ ` Rρ Æ

�!k�� Ø�wJVXW)��y+rr9 �Dv�wxy+ruz{t�pa¬Îk�sfk�r?k8°uØl��� 9 �Dýqt���w�ruz{t�p
Z[VIQI698W:=<�2?8;YgV�:v<?>B4DHU> G"<?M�8�~I254D~c8R2?<9_�<?M�Fp<-8W��FDA@V�Fp<?>B4DHU25VIAB8WG¬<525FDH�Gex�4D25\ F]S�8RABAÖh�<9_[~�8;Y�8vyg~I258WG5Ge>B4DHT>BH^<54
F7H�47<?M�8R2¬Sa8WA@A@h�<9_&~c8WYL8vyg~I258WG5G?>@4^H��tf¬M�8O8R�pF7ABV�Fp<5>@4^H�25VIAB8�x�4^2":v4DH�G9<525FD>@H&<¬A@4^JD> :�~�2?4^JD2�F7\,\,>@HIJ­>BG � ZI���-h
258WG?4DABVg<?>B4DH�� f�4 258W:WF7ABA"<?MI> G]8W��FDA@V�Fp<?>B4DHó25VIAB8D�¬>Ö<�> G�:R4DH[�D8WHI>B8RH&<,<?4¾Yg> G9<5>@H�JDVI> GeMó>BH)F ¯&VI8R25_

Q
��<?MI8

:v4^H�Ge<?2�F7>BH^<]~�FD2e<
c
{�S"MI8R258T<?M�8�Ge8;¯^V�8RH�:R8�Yg8RHI4D<?8;G,<?MI8!:v4DH769VIH�:=<5>@4^H�}Kx�254D\ <5MI8�4D<?MI8W2�Ge8;¯&VI8RH�:R8U47x

Fp<54D\]G A �zN!8�V�G?8X<5MI8�HI47<�Fp<?>B4DH Q = c|A <?4K\,FDwD8"<5MI> G�YI>BGe<?>BH�:=<5>@4^H�����>B�D8RHLF­:R4DH�Ge<?2�F7>BH&<aYg4D\]FD>@H X
lI�



ö � §9¦{÷ U`t:τ τ≤τ ′
U`t:τ ′

ö%C2 P£3÷ {x : τ, . . .} ` x : τ

ö 
 §7³?º©÷ U`t1:τ1ρ ... U`tn:τnρ
U`fτ1...τn→τ (t1,...,tn):τρ

ρ
> GXF­<9_&~c8OGeV�Q�G9<5>Ö<5Vg<?>B4DH

ö ² �3·|®�÷ U`t1:τ1ρ ... U`tn:τnρ
U`pτ1...τn(t1,...,tn)Atom

ρ
> GXF­<9_&~c8OGeV�Q�G9<5>Ö<5Vg<?>B4DH

ö Y ¨¶ ­¬�÷ U`t1:τ1ρ ... U`tn:τnρ
U`pτ1...τn(t1,...,tn)Head ρ

> GXFK2?8WH�F7\,>BHIJKG?VIQ�Ge<?>@<?VI<?>B4DH

ö P §9¨U£�½¶÷ U`A1 Atom ... U`An Atom
U`A1,...,An Query

ö â ¼� P§�¢U¨©÷ U`Q Query U`A Head
U`A←Q Clause

ftF7QIAB8,�DC3f¬MI8�<9_[~c8�Ge_gGe<?8R\�x�4D2 � ��1��

S"MI> :�M��Iyg8;G-<5MI8,>@H&<58R25~I2?8R<5F7<?>B4DH�4Dxa:v4^H�G9<525FD>@H&<�GR��FL¯&VI8W2?_
c′|B > G�F â � Í ã d©£�¨�¢U·P¼V»8¨U³9��47x�FL¯&VI8W2?_ c|AF7H�Y�FT{�2?8WH�F7\,8WY�F7~�F72?<�}a~I254DJD2�F7\�:RABFDV�Ge8

p(t1, ..., tn)← d|Ap
�I>Öx

A = A1, . . . , Ak−1, p(t
′
1, . . . , t

′
n), Ak+1, . . . , Am

�
B = A1, . . . , Ak−1,Ap, Ak+1, . . . , Am

�
F7H�Y�<5MI8�:v4^H�G9<525FD>@H&<

c′ = (c ∧ d ∧ t1 = t′1 ∧ . . . ∧ tn = t′n)
>BG X h�G?F7<?> G{�cF7QIAB8D�

��û ·[º © · ï :�°S:�°�� à�#�ë�¦¡ý · «7¨ b · »të£«D¨W½ º í�� º ©TìA#�¼r÷ © · § º�ð ë�¨;½ º í á 4 
 â 7 	�9 Í�¨��
P
¦¶¨� �À�¨�¼¹¼xd©�¤½�µ9¨�¬

â Í_Ö�ö X ÷
µ+£�·�¡|£� P®�Âl P³?¬ Q ¦¶¨� "À�¨U¼¹¼xd©�¤½�µu¨¶¬N>U§9¨�£�½8Â�¥�Æ¹¨0Æ
U ` Q Query

¿�·|£
¢U·P®G¨�»8 |£�¥� ­¦U¼S¨��¤½�µ+¥¹³q¡
U
Æ

Ã ¿ Q′ ¥±¢�  â � Í ã d©£�¨�¢U·P¼¾»P¨U³9�#·{¿ Q Â���Åu¨U³Q�¹Å9¨�£�¨�¨�´)¥±¢¶��¢x �»P P£�¥� ­¦U¼S¨��¤½�µ+¥¹³�¡ U ′ ¢�§9º¶Å"��Åu |� U ′ ` Q′ Query Æ
dÅ<3> GzSa4^2e<5M­H�47<?>BHIJ�<5M�Fp<z<5MI8X~I258R�[>B4DV�G�258WG?VIA@<3Sa4^VIABY­HI4D<3MI4DA YKS">Ö<5MI4DVg<z<5MI8-Yg8U��HI>@<?>B4DH�FDAIJD8WHI8R25> :v>@<9_

:v4^H�Yg>@<?>B4DHé{�8vyg~I258WG5Ge8;Y�>@H�25VIAB8 Y ¨¶ )¬R}=��sI4D2�8vyIF7\,~IAB8�S">@<?MU<9S�4�:R4DH�Ge<5FDH^<�G a : τa
FDH�Y

b : τb
��F7H�YT4^HI8

~I258WYg> :RF7<?8
p : α → pred

Yg8U��HI8WYPQ[_�<5MI8�HI4^H Yg8���H�>Ö<5>@4^H�F7A3J^8RHI8W2?> :,:vA F7V�G?8
p(a)

�£S�8]M�F��D8K<5M�Fp<O<5MI8
¯&VI8R25_

p(b)
>BG�S�8RABA�<9_[~�8;Y¡��QIVg<

b = a
> GOFL2?8;Ge4^A@�^8RH&<-<5M�Fp<O> G�>@ABAÖh�<9_[~�8;Y0>@x

τa
F7H�Y

τb
M�F��^8­HI4TVI~�~�8W2

Qc4DVIH�Y��

�!k�� Ø�wJVXW)��y+rr9 �Dv�wxy+ruz{t�pa¬Îk�sfk�r?k8Ø�wJV�ý­ruz{r7w!ruz{t�pxý
f¬MI8 � Zg��� 258WYgV�:v<?>B4DH�GW�&HI47<58WY −→CSLD

�gF7258X>BH]x�FD:v<�FDH�F7Q�Ge<?2�FD:v<?>B4DH,47x¡<5MI8�4D~c8R2�Fp<?>B4DH�F7AI258WYgV�:=<?>B4DH�G
<?M�Fp<�\]F�_L~�8W2ex�4^2?\ F7A Ge4�G?VIQ�Ge<?>@<?Vg<5>@4^H�G9<58R~�GW��H�47<?8;Y −→σ

��>BH�G9<58WF^YT47xzwD8W8R~I>BHIJ]8W¯&V�FDA@>@<9_L:R4DH�Ge<?2�F7>BH&<5GW�
�-G­>BH <?MI8 � ��1 G5:�MI8W\K8�:v4^H�G9<525FD>@H&<�G�F7258�M�FDH�YgAB8WY�\,4gYgVIAB40AB4DJD> :RFDA38W¯&VI>B�pF7AB8RH�:R8 M �^�£¢&nUOÅ�z>Ö<K>BGK:vAB8WFD2
<?M�Fp<"<?M�8�Yg>BFDJD2�F7\�4DxtQc47<5M�258WYIV�:=<5>@4^H�G":v4^\K\­Vg<?8;G�C

l^i



Q1 −→CSLD Q2 −→CSLD . . . −→CSLD Qn

↓σ ↓σ ↓σ
−→CSLD . . .

↓σ ↓σ
−→CSLD

. . . . . .

↓σ
Q

�X4pS�8R�^8R2z<5MI8�~I2?8W�[>@4^V�G3G?VIQg698W:v<�258WYIV�:=<5>@4^H]2?8;GeVIA@<a8Ryg~I2?8;G?G?8WG3<?MI8�:v4^H�Ge> Ge<?8RH�:v_,47x¡<9_[~c8WGaSO� 2;� <;��MI4D2?h
>�RR4DH&<�F7AX258WYgV�:=<?>B4DH%Ge<?8W~�G]4DH�A@_^�a<5M�Fp<�> G�SO� 2;� <;�z<?MI8!F7Q�Ge<?2�FD:v<,8Ryg8W:vVI<?>B4DHó\,4[YI8RAXS"MI> :�M)FD:W:vVI\­VIA Fp<?8;G
:v4^H�Ge<?2�F7>BH^<�GR�gQ�Vg<X\]F�_�HI47<XM�4DA Y�x�4^2"\,4D258�:R4DH�:R2?8R<?8�4D~c8R2�Fp<5>@4^H�G¬47x�:v4^H�G9<525FD>@H&<XG?4DAB�&>BHIJ]F7H�YLG?VIQ�Ge<?>@<?Vgh
<?>B4DH�GR�3s�4D2¬8vyIF7\,~IAB8D�gS">@<?M�<5MI8OGeVIQI<9_&~c8�2?8WABF7<?>B4DH�G

int ≤ term � pred ≤ term �I<?MI8�<9_[~�8OYg8;:vA F72�Fp<5>@4^H�G
=: α × α → pred

�
p : int → pred

�zF7H�YP<5MI8�~I254DJ^25FD\
p(X)

�£<?MI8�¯&VI8W2?_
Y = true, p(Y )

> G�S�8RABA
<9_[~�8;YTS">Ö<5M

Y : int
��F7H�YTG?V�:R:R8R8;YIG¬S">Ö<5M

Y = true
��F7A@<?MI4^VIJDML<?MI8­¯^V�8R25_�4DQg<�F7>BHI8WYLQ[_LG?VIQ�Ge<?>@<?Vg<5>@4^H��

p(true)
�I> G">BA@A@h|<9_[~c8WY¡�

d�H¾4^25Yg8W2O<?408WGe<5F7Q�A@> GeM
GeVIQI698W:=<­2?8;YgV�:=<5>@4^H�x�4D2KGeVIQ�G9<5>Ö<5Vg<?>B4DHèG9<58R~�GW�zF7H�Y�Qc8L:R4DH�G?>BGe<?8WH&<bS">Ö<5M <?M�8
G?8R\]F7H&<?> :RFDA�8W¯&VI>B��FDA@8WH�:v8�4Dx£~I254DJ^25FD\,GW�&4DHI8�\]F�_�:v4DH�Ge> Yg8R2"F­<9_[~�8;Y�8Ryg8W:vVI<?>B4DH�\K4gYg8WA¡S">Ö<5M�<9_[~c8O:v4DHIh
Ge<?2�F7>BH^<�Gb4^Hé�pF725> F7QIAB8WGK:�MI8W:�w^8WY¾F7<K25VIH&<?>B\,8D�rF^Gb>BHÎM s � j���OÅ�¾d�H¾<5MI8L8RyIF7\,~IAB8D�z<5MI8�<9_&~c8T:v4DH�G9<525FD>@H&<
Y : int

S">Ö<5M,<?MI8-:R4DH�Ge<?2�F7>BH&<
Y = true

> G3VIH�G5Fp<5>BGn��FDQIA@8^�7<5MI8-¯&VI8R25_­:WF7H,<5M&V�GzQ�8�2?8e698W:v<?8WY,F7<a:v4^\K~�>@AB8vh
<?>B\,8OQ[_L:�MI8;:�w&>BHIJ­<?MI8�G5Fp<5>BGn��FDQI>@AB>@<9_�47xt>Ö<�G¬<9_[~�8;Y�:R4DH�Ge<?2�F7>BH&<5GW�

�XH�47<?M�8R2�S�F�_L<?4L8WGe<5F7Q�A@> GeM!GeVIQI698W:=<�2?8;YgV�:v<?>B4DHUx�4^2�G?VIQ�Ge<?>@<?Vg<5>@4^H0Ge<?8R~�GR��> GX<54L:v4^H�G?>BYg8W2-AB4DJ^>B:b~I2?4Dh
JD2�F7\]G�S">@<?M�Fx�Iyg8WY,YIF7<5F�}�4pSO�^JD>B�D8WH­Q[_b\,4gYg8;GR�&FDG�>BHKM Zgs���jDjPOÅ�zf¬MI8"258R\]F7>BHI>BHIJ�~�F72?<347xc<?MI> G3G?8W:v<?>B4DH
258W:RFDA@A G�<?M�8O\,FD>@H�258WG?VIAÖ<�G¬47xlM ZIst��jDjPO��

st>@2�Ge<W��S�8,2?8;:RF7ABA�<?M�8]HI47<5>@4^H!4Dxa~I25>@H�:v>B~�F7Az�pF725> F7QIAB8b<9_[~I>BHIJ��Kd�H&<5VI>Ö<5>@�^8RAB_D�tFL�pFD2?> F7QIAB8­<9_&~�>@HIJ
U
> G

~I25>@H�:v>B~�F7A[SO� 2W� <W�tF"<?8W2?\
t
F7H�Y­F"<9_[~�8

τ
>@x�>@<�F^G?G?4g:v> Fp<?8;G¡<54-8WF^:�M��pF725>BFDQIAB8

X
4Dx
t
<?M�8aAB8WF^G9<t>@H�Ge<5FDH&<?> Fp<?8;Y

F7H�YLJ^2?8;Fp<58WGe<�{�V�Ge>BHIJ ≤ }�~c4^G5Ge>BQIAB8�<9_[~c8�GeV�:�M�<5M�Fp< U ` t : τ
�3¤�4D258�~�2?8;:v> Ge8WA@_�C

÷ ·)¯ ít½�¨W½ º í :�°±*f°���² »P P£�¥� )¦�¼�¨=�¤½�µ+¥¹³q¡
U
¥±¢Äµ+£�¥¹³?º�¥ µ9 P¼P¿�·|£

t
 |³+¬

τ
¥ ¿
U ` t : τ

 |³+¬�¿�·P£�¨¶ ­º¶Å"»P P£�¥� )¦�¼�¨
�¤½�µ+¥¹³q¡

U ′
¢�§9º�Å��¹Å9 P�

U ′ ` t : τ
Â6��Åu¨U£�¨�¨�´)¥±¢���¢� ��¤½�µu¨�¢�§9¦�¢��¤¥¹��§7�¤¥�·P³

ρ
¢�§9º�Å��¹Å9 P�l¿�·P£  P¼¹¼�»8 |£�¥� ­¦U¼S¨

X ∈ V (t)
Â
U ′(X)≤U(X)ρ

Æ
NP8bS">BA@AtJD8WHI8R2�F7AB>BG?8O:v4^H�:v8W~g<5G-~I2?8W�[>@4^V�GeAB_TYg8���H�8WY�x�4D2-<?8W2?\]G-<?4]<58R25\\»P¨¶º��©·P£¶¢=�Xd�HU~�F72?<?> :vVIA F72;��S�8

:v4^H�G?>BYg8W2-~I25>BH�:v>B~�F7A£�pF725>BFDQIA@8�<9_[~I>BHIJ&G"x�4D2�F,<?8W2?\ �^8W:=<54D2
t̄
FDH�YUF,<9_[~c8b�D8;:=<54D2

τ̄
� � 4^H�:v8W~g<?V�F7ABA@_^��4DH�8

:v4^VIA YT<?MI>BHIwU4Dx3>@H&<?254gYgV�:R>@HIJ�Ge~c8W:R>BFDA�x�V�H�:=<54D2�G->BH&<?4�<5MI8­<9_&~c8WY�ABFDHIJDV�FDJD8bG?4]<5M�Fp<OF7H[_��D8W:v<?4^2�:RFDH�Qc8
258R~I258WG?8RH&<?8;YLF^G"F7H�4D2�Yg>BH�F725_,<?8W2?\T�

uX4pSO�¬S�8�Yg8���HI8U\,4[YI8WGW��S"M�>B:�M)FD2?8UF :v4^\,\K4^H%:v4DH�:v8R~I<�V�G?8WY
x�4D2��^8R25>V�c:RFp<5>@4^H M �X~I<5o&n8O�� sI4^2
F�~I258WYg> :RF7<?8

p/n
��FN®G·�¬)¨�> G�F7HóFp<54D\

p(m1, . . . ,mn)
�¬S"MI8W2?8

mi ∈ {I ,O}
x�4D2

i ∈ {1, . . . , n} �1�4^G?>Ö<5>@4^H�G3S">@<?M
I
FD2?8X:WF7ABA@8;Y ¥¹³Pµ?§7�2µu·P¢¶¥¹�¤¥�·P³9¢=�IF7H�YK~c4^G?>Ö<5>@4^H�G3S">@<?M

O
FD2?8-:WF7ABA@8;Y ·P§7�Vµ+§7�2µ9·8¢�¥¹�¤¥�·P³u¢�47x

p
�tNP8-FDG5GeV�\K8a<?M�Fp<rF��Iyg8WYK\,4gYg8¬>BGrFDG5Ge4g:v> Fp<58WYbS">Ö<5MK8;FD:�MK~I258WYg> :RF7<?8¬>@H]F�~I254DJ^25FD\T��f�4OG?>@\,~IAB>@x�_�<?M�8
HI4D<5Fp<5>@4^H���FDHUFp<?4^\ S"25>Ö<?<?8WH�FDG

p(s̄, t̄)
\,8WFDH�GWC

s̄
> G"<5MI8O�D8;:=<?4^2X47xt<?8W2?\]Gl��A@AB>@H�J]<?MI8b>@HI~�Vg<-~c4^G?>Ö<5>@4^H�GR�

F7H�Y
t̄
>BG"<?MI8O�^8W:=<54D2¬47xt<?8W2?\]G���ABAB>@HIJK<5MI8O4DVg<5~IVg<X~c4^G?>Ö<5>@4^H�GW�
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÷ ·)¯ ít½�¨W½ º í :�°±*f°±� â ·P³u¢�¥�¬)¨�£" �¬)¨�£�¥¹»P P�¤¥�·P³ ¢¶�©¨©µ À�Åu¨U£�¨
p(s̄, t̄)

¥±¢��¹Å9¨6¢U¨�¼�¨�ºU�©¨�¬� |�3·|®- P³?¬
p(w̄, v̄)

¥±¢
��Åu¨=£�¨�³? P®G¨�¬I �µ9 P£��lº�¼S |§�¢U¨xÅu¨¶ )¬­Æ Ê Åu¨�¨(>�§9 |��¥�·|³

p(s̄, t̄) = p(w̄, v̄)
¥±¢bG?4DAB�pF7QIAB8�Q[_]\,4gYg8WYLVIHI>S��:WFp<?>B4DH

¥ ¿=��Åu¨U£�¨�¨�´)¥±¢��#¢�§9¦�¢¶�¤¥¹�¤§7��¥�·|³u¢
θ1
Â
θ2
¢�§9º�Å��¹Å9 P�

w̄θ1 = s̄
 P³?¬

V (t̄θ1) ∩ V (v̄θ1) = ∅  P³?¬ t̄θ1θ2 = v̄θ1
Æ

² ¬­¨U£�¥¹»8 |��¥�·|³�À�Åu¨U£�¨
 |¼¹¼?§7³9¥ ¸ º¶ |��¥�·|³u¢� |£�¨�¢U·P¼¾»P ­¦U¼S¨�¦�½�®6·0¬­¨¶¬�§7³9¥ ¸�º¶ P�¤¥�·P³Q¥±¢� ,\,4gYg8;Yd¬)¨�£�¥¹»P P�¤¥�·P³?Æ
¤U4gYg8;Y�VIHI>S��:WFp<?>B4DH�>BG¬FbG?~c8W:v> F7A¡:WFDG?8-47x ¬)·P§9¦U¼S¨=®G P�©º¶Å�¥¹³q¡D�3�X4pS/\K4gYg8;Y�Yg8W2?>B�pFp<5>@4^H�GrFD2?8�8RH�G?VI258WY

> G£H�47<£4^VI2t~I2?4^QIAB8R\ MI8R258D�7FDH�YOS�8r258vx�8R2£<?4�M �-`roD�|O��tuX4D<?8a<?M�F7<�<?M�8a258W¯&VI>B2?8W\,8RH&<£4DxI\K4gYg8;YbYg8W2?>B�pFp<5>@4^H�G
> G-Ge<?254DHIJ^8R2�<?M�FDH�¥¹³Pµ?§7��dnº¶·P³9¢�§7®�¥¹³�¡I¬)¨�£�¥¹»P P�¤¥�·P³9¢ZM Zg\,F^oDo8O£S"MI8R258O>Ö<�>BG-4DHIAB_�258W¯&VI>B2?8;Y�<5M�Fp<-<?MI8b¤���q
Yg4[8WGXHI47<"QI>BH�Y

s̄
�

÷ ·)¯ ít½�¨W½ º í :�°±*f°�$ò² >U§9¨�£�½
Q = p1(s̄1, t̄1), . . . , pn(s̄n, t̄n)

¥±¢-HI> :v8WA@_b\K4gYg8;Y�¥ ¿
t̄1, . . . , t̄n

¥±¢� 
¼¾¥¹³?¨¶ P£
»P¨�ºU�©·P£�·{¿
�3¨U£�®�¢
 P³?¬!¿�·|£� P¼¹¼

i ∈ {1, . . . , n}

V (s̄i) ∩
n⋃

j=i

V (t̄j) = ∅. {9��}

Ê Åu¨6ºU¼S P§�¢U¨
C = p(t̄0, s̄n+1)← Q

¥±¢bH�>B:R8RAB_�\,4gYg8WY�¥ ¿
Q
¥±¢=³9¥�º¶¨U¼¾½"®G·�¬)¨¶¬Z P³?¬

V (t̄0) ∩
n⋃

j=1

V (t̄j) = ∅. {|i^}

² µ?£�·�¡|£� |® ¥±¢­HI>B:R8RAB_�\,4gYg8WY�¥ ¿� P¼¹¼'·n¿�¥¹��¢�ºU¼S P§�¢U¨�¢� P£�¨�³9¥�º¶¨U¼¾½G®6·0¬­¨¶¬)Æ
² ³� |�3·|®

p(s̄, t̄)
¥±¢b>@H�~IVg<ehÅAB>@HI8;F72�¥ ¿

s̄
¥±¢=¼¾¥¹³?¨� |£¶Â�4DVI<?~IVg<?h�AB>BHI8WFD2�¥ ¿

t̄
¥±¢=¼¾¥¹³?¨� |£UÆ

÷ ·)¯ ít½�¨W½ º í :�°±*f°S: ÍD¨U�

C = pτ̄0,σ̄n+1(t̄0, s̄n+1)← p1
σ̄1,τ̄1(s̄1, t̄1), . . . , pnσ̄n,τ̄n(s̄n, t̄n)

¦¶¨G Qº�¼S |§�¢U¨�Æ Ã ¿ C ¥±¢�³2¥�º¶¨�¼¾½I®6·0¬­¨¶¬PÂ
t̄0
¥±¢�¥¹³|µ+§7��d©¼¾¥¹³+¨¶ P£¶Â! P³?¬I�¹Å9¨�£�¨6¨�´)¥±¢¶��¢� I»P P£�¥� ­¦U¼S¨6�¤½�µ+¥¹³�¡

U
¢�§9º¶Å

��Åu P�
U ` C Clause

Âx P³?¬
¿�·|£Z¨� )º�Å
i ∈ {0, . . . , n} Â U ¥±¢�µ+£�¥¹³?º�¥ µ9 P¼+¿�·P£

t̄i
 |³+¬

τ̄ ′i
Â!À�Å9¨�£�¨

τ̄ ′i
¥±¢���Åu¨

¥¹³u¢��© P³?º�¨�·{¿
τ̄i
§�¢U¨¶¬!¿�·|£�¬­¨U£�¥¹»�¥¹³�¡

U ` C Clause
Â#�¹Å9¨�³�À�¨=¢U P½G��Åu |�

C
¥±¢­HI>B:R8RAB_]<9_[~�8;YDÆ

² >U§9¨U£�½
Q
¥±¢­H�>B:R8RAB_�<9_[~�8;Y ¥ ¿
��Åu¨6ºU¼S P§�¢U¨

Go← Q
¥±¢
³9¥�º¶¨U¼¾½Z�¤½�µu¨¶¬)Æ ² µ?£�·�¡|£� |® ¥±¢­HI> :v8WA@_�<9_&~c8WY

¥ ¿� |¼¹¼'·{¿�¥¹��¢�º�¼� P§�¢U¨�¢� |£�¨
³2¥�º¶¨�¼¾½Z��½�µ9¨¶¬­Æ
��û ·[º © · ï :�°±*f°�� à�#�ë�¦¡ý · «7¨,© · »tët«7¨W½ º í á 4 � 
 ã 7�7 9 ÍD¨U� C  P³+¬

Q
¦¶¨� �³9¥�º¶¨U¼¾½ �¤½�µu¨¶¬Nº�¼� P§�¢U¨� P³+¬

>U§9¨�£�½­Æ Ã ¿ Q′ ¥±¢� �£�¨�¢U·P¼V»8¨U³9��·n¿ C  P³?¬
Q
À�Åu¨U£�¨���Åu¨=§7³9¥ ¸ º¶ |��¥�·|³�·n¿���Åu¨x¢U¨U¼S¨¶º��©¨¶¬G P�©·P®  |³+¬���Åu¨=ºU¼S P§�¢U¨

Åu¨¶ )¬"¥±¢�¢U·P¼¾»P ­¦U¼S¨G¦U½G®6·0¬­¨¶¬Z§7³9¥ ¸�º� |��¥�·|³uÂÄ��Åu¨U³
Q′

¥±¢=³9¥�º¶¨�¼V½G��½�µ9¨¶¬­Æ

�!k�) ùKú�û=�Dv:,/.1032�465 � sut#��su��Ú ý
d�Hè<?MI> G]G?VIQ�G?8W:=<5>@4^H���Sa8TG9<5V�Yg_é<?MI8UFDY�F7~g<�Fp<?>B4DHè47x�<?MI8�<9_[~c8�Ge_gGe<?8R\ Sa8T~I258WG?8RH&<?8;Y x�4^2�:v4DH�G9<525FD>@H&<
AB4DJD> :]~I254DJ^25FD\]G�<?4�258WF^Ge4^HI>BHIJ�F7H�Yé¯^V�8R25_!A F7HIJ^V�F7J^8WG�x�4^2�<5MI8!{|Ge8W\,FDH&<?> :W}OS�8RQ��0�-GKF7H 8RygFD\,~IA@8L47x
G?V�:�M�ABFDHIJDV�FDJD8;GR��S�8�:v4^H�G?>BYg8W2�<?MI8]A F7H�JDV�FDJD8K°r±v²D³|´;µ�M �"Zgj^iDF8OÅ�L��G?VIQ�G?8v<b4Dxa°r±R²7³�´Wµ�>BGbYg8WG5:v25>@Qc8WYP>BH
G?VIQ�G?8W:=<5>@4^H­ig� mI�B�p�td�HbFDYIYI>Ö<5>@4^HO<?4"<5MI> GtG?VIQ�G?8v<;��Sa8�F7ABA@4pSPJD254DVI~�>@HIJ�:v4DH�G9<52?V�:v<

all
FDH�Y

some
M �"Zgj^iDF8O^<54

F7~�~�8;F72�>@H]:R4DH�Ge<?25V�:=<t<?8W2?\]GW�
all t

Ge<5FDH�YIG£x�4D2�<5MI8¬�D8;:=<?4^2�47xcY�Fp<5F�<58R25\,G�:R4D252?8;Ge~c4DH�YI>@HIJ-<?4OF7ABAg~c4^G5Ge>BQIAB8
F7H�GeS�8R2�GX4Dx3<?MI8,¯&VI8R25_T~�F72?<W�¡S"M�8R258WFDG

some n t
Ge<5F7H�YIG�x�4D2�F��^8W:=<54D2�47xaYIF7<5F�<?8R25\]G�:v4D25258WG?~�4^H�Yg>BHIJ
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catalogue[ cd[ title[ T ��®�µ+¥¹£�¨U��§7£�¼S¨�¢V>�§9¨ T ] artist[ T ��·)¦ ã ½P¼S |³ T ] year[ T 	'W'X  T ] ]
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result [ all title[ TITLE ] ] ←
catalogue{{ cd{{ title[ TITLE ] }} }}
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result [ some 2 title[ TITLE ] ] ←
catalogue{{ cd{{ title[ TITLE ] }} }}
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> G"F,GeVIQ[�^8W:=<54D2¬47x
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(σ, τ)
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(τ)ρ = τρ

Â
(Λ1Λ2)ρ = Λ1ρΛ2ρ

Â
(Λ1 | Λ2)ρ = Λ1ρ | Λ2ρ

Â
τ?ρ = τρ?

 P³+¬
(Λ∗)ρ = Λρ∗
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4g:R:RVI2?25>BHIJ]>@H
Λ
4^2
τ
�-NP8­FDG5G?VI\,8O<?M�F7<-8WF^:�MUABFDQ�8WA£M�FDG-F�¬­¨¶º�¼� P£�¨¶¬K£�¨3¡­§7¼S P£
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catalogue : t p cd∗ → t p catalogue

cd : t p title t p artist t p year → t p cd

title : string → t p title

artist : string → t p artist

year : int → t p year

result : t p title∗ → any

� ��FD2?> F7Q�A@8�<9_&~�>@HIJ
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1 | . . . | τm1

1 , . . . , Xn : τ1
n | . . . | τmnn }
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<9_[~�8L2?8WJDVIA F72O8Ryg~I2?8;G?G?>B4DH�GO4Dx¬<?MI8�F725JDVI\,8RH&<�GO>BGbV�G?8WY�>BH¾2?V�A@8;G
(Compl Unord)

�
(Incompl Unord)F7H�Y

(Head Unord)
<?4LG?>BJDHI>@x�_�<5M�Fp<�<?MI8KF725JDVI\,8WH^<�G"47x�<5MI8�<58R25\ FD2?8OH�47<�4^25YI8R258WY¡�"� \,4^2?8O~I258W:R>BG?8

25VIA@8�S�4DVIA YLM�F��D8�Qc8R8RH�<54,:�M�8W:�w]S"MI8R<?MI8W2"<?MI8OA F7H�JDV�FDJD8-258W:R4DJ^HI>SRW8WY�Q&_
Λ1 . . .Λn

>BG">BH�:RA@V�YI8WY�>@HL<?M�8
A F7HIJ^V�F7J^8�4Dx�<9_[~�8O�^8W:v<?4D2�Ga<?M�F7<XF7258�~c8R25\bVI<5Fp<5>@4^H�G¬47x£<9_[~�8O�^8W:=<54D2�Gr\]F7<5:�MI>BHIJ

Λ
�3�-4pSa8W�D8W2W�^<?MI> G"A FDGe<

A F7HIJ^V�F7J^8­> GOHI4D<�2?8WJDVIA F72;�Ks�4D2�8RyIF7\,~IAB8D�¡<5MI8]ABFDHIJDV�F7JD8K47x¬S�4D2�YIG�<?M�F7<bF7258K~c8R25\bVI<5Fp<5>@4^H�G�47x¬S�4D2�YIG
\]Fp<�:�MI>@H�J

(ab)∗
>BGb<?M�8TG?8v<K47x-S�4D2�YIG­:v4DH&<�F7>BHI>@H�J�<?M�8�G5F7\,8�H[VI\­Q�8W2,47x

a
� GKF7H�Y

b
� GR�zS"M�>B:�M
>BGKHI4D<

258RJDV�ABFD2W�zZ[>B\K>BA F725A@_]<54K<?MI8�25VIA@8
(Head)

�[<?MI8�25VIA@8;G
(Head Ord)

F7H�Y
(Head Unord)

V�Ge8OFK258RH�FD\K>BHIJ
>BH�G9<58WF^YL4DxtF,G?VIQ�Ge<?>@<?Vg<5>@4^HL<54]8vyg~I258WG5Ga<?MI8O~I25>BH�:v>B~IAB8O47xtYI8���HI>@<?>B4DH�F7A�J^8RHI8W2?> :v>@<9_�M �£EXoI��O��

f¬MI8L2?VIAB8
(Desc)

G?>@\,~IAB_�8vyg~I258WG5Ge8;G�<?M�Fp<b<5MI8T¯^V�8R25_0<58R25\
t
> GbS�8RABA@h|<9_[~c8WY¡��d�Hé~�F72?<?> :vVIA F72;�£<?MI8

~c4^G5Ge>BQI>BA@>@<9_]<?4,J^>@�^8�FDH[_,<9_&~c8�<?4K<5MI8�8vyg~I258WG5Ge>B4DH
desc t

8vyg~I258WG5Gr<5M�Fp<"<5MI8�<9_[~�8�4Dx
t
>BG¬HI4D<"2?8WABF7<?8WY�<?4

<?M�8�<9_&~c8O47xt<?M�8�<?8R25\
t′
>@<-F7~�~�8;F72�Ga>BH���F^G

t
\]F�_�4g:W:vVI2"Fp<-FDH�FD2?Q�>Ö<525FD2?_�Yg8W~g<?MT>BH

t′
�

f¬MI8L2?VIAB8
(All)

{�258WG?~��
(Some)

}�8Ryg~I2?8;G?G?8WG�<?M�F7<­<5MI8�J^2?4^VI~I>BHIJ0:R4DH�Ge<?25V�:=<
all

{�258WG?~��
some n

}
Ge<5F7H�Y�x�4^2"�D8;:=<?4^25G�4Dx�<?8W2?\]G"4DxtFDH�FD2?QI>@<?2�F725_�G?>SRW8,{�2?8;Ge~��z47xtG?>�RR8

n
}=�

�!k[ª ùKú�û=�òy3×!��y¡®�znp��
d�H�<?MI> GXG?VIQ�G?8W:v<?>B4DH�Sa8OYg> G?:RV�G5G"Ge4^\K8�> G?G?VI8;G¬2?8WABF7<?8WY�<?4,<5MI8�<9_[~�8O:�MI8;:�w[>@HIJ,4Dx�°r±v²D³|´;µ¬~I2?4^JD2�F7\]GW�

f¬MI8�<9_[~�8OG?_gG9<58R\�~I258WG?8RH&<?8;Y�>BHL<5F7Q�A@8�ib>BG¬HI4^Hgh�Yg8v<58R25\K>BHI> G9<5>B:D�gGe>BH�:v8�<5MI8�2?VIAB8
(Sub)

:RFDH�Qc8OV�Ge8;Y
F7H[_[S"MI8W2?8K>@H FL<9_[~I>BHIJUYg8R25>@�pF7<?>B4DH��]��Yg8R<?8R25\,>@H�>BGe<?> :,Ge_[H&<5F7y&h�Yg>B2?8;:=<58WY0G?_gG9<58R\�:WF7HPQ�8]4^Qg<5FD>@H�8WY!Q&_
258R~IA FD:R>@HIJ!<?M�8�25VIAB8

(Sub)
Q[_ �pF725> F7H&<5GK47x�47<?M�8R2,2?V�A@8;G,S">Ö<5MèG?VIQg<9_[~c8L258RA Fp<5>@4^H�GK>@H
<?MI8W>@2,~I258R\,> Ge8;GR�

G?>@\,>BABFD2?AB_�<54�:RFDG?8"47xc<?M�8"<9_[~�8XG?_gG9<58R\ x�4^2 � ��1�M s � j���OÅ�ts�4D238RygFD\,~IA@8^�7<5MI8X25VIA@8
(Compl Ord ′)

Q�8WA@4pS
> G¬<?MI8O�pFD2?> F7H&<

(Compl Ord)
C

(Compl Ord ′)
U ` t1 : Λ1 . . . U ` tn : Λn
U ` lΛ→τ [t1 . . . tn] : τρ

ρ
>BG-Fb<9_[~c8�GeV�Q�G9<5>Ö<5Vg<?>B4DH

(Λ1 . . .Λn)≤(Λ′1 . . .Λ
′
n)F7H�Y

(Λ′1 . . .Λ
′
n) v Λρ

l&n



(Sub)
U ` t : Λ Λ≤Λ′

U ` t : Λ′

(Var)
X : τ1 | . . . | τn ∈ U
U ` X : τ1 | . . . | τn

(As)
U ` t : Λ X : Λ ∈ U

U ` X ; t : Λ

(Compl Ord)
U ` t1 : Λ1 . . . U ` tn : Λn
U ` lΛ→τ [t1 . . . tn] : τρ

ρ
> GXF­<9_[~�8�G?VIQ�Ge<?>@<?Vg<5>@4^H
F7H�Y

(Λ1 . . .Λn) v Λρ

(Compl Unord)
U ` t1 : Λ1 . . . U ` tn : Λn
U ` lΛ→τ{t1 . . . tn} : τρ

ρ
> GXF­<9_[~�8�G?VIQ�Ge<?>@<?Vg<5>@4^H

(Λ′1, . . . ,Λ
′
n)
> G"F­~c8R25\bVI<5Fp<5>@4^H
47x

(Λ1, . . . ,Λn)F7H�Y
(Λ′1 . . .Λ

′
n) v Λρ

(Incompl Ord)
U ` t1 : Λ1 . . . U ` tn : Λn
U ` lΛ→τ [[t1 . . . tn]] : τρ

ρ
> GXF­<9_[~�8�G?VIQ�Ge<?>@<?Vg<5>@4^H

(Λ1, . . . ,Λn)
>BGXF,G?VIQ[�D8;:=<?4^2

4Dx
(Λ′1, . . . ,Λ

′
m)F7H�Y

(Λ′1 . . .Λ
′
n) v Λρ

(Incompl Unord)
U ` t1 : Λ1 . . . U ` tn : Λn
U ` lΛ→τ{{t1 . . . tn}} : τρ

ρ
> GXF­<9_[~�8�G?VIQ�Ge<?>@<?Vg<5>@4^H

(Λ1, . . . ,Λn)
>BGXF,G?VIQ[�D8;:=<?4^2

4DxtF,~c8R25\bVg<�Fp<5>@4^HL4Dx
(Λ′1, . . . ,Λ

′
m)F7H�Y

(Λ′1 . . .Λ
′
n) v Λρ

(Desc)
U ` t : Λ

U ` desc t : τ

x�4D2XFDH&_,<9_[~c8
τ

(All)
U ` t : Λ

U ` all t : Λ∗

(Some)
U ` t : Λ

U ` some n t : Λn

(Head Ord)
U ` t1 : Λ1 . . . U ` tn : Λn
U ` lΛ→τ [t1 . . . tn] Head

ρ
> G"FK2?8WH�F7\,>BHIJK<9_[~�8�G?VIQ�Ge<?>@<?Vg<5>@4^H

F7H�Y
(Λ1 . . .Λn) v Λρ

(Head Unord)
U ` t1 : Λ1 . . . U ` tn : Λn
U ` lΛ→τ{t1 . . . tn} Head

ρ
> G"FK2?8WH�F7\,>BHIJK<9_[~�8�G?VIQ�Ge<?>@<?Vg<5>@4^H

(Λ′1, . . . ,Λ
′
n)
> G"F­~c8R25\bVI<5Fp<5>@4^H
47x

(Λ1, . . . ,Λn)F7H�Y
(Λ′1 . . .Λ

′
n) v Λρ

(Rule)
U ` tc Head U ` tq : any

U ` tc ← tq Rule

ftF7Q�A@8�igCzf¬MI8�<9_[~c8�Ge_gGe<?8W\�x�4D2¬°r±R²7³�´Wµv�

lD¢



fa_&~c83:�MI8;:�w&>BHIJ¬<5M&V�G�258W¯&VI>B2?8;Gc<?4-G?4DAB�D8t<?M�8zx�4DABA@4pS">BHIJ"~I254DQ�A@8W\�C¡J^>@�^8RH�<9Sa4¬<9_[~c83258RJDV�ABFD2¡8vyg~I258WG5Ge>B4DH
Λ1

F7H�Y
Λ2
�I> G¬<?M�8R258�FK<9_&~c8�G?VIQ�Ge<?>@<?Vg<5>@4^H

ρ
F7H�YTFK<9_[~�8O258RJ^VIA F72¬8vyg~I258WG5Ge>B4DH

Λ′
GeV�:�M�<5M�Fp<

Λ1≤Λ′ v
Λ2ρ Y f¬MI>BG�~I2?4^QIAB8R\ :R4D\bQ�>@HI8;G�G?VIQg<9_[~I>BHIJ���~�F72�F7\,8R<?25>B:L~�4^A@_[\,4D25~IMI> Ge\ F7H�Yè258RJDV�ABFD2K8Ryg~I2?8;G?G?>B4DH
\]Fp<�:�MI>@H�J��Xf¬MI8­~I2?4^QIAB8R\ 4DxrGeV�Qg<9_[~I>@H�J�>@H0~�F72�F7\,8v<52?>�RR8;Y�258RJ^VIA F72"<52?8W8�ABFDHIJDV�F7JD8;G"M�F^G"Q�8W8RH0Ge<?V�Yg>@8;Y
>BHdM �-s � j^l0OÅ�I>BH�<?MI8�:R4DH&<?8Ry&<"4Dx£x�VIH�:=<?>B4DH�F7A¡A F7HIJ^V�F7J^8WGax�4D2"~I254g:v8;G?G?>@H�JKG?8R\,>@hÅGe<?25V�:=<5VI258WY�Y�Fp<5F��

d�H�<?MI8rJD8RH�8R2�F7A7:RF^Ge8^�v<5MI83>BH�:vABV�G?>@4^H�~�2?4^QIA@8W\)x�4^2�2?8WJDVIA F72�8Ry[~�2?8;G?G?>@4^H�G�> G¡1aZ[1¡� � `zh�:v4^\K~�A@8R<?8�M Zg¤!n7�g�
��4­R�n^nUO��3�-4pSa8W�D8W2W�&2?8;G9<52?> :=<5>@4^H�G�4DHL<?MI8�x�4^2?\ 47x�<5MI8O258RJDV�ABFD2a8Ry[~�2?8;G?G?>@4^H�G�2?8;YgV�:R8WGa<?MI8�:R4D\,~IAB8vyg>@<9_�47x
<?M�8�~I254DQIAB8R\�M ¤�u�Zgj7kPOÅ��d�H�~�FD2e<5>B:RVIABFD2O:�MI8W:�w[>BHIJ�<?MI8]>BH�:vABV�G?>@4^H!4Dx��Rh�V�H�F7\­QI>@J^VI4DV�G�258RJ^VIA F72�8vyg~I258WGeh
G?>@4^H�GKM �l��N)oD¢POX>BGK>BH
1zh�f¬d9¤U`X�3f¬M[V�GW�r>@<�Ge8W8R\]GK>@H&<58R258WGe<?>BHIJ0<54P:R4DH�G?> Yg8R2,258WGe<?25>B:v<?>B4DH�G­4DHèF7ABA@4pS�8WY
258RJDV�ABFD23<9_[~�8�G5:�MI8R\,8WGr>@HL4D2�Yg8R2r<?4­2?8;YgV�:v8-<?MI8�:v4^\,~IA@8Ryg>Ö<9_,47x¡<5MI8�>@H�:RA@V�Ge>B4DH�:�M�8W:�w[>@H�JbF7ABJD4^2?>@<?MI\]GW�^F^G
>@<X>BG¬<5MI8�:RF^Ge8�>BH�¨0Æ ¡qÆr��f"��G�M `3y&<�O�S"MI8W2?8�258RJDV�ABFD2�8Ryg~I2?8;G?G?>B4DH�Ga\bV�Ge<XQc8]�vhÅVIH�F7\­QI>BJDVI4^V�GR�

�X4pS�8R�^8R2;��2?VIAB8WG
(Incompl Ord)

F7H�Y
(Incompl Unord)

258W¯&VI>B258a<5MI8�<9_[~�8"4Dx�<?M�8¬FD2?J^VI\,8RH&<5G£<54�Qc8
F-G?VIQ[�D8;:=<54D2�4DxgF-�D8;:=<?4^2�\]Fp<�:�MI>@H�J"<?MI8r<9_[~�8a2?8WJDVIA F72�8Ryg~I2?8;G?G?>B4DH�47xg<5MI8rA F7Qc8RA��'��>B�D8WHbF"258RJDV�ABFD2�8vyg~I258WGeh
G?>@4^H

Λ
�&>Ö<r~c4^G5G?>@QIAB8¬<?4�:R4D\,~IVg<58-F�258RJDV�ABFD2z8vyg~I258WG5Ge>B4DH

Λ′
S"MI4^G?8"A F7HIJ^V�F7J^8a> G38RygF^:=<5A@_b<?MI8XA F7H�JDV�FDJD8¬47x

S�4D2�YIG�<?M�F7<-F7258OGeVIQ[S�4D2�YIG�{�>BH�<?MI8�G?8RH�G?8O47xzG?VIQ[�D8W:v<?4^25G�}34DxtS�4D2�YIG�>BHL<5MI8OA F7HIJ^V�F7J^8�4Dx
Λ
� ��>B�D8RHL<?M�8

��sg�
d
:v4^2?258WG?~�4^H�Yg>BHIJ,<?4

Λ
��FG��HI>@<?8KF7Vg<54D\]Fp<54DH�:R4D252?8;Ge~c4DH�YI>@HIJK<54

Λ′
> GX4^Qg<5FD>@H�8WYUQ[_TFDYIYg>BHIJ���x�4^2

8WF^:�M�G9<�Fp<58WG
s
FDH�Y

s′
>BH
d
F7H�YT8WFD:�MUAB8v<?<?8W2

a
GeV�:�MU<?M�F7<

s →∗ a→ s′
��<?MI8b<?2�F7H�G?>@<?>B4DH

s
a→ s′

��qXHIx�4D2?h
<?V�H�Fp<58RAB_D�g<5MI8O2?8;GeV�AÖ<5>@HIJ,8Ry[~�2?8;G?G?>@4^H

Λ′
\]F�_�Q�8�\,4D258O:v4^\K~�A@8RyLF7H�YLHI4D<�x�V�AV��A£2?8;G9<52?> :=<5>@4^H�Ga<?M�F7<"\,F�_

M�F��^8KQc8R8WH�>@\,~c4^G?8WYP4DH
Λ
��¤U4D258R4p�^8R2;��2?VIAB8WG

(Compl Unord)
F7H�Y

(Incompl Unord)
F7A Ge4T258W¯&VI>B2?8

<?4P:v4^H�Ge> Yg8W2b~c8R25\bVg<�Fp<?>B4DH�Gb4Dx"<9_&~c8�258RJ^VIA F72b8Ryg~I2?8;G?G?>B4DH�GW�£S"M�>B:�M <5M[V�Gb258WG?VIA@<5Gb>@HèF0G?VI~I~IAB8R\,8RH&<�F725_
:v4^\bQI>BH�F7<?4D25> F7A�~I254DQIAB8R\T�

�!k�¯ °�t p�y4�nwxý�z{t�p
NP8�~I258WG?8RH&<?8;Y�F,~�2?8;G?:R2?>B~g<?>B�D8�<9_[~c8bGe_gGe<?8W\�x�4D2�:v4DH�G9<525FD>@H&<"A@4^JD> :�ABFDHIJDV�F7JD8;G"F7H�YTG?MI4pS�8WYLMI4pS >@<�:WF7H
Qc8-FDYIFD~g<?8;YK>@H&<?4�F�<9_[~c8-G?_[Ge<?8W\ x�4^2z<9_[~I>@H�JO2?VIAB8"A F7HIJ^V�F7J^8WGtV�G?8WYK>@H]S�8RQ]FD~I~IAB>B:WFp<?>B4DH�GR��f¬MI> Gz2?8;GeV�AÖ<58WY
>BHKF�~I258WG5:v25>@~g<5>@�^83<9_[~c8�G?_gG9<58R\ x�4D2t<5MI8a25VIAB8aA F7H�JDV�FDJD83°r±R²7³�´Wµ M �"Zgj&i7F8O[x�4D2t<525FDH�G9x�4^2?\,>BHIJ�FDH�Yb¯&VI8W2?_[>BHIJ
®�¤0� Yg4g:vVI\,8RH&<�GR�3st>BH�F7ABA@_^�IS�8�YI>BG5:vV�G5G?8WY�Ge4^\K8�> G?G?VI8;G¬2?8WABF7<?8WY�<?4K<9_[~c8�:�MI8W:�w[>BHIJ��

sI4^2zx�Vg<5VI2?8-Sa4^2?w��7S�8">@H&<58RH�YK<54�8R�pF7ABV�F7<?8¬<?M�>BGr~I2?8;G?:R2?>B~g<5>@�^8a<9_[~c8-G?_[Ge<?8W\ 4^H�E"`3N%`rE-Zg`
F7~�~IA@> :RF7h
<?>B4DH�GR��d�HU~�F72?<?> :vV�ABFD2"Sa8�S"> G?ML<54�F7H�F7AB_[G?8�<?MI8b2?4^A@8O4Dxt<9_[~c8WG¬x�4^2-~I258R�^8RH&<?>BHIJK<?M�8�\,>BG?V�G?8�47xzGe8W\]F7H&<?> :
S�8RQ�~I254DJ^25FD\ :v4^\,~�4^HI8RH&<5GaF7H�Y]<?MI8�MI8RAB~�~I254p�[>BYg8;Y­<?4�<5MI8-V�Ge8W23x�4D2aS"2?>@<?>BHIJb:R4D\,~IAB8vy]¯&VI8R25>@8;G3>BH[�D4DAB�&h
>BHIJ�Yg>S�c8W2?8WH^<"w[>BH�YIG"4Dx£4DH&<54DAB4DJD>B8WG�4^2"2?8;FDG?4DHI>BHIJ��

NP8U~IABFDHèFDABG?4P<?4 Ge<?V�Yg_é<?MI8T<5MI8R4^2?8R<?> :RFDA�~�2?4^~�8W2e<5>@8;G,47x-<5MI8T<9_[~�8�G?_gG9<58R\ SO� 2;� <;�ó<?MI8�Yg>S��8R258RH&<
~c4^G5Ge>BQIAB8�8Ryg8W:vVI<?>B4DHé\,4gYg8WABGK47x�°r±v²D³|´;µIM �"Zgj^iD:¶O��
N!8T>BH&<?8RH�Y¾<54�YI8R�D8WA@4^~¾~I2�FD:v<?> :RF7A"FDA@J^4D25>Ö<5MI\]G�x�4^2
<9_[~�8T:�MI8;:�w&>BHIJ��!d�H
~�F72?<?> :vVIA F72;��Sa8LHI8R8;YéFDH
F7ABJD4^2?>@<?M�\�<54�<?8;G9<,S"MI8R<?MI8W2W�3J^>@�^8RH <9S�4�<9_[~c8�258RJ^VIABFD2
8vyg~I258WG5G?>@4^H

Λ1
F7H�Y

Λ2
�g<?M�8R258�8Ryg>BGe<5G"F­<9_[~�8�G?VIQ�Ge<?>@<?VI<?>B4DH

ρ
F7H�Y�F­<9_[~�8O258RJ^VIABFD2¬8vyg~I258WG5Ge>B4DH

Λ′
G?V�:�M

<?M�Fp<
Λ1≤Λ′ v Λ2ρ

��S"MI> :�M�:v4D\­QI>BHI8WG¡G?VIQg<9_[~I>BHIJ���~�FD25FD\,8v<?25> :£~c4DAB_[\,4D25~IMI> Ge\ F7H�Y�258RJDV�ABFD2�8Ryg~I2?8;G?G?>B4DH
\]Fp<�:�MI>@H�J��td�H]4D2�Yg8R2z<54O2?8;YgV�:R8"<?MI8-~�4&G?G?>@Q�A@8X:R4D\bQ�>@H�F7<?4^2?> F7Ag8Ry[~�A@4&Ge>B4DH�G�>BH,<?M�8WG?8-F7ABJD4^2?>@<?MI\]GW�7S�8"\,F�_
:v4^H�G?>BYg8W2"2?8;G9<52?> :=<5>@4^H�G�4DHL<?MI8O258RJ^VIA F72�<9_[~�8�G5:�MI8R\,8;G¬47x£A F7Qc8RA GW�

Z [ L�	R¶/·�CE
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