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Robust a posteriori error control for transmission problems
with sign-changing coefficients using localization of dual norms

Patrick Ciarlet Jr.t Martin Vohralik?

May 4, 2015

Abstract

We present a posteriori error analysis of diffusion problems where the diffusion tensor is not necessarily
symmetric and positive definite and can in particular change its sign. We first identify the correct
intrinsic error norm for such problems, including both conforming and nonconforming approximations.
This involves global dual (residual) norms. Importantly, we show their equivalence with the Hilbertian
sums of their localizations. We then design estimators which deliver simultaneously guaranteed error
upper bound, local and global error lower bounds, and robustness with respect to the diffusion tensor
as well as with respect to the approximation polynomial degree. The estimators are given in a unified
setting covering at once conforming, nonconforming, mixed, and discontinuous Galerkin finite element
discretizations. Numerical results illustrate the theoretical developments.

Key words: noncoercive problem, sign change, metamaterial, a posteriori error estimate, intrinsic dual
error norm, localization, equilibrated flux, unified framework, robustness, finite element methods

1 Introduction

Let Q € R? d > 2, be an open polytope (polygon for d = 2, polyhedron for d = 3), X a tensor-valued
diffusion tensor, and f a datum. We consider the following problem: find u : 2 — R such that

—V-(XVu) = f in €, (1.1a)
u=0 on 0f. (1.1b)

In contrast to the usual setting, cf. Ciarlet [12], we relax the assumption of X being positive definite
(and symmetric). Such a situation arises as a model problem in electromagnetism for interfaces between
dielectrics and (negative) metamaterials, see, e.g., Bonnet-BenDhia et al. [3] or Wallen et al. [30] and the
references therein. The exemplar situation is the case where € is composed of two subdomains Q4 and Q_
of nonzero measure such that §|Q+ =01 and X|og_ =o0_1I, where o > 0 and o_ < 0 are two scalars and
I is the identity tensor.

Let (-,-) denote the L2(Q) or [L?(£2)]¢ scalar product; |-|| stands for the associated norm. We will call
u € H(Q) a weak solution of (1.1) if

(ZVu, Vo) = (f,v) Yo € Hy(Q). (1.2)

Conditions for well-posedness (existence, uniqueness, and continuous dependence on the data) of the general
problem (1.2) follow from the celebrated Banach—Necas—Babuska theorem, cf., e.g., Ern and Guermond [15,
Theorem 2.6]. They have recently been revisited via the T-coercivity approach, see, e.g., Bonnet-BenDhia et
al. [2] or Chesnel and Ciarlet [10] and the references therein. Conception of numerical approximations, their
well-posedness, and a priori error estimates have been addressed in [10] in the conforming finite element
context and in [11] for nonconforming and discontinuous Galerkin context.
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A posteriori error analysis for problems of type (1.1) has likewise been started recently. In particular,
Nicaise and Venel [23] bound the error between the known finite element approximation and the unknown
weak solution u of (1.2) by a computable a posteriori indicator. This bound features an unknown constant,
so that the error control is not guaranteed. More seriously, the dependence of the quality of the estimator on
the tensor X (on the ratio, or contrast, o4 /o_ in the simplest setting) is not traced; numerical experiments
indicate deterioration of the behavior (so-called non-robustness) when the contrast is approaching the set of
forbidden values, equal to an interval to which — 1 always belongs. There is also a need for a discrete version
of the trace lifting operator, both in the analysis and in the implementation. The previous contributions,
see Bernardi and Verfiirth [1] or [29] and the references therein, only study the standard positive definite
case.

The goal of this contribution is threefold: firstly, we want to derive a posteriori error estimates which
are guaranteed, certifying the maximal error. Secondly, we wish them to be robust with respect to the
jumps and sign changes in the tensor 3. The adaptive mesh refinement based on the a posteriori error
estimators developed in this work produces in our numerical experiments sequences of meshes leading to
optimal decay rates for an arbitrarily singular solution. Finally, we want to develop a wunified framework
covering all standard numerical methods. The guaranteed upper bound will be achieved via the equilibrated
fluxes concept following Prager and Synge [24], Ladeveze and Leguillon [19], Kelly [18], Destuynder and
Métivet [13], Luce and Wohlmuth [20], Braess and Schéberl [5], Repin [25], or [29, 16].

The key point for obtaining the above-discussed robustness is a proper choice of the way the error is
measured. For conforming (lying in the space HJ (£2)) approximations, following Verfiirth [27], Chaillou and
Suri [9], and [29, 14], we introduce the intrinsic problem-dependent norm

[lv]l4 := sup (EVu, Vo) v € HYQ). (1.3)
M (Q); [[Vell=1

Importantly, we prove that ||v||x is equivalent with the Hilbertian sum of its localizations on patches of
elements. The unified framework we develop also includes nonconforming approximations and turns out to
be subtle in the present non-coercive setting; it requires a proper generalization of (1.3) to v & H}(Q2). We
elaborate it in extension of the recent work [16]. In addition to the robustness with respect to the tensor
2, we then also obtain robustness with respect to the approximation polynomial degree.

Our paper is organized as follows. Section 2 sets the notation and assumptions on both continuous and
discrete levels. Section 3 discusses conforming approximations while relying on the intrinsic norm (1.3).
Section 4 then extends these concepts to an abstract setting and presents our unified framework for all
standard numerical methods. Section 5 resumes our general findings about the localization of the dual norms
that we find new and of independent interest. Finally, Section 6 illustrates our theoretical developments on
two numerical examples and Section 7 gives some concluding remarks and outlook.

2 Setting

This section introduces the assumptions, notation, and discusses in detail the choice of the way we will
measure the error.

2.1 Assumptions
Throughout the paper, we shall suppose the following:
Assumption 2.1 (Setting). We suppose that

o {Ti}n is a family of simplicial partitions of 2, i.e., Uxer, K = Q for all T, any K € T, for any Tp,
is a closed simplex, and the intersection of two different simplices in one Ty, is either empty, a verter,
or an l-dimensional face, 1 <1 <d—1;

o the family {Tn}n is shape reqular in the sense that there exists a constant k1 > 0 such that, for all
triangulations Tp,, maxgeT, hic/ox < K1, where hi s the diameter of K and o is the diameter of
the largest ball inscribed in K;

e X € [L=(0)]?*? is piecewise constant on each given Tr;



o f € LQ(Q);

e there exists a linear bijective operator T : H3 () — HE(Q), cf. [10, Definition 3], bounded in the
sense that ||[V(Tv)|| < |T||Vvll for all v € HF(Q), ||T|| < oo, and T-coercive in the sense that
(XVv, V(Tv)) > || Vo2 for all v € H(Q), a > 0.

Corollary 2.2 (Weak solution). Under Assumption 2.1, there exists a well-posed solution of (1.1) in the
sense (1.2). It satisfies, u € H}(Q) and o := —XVu € H(div, Q) with V-0 = f.

2.2 Intrinsic norm

Under Assumption 2.1, the intrinsic norm given by (1.3) satisfies, for v € H}(2), ||v]|x = 0 if and only if
v = 0. Moreover, the Cauchy—Schwarz inequality implies

(EVv, V(Tv)) 1
TV S [oll# < [IZVoll Vv e Ho(Q), (2.1)

and the boundedness and coercivity of T and the boundedness of X allow to further confine

el

Tl IVoll < llvlle < [l Vol Yo € Hy (), (2.2)

so that [|v]|x is equivalent to the canonical norm ||Vv| on the space H{(f2). Note that (XVv, Vv) may
become negative, which excludes the notion itself of an energy norm; on the other hand |[v]x = [|Vv| in
the case where ¥ = I, so that ||v||4 is a natural extension of the canonical norm of the Laplace equation.

Let HY(Ty) = {v € L?*(Q); v|x € HY(K) for all K € T,} be the broken Sobolev space and V the
corresponding broken (elementwise) gradient. We will need to extend definition (1.3) to more general
arguments; if v € H(75,) but v &€ H}(Q), ||v||4 is not anymore a norm and seems insufficient. In fact, when
3 = I, there holds, for arbitrary u € H}(Q) and uj, € H'(Tp), cf. [16, Theorem 3.3] and the references
therein,

IV@—w)lP= s (Vw—un), V) + inf [V — 5|2
PEHE(9); || Vel =1 s€Hg ()

Thus ||u — up|/# is only one part of the distance ||V (u — up)| in this case. We are led to measure the error
between the weak solution u € Hg () of (1.2) and an arbitrary u, € H*(T) by

2 2 : 2
- = |jlu— + f IV — . 2.3
o= wnll? =l _inf V= )] (23)
Of course, the second term disappears whenever u;, € H}(Q); in this case, |||u — up||| = ||u — up|/%. In the
general case u, € H'(Ty,), there holds
[l — unlly = sup {(f,9) = (EVun, Vo) }

PEHG(Q); [ Vell=1
using (1.2). Thus ||u — upl|# is the dual norm of the residual. Moreover,

lu—uwnly < il |SVur+ o
occH(div,Q); V-o=f
by the Green theorem, so that ||u — up| 4 is linked to the nonconformity in the approximate fluz —XVuy,.
The second term in (2.3) then expresses the possible nonconformity in the discrete potential wup,.
Finally, in what follows, we will need to localize (1.3). Let w be a subdomain of Q. For a function v
piecewise H' on w, we define

[Vl = sup (EVo, V), (2.4)
<P€Hé (w); ||V‘PHH5(“,):1

where (-, ), is the L?(w) or [L?(w)]? scalar product and |[-||, the associated norm. Note that the Cauchy—
Schwarz inequality still gives, for all piecewise H! functions v on w,

[oll.w < IZVollw. (2.5)



2.3 Notation

We denote a generic element of 7, by K; ng then stands for the outward unit normal vector to K. The
mesh (d — 1)-dimensional faces are collected in the set &, with interior faces £I"* and boundary faces E5X*.
A generic face is denoted by e and its diameter by h.. For any e € &, n. stands for the unit normal vector
to e; the orientation is arbitrary but fixed for e € £ and points outwards of  for e € £, We will use
the jump operator [-] yielding the difference evaluated along n. of the traces of the argument from the two
mesh elements that share e € £ and the actual trace for e € £F. For K € T, £ stands for all faces
e of K not lying on 0€). Finally, Tx denotes all the elements in 7, sharing a face with K and wg the
corresponding subdomain. The set of vertices will be denoted by Vp,; it is composed of interior vertices V}Lnt
and vertices located on the boundary V;**. For a vertex a € Vj,, Ta stands for the patch of the elements of
Tr which share a, w, the corresponding subdomain, and 1, the continuous, piecewise affine “hat” function
which takes value 1 at the vertex a and zero at the other vertices. For K € T, Vi denotes the set of
vertices of K.

We use Pp(Tr), p > 0, to denote piecewise polynomials on 7, of total degree at most p; II, is the
L?(£2)-orthogonal projection onto P,(7;). We will rely heavily on the Raviart-Thomas-Nédélec mixed
finite element spaces RTN,(7;,) := {v;, € H(div,Q);vi|x € RTN,(K)}, p > 0, with the local spaces
RTN,(K) := [P,]? + P,x, K € T, see see Brezzi and Fortin [6] or Roberts and Thomas [26]. The abstract
notations Vy, x Qp, for RTN,(T5) x P,(7x), as well as Vi, (w) x Qp(w) for their restriction to w C €, will
be often employed. The L?(2)-orthogonal projection onto @, will then be denoted by Ilg, .

3 Conforming discretizations

This section adapts to the present X-setting and summarizes the a posteriori error estimates that have
been previously obtained in the literature for conforming discretizations of (1.1) for symmetric and positive
definite 3. It in particular covers conforming finite element, vertex- and cell-centered finite volume, and
finite difference discretizations.

3.1 Residual estimates

Set Vi, := P,(Tn) N HY(Q), p > 1. The finite element method for problem (1.1) reads: find uj, € Vj, such
that
(EVup, Vor) = (f,vn) Yoy, € V. (3.1)

For p = 1 and piecewise constant f, (3.1) may also coincide with a finite volume or finite difference
discretization, see [29, Section 3] and below. Following Verfiirth [28], the residual-based a posteriori error
estimator is, for K € Tj, given by

1/2
Thes, & = hic||f + V-(EVun)llx +{ D hell[EVun]ne|? : (32)
ecgint
Define the data oscillation term
Tosc, K = hKHf - pr”Ka (3-3)
as well as the global versions of these estimators 7. := {Z KeT, (n., K)2}1/2. The following results follow

from [22, 27, 9, 29, 14, 28] after a close verification:

Theorem 3.1 (Residual estimate for conforming discretizations). Let u be the weak solution given by (1.2).
Let uj, € Vj, be its finite element approzimation given by (3.1). Then there exists a constant Cy, > 0 only
depending on the space dimension d and on the shape-reqularity parameter k1 such that

HU - uh”# < C‘upnres- (34)



Theorem 3.2 (Local and global efficiency and robustness for Theorem 3.1). Let u be the weak solution
given by (1.2) and let up, € Vi, be arbitrary. Then there exists a constant Cloy > 0 only depending on d, Kk,
and the polynomial degree p such that

1/2
Tres, K < Clow Hu - uh”#wx + { Z ngsc,K/} VK € 771’ (353“)
K'eTk

Mres S Clow(Hu - uh”# + nosc)- (35b)

Remark 3.3 (Theorems 3.1 and 3.2). The estimate (3.4) follows from [28, Theorem 3.57] (cf. also Propo-
sition 1.3 and equation (1.17) in this reference). The local lower bound (3.5a) is a consequence of [28,
Theorem 3.59] (cf. also Proposition 3.37 in this reference) while noting that XV uy, is a piecewise (p — 1)-
degree polynomial by the requirement on X in Assumption 2.1 and while relying on the definition (2.4) of
the weak norm ||-|| 4w in the spirit of [9, 14]. The global lower bound (3.5b) then follows by the dual norm
technique of [27] while proceeding exactly as in the proof of [29, Theorem 5.4]. Note that neither Cy, nor
Clow depends on X, so that, for the intrinsic norm ||-||% of (1.3) and its localization ||-||x,. of (2.4), the
residual estimates are indeed robust with respect to 3. On the contrary, the dependence of CypClow on the
polynomial degree p seems unavoidable, see [22].

Remark 3.4 (Efficiency in the L? flux norm for Theorem 3.1). Owing to (2.5), we immediately have
from (3.5)

1/2
Mees, k6 < Clow | [ZV(u = un)lluwy + { > nisc,K/} VK € Th,
K'eTk

Nres < Clow(”Zv(u - uh)” + 77050)-

3.2 Equilibrated fluxes estimates

The inconvenience of the estimates of the previous section is that the constants Cy, from (3.4) and Cioyw
from (3.5) are unknown. This is in particular crucial for the upper bound, since Theorem 3.1 does not really
allow to control the error. A remedy can be achieved via the equilibrated flux concept.

Consider the first-order case only, i.e., p = 1, and look for uy € V}, such that

—(ZVupnp,1l)op = (f,1)p VD € D", (3.6)

The formulations (3.1) and (3.6) are equivalent for the source term f piecewise constant on Ty, when Dy,
is a dual mesh where to each vertex of V,, one associates a dual volume D by joining the surrounding
[-dimensional, 1 < < d — 1, face and element barycenters as indicated in Figure 1, left, for d = 2. The
notation D}lnt stands for the dual volumes associated with the interior vertices of 7, and D§** for those
associated with the boundary vertices of 7;,. We will also need a second simplicial mesh Sy, a submesh of
both 7, and Dy, constructed using the barycenters of the elements and [-faces, 1 <[ < d—1, of the mesh Tj
as indicated in Figure 1, right, for d = 2. We will use the notation Sp for the submesh of the dual volume D
by the simplices of Sj. Note that (3.6) is a local conservation equation, describing at once the conforming
finite element, vertex-centered finite volume, cell-centered finite volume, and finite difference (for Dj, being
rectangular) discretizations, see [29, Section 3] and the references therein.

To obtain the equilibrated fluxes, we will start from (3.6). We will solve some local Neumann problems
on the interior dual volumes D € D and Dirichlet-Neumann problems for D € D§**, by means of lowest-
order Raviart—-Thomas—Nédélec mixed finite elements. Following Luce and Wohlmuth [20] and [29], define
the space

RTN} (Sp) := {vi € RTNy(Sp); vi-np = —XVuy,-np on dD \ 9Q} (3.7)

for any D € Dj,. Note that —XVu,-np is univalued everywhere in (3.7) and that the function —XVup,-np
on the boundary of each D € D" by (3.6) satisfies the Neumann compatibility condition with the source
term f. Denote by Iy s, f the elementwise mean values of f on the fine mesh S§j,. Then we can define:



Figure 1: Simplicial mesh 7j, and the dual mesh D, (left); simplicial submesh S, (right)

Definition 3.5 (Equilibrated flux reconstruction on dual mesh). Let uy be given by (3.6). Prescribe
o, € RTNy(Sy,) separately on each D € Dy, by

on|p = arg IZVup + vl p- (3.8)

inf
V;IER,TNON(SD)7 V'thnowshf

It is classical, see Brezzi and Fortin [6] or Roberts and Thomas [26], that (3.8) is equivalent to finding
o, € RTNY (Sp) and 7, € P§(Sp) such that

(U'havh)D — (Fh,Vvh)D = 7(§V’uh,vh)p Vvy, € RTN?’O(SD% (39&)
(Veon,an)p = (f.an)p Van € P5(Sp). (3.9b)

Here RTN}*(Sp) is as the space RTNY (Sp) of (3.7), with the homogeneous normal flux condition v;,-np =
0 on 9D \ 9. Moreover, for D € D P{(Sp) is spanned by piecewise constants on Sp, whereas for
D € DIt P§(Sp) is spanned by piecewise constants on Sp with imposed zero mean value on D.

Define the data oscillation term

h
Nose, K = 7K||f—no,shf|\K, (3.10)

for K € Sy, and its global version 7ysc 1= {ZKeSh (nosc,K)2}1/2. Checking carefully the proofs in [29], we
can summarize the following results:

Theorem 3.6 (Equilibrated flux estimate for lowest-order conforming discretizations). Let u be the weak
solution given by (1.2). Let up € V}, be its finite element / finite volume / finite difference approximation
given by (3.6). Consider the equilibrated flux reconstruction of Definition 3.5. Then

1/2
llu — up |l < { Z (IZVup, + on||x + nosc,K)2} . (3.11)

KeSy

Theorem 3.7 (Local and global efficiency and robustness for Theorem 3.6). Let u be the weak solution
given by (1.2). Let o, be given by Definition 3.5. Then there exists a constant Clow > 0 only depending on
d and k7 such that

1/2
IZVun + onlp < Crow | lu—unllgn+ { > ngsc,K} VD € Dy, (3.12a)
KeSp

[Z=Vup, + onll < Crow(llu — unl4 + ose)- (3.12b)

Remark 3.8 (Efficiency in the L? flux norm for Theorem 3.6). Owing to (2.5), we also have

1/2
1=Vun + onllp < Crow | IZV(u—un)llp + { > ngsc,K} VD € Dy,
KeSp

[ZVun 4+ on| < Crow(1ZV (u — un)|| + nose)-



Remark that the local efficiency is satisfied on each single dual volume D € Dy, without any neighbor-
hood, see (3.12a). Extensive numerical comparisons in Carstensen and Merdon [8] show that these dual
mesh equilibrated flux estimates are one of the most precise. This may be linked to the fact that the estima-
tors of (3.11) themselves are minimized by (3.8) under the constraint V-op, = Il s, f. The generalization
of this type of estimates to arbitrary approximation degree p is a bit technical but can be done, see [17,
Section 9.2].

4 Unified framework

We present here an abstract framework, following [16], covering at once basically all classical numerical
methods, in particular conforming, nonconforming, mixed, and discontinuous Galerkin finite elements. For
a technical reason linked to the treatment of the nonconformity, we restrict ourselves to d = 2 in this section.

4.1 Guaranteed error control

The error upper bound in this section will be obtained under the following abstract assumption (recall that
s is the P1(T5) N HY(Q) hat function associated with a vertex a € V,):

Assumption 4.1 (Setting and Galerkin orthogonality with respect to v,). There holds

up € H'(Tp) (4.1a)
(Zvuhv Vi/}a)wa = (fv wa)wa Va € Vliznt' (41b)

In order to prove efficiency, a piecewise polynomial requirement and a mean value continuity of the
jumps will be added below in Assumption 4.5.

In order to reconstruct a flux, we, similarly to the procedure of Section 3.2, will solve local Neumann or
Neumann—Dirichlet mixed finite element problems. The Neumann condition will now be homogeneous, and
the problems will be posed over patches of elements of 7j, with overlap:

Definition 4.2 (Equilibrated flux reconstruction). Let uy satisfy Assumption 4.1. For a € Vy,, set

V&= {vy, € Vi(wa); vin,, =0 on Owa},

acym (4.2a)
@ = {an € Qnlwa); (gn, Vwa = 0}, "
V.= ev s Vprn,, =0 0\ o0},
: {va h(wa); ViT, on duwa \ O} ac V. (4.2b)
Qh = Qh(wa);
Then prescribe ¢i; € Vi and 75, € Q% by solving
(Shs Vi)wa = (T V-Vi)wy = = (YaZVUn, Vi), Vv, € Vi, (4.3a)
(V'C}?a Qh)w,a = (Q/Jaf - Zvuh'vwaa Qh)wa VQh € QZ (43b)
and
oy = Z Sp. (4.4)
aeVy,
. o o 0 -1 .
To cope with the nonconformity in up, we proceed similarly. Let Rz := 1 0 be the matrix

of rotation by 7 and denote by RzV the (broken) weak curl, i.e., the (broken) rotated gradient: for
(S Hl(,ﬁz)v (R%VUHK = (78yv|Kvax'U|K); K S lﬁz

Definition 4.3 (Potential reconstruction). Let up satisfy (4.1a). For a € Vy,, define V& x Q% by (4.2a),
and prescribe ¢i € Vi and 75 € Q% by solving

(ShsVh)wa = (Ths Vovh)wa = —(Rz V(Yaun), Vi)w, Vv, € Vi, (4.5a)

(Vs qh)w, =0 Vg € Q%. (4.5b)



Then, set

—RzVsj, =, (4.6a)
5 =0 on Owa, (4.6b)
Sp = Z sh. (4.6¢)

acVy

It is classical that the two above problems are well-posed. As all gj} of Definition 4.2, extended by zero
outside of wa, lie in H(div, ), and similarly all s? of Definition 4.3 lie in H}(f2), we obtain that o}, is a
piecewise polynomial in H(div, ) (in V}, actually) and s, is a piecewise polynomial in H{(Q2) (in a space
Wy, such that Rz VW), = V), actually). It is easy to verify that V.o, = Ilg, f, see [5] or [16, Lemma 3.5];
both problems also admit local minimization characterizations similar to (3.8). Define the data oscillation
terms

h
TNosc, K *= 7K||f —1Ilg, fllx, K e T, (4.7)
and recall the definition (2.3) of [||-]||. It follows from the proofs in [16] that:

Theorem 4.4 (Equilibrated flux estimate in a unified framework). Let u be the weak solution given by (1.2).
Let uy, satisfying Assumption 4.1 be arbitrary. Consider the equilibrated flux reconstruction of Definition 4.2
and the potential reconstruction of Definition 4.53. Then

llw = unll < 37 (IZVun+ onllx +nose.)® + Y 1V (un — 1)l (48)
KeTy KeTy

4.2 Robust efficiency

In order to prove efficiency, we will need the following assumption:

Assumption 4.5 (Weak jumps continuity and piecewise polynomial form). Let uy, be piecewise polynomial
such that, with suitable spaces Vi X Qpn and for all a € Vy, and all K € T,

(YaXVup)|x € Vi(K), (4.9a)
(SVun V) i € Qu(K), (4.9b)
(R% V(wauh))h( S Vh(K) (4.9C)
Moreover, let there hold
([[uh]], 1>e =0 Ve € &,. (4.10)

Remark 4.6 (Practical discrete spaces). Typically, un, € Pp(Ty) for some p > 1. Then, under Assump-
tion 2.1, Vi, x Qp, := RTN, x P,(Ty,) is the appropriate choice for the spaces Vy, and Qy,.

Some more tools will now be needed. Let the patchwise Sobolev spaces be given by

Hi(wa) = {’U € Hl(wa); (Uv l)wa = 0}7 ac Vlizntv
H}(wa) :={v € H'(wa); v =0 on dwa NN}, ac V5"

It follows from [7, Theorem 3.1}, [4, Section 3], see also [16, Lemma 3.12], that
IV (@av)llwa < Coont,pr[Vwa Vv e Hi(wa), Va € Vp, (4.11)

with a Poincaré-Friedrichs constant Cecont,pr only depending on the shape regularity parameter k7. Simi-
larly, let the patchwise broken Sobolev spaces be given by

H(Ta) :={ve H'(Ta); (W], )e =0 Vec&™ ace, (v,1),, =0} acV™,
Hul(7;) ={ve H(Ta); ([v],1)e =0 Ve € &, acel, aec Ve



It follows from [16, Lemma 3.13] that
H V (1/}av)||wa S Ccont,bPF” ;'U”wa VU € 111(;%1); va € Vh; (412)
#

with a broken Poincaré-Friedrichs constant Cecont,bpr only depending on x7. Let also

Hy (wa) == {v € H'(wa); (v,1)u, =0}, a €V, (4.13)
and

Hi(wa) == H'(wa), acynt (4.14a)

Hy(wa) :={v € H'(wa); v =0 on dwa N 0N}, a € V" (4.14b)

Let Cg be the constant from the mixed finite element stability

[aDVun + 62llos <G sup = (YaZVup, Vo), + (g, (tiaf) — EVur-Tiha, )},
vEH (wa); |[VV[lwa =1

(4.15a)

IR$V(ats) +sflen <Coe  sup {~(RgV(taun), Vo), ). (4.15b)

vEH] (wa); [|V]lwa=1

for respectively the problems (4.3) and (4.5), see [4, Theorem 7] and [16, Corollary 3.16]; a computable
upper bound for Cy is given in [16, Lemma 3.23]. Define finally a modified data oscillation term

B h
Tose, K 1= fnwaf —Tg, Waf)lx, K eTn, (4.16)

together with fjoee 1= {ZKeTh (ﬁosc,K)Q}l/% We have:

Theorem 4.7 (Local and global efficiency and robustness for Theorem 4.4). Let u be the weak solution
given by (1.2) and let uy, verify Assumption 4.5. Then, for o, given by Definition 4.2,

1/2
[ZVun + onllk < CstCeont,pr Z = wnll 4 wa + Cst Z { Z Tose K’} VK € Tn, (4.17a)

acVi acVig \K'€T,
szuh + UhH < 3Cst0cont,PF||u - uh”# + ?’Cstﬁosca (417b>

and, for sy given by Definition 4.3,

IV (up, — sn) ||k < CstCeont,bPF g inf  ||V(up — s*)]w. VK € Ty, (4.18a)
sa€HY (wa)
acVgk #
HV(Uh — Sh)” S 3Cst0cont,bPF inf HV(uh — S)H (418b>
seH}(Q)

Proof. Assertion (4.17a) follows as in [16, Theorem 3.17], whereas inequality (4.17b) can be shown as in [16,
Lemma 3.22]. We now present the proof of (4.18a). Using Definition 4.3, the potential reconstruction
decomposition sp|x = >,y shlk, the partition of unity 3 .\, ¥alx = 1|k, and the triangle inequality,

IV (un = sn)llx =

D (VWaun —si)le| < DIV (Waun — )l

acVk HK acVk

= Y IRz V(@aun — si)llx = Y IR V(thaun) + )l x
acVk acVk

< D IRgV(@aun) + 6l
acVk

We next observe that, for an arbitrary s* € Hj (wa),

(RzV(¢as?), Vo)u, =0 Vv € H (wa),



with the spaces H, (wa) and H, (wa) defined respectively in (4.13) and (4.14). Let Hj, , (wa) := HJ,(wa) for
acVptand Hy , (wa) = {v € Hy(wa); (v,1)w, = (un,1)w,} for a € V. Then, using the mixed finite
element stability (4.15b), the Cauchy—Schwarz inequality, the fact that u, — s* € Hﬁ1 (Ta) for an arbitrary
H# u, (Wa), and (4.12),

||R§V(¢a%) + Shllwa < Cst sup inf _(R%v(wa(“h —5%)), V),

VEH} (wa); | VV]lwa =1 sREH ), u,, (Wa)

< Gy Hi1nf )HR§ (Ya(un — 5%))|lwa

s2¢e #oup, (Wa

< Cstccont,bPF llnf HV(Uh - Sa)”wa
H# u, (wa)
= Cstccont,bPF inf HV(Uh - Sa)Hwa'
saEH#(wa)

The global efficiency is shown as follows: As in [16, Lemma 3.22], we develop

IV (un = su)l> = Y IV(un—sn)llie = D

2

S (V(atin — 52))Ix

KeTh KeTlacvi K
<3 > IV@aun — s)I% =3 D IV (Waun — s3)|12,
KeTy, acVi acVy

Using ||V (Yaun — s3)|lwa = Rz V(Yaun) + 6jllw, and the above estimate for the latter term proves

IV un = sl < 3CACemmrr 3 _inf IV = "),
acV,

Finally,

> inf [V(up—s)[2, < inf ZHV up, — 8)|I2. <3 inf ||V(uh—s)||2 (4.19)

a 1 1
acy, €H, (wa) seH} ((z) seEHE(

shows the assertion (4.18b).

Remark 4.8 (Efficiency in the L? flux norm for Theorem 4.7). Owing to (2.5), we also have

1/2
szuh + Uh”K S Cstccont,PF Z ||§V(u - uh)”wa + Cst Z { Z ﬁgsc,K/} VK S 7;17

acVg acVk \K’'€Ta
HZVUh + o'hH < 3Cstccont,PF||§v(u - uh)” + 3Cstﬁosc-

Applications to conforming, nonconforming, mixed, and discontinuous Galerkin approximations are
straightforward following [16, Section 4].

5 Equivalent localization of global dual norms

This section presents some relations between local and global versions of dual (residual) norms, not neces-
sarily linked to a posteriori error analysis, that we find of independent interest. In particular, the results
presented below allow to pass from merely global to actually local efficiency in [27, 29, 14]. Here again,
the general space dimension case d > 2 is treated. To present our results, recall first the inequalities (4.11)
and (4.12) for the spaces H(wa) and Hy(7a), respectively.

Theorem 5.1 (Localization of a dual norm with 1,-Galerkin orthogonality). Let & € [L%(Q)]¢ such that

(6, Va)w, =0  Vac V™ (5.1)

10



be arbitrary. Then

sup (éa VC,O)2 S (d =+ 1)Cc20nt,PF Z sup (67 V@)E)aa (523“)
PEHG(Q); [Vell=1 acy, PEHG (wa); [IVollwa=1
sup (& V), <(d+1) sup (& Ve)?. (5.2b)
acy, ‘PEH(} (wa); [[Vellwa=1 %EHé (D); [IVel=1

Proof. Let ¢ € H(Q) with |[Vp|| = 1 be fixed. The partition of unity of 1, >
Galerkin orthogonality with respect to ¢, (5.1) give

acy, Ya = 1, and the

(& Vo) = > (6, V(ap) = > (& V($ap))w.

acVy acVy
= Z (€a V(Q/’a(@ - HO,wa‘P)))wa + Z (5) v(wa@))waa
acynt acypxe

where Il ., ¢ is the mean value of ¢ on w,. There holds (p—1lp w, @) |w. € HE(wa) and (Ya(o =11 w,@))|w. €
Hi(wa) for a € Vi*t and ¢|,, € Hl(wa) and (Yap)|w, € Hi(wa) for a € VEX'. Thus, passing to a supremum

int

and using inequality (4.11) yields, for a € V™,

(& V(¥ale = Towat)))wa < IV (dalp = o.wep))wa sup (& V),

VEHG (wa); [ Vvllwa=1

< Ccont,PF”V(‘P - HO,wasﬁ)”wa sup (&, VV)u,
VEH (wa); [ Vlwa=1

- Ccont,PF||v<PHwa sup (67 V’U)wa.
vEH (wa); [V|lwa =1

A similar estimate holds for a € V§**. Thus, the Cauchy—Schwarz inequality gives

(& Vyp)? < CZom,PF Z ||VSDHL2UB Z sup (ﬁavv)ia

acy, acy, UeHé(Wa)? IVUllwa =1

and the fact that each simplex has d 4+ 1 vertices with ||Vl =1 yield (5.2a).
The converse estimate (5.2b) in fact does not need the hypothesis (5.1). Let a € V,, and let v* € H} (wa)
be defined by the lifting
(Vo™ V) = (6, V)ua Voo € Hy(wa).
Then
Vo2, = (€ V*)u = sup (€&, V)2,
PEHG (wa); [Vellwa=1

and

sup (& V)2 =D (£, V1), = (€ V0)

acy, PEHG (wa); [Vellwa=1 acVy

< sup (& Vo) Vull,
peHE(Q); |Vl =1

v® € H}(Q) and passed to the supremum. Noticing that

> (Vo)

acVk

where we have set v:=3"_.,,

Vol = >

KeTh

2

<(d+1) Y [IVR2,
K acVy

we arrive at (5.2b). O

A particular consequence, letting &€ = XV (u — u,) and noticing that (1.2) and (4.1b) give (5.1), is:

11



Corollary 5.2 (Localization of the dual norm of the residual). Let u be the weak solution given by (1.2)
and let uyp, satisfying Assumption 4.1 be arbitrary. Then

lu—wunll < (d+1)Coupr Y, lu—unl% e,
acVy,

Do lu = unl, < @+ Dllu—unll.
acVy,

It appears that the second term in the total error measure (2.3) admits a similar localization property:

Theorem 5.3 (Localization of the potential nonconformity evaluation). Let u, € H(T,) satisfying (4.10)
be arbitrary. Then

inf ||V (up —s)||? < (d+1)C2, inf  [|V(up — )2,
e nf 9 Gun =) < ( >bzv B IV =),

> inf HV(Uh =M, < (d+1) lﬂf ||V(uh —5)]1%.
acy, a€H1( sEH,

Proof. The second claim follows exactly as in (4.19). To show the first one, let, for a € Vj,, v® be given by
the orthogonal projection of ¥auy onto HE (wa),

v® = ar inf  ||V(Yaun — ) lw.;
£, ot Vs~ )l

equivalently, v* € H}(wa) solves
(Vo*, Vo)u, = (V(Yaun), Vo)u, Vy € H& (wa)-

Setting v :=3_ ., v* € H}(£2), we have

2

int 19 G = 5)” < [V =) = 3

Hl
s€ KeTh

<d+1) ) [IV@aun — )2,

acVy,

S (V(taun — )i

acVk

K

The fact that ¢as* € Hj(wa) for any s* € Hj(wa) gives

IV(@aun = v*)[lw, < nf [V (ga(un = 5%))llwa-

EHl (wa)

Finally, inequality (4.12) while proceeding as in the proof of Theorem 4.7 concerning the mean value of
up — s gives
. a . a
sﬂe}irf(wa)HV(wa(Uh - S ))Hwa < Ccont,bPF sﬂegf(wa)llv(uh - S )Hwa’
and collecting the results finishes the proof. O

Let H.,(div,w,) stand for H(div,w,) functions with zero normal trace in the appropriate sense on dwa,
for a € V" and for H(div,wa,) functions with zero normal trace in the appropriate sense on dwa \ OS2 for
a € VX', One can show similarly as above that:

Theorem 5.4 (Localization of the flux nonconformity evaluation). Let up, satisfying Assumption 4.1 be
arbitrary. Then

inf SVu, +o|> < (d+1 inf aXVuy, + 622,

centany v o oI )a;h o H. (v 00 T f - v 2T T S

D inf AV 212 < (d+1)C? f »v 2
ca€H., (div,wa); V- proll Yaf—EVup-Vipa [YaXVun + %[5, < (d+1)Céone pr eH(deslz) _ H up, + ol|*.

acVy,

12



6 Numerical experiments

We report here the results of some numerical experiments, while relying on the conforming piecewise affine
finite element approximation in the form (3.6) (with Vj, := P1(75) N H}(Q)) and on the estimators of

Section 3.2.
We will trace the error upper bound [[XV(u — up)|| and the error lower bound @V(ﬁ;%zf_ﬁ(%ﬁ“h)))

(see (2.1)), the canonical H}(Q)-norm error ||V (u — uy)||, and the overall estimate of (3.11)

1/2
n = { Z (HZV’U/}L +O'h||K +7705€,K)2} :

KeTy

The effectivity index for our dual error norm |lu — up||4,

Eff =1
lu — un 4

is not calculable as it is not straightforward to compute ||u — up||x. We thus present the upper (for error
upper bound) and lower (for error lower bound) effectivity indices given respectively as

n U
Eﬂ+ =_——, Eﬂ‘f = )
159 (u — an)] (Tt T (D))

Thanks to (2.1), the effectivity index Eff needs to lie between these two indices. Note, however, that the
upper effectivity index Eff ; can become smaller than 1, which is not in contradiction with the guaranteed
upper bound of Theorem 3.6 on ||u — up|| .

Two test cases, one with a regular solution and one with a singular solution, are considered. Only
uniform mesh refinement is used in the first case, whereas mesh adaptivity is employed in the second one.
Here all elements where the estimator exceeds 50% of the maximal estimator value on the given mesh are
refined regularly into four sub-elements and the so-called longest edge refinement is used so as to recover a
matching mesh using the Matlab [21] PDE toolbox refinemesh algorithm.

In order to approximately compute the various errors, we use in each triangle the 7-point quadrature
formula, see, e.g., [31, Section 9.10]. The additional error is negligible in the regular test case but not in the
singular one. There, we proceed as follows. Recalling that X is piecewise constant on 7, we first develop

1=V (u = un)||* = |ZVu|® - 22V (u - up), EVun) — [V ual|?

= |=Vul> =2 > (f.Bun)k —2 Y (EV(u— up)ng, Sun)ox — [|EVua .
KeTn KeTh

The second and third terms do not vanish as usual in the energy setting, since there is no Galerkin or-
thogonality for the flux error. As, however, the source term in the singular test case is zero, the second,
volumetric, term does disappear. We are left with approximating the skeleton integrals in the third term
that we undertake using the 5-point Gauss—Legendre quadrature formula on each half-edge of the given
triangulation. We only use the 7-point quadrature formula to approximate the first term above on the finest
adaptively refined mesh. This approximate error computation turns out to be much more precise. The

@v(ﬁ;%zf_ﬁ(%ﬁ“h))) and ||V (u — up,)|| are treated similarly.

errors

6.1 A regular weak solution

We first consider the test case from [23, Section 5.1] with a regular solution. We set Q := (—1,1) x (—1,1)
with Q4 = (0,1) x (=1,1) and Q_ :=(—1,0) x (—1,1) and let o4 =1 and o_ < 0. The exact solution is
given by

u(z,y) =z(z+1)(z-1y+1)(y—1) for (z,y) € Q_,

13
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-1 -0.5 0 0.5 1

Figure 2: Exact and approximate solution (left) and the corresponding initial mesh (right), the regular case
with o_ = —1/3

and the source term (inhomogeneous) and the Dirichlet boundary condition (homogeneous) are prescribed
accordingly. The exact solution together with its finite element approximation and the corresponding initial
mesh for the setting o = —1/3 are presented in Figure 2. The operator T is specified in [23], see also
Remark 6.1 below; the problem is in particular well-posed when o_ # —1.

The various errors and the estimate n of (3.11) are traced in the left parts of Figures 3-5, for three
different choices of the parameter o_. The corresponding upper and lower effectivity indices are plotted in
the right parts of these figures. We observe a systematic first-order decrease of all the errors, as predicted by
the a priori error analysis, cf. [10]. The overall estimator 7 of (3.11), as well as its principal component given

by {ZKeThHEVuh + O'h||§(}1/2, also decrease with first order, in agreement with Theorems 3.6 and 3.7.

On the other hand, the data oscillation estimator {ZKeSh nﬁsc’K}l/Q

two and its influence rapidly diminishes.

The upper effectivity indices are in all settings very close to the optimal value of one. The lower effectivity
index in the last test setting, very close to the well-posedness limit, however, deteriorates considerably. This
is in no contradiction with the robustness of our estimates with respect to the intrinsic norm |ju — up||4. It
is the lower bound @V(ﬁ;%zf_(gh(%ﬁu”))) which gets far from ||u — up||4. Finally, Figure 6 illustrates that
the distribution of the error is predicted very correctly; the comparison is done between the local estimators
|IXVup, + onllx and the upper error bounds || XV (u — up)|| k-

, cf. (3.10), decreases with a slope of

Remark 6.1 (Equivalence of the dual norm with its upper and lower bounds). Interestingly enough,
all |V (u — up)|l, ||lu— upllx, and (EV(T&?{:@Y(IJ%HM))) (and thus all the effectivity indices) coincide
for the setting o— = —1/3. To explain this behavior, note first that | XV (u — up)| and |ju — up||x will
coincide whenever £V (u—uy) is a gradient of some scalar field from HE(Q). This will happen when curl of
EV(u—up) =0 onall K €Ty and [Rz XV (u —up)n] =0 on all e € E,: this condition is satisfied in this
test case, for all values of o—. To account for the other equality, one then notices that, when o_ € (—1,0),
the operator T may be defined as

_ J us(zy) for (z,y) € Oy,
Tulog) = { —J;—(fc,y) +2uy(=z,y)  for (z,y) € o

for this test case, with uy = ulg, and u_ = ulg_. The chosen exact solution being such that uy(z,y) =
—o_u_(—xz,y) for (z,y) € Q4+, the formula for Tu in Q_ simplifies to (Tu)|q_ = (=1 —20_)u_. With the
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Figure 3: Estimates and errors for uniform mesh refinement (left) and the corresponding effectivity indices
(right), the regular case with o_ = —0.01
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Figure 4: Estimates and errors for uniform mesh refinement (left) and the corresponding effectivity indices
(right), the regular case with o_ = —1/3

help of these expressions, one may compute exactly

R(J ).: (EVU,V(TU)) _ (1+207+|J,|)
= S TTIEV A = (15 20 + Jo_ ) V&

Foro_ € (—1/3,0), it holds that R(c_) € (1/+/2,1) and moreover R(—1/3) = 1, whereas lim,__, 1 R(o_) =
0. To obtain the same result for the ratio II(VE(’IV‘((::;:))),W;@@ZZ)Z))H , one needs to work with symmetric meshes
with respect to the line {x = 0}, that is, globally T-conform meshes in the sense of [10]. In this case, one
has TVy, = V3, so that the properties of T at the continuous level carry over to the discrete level, whereas

unla, (z,y) = —o_upla_(—z,y) for (z,y) € Qq, by direct inspection on the formulation (3.1).

6.2 A singular weak solution

We next consider the test case from [23, Section 5.2] with a singular solution. We set 2 := (—1,1) x (=1, 1)
with Q4 := (0,1) x (0,1) and Q_ := Q\ Q4 and let again o4 = 1 and o < 0. The exact solution is

15



T T T T T T T T 350 T T T T
10° & — | ~®—error up —=— effectivity ind. up
£ E error low 300 effectivity ind. low| |
F 3 | —*—error H' @
r 7 |—=—estimate| 8
0 107 | >—fluxest. | £ 250 -
S = J|—+osc.est.| &
g r 3 2
£ r b © | |
%. 2, i 2 200
— (5}
% 10 E E g
o F E £ 150~ _
e [ i o
T u S 100/ _
E E I3
| — o
C ] )
L b 50— |
4
= Lol Lol Lol .. 2tz 0 AT ST o | gl
10' 10° 10° 10* 10° 10' 10° 10° 10* 10°
Number of vertices Number of vertices

Figure 5: Estimates and errors for uniform mesh refinement (left) and the corresponding effectivity indices
(right), the regular case with o_ = —0.99
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Figure 6: Estimated (left) and exact (right) error distribution, the regular case with o_ = —1/3

according to Bonnet-BenDhia et al. [3] given by

u(z,y) = r (1 sin(A) + casin(A(m/2 — 0))) for (x,y) € Qy,
u(z,y) = r(dy sin(A(0 — 7/2)) + do sin(A(27 — 0)) for (z,7) € Q_.

Here (r,0) are the polar coordinates and A = 2/marccos((1 — o_)/(2|1 + 0_|)). We consider two test
settings with o = —5 and o0 = —3.1 leading respectively to ¢; = 1, ¢ = —1, d; = —0.8, dy = —0.8,
A =~ 0.4601069123 and ¢; = 1, co = —1, d; =~ —0.3556451613, d2 =~ 0.3556451613, A ~ 0.1391989493.
Classically, u € H'**(Q) only, with a singularity at the origin. These exact solutions together with their
finite element approximations on coarse adaptively refined meshes (the same initial mesh as in the previous
section was used) are presented in Figure 7. The inhomogeneous Dirichlet boundary condition is prescribed
accordingly, whereas the source term f is set to 0. The operator T is specified in [23]; the problem is in
particular well-posed when o_ < =3 or —1/3 < o_ < 0.

The various errors, the estimators, and the corresponding effectivity indices are presented in Figures 8—
10. The convergence rates for uniform mesh refinement correspond to the a priori analysis, being 0.46 and
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Figure 8: Estimates and errors for uniform and adaptive mesh refinement (left) and the corresponding
effectivity indices (right), the singular case with o_ = —5

0.12 respectively in the two settings for both || XV (u — up)|| and ||V(u — up)||. The convergence rate for
@V(ﬁ;%zf_(gh(%ﬁu”))) in the less singular setting is still 0.47, but for o_ = —3.1, we have obtained 0.22.
The estimators for uniform mesh refinement converge at order 0.46 and 0.20, respectively. Adaptive mesh
refinement seems to optimize the situation, after a preliminary phase for the strongly singular setting. The
convergence orders are respectively 1.01 and 0.97 for both |V (u — up)|| and ||V (u — up)]||, 1.00 and 1.39

@v(ﬁg?q’lz;vfgh(;‘)ﬂuh))), and 1.01 and 0.98 for the estimators. Here, more markedly, the gaps in (2.1),

namely between @V(ﬁg?%zf_(i(%ﬂuh))) and |lu — up||4 (and consequently || XV (u — uy)l|), appear. For this
reason, the upper and lower effectivity indices present a wider gap. The predicted spatial distribution of
the error, though, still seems to be very accurate even in the close-to-the-limit singular case o_ = —3.1, see

Figure 11.

for

7 Conclusions and outlook
We have presented a posteriori error estimates for transmission problems with sign-changing coefficients. In

the setting of the intrinsic dual norm (2.3) and equilibrated fluxes, we obtain a guaranteed upper bound,
as well as a lower bound up to a generic constant independent of the jump in the diffusion coefficient.
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Figure 11: Estimated (left) and exact (right) error distribution, the singular case with o_ = —3.1
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This robustness result is moreover obtained in a unified framework covering basically all classical numerical
methods. Numerical experiments, in the conforming finite element setting, confirm these results, but also
show that if one rather uses the easily computable upper and lower bounds for the intrinsic dual norm,
the robustness does not carry over. Possible future developments include the control of the error from
a not completely converged linear solver (and corresponding stopping criteria), an extension to nonlinear
problems, or a proposition of an adaptive operator T for self-adapting the method.
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