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Abstract

In this article, we clarify the mathematical framework underlying the construction
of norm-conserving semilocal pseudopotentials for Kohn-Sham models, and prove the
existence of optimal pseudopotentials for a family of optimality criteria. Most of our
results are proved for the Hartree (also called reduced Hartree-Fock) model, obtained
by setting the exchange-correlation energy to zero in the Kohn-Sham energy functional.
Extensions to the Kohn-Sham LDA (local density approximation) model are discussed.

1 Introduction

It is a well-known theoretical and experimental fact that the core electrons of an atom are
hardly affected by the chemical environment experienced by this atom. Pseudopotential
methods are efficient model reduction techniques relying on this observation, which are
widely used in electronic structure calculation, especially in solid state physics and mate-
rials science, as well as for the simulation of molecular systems containing heavy atoms. In
pseudopotential methods, the original all-electron model is replaced by a reduced model ex-
plicitly dealing with valence electrons only, while core electrons are frozen in some reference
state. The valence electrons are described by valence pseudo-orbitals, and the interaction
between the valence electrons and the ionic cores (an ionic core consists of a nucleus and
of the associated core electrons) is modeled by a nonlocal operator called a pseudopoten-
tial, constructed once and for all from single-atom reference calculations. The reduction
of dimensionality obtained by eliminating the core electrons from the explicit calculation
results in a much less computationally expensive approach. The pseudopotential has the
property that, for isolated atoms, the valence pseudo-orbitals differ from the valence or-
bitals in the vicinity of the nucleus, i.e. in the so-called core region, but coincide with the
valence orbitals out of the core region, i.e. in the region where the influence of the chemical
environment is important. In addition to the reduction of dimensionality mentioned above,
an advantage of pseudopotential models is that pseudopotentials are constructed in such
a way that the valence pseudo-orbitals oscillate much less than the valence orbitals in the
core region, hence can be approximated using smaller planewave bases, or discretized on
coarser grids. In addition, pseudopotentials can be used to incorporate relativistic effects



in non-relativistic calculations. This is of major interest for the simulation of heavy atoms
with relativistic core electrons.

The concept of pseudopotential was first introduced by Hellmann [13] as early as in
1934. Several variants of the pseudopotential method were then developed over the years.
Let us mention in particular Kerker’s pseudopotentials [16]|, Troullier-Martins [27] and
Kleinman-Bylander [17] norm-conserving pseudopotentials, Vanderbilt ultrasoft pseudopo-
tentials [28], and Goedecker pseudopotentials [9]. Blochl’s Projected Augmented Wave
(PAW) method [3] can also be interpreted, to some extend, as a pseudopotential method.
Although existing pseudopotential methods can be justified by convincing chemical argu-
ments and work satisfactorily in practice, they are obtained by ad hoc procedures, so that
the error introduced by the pseudopotential approximation is difficult to quantify a priori.

The purpose of this article is to clarify the mathematical framework underlying the
construction of semilocal norm-conserving pseudopotentials for Kohn-Sham calculations,
and to prove the existence of optimal pseudopotentials for a natural family of optimality
criteria. We focus here on theoretical issues; the practical interest of this approach will
be investigated in future works. In Section 2, we recall the mathematical structures of
all-electron and norm-conserving pseudopotential Kohn-Sham models. In Section 3.2, we
provide some results on the spectra of Hartree Hamiltonians for neutral atoms upon which
the construction of pseudopotentials is based. Recall that the Hartree model is obtained
from the exact Kohn-Sham model by discarding the exchange-correlation energy functional.
We then define and analyze in Sections 3.3 to 3.5 the set of admissible semilocal norm-
conserving pseudopotentials. After establishing in Section 3.6 some stability results of the
Hartree ground state with respect to both external perturbations and small variations of
the pseudopotential, we propose in Section 3.7 a new way to construct pseudopotentials,
consisting of choosing the best candidate in the set of all admissible pseudopotentials for
a given optimality criterion. Most of our results are concerned with the Hartree model.
Extensions to the LDA (local density approximation) model are discussed in Section 4. All
the proofs are collected in Section 5.

2 Kohn-Sham models

Throughout this article, we use atomic units, in which A =1, m, =1, e =1 and 4meg = 1,
where h is the reduced Planck constant, m, the electron mass, e the elementary charge, and
€0 the dielectric permittivity of the vacuum. For simplicity, we only consider here restricted
spin-collinear Kohn-Sham models (see [10] for a mathematical analysis of unrestricted and
spin-noncollinear Kohn-Sham models) in which the diagonal components ' and v+ of
the spin-dependent density matrix are equal, and the off-diagonal components ™ and "
are both equal to zero. A Kohn-Sham state can therefore be described by a density matrix

S T L S
satisfying the following properties:

e v € S(L*(R?)), where S(L?(R?)) denotes the space of the bounded self-adjoint op-
erators on L?(R3);

e 0 < <2, which means 0 < (¢,7¢) 2 < 2||¢]|3, for all ¢ € L?(R?);



e Tr () equals the number of electrons in the system.

As we do not consider here molecular models with magnetic fields, we can work in the
space L?(R3) of real-valued square integrable functions on R3.

2.1 All electron Kohn-Sham models

Consider a molecular system with N electrons and K point-like nuclei of charges Z =
(21, ,2K) € NE located at positions R = (Ry, - ,Rg) € (R?)X. The Kohn-Sham
ground state of the system is obtained by solving the minimization problem

Izr =inf{Ezr(7), v € KN}, (1)
where
1 K 1
Ezr(y)="Tr ((—2A = - —Rk|_1) 7) + 5Dy py) + Bxc(py). - (2)
k=1
and

Kn:={vy€SL*R*)|0<y<2 Tr(y) =N, Tr(—Ay) < o},

where Tr (=A7y) := Tr(|V|y|V|), with |V| := (=A)'/2. Recall that any v € Ky has a
density p, € L'(R?), defined by

YW e L@, W)= [ .
R3

which satisfies p, > 0 in R?® and VP, € H(R3), so that p, € LY(R®) N L3(R3). In

particular,

K
1 E -1 §
r <<—2A—k12k’ —Rk| )’y) *TI' A’}/ Zk/S ’I‘—Rk|

where the second term of the right-hand side is well-defined by virtue of Hardy and
Hoffmann-Ostenhof inequalities [14]

0< / P~ <2N'2|V/p [l < 2NVPTr (—Ay)'? < oo
R

3 [ — Ry

The bilinear form D(-, -) in (2) is the Coulomb interaction defined for all (f, g) € L%/5(R?)x

LG/B(RZ’)) by
- o)
g)—/Rg [ L war 3)

Lastly, the exchange-correlation energy functional Ey. depends on the Kohn-Sham model
under consideration. We will restrict ourselves to two different Kohn-Sham models, namely
the Hartree model, also called the reduced Hartree-Fock model, for which

E)I(icartree(p) — 0’



and the Kohn-Sham LDA (local density approximation) model [18], for which

B p) = [ exclplo) .
R3
where for each p € Ry, ex.(p) € R_ is the exchange-correlation energy density of the
homogeneous electron gas with uniform density p. The function 7 — ex.(p) does not have
a simple explicit expression, but it has the same mathematical properties as the exchange

energy density of the homogeneous electron gas given by ex(p) = —% (%)1/ ’ /3.

We are now going to recall some existence and uniqueness results for the Hartree model
proved in [4, 24]. Although general results for neutral and positively charged molecular
systems are available, we focus here on the case of a single neutral atom, which is of
particular interest for the study of pseudopotentials. Weaker results have been obtained
for the Kohn-Sham LDA model [1] (see also Section 4).

For convenience, we will call atom z the neutral atom with atomic number z.

Proposition 1 (All-electron Hartree model for neutral atoms [4, 24]|). Let z € N*. The
all-electron Hartree model for atom z

IAA = inf {E?A('y), yeK.}, (4)

where

EM(y) = Tr (—2aq —Z/np%ﬂch+ u?@mpﬁ,
2 R3 |I'| 2

has a minimizer 10, and all the minimizers of (4) share the same density p2. In addition,

1. the ground state density p? is a radial positive function belonging to H?(R3)NC%H(R3)N
C>®(R3\ {0}) (hence vanishing at infinity);

2. the Hartree Hamiltonian

Z

|-

is a bounded below self-adjoint operator on L*(R3) with domain H?*(R3) and such
that oess(HAM) = [0, 4-00);

+ x|

9

1
HM = _iA + WAL where WAN = —

3. the minimizers v0 satisfy the first-order optimality condition
0 AA
Yz = 2]1(—00762’F)(Hz ) + 0,

where eg’F < 0 is the Fermi level (that is the Lagrange multiplier of the constraint
Tr () = z), and where § is a finite-rank operator such that 0 < § < 2 and Ran(d) C
Ker(HM — el p);

4. if 627}; is negative and is not an accidentally degenerate eigenvalue of HﬁA, then the
minimizer v° of (4) is unique.



Remark 2 (on the Fermi level). Consider, for each j € N*, the real number

AA
€, = inf  sup 7<¢|HZ2 |¢>, (5)
Xi€X gex\fop  el72
where X; is the set of the vector subspaces of HY(R3) of dimension j and (G| HAA | 0)
the quadratic form associated with the self-adjoint operator H?A (whose form domain is
HY(R3)). According to the minmaz principle [21, Theorem XIIL1], €, ; is equal to the
7 lowest eigenvalue of HﬁA (counting multiplicities) if HﬁA has at least j non-positive
eigenvalues (still counting multiplicities), and to min(ces(HA)) = 0 otherwise. If z is
odd, then 6271; = €.(41)/2- If 2 is even, that is if = = 2Ny, where Ny, is the number
of electron pairs, two cases can be distinguished: if €, n, = €, N,+1, then 627F = €2Nps
otherwise, any number in the interval (8Z,Np, 8Z,Np+1) 1s an admissible Lagrange multiplier
of the constraint Tr () = z.

Remark 3 (on essential and accidental degeneracies). Let us clarify the meaning of the
last statement of Proposition 1. The mean-field operator H?A being invariant with respect
to rotations, some of its eigenvalues may be degenerate. More precisely, all its eigenval-
ues corresponding to p, d, f, ... shells (see Section 3.2) are degenerate, and only those
corresponding to s shells are (in general) non-degenerate. Figenvalue degeneracies due to
symmetries are called essential. By contrast, eigenvalues degeneracies of H?A which are
not due to rotational symmetry are called accidental. For instance, the fact that the 2s
and 2p shells of the Hamiltonian H = —%A - ﬁ (hydrogen atom) both correspond to the

eigenvalue —1/8 is an accidental degeneracy. We have checked numerically that ESF 18
negative and is not an accidentally degenerate eigenvalue for any 1 < z < 20. On the other
hand, for z =21, €Y . is very close or equal to zero (see [5]).

2.2 Kohn-Sham models with norm-conserving pseudopotentials

In pseudopotential calculations, the electrons of each chemical element are partitioned into
two categories, core electrons on the one hand and valence electrons on the other hand,
according to the procedure detailed in Section 3.4 below. We denote by N, . the number
of core electrons in atom z, and by N, , = 2 — N . the number of valence electrons. Each
chemical element is associated with a bounded nonlocal rotation-invariant self-adjoint oper-
ator V' called the atomic pseudopotential, a core pseudo-density pY. € LYR3)NL3(R?),
and a core energy F, . € R which will be precisely defined in Section 3.5. Only valence elec-
trons are explicitly dealt with in pseudopotential calculations. For the molecular system
considered in Section 2.1, the pseudopotential approximation of the ground state energy
is given by

K
IR =inf {EJR(), €K} + D Eapes (6)
k=1
where
K
Ny=N-> Ny
k=1



is the total number of valence electrons in the system (N, = Zszl N, v if the system is
electrically neutral). The Kohn-Sham pseudo-energy functional is

X K
- 1 A 3
EyR(9) =Tr <<—2A + E TRkVZlZPTRk> ’Y) +§D (P7: p7) + Exe (P% T2 TRy (ﬁgkvc)>
k=1

k=1

where for all R € R3, 7R is the translation operator defined on L?(R3) by (tr¢)(r) =
o(r— R).

We will describe the precise nature of the atomic pseudopotentials VZP P in Section 3.5.
Let us just mention at this stage that VT is a rotation-invariant operator of the form

‘/zPP = ‘/z,loc + Vz7nl (7)

where V, 1o and V, 1 are respectively the local and nonlocal parts of the pseudopotential
operator VZPP. The operator V1o is a multiplication operator by a real-valued radial
function V. joc € LIQOC(R3) satisfying

Nz,v

~ - .
Ir[—o0 |r]

(8)

Vz,loc(r)

The operator V, 1 is a —A-compact, rotation-invariant, bounded self-adjoint operator on
L?(R?) such that

Vo € L*(R%), (ess-Supp(¢) CR*\ B,.) = (Vemo=0), (9)

where 7. is a positive real number (depending of z) called the core radius of atom z, and
where B, is the closed ball of R3 centered at the origin, with radius 7.

The results below are straightforward extensions of the existence and uniqueness results
established in [1, 4, 24|. We skip their proofs for brevity.

Proposition 4 (Kohn-Sham models with norm-conserving pseudopotential). Assume that
the molecular system is neutral or positively charged, and that the atomic pseudopotentials

satisfy (7)-(9). Then

1. the Hartree model (6) with Ey. = EXa™ = 0 has a minimizer and all the minimizers
share the shame density;

2. the Kohn-Sham LDA model (6) with Ey. = EXPA has a minimizer.
Proposition 5 (Hartree model for neutral atoms and norm-conserving pseudopotentials).
Let z € N*. If the atomic pseudopotential VFY satisfies (7)-(9), then the Hartree model

inf {E77(3). 7 € ...} (10)

where ) )
Efp(ﬁ) =Tr (<_2A + VzPP> 7}7> + §D (Pﬁ,p&) ’

has a minimizer 39 and all the minimizers share the same density p°. In addition,



1. the pseudo-density p° is a radial positive function belonging to H*(R3) (hence van-
ishing at infinity); ;

2. the Hartree pseudo-Hamiltonian
1
HPP = —§A+WZPP, where WiT =V 45971, (11)

corresponding to the pseudopotential VZPP, 1s a bounded below self-adjoint operator
on L%(R3) with domain H*(R3) and such that cess(H'Y) = [0, +00);

3. the minimizers 30 satisfy the first-order optimality condition

~ PP T
’yg = 21]'(—00,%27F)(HZ ) + 5,
where ESF < 0 the pseudo Fermi level (the Lagrange multiplier associated with the

constraint Tr (7) = Ny ), and where & is a finite-rank operator such that 0 < § < 2
and Ran(8) C Ker(HEP — E(Z)F),

4. if EQF is negative and is not an accidentally degenerate eigenvalue of HYY | then the
minimizer 3° of (4) is unique.

Remark 6. We will see in Section 3.5 that, by construction, the Fermi level 627F and
the pseudo Fermi level EgF are actually equal, and that if 627F 1s negative and is not an
accidentally degenerate eigenvalue of H?A, then E(Z)F is (obviously) negative and is not an

accidentally degenerate eigenvalue of HET .

3 Analysis of norm-conserving semilocal pseudopotentials

In this section, we restrict ourselves to the Hartree model. Extensions to the Kohn-Sham
LDA model are discussed in Section 4.

3.1 Atomic Hamiltonians and rotational invariance

In both all-electron and pseudopotential calculations, atomic Hartree Hamiltonians are
self-adjoint operators on L?(R3) invariant with respect to rotations around the nucleus
(assumed located at the origin). These operators are therefore block-diagonal in the de-
composition of L?(R3) associated with the eigenspaces of the operator L? (the square of
the angular momentum operator L = r x p = r x (—iV)). More precisely, the Hilbert
space L2(R3) can be decomposed as the direct sum of the pairwise orthogonal subspaces
H; = Ker(L2 — (I +1)):

L*(R%) = P H. (12)

leN

It is convenient to introduce the spaces

LA(R) = {f € L*(R) | f(~r) = —f(r) ae.}



(odd square integrable functions on R) and
LZ(R?) = {u € L*(R%) | u is radial}

(radial square integrable functions on R3). To any u € L?(R?) is associated a (unique)

function R, € L2(R) such that

_ Ru(lr)
V2mr|

When there is no ambiguity, we will also denote by

u(r) = Ru(r) for a.e. r€R
2mr

for a.e. r € R3.

u(r)

(r + u(r) then is an even function of r, belonging to the weighted L? space L? (R, r%dr)).
It is easily checked that the mapping

R:L3R%) 3> uw R, € L2(R)
is unitary. For s € R, we denote by
H:(R®) and H:(R)

the subspaces of the Sobolev spaces H*(R?) and H*(R) consisting of radial, and odd
distributions respectively, and, for s € R,, we denote by Hﬁ)c,r(RS) the space of radial
locally H* distributions in R3.

Lemma 7. For all s € Ry and all u € HS(R?), we have that R, € HS(R). In addition,
the mapping HE(R3) > u — R, € H:(R) is unitary.

Denoting by P; € S(L%(R?)) the orthogonal projector on #;, the spaces H; = Ran(P)
are given by

I
Hi = {vl(r) = Z \/Wylm <|£|>

m=—1

v € LA(R), V—lgmgl},

where (J]")i1>0, —i<m<i are the real spherical harmonics [30], normalized in such a way that
/ ylmylm = 0 Omm »
SQ

where S? is the unit sphere of R3. Clearly,

!
Vo€ H, ullfagsy = D lvmlizg).

m=—I

We also have for all s € Ry,

H*(R®) = P (Hin H(R?))
leN



l
Hy () H (RP) = {vl(r) -y ﬂvif(r’)w <;)

VLm € H(R), v—l§m<Z},

m=—1
l
Vo € Hy 0 H'(R?), ||’Ul||%{1(R3) = Z HUZmHHl(R +I(l+1 Z I~ UlmHL2

m=-—1 m=-—I

Vo, € Hy ﬁH2<R3), HUZH%{%R?’ Z H_Ulm +l [+ ) Ulm +UZmHL2

m=—I1

By rotational invariance, any atomic Hamiltonian H, is block-diagonal in the decomposi-
tion (12), which we write

H.=H.. (13)

leN

3.2 All-electron atomic Hartree Hamiltonians

All-electron atomic Hartree Hamiltonians are Schrodinger operators of the form
1
AA AA
H}" = _iA + Wi, (14)
where WZAA is the multiplication operator by the radial function

Wi (r) = W+( pex]-171) (x),

pY being the radial all-electron atomic Hartree ground state density of atom z (see Propo-
sition 1). The operator H ZAJA associated with the decomposition (13) is the self-adjoint

operator on H; with domain H; N H?(R3) defined for all v; € H; N H2(R3) by

l
st = 3 L (Gotinlieh + S ) + W2 i) o ().

2 I

This leads us to introduce, for each | € N, the radial Schrodinger equations

I(1+1)
2r2

—%R”(r) + R(r) + WANDR(r) = eR(r), R € H(R), / R2—1. (15
R

Recall that, for convenience, we also denote by WfA the even function from R to R such
that for all r € R3, WAA(r) = WAA(|r)).

The spectral properties of atomic Hartree Hamiltonians which will be useful to con-
struct atomic pseudopotentials are collected in the following proposition.

Proposition 8 (spectrum of atomic Hartree Hamiltonians). Let z € N* for which 62 r<0.

The atomic Hartree Hamiltonian H2 is a bounded below self-adjoint operator on L?(R3)
with domain H*(R®), and it holds for any | € N, Gess(HMY) = 0ess(HM) = [0, +00). In
addition,



1. H?A has no strictly positive eigenvalues and the set of its non-positive eigenvalues is
the union of the non-positive eigenvalues of the operators H?A, which are obtained
by solving the one-dimensional spectral problem (15);

2. for each | € N, the negative eigenvalues of (15), if any, are simple, and the eigen-
functions associated with the n'™ eigenvalue have evactly n — 1 nodes on (0, +00);

3. for each l € N, (15) has at most a finite number n,; of negative eigenvalues. The
sequence (n,)ien s non-increasing and n,; = 0 for | large enough. We denote by

I =min{l € N | n, ;41 = 0};

4. denoting by (€. n1)1<n<n., the negative eigenvalues of (15), ranked in increasing or-
der, we have
Vo< <l < lj) Vn < Nzlyy  €zm,l < €znla- (16)

We denote by R, ,,; the L2-normalized eigenfunction associated with the (simple) eigen-
value €, ,,; of (15) taking positive values for r > 0 large enough:

I(141)

Z,m HlRy Y
R,,le o( ) Rznl()+ 272

Rz,n,l(r) + WjA(T)Rz,n,lOa) = 6z,n,l}%z,n,l(r)a

/ Rznl 7 Rz,n,l(r) >0 forr>1.

An orthonormal family of eigenfunctions of the negative part of the atomic Kohn-Sham
Hamiltonian H ?A is thus given by

\fRz nl(|r|)

) = Py () osi<iisnsg, i<mst

Note that ¢, , € Hi N H?(R3).

Remark 9. The integers I and m are respectively called the azimuthal and magnetic quan-
tum numbers. With the labeling of the eigenvalues of H?A we have chosen, the so-called
principal quantum number is equal to (n+1). Thus, the 2p and 4d shells of atom z respec-
tively correspond to the eigenvalues e, 11 (first eigenvalue of H2 |3, ) and €,229 (second
eigenvalue of H2 |3, ).

The ground state density matrix 70 can be written as

lJr Mzl

=> > sznl|¢znl D2l (17)

=0 n=1m=-1

where 0 < p. ,,; < 2 is the occupation number of the Kohn-Sham orbital ¢7°, ;. Note that
P2m, is independent of the magnetic quantum number m. The occupation numbers are
such that

: 0 : 0 : 0
Pz, = 2 if €znl < €2 F» 0< Dz, <2if €znl = € Fs  Pznl = 0 if €zmn,l > €2 Fs (18)

10



and
lj Tzl

Z Z(2l + 1)pz,n,l = z.

=0 n=1
We call occupied [-shells of atom z the shells s (I =0),p (I =1),d (I =2),f (I =3), ..
for which n,; > 0 and p,;; > 0. In view of (16)-(18) if a shell [ is occupied, then so are
all the shells I’ with I’ < [. Denoting by
-

z

:max{Oglglj |pz,171>0},

we thus obtain that all the shells [ < I are occupied, and all the shells I; < 1 <[ (if
any, see Remark 10 below) are unoccupied.

It follows from (17)-(18) that if € . is not an eigenvalue of HA4 (non-degenerate case
in the terminology used in [4]), that is if the highest occupied shell is fully occupied, then
the ground state density matrix is unique and is the orthogonal projector

V=2 Z |7 1) (Pl (non-degenerate case).

0
n,l,m | €2, I<€; p

We also know (see Proposition 1 and Remark 3) that if 6271;\ is an eigenvalue € 1, of H AA
which is negative (degenerate case in the terminology used in [4]), and is not accidentally
degenerate, then the ground state density matrix is still unique and is given by

lo
Z — Nf
72 =2 Z |¢Zn,l><¢z,ln,l| + 2l0 T1 Z |¢Z,ln0,lo><¢7z7’fn0,lo| (degenera‘te Case)7

0 —_
nlm | €, n,1<€) ¢ m=-l

where N = 2 Z (20 + 1) is the number of electrons in the fully occupied shells.

0
n,l | €2,n,1<€; p

3.3 Atomic semilocal norm-conserving pseudopotentials
Atomic norm-conserving pseudopotentials are operators of the form

lz
VzPP = Vz,loc + Z Ple,lPl, for some l; <l < lj’ (19)
=0

where V.o € Hi  (R?) and where we recall that P, € B(L?*(R?)) is the orthogonal
projector on the spaée H;. The first term in the right-hand side of (19) therefore is a local
operator, while the second term is nonlocal. The structure of the operator V,; depends on
the nature of the pseudopotential under consideration:

e in semilocal pseudopotentials, V. ; is a multiplication operator by a function V,; €
HE(R3); otherwise stated, V. is a local operator on Hy;

¢ in Kleiman-Bylander pseudopotentials, V. ; is a finite-rank rotation-invariant opera-
tor.

11



We restrict our analysis to semilocal pseudopotentials. The overall regularity of the pseu-
dopotential is governed by the parameter s. For each 0 < [ < [, the function V; is
supported in a ball of radius r.;. The positive number

Te = Max T
0<I<I,

is called the core radius.

The operators H;PZP involved in the decomposition (13) of the atomic Hartree pseudo-
Hamiltonian HZPP are then given by: for all 0 <[ <[,

l

2

and for all [ > [,

; V2 (1, MUESIN I m( T
) = 35 Y (gotaled + G )+ Wesun D) 38 (7).

m——
where

Wtoe = Valoc + 00 |-}
72 being the ground state pseudo-density defined in Proposition 5.

The mathematical construction of a semilocal pseudopotential for atom z goes as fol-
lows:

Step 1: choose an energy window AE = (E_, E;) C R_, which, in particular, defines a
partition between core and valence electrons;

Step 2: choose the core radius r. and the Sobolev exponent s, and check that the so-
obtained set M Ag . s of admissible pseudopotentials (see Section 3.5) is non-empty;

Step 3: choose the "best" pseudopotential in the set M, Ap . s-

Steps 1 and 2 are detailed in the next two sections. In Section 3.6, we investigate the
stability of the atomic ground state of the pseudopotential model with respect to both
external perturbations and variations of the pseudopotential itself. In Section 3.7, we
address the existence of optimal pseudopotentials for a variety of optimality criteria.

3.4 Partition between core and valence electrons

As mentioned above, the first task to construct a pseudopotential is to partition the elec-
trons into core and valence electrons. We assume here that z € N* is such that €° or < 0.
This partitioning is made through the choice of an energy window AE = (F_, E+) with
—oo < E_ < E; <0, containing the Fermi level eg’F (or a Fermi level in the case when the
highest occupied energy level is fully occupied, see Remark 2) and such that there exists
an integer [, satisfying I <1, <[} and

vl < lza # ({Ez,n,l}neN N AE) = # ({Ez,n,l}neN N E) = 17 (20)
VI> 1, #({eni},eyNAE) =0. (21)
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All the electrons occupying the shells such that ¢, ,,; < E_ are considered as core electrons.
For each [ < [, we denote by n};, the unique non-negative integer such that A AFE.

The set {ez,n* l}0< o constitute the set of the valence energy levels, which can a priori

z,0
be fully occupied (E_ < €xnr 1 < 637F), partially occupied (627";1:1 = e(z),F) or unoccupied

(6371;\ < €z,n;l,l < E+).

Remark 10. Let us emphasize that it is not clear a priori that one can find energy windows
AFE satisfying (20)-(21). Here again, we need to rely on numerical simulations to establish
that our assumptions make sense and are satisfied in practice, at least for some atoms. In
another contribution [5] more focused on numerical simulations, we show in particular that
for most atoms of the first four rows of the periodic table, 627F < 0 and energy windows
AFE satisfying (20)-(21) do exist. Besides, for most atoms of the first four rows, atomic
Hartree Hamiltonians do not seem to have unoccupied enerqgy levels with negative energies,
so that for those atoms, IJ =17 and therefore l, =17 = 1F. For instance, it can be checked
numerically that the Hartree valence energy levels of the copper atom (z = 29) are such
that

0
l, =2, Ny0= 4, n,1= 2, Nyo = 1, E_< €221 < €240 < €. F = €212 < E+, (07’ Cu)

This is the situation depicted on Fig. 1. The core and valence configurations are respectively
denoted by 1s® 2s% 2p® 3s? and 3p°® 4s? 3dY in the chemistry literature. Let us observe that
the valence configuration of Cu for the Hartree model differs from the one obtained from
the N-body Schridinger equation with infinitesimal Coulomb repulsion [7], that is 3p® 3d1°
4st.

................................................................................................................................. - E,

3d Valence states
....... 308 oo L B

2pe

Core states

=0 1=1 =2 1=3 1=4 I=5 1=6

Figure 1: Sketch of the spectra of the operators H ?A]HZ and admissible energy window
AFE = (E_, Ey) for the copper atom (z = 29). The energy scale is arbitrary. The actual
values of the energy levels are the following: €, 10 ~ —312.78 Ha (1s), €, 2,0 ~ —36.42 Ha
(28), €2,1,1 ~ —31.57 Ha (2p), €30 ~ —3.716 Ha (3s), €.21 ~ —2.294 Ha (3p), €,40 =~
—5.540 x 1072 Ha (4s), 6271; =¢€,12~ —1.371 x 1072 Ha (3d). The self-consistent Hartree
Hamiltonian H ?A seems to have no negative eigenvalue above the Fermi level 62,F~
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We therefore have

Nz,c = Z (2l + 1)pz,n,l and N,v=2— Nz,m

TL,l | Ez,n,lSE—

where we recall that N, . and N , respectively denote the numbers of core and valence elec-
trons. We also introduce the core and valence all-electron Hartree ground state densities,
respectively defined as

pg,c(r) =2 Z Z |¢znl 2 and pzv Z Z pz”zl’ znzl, (I')|2.

nl|e; n i <E_m=-l =0 m=-1

Note that the core density pgc should not be confused with the core pseudo-density ﬁgc
mentioned in Section 2.2 and whose expression will be given below (see (32)).

3.5 Admissible pseudopotentials

Let z € N* be such that € or <0, and let AFE = (E_, E) be an energy window satisfying
the properties (20)-(21). ‘An admissible semilocal norm-conserving pseudopotential with
core radius 7. and regularity H® (s > 0) is an operator V¥ of the form

lz
VPP =V, 00 + ZPle,lPlv for some 1] <1, <1},
=0

for which the radial functions V. jo. and V. ; satisfy the following properties:

1. values out of the core region:

in R? \ Broy Viloe = —ﬁ + pg,c*\ . ]*1 and V,;=0forall0<I1<1l,; (22)

2. H?*-regularity:

Vetoc € H). ,(R®) and for all 0 <1 <1, V.; € H}(R®); (23)

3. consistency: the atomic Hartree pseudo-Hamiltonian

l
1 z
HPP = —5A+ WP, where WP =W, + Y PV.P,
=0

obtained with the pseudopotential VZPP (see Proposition 5) is such that

l

V(oo (HET) = Z > 1em) (24)

=0 m=—1

l

Ly
Wz,loc = Vz,loc + ﬁ(z)« * | ' |_17 152(1') = Z Z pzyn;pl

=0 m=—I

e (O (25)
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where

R.; € Hy(R), (27)
1~ I(1+1) ~ - -
SR+ DR ) (Wesoe) 4 Vet) Boa(r) = e Bea(r), (28)

]A%Z,l =R.pnx,1 on (re, +00) for some 0 < re; < 7, (30)

R.; >0 on (0,+00),. (31)

We can therefore define the set of admissible semilocal norm-conserving pseudopotentials
with energy window AE = (E_, E,), core radius 7. and regularity H®, for the atom z as

l

MZ,AE,?"C75 = {‘/;PP - ‘/Z,IOC + ZPIVZJPZ
=0

such that (22) — (31) hold} .

Several comments are in order:

e condition (22) implies conditions (8)-(9), so that the existence and uniqueness of the
atomic ground state valence pseudo-density 5 is guaranteed by Proposition 5 as soon
as (22) is satisfied,;

o it follows from (27)-(29) and (31) that €, »x 1 is the ground state eigenvalue of HEP |y,

and that the (21 + 1) functions (ZZ?Z, —1 < m < [, form an orthonormal basis of
associated eigenfunctions;

e it also follows from (24) that the €.+ ;s are the only eigenvalues of H PP in the

energy range (—oo, E1). This property is referred to as the absence of ghost states
in the physics literature;

e out of the core region, (22) is compatible with (28) and (30). Indeed, (28) and (30)
imply that

Vr € R® \ B, Z){,z)(r) = p(z),v(r) and Wz,loc(r) + VZ,l(r) = WzAA(r)v

hence, applying Gauss theorem, that p2|-|™1 = p?  x|-|7! in R*\ B, , which finally
leads to
z

‘/z,loc+‘/;,l:WZAA_pg,v*"lilz ‘|

Tkl R B

e the core energies and the core pseudo-densities pp . of the atoms appearing in (6)
are defined in such a way that for an isolated atom, the pseudopotential calculation
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gives the same energy as the all-electron model. In the Hartree case, the core energy
of atom z is therefore given by

E.o=IM —inf {EYP(H), ¥ € Kn., }

1 ~ 1
= (<A v) ) - o (Y
lz

1
AA
= IM - IZ;(QZ + Dzt i€zns 0+ 5D (52, 72) -

The core pseudo-density of atom z is defined by

) (2)

Note that atomic core pseudo-densities do not play any role in the Hartree model,
since they are only involved in the exchange-correlation energy functional.

The rest of this section is devoted to the study of the set M, Ag . . We assume here
that z € N* is such that € or < 0 and that AE = (E_, Ey) is a fixed energy window
satisfying (20)-(21). It readﬂy follows from the definition of M, Ag . s that

V0 < 7. < Té < 400, MZ,AE,TC,S C Mz,AE,ré,sa (33)

v0 <s< 3, < +00, Mz,AE,rc,s’ - Mz,AE,rc,s- (34)

Let

1
rane = g (maxRCL (0) 20

be the maximum over 0 <[ < [, of the largest node of the function R nx - Ifre <71 Ape
then (30) and (31) are obviously inconsistent, and M, ag, . s = 0. On the other hand, we
are going to see that M, Ag s is not empty, for any s > 0, as soon as r. is large enough.

To any potential W € Lf’/z(]R‘g)7 we associate the function Ty : (0, 4+00) — R_ defined for
all » > 0 by

1
Tw(r) := inf / <2|V<;5|2 + W¢2> ,
b € HY(Q(r)) Q(r)
lelr2oim) =1

where Q(r) = R3\ B,. We will prove in Section 5.3 that Twaa is continuous and non-
decreasing, and that it maps (0, +00) onto (e, 1, 0] (where we recall that €21 is the lowest
eigenvalue of HA, see (5)).

Lemma 11. Let z € N* be such that EB’F < 0. Let AE = (E_,E) be an energy window
satisfying (20)-(21). The equation Tyyaa(r) = Ey has a unique solution T;AE,C > 0. In
addition, r;AE’C < T;:AE,C and for all ro > rZAE’C and all s > 0, the set M, AE . @5
nonempty.
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We were not able to provide a simple characterization of the critical core radius rg AE.c
- 0 +
N SToARe S T AEe such that for all s > 0,

Vre < TS,AE,U Mz,AE,rc,s =0 and Vr.> TS,AE,O Mz,AE,TC,s U 0.
We can only show, using the same regularization argument as in the proof of Lemma 11,
that 7*27 AR, 1s indeed independent of s.
Our next results will be established under the following:

Assumption 1: z € N* is such that E(z),F is negative and is not an accidentally degenerate
eigenvalue of HA, AE = (F_, E) satisfies (20)-(21), re > 1% 5. and s > 0.

Consider now the Hilbert space

Iz
X: ABres = {U = Vloc + Z PP,

(Vloc, (vi)osi<t.) € (HS,r(Brc))’Z”} = (H3.(B:.)"*?,
1=0

where H§ (B,,) is the closure in H*(R?) of the space of radial, real-valued, C*° functions
on R? with compact supports included in the open ball B, := {r eER3||r| < TC}, and the
affine space

I
X AB e = {V = Viee + »_ PViP
=0

such that (22) — (23) hold} .

Note that
vV e XZ,AE,TC,Sa Xz,AE,rc,s =V + Xz,AE,rC,s-

As M, AEr.,s is a subset of X, Ap ;. s, Wwe can endow the former set with the topology of

the latter, and say that a sequence (VZPIS JkeN € M, AE . s of admissible pseudopotentials

e strongly converges to some V € X, aAp . s if (with obvious notation)

lz
IVzock = Vioellzrs + Y IVeuk = Villzrs = 0; (35)
=0 k—o00

e weakly converges to some V € X, Ap s if

lz

VV/ € XZ,AE,TC,Sa (Vz,loc,k - Viom Vv]é)c)Hs + Z (‘/;,l,k - V, ‘/l/)Hs k——>>oo 0. (36)
=0

Theorem 12 (properties of the set of norm-conserving pseudopotentials). Under Assump-
tion 1, M, AE . s 15 a nonempty weakly (hence strongly) closed subset of the affine space
Xz,AE,rC,s-
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In practice, pseudopotentials are constructed by first selecting optimal (for some cri-
terion) pseudo-orbitals R,;, 0 <1 <[, and then deducing from these functions the local
and nonlocal components of the atomic pseudopotential using the relations

1R (e)) 10+ 1)
erRg\{O}a ‘/;'loc(r)+‘/,z'l(r):€zn* l+7~2’ - - ﬁg*|'|_1 (I‘),
el Vel = ot o ey 2w )

where (Y is defined by (26) and (25).

The following lemma is useful to select admissible functions Ez,l.

Lemma 13. Let VPP ¢ M. AEr,s for some s > % (so that the functions V., joc and V

are continuous). For each 0 <1 <, the radial function ﬁz’l, defined by (27)-(31) in is
H:P2(R) and

R.i(r) =00 as r—0.

)

3.6 Some stability results

Let z, AE, re, s satisfying Assumption 1. Let VPP ¢ M 2, AE,r.,s be a reference pseudopo-
tential. It follows from Proposition 5 and the definition of M, Ap . s (see also Remark 6)
that ESF is not an accidentally degenerate eigenvalue of HY'' and that the ground state

pseudo-density matrix 70 corresponding to V' is unique.

We can study the sensitivity of 3 with respect to both an external perturbation and
the choice of the pseudopotential by considering the minimization problem

Eyre (v, W) := inf {EV (3,0, W), 7 € iszz,v} , (37)

where the energy functional Eype is defined on Ky, , X X; Apr.,s X C' by

~ 1 _ 1
Eype(Y,0,W) :=Tr <<—2A +VP 4 v> 7) +5D(p5, 05) +/ pyW,
R3
and where we have denoted by
C'={W e LS(R?) | VIV € (L*(R%))*}

the space of potentials with finite Coulomb energies, endowed with the scalar product
defined by

V(Wl, WQ) el x C/, (Wl,WQ)c/ = / VWi - VWs.
R3
For n > 0 and X a normed vector space, we denote by B,(X) the open ball of X

with center 0 and radius n. The following result somehow guarantees the stability of the
pseudopotential model with respect to the choice of the pseudopotential.

Proposition 14. Let z, AE, r., s satisfying Assumption 1. Then, for all VFY € M AE s
there exists 1 > 0 such that for all (v, W) € By(X, AEr.,s) % By(C'), problem (87) has
a unique minimizer %M/(VZPP). Moreover, for each VZPP € M, AE s, the function
(0, W) = Fpw (VEY) is real analytic from By(X. apr.,s) X By(C') to the space

&11 = {T € 61(LA(R) N S(LA(RY) | [VIT|V] € & (L*(®%))}
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S1(L%(R?)) denoting the space of the trace-class operators on L*(R3). For allv € X, AEre.s,
all W e C', and all real numbers « and ( such that —n||1)H)_(1 apn . << 77Hv||)_(1 A s

and —n|W|z' < B < n|WI|g!, we have

Vo gw (VFP) =70 + 3 o gE U (VED), (38)
(4,k)e(NxN)\{(0,0)}

where 7Y is the ground state density matriz for the pseudopotential VI, where the coef-
ficients %]{,I;)(VZPP) of the expansion are uniquely defined in &1 1, and where the series is

normally convergent in G 1.

In the next section, we will define optimality criteria based on first-order perturbation
method for choosing the "best" pseudopotential in the class M, Ag,.s. These criteria
will involve the difference between the first-order response of the all-electron model and
that of the pseudopotential model to a given external perturbation W. A natural external
perturbation is the one obtained by subjecting the atom to an external uniform electric
field (Stark effect):

whak(p) = —r. e, (39)

where e is the unit vector of the vertical axis of the reference frame. As the unperturbed
system is rotation-invariant, the direction of the electric field is unimportant. So is its
magnitude since we only consider here first-order perturbations (linear responses).

Note that it is not possible to apply the results in Proposition 14 to the perturba-
tion (39) since WS is not in C’. In the framework of the linear Schrodinger equation
(see e.g. |21] for a detailed analysis of the case of the Hydrogen atom), the spectrum of a
molecular Stark Hamiltonian is purely absolutely continuous and equal to R for all non-
zero values of the electric field. The eigenstates of the unperturbed Hamiltonian turn into
resonances. On the other hand, the perturbation series is well-defined; its convergence
radius is equal to zero, but the energies and widths of the resonances can nonetheless be
computed from the perturbation expansion using Borel summation techniques.

For the atomic Hartree model under consideration here, the perturbed energy functional
has no minimizer: for all 8 # 0,

wt { B0 <5 [ prfree) v ek} = o,
R3

The same holds true for the corresponding pseudopotential model for any V¥ € M 2, AE,rc,s
Physically, this corresponds to the fact that the infimum of the energy is obtained by al-
lowing the electrons to go to infinity towards the regions where W(r) = —fr - e goes to
—00. As in the linear framework, each term of the perturbation series is well-defined, but
the convergence radius of the series is equal to zero. We will only prove here the part
of this result we need, namely that the first-order term of the perturbation expansion is
well-defined, and, in the pseudopotential case, that the linear response is continuous with
respect to the choice of the pseudopotential (see Theorem 15 below). We are not aware
of an extension of the theory of resonances to nonlinear mean-field models of Kohn-Sham

type.
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For VFY € M, ap,.s and W € C', we denote by %{?(VPP) = éV’;)(VPP), where
)

(k e k'-order
perturbation of the all-electron ground state 40 when atom z is subJected to an external
potential W € C’. A consequence of [4, Theorems 5 and 12| and of the above Proposition 14
is that the linear maps

the right-hand side is defined in Proposition 14. We also denote by ~,;

CoWmaly ey and oW oA (V) €611, VP € Moaprs (40)

are continuous.

Theorem 15. (Stark effect) Let z, AE,r.,s satisfying Assumption 1. The continuous
linear maps defined by (40) can be extended in a unique way to continuous linear maps

V.oWeAlW ey and V.3 W 3PV ey, VPP e Moppps (41)

where Y, is the Banach space

V.:=C + L2 where L% := {WELlOC (R3) | / €2 el dr<oo}

In addition, WSk ¢ Y. and the mapping Mo AEres 2 VET = Wt(,[l/)smk(VPP) € G is
compact.

3.7 Optimization of norm-conserving pseudopotentials

A natural way to choose a pseudopotential in the class M, Ag s is to optimize some
criterion J(V}FT) combining the two requirements that the pseudopotential must be as
smooth as possible and as transferable as possible. The smoothness requirement leads us
to introduce the criterion

L.
Js(V;F) = *IIWPPIIHS = (HWZJOCII%S + IVz,zﬁqs) : (42)

=0

where WZP P is the self-consistent pseudopotential corresponding to the pseudopotential
VPP (see Proposition 5). Note that it is natural to use the self-consistent pseudopotential
WPFP rather than V' in the right-hand side of (42) since the smoothness of the Kohn-Sham
pseudo-orbitals is controlled by WP, Let us first state a general result.

Theorem 16. Let z, AE,r¢, s satisfying Assumption 1. Consider the criterion
JVIT) = ads(VI7) + (VD)

where the smoothness criterion Js is defined by (42), where the transferability criterion J :
M, AEr.,s = R is a bounded below weakly lower-semicontinuous function, and where o > 0
is a parameter allowing one to balance the smoothness and transferability requirements.
Then, the optimization problem

inf {J(VFP), VFP € M, aprs} (43)

has a minimizer.
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Many different transferability criteria J;, based on various physical and chemical prop-
erties, can be considered. A natural choice is the criterion

JStark(VPP) L 1 1 ~(1) (VPP) Y 2

t z T 2 RS\BTC pWStark z pzywstark c

; (44)

1 1 .
where p;‘)/vsmk = p’y.(z,l‘)/V . and ﬁ(W)Stark(VZPP) = 'O:Yéll,)s (vpp) e respectively the first-

order perturbations of the all-electron and pseudo densities of atom z, when the latter is
submitted to the Stark potential (39). The Coulomb space C is defined as

C={pe SR [P € LR, pllc := D(p,p) < oo},

where

D(f,g) :==4nm k) g(k) dk. (45)
R [k
Let us recall that L%/°(R3) c C, that the definitions (3) and (45) agree for (f,g) €
LY/5(R3) x LS/5(R3), and that C is therefore the space of all charge distributions p with
finite Coulomb energy.
The following lemma shows that the transferability criterion JtStark is well-defined and

falls into the scope of Theorem 16.

Lemma 17. Let z, AFE,r.,s satisfying Assumption 1. Then, JtStark is a well-defined
bounded below weakly continuous mapping from M, AEr. s to Ry.

4 Extensions to the Kohn-Sham LDA model

It is probably quite difficult to extend to the LDA model the results established above
for the Hartree model. As usual in the mathematical analysis of Kohn-Sham models, the
main obstacle is that we do not know whether the atomic ground state density of atom
z is unique. We will therefore limit ourselves to comment on the extensions of our main
results under some additional assumptions on the Kohn-Sham LDA ground state.

Assuming that the LDA ground state density p2 of atom z is unique, hence radial, and
that the LDA Fermi level of atom z is negative, it is then easy to show that the properties
of the ground state density and of the atomic Hamiltonian listed in Propositions 1 and 8,
as well as the result of uniqueness of the ground state density matrix, still hold for the
all-electron Kohn-Sham LDA model. Likewise, the results in Proposition 5 are still valid
for the LDA model under the assumption that the ground state pseudo-density 52 of atom
z is unique. Note that the self-consistent potentials are then given, in the all-electron

setting, by
z

-
where vy (p?) = d;%c (p2) is the exchange-correlation potential, and, in the pseudopotential

setting, by

W;AA — |—1

+P2*| : +ch(Pg),

WEP = VPP 4 e[ e+ 0
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Still under the above assumptions, Lemma 11 (nonemptyness of the set M, ap,. s of
admissible pseudopotentials), Theorem 11 (M, Ag,. s is a weakly closed subset of the
affine space X, AEr.s), and Theorem 16 (existence of an optimal pseudopotential in an
abstract framework) can all be extended to the LDA setting.

Note that, in practice, the calibration of pseudopotentials is made under the assump-
tion that the LDA ground state density (with or without pseudopotential) is radial. The
calculations then boil down to solving coupled systems of radial Schrodinger equations
(see |5, 17, 27| for details). To the best of our knowledge, no numerical evidence that the
radial LDA ground state of an atom might not be unique has been published so far.

The extensions of our results involving nonlinear perturbation theory (Proposition 14,
Theorem 15, and Lemma 17) require, on top of the above assumptions, an additional
assumption on the uniform coercivity of the Hessian of the energy functional at the unper-
turbed local minimizer. As the exchange-correlation energy density is not twice differen-
tiable at 0 (it behaves as the function Ry 3 p — —p*3 € R_), it is not clear that such an
assumption is satisfied. As already mentioned in [4, Section 5|, this technical problem is
not encountered in Kohn-Sham calculations with periodic boundary conditions due to the
fact that the ground state density then is both bounded and bounded away from zero.

5 Proofs

5.1 Proof of Lemma 7

The three-dimensional Fourier transform of a radial function u € L2(R3) is related to the
one-dimensional Fourier transform of the function R,, = R(u) by the simple relation

Fy(u) (k) = mﬂmn)um)-

The above expression is a special case of the Grafakos-Teschl recursion formula [12]. We
therefore have

L[ (4 [kP?)°

e Frs ety :/Rs(l + |k[?)*| Fa(u)(K)]? dk = —

37 L e (P

[e%e) “+o00
- /0 (14 K2)°1F) (Ra) (k)2 i = / (1+ K211 (Ra) (B b = | Rulre .

—00

5.2 Proof of Proposition 8

The proof of Proposition 8 is based on the following observation.

Lemma 18. Let z € N* such that GS,F < 0. The Hartree potential W2% is a radial
increasing negative function of L2(R3) N C>(R3\ {0}) converging exponentially fast to 0.

Proof. The Hartree potential WAA satisfies —AWAA = 47(p? — 28)), where the ground
state density p? is in C and satisfies Jgs p? = z. We also know from Proposition 1 that
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p? is a radial positive function belonging to C>°(R3\ {0}). Therefore, W24 is radial and
belongs to C°°(R3 \ {0}), and we infer from Gauss theorem that for all r > 0,

AA
4777“2%(7“) = —4m <_Z +/ Pg> = 477/ P2 >0,
B, R3\B;

where B, is the ball of R? with center 0 and radius 7. Hence, WAA is a radial increasing
function. Its limit at infinity is necessarily equal to zero since WAA = —ﬁ +p0 %t

with pd % |- |7t € ¢’ C L°(R3). As 627F < 0, the ground state density of the atom z is of
the form

p2r) = > pilei(x),
i=1

where the occupation numbers p; are such that 0 < p; < 2 and Y. | p; = 2, and where
the orbitals ¢; satisfy

1
¢i € H(RY), —Ag;+ W ey = e, /R _bid; = 0ij.

As ¢ < eS}F < 0 and W24 goes to zero at infinity, we deduce from the maximum principle

e |-
for second-order elliptic equations (see e.g. [8]) that for each 1 < i < n, ¢;e el 172 o
L>(R3). Therefore, there exists C, € R, such that
— 0

VreRY, 0<pl(r) < Ce Vsl (46)

Hence,
AA ,
Vr>0, 0< aw; (1") = 12/ po < % e \GS,FHI‘ | dr’.
dr r RS\BT r RB\BT

Integrating the above inequality leads to

2
Vr > 2 0> WZAA(T) > _AmrC e V lEQ’Flr.

— 9 —
\/ ‘62,F| ‘62,F|

Together with the fact that WAA = —ﬁ +p2% |- |7t € L2 (R3), this bound implies that

loc

WAA € L2(R?). O

The proof of Proposition 8 then follows from classical results on the spectra of rotation-
invariant Schrédinger operators (see e.g. [21]), which we recall here for completeness. First,
as the function WA is in L2(R?), the operator WAA(1—A) 7y, = (WAL (1 —A) Y|y, is
Hilbert-Schmidt for each I € N by the Kato-Seiler-Simon inequality [22] and the continuity
of P,. Therefore, WZAA is a compact perturbation of the operator —%A|H“ and we deduce
from Weyl’s theorem that gess(H2*) = 0ess(—3Al3,) = [0, +00).

The absence of strictly positive eigenvalues of H ?A is a consequence of Lemma 18 and
[21, Theorem XITL.56]. The set of the negative eigenvalues of HA is the union of the sets
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of the negative eigenvalues of (15) for [ € N; this is a straightforward consequence of the
decomposition (13).

The fact that for each [ € N, the negative eigenvalues of (15), if any, are simple and that
the eigenfunctions associated with the n'? eigenvalue have exactly n — 1 nodes on (0, +00)
is a standard result on one-dimensional Schrédinger equations (Sturm'’s oscillation theory),
which can be read in [6, 15] for instance.

Lemma 18, together with [21, Theorem XIII.9|, implies that for each [ € N, (15) has
at most (21 + 1)7! f0+°OT\WfA(r)\ dr < oo negative eigenvalues. Since this number is
lower than 1 for [ large enough, H ?lA has no negative eigenvalue for [ large enough. The
monotonicity of the sequence (nz,l)l’EN readily follows from the minmax principle. So does
the last assertion.

5.3 Proof of Lemma 11

Let us first establish a couple of intermediate results.

Lemma 19. Let W € Lf/z(R?’) N CO(R3 \ {0}). We denote by Q(r) = R®\ B,, by
Tw, the self-adjoint operator on L%(Q(r)) with domain HE(Q(r)) N H2(Q(r)) defined by
Tw,rp = —30¢+W¢ for all ¢ € HE(QUr)) N H?(Q(r)), and by

1
Tw (r) :==min (6(Tw,)) = inf / <]V¢\2 + W¢2> )
6 e Hy Q) QAT 2
H‘bHL’Z(Q(T)) =1

We also introduce the self-adjoint operator Ty on L*(R?) with domain H?(R?) defined by
Twop = —%Aqb + Wo for all p € H*(R3). Then, two situations may occur:

e cither min (0(Tw,p)) = 0, in which case the function Ty is identically equal to zero
on (0,400);

e or min (0(Twyp)) < 0, in which case there exists . € (0,400) such that the function
Tw is differentiable, strictly increasing and bijective from (0,7c) to (min (o(Tw,)),0),
and identically equal to zero on (T¢, +00).

Proof. Let W € L?/2(R3) N CYR3 \ {0}). Since for any 0 < r < 7/ < oo, we have
Q(r") C Q(r), the function Ty is non-decreasing on (0, +00). As 0ess(Twr) = [0, +00), we
have for all 0 < r < o0,

- 1 2 2
0Tz k[ (GIV6R + ta o).
and it follows from [21, Theorem XIII.9| that the right-hand side is equal to zero for r
large enough.

It also holds that oess(Tiw,0) = [0,+00). If Ty has no negative eigenvalue, then the
function 7y is identically equal to zero by the minmax principle. Otherwise, denoting by
€1 the lowest negative eigenvalue of Ty, we have

li = €.
T%TW(T) €1
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This follows from the fact that C2°(R? \ {0}) is dense in H!(R?).
Lastly, for any r € (0, +00) such that 7y (r) < 0, the operator Ty, has a negative non-
degenerate ground state eigenvalue and a radial ground state ¢y, € H3(Q(r)) N H?(Q(r))

such that [[¢w, || z2(o(B,)) = 1 and ¢w, > 0in Q(r). By the Hopft’s maximum principle for

second-order linear elliptic equations [8], 6%&‘”’" > 0 on 9Q(r) = 0B,. It is then well-known

[23] that Ty is differentiable at r and that

8¢Wr 8(bI/Vr
/! _ LA )
Twlr) = /89(1") on /a& or

Therefore, if Tyo has a negative eigenvalue, then the function 7y is continuous, there
exists 0 < 7. < 400 such that Ty is differentiable and strictly increasing on (0,7.), and
identically equal to zero on [r,4+00), and Ty maps (0,+00) onto (e1,0). O

> 0.

It follows in particular from Lemma 19 that, since WAA € L§/2(R3) N COYR3\ {0})
by Lemma 18, and min(c(H24)) < E4 < 0, the equation Twaa(r) = E4 has a unique
solution 71\ ..

The second intermediate result we need is the following.

Lemma 20. Letl e N, se Ry, FL <0 and W € L§/2(R3) vanishing at infinity and such
that W € H*(Q(e)), for any € > 0. Let By € H2(R) and ¢ < E, be such that

50+ R s wore) —arn, [ 51

Let r} be the unique positive real number such that Ty (rl) = Ey. Then, for all v > 17,
there exists W € HE(R3) such that

R € HY(R), (47)
2R+ U RG) + W R = afir), (48)
/ R} =1, (49)
N]R

Ri=R; on (re,+00), (50)
R >0 on (0,+00), (51)
- <<—;A+W> )\{q} C By, +00). (52)

Hy

Proof. Using the notation and the results in Lemma 19, we see that ¢ is an eigenvalue of
(Tw,0)ly,, so that E € (min(o(Tw,)),0), which implies that there exists a unique positive
real number rf such that Ty (rd) = Ey. Let re > r$ and me = [ R7. We denote by R
the unique odd function in H 1(—7’0, rc) such that

(1 +1)
272

1
L R—qR=0, R(re)=1,
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and by

Note that the function u(r) = TCR(M)))Z”(L) is the unique solution in H'(B,,) to the

Ir| Ir
boundary value problem —1Au—eu = 0in B, , ulsp, = V", and that F(d) = ;2 [ » |ul?.
For all 0 < a < 1 < A < 00, we introduce

0, 4 = arcsin(a/A), 9;214 =7 — arcsin(R(rc)/A) — 0, 4,
da, A the unique solution in (0,7.) of

sin(2(0 4 + 6, 4)) — sin(20,, A)) .

o?F(d) + AQg (1 -

20F
9+A ki A
ka,A = —, Uq,A = €] — —
a,A 2
g FarAeos(on) Rl dug) R0~ kaadeos 8+ 0)
ad ™ 20 2R(re —doa)’ T4 2Ry (1) ’
When o — 07 and A — +o00, the above quantities behave as follows
_ _ 2m, wA? w2 A%
9047,4_)04_, G;F,A—)W ) da,ANT;, a,A ™ oy’ va,AN_Wa
C
A3 A3
Ty PO (53)
: dmeo ’ AmeRy(rc)

Consider the function R, 4 € HX(R) defined on (0, 4+00) by

R

Rya=oa— "t
AT Rlre — daa)

L(0,re~dq, ) A sin (’fa,A(T —7c) + 0,4+ 9§,A) Liremda are) L (re 00)-

It is easily checked that él = R, 4 is solution of (47)-(51) for W= Waa € H1(R3), with

radial representation given by

I(l+1)
2r2

Wa,A - ﬁ;’A(Src—da}A + <Ua,A - > ]l(rcfdo“A,rc) + ﬂotA(STc + W]l(rc,Jroo)'

Denoting by
1
Hoz,A = _iA + Woz,Av

we are going to show that for a > 0 small enough and A < 4oc large enough

o <Ha7A

) \ {e&} | . Assume that po a4 < Ei. As 0css(Ha aln,) = Ry,
H;

) \{e} C (B4, +00).

H;

Let fiq, 4 = min (a (HQ,A

Ha A is a discrete eigenvalue of Hy aly,. We denote by U, 4 an associated normalized
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Figure 2: Sketch of the function R, 4 (green) and of the potential W 4+ “;jj) Lire—doare)

(red).

eigenfunction and by u, 4 € HL(R) the odd extension of its radial component multiplied
by 7. As piq 4 is in fact the second lowest eigenvalue of H, 4|y, (counting multiplicities),
the function u, 4 satisfies

1, li+1)

TlaA T T 5 YA + Wa,AUa,A = fa,Ala,A,

and has exactly one node 7'27 4 in (0,4+00). This node cannot lay in the interval [r¢, +00);

otherwise, the function ¢(r) = U, a(r)1}0 A7+OO)(\I'])JJZO <|i> would belong to Hg (Q(r9_4))\
{0} and we would have
(01 Tw,y0 1)
Ey = Tw(rd) < Tw(ra.a) < Tz; = fa,A;

which contradicts the assumption that p, 4 < Ey. It cannot either lay in the interval
(0,7¢ — dq,a); otherwise, as the potential W, 4 is equal to zero on this interval, we would

1 oA
— ' /

which is obviously not possible. We therefore have 74 4 € (r¢ — da,4,7c), and without loss
of generality, we can assume that u, 4 is positive in the neighborhood of 4+-00. As W, 4
is equal to zero on (0,7¢ — dq 4), Ua,4 is negative and concave on this interval, so that
Ua,A(Te — da,4) < 0 and qu,A((rC —daa)t) < U;7A((TC —dg,4)7) < 0. We therefore have

have

W+1) [Toa |uga(r)? r0.a
>+ ( )/ [taam)l” a,rQ( ) dr:ua,A/ |tia,4]* <0,
0 0

Vr [TC - da,Aa TC], U, A = Avoc,A sin (Ea,A(T - (TC - da,A)) + 504,14) )
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with Ag 4 < 0, kaa = /2(fta,4 — Va,a): 0 < faa < 7/2 and 7 < ko ada,a + Oa,a < 2.
It follows from the jump condition at 7. —d, 4 and from the fact that u, 4 is negative and
concave on (0,7, — dq 4) that

%Q,A . U;,A((Tc —da,a)") u;,A((Tc —do,a)") - u;,A((rc —da,a)7) _ 8-
tan(aa,A) U, A (rc - da,A) a ua,A(rc - da,A) A’
Thus, N
~ ko 2 4
tan(fq,4) < 4 < T 2% Whena — 0% and A — +oo. (54)

Boa ~ Boadaa A
We can distinguish two cases:
e case 1: u/a,A(TC —0) < 0. In this case, %a,Ada,A + %,A > 37”, which, together with
(54), implies that for & > 0 small enough and A > 0 large enough,
92 A%

E > -k or equivale tly > - — —
T ul n o’ € (Y ~
a,A Z l a,A q a,A Z € 16 a,A 128m(2:7

which contradicts the assumption that pin, 4 < Ey;

e case 2 u;’A(rc —0) > 0. In this case, the function u, 4 is positive on (r¢, +00)
and the pair (uq 4, fta,4) is solution to the spectral problem on (rc, +00) with Robin
boundary conditions

1 I(l+1
)+ D 4 ) 4 Wt a(1) = o, a0 (1), 7 € (e, +00)

ka,a
u’a re +0) = — a’ — + B85, | uaa(re).
’A( ) <tan(ka,Ada7A +60q,4) oA Alre)

ka,A
tan(ka,Ada,A‘l’ea,A
so that f1n,4 converges to the ground state eigenvalue of Ty, |7,, which implies

When o — 0" and A — +o00, the parameter

) + B:QA goes to 400,

li = N=F,.
apo | A Tw(re) > Tw(ry) = By

Choosing a > 0 small enough and A large enough, we obtain a contradiction with
the assumption that pn 4 < Ey.

We therefore have obtained a function ﬁl =Rqo 4 € H LJ(R) and a potential W = Wa,a €
H1(R3) such that (47)-(52) are satisfied. As Rq 4 is in C®(R \ {£(rc — da,4), £7c})
and is positive on (0,+00), we can construct a sequence (él,n)nEN of odd functions of
C>®(R) N HL(R) positive on (0,+00) and converging in H}(R) to R4 4, such that ﬁl,n =
Ry 4 = Ry on (r¢,+00), Rl,n = R on (0,7¢ — dy,4) and fR ‘El,n|2 = 1. Consider the
sequence of radial potentials defined by
1R, (r) 1+ 1)

Vn e N, Vr € (0,400), Wnr:e+f~ —
O.+00), Walr)=a+ 3z =55




As ]§17n(r) is bounded away from zero on the interval [(r. — dq,4)/2,7c + 1] uniformly

in n, each W, is in HE(R3) for all s > 0, and the sequence (Wn)neN converges to Wy, 4

(6] = 30 + Walo)
el

for any ¢ € H; N H'(R3), which implies, by the minmax

in H1(R3). Consequently, the Rayleigh quotients R, (¢) =

(¢ — A+ W|o)

[l
principle, that the k' negative eigenvalue of (—%A + Wn)

converge

to R(¢) =

converges to the Eth negative

H,;

eigenvalue of (—%A + W, A) }7'[1 when n goes to infinity. Therefore, for n large enough,

conditions (47)-(52) are satisfied for W =W,. O

We are now in position to prove the non-emptiness of M, A s under the assumptions
of Lemma 11. Applying Lemma 20 successively for each 0 < | < [, with W = W24,
Ri=R.px 1, €= €nr g and re > r}., we obtain [, + 1 functions W; € H?(R3) and I, + 1

Z,¢)

functions El, satisfying for each 0 <1 <1,

Ry € Hy(R), (56)
1~ I(L+1) ~ S -
- §Rf/(7’) + (2r2 )Rl(r) + WiRi(r) = €2 x (1 Ru(r), (57)
/ R} =1, (58)
R
Ri=R,p: 1 and W= WAL on (re, +00), (59)
R >0 on (0,400). (60)

We then introduce the functions

o' (r) = MW <r> , —l<m <, (61)

r| r|
and the density
. 1
) =" powe o)
=0 m=-1

and we consider a sequence (Wigc )r>1 of local potentials in the class Hy (R3) such that
Wioee = WA on R3, Wigey = WA in Q(r) and Wiex = k on B, __q /5. We finally set

Vioek = Wioek —p° x| -|78 and VO<I1<1,, Vig= Wy — Wioc,ks

and
Iz

Vi = Vioek + > PVik DL
=0

By construction, the self-adjoint operator

1
Hk=*§A+Vk+ﬁO*"|_l,
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on LQ(R3) is rotation-invariant, and for all 0 <[ <[,

1 —
Loo,my) (Hilp,) = L(—co,B,) <<2A + Wl>

) Z|¢l (@1

m=—I

Lastly, for all [ > [,
1
min o(Hgly,) > mino <—2A + VVloc,k) o Twaa(re) > Twan (rie) = B
—00 z z ’
Therefore, for k large enough, Vi, € M, AE . s-

5.4 Proof of Theorem 12

Let us prove that M, ap . s is weakly closed in the affine space &, aAp,.s. For this
purpose, we consider a sequence (V;kP Jken of elements of M, Ag . s weakly converging
to some VP in X, A, s. We denote by Hzg the Hartree pseudo-Hamiltonian obtained
with the pseudopotential V;,f and by 5sz . its eigenfunctions of the form (26). We have

for all k € N,

]_ ~ ~ ~
HY) = _QA + W, HY Lol = €xnt 1Dk 162 kllze =1, (62)
1, l _
=" P a0 vk =Pk
=0 m=—1

Iz
Wi =V, lock + vk + Z PV, kB
=0
Note that for all 0 <[ < [,, =l < m <[, and k € N, we have (Z’ank = cZ)an*yl on R3 \ B,

and
WAAZ)G™,. () if [r] > re.

Wi = gt
(W21 1) (r) (Ve toe s (r) + ve(r) + Vz’l’k(r)wgﬁ’k(r) if [r| < 7.

As €nx 1 <0, 0 2 0in R3, and H¢z1k||L2 = 1 we obtain, using the Sobolev inequality
in R3, the boundedness of the sequence (||V; ;x| 12)ren and Lemma 18, that for all £ € N,

1~ -
§||V¢Z,Ll,kH%2 = —(¢70k

S R AT B e
By RS\ "

C

Wk|¢2}l,kz> t€anz i

IN

“m  1/2 3/2
(V200 + Va2 |92 el 1621567 + 1WA oo o, )
3/2
< COL+IVOTl1 7).

where the constant C' is independent of k. This implies that for all 0 < [ < [, and all
—1 < m <, the sequence (¢ ; )ken is bounded in H'(R3). We can therefore extract from

(qggll 1)keN a subsequence (@7, )nen which weakly converges in H L(R3) to some function

30



~le € H' (R3) NH;. As for all k € N, Ly = d);’:‘n;l’l in R3\ B, , we can assume, without

loss of generality, that the convergence of (aznl k,, JneN 1o &an also holds strongly in LP(R3?)
for all 1 < p < 6 and almost everywhere in R3. In particular,

VO<ILIU<Il, Y-1<m<Il VY-I<m<U, / ST = S Sy
R3 '

and the associated functions R, ; defined by (26) satisfy (27) and (29)-(31). We also infer

from the strong convergence of (¢7 ;. Jnen to 5;“1 in L2(R3) N L*(R3) that the sequence
(Pk,, Jnen strongly converges in L'(R3)NL?(R3), hence in LS/5(R?) to the function 5 defined
by

gg?l(r)’zv

L l
;5(1') = Z Z pz,n;l,l

=0 m=-1

which, in turn, implies that the sequence (v, )nen strongly converges in C’, hence in L°(R3),
to the function v = p* | - |1, Lastly, as (Vz1kn )Jnen weakly converges to V,; in H&T(BTC)
for s > 0, we can assume without loss of generality that the sequence (V. )k,en strongly
converges to V. ; in L?(B,,). Passing to the limit in (62), we obtain that the functions EZJ
satisfy

I(1+1)

gz Bea(r) + (0(r) + V() Bea(r) = €22 1 Rea (7).

To conclude that VZPP € M. AEr.,s» We just need to show that

Iz l _ _
]1(7007E+)(H5P) = Z Z |20 (P2al, (63)

=0 m=—1

where HFP = —%A + VPP 4 v. If this was not the case, there would exists A < F, and
2 (3 m +
¢ € HX(R3) N (Span{q{)z’l, 0<1<1,, 4§mgz})

such that ||¢||;2 = 1 and H'P¢ = A¢. Consider, for n large enough, the function

lx l

¢ — Z Z (AT p D) 1207 1,

=0 m=—1

L1 ~
Hfb—z Z( ks )2 P2 ke,

=0 m=-—1

¢n:

L2

We have

~ 1
b € H2(R3) N <Span {¢g?l,kn, 0<I<l, -l<m< z}) lonllz =1,  (64)
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and

<¢‘( z,loc,ky, +Vz7l,k ) (‘/z,loc"i_‘/z,l)|¢>+/R (Uk’n -V d) _Z Z Eznzl, zlkn7¢)L2‘

<¢n‘ z kn|¢n> = . =0 m=-1

H¢ ZZ z,z,kna¢L2¢zlkn

=0 m=—1

L2
Using the weak convergence of VZI?,EL to VZP Pin X. AEr.s, the strong convergence of vy, to
v in L?(R?) and the strong convergence of 7k, to O in L?(R?), we obtain that

Tim (o HER [60) = A,

which, together with (62) and (64), implies that for n large enough, Hfgn has at least
(I, +1)? 4 1 eigenvalues in (—oo, E ), which contradicts the fact that VZ}?,Z € M, AEre,s-
Therefore, VZPP € M. AEr.,s» Which proves that M, Ag . s is weakly closed in X, Ag r -

5.5 Proof of Lemma 13

The function gi)z 1,m is an eigenfunction of the Schrédinger operator —7A + W 1oc + V2, on
L?(R3), with Wloct+ Ve € H?(R3). By elliptic regularity, qSZm”l € HS+2(R3), and therefore
EZJ € H:T2(R) in view of Lemma 7. It follows from the unique continuation principle for
nonnegative solutions of second-order ordinary differential equations that ﬁzl > 0 on

(0, 400). The function ]A%Z,l is an odd function which solves a differential equation, with
regular singular point, of the form

r?y" =11+ )y + Vi(r)y =0, with V;(0) = 0. (65)

Its indicial equation is
s(s—1)—=1l(l+1)=0,

with roots s = [+1 and s9 = —I. Since s;—s = 2[+1 is an integer, Fuch’s theorem [15, 29|
states that the fundamental system of solutions of (65) is

{ y(r) = rp(r)

where p(0) # 0, ¢(0) # 0 and ¢ is a constant. As yo does not vanish at zero, EZJ is
proportional to ;.

5.6 Proof of Proposition 14
Observing that

Eyre(3,0,W) = Tr << A+VPP) )+ ~D(ps,p5) + Tr (F(v+ W)

allows us to follow the same lines as in the proofs of [4, Theorems 5 and 12| (see also the
first point in [4, Section 5]). Indeed, the operator HL'¥ has the same spectral properties as
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the operator Hy in [4], and the key property on the perturbation that we need to proceed
as in [4] is that there exists a constant C' € R such that

Tr (F(v+W))| < C(I0llx. amres + 1Wller) Fller1s (66)
for all (,v,W) € &11 x X, Apyr.s X C'. Let us prove that (66) actually holds true. On
the one hand, we have for all (3, W) € &1 x (',

ITr (FW)| = | T ((1 — A)V2(1— A - A1 — A)_1/2W> ‘
<=2 = A) 251 - A) e, (1 - A) V2|

<N =)= 8251 = A)Ple, (1= &)W |,

< ClAller IWllLs < ClAlle, [Wlier,

where we have used the Kato-Seiler-Simon inequality [22| for p = 6. Likewise, we have for
all (?7”) € 6l,l S XZ,AE,TC,Sv

L:
Tr ((Uloc +)° szsz> 5) ‘
=0

< !Tr ((1 = D) Puee(1 = A) 721 - 8)P5(1 - A)Y 2)\

Tr (v)| =

MN

Te (P(1 = A) 20 (1 - A)V2R(1 - 4)Y25(1 - A)12)|
l

Il
o

Lz

< Clle1s <||vlocHL2 + Ilvsz) < ClAllers 0llx. ap e,
=0

where we have used that the P;’s commute with the Laplace operator and the fact that for
all w € L?(R3),

11 = 2)"2w(1 = A) T2 < o2 (1 = A) V2P < w2 (1= A) V2, < Cllwlle,

by the Kato-Seiler-Simon inequality for p = 4.

Proceeding as in the proofs of Theorems 5 (non-degenerate case) and 12 (degenerate
case) in [4], we obtain that there exists > 0 such that for all (v, W) € By(X; AEr..s) X
B, (C"), problem (37) has a unique minimizer J,4w (VZY) and that, for each VI €
M AE re.s, the function (v + W) — Fyw (VET) is real analytic from By (X, apr.s) +
B, (C') to &1,1. Expanding a — Jauw)(V2T) as

7a(v+W) VPP ’Y + Za PYU VPP)

the coefficients fy( )(VPP) in (38) are connected to the coefficients W(QW(VPP) in the
above expansion by the relation

k

’Yc(y’j;).s_BW(VzPP) = Zajﬂk ]71(;]{/?/ J)(‘/ZPP)'
7=0
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5.7 Proof of Theorem 15

It suffices to prove the results in the degenerate case, since, in this setting, the non-
degenerate case can be seen as a special case of the degenerate case (take N, = 0 in [4,
Section 4]). We can also restrict ourselves to the pseudopotential case, as the all-electron
case works the same.

Let Vit € M, AEr.,s be a reference pseudopotential fixed once and for all and M €
R, . We are going to establish a series of uniform bounds valid for all VF* € M 2,AE,re,s
satisfying

VY = Vietll Xz s < M- (67)

In the sequel, we will denote by Cj; constants depending on Vier and on M, but not on
VFP Tt follows from the arguments used in Section 5.4 that the pseudo-orbitals associated
with VP satisfy N

max max ||¢7" < Cuy,

0<I<L |m|<l 9zl < Car
which implies that ||5%| ;1nzs < Car, and therefore that ||p2x |- | 71|z < Cyy, from which
we infer that

Ogllzgl(z HWz,loc + Vz7l||L3/2 < Cu, (68)

and finally that

2 < Car (69)

B i omall < 2 g s 1o

Using the fact that WFPP? = WA% in Q(r.) and the maximum principle for second-order
elliptic equations [8], we obtain that

~ 0 /2
gy max 2V e < O (10
=t =tz =

As in [4], we decompose L?(R?) as the orthogonal sum of the fully occupied, partially
occupied, and unoccupied spaces

LA(R®) :=Hs ® Hp © Ha, (71)

where H = Ran(L(_o o ) (H?)), Hp = Ran(Lyo y(HEP)) and Hy = Ran(Lio 4oy (HET)),

—00€; z

and where Py, P, and P, are the orthogonal projectors from L?(R3) to Hy, Hp and Hy
respectively. We then introduce

e the spaces
Aue = {Aux € B(Hx, Ha) | (Pa(HP? — Q) P2 Ay, € B(Hx,?-[u)} ,
for x € {f,p}, endowed with the inner product

(Aux; Bux) Ay = Tr (ATIXPU(HEP - Eg)PuBuX)S

e the finite dimensional spaces

Apf = B(nyHp) and Ay, = {App S S(Hp) | Tr (App) =0}
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e the product space

A= Ay X Aup X Apf X App’
which we endow with the inner product

(A, B)A = Z (AuX7 Bux)Aux + Z Tr (APXB;X) ’
xe{f,p} xe{f,p}

Note that the decomposition (71), as well as the space A, depend on VZPP. Following [4,
Eq. (43)], let us first show that the continuous linear map

¢:C = A

W — —(P,WP;, BLWP,A, (2 — A)P,WP;, BWP,),
where A is the diagonal matrix containing the partial occupation numbers at the Fermi
level, can be extended in a unique way to a continuous linear map from C’ + L2 to A’. We
first observe that for all W € C2°(R3) (where C2°(IR?) is the space of the C* functions on
R? with compact support), and all A € A,

‘TI‘ ((PuWPf)*Auf)‘ = ‘TI‘ (PfWPuAuf)‘
—-1/2

Tr (RW(HET — )], (PU(HEY — )R 2 Ay )

u

)

where (HP — eOF)‘;:l/ ? denotes the bounded operator on L?(R3) block-diagonal in the
decomposition (71) identically equal to zero on H¢ @ H,, and equal to the inverse square
root of the invertible positive operator (HFF — GOF)‘HU on H,. As the space Ays consists
of finite-rank operators with rank lower or equal to N¢, the operator and trace norms are
equivalent on this space, and we therefore obtain

VAE A |Tr (RWP) Aup)| < (By = 2 )" 2P| || Autll g

0 —1/2
(Ey — )Y  max W énllr2 [[Autll Ay

IA

where (¢p)1<n<n; is an orthonormal basis of H¢. Similar arguments applied to the other
components of (W) lead to

YW e CP[R®), [[C(W)|lw <Cn  max_ W L.

0<I<l., —I<m<I
Using (70), we deduce from the above inequality that
YW e C2(R?),  [Ic(W)llar < CurllW ]|z -
As ¢ is continuous from C’ to A’ (see [4]), we also have
YW e CE([RY), [lc(W)llar < CarlWllery 12 (72)

The space C°(R3) being dense in C’+ L2, we obtain that the linear map ¢ can be extended
in a unique way to a continuous linear map from C’ + L2 to A’.
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Let us now consider a sequence (VZPE Jken of elements of ./\/lz AE rc s which weakly
converges to some VFY in M, Apr.s. AS Vs jock coincides with — | P+ P2 x|l ! outside
B,., we obtain that (V7 )ren converges to VFT strongly in M, AE,re,s/2- 1o prove the
compactness of the mapping M, ag,.s > VIF — 7‘(,[1,)Stark(VPP) € 6y, it is therefore
sufficient to show that the mapping VP ’y‘(,[l/)Stark(VP P) is strongly continuous from
M. AEr.,s to &1 for any s > 0. Let us therefore consider a sequence (Vngf)keN of

elements of M, Ap . s Which strongly converges to some VPP in M, AEr. s and M € Ry
such that
PP
Sup ||‘/t2,k,‘ - ‘/refHXz AE,rc,s S M
keN

Using [4, Egs. (42)-(43)], (72), the bound
IHZ: (1= A)7H| < Cur,
and the fact that there exists 0 < ¢p; < Cpy < +00 such that
V(A,A) e Ax A (O(A),4) > e[| Ay and  (O(A), A') < Cor|| Al al| A,

where the bilinear form © is defined in [4, Eq. (59)], we obtain that

sup A (VED le1n < CullW llersra, (73)

Let e > 0 and W € C°(R3) be such that ||[W — WStarkHCurLgv < ¢/(3Chxr), where Cyy is
the constant in (73). By the triangular inequality,

2e
1_3
2
< ==

~(1 ~(1 ~(1
T e (VEE) = 3 s (VED) |, + IS VED) =35 VD) e

. —1(~ PP\ _ ~ PP
;131355 (W;,g’_vfp,gw(vz ) = Yo,8w (V2 )) .

We then infer from the analyticity properties of the mapping (v, W) + , w(VFF) (cf.

Proposition 14) that for k large enough, the second term of the right-hand side is lower than

g/3. Therefore, the mapping VY s ?I(/Il/)smk(npp) is strongly continuous from M, AE r. s

to 6171.

5.8 Proof of Theorem 16

Let (VF & P)ren be a minimizing sequence for (43). As o > 0 and J; is bounded below, the

z

sequence (Wzk )ken is bounded for the norm ||-|| = defined in (42). As WP & coincides with

WAA outside Brc7 we can assume, without loss of generality, that (WZP ,};)keN converges to

some WPP wPrP loc +Z§Z:0 PV, P, weakly for the norm || - || s, and strongly for the norm

z,

| - || grs—n for any n > 0. We then have

1
SIWEF I < timinf J,(VEF). (74)
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Reasoning as in the proof of Theorem 12, we obtain that the ground state density pg of
. 1 PP\ ~ 1 ~
inf < Tr _iA + Ve |7 )+ §D (p;, pq) , Y EKN,,

converges, when k goes to infinity, to some p in H*(R3), which is in fact the ground
state density associated with the self-consistent pseudopotential VVzP P This implies that
V'Zl?llggk = W;ll?)c,k — pr x|+ |7t weakly converges to Vzl?llgc = W;llzc —p*|-]7tin HﬁjC(R?’).
Therefore, (sz,)if)keN weakly converges in X, A s to VI = Vz]iEc —1—252:0 PV, P, which
belongs to M, Ag . s by virtue of Theorem 12, and I/VZP P is the self-consistent pseudopo-
tential associated with V;PP. Using (74) and the weak lower-semicontinuity property of Ji,
we finally obtain that

J(VFP) < liminf J(VEF),
k—ro0 ’
which implies that V¥ is a minimizer to (43).

5.9 Proof of Lemma 17

Let (Vzplf)keN be a sequence of elements of M, Ag ¢ s weakly converging to VZPP in X, AEcs-

By Theorem 12, VI € M, ag s and by Theorem 15, the sequence (N‘(/[l/)smk(VPP))keN

z,
strongly converges to &'S,’Stmk(xgpp) in &1,1. Consequently, (ﬁ(ull)smk (VPP))ren converges to

2,

ﬁ{vt)smk(VZPP) strongly in L/5(R3), which implies that (Irs\ B,, ﬁ{ml/)smk (VEP))ken converges

4
to Igs\p,, ﬁ{ml/)smk(VZPP) in L%/5(R3), hence in C, which implies that the sequence of non-
negative real-numbers (JO(VEP)) oy converges to JStark(VEF).
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