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Abstract

We prove the asymptotic normality of nonparametric estimator of pair-
wise interaction function for a stationary pairwise interaction point process
characterized by the Papangelou conditional intensity and observed in a
bounded window of a sequence of cubes growing up to R?. Formula for the
variance of the resulting estimator can be obtained using Papangelou condi-
tional intensity of the point process. This is a random function satisfying the
counterpart of the Georgii-Nguyen-Zessin formula. The proof of the asymp-
totic normality of the resulting estimator is based on the m,-approximation
method in the setting of dependent random fields indexed by Z¢ where d is
a positive integer.

Keywords: Georgii-Nguyen-Zessin formula, nonparametric estimation, pairwise
interaction point process, Papangelou conditional intensity, asymptotic normality.

1 Introduction

A special type of Gibbs processes that are noteworthy both for their abundant
use in statistical physics are the pairwise interaction point processes. Several
methods of estimation are available for parametric families of pairwise interac-
tion point processes: approximate maximum likelihood ([29], [30]), maximum
pseudo-likelihood ([4]), Monte Carlo likelihood ([ 14]).

In this paper we are concerned with nonparametric statistics for stationary
pairwise interaction point processes. They have been introduced by [34], [7] and
[13]. These provide a large variety of complex patterns starting from simple po-
tential functions (or pairwise interaction function) which are easily interpretable



as attractive or repulsive forces acting among points and are of practical impor-
tance because of their ability to model a wide variety of spatial point patterns,
especially those displaying some degree of spatial regularity. A great deal is un-
derstood about pairwise interaction models because they are very natural with
respect to the derivation of Papangelou conditional intensity ([25]).

The goal of the present paper is to establish the asymptotic normality of the
nonparametric estimator of the pairwise interaction function for a stationary pair-
wise interaction point process characterized by the Papangelou conditional inten-
sity. The asymptotic normality in statistics is based on central limit theorems
for the sequences of random variables. These classical limit theorems have been
extended to the setting of spatial processes. Some results on the central limit the-
orem and its functional versions are [2], [3], [9], [10] and [22]. Our proof is based
on the m-approximation method (m, — o as n — o) in the setting of dependent
random fields indexed by Z¢ where d is a positive integer. We apply a central
limit theorem for triangular arrays of stationary m-dependent random fields with
unbounded m established by [39]. This result improves a central limit theorem
established by [15]. The notion of m-dependence was first introduced by [17].
Central limit theorems for m-dependent random fields has already been consid-
ered by many researchers. For example [6], [38], [35] [24].

The paper is organized as follows. Section 2 sets up the basic tools of the
Gibbs point processes in RY. Section 3 contains the main asymptotic results on
proposed estimators of stationary pairwise interaction point process. This con-
cerns firstly the asymptotic behaviour of variance and covariance of the kernel-
type estimator under certain smoothness conditions. The latter is based on the
knowledge of Papangelou conditional intensity and the iterated Georgii-Nguyen-
Zessin formula. Secondly, we are able to study asymptotic Gaussianity of pro-
posed estimators and prove it in Section 4.

2 Basic tools

Let % be the Borel o-algebra (generated by open sets) in RY (the d-dimensional
space) and %’dO C 2 be the system of all bounded Borel sets. A point process X in
R is a locally finite random subset of R¢, i.e. the number of points N(A) = n(Xy)
of the restriction of X to A is a finite random variable whenever A is a bounded
Borel set of R? (see [7]). We define the space of locally finite point configurations
in R? as Njy = {x CR%;n(xp) < 0,VA € B4}, where x4 = xNA. We equip Ny
with o-algebra A/; = o{{x € Njy : n(x5) = m},m € No,A € B3}, where Ny =
Nu{0} = {0,1,2,3,...}. The volume of a bounded Borel set A of R¢ is denoted
by |A|. For any finite subset I of Z?, we denote |I| the number of elements in
I, [a,b] ={a,a+1,...,b} for a,b € Z and the sum Y7 signifies summation over



distinct pairs. For any Gibbs point processes in a bounded window, the conditional
intensity at a location u given the configuration x is related to the probability
density f by
M) F0LD)
f(x)

(for u ¢ x), the ratio of the probability densities for the configuration x with and
without the point # added. The Papangelou conditional intensity can be interpreted
as follows: for any u € RY and x € N7, A(u,x)du corresponds to the conditional
probability of observing a point in a ball of volume du around u given the rest of
the point process is X.

Pairwise interaction point processes in R¢ can be defined and characterized
through the Papangelou conditional intensity (see [25]) which is a function A :
R x N, r — R4. The Georgii-Nguyen-Zessin (GNZ) formula (see [3 1], [40], [12],
[28]) states that for any nonnegative measurable function / on R¢ x N f

EY h(u,X\u)=E /R h( X)A (4, X)du, 2.1

ueX

Using induction we obtain the iterated GNZ-formula: for nonnegative func-
tions i: (RY)" x Njy — R

)
E Y h(ur,...un, X\ {ur,...,u})

Up,...,up€X
:/.../Eh(ul,...,un,X)ﬂ,(ul,...,un,X)dul...dun (2.2)

where A (uy,...,u,,X) is Papangelou conditional intensity and is defined (not uniquely)
by A(up,...,un,X) = A(u1,X)A (w2, xU{ur })... A(up,xU{uy,...,u,—1}). Exam-
ples of Gibbs point process models and their conditional intensities are presented

in [1], [25] and [26]. The formula (2.2) will also be used extensively later in this
document.

3 Assumptions and the main results

For the general pairwise interaction process the conditional intensity is
A(u,x) = go(u)exp (— Z go(u,v))
vex\u

and note that go(u,v) = go(v,u) (i.e. symmetric pairwise interaction).
Alternatively, if go(«) is a constant and go(u,v) = g(v — u) is translation in-
variant, then a pairwise interaction point process is called stationary.
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Throughout this paper, we define a stationary pairwise interaction point process
via the Papangelou conditional intensity at a location u given by

Ag+(u,x) = B*exp (— ) g(v—u)) (3.1)

vex\u

where B* is the true value of the Poisson intensity parameter, g represents a pair-
wise interaction potential. Specifically, g is nonnegative measurable function;
the practical significance of this assumption is that pairwise interaction processes
are a wide and useful class of models for spatial point processes with inhibition
between points; for discussion see [11] and [36]. We denote G = exp(—g) the
pairwise interaction function. The basic assumption throughout this paper is the
Papangelou conditional intensity (3.1) has a finite range R, i.e.

Agx(u,x) = Ags«(u,xN B(u,R)), (3.2)

for any u € RY, x € N, ¢, where B(u, R) is the closed ball in R4 with center u and
radius R.

Suppose that a single realization x of a point process X is observed in a
bounded window A, € %’g where (A,),>1 is a sequence of cubes growing up to
R?. We face a missing data problem, which in the spatial point process literature
is referred to as a problem of edge effects, we can avoid this problem by reducing
the window by introducing the 2R-interior of the cubes A,, i.e. Aygr = {ueA,:
B(u,2R) C A,} and assume this has non-zero area. The choice of A, g is induced
by the fact that when u is on the edge of A, g and v € B(u, R), then we can observe
the point v. Various edge corrections have been suggested by [33], [5], [20], [25]
and [37]). We assume that the support of the interaction function G = exp(—g) is
T = {t € R%g(t) > 0, for ||t|]| < R}. Throughout in this paper, / is a nonnegative
measurable function defined for all w € R?, x € Nyr, by

h(w,x) = 1(xNB(w,R) = 0), (3.3)
and we also introduce the following function
F(o,w) =E[h(0,X)h(w,X)] =P(XNB(0o,R) =0,XNB(w,R) =0). (3.4

To estimate the function B*F (0,t), we propose empiric estimator F n(t) defined
fort € T by

Y A, XN\ {u})(t+u, X\ {u}). (3.5)



To estimate the function B*2G(¢)F (o,1), we propose kernel-type estimator H,,(r)
defined forr € T by

. 1 7 —u—t
Ho(t) = — Y, (w)h(, X0\ v} )R (0 X0\ {u, v K (0
bn’A”vR’ u,veX b”
v—u€B(o,R)

(3.6)
where # over the summation sign means that the sum runs over all pairwise dif-
ferent points ;v in X and K : R? — R denotes a smoothing kernel function asso-
ciated with a sequence (b,),>1 of bandwidths. Plugging in the above estimators
(3.5) and (3.6) and with the convention ¢/0 = 0 for all real ¢, we suggest a new
edge-corrected nonparametric estimator G, (1) for B*G(r) for t € T by

G,(t) = () (3.7)

Moreover, we have to impose certain natural restrictions on the kernel function
K and the sequence (by),>1.

Condition K (d).
The sequence of bandwidths (b,),>1, is a sequence of positive real numbers sat-
isfying:

limb, =0 and lim b%|A, x| = oo.
n—oo n—oo

The kernel function K : R? — R is nonnegative and bounded with bounded
support and satisfies:

/RdK(z)dz: 1,/RdK2(z)dz<oo.

Condition K(d,m). Let z=(z1,...,24)’, z € R,

. . d
/Rdzlll...zZ’K(zl,...,zd)dzl...dzd:O, for 0< Zij<m,
J=1

and
| @)z <
]Rd

3.1 Asymptotic behaviour of the variance and the covariance
of the kernel-type estimator

In this section, we investigate the asymptotic behaviour of the variance and the
covariance of the kernel-type estimator (3.6) estimating $*>G(t)F (o,t). The latter
is based on the knowledge of the iterated GNZ-formula (2.2).
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Theorem 3.1. Consider a stationary pairwise interaction point process X in R¢
with Papangelou conditional intensity (3.1) satisfying condition (3.2). Further let
the kernel function K satisfy Condition K(d). We have

Tim 52| Ay | Var (By(1)) = B2G(1)F(0.1) /R KAz

at any continuity point t € T\{o} of GF.

The following theorem presents an asymptotic representation of the covariance
of the kernel-type estimator (3.6) in two points t{,#, in T .

Theorem 3.2. Consider a stationary pairwise interaction point process X in R?
with Papangelou conditional intensity (3.1) satisfying condition (3.2). Further let
the kernel function K satisfy Condition K(d) and let t| # t, € T. We have

lim b 4 Awr|Cov (Hy(t1), Hy(12)) = 0.

The proof of Theorem 3.2 is similar to that of Theorem 3.1, and is omitted.

3.2 Asymptotic normality of a nonparametric estimator

Asymptotic normality of a nonparametric estimate of the pairwise interaction
function G for a stationary pairwise interaction point process is essentially based
on a multivariate central limit theorem for the estimator H,(¢) of B*2G(t)F (0,1).
The proving idea of the below Theorem 3.3 consists in approximating the se-
quence H, (t) by a triangular array of m,-dependent random fields. The corre-
sponding Lindeberg-type CLT for m,-dependent random fields has been proved
in [39].

Now, we assume that the domain A, is divided into a fixed number of sub-
domains as follows A, = U, A;, following [32], [21], [18] we will describe
a point process in R? as lattice process by means of this decomposition A; =
{EeR%G(i;—3) <& <q(ij+3).j=1,...,d} for a fixed number g > 0, i =
(i1,...,iq), and setting X; = Xy, i € 74 this becomes a Gibbs lattice field. We
will consider estimation of B*2G(1)F (o,t) from H,(t), where the process is ob-
served in A, g = Uicr Nis where I, = {iel;li—j| <1, forall j €I,}, and the
norm is |j| = max{|ji|,...,|js|} and assume that I, increases towards Z? and
write

. v—u—t
H,(t bd] nR’Z Z h(u, X\ {u,v})h (wX\{u,v})K(b—n)

icl, ueX;veX
v—u€B(o,R)



We consider in this work the field {X;}, ¢ (d € N) in form of
X;=F(g_r,keZ),icZ (3.8)

For each m € N, i € Z4, we write X, = F(&_t,k € [0,m — 1]?), where {&} ;74
are i.i.d. random variables and F is measurable function. Let {€/};cpq be an i.id.
copy of {&};cz« and consider for all positive integer n the coupled version X
defined by X* = F (e 1,k € Z%), where

& — €j if j 7§ 0
J &) if j=0.
Leti € Z¢ and p > 0 be fixed. We define §; , = ||X; — X?|| ,, where | - ||, is the
usual L”-norm. Thus, [23] obtained this sufficient condition:

Y [iP28;, < oo (3.9)
i€z4
for a random field of the form (3.8) for the kernel density estimator to be asymp-
totically normal.
The desired sequence (my,),>; can be chosen as

1 . 54 w
m, = max-< Vv,, b—%|2 li| 2 &2 +1
i|>v,

1
where v, = [b, ¥] and [-] denotes the integer part function.
In order to establish the asymptotic normality of H,, we need additional as-
sumptions:
Condition 7. There exists a sequence of integers (m,),>1 such that m, — oo
as n — oo, and the following limits hold

1
w0 and o Y i 8,0 if(39) holds.  (3.10)
(mnbn) li[>my,
2d
m
pand 0 (3.11)

Theorem 3.3. Consider a stationary pairwise interaction point process X in R?
with Papangelou conditional intensity (3.1) satisfying condition (3.2). Further let
the kernel function K satisfy Condition K(d) and assume that Condition # holds.
Then, for any positive integer s and any distinct points t1, ...ty in T\{o}, we have

N

\/ b4 A g| (ﬁn<z,-) — Eﬁn(t,-)) s ¥ (0,01)

i=1
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where the covariance matrix oy = [r,-, j] ij=1,...,s is given by

ru:ﬁ*zG(ti)F(o,ti)/RdKz(z)dz, for i=1,....s and r;j=0 if i#].

Corollary 1. Let, in addition to the assumptions of Theorem 3.3 and the kernel
function K satisfy Condition K(d,m) and let baT>"|A, g| — 0 as n — 4oo. Fur-
thermore if G(t)F (0,t) has bounded and continuous partial derivatives of order

m in some neighborhood of the points ty,...,t;. Then
~ _ s d
oAl (Bote) =BG (0.1) )~ ¥ (0.0
i=1
where the covariance matrix Oy = [r jli j—1,. s Is given by

rii = B**G(t)F (0,1 /Rdl(z(z)dz, for i=1,...;s and rij=0 if i#}].

The estimator (3.5) turns out to be unbiased estimator of B*F(0,1) and strongly
consistent (the uniform strong consistency) as n tends infinity, since a classical
ergodic theorem for spatial point processes obtained in [27]. This implies the
following:

Theorem 3.4. Consider a stationary pairwise interaction point process X in R?
with Papangelou conditional intensity (3.1) satisfying condition (3.2). Further let
the kernel function K satisfy Condition K(d), Condition K(d,m) and assume that
Condition W and b&*"| A, g| — 0 as n — o hold. Then for any positive integer
s and any distinct points ty, ...ty in T\{o},

Vel (61060

where the covariance matrix 6g = [0; jli j—1,..s is given by

s ¥(0,06)

i=1
G(l‘i)

Gi’i:F(o,t,-) /RdKz(z)dz for i=1,....s and 0;;=0 if i#].

4 Proofs

4.1 Proof of Theorem 3.1

Proof. We determine the asymptotic behaviour of the variance of the estimator
H,(t). For this we use the following result.
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Lemma 1. Consider any Gibbs point process X in R? with Papangelou condi-
tional intensity A. Let f : R x R? x N; r — R be a nonnegative and measurable
function. Then

w(fﬂwxwa

u,veX

_E /R Py X[ £, X) + £ (0,10, X)] A (v, X)dudy

+E /R Py X) [ 0w X) £ (w0 X)JA (v X dudvcd
+E /R P X) [f(w,X) + £ (0,10, X)] 2. (e, v,w, X) dudvd
+E /R Pl X) £ (0. X)A (v, .y, X)dudvdwdy

_ /R B [f (v, X)A 1 X)) E [£(w.y. X)A (., X) ] dudvwdy.

Proof. After a simple calculation, but prolix (see [19] and [16]), we obtain the
following decomposition:

4 2 4
(Zﬂmmmm)zzﬂwmww>

u,veX u,veX

£
+ Y Fy, XN {w, v £ X\ {u,v})

u,veX

4
+ Z v, XN\ {u,v,w}) f(v,w, X\ {u, v, w})

u,y,weX

+
+ Z S, v, X\{u,v,w}) f(w,v, X\ {1, v,w})

u,y,weX

£
+ Z v, X\{u,v,w}) f(u,w, X\{u,v,w})

u,y,weX

£
+ Z v, X\{u,v,w}) f(w,u, X\{u,v,w})

u,y,weX

£
+ Y X\ {u v w ) f(wy, X\ {u, v wy}).

u,y,w,yeX
4.1)



On the other hand using standard definition of variance, we have

VarZ Flu,v, X\{u,v}) = (Z fqu\{uv}) (EZ fqu\{uv}))

u,veX u,veX u,veX
4.2)
After rearrangement with the formula of GNZ (2.2) and formulas (4.1) and (4.2),
we obtain the desired result. L]
In the sequel, we denote
H(ul,uz, e ,MS,X) = h(ul,X)h(uz,X) . . .h(us,X), (43)

where £ is given by (3.3),
Ir(uy,up, ... ,ug) =11 (u1 € B(o,R),us € B(o,R),...,us € B(O,R)) (4.4)
and we keep in mind the following function
F(uy,uz,...,ug) =E[H(uy,u, ... us,X)] = E[h(u1,X)h(uz,X) ... h(ug,X)].

4.5)
Substitute

Suyv,x) = Uy, () lR(v—u)H (u, v, X)K(V — _f>

the variance term of H,, (t) is now expanded using Lemma 1, therefore we find that
VarH, (1) =T\ + T+ T3+ T+ Ts + Ts + T; + T,

with
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T =

T, =

I3

1y

T5

T

I

Ty =

1 yfv—u—t
b%d\/\n,RPE RMHAn,R(”)IR(V—“)H(MMX)K( b, )lﬁ*(u,v,X)dudv,
1
W
—u—t —t
E/ Ig(v—u,u—v)H(u,v,X)K (V - )K i )lﬁ*qu)dudv,
Ar by
1 v—u—t w—v—t
:—E/ Ir(v—u,w—v)H(u,v,w,X)K K
b |Anr|? R A g R(Y H( ) ( by ) ( by, )
x Ags(u,v,w,X)dudvdw,
vV—u—t V—w—1I
:—b,z,d|/\, 2E/Rd/[\%RIR(v—u,v—w)H(u,v,w,X)K( b, )K( ™ )
X Ags(u, v, w, X)dudvdw,
1 v—u—t W—u—t
:—E/ Ir(v—u,w—u)H(u,v,w,X)K K
b2 |Apr> " JR2 A g R( JH( )< by ) < b, )
x Ags(u, v, w, X)dudvdw,
vV—u—t u—w-—t
:WE/Hgd/,\%RIR(V_u’u_W)H(u’v’W’X)K< ™ )K( ™ )
X Ag(u, v, w, X)dudvdw,
_ 1 V—u—t
_b%d\AmRPE/RMH AT, g (WHR(Y — 1,y = W) H (u, v, w, y, X)K b,
—w—t
x K (%) Ag+(u, v, w,y,X)dudvdwdy
n
and
1 vV—u—t y—w-—t
it o T Oy =k (M (P

x E [H(u, v, X) Ag+ (u, v, X)} E [H(w,y, X)Ag+(w,y, X)} dudvdwdy.

The asymptotic behaviour of the leading term 7; is obtained by applying the

second order Papangelou conditional intensity given by:

Ags(u,v,x) = Ags(u,X)Ag~(v,xU{u}) foranyu,ve R? andx e Nyy.

And using the finite range property (3.2) for each function Ag« (u,x) and Agx(v,xU
{u}). We recall when x = 0, this implies that

Ag(u,0) = B* and Ag.(v,0U{u}) =B*G(v—u) forall u,ve R4

11



By stationarity of X, it results

1 [ V—u—t
T] = WE/RZd HAn.R(M)IR(V—I/l)H(I/t,V, X)K ( bn )A,B* (M,V, X)dudv
ﬁ*z / _ 2 Vv—u—t
== 1 Ir(v—u)F K G(v—u)dud
b%d|A}’l.R|2 R2d An,R(u) R(V u) (u,V) bn (V M) udy
ﬁ*Z _ o[ s—t
== Ir(s)F K G(s)d
A ] e R (0K T 7 )G
ﬁ*Z _
= - Ir(buz+1)F (0,byz41)K?(2)G(bpz +1)dz.

The continuity of GF in ¢ and the boundedness conditions on the kernel function
yield the desired result by dominated convergence theorem, i.e.

limy—ye0 b2 Ap r| Ty = B*2G(t)F (0,t) [a K*(2)dz.

The following lemma will justify the applicability of dominated convergence
theorem in the proofs of the next asymptotic results.

Lemma 2. ([8], Lemma A.2) Let (Ap)uen be a sequence of convex sets in R4
growing up to R? and let V,Z € R?. Let (bn)nen be a sequence of positive real

numbers with b,, — 0. Then we have
n—yoo

. }Anﬂ(/\n_bny_zﬂ
lim =1.
n—yeo |An|

We will now show that all the other terms of the variance of the estimator
H,(t) vanish. With similar arguments to those used to obtain the results above, we

12



treat the term 75.

1 V—u—t
= 5——=EB [ 1 1 Ir(v— —Vv)H X)K
A LA )= = XK (=

—v—t
X K(u b‘; )lﬁ*(u,v,X)dudV
_ p - V—u—t

~ b2[AuR] /deu’\"ﬂ ) p, x (VIR(Y —t,u=v)F(0,v —u)K by,

1

—v—t
X K(u bv )G(v — u)dudv

n

B*Z
2| Angl
|Ang N (Apr — )| _ s—t —s—t
: - 1 —s)F K K d
/Rd [An g R(s,—5)F (0,5) b, by G(s)ds
B+ |Ang N (Ang — (buz+1))| _
— : 7 IR(Buz 1, —bnz—1)F (0,byz+1)K
bg|An7R| Rd ’An,R’ R( nZ nZ ) ( nZ ) (Z>
2t
xK(—z—b—)G(bnz—H)dz.
n

The boundedness conditions on the kernel and under condition # # o imply that
b¢ |An,r|T» — 0 as n — oo, by dominated convergence theorem and the geometric
properties of A, g (Lemma 2).

For the asymptotic behaviour of the third term 73, we remember the third order
Papangelou conditional intensity by

Agx (1, v, w,X) = g (1, %) Ag (v, X U {1} ) Ag« (W, x U {u, v})

for any u,v,w € R? and x € N r- Using the finite range property (3.2) for each
function Ag«(u,x), Ag~(v,xU{u}) and Ag(w,xU{u,v}), i.e.

Ag+(u, X) = g« (u, XN B(u,R))
=p* when XNB(u,R) =0,
A (v, XU{u}) = Ag« (v, (XU{u}) NB(»,R))
=B*G(v—u) when XNB(V,R)=0,v—u€ B(o,R),
and when XN B(w,R) =0 and w—v € B(0,R), we have

Ags(w, XU {u,v}) = Ag«(w, (XU{u,v}) NB(w,R))
= Ag«(w,v,{u} NB(w,R)).
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Since X is a point process to interact in pairs, the interaction terms due to
triplets or higher order are equal to one, i.e. G(y) = 1 whenn(y) > 2, for® #y C x.
Then,

Ag-(w,v, {u} N B(w,R)) = { B*G(w —52 i)fthebrl vi SBe(w,R),

and

[ B®G(v—u)G(w—v) if u¢B(wR)
Ap(1,,,0) = { B*3G(v—u)  otherwise. (4.6)
Which ensures that Ag-(u,v,w,0) is a function that depends only variables v —
u,w — v, denoted by G3(v — u,w — v). In this way from the definition of H (resp.
Ir) given by (4.3) (resp.(4.4)) and by stationarity of X, it follows that

1 IAnR N (Apr— V)| = (v—t) (w—v—t)
;= : : Gy;(vyw—Vv)K| — |K| ——— |dvdw
A e Al UKL, b
1 |\Anr NV (Ang — (bnz+1))| =

G3(bnz+1,ba7 +1)K(2)K (2')dzd?,

 |Ang] Jr | An.R|

where G3(v,w —v) = Ig(v,w — v)F (—=v,w —v)G3(v,w — v), where F is given by
(4.5). By dominated convergence theorem and using the Lemma 2, we get bﬁ |Anr| T3 —
0 as n — oo. Analogously, one may show the other terms 74, 75 and Tg.
For the asymptotic behaviour of the leading term 77, let u, v,w,y any points in
R? andx € N f» we define Papangelou conditional intensity of the fourth order by

Agx (1, v,w,y,X) = Ags (1, X) Ags (v, X U {u} ) Ag~ (W, XU {u, v}) Ag (y, XU {ut, v, w}).
Next we introduce the finite range property (3.2) and reasoning analogous with the

foregoing on Ag+(u,v,w,0) is defined by (4.6), which ensures that Ag«(u,v,w,y,0)
is a function that depends only variables v — u,y — w,w — u,w — v, denoted by

14



G4(v—u,y —w,w—u,w —v). Further by the stationarity of X, this implies that

1 v—u—t
Tn=———FE 1 1 Ig(v— —w)H X)K
77 DA, ]2 /RM Ang(W) A, g (WIR(v =,y —w)H (u,v,w,y,X) ( ™ )
—w—t
X K(%) Ag+(u, v, w,y,X)dudvdwdy
- 1
b | An gl
|Aan(AnR_W)‘— <V—l> (y—w—t)
’ ’ Ga(v,y —w,w,w —v)K K dvdwd
/RM |An,R| 4< Y ) bn bn Y
1
‘An,R|
A rN(Apr— _
/ A O (Ank W)|G4(an+l‘,anI+t,w,w—bnz—t)K(z)K(z/)dzdzldw,
R A

where G4 (v,y —w,w,w —v) = Ir(v,y — w)F (v,w,y)G4(v,y — w,w,w —v). Similar
arguments show that b%|A,, g|T7 — 0 as n — .

We now finish the proof of the asymptotic behaviour of the term 7g. Under the
conditions imposed in Theorem 3.1, we have

1 V—u—t
Ty = _W/R“d llAan(u)llAn,R(w)IR(v—u,y—W)K( b, >

5¢ K(*) E [H(u,v,X)lﬁ*(u,V, X)| E [H(w,y, X) Ag«(w,, X)|dudvdwdy

1 vV—u—t y—w-—t
= 1 1 K K| ¥——
b%d |An.,R |2 AMZ An,R (M) AnA,R (W) ( bn ) < bn )

x Gs(u,v,w,y,v —u,y — w)dudvdwdy

1
T b2|AR]
Ang ) (Ang —w)] - (V—f) (Y——W")
y , ) Gs(o,v,w,y,v,y —w)K K dvdwd
1 A rN (AR — =
_ | n,R ( n,R W)|GS(O’an—Ft,W,bnzl+t+W,an+t7bnzl+t)
x K (2)K (<) dwdzd?,

where

G5(u,v,w,y,v —uy— W) = IR(V —u,y— W)F(u,v)F(w,y)G(v - M)G(y - W),
where F is given by (4.5). By dominated convergence theorem, we get the desired
result. [
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4.2 Proof of Theorem 3.3

Proof. To prove the Theorem 3.3, we need (using the well-known Cramér-Wold
(1936)). Without loss of generality, we consider only the case s = 2. Let A; and
A be two constants with A; + A, # 0 and let the points #,; € T\{o} be fixed,
11 # 1, and define the triangular array of random variables

a2 o=

i€l

MmeMﬂﬂG%mw4mimn)+bwﬂA,PH(EMﬁ—memQ

e Fas =2 (1) ~B0)]) 2 (1) Bl )

and for all j = 1,2, we consider

; w1
V)= @H Y MmX\meMwX\w»DK(—7;lQ.

ueX;,veX
v—u€B(o,R)

The proving idea the below Theorem 3.3 consists in approximating the sequence
Y, i by a triangular array of m-dependent random fields. The corresponding Lindeberg-
type CLT m-dependent random fields has been proved by [39]. Therefore, it
proves convenient to switch notation from the text and to define

Fos = (i) ~ B0 ) + 32 (V) B

and for all j = 1,2, we consider

TN (pdy—1/2 z v—u—ij

) =02 Y X\ o)X ek (S ).
u€X; m, VX n
v—u€B(o,R)

By construction, {?n,} ic74 are my-dependent, in the sense that ?n,i and ?n, j are in-
dependent if |i — j|e > my, Where | jloo = max{|ji|,...,|jq|}. We will use {Y, ;;i €
Z%} e to approximate {¥, ;i € Z},en. We decompose

Tt MLE

i€l

1

_ 1
- )4 = Y, +
|An,R|1/2 iezfn " |An7 |1/2 Z " |An R|
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Since K and h are bounded and applying Proposition 1 obtained [24] and under
(3.10) of Condition # we know that

5| L (Fai =)

Aa]1/2 el
l

5d
2~ (b2 Y 1= 82 =o(1).

|i|>mp

Then, it suffices to establish the following result.

Proposition 1. Under (3.11) of Condition #'. As n — oo, we have

1

1/2

A Y Vi -5 4 (0,62),

icly,

where

o’ = (p*zxfi(o,tl)c(tl)+ﬁ*2agﬁ(o,r2)c<r2)) /R KA)dz. @)

Proof of Proposition 1

Proof. Taking into account of {?n’i}iezd are my-dependent random fields, we ap-
ply limit theorem for stationary triangular arrays of m-dependent random fields
(Theorem 2 established by [39]). We need to verify that the two fundamental con-
ditions (4.9) and (4.10), i.e. it suffices to show, for some sequence of increasing
integers {/, } ,en such that

my/l,—0 and [,/n—0 as n— oo (4.8)
we have
1 " 2

lim—dE[( Y Yn,i)]:cz (4.9)

nes Iy ic[1,0,]¢
and

Y4 dj2 _
}}grgoldEK Y Y,”> {y Y Yn7,~‘>£n/H—0 forall &>0

i€[1,L,]¢ i€[1,0,]¢

(4.10)
where [a,b] = {a,a+1,...,b} fora,b € Z.

Taking into account the definition of Y, ; 14 17,17,- we get

r}l_l;Iolo Var( Y 17,,71)
i€[1,1,]4

= lim b%1¢ (xf Var(H, (1)) 4+ AZ Var(H, (12)) 4+ 221 A2 Cov(H, (t;),H,, (tz))) :

n—oo
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Using Theorem 3.1 entails replacing H, (¢ i) by H, (tj), we have

n—oo

tim 6219 Var(A, (1)) = B2G(t;)F (0,1;) /R K (u)du,

Using Theorem 3.2, we have

n—oo

lim b¢1¢ Cov (ﬁln (1), H, (tz)) =0

then, it follows that
1 -
lim —dVar< Y Y,“-) =0’ (4.11)

n—oo
n i€[1,L,]4

where 62 is defined by (4.7). B
To prove (4.10), we write &, = Zie[[lJnﬂd Y, i, therefore we get

E [E211{|&,] > en?/?}] < ||&| 2 (P(I&| > n?/2e)) P27
2\ (p—2)/p

ndg?

Note that (4.11) yields ||&,[|» < 14/ for all n € N. For p > 2, observe that, since
K and h are bounded,

c N\
&g =Bl <l (otd)
n

By the above inequalities, we have obtained

1 12d \ (p=2)/p
BlEIn{la] > en)] <c( )
Now, (3.11) of Condition # entails that /,, can be chosen so that in addition to
(4.8), 124/ (n?b?) — 0 as n — oo; hence (4.10) follows. O
This completes the proof of Theorem 3.3. [

4.3 Proof of Corollary 1

Proof. Let t € {11,...,t5} be fixed. Using the second-order Georgii-Nguyen-
Zessin formula (2.2), and using the finite range property (3.2) and by stationarity

18



of X, we obtain

B, — P E/ a o ()IR(v — u)H( )K(V‘”")G( )dud
n = u vV—Uu u,v v —u)auay
bl Angl  Jraa AR "
B*? _ v—u—t
= 1 Ir(v—u)F —u)K G(v—u)dud
DA ] S An,R(”) R(v—u)F(o,v—u) - (v—u)dudv

=B | Ie(buz+0)F (0,byz-+ DK (2)G(byz +1)dz.

By Taylor expansion of the integrand in neighborhood of # and making use of
Condition K (d,m), Condition K (d) and the function G(¢)F (0,t) has bounded and
continuous partial derivatives of order m of in some neighborhood of the point 7,
we get the following rate of convergence

EH,(1) = B*2G(t)F(0,1)+ O(b"), as n— co.

Under the condition b¢+2"|A,, g| — 0, we get

/D) Anr| (EH, (1) — BG(1)F (0,1)) = ﬁ(\ /bz+2'"|A,,7R|> : (4.12)

By the application of Theorem 3.3 we conclude the result announced. [

4.4 Proof of Theorem 3.4

Proof. Lett € {t,...,1,} be fixed. We may split the difference G,(t) — B*G(r) as
follows:

Galt) — B7G(1) = E;@ ()~ E2,0) + (B0 - B*GIFo(0))

1

= — (A,(f) +A§l2)).
Fu(t)

Hence, from [27] ergodic theorem, and additionally assume that P is ergodic,

F,(t) converges almost surely to B*F(o,t). Note that there exists at least one
stationary Gibbs measure. If this measure is unique, it is ergodic. Otherwise, it
can be represented as a mixture of ergodic measures (see [|3], Theorem 14.10).
Therefore, we can assume for this proof, that P is ergodic. By Theorem 3.3, we

have that as n — oo, b;{\An,R\A,SI) tends to a Gaussian distribution with zero

mean. From strong consistency of the estimator /,(¢), and by inserting (4.12) and
since b4+ A, g| — 0 as n — oo, we have that as n — oo,

b A gAY 5 0.

which completes the proof. [

19



Acknowledgements: The research was supported by laboratory Jean Kuntz-
mann, Grenoble University, France.

References

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

A. Baddeley, R. Turner, J. Mgller, and M. Hazelton. Residual analysis for

spatial point processes. Journal of the Royal Statistical Society, Series B,
67:1-35, 2005.

R. F. Bass. Law of the iterated logarithm for set-indexed partial sum pro-
cesses with finite variances. Z. Wahrscheinlichkeitstheorie verw. Gebiete,
70:591-608, 1985.

A. K. Basu and C. C. Y. Dorea. On functional central limit theorem for sta-
tionary martingale random fields. Acta. Math. Hungar, 33:307-316, 1979.

J. Besag, R. Milne, and S. Zachary. Point process limits of lattice processes.
Journal of Applied Probability, 19:210-216, 1982.

P. Biber. Ein verfahren zum ausgleish von rabdeffekten bei der berechnung
von konkurrenzindizes. Deutscher verband forstlicher forschungsanstalten,
189-202, 1999.

T.-L. Cheng and H.-C. Ho. Central limit theorems for instantaneous filters

of linear random fields. In Random walk, sequential analysis and related
topics, 14:71-84, 2006.

D. Daley and D. Vere-Jones. An introduction to the Theory of Point Pro-
cesses. Springer Verlag, New York, 1988.

S.V. David. Central limit theorems for empirical product densities of station-
ary point processes. These de Doctorat d’Etat, Université Augsburg, 2008.

J. Dedecker. Central limit theorem for stationary random fields. Probability
Theory and Related Fields, 110:397-426, 1998.

J. Dedecker. Exponential inequalities and functional central limit theorems
for random fields. ESAIM Probability and Statistics, 5:77-104, 2001.

PJ. Diggle, D.J. Gates, and A. Stibbard. A nonparametric estimator for
pairwise-interaction point processes. Biometrika, 74(4):763-770, 1987.

H.O. Georgii. Canonical and grand canonical Gibbs states for continuum
systems. Communications in Mathematical Physics, 48(1):31-51, 1976.

20



[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

H.O. Georgii. Gibbs measures and Phase Transitions. Walter de Gruyter,
Berlin, 1988.

C.J. Geyer. Likelihood inference for spatial point processes. In W.S. Kendall
O.E. Barndorff-Nielsen and M.N.M. Van Lieshout (eds), editors, Stochastic
Geometry: Likelihood and Computation, number 80, chapter 3, pages 79—
140. 1999.

L. Heinrich. Asymptotic behaviour of an empirical nearest-neighbour dis-
tance function for stationary Poisson cluster processes. Mathematische
Nachrichten, 136:131-148, 1988.

L. Heinrich. Asymptotic Gaussianity of some estimators for reduced fac-
torial moment measures and product densities of stationary Poisson cluster
processes. Statistics, 19:87-106, 1988.

W. Hoeffding and H. Robbins. The central limit theorem for dependent
random variables. Duke Math. J, 15:773=780, 1948.

J.L. Jensen and H.R. Kiinsch. On asymptotic normality of pseudo likeli-
hood estimates of pairwise interaction processes. Annals of the Institute of
Statistical Mathematics, 46(3):475-486, 1994.

E. Jolivet. Upper bounds of the speed of convergence of moment density
estimators for stationary point processes. Metrika, 31:349-360, 1984.

F. Kelly and B. Ripley. Statistical Inference for Spatial Processes. Cam-
bridge University Press, Cambridge, 1988.

D. Klein. Dobrushin uniqueness techniques and the decay of correlation in
continuum statistical mechanics. Communication in Mathematical Physics,

86:227-246, 1982.

M. El Machkouri. Kahane-Khintchine inequalities and functional central
limit theorem for stationary real random fields. Stochastic Processes and
Their Applications, 120:285-299, 2002.

M. El Machkouri. Kernel density estimation for stationary random fields.
ALEA, Lat. Am. J. Probab. Math. Stat, 11(1):259-279, 2014.

M. El Machkouri, D.Volny, and W. B. Wu. A central limit theorem for sta-
tionary random fields. Stochastic Processes and Their Applications, 123:1—
14, 2013.

21



[25] J. Mgller and R. Waagepetersen. Statistical Inference and Simulation for
Spatial Point Processes. Chapman and Hall/CRC, Boca Raton, 2004.

[26] J. Mgller and R.P. Waagepetersen. Modern statistics for spatial point pro-
cesses. Scandinavian Journal of Statistics, 34(4):643—684, 2007.

[27] X.X. Nguyen and H. Zessin. Ergodic theorems for Spatial Process. Z.
Wahrscheinlichkeitstheorie verw. Gebiete, 48:133—158, 1979.

[28] X.X.Nguyen and H. Zessin. Integral and differential characterizations Gibbs
processes. Mathematische Nachrichten, 88:105-115, 1979.

[29] Y. Ogata and M. Tanemura. Estimation of interaction potentials of spatial
point patterns through the maximum likelihood procedure. Annals of the
Institute of Statistical Mathematics, 33:315-318, 1981.

[30] Y. Ogata and M. Tanemura. Likelihood analysis of spatial point patterns.
Journal of the Royal Statistical Society, series B, 46(3):496-518, 1984.

[31] F. Papangelou. The Armenian Connection: Reminiscences from a time of
interactions . Contemporary mathematical analysis, 44(1):14-19, 2009.

[32] C.J. Preston. Random fields. Springer Verlag, 1976.

[33] B. Ripley. Edge effects in spatial stochastic processes. Ranneby B ed. In
Statistics in Theory and Practice,Umea: Swedish University of Agricultural
Sciences, 242-62, 1982.

[34] B. Ripley and F. Kelly. Markov point processes. Journal of the London
Mathematical Society, 15:188-192, 1977.

[35] B. Rosén. A note on asymptotic normality of sums of higher-dimensionally
indexed random variables. Arkiv for Matematik, 8:33—43, 1969.

[36] D. Stoyan, W.S. Kendall, and J. Mecke. Stochastic geometry and its appli-
cations. John Wiley and Sons, Chichester, 1987.

[37] J.W. Tukey. Spectral Analysis Time Series. Wiley, New York, 1976.

[38] Y. Wang and M. Woodroofe. A new condition on invariance principles for
stationary random fields. Statistica Sinica, 23:1673-1696, 2013.

[39] Y. Wang and M. Woodroofe. On the asymptotic normality of kernel den-
sity estimators for linear random fields. Journal of Multivariate Analysis,
123:201-213, 2014.

22



[40] H. Zessin. Der Papangelou prozess. Contemporary mathematical analysis,
44:36-44, 20009.

23



	Introduction
	Basic tools
	Assumptions and the main results
	Asymptotic behaviour of the variance and the covariance of the kernel-type estimator
	Asymptotic normality of a nonparametric estimator

	Proofs
	Proof of Theorem 3.1
	Proof of Theorem 3.3
	Proof of Corollary 1
	Proof of Theorem 3.4


