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This article is concerned with the numerical discretization of a model for incompressible twophase flow in a porous medium with fractures. The model is a discrete fracture model in which the fractures are treated as interfaces of dimension 2 in a 3-dimensional simulation, with fluid exchange between the 2-dimensional fracture flow and the 3-dimensional flow in the surrounding rock matrix. The model takes into account the change in the relative permeabilities and in the capillary pressure curves which occurs at the interface between the fracture and the rock matrix. The model allows for barriers which are fractures with low permeability. Mixed finite elements and advective upstream weighting are used to discretize the problem and numerical experiments are shown.

Introduction

The presence of fractures in a porous medium greatly complicates the modeling of flow and transport in a porous medium. Fractures occur on different scales, with different geometries, and may behave either as channels or as barriers for the fluid flow. The fractures thus have a very strong influence on flow and transport, either making flow in certain directions several orders of magnitude more rapid than in other directions or possibly nearly blocking flow in certain directions. There is a need for complex simulation models that resolve the flow dynamics along fractures and the fluid interaction with the porous matrix. The difficulties in the numerical modeling of multiphase flow in fractured media stem from the extremely heterogeneous and anisotropic fracture matrix system and from the nonlinearity due the relative permeability and capillary pressure. Thus some special method for dealing with these difficulties is required. The so called continuum models take fractures into account through a sort of averaging or homogenizing process. Discrete fracture models include the fractures individually in the model. Often in these models it is considered that the amount of flow outside the fractures is negligible and flow in the domain is modeled as flow in a network of fractures which don't communicate with the surrounding medium. More complex discrete fracture models take into account exchange between fractures and the surrounding medium. This last type of model is that of interest for us here, and more precisely we are concerned with reduced fracture models that treat fractures as (n -1)-dimensional objects embedded in an n-dimensional medium, n being either 2 or 3, and in which there is communication between the n-dimensional and (n-1)-dimensional mediums.

A number of articles have been written on numerical models of this type for one-phase flow; see for example [START_REF] Baca | Modelling fluid flow in fractured-porous rock masses by finite element techniques[END_REF][START_REF] Alboin | Domain decomposition for flow in porous media with fractures[END_REF][START_REF] Bastian | Numerical simulation of multiphase flow in fractured porous media[END_REF][START_REF] Alboin | Modeling fractures as interfaces for flow and transport in porous media[END_REF][START_REF] Martin | Modeling fractures and barriers as interfaces for flow in porous media[END_REF][START_REF] Angot | Asymptotic and numerical modelling of flows in fractured porous media[END_REF][START_REF] Haegland | Comparison of cell-and vertex-centered discretization methods for flow in a two-dimensional discrete-fracture-matrix system[END_REF][START_REF] Morales | The narrow fracture approximation by channeled flow[END_REF][START_REF] Frih | Modeling fractures as interfaces with nonmatching grids[END_REF][START_REF] Tunc | A model for conductive faults with non-matching grids[END_REF][START_REF] Formaggia | A reduced model for Darcy's problem in networks of fractures[END_REF][START_REF] Faille | Model reduction and discretization using hybrid finite volumes for flow in porous media containing faults[END_REF] and references therein. For two-phase flow the situation is more complicated due to the change of capillary pressure and relative permeability curves between the fracture and the matrix rock [START_REF] Kim | Finite element, discrete-fracture model for multiphase flow in porous media[END_REF][START_REF] Bogdanov | Two-phase flow through fractured porous media[END_REF][START_REF] Karimi-Fard | Numerical simulation of water injection in 2D fractured media using discretefracture model[END_REF][START_REF] Reichenberger | A mixed-dimensional finite volume method for two-phase flow in fractured porous media[END_REF][START_REF] Mondteagudu | Control-volume model for simulation of water injection in fractured media: incorporating matrix heterogeneity and reservoir wettability effects[END_REF][START_REF] Hoteit | An efficient numerical model for incompressible two-phase flow in fractured media[END_REF][START_REF] Fumagalli | A numerical method for two-phase flow in fractured porous media with non-matching grids[END_REF][START_REF] Brenner | Vertex approximate gradient scheme for hybrid dimensional twophase Darcy flows in fractured porous media[END_REF][START_REF] Iuliu Sorin | Analysis and Upscaling of a Reactive Transport Model in Fractured Porous Media with Nonlinear Transmission Condition[END_REF]. In [START_REF] Jaffré | A discrete fracture model for two-phase flow with matrix-fracture interaction[END_REF] a reduced fracture model which uses the global pressure formulation was introduced which can treat the case of barriers as well as the case of fractures with larger permeability than in the matrix rock, as was done for Darcy flow in [START_REF] Martin | Modeling fractures and barriers as interfaces for flow in porous media[END_REF]. In this paper we present a discretization method of that model using mixed finite elements and show numerical experiments.

After this introduction we recall briefly in Section 2 the global pressure formulation for incompressible two-phase flow. In Section 3 we present a model for incompressible two-phase flow in a fractured domain for which the fracture is modeled as a thin layer in the surrounding matrix, and in Section 4 we show how the reduced model, which treats the fracture as an interface, is obtained. The case of intersecting fractures is considered in Section 5. A multidomain formulation for the reduced model is introduced in Section 6. Numerical methods are discussed in Section 7 and some comments on implementation are made in Section 8. Section 9 shows some numerical experiments.

The global pressure formulation for incompressible two-phase flow

We consider incompressible two-phase flow in a porous medium. The governing equations are the equations expressing volume conservation (or equivalently mass conservation since the fluids are assumed to be incompressible) of the two fluid phases and the Darcy law for each phase. For the ℓ phase, ℓ = w (wetting phase) or nw (nonwetting phase) the phase conservation equation is

Φ ∂s ℓ ∂t + ∇ • u ℓ = q ℓ , ℓ ∈ {w, nw}, (1) 
where s ℓ is the saturation of the ℓ phase, u ℓ is its volumetric flow rate, i.e. its Darcy velocity, q ℓ is the source term given as a function of the phase saturation (0 ≤ s ℓ ≤ 1 ) and Φ is the porosity of the domain. We assume that the volume of all pores is filled by the two phases so that

s n + s nw = 1, (2) 
and we choose for the main saturation unknown the saturation of the wetting phase s = s w .

The Darcy velocity of the ℓ phase u ℓ is related to the phase pressure p ℓ by Darcy's law:

u ℓ = -K k ℓ (s)(∇p ℓ -ρ ℓ u G ), ℓ ∈ {w, nw}, (3) 
where K denotes the tensor field of absolute permeability, a bounded symmetric uniformly positive definite matrix. ρ ℓ and k ℓ are respectively the phase density and the phase mobility, and u G denotes the gravity field. The mobilities are positive monotone functions of the saturation s: k w is increasing with s = s w and k w (0) = 0, while k nw is decreasing with s = 1s nw and k nw (1) = 0.

Equations ( 1) and ( 3) taken together constitute the ℓ-phase saturation equation written in mixed form.

The difference between the phase pressures is the capillary pressure π:

π(s) = p nw -p w , (4) 
which is a positive, decreasing function of s. The capillary pressure curve π and the relative permeability curves k ℓ , ℓ = w, nw, depend on the physical properties of the two phases and those of the rock. Among the most frequently used models for describing capillary pressure and relative permeabilities as functions of the saturation are those given by Van Genuchten [START_REF] Chavent | A new formulation of diphasic incompressible flows in porous media[END_REF] and that given by Brooks and Corey [START_REF] Hoteit | Numerical modeling of two-phase flow in heterogeneous permeable media with different capillarity pressures[END_REF][START_REF] Mondteagudu | Control-volume model for simulation of water injection in fractured media: incorporating matrix heterogeneity and reservoir wettability effects[END_REF]. Further detail concerning capillary pressure and relative permeability can be found in [START_REF] Van Duijn | The effect of capillary forces on immiscible two-phase flow in heterogeneous porous media[END_REF][START_REF] Chavent | Mathematical Models and Finite Elements for Reservoir Simulation[END_REF].

To introduce the global pressure formulation we follow the development in [START_REF] Chavent | Mathematical Models and Finite Elements for Reservoir Simulation[END_REF]. We use the total velocity u which is the sum of the two Darcy velocities, that of the wetting phase and that of the nonwetting phase:

u = u w + u nw = - ℓ∈{w,nw} K k ℓ (s)(∇p ℓ -ρ ℓ u G ), (5) 
and adding the two phase conservation equations (1), for ℓ ∈ {w, nw}, and using (2), we may write

∇ • u = q nw (1 -s) + q w (s) = q(s). ( 6 
)
The idea for the global pressure is to introduce a quantity, the "global pressure", so that we can write a "Darcy-type" equation which gives the total velocity in terms of this "global pressure".

The global pressure p should meet the following criteria:

• p w ≤ p ≤ p nw • if s = 1 then p = p w ;
Toward the end of defining p we introduce the fractional flow curve for each phase, ℓ = w, nw,

f ℓ (s) = k ℓ (s) k(s) , where k(s) = k w (s) + k nw (s), (7) 
and define a weighted average density ρ, weighted by the fractional flow:

ρ(s) = f w (s)ρ w + f nw (s)ρ nw . (8) 
Now the global pressure is defined by

p = 1 2 (p w + p nw ) + β(s), (9) 
where β is the function

β(s) = s 1 ( 1 2 -f w (σ))π ′ (σ) dσ.
It was shown in [START_REF] Chavent | Mathematical Models and Finite Elements for Reservoir Simulation[END_REF] that the total velocity and the global pressure, as defined in [START_REF] Aziz | Petroleum Reservoir Simulation[END_REF], are related by the following Darcy-type law:

u = -K k(s) (∇p -ρ(s)u G ).
We stress the fact that the global pressure is not a physical pressure and is only a mathematical tool. It is a smooth function defined in the whole domain, whether a phase vanishes or not. Note also that using equations ( 4) and [START_REF] Aziz | Petroleum Reservoir Simulation[END_REF] we can write the phase pressures in terms of the capillary pressure and the global pressure:

p w = p -β(s) -1 2 π(s), p nw = p -β(s) + 1 2 π(s). (10) 
Then the pressure equation (in mixed form) is given as follows:

∇ • u = q(s), ( 11 
) u = -K k(s) (∇p -ρ(s)u G ). ( 12 
)
This pressure equation together with the saturation equation for the wetting phase fluid will form the system for the global pressure formulation. However, still following [START_REF] Chavent | Mathematical Models and Finite Elements for Reservoir Simulation[END_REF], we will rewrite each of the Darcy phase velocities (3) as the sum of a diffusion term and an advection term. To do so we first introduce, for ℓ ∈ {w, nw}, the nonlinear functions

f Gℓ (s) = k ℓ (s)(ρ ℓ ′ -ρ ℓ ), where ℓ ′ ∈ {w, nw}, ℓ ′ ℓ. ( 13 
)
and then introduce the Kirchoff transform

a(s) = - k w k nw k w + k nw π ′ (s), α(s) = s 0 a(σ)dσ.
Note that a(0) = a(1) = 0 and that α(0) = 0. Now the Darcy velocity of the ℓ-phase can be written as follows

u ℓ = ι ℓ K ∇α(s) + f ℓ (s) u + f Gℓ (s)Ku G , (14) 
where ι ℓ = -1 if ℓ = w and ι ℓ = 1 if ℓ = nw. Thus, for the wetting phase, u w is the sum of a capillary diffusion term r = -K ∇α(s), and of an advection term f = f w (s) u + f Gw (s)Ku G .

The (wetting-phase) saturation equation can now be written as

Φ ∂s ∂t + ∇ • u w = q w , u w = r + f, (15) 
r = -K ∇α(s), f = f w (s) u + f Gw (s)Ku G . (16) 

Two-phase flow in a domain with a fracture

We identify the porous medium with a domain Ω ⊂ R 3 and suppose that it can be divided into 3 non overlapping, connected subdomains,

Ω 1 , Ω f and Ω 2 , with Ω = Ω 1 ∪ Ω f ∪ Ω 2 and
Ω 1 ∩Ω 2 = ∅; see Fig 1.
The subdomains Ω 1 and Ω 2 represent the matrix rock while Ω f represents a fracture supposed also to be a porous medium. The fracture Ω f is delimited by two surfaces

γ i = ∂Ω f ∩ ∂Ω i , i = 1, 2.
Its width d is very small compared to the size of the whole domain Ω.

For simplicity we suppose in fact that

Ω f is of the form γ × (-d 2 , d 2 )
where γ is the intersection

d γ 1 γ 2 Ω f Ω 2 Γ 2 Γ 1 Ω 1 Figure 1:
The domain Ω with the physical fracture of a hyperplane with Ω so that each element of Ω f may be written uniquely in the form x + ξn

where x ∈ γ, ξ ∈ (-d 2 , d 2 )
and n is a unit vector normal to γ. The matrix rock and the fracture are assumed to be of different rock types, which implies not only that the porosity and the absolute permeability may differ but also that the nonlinear functions of the saturation, such as the capillary pressure curve and the relative permeability curves may not be the same in the fracture and in the rock matrix. Let Γ= ∂Ω and let Γ pD and Γ pN denote the Dirichlet and Neumann, boundaries, respectively, of Ω for the pressure equation while Γ sD and Γ sN denote the Dirichlet and Neumann boundaries, respectively, of Ω for the saturation equation. For each of these we will use an index i to denote its intersection with ∂Ω i : i = 1, 2 or f. We will denote by Γ eB i the intersection Γ eB i = Γ eB ∩ ∂Ω i , for e = s, p, for B = D, N and for i = 1, 2, f . We will denote the exterior pointing, unit, normal, vector field on ∂Ω i by n i , i = 1, 2, f . Now to rewrite both the pressure problem (11)- [START_REF] Bogdanov | Two-phase flow through fractured porous media[END_REF] and the saturation problem (15)- [START_REF] Brenner | Vertex approximate gradient scheme for hybrid dimensional twophase Darcy flows in fractured porous media[END_REF] in Ω in a multidomain formulation as subdomain problems with nonlinear transmission conditions between different rock types we need to give tranmission conditions on γ 1 and γ 2 ; cf. [START_REF] Alboin | Domain decomposition for some transmission problems in flow in porous media[END_REF][START_REF] Bourgeat | A result of existence for a model of two-phase flow in a porous medium made of different rock types[END_REF].

For the pressure equation, to conserve mass, we require continuity of the normal component of the total Darcy velocity u across interfaces between two rock types. However, we do not have continuity of the global "pressure" p but instead continuity of the phase pressures which in light of equation [START_REF] Alboin | Modeling fractures as interfaces for flow and transport in porous media[END_REF], respectively equation [START_REF] Aziz | Petroleum Reservoir Simulation[END_REF] , implies continuity of the capillary pressure π, respectively continuity of pβ.

The pressure problem can now be written as

∇ • u i = q i , u i = -K i k i (s i )(∇p i -ρ i (s i )u G ), in Ω i , i = 1, 2, f, (17) 
u i • n i = 0, on Γ pN i , i = 1, 2, f, ( 18 
)
p i = p D , on Γ pD i , i = 1, 2, f, (19) 
u i • n i = (-1) i+1 u f • n f , p i -β i (s i ) = p f -β f (s f ), on γ i , i = 1, 2, ( 20 
)
where p D is the Dirichlet boundary data for the global pressure. We point out that [START_REF] Faille | Model reduction and discretization using hybrid finite volumes for flow in porous media containing faults[END_REF] implies that the global pressure p is not in general continuous across interfaces between regions with different capillary pressure curves.

For the transmission conditions for the saturation equation, as for the pressure equation, conservation of mass requires that the normal component of the Darcy velocity, this time of the wetting-phase be continuous across the interfaces γ i , i = 1, 2. However instead of continuity of the wetting-phase saturation s we have continuity of the capillary pressure π. The saturations on the two sides of an interface must be such that the capillary pressure is the same on both sides. Note however that since the two capillary pressure curves are different the same capillary pressure value will in general correspond to different saturation values on the two sides of the interface; see Figure 2. The saturation problem when written in the multi domain formulation is as follows:

Φ i ∂s i ∂t + ∇ • u wi = q wi , u wi = r i + f i , in Ω i , i = 1, 2, f, (21) 
r i = -K i ∇ α i (s i ), f i = f wi (s i ) u i + f Gwi (s i ) K i u G , in Ω i , i = 1, 2, f, (22) 
u wi • n i = 0, on Γ sN i , i = 1, 2, f, ( 23 
)
s i = s D , on Γ sD i , i = 1, 2, f, (24) 
u wi • n i = (-1) i+1 u w f • n f , π i (s i ) = π f (s f ), on γ i , i = 1, 2, (25) 
where s D is the Dirichlet boundary data for the saturation.

To complete the formulation, we add the initial condition for saturation As in the reduced model of [START_REF] Jaffré | A discrete fracture model for two-phase flow with matrix-fracture interaction[END_REF] the fracture is represented by a surface γ of dimension (n -1) as shown in Figure 3. The idea for the reduced model is to collapse the fracture domain Ω f onto its central axis γ, (translating the domains Ω 1 and Ω 2 by a distance d/2 toward the central axis)

s i = s 0 i in Ω i , i= 1, 2, f. ( 26 
and to obtain equations on the resulting interface γ by integrating the equations on Ω f over its transversal cross sections. Before integrating over the cross sections of γ however, we decompose u f into its components normal to and tangential to the fracture

u f = u f τ +u f n with u f n = (u f •n) n
and u f τ = u fu f n . Also, we introduce the symbols ∇ τ and ∇ n for the tangential and the normal components of the gradient operator. Next, the functions characterizing the fracture medium Ω f , i.e. the porosity, the absolute permeability and the depth, are averaged over cross sections of Ω f normal to the direction of the fracture or simply assumed to be invariant in the normal direction. We assume that the absolute permeability tensor K f can be written as the sum of a normal part K f n and a tangential part K f τ , and for simplicity we assume that these are both invariant in the normal direction. The resulting model consists of a two-phase flow problem in the three-dimensional subdomains coupled with a lower dimensional two-phase flow problem in the interface of co-dimension 1.

The pressure equation in the fracture for the reduced model

The total mass conservation in equation [START_REF] Chavent | A new formulation of diphasic incompressible flows in porous media[END_REF] in Ω f may be written in the reference system {n, τ} as follows: 

∇ τ • u f + ∇ n • u f = q f in Ω f . ( 27 
) Γ 1 Ω 1 Ω 2 Γ 2 γ ∂γ
∇ τ • u γ = q γ + (u 1 • n 1 + u 2 • n 2 ) in γ, (28) 
where u γ , the total Darcy velocity in γ, and q γ are defined by

u γ = d/2 -d/2 u f τ dn, q γ = d/2 -d/2
q f dn.

To obtain the expression for the additional source term we have used the continuity of the total Darcy velocity at the interfaces γ 1 and γ 2 to replace

-u f • n f | γ i by u i • n i , i = 1, 2.
Writing Darcy's law in equation [START_REF] Chavent | A new formulation of diphasic incompressible flows in porous media[END_REF] in Ω f with the reference system {τ, n} and for simplicity neglecting inside the fracture the component of the gravity term normal to the fracture yields

u f τ = -K f τ k f (s f ) ∇ τ p f -ρ f (s f )u G,τ in Ω f , (29) 
u f n = -K f n k f (s f ) ∇ n p f in Ω f , (30) 
where with an abuse of notation we have written K f n for the single non zero component of the tensor K f n and we kept the vector notation for the one-dimensional vector u f n . We also introduced the tangential component of the gravity vector, u G = u G,τ + u G,n . Writing K γ , k γ and ρ γ for dK f τ , k f and ρ f respectively and integrating equation ( 29) across the cross-sections of the fracture we obtain

u γ = -K γ k γ (s γ ) ∇ τ p γ -ρ γ (s γ )u G,τ in γ, (31) 
where

p γ = 1 d d/2 -d/2 p f dn, s γ = 1 d d/2 -d/2
s f dn.

Thus the pressure equation in the interface fracture consists of (28) together with [START_REF] Hoteit | Numerical modeling of two-phase flow in heterogeneous permeable media with different capillarity pressures[END_REF]. This equation takes into account the exchanges with the subdomains through the additional source term of [START_REF] Hoang | Space-time domain decomposition methods for advection-diffusion problems in mixed formulations[END_REF]. Equation ( 30) will be used to give a boundary condition on γ for the pressure equation in the subdomain Ω i , i = 1, 2, and thus to allow the pressure equations in the subdomains to take into account exchange with the fracture. Integrating this time over the half-cross-sections of the fracture and using the approximations

0 -d/2 u f n dn ≈ d 2 (u f • n) | γ 1 and d/2 0 u f n dn ≈ d 2 (u f • n) | γ 2
we obtain two equations, one for each i, i = 1, 2:

d 2 (u 1 • n) | γ 1 = -K f n k γ (s γ ) p γ -p f | γ 1 , d 2 (u 2 • n) | γ 2 = -K f n k γ (s γ ) p f | γ 2 -p γ ,
where we have again used the continuity of the normal component of the total Darcy velocity across γ i . Using the continuity of pβ(s) across γ i we obtain

d 2 (u 1 • n) | γ 1 = -K f n k γ (s γ )((p γ -β γ (s γ )) -(p 1 -β 1 (s 1 )), d 2 (u 2 • n) | γ 2 = -K f n k γ (s γ )((p 2 -β 2 (s 2 ) -(p γ -β γ (s γ ))),
or with the notation

κ(s γ ) = - K f n k γ (s γ ) d/2 u i • n i + κ(s γ )(p i -β i (s i )) = κ(s γ )(p γ -β γ (s γ )), i = 1, 2. ( 32 
)

The saturation equation in the fracture for the reduced model

We proceed for the saturation equation ( 21), [START_REF] Frey | Mesh Generation[END_REF] in the same manner as we did for the pressure equation. We integrate their tangential components for i = f over cross-sections in the direction normal to the fracture, and using the continuity of the wetting-phase flux across γ 1 and γ 2 we obtain

Φ γ ∂s γ ∂t + ∇ τ • u wγ = q wγ + (u w1 • n 1 + u w2 • n 2 ), in γ, (33) 
u wγ = r γ + f γ in γ, (34) 
r γ = -K γ ∇ τ α γ (s γ ), f γ = f wγ (s γ ) u γ + f Gwγ (s γ )K γ u G,τ , in γ, (35) 
where we introduced

u wγ = d/2 -d/2 u w f τ dn, q wγ = d/2 -d/2 q w f τ dn, r γ = d/2 -d/2 r f τ dn and f γ = d/2 -d/2 f f τ dn,
and where we have written Φ γ , α γ , f γ and f Gwγ for Φ f , α f , f f and d f Gw f , respectively.

Thus with ( 33), ( 34) and ( 35) making up the saturation equation along γ, to obtain a boundary condition on γ for the saturation equation in Ω 1 and that in Ω 2 , just as we did for the pressure equation for the reduced model, we turn to the normal component of Darcy's law, but this time for that of the wetting-phase. Since we have neglected gravity effects across the fracture in the normal direction n, we have

u w f n = -K f n k w f (s f )∇ n p f w .
Integrating this equation across the normal half-cross-sections of the fracture and using the approximations 0

-d/2 u w f n dn ≈ d 2 (u w1 • n) | γ 1 and d/2 0 u w f n dn ≈ d 2 (u w2 • n) | γ 2 we obtain d 2 u w1 • n | γ 1 = -K f n k w f (s f )(p γw -p f w | γ 1 ), d 2 u w2 • n | γ 2 = -K f n k w f (s f )(p f w | γ 2 -p γw ),
where we have used the continuity of the normal component of the wetting phase velocity across

γ i , i = 1, 2.
Now, using equation [START_REF] Baca | Modelling fluid flow in fractured-porous rock masses by finite element techniques[END_REF] and the continuity of the capillary pressure and that of the term pβ across γ i we obtain

u wi • n i + κ w (s γ )(p i -β i -1 2 π i ) = κ w (s γ )(p γ -β γ -1 2 π γ ),
where

κ w (s γ ) = - K f n k wγ (s f ) d/2
. Using the pressure transmission condition [START_REF] Jaffré | A discrete fracture model for two-phase flow with matrix-fracture interaction[END_REF], we can rewrite these equations as, for i = 1, 2,

u wi • n i -κ w (s γ ) π i (s i ) 2 = -κ w (s γ ) π γ (s γ ) 2 + f wγ (s γ ) u i • n i , (36) 
since

κ w (s γ ) κ(s γ ) = f wγ (s γ ).

The reduced model

Now we collect all of the equations for the reduced model, mass conservation, Darcy's law, transmission conditions, and boundary conditions. The pressure equations in the matrix subdomains are

∇ • u i = q i , u i = -K i k i (s i ) (∇p i -ρ i (s i )u G ), in Ω i , (37) 
u i • n i + κ(s γ )p i = κ(s γ ) p γ -β γ (s γ ) + β i (s i ) , on γ, (38) 
u i • n i = 0, on Γ pN i , (39) 
p i = p D , on Γ pD i , (40) 
coupled with the pressure equations in the fracture interface

∇ τ • u γ = q γ + u 1 • n 1 + u 2 • n 2 , u γ = -K γ k γ (s γ ) ∇ τ p γ -ρ γ (s γ )u G,τ , in γ, (41) 
p γ = p D , on ∂γ pD , u γ = 0, on ∂γ pN . (42) 
where ∂γ = ∂γ pN ∪∂γ pN is divided into its Dirichlet and Neumann parts for the pressure equation.

The saturation equations in the matrix subdomains are

Φ i ∂s i ∂t + ∇ • u wi = q i , u wi = r i + f i , in Ω i , (43) 
r i = -K i ∇ α i (s i ), f i (s i ) = f wi (s i ) u i + f Gwi (s i )K i u G , in Ω i , (44) 
u wi • n i -κ w (s γ ) π i (s i ) 2 = -κ w (s γ ) π γ (s γ ) 2 + f wγ (s γ ) u i • n i , on γ, (45) 
u wi • n i = 0, on Γ sN i , (46) 
s i = s D , on Γ sD i , (47) 
coupled with the saturation equations in the fracture interface

Φ γ ∂s γ ∂t + ∇ τ • u wγ = q wγ + u w1 • n 1 + u w2 • n 2 , u wγ = r γ + f γ in γ, (48) 
r γ = -K γ ∇ τ α f (s γ ), f γ (s γ ) = f wγ (s γ ) u γ + f Gwγ (s γ) K γ u G,τ in γ, ( 49 
)
s γ = s D , on ∂γ sD , u wγ = 0, on ∂γ sN . ( 50 
)
where ∂γ = ∂γ pN ∪ ∂γ pN is divided into its Dirichlet and Neumann parts for the saturation equation.

Again we point out that the equations in the interface receive input from those in the subdomains through the additional source terms in the conservation equations ( 41) and [START_REF] Younès | From mixed finite elements to finite volumes for elliptic PDEs in two and three dimensions[END_REF], which represent the contributions of the subdomains to the flow in the fracture, while equations in the subdomains receive input from those in the fracture interface through the transmission conditions [START_REF] Mishra | On the upstream mobility scheme for two-phase flow in porous media[END_REF] and ( 45) imposed on γ which provide boundary conditions of Robin type to the subdomain solvers.

We note that for the reduced model, the capillary pressure, and even the phase pressures, may be discontinuous across the fracture interface γ as s γ does not represent the saturation value on either boundary γ i of the full fracture Ω f but an average value across the cross-sections of Ω f .

We also point out that the reduced model is valid for fractures with permeability higher than that of the rock matrix as well as for fractures which act as barriers, and with this observation it is interesting to consider the two limit cases which occur when the coefficients in the transmission conditions of ( 38) and ( 45) are very large and when they are very small:

• If K f n -→ ∞, then κ(s γ ) -→ ∞ and κ w (s γ ) -→ ∞ and dividing Equation (32) by κ(s γ )
and Equation ( 36) by κ w (s γ ) we obtain for i = 1, 2

p i -β i (s i ) = p γ -β γ (s γ ), π i (s i ) = π γ (s γ ).
The phase pressure and capillary pressure discontinuities across γ decrease when the absolute permeability in the fracture increases in comparison to the matrix permeability.

• When neglecting capillary pressure the transmission conditions (32), (36) become

u i • n i + κ(s γ )p i = κ γ (s γ )p γ , u wi • n i = f γ (s γ ) u i • n i .

Intersecting fractures

In this section we consider a simple model in which the domain Ω is subdivided into 3

subdomains

Ω i , i ∈ I = {1, 2, 3} separated by intersecting fracture interfaces γ i j = ∂Ω i ∩ ∂Ω j , (i, j) ∈ S = {(1, 2 
), (2, 3), (3, 1)} as in Fig. 4. Again for simplicity, we assume that each of the fracture interfaces is planar and that T = γ i j ∩ γ jk ⊂ Ω whenever (i, j) and ( j, k) belong to S .

We set As earlier, n i is the exterior unit normal vector field on ∂Ω i and n i j is the exterior unit normal vector field on ∂γ i j (in the plane of γ i j ).

Γ i = ∂Ω ∩ ∂Ω i , γ = ∪ (i, j)∈S γ i j , γ i = ∂Ω i ∩ γ = ∪ ( j, k) ∈ S j = i or k = i γ jk . T Ω 3 Ω 1 Ω 2 γ 23 γ 12 γ 31
Concerning T where the interfaces intersect we assume that there is no one-dimensional flow along T . If we assume also that the fractures have all the same high permeability compared to the matrix rock we can assume continuity of phase pressure and with mass conservation we have at the intersection (i, j)∈S

u wi j • n i j = 0, on T, ( 51 
)
π i j (s i j ) = π kl (s kl ), (i, j), (k, l) ∈ S , (i, j) (k, l), on T, ( 52 
) (i, j)∈S u i j • n i j = 0, on T, ( 53 
)
p i j -β i j (s i j ) = p kl -β kl (s kl ), (i, j), (k, l) ∈ S , (i, j) (k, l), on T. ( 54 
)
In this model continuity of phase pressures as well as of phase fluxes are imposed at fracture intersections since we assumed that the fractures have a high permeability compared with that in the matrix rock. In other situations, like for instance the intersection of a barrier with a high permeability fracture, other conditions based on physical assumptions must be imposed. Thus in our numerical experiment described in section 9.3 we assumed that the barrier does not cut through the high permeability fractures and that there is no flow entering the barrier at the fracture intersection.

Remark 1. If we would like to consider a flow along T , we would have to add one-dimensional pressure and saturation equations with source terms representing the exchange of fluid between the fractures γ i j with continuity of phase pressures and capillary pressures between T and the fractures γ i j .

Multidomain formulation

Since the fractures are represented as interfaces between subdomains of the porous medium it is natural to apply domain decomposition methods. The domain decomposition method that we present here is an extension to two-phase flow of that used for single-phase flow in [START_REF] Martin | Modeling fractures and barriers as interfaces for flow in porous media[END_REF]. The unknowns from each subdomain are eliminated and the problem is formulated as a problem set on the interface γ. This formulation is very useful in order to use different time steps in the subdomains and in the fracture [START_REF] Hoang | Space-time domain decomposition methods for diffusion problems in mixed formulations[END_REF][START_REF] Hoang | Space-time domain decomposition methods for reduced fracture models in mixed formulation[END_REF] even though for simplicity of notation, we will use in this article equal time steps all over the domain. Also, for simplicity, throughout this section, all problems are written in strong form, we suppose that homogeneous Dirichlet boundary conditions are imposed everywhere on ∂Ω and we consider the same situation as in the previous section.

Pressure equation

For each subdomain Ω i , i = 1, 2.3 we introduce the space M γ i = L 2 (γ i ), and the linear Robin to Neumann operator L RtN pi defined by

L RtN pi : L 2 (0, T f ; M γ i ) -→ L 2 (0, T f ; M γ i ), λ i -→ -(u i • n i )| γ i ,
with (u i , p i ) the solution of the pressure problem

∇ • u i = q i , u i = -K i k i (s i ) ∇p i -ρ i (s i )u G , in Ω i , u i • n i + κ(s i ) p i = κ(s i ) λ i -β γ (s γ ) + β i (s i ) , on γ i , p i = 0, on Γ i .
Obviously the operator L RtN pi depends on s i but this dependence is not shown in order to make the notation less cumbersome.

Then, by extending L RtN pi (λ i ) to all of γ with an extension by 0 on γ γ i , we can define

L RtN p (λ γ ) = i∈I L RtN pi (λ i ).
Also at the intersection T between the fractures, we define the following operator

L RtN pT (λ T ) : L 2 (0, T f ; L 2 (T )) -→ L 2 (0, T f ; L 2 (T )), λ T -→ - (i, j)∈S (u i j • n i j )| T ,
where u i j = u γ | γ i j with (u γ , λ γ ) the solution of

∇ τ • u γ + L RtN p (λ γ ) = q γ , u γ = -K γ k γ (s γ ) ∇ τ λ γ -ρ γ (s γ )u G,τ , in γ, λ γ = 0, on ∂γ, λ γ = λ T + β γ (s γ ), on T.
Then the interface formulation of the pressure equation is to find (u γ , p γ , p T ) solution of

∇ τ • u γ + L RtN p (p γ ) = q γ , u γ = -K γ k γ (s γ ) ∇ τ p γ -ρ γ (s γ )u G,τ , in γ, ( 55 
)
p γ = 0, on ∂γ, (56) 
p T = p i j -β i j (s i j ), (i, j) ∈ S , L RtN pT (p T ) = 0, on T.
(57)

Saturation equation

Similarly we define the nonlinear Robin to Neumann operator:

L RtN si : L 2 (0, T f ; M γ i ) -→ L 2 (0, T f ; M γ i ), θ i -→ -(u wi • n i )| γ i ,
where (u wi , s i ) is the solution of

Φ i ∂s i ∂t + ∇ • u wi = q i , u wi = r i + f i , in Ω i , r i = -K i ∇α i (s i ), f i = f wi (s i ) u i + f Gwi (s i )u G , in Ω i , u wi • n i -κ w (θ i j ) π i (s i ) 2 = -κ w (θ i ) π γ (θ i ) 2 + f wγ (θ i ) u i • n i , on γ i , s i = 0, on Γ i .
For simplicity of notation, we do not show the dependence of the operator L RtN si on p i . We extend L RtN si (θ i ) to all of γ with an extension by 0 on γ γ i , and we define

L RtN s (θ γ ) = i∈I L RtN si (θ i ).
Also at the intersection T between the fractures, we define the following operator

L RtN sT (π T ) : L 2 (0, T f ; L 2 (T )) -→ L 2 (0, T f ; L 2 (T )), π T -→ - (i, j)∈S (u wi j • n i j )| T ,
where u wi j = u wγ | γ i j with (u wγ , θ γ ) the solution of

Φ γ ∂θ γ ∂t + ∇ τ • u wγ + L RtN s (θ γ ) = q wγ , u wγ = r γ + f γ , in γ, r γ = -K γ ∇ τ α γ (θ γ ), f γ = f wγ (s γ ) u γ + f Gwγ (s γ )u G,τ , in γ, θ γ = 0, on ∂γ, π i j (θ γ ) = π T , on T.
Then the interface formulation of the saturation equation is to find (u wγ , s γ , π T ) solution of

Φ γ ∂s γ ∂t + ∇ τ • u wγ + L RtN s (s γ ) = q wγ u wγ = r γ + f γ , in γ, (58) 
r γ = -K γ ∇ τ α γ (s γ ), f γ = f wγ (s γ ) u γ + f Gwγ (s γ )u G,τ , in γ, (59) 
s γ = 0, on ∂γ, (60) 
π γ (s γ ) = π T , L RtN sT (π T ) = 0, on T, (61) 

Numerical discretization for the interface model

For the numerical discretization of the pressure equations both in the matrix (37)-( 40) and in the fracture [START_REF] Nédélec | Mixed finite elements in R 3[END_REF], [START_REF] Iuliu Sorin | Analysis and Upscaling of a Reactive Transport Model in Fractured Porous Media with Nonlinear Transmission Condition[END_REF] we use a mixed finite element method, more specifically the Raviart-Thomas-Nédélec method of lowest order, in 3 dimensions in the matrix and in 2 dimensions for the fracture. The saturation equation is time dependent and we use a splitting method that permits us to solve a diffusion equation with a backward Euler scheme and an advection equation with a forward Euler scheme. The spatial discretization for the diffusion equation is precisely the same mixed finite element method as is used for the pressure equation. The spatial approximation for the advective equation is a cell-centered finite volume method of first order of Godunov type, again in 3-D for the matrix and in 2-D for the fracture. This diffusion-advection splitting is appropriate for advection dominated problems as in the examples shown in Section 9.

Spatial approximation

For simplicity, in this section, we suppose that the domain is separated into only two subdomains, Ω 1 and Ω 2 , by a single fracture-interface γ. Let T i h denote a finite-element mesh on Ω i made up of tetrahedra. We suppose that these meshes are such that T h = T 1 h ∪ T 2 h forms a conforming finite element mesh on all of Ω. Let F h be the set of all faces of elements of T h . For each K ∈ T i h , i = 1 or 2, let F K denote the set of faces of K. If K ∈ T i h and L ∈ T i h , K L, share a face σ, then σ will sometimes be denoted K|L. We will also make use of the following sets of faces:

F i h = K∈T i h F K , F γ h = {σ ∈ F h : σ ⊂ γ} , F ext h = {σ ∈ F h : σ ⊂ ∂Ω} .
Let T γ h be the finite-element mesh on γ induced by Ω i , i = 1, 2; i. e. T γ h is the set of faces of T i h lying on γ. We denote by E γ h the set of edges of the triangles in T γ h . The approximate scalar unknowns, pressures p h,i and p h,γ , and saturations s h,i and s h,γ , are piecewise constant and they are sought in the following spaces

M i h = q h,i ∈ L 2 (Ω) ; ∀K ∈ T i h , q h,i | K = q K,i ∈ R , M γ h = q h,γ ∈ L 2 (γ) ; ∀σ ∈ T γ h , q h,γ | σ = q σ,γ ∈ R .
The degrees of freedom for the pressure and the saturation are their respective averages over the cells.

The approximate vector unknowns, total velocities u h,i and u h,γ , and capillary diffusion velocities r h,i and r h,γ , are piecewise polynomials sought in the following spaces

V i h = v h,i ∈ H(div, Ω i ) ; ∀K ∈ T i h , v h,i | K = v K,i ∈ RTN 0 (K) , V γ h = v h,γ ∈ H(div, γ) ; ∀σ ∈ T γ h , v h,γ | σ = v σ,γ ∈ RT 0 (σ) ,
where RTN 0 (K) and RT 0 (σ) are the local lowest-order Raviart-Thomas-Nédélec mixed finite element spaces [START_REF] Nédélec | Mixed finite elements in R 3[END_REF][START_REF] Roberts | Mixed and hybrid methods[END_REF]. They are uniquely defined by their fluxes through faces in 3-D and through edges in 2-D.

Time stepping

The saturation equation and the pressure equation are solved sequentially. For the saturation equation we use an operator splitting in order to use different time steps for diffusion and for advection. For the diffusion step an implicit Euler method is used while the advection step is treated explicitly with a Godunov type method.

Also the fracture and the surrounding matrix have very different physical properties, so one might like to use different time steps in the matrix domain and in the fracture, smaller time steps in the fractures of permeability higher than that in the matrix or on the contrary, possibly larger time steps in the fracture if it is a barrier. In this paper we have not pursued this idea, but have used the same time steps in the fracture as in the matrix. However, we refer the interested reader to the series of articles [START_REF] Hoang | Space-time domain decomposition methods for diffusion problems in mixed formulations[END_REF][START_REF] Hoang | Space-time domain decomposition methods for reduced fracture models in mixed formulation[END_REF][START_REF] Hoang | Space-time domain decomposition methods for advection-diffusion problems in mixed formulations[END_REF], where a method for implementing this idea is described.

For simplicity of exposition we use a uniform time discretization of N intervals of the time interval of simulation (0, T f ]. Let ∆t = T f /N and t n = n∆t. It is straightforward to adapt the method to a nonuniform time discretization. The calculation is initialized by setting the values of s 0 h,i to s 0 K,i = 1 |K| K s 0 , for each K ∈ T i h , i = 1, 2 and the values of s 0 h,γ to s 0 σ,γ = 1 |σ| σ s 0 , for each σ ∈ T γ h . Assuming we know at time t n the saturation s n h,i in the subdomains Ω i and s n h,γ in the interface γ we calculate the saturation s n+1 h,i , s n+1 h,γ at time t n+1 in two steps. In the first step we solve the pressure equation and in the second step we solve the saturation equation. Using operator splitting this second step is actually divided into a first substep during which we advance saturation through advection and a second step during which we advance saturation through diffusion.

Step 1: The pressure equation

Here we derive the approximation equations for the interface problem for the reduced fracture formulation of the pressure equation ( 55)-(57). Given saturations s n hi ∈ M i h on the subdomains and s n hγ ∈ M γ h on the interface from the previous time step n ≥ 1 or from the initial data when n = 0, we solve the pressure equation using a MFE method with non-overlapping domain decomposition [START_REF] Glowinski | Domain decomposition and mixed finite element methods for elliptic problems[END_REF][START_REF] Martin | Modeling fractures and barriers as interfaces for flow in porous media[END_REF]. With the same notation for the Robin-to-Neumann operators for the approximation problem as for the continuous problem, the discrete form of the Robin-to-Neumann operator for the pressure equation is defined by

L RtN,n pi : M γ h -→ M γ h , λ h,γ -→ -(u n h,i • n i )| γ ,
where λ h,γ is a pressure function given on the interface γ and for i = 1, 2 the pair (u n h,i , p n h,i ) ∈ V i h × M i h is the solution of the subdomain problem

Ω i ∇ • u n h,i r = Ω i q i r, ∀r ∈ M i h , (62) 
Ω i ( K n i ) -1 u n h,i • v - Ω i p n h,i ∇ • v = γ pi,γ v • n i + Ω i ρ i (s n h,i ) u G • v, ∀v ∈ V i h , (63) 
κ(s n h,γ ) pi,γ -u n h,i • n i = κ(s n h,γ ) λ h,γ -β γ (s n h,γ ) + β i (s n h,i ) , on ∂Ω i ∩ γ, ( 64 
)
where

K n i = K i k i (s n h,i
)) and pi,γ ∈ M γ h is an auxiliary unknown denoting a trace of the pressure on γ ∩ ∂Ω i while λ h,γ denotes an interface pressure in γ. Equation (64) enforces the transmission equation ( 38) and provides a Robin boundary condition on ∂Ω i ∩ γ for the subdomain problems.

The pressure equation formulated as an interface problem can be written as follows:

Find the pair (u n h,γ , p n h,γ ) ∈ V γ h × M γ h such that γ ∇ τ • u n h,γ + L RtN,n p1 (p n h,γ ) + L RtN,n p2 (p n h,γ ) r = γ q n h,γ r, ∀r ∈ M γ h , (65) γ 
( K n γ ) -1 u n h,γ • v - γ p n h,γ ∇ • v = γ ρ γ (s n h,γ ) u G,τ • v, ∀v ∈ V γ h , (66) 
where

K n γ = K γ k γ (s n h,γ
). The Dirichlet-to-Neumann operators L RtN,n pi are affine and can be split into their linear parts and their constant parts. In this way we obtain a linear problem which can be solved using an iterative method where each iteration involves solving the subdomain problems (62), ( 63), (64)

on Ω 1 and Ω 2 .

Step 2: The saturation equation

The calculation of the saturation is split into two substeps, an advection substep followed by a diffusion substep.

Advection substep

The time step ∆t = t n+1 -t n , n = 1, • • • , N -1, is divided into L advection time steps of length ∆t a = t n,l+1 -t n,l , l = 0, • • • , L -1, n = 1, • • • , N -1, where t n,l = t n + l∆t a , l = 0, • • • , L -1; n = 1, • • • , N -1.
For simplicity we have taken L independent of the subdomain and of whether we are in the fracture or in the matrix though one could of course choose a different number L for each subdomain and for the fracture.

For values of the saturations s n h,i , i = 1, 2 and s n h,γ , either given as initial values (if n = 0) or obtained from the the n th diffusion step (if n ≥ 1), the advection step is initialized by setting s n,0 h,i = s n h,i and s n,0 h,γ = s n h,γ , and, for l = 1, • • • , L, intermediate saturations s n,l h,i , i = 1, 2 and s n,l h,γ are calculated using a first order cell-centered finite volume method of Godunov type.

In the subdomains. In the subdomains Ω i , i = 1, 2 we write

K Φ K s n,l+1 K,i -s n,l K,i ∆t i a + σ∈F K |σ|ϕ n,l σ = 0, ∀K ∈ T i h , l = 1, • • • , L -1, ( 67 
)
where |σ|ϕ n,l σ is an approximation of the advection flux σ f n a , with

f n a (s) = f n (s) • n σ = f w (s) u n + f Gw (s)u G • n σ .
ϕ n,l σ is a function of the two values of the saturation on the two sides of σ with n σ the normal to σ chosen as pointing from one side of σ denoted by σ -to the other side σ + . If σ ⊂ Ω i n σ points towards the outside of Ω i . Then

ϕ n,l σ = ϕ n µν (s n,l σ -, s n,l σ + )
where s n,l σ -and s n,l σ + are the values of the saturation on the two sides of σ and the indices µ and ν refer to the rock types in σ -and in σ + , µ, ν ∈ {1, 2, γ}. Also µ = ν if there is no change of rock type. The function ϕ n µν depends on the flux functions associated with the rock types on the two sides of σ which we denote

f n a j (s) = f n j (s) • n σ = f w j (s) u n h + f Gw j (s)u G • n σ , j = 1, 2, γ.
We give here the two most frequently used definitions for ϕ µν . The first one is an extension of the Godunov flux to the case with a change of rock type given in [START_REF] Adimurthi | Godunov-type methods for conservation laws with a flux function discontinuous in space[END_REF]:

If f aµ and f aν have one minimum:

ϕ µν (a, b) = max{ f aµ (max{a, ξ f µ }), f aν (min{ξ f ν , b})} with ξ f j = argmin f a j , j = µ, ν,
If f aµ and f aν have one maximum:

ϕ µν (a, b) = min{ f aµ (min{a, ξ f µ }), f aγ (max{ξ f ν , b})} with ξ f j = argmax f a j , j = µ, ν. (68) 
When there is no change of rock type these formulas are equivalent to the standard Godunov flux.

A second definition for ϕ µν is the phase upstream numerical flux [START_REF] Aziz | Petroleum Reservoir Simulation[END_REF]:

ϕ µν (a, b) = ϕ w,σ = f ⋆ w u n h + f ⋆ Gw Ku G • n σ ,
where f ⋆ w , f ⋆ Gw are calculated with formulas ( 7) and ( 13) using the mobility k w (resp. k nw ) calculated with the upstream mobility and saturation values with respect to the flow of the wetting (resp. non-wetting) phase:

k ⋆ ℓ =          k ℓ,µ (a) if (u h + f ⋆ Gw Ku G ) • n σ > 0, k ℓ,ν (b) if (u h + f ⋆ Gnw Ku G ) • n σ ≤ 0, ℓ = w, nw.
The phase upstream flux is convergent when there is no change of rock type [START_REF] Brenier | Upstream differencing for multiphase flow in reservoir simulation[END_REF] but it can fail for some configurations of relative mobility curves [START_REF] Mishra | On the upstream mobility scheme for two-phase flow in porous media[END_REF]. The extended Godunov flux (68) solves the problem correctly for more cases, but still, in pathological cases, it can also fail and in [START_REF] Andreianov | A phase-by-phase upstream scheme that converges to the vanishing capillarity solution for countercurrent two-phase flow in two-rock media[END_REF] it is shown how to proceed correctly. This solution requires also the use of capillarity curves.

In the fracture. Equations in γ are similar to that in the subdomains except they are now in two dimensions instead of three. Also there is now a right-hand side representing the contributions of the subdomains to the flow in the fracture:

σ Φ σ s n,l+1 γσ -s n,l γσ ∆t i a + e∈E σ |e|ϕ n,l e = i=1,2 |σ|ϕ n,l σ,i , ∀σ ∈ T γ h , l = 1, , • • • , L -1. (69) 
.

|e|ϕ n,l e is an approximation of the advection flux through the edge e, e f n aγ , with

f n aγ (s) = f γ (s) n • n e = f wγ (s)(u n hi + f Gwγ (s)u G,τ ) • n e .
As in the subdomains ϕ n,l e is a function of the two values of the saturation adjacent to e = σ -|σ + :

ϕ n,l e = ϕ n γ (s n,l γσ -, s n,l γσ + ),
where s n,l γσ -and s n,l γσ + are the upstream and downstream cell-values of the saturation with respect to the direction pointed by n e . The function ϕ n γ is defined by the same Godunov or phase by phase upstream formula except that the function f n ai is replaced by f n aγ . If there is a change of rock type inside the fracture it can be dealt in the same way as at the interface between the fracture and the subdomains.

Diffusion substep

Given the saturations on the subdomains s n,L hi ∈ M h i , i = 1, 2 and on the interface θ n,L h,γ given from the advection step we calculate the saturations s n+1 hi ∈ M h i , i = 1, 2, and θ n+1 h,γ by solving the diffusion equations formulated as an interface problem using domain decomposition as we did for the pressure equations, except that now the Robin to Neumann operator as well as the interface problem is nonlinear.

For the diffusion equation we consider the discrete form of the Robin to Neumann operator defined by

L RtN,n si : M γ h -→ M γ h , θ h,γ -→ -(r n h,i • n i )| γ ,
where θ h,γ is a saturation function given on the interface γ and the pair (r n+1 h,i ,

s n+1 h,i ) ∈ V i h × M i h is, for i = 1, 2, the solution of the subdomain problem Ω i Φ i s n+1 h,i -s n,L h,i ∆t r + Ω i ∇ • r n h,i r = Ω i q wi r ∀r ∈ M i h , (70) 
Ω i K -1 i r n h,i • v - Ω i α i (s n h,i ) ∇ • v = γ α i ( sn+1 i,γ ) v • n i ∀v ∈ V i h , (71) 
r n+1 h,i • n i -κ w (θ h,γ ) π i ( sn+1 i,γ ) 2 = -κ w (θ h,γ ) π γ (θ h,γ ) 2 , on ∂Ω i ∩ γ, (72) 
where sn+1 i,γ ∈ M γ h is an auxiliary unknown denoting a trace of the saturation on ∂Ω i ∩ γ while θ h,γ denotes an interface saturation in γ.

Equation (72) provides a nonlinear Robin boundary condition on ∂Ω i ∩ γ to the subdomain problem. It enforces the transmission equation [START_REF] Tunc | A model for conductive faults with non-matching grids[END_REF]. Indeed since u wi • n i = r i + f i • n i we notice that in Equation ( 45) there are two advective terms f i • n i on the right hand side and f wγ (s γ ) u i • n i on the left hand side which both represent the advective flux through ∂Ω i ∪ γ. Therefore they cancelled out during the advective step in order to preserve mass conservation and we obtain the transmission equation (72) for the diffusion step.

Then the saturation equations for the diffusion step formulated as an interface problem can be written as to calculate the pair (r n+1 h,γ ,

s n+1 h,γ ) ∈ V γ h × M γ h satisfying γ Φ γ s n+1 h,γ -s n,L h,γ ∆t r + γ ∇ • r n+1 h,γ r + γ i=1,2 L RtN,n si (s n+1 h,γ )r = γ q wγ r ∀r ∈ M i γ , (73) 
γ K -1 γ r n+1 h,γ , v - γ α γ (s n+1 h,γ ) ∇ • v = 0 ∀v ∈ V i γ . (74) 

Implementation

Using the close relationship between mixed finite elements and cell-centered finite volumes on triangles [START_REF] Agouzal | Connection between finite volumes and mixed finite element methods for a diffusion problem with nonconstant coefficients, with application to convection-diffusion[END_REF][START_REF] Younès | From mixed finite elements to finite volumes for elliptic PDEs in two and three dimensions[END_REF][START_REF] Vohralík | Mixed finite element methods: implementation with one unknown per element, local flux expressions, positivity, polygonal meshes, and relations to other methods[END_REF][START_REF] Droniou | A unified approach to mimetic finite difference, hybrid finite volume and mixed finite volume methods[END_REF] the interface problems on γ for the pressure equation ( 65), (66) and for the diffusion part of the saturation equation ( 73),(66) were actually implemented as a triangular cell-centered finite volume method while the Robin to Neumann operators L RtN,n pi1 and L RtN,n si , i = 1, 2 were implemented using tetrahedral mixed finite elements of lowest order.

Then the interface reduced pressure problem (66), (65) can be rewritten in an operator primal formulation as

∇ τ • -K γ k γ (s n h,γ )∇ τ p n h,γ + L RtN,n p1 + L RtN,n p2 (p n h,γ ) = q n h,γ .
It was shown in [START_REF] Amir | Décomposition de domaine pour un milieu poreux fracturé: un modèle en 3d avec fractures qui s' intersectent[END_REF] that a good preconditioner to solve this linear problem by a conjugate gradient method is the inverse of the operator ∇ τ • -K γ k γ (s n h,γ )∇ τ • . Similarly, in the calculation of the saturation, the interface reduced diffusion problem (73), (74) can be rewritten in an operator primal formulation as

Φ γ s n+1 h,γ -s n,L h,γ ∆t + ∇ τ • -K γ ∇α γ (s n+1 h,γ ) + L RtN,n s1 + L RtN,n s2 (s n+1 h,γ ) = q n wh,γ .
At each time step n+1, this nonlinear interface system is solved using an inexact Newton GMRES approach. At each Newton iteration the linear system is solved inexactly using GMRES and the jacobian matrix-vector product is approximated by forward finite differences (Jacobian Free Newton Krylov (JFNK) method, see [START_REF] Kelley | Iterative Methods for Linear and Nonlinear Equations[END_REF]).

Our sequential method is summarized by the following steps:

Algorithm. n = 0: s 0 h,i , s 0 h,γ are given. For n=1,...,N do 1. Solve the interface pressure equation ( 65),(66) to obtain p n h,γ and p n h,i ,.

2. Perform L explicit advection steps of the saturation equation in the subdomains and in the interface γ as described in section 7.4.1 to obtain s n,L h,i and s n.L h,γ . 3. Solve the interface diffusion problem (73),(74) to obtain s n+1 h,i and s n+1 h,γ .

End do

Our code is written in Matlab using programs from the library MRST [START_REF] Lie | An Introduction to Reservoir Simulation Using MATLAB: User guide for the Matlab Reservoir Simulation Toolbox[END_REF]. Concerning meshes, the interface γ and the boundary ∂Ω were discretized with the three-dimensional surface meshing code BLSURF [START_REF] Borouchaki | Parametric surface meshing using a combined advancing-front -generalized-Delaunay approach[END_REF]. From this surface meshes three-dimensional volumetric meshes were produced by the code GHS3D [START_REF] Frey | Mesh Generation[END_REF].

Numerical experiments

We We will consider several configurations for the fractures, first with a single fracture and latter with intersecting fractures. These fractures may have a larger permeability than the matrix rock or may be barriers. It is important to notice that in our experiments, even though the interface γ goes all the way to the boundary ∂Ω, the fracture itself does not in the horizontal direction and stops 1/10 of a side length from each of the vertical boundary faces. In the part of γ which is not the actual fracture the rock type is that of the rock matrix. Consequently we encounter two changes of rock type when moving horizontally along γ. (Alternatively one could impose a noflow condition on the bounday of the actual fracture. However with our domain decomposition approach it is convenient to simply extend the fracture up to the domain boundary.)

In all the experiments presented here the absolute permeability tensors K are actually scalar absolute permeabilities K, and the Muelam-Van Genuchten model is used for the relative permeability and capillary pressure curves. Relative permeabilities as functions of the wetting phase saturation are, for both the rock matrix and the fracture,

k w (s w ) = √ s w [1 -(1 -s n w ) m ] 2 , k nw (s w ) = (1 -s w ) 2 (1 -s n w ) 2m ,
with n = 2.8, m = 1 -1/n. The capillary pressure function is of the form

π(s) = Φ K (1 -s) -1/m -1 1/n . ( 75 
)
All of our tests include gravity effects.

Experiment with a single fracture

First, we consider a simple numerical experiment with a single vertical fracture located in the middle of the domain, perpendicular to the injection and production faces of Ω. See Fig. 5 left. The width d of the fracture is two thousand times smaller than the length of the edges of Ω. The boundary conditions for the (global) pressure on the inflow and outflow boundaries are 50 and 0 psi respectively. The saturation boundary conditions are s w = 1 on the inflow boundary.

On the outflow boundary the saturation at time t n+1 is set to be equal to that inside the closest cell at time t n . This condition is a simple device for approximating a transparent boundary condition. The rock parameters we use are the same in the two subdomains. The fluid and medium properties are provided in Table 1. Note that the saturation in the fracture itself cannot be seen in the pictures. For this calculation the 2-D mesh for γ together with the boundary of Ω has 880 triangles and from this 2-D mesh was produced a volumetric mesh with 72000 tetrahedra. From equations (37), ( 41), ( 44) and (49) we see that gravity effects are proportional to the absolute permeability and therefore are more important in the fracture than in the rock matrix.

m =0.1, K m =1 md Fracture properties: Φ f =0.7, K f =10 3 md Fluid properties: µ w =1 cp, ρ w =1000 kg/m 3 µ nw =0.45 cp, ρ nw =660 kg/m 3
This explains why we see in Fig. 6 an accumulation of the wetting fluid at the bottom of Ω near the fracture.

We observe also a cusp in the saturation isolines near the entrance of the fracture as the wetting phase is drawn into the more permeable fracture. In the vicinity of the fracture exit however, the wetting phase fluid accumulates as it enters the less permeable rock matrix. Fig. 7 shows the calculated saturation of the injected wetting phase along a line orthogonal to the fracture with a comparison between the reduced model and a three-dimensional model where the fracture width is discretized with six cells. In both models there are two saturation values at the fracture-matrix interface to take into account the saturation discontinuity due to the change of capillary pressure curve. In Fig. 7 the width of the fracture is blown up and the shown saturation values inside the fracture is s h,γ for the reduced model and the average of the six saturation cell values for the three-dimensional model. We note that the two models give similar results. We observe inverted spikes in the saturation curves at the interfaces between the fracture and the matrix. These are physical for the following reason. Since the permeability in the fracture is higher than in the matrix, due to equation (75) the capillarity pressure curve for the fracture is above that for the matrix (see Fig. 5 right). Therefore at the fracture-matrix interface, continuity of the capillary pressure implies a smaller saturation in the fracture than in the matrix.

On the other hand, since the displacement of the non wetting phase is faster in the fracture than in the matrix the overall saturation in the fracture is larger than in the matrix, which induces the inverted spikes observed in Fig. 7. For this same example, we show the effects of the preconditioners presented briefly in Section 8. For the interface reduced pressure equation ( 65), (66) which is linear the preconditioner for the conjugate gradient method is the inverse of the fracture operator and Fig. 8 shows the resulting improvement in the convergence curves. The improvement increases with the value of the absolute permeability in the fracture.

For the interface reduced nonlinear saturation diffusion equation ( 73), (74) the system is solved using inexact Newton GMRES with the JFNK method. Fig. 9 shows the effect of the method on GMRES and on Newton iterations. Figure 10 shows the results of an experiment identical to the previous one, that of Fig. 6, except for the fact that in this experiment the fracture is inclined. Gravity no longer acts in a direction parallel to the fracture. The results differ but are qualitatively similar to that for the previous example.

An experiment with three intersecting high permeability fractures

We consider now a cubic fractured medium which is divided into three subdomains by three fractures connected along a straight line.

First we consider the case where the parameters in the subdomains and in fractures 1 and 3 are the same as for the previous experiments, but fracture 2 is five times more permeable than the two other fractures. See Fig. 11 on the left for the geometry, and on the right for the numerical results. One can observe that the flow is faster in fracture 2 so that it accumulates more at its endline when it runs into higher permeability. were shown in order to check the validity of the method. These are preliminary experiments.

One would like to do more experiments with more complex fracture configurations and to study problems with capillary barriers. An important improvement would be to be able to use different time steps in the fractures and in the matrix rock. Introducing meshes which do not match up at the interface between the fracture and the matrix would be very useful in order to minimize meshing difficulties in complex geometry. The construction of a posteriori error estimates would help for optimizing space and time discretizations. Then one could contemplate tackling more complex flow such as compressible two-phase flow and two-phase, two-component flow and transport problems.
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 2 Figure 2: Capillary pressure curves
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 3 Figure 3: The domain Ω with the fracture interface γ.

Figure 4 :

 4 Figure 4: A domain Ω with intersecting fractures

  consider displacements of a nonwetting fluid by a wetting fluid in a porous medium which is a cubic domain Ω of dimensions 20 × 20 × 20 [m]. The wetting fluid is injected through one vertical face of this cube and the fluids exit the cube through the opposite face. On the four other faces a no flow condition is imposed. See Fig. 5.

Fig. 5

 5 Fig. 5 right shows the capillary pressure curves.
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 5 Figure 5: Left: Single fracture experiments: No flow except through the magenta inflow region and the blue outflow region. Right: Capillary pressure curves.

Fig. 6

 6 Fig. 6 shows the saturation of the wetting phase at two different times. At left the saturation s w is shown on three faces of the boundary of Ω and at right we show s w on the bottom face of Ω.
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 6 Figure 6: A single vertical fracture: saturation of the injected wetting fluid at two different times. At left saturation on ∂Ω. At right saturation on the bottom face of Ω.
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 7 Figure 7: Saturation of the injected wetting fluid along a line orthogonal to the fracture with a comparison between the reduced fracture model (2D model) and a full three-dimensional model (3D model)
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 8 Figure 8: Efficiency of the CG preconditioner.
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 9 Figure 9: Effect of the preconditioner on GMRES and Newton convergences.

Figure 10 :

 10 Figure 10: Inclined fracture: saturation of the injected wetting fluid at two different times. At left saturation on ∂Ω. At right saturation on the bottom face of Ω.
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 1112 Figure11: Left: Three intersecting fractures, no flow except through the magenta inflow region and the blue outflow region, higher permeability in fracture 2 than in fractures 1 and 3. Right: saturation at two different times.
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