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Abstract. We consider three-dimensional incompressible two-phasgeifi a

porous medium with fractures. Interaction between theténas and the rock
matrix is taken into account. The location, the geometry tuedrock proper-
ties of the fractures are considered known (discrete maatad) the fractures
are modeled as two-dimensional interfaces (reduced modEhe fractures
and the rock matrix have different rock types. Two-phase iBowodeled us-
ing the global pressure formulation. The model is presemtied numerical
experiments are shown.

1 Introduction

The presence of fractures in a porous medium greatly coatpathe mod-
eling of flow and transport in porous media. Fractures octdifierent scales
with different geometries, and they may behave as eithenr@ia or barri-
ers for the fluid flow. Therefore the fractures have a veryngtrimfluence on
flow and transport, either making flow in certain directioesesal orders of
magnitude more rapid than in others or possibly blocking floeertain direc-
tions. There is a need for complex simulation models thatikita fluid flow
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along fractures as well as the interchange of fluid betweactdres and the
surrounding porous rock matrix.

There are continuous models of fractures which deal wittrgelaumber
of fractures through an averaging or homogenizing prodassywe are con-
sidering here a discrete fracture model in which the locatiof the fractures
are given and we take into account matrix-fracture intésact The difficul-
ties in the numerical modeling of multiphase flow in a porousdiam with
fractures stem from the heterogeneity and anisotropy offrdmeture-matrix
system as well as its nonlinearities which change with thu tgpe. In or-
der to deal with these difficulties, reduced fracture modelat fractures as
(n — 1)—dimensional objects embedded inanrdimensional mediunmy be-
ing either 2 or 3. A number of articles have been written on exical models
of this type; seel[8, 10,/ 9] 7] 4,112] and references thereiere Hve are in-
terested in locally mass conserving methods and in paatidgalmixed finite
element methods or cell centered finite volume methods. Diecbof this
work is to extend the two-phase flow model presented_in [7] tandiscuss
numerical experiments.

After this introduction we present in Sectibh 2 the formigiatof incom-
pressible two-phase flow using the global pressure. In @8&iwe present
the reduced fracture model of incompressible two-phase ifhoa fractured
domain for which the fracture is modeled as an interface eetwsubdomains
in the surrounding rock matrix. Secti@h 4 describes shartignerical meth-
ods and some implementation issues. A numerical experiisestiown in
Sectior(b.

2 Global pressure formulation of incompressible two-phaséow

We consider incompressible two-phase flow in a porous mediuma index
for the wetting phase i6 = w and/ = nw is that for the nonwetting phase.
The unknown quantities are the phase saturatigrad pressuregy, as well
as the Darcy velocitiea,. We assume that the volume of all pores is filled by
the two phases, implying

Sn + Snw = 1, Q)

and we choose for the main saturation unknown the saturafitime wetting
phases = s,,.

The saturation equation expresses volume conservati@atdr fluid phase
(which is equivalent to mass conservation since the fluidsaasumed to be
incompressible):

0sy

(I)W‘FV'U.Z:QZ, ee{wvnw}7 (2)
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where theg,'s are the source terms given as functions of the wetting @ohas
saturation( < s < 1) and® is the porosity. The phase Darcy velocitiess
satisfy Darcy’s law

wy =-K k/’g(S)(vpg - PZUG)a te {w’nw}a (3)

whereK denotes the tensor of absolute permeabilitigandk, are the phase
densities and the phase mobilities, respectively, apddenotes the gravity
field. The mobilities are positive monotone functions of sheurations: k,, is
increasing and:,,(0) = 0, while k,,, is decreasing an&,,,(1) = 0.

The difference between the phase pressures is the cagllesgurer

W(S) = Pnw — Pw> (4)

andr is a positive decreasing function of

The capillary pressure curve and the relative permeability curvés,
¢ = w,nw, depend on the physical properties of the two phases anaddtke r
Standard models for capillary pressure and relative péititézs are those of
Muelam-Van Genuchten and Brooks-Corey. More details onpthase flow
in porous media can be found [n [5].

To present the global pressure formulation we follow [3]. Mteoduce the
total velocityu which is the sum of the Darcy velocities of the wetting and the
nonwetting phases

u=uy, A =— Y Kki(s)(Vpe — prug). ()
te{w,nw}
We then add equationis](2) fér= w, n, which because of{1) yields
V'UZan(1_3)+qw(S) :q(s)' (6)

. We introduce the following functions of saturation

s kwknw
= d s = -
a(s) /0 a(o)do, al(s) T

and we note thai(0) = a(1) = 0 and thatx(0) = 0.
We rewrite the Darcy velocity of the wetting phase as

= ~K Va(s) + fu(s)(u+ fou(s)Kug), (7)
where the nonlinear functiong, and f«,, are defined by

fuls) = ";;“(—()) (s) = k() + K (5)

few(8) = knw(s)(pw — pnw)-

m'(s),

(8)
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Thus,u,, is the sum of a capillary diffusion contributian= —K Va(s), and
an advection contributiofi = f,,(s) (u + wa(S)KuG). Note that the Darcy
velocity of the non wetting phase can now be written as

Upe = 1 — Uy = K Va(s) + fruw(s) (u + fan(s)KuG) 9)

with Fo(s)
frw(s) = h(s) fenw(s) = kuw(s)(pnw — puw)- (10)
The saturation equations can now be written as
@%—i—v-uw:qw, u, =r+f, (12)
r=-KVa(s), f=fu(s) (u + fcw(s)KuG>. (12)

Still following [B], we introduce the global pressuge as a main unknown,
defined by

p = 5 (pu + pra) + BLs), (13)

S

whereg is the functiong(s) = / (% — fw(o))7' (o) do. Using equations

1
(@)-(I3) we can write the phase pressures in terms of thdlagppressure
and the global pressure

pw=p—B(s) = (L/2)7(s), ppw=p—B(s)+ (1/2n(s).  (14)

Using the global pressure the total Darcy veloaitgatifies an extended Darcy
law
u=—-Kk(s) (Vp - p(s)ug),

where

kwpw + knwpnw

: .
The global pressure is not a physical pressure and is onlytlaematical tool.
It is a smooth function defined in the whole domain, whethehnasp vanishes
or not. It satisfiep = p, if s,y = 1, p = prw if s = 0, andp, < p < Prw
when the two phases are present. Finally, the total Dareycitglu and the
global pressure satify the pressure equation

(15)

V-ou= Q(s)’ (16)
u=-Kk(s) (Vp — p(s)ug). 7)
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We suppose that the domdihc R? contains a fractur€  which separates
Q2 into two subdomain$); and(2, which are the rock matrix) = ; U QU
Qo.

We use the following division of the boundary, a Dirichlettpg*” and a
Neumann parf*? for the saturation equation, and similarly a Dirichlet part
I'’P and a Neumann pait?"V for the pressure equation. We also use the
notationT?™ = ?N 0 9, TP = 7P n aq,, TN = 1N 1 4, and
IsP = TP N o9,

The fracture is supposed to be also a porous medium delirbigetivo
surfacesy; = 0Qy N 09, 1 = 1,2. It has a widthd which is very small
compared to the size of the whole dom&in

The matrix rock and the fracture have different rock typdsicivmeans not
only that the porosity and the absolute permeability difigralso the nonlinear
capillary pressure and relative permeability functionshe Bubdomains are
indexed byi = 1, 2.f and an index for any function indicates the restriction
of that function to subdomain

Across interfaces between two rock types, we assume cdigtiofithe nor-
mal component of the Darcy velocities to preserve consiervaand continuity
of the phase pressures which from equatidn (4) implies woityi of capillary
pressurer, and from equatiori(13) continuity f— /.

3 The reduced model for fractures

In the reduced model, the fractuf; is collapsed into an interface of
dimension 2. The absolute permeability tenkdiis assumed to be made up
of a tangential componerK ; - and a normal componert’; ,,. These func-
tions characterizing the rock type of the fracture as wethagporosity® ; are
assumed to be constant in the direction normaj o they are considered as
functions omy. Also, we introduce the notatiow, andV,, for the tangential
and the normal components of the gradient operator. On theface~y we
introduce the following quantities for pressure, satorgtisource terms and
Darcy velocities

1 rd/2 1 rd/2
pm/:E/ pydn, 5728/ sydn,

—d/2 —d/2
/2 /2
4y = / qf dn, Guy = / quf dn,
—d/2 —d/2
/2 d/2
u, = / s, dn, Uy, = / Uy, dn,
—d/2 —d/2

whereu, , andu,, s are the tangential componentswf andu,, s.
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The reduced model consists of a set of equatiorng;inoupled with a set
of equations iny. For more seée [7,1].

Pressure equations if?

u; = —K; ki(si) (Vpi — pi(si)ug), in €, (19)
1
— ——u; - n; +p; — Bi(si) = py — Br(sy) on, (20)
5(37)
u; -n; =0, on F?N, (21)
pi =Dp» onr?”, (22)
wherej(s.,) = %f;(s”).

Pressure equations it

V:-uy =¢,+u-n;+uy-ny, in-, (23)
uﬁ/ = —K'Y kfy(Sfy) <V7—pfy - pf\/(sfy)uG>a in Y, (24)
Py =D on o~. (25)

Recalling Eq. [(IB), we observe that equationl (20) is a Daaaylinking the
total Darcy velocity to the drop of the average of the phasssures between
09; N ~v and the middle of the fracture and in the direction normaj toNe
also note that in the conservation equatiof (23 hfowith the external source
term, there appears the contribution from the subdomairteegdlow in the
fracture.

Saturation equations if;
852‘

(I%'E + VUi = ¢, Wy = 1; + 1, in €, (26)
r; = —K; Vozi(si), in Qi, (27)
£ = fuwi(si) (uz’ + wai(Si)KiuG>a in Q, (28)
mi(si) Ty 1
wi " 1 =5 Wi -1, 0Ny, 29
Sulsy) T Ty = ) gy, (29)
Uy -n; =0, onsN (30)
s; =3p, onI3P (31)
K nkw n
whered,,(sy) = w

d/2
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Saturation equations ify

0 .
(I)'y% + VT *Uywy = Gury + Uy - Ny + Uy - N2, n-, (32)
Uy, =14+ £, in -, (33)
ry=—-K,V;:ay(sy), in~, (34)
fv = fwv(sv) <uv + fG’wv(sv)Kqu>7 in Vs (35)
Uy - Ny =0, on Ff/N, (36)
s, = 3p, onIsP. (37)

where®, = d® ;. We can make similar comments for the saturation equations
to those made for the pressure equations. Eg. (29) is a Dancliriking the
Darcy velocity for the wetting fluid to the drop of the wettiphase pressure
betweer(); N+ and the middle of the fracture and in the direction normal to

~. Indeed using Eqs[_(20], (13)] (4) Eq)29) is equivalergﬁ?l—)uwi ‘n; =
S

w
Pwi — Pw~- !
Finally one should note that this model works for a fractuithwa larger
absolute permeability than that in the rock matrix as wek disacture with a
smaller absolute permeability (barrier).

4 Numerical methods and implementation

For time discretization we use an Euler first order discagitin of the IM-
PES type (IMplicit Pressure Explicit Saturation). Thatrighe pressure equa-
tion, the saturation are left at the previous time level. réfare the pressure
equation and the saturation equation are decoupled anddsole after the
other. For the saturation equation we split capillary diifun and advection, so
diffusion can be treated implicitly while advection is tre@ explicitly and we
use different time steps for diffusion and advection. Siadeection is calcu-
lated with an Euler explicit method, the advection time stapst be bounded
by a CFL condition to preserve the stability of the scheme. tl@ncontrary
the diffusion time step is not bounded by stability consadiens but only by
accuracy considerations. Since very often advection isikm the diffusion
time step is usually larger than the advection time step.

Furthermore since the matrix domain and the fracture mag taexy differ-
ent physical properties one would like to use different tsteps in the matrix
domain and in the fracture, smaller time steps in the mawixain when the
fracture is a barrier (having smaller permeability) and lgnéime steps in the
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fracture if it is the matrix permeability which is smalleg|lbwing the ideas in
[€].

Concerning space discretization we use a locally conseevéihite vol-
ume method for the conservation equatidng (18), (23), (82). The advec-
tive terms are approximated using an upstream weighteecertered finite
volume method to calculat® in equation [(2B) and, in equation[(35). For
diffusion terms we use the mixed finite element method [1¥oPlapproxi-
matingu; in equation[(IP)n, in equation[(ZA)r; in equation[(2l7) and., in
equation[(34). The mixed method was implemented as a miybdehfinite
element method 2, 11].

Meshes were generated with the packages GHS3D/BLSURF (@radigl,
Inria-Gammag3), BLSURF producing the 2-D mesh{oand the boundary of
Q) from which GHS3D produces the volumetric mesh.

5 A numerical experiment

We consider the displacement of a nonwetting fluid by a wetfiaid in a
porous medium which is a cubic domdhwith a single inclined fracture. The
wetting fluid is injected through one vertical face of thideuand the fluids
exit the cube through the opposite face. On the four othezsfacno flow
condition is imposed.

The interface plane containing the fracture is perpendicular to the injec-
tion and production faces d@?, but the actual fracture itself does not go all
the way up to either of these faces. It stops 1/10 of a sideheingm each of
these faces so the length of the physical fracture is 4/5ehtrizontal length
of .. It does however go all the way to two of the impermeable gackhe
actual fracture itself is thus a rectangle lyingyinin the part ofy which is not
the actual fracture the rock type is that of the rock matrixxng€equently we
encounter two changes of rock type alenghen moving horizontally.

The widthd of the fracture is two thousand times smaller than the length
of the edges of) and its porosity®; = 0.7 is seven times larger than that
of the rock matrix®; = 0.1. We used a scalaK for absolute permeability
that is one thousand time larger in the fracture than in thixneock. The
Muelam-Van Genuchten model is used for the capillary presand relative
permeability curves. Relative permeabilities as funatiohthe wetting phase
saturation are, for both the rock matrix and the fracture,

Fuw(sw) = v/sw[l — (1 - Sg)m]zv Ky (Sw) = (1 — Sw)2(1 - 3$)2m7

with n = 2.8, m = 1 — 1/n. The capillary pressure function is of the form
m(s) = VO/K (1 —s)~Ym — 1)1/" and Fig[l shows the capillary pressure
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The 2-D mesh fory together with the boundary 6i has 880 triangles and
from this 2-D mesh was produced a volumetric mesh with 72@@@tedra.
Fig.[2 shows the saturation of the wetting phase at two diffetimes. At left
the saturatiors,, is shown on three faces of the boundaryoénd at right we
shows,, on the bottom face df.

From equations (19)[(24)._(R8) arld [35) we note that grasftgcts are
proportional to the absolute permeability and therefoeeraore important in
the fracture than in the rock matrix. This explains why we geEig. [2 an
accumulation of the wetting fluid at the bottom¢@fear the fracture.

We observe also a cusp in the saturation isolines near thaneet of the
fracture as the wetting phase is drawn into the more perradiadture. Around
the fracture exit however, the wetting phase fluid accureslas it enters the
less permeable rock matrix.

6 Conclusion

In this paper we presented a reduced fracture model for tvese flow
which takes into account matrix-fracture interaction, ¢thange of rock types
between the fracture and the matrix rock, and gravity effecin example
showed some of the capability of the numerical model. Wer riefef1] for
more details and more numerical experiments.
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