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Le modéle de trafic routier LWR avec vitesse non-locale:
étude analytique et résultats numériques

Résumé : Nous considérons une extension du célébre modéle Lighthill-Whitham-Richards de
trafic routier, dans lequel la vitesse moyenne est supposée dépendre d’'une moyenne pesée de la
densité de trafic en aval. Nous généralisons les résultats de [4] & une fonction vitesse v générique
et proposons un schéma numérique de deuxiéme ordre pour calculer les solutions approchées.

Mots-clés : lois de conservations scalaires, flux non-local, modéles de trafic macroscopiques



LWR with non-local velocity 3

1 Introduction

We consider the mass conservation equation for traffic flow with non-local mean velocity: we
assume that drivers adapt their velocity to the downstream traffic, assigning a greater importance
to closer vehicles. We refer to the model proposed in |4], but for a general continuous decreasing
velocity function. The density p satisfies the following mass conservation laws:

x+n
Op(t, z) + Oy (p(tﬁr)v(/ p(t, y)wy(y — ) dy)) =0, (1)

defined for t € R™ and z € R, > 0. The convolution kernel w, € C*([0,n];R") is a non-
increasing function such that [ wy(z)dz = 1 (for example, wy,(x) = 1/n or wy(z) = 2(1 —

z/n)/n).
In , we take a continuous non-increasing velocity function v : [0, pyax] — R, such that:
—A<v' <0, with A€ R,
U(O) = Umax; v(pmax) = Umin = 0.
We denote the downstream convolution product as

T+n
pxq wy(t,x) = / p(t, y)w,(y — ) dy. (2)

x

Setting V (¢, z) = v(p *q wy(t, x)), we rewrite as
atp(tvx) + aT (p(t,I)V(t, ZL')) = 07

with initial datum
p(0,x) = po(z) € BV(R; [0, pmax])- (3)

We will consider solutions p = p(t, x) satisfying the following definitions (see [3} 4} |7, |10]):
Definition 1. A function p € (L* NL>* NBV)(RT x R;R) is a weak solution of (I]), (3), if

+oo +oo +oo
L[ et ataptorwedsit+ [ po@eto.0) dr =0 )

Vo € CL(R?;R).

Definition 2. A function p € (L "L>* NBV)(RT x R;R) is an entropy weak solution if
+oo +oo
/ / (Ip = Kloetlp = £V oo — sgn(p — k) £ Vo @) (t, 2)dwdt
0 —00
+oo
[ @)~ sl(0.0) do > 0 (5)

Vi € CL(R%;RT) and « € R.

The main results are collected in the following theorem:

RR n° 8685



4 Goatin € Scialanga

Theorem 1. Let pg € BV(R; [0, pimasz]) and w, € C([0,n];RT) be a non-increasing function
such that [/ w,(z)dz = 1. Then the Cauchy problem

Op + 0y (po(p*awy)) =0, z€Rt>0,
p(O,l’) = po(l'), T e Rv

admits a unique weak entropy solution in the sense of Definitions [ and[g, such that

Hﬁén{po} < p(t,x) < mﬂg}({po}7 fora.e. x €R, t>0. (6)

Uniqueness of solutions is proved in [4]. The proof of existence also follows closely [4], see
also |1, [3 |6l |7}, |8] for related results. In the following sections, we will describe the finite volume
scheme used to construct approximate solutions and the proof of its fine proprieties: maximum
principle, bounded total variation, discrete entropy inequalities and L stability estimate, as well
as convergence to a weak entropy solution.

2 A Lax-Friedrichs numerical scheme

Let us consider a space step Az such that n = NAz, for some N € N, and a time step At
subject to a CFL condition which will be specified later. For j € Z and n € N, let w1,/ = jAx
be the cells interfaces, z; = (j — 1/2)Ax the cells centers and t" = nAt the time mesh. We
aim at constructing a finite volume approximate solution pa.(t,z) = Py for (t,z) € C]” =
[tm, ¢t [X]2j_1/2,Zj41/2[. Given the piece-wise constant approximation of the initial datum po,

0 1 Tj+1/2
pPj = E/ po(z) dz,

j—1/2

and denoting wf; = wy(kAz) for k=0,...,N — 1, we set

N-1
Vj = U(A:E Z wf; ijrk), (7)
k=0

which involves a quadrature formula to approximate the convolution term. Remark that the
above discretization chosen for w, implies

N-1
Ax Z wfz <14 wy(0)Az. (8)
k=0

Remark. Our choice of the discretization of the convolution integral is easy to implement but
slightly underestimates traffic mean velocity and may introduce unphysical negative velocities.
Other discretization choices are possible, see for example (3, eq. (3.2)].

We consider the following modified Lax-Friedrichs flux adapted to :

F]n+1/2 :g(p;la s 7p?+N)

=50 Vi t5piVin + §(Pj — P (9)

where o > 1 is the viscosity coefficient. This gives a N + 2 points finite volume scheme

5 = o) 1o

Inria



LWR with non-local velocity 5

where

H(pj-1,.-.,pj+N)
= pj = Ag(pjs -5 pj+N) = 9(Pj-1,- -, Pj+N-1)) (11)

Ao A
=Pty (Pj—1 = 2p; + pjt+1) + ) (pj-1Vj-1 = pj+1Vjt1)

with A = A¢/Az. In particular, we observe that H(p,...,p) = p for all p € [0, pmax]-
Assuming p; € [0, pmax] for i =35 —1,...,5+ N, we compute the partial derivatives of H:

OH )\ oV,_4 oV,
V J— . J+
Opj1 2 plot Vi oo Yop apj_l)
A\ N-1 N-1
=3 <a + v(Aw Z w’n“pj_1+k> +pj1v (Am an 1+k)Aacw ) (12a)
k= k=0
OH N, BV, . OV
—1_ ( J— _ J )
dp; @\l TPy,
\ N-1
=1 -l + §pj—1’0/ (AZL’ Z ’LU:;: pj71+k‘) Am’u),']%? (12b)
k=0
oOH /\( (9VJ 1 6‘/}4_1
- n Vit — 1 )
Opj1 2 Pj— lap] J+1 7 Pi+1 Bpja1
A\ N-1
=3 <a + pj_1v (Asc Z wijpj_1+k> Amwf]
k=0
— P10 (Am Z wy p]+1+k)Axw — v(Ax Z wanHJrk)) (12¢)
k=0 -
N-1
OH )\
==Az| p; 1wk+11/ Az wkp'_1+k)
N-1
_ w’;flpﬁlyl (Az Z w5pj+1+k)>, k=2,...,N—-2 (12d)
k=0
N-1
oH A
= Az %0 (A wkp, , 12e
BN 5 n  Pi+1 ( 2 nPJ+1+1c) (12e)
N-1
OH A _
Eraeie §Aa:wf7v Ypip1v (Aaz w];pj+1+k), (12f)
PitN k=0

Observe that (12¢) and (12f) are non-negative since v’(-) < 0. Moreover, the CFL condition

2
At< — A 1
= 2a + AAz w,(0) v (13)

ensures the positivity of (12b]) and the assumption
> Umax + AAan(O)

/—\

14)

guarantees the positivity of - m To obtain and we used the fact that w <
wy(0) for k =0,..., N — 1, by non-increasing monoton1c1ty of wy,. On the contrary, the sign of

RR n° 8685
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(12d)) cannot be a-priori determined. Therefore, the numerical scheme (), is not monotone,
and classical convergence results do not apply.

2.1 Maximum principle and L*> estimates

We prove the following maximum principle property (see [4]).

Proposition 1. For any initial datum p?, JEZ, let
<10 0
m = i 07 max d = i s Pmax |- 15
pm =min{p;} € [0, pmax] - and - pyr = max{p;} € 0, pmax] (15)

Then the finite volume approzimation pi, J € Z and n € N, constructed using scheme @[),
satisfies the bounds

Pm < P} < pm
forall j € Z and n € N, under the CFL condition .

The proof is a direct consequence of the following lemma.

Lemma 1. Let 0 < p,,, < P; < PM < Pmax YV j€Z. Then

H(pms Py Prs Pj 425+ -+ PitN—25 Prs Prm) = Py (16)
H(par, par, PM, Pja2s -+ -5 Pi+N—2, PM, PM) < PM- (17)

Proof. From we get
H(pmapmvpma Pi+25 s Pj+N—-2, pnupm)

A
= Pm + §pm (ijfl - ij+1>

\ N-1 N-1
= pm + 5 Pm (v(Aﬂc Z w’; pj,prk) — U(Ax wy pj+1+k>>

k=0 k=0

For the mean value theorem we get
N—-1 N—1 N—-1
W(Adf > wh Pj—1+k) - U(Aﬂf > wh Pj+1+k> ='(¢) [Aw > wh(pj-1x — pj+1+k)‘| >0
k=0 k=0 k=0

for some £ between Az Efc\[:—ol w,’; pj—1+k and Az sz:_Ol wf; Pj+1+k- Indeed, we observe that

N-—1
Zws (Pj—14k — Pj+1-k)
k=0
= Pm [w +’UJ — ’LU77 + Z pj_t,-k k+1 571]
N-—2
< o [+ wp — w2 —w) T+ D [wh T — k]
k=1

N-2 N
_ k+1 k=1 _
n{ 3 k-3 0.
k=-1 k=1

where the inequality is due to the non-increasing monotonicity of w,. Inequality can be
recovered following the same procedure. O

Inria



LWR with non-local velocity 7

Proof of Proposition
The proof is analogous as in [4], we recall it here for completeness. We apply the mean value
theorem between the points R} = (pj_q,...,p}, y) and

Ry = (P Pms Py P2y - - - s Py N—25 Pms Pm),
which by tell us
pi*tt = H(R}) = H(Ry,) + (VH(R¢), R} — Ry,)
> pm + (VH(R¢), R} — R},), (18)
for Re = (1 = )Ry, + ERY, for some € € [0,1].
It is now enough to observe that
oOH
Opjtk

since (R} — Ry, )g = 0 for k= 2,..., N — 2. Therefore, under the assumptions and , we
can conclude that <VH (Re), R} — an> > 0 and therefore by we have proved that

(Re)(R —Ri)e=0  k=2,...,N-2

+1
P > pm

The upper bound p;-”l < pur is recovered similarly by considering

TJ\L/[ = (pM7pMapMap§L+27' '-ap;'L+N—2apﬂf7pM)

in place of R}, and using .

2.2 BV estimates

Accurate estimates show that the approximate solutions constructed using our numerical scheme
have bounded total variation. This is the main result to prove the Theorem

Proposition 2. Let pg € BV(R; [0, pmax])), and let pa, be given by (10), . If o > vpae +
A wy(0)Az (and o > 2A w,(0)Ax) and the CFL condition At < Ax/(o+ 2A w,(0)Axz)) holds,
then for every T > 0 the following discrete space BV holds

T

w A v’ =
TV(pAz(Tv)) < C(wU7U7PO,T) =e€ n©® (5 +7H HOO) 2 TV(/)O) (19)

Proof. At the mesh cell C' there holds

n Ao A
pitt =pi+ 5 (Pj—1—2p;j + pjs1) + 5 (pj—1Vj—1 = pj+1Vjs1), (20)
and at C7
" Ao A
P = pjs1 + 5 (P = 2pjr1 + pya2) + 5 (P Vi = pjsaVisa), (21)

where for simplicity we have omitted the index n. Computing the difference between and
and setting A;.LJrkfl/Q =Pk — Pitk—1 for k=0,...,N 4+ 1 we get:

Aa
i+3 Ajy =285+ Aj+g}

Pl
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A
+ 5 [piVitpj-1Vy = pjmaViey = pjraVisaEpjni Viee + i Vi (22)
adding and subtracting the red quantities.
We can rewrite as:

" Ao Ao
AJJ: A + (1 =A) Ay +7Aj+%

)\
t3 [‘/jAj—% +pi-1 (Vi =Vim1) = VigaAjis + pjpr (Vi — Vj+2)} :

M\»—l

Remembering the definition of V; and applying the main value theorem, we rewrite V; — V;_;
and Vjio — Vj41 as follow:

N-—1 N-1 N-1
Vi = Vi =0 (©Aw | > whpjek— Y whpjiro| =0 (A Y whA
k=0 k=0 k=0

N-1
Vite = Vi1 =/ (§)Ax Z w};Aj—&-k—Q—%
k=0

A N—1 N-1
for some £ between 3, wfzijrk and > ), wf,pj+k71 and some &’ between Y ;' wspj+k+2
N-1
and ), wspj+k+1. Therefore:

n A A
Ajji 5 (@+ V) A+ (1= da)A 1 + 5( ~Vjt2) Az
\ N-1 \ N-1
+ 5Pi- 1Az v'( Z kAﬁk §pj+1A3: v’ Z AVERNE
k=0 k=0
and we get:
A
Aﬁ‘; =3 [+ Vj + pj—1Az v/ (&)wy | A (23a)
+ { —da+ pj 1Az v (E)wi] Ajys (23b)
)\
+t3 [a = Vo + pj1 Az v (E)w) — pjp1Aa v (€)wp] A s (23¢)
A
+ §Pj—1A$ v'(€) Z wvl;Aj-i-k—% (23d)
— 2 pinda () S wha (23¢)
o Pi+18L Y ) Wy Bjpk+3- €
Rearranging the indices in and ( we obtain:
A\ N-2
(23d) + (23¢) = 5 Az > (i1 (©QuETt = pjav/ (€ )w ] AVIWNEL
k=2
_ é . A /(6/) N72A
2PJ+1 T wy j+N-3
A _
- §Pj+1 Az v'(¢) w717v 1Aj+N+%'

Inria



LWR with non-local velocity 9

Noting that:
i1V (wytt — pia0 (€ )wi
= pj—1 V() (witt —wkt) (24a)
+wp (pjm1 v (§)Fpi-1 V(€)= pjga v'(€)) (24b)
we rewrite
&) =€)+ (pj—1 — pjr1)v'(£))
) =V (EN]+ (pj—1tp; — pir1)V'(E))
(-1 (&) = V€N =€) [Ay +As]).

Therefore we get:

N—-2
n A
A :% =3 a+ Vi +pi—1Az v (w, — Az v' (€ Zwk 1Aj+k+1:| A;% (25a)
k=2
A N—-2
+ 1= da+ Spi-1Ae o (€)wy, — an; v'(€) > wy” IAHHJ Ajya (25b)
k=2
A / 1rety, 0
t3 [a = Viga + pjm1Az v/ (Ewy — pirda ' (€ )wy] A s (25¢)
A N-—-2
+ 582 3 Ay [pimr VEO@T = wh T +wh T i (06— v(€) ] (25d)
k=2
A _
— 5pj_4_1 Az ’Ul(gl) w717V QA]-+N7% (256)
A _
— §pj+1 Az ’U/(gl) w7]]\] IAJ-+N+%. (25f)

The coeflicients of (25¢) and (25f) are non-negative. The assumption oo > 2AAz w,,(0) guaran-
(254

tees the positivity of (25al), indeed if we require

N—2
a+Vj+pj_1A:z:v'(§)w — Az v'( Zw Ajippr =0
k=2

N—2
02 Arv/(€) S WA iy — Vi — g1 Ae (€l
k=2
observing that
—pj—1Az V' (§w) < AzA w,(0),
N—2 N-2
Az o' (&) > wh T A s = Az v (€)Y wE (o ekt1 — pjek)
k=2 k=2
N—2
= Az 0'(€) Y wy T ik — pjrrs1)
k=2
N-2
=—Az v'(¢) Wi pik — > wh 2pigk
k=2 =

RR n° 8685
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N—2
= —Az v'(¢) (wy™ —wy ™) pjan +wypjre — w) Ppiin
k=3
N-2
< —Azxv'(¢) Z(ws_l - wf;_Q) +w?
k=3
:wfyfg—w}]

= —Az V' (§)w)?
< AAz w,(0),

the condition on « follows. Similarly for (25¢) we get & > vmax + AzAw,(0) and for (25b) we
get the following CFL condition

At < !
~ a+ 24 Az w,(0)

Az. (26)

Remark. We underline that the coefficient in (25d|) is not positive in general, hence the scheme
is not monotonicity preserving unless v' = 0 as was the case in [4].

Taking the absolute values in and summing over j € Z we get:

n A
)Ajii 25 a+Vi+pi1Azx v'(f)wg—Axv Zwk 1Aj+k+2])Ajé
J
A
+Z 1_)\Oé+7pj71Am v/(f) —fov Zwk 1Aj+k+; ‘AjJr%
+ Z Vite + pj—1Az v (E)w% — pj+1Az v/(fl)wg] Aj+%

+Z Az Z‘AJ+I€+2

_Z 5 Pi+1 Az v ‘5,) n ‘Aj+N—%

{pg 1 v () (wp w21)+w5lpjllv’(f)—v’(s’H]

- Z P+t Az v'(¢) erzVil Aj+N+% : (27)
J
Rearranging the indices we obtain:
n+1
>ofarn
J
N N2
<3 |am [2 ( Vo + ps e v (O — Ax o (€) 3w} A)
> k=2
N-—2
+ (1—>\a+ pi—1Az v’ (&)w,, —fAmv &)Y wy” IAHW)
k=2
A
+3 (a = Vi1 + pj—2Az o' (§w;, — piAz o' (& )wy)
A N—-2
k41 k—1 k—1
+ EAl’ kz_z (Pj*kfl ”/(5)(1% —w, )+ wy pj*kfl‘vl(g) - U/(SI)D

Inria



LWR with non-local velocity 11

5 Pi-N+2 Az v (E) wy ~* 5 Pi-N+1 Az v (&) wy 1} (28)
Noting that
N-2 N—-2
70/(6/) wsilAJ-&-k-&-% v (6/) w571A3+k+1
k=2 k=2
N—-1 N—-2
= 71/(5/) Aj+k+lw7772 + A]+k+lw'r]7 :|
k=3 k=2
N—-2
k- k- _
=) { (wy ™" + wy 1)Aj+k+% + AHN—%wizv T+ Aj+gw717
k=3
N—-1 N-2
=—'(€) { pir(wy ™ + w2 pir(wy ™ +wy )
k=4 k=3

+wy 2 (pjeN—pien—1) + wy(piss — Pj+2)]

N—-2

= (O] 3w kW gk gl )
k=4

— piys(wy +wy) + wy (o4 N — pjan—1) + wypjrs — pira) |,

due to some cancellations, the coefficient of the right-hand side of becomes

A
L4 5 (410 = 7€) + o1l + -2’ (©0
N—2

—v'(¢') {Z (wlf?’ - wffl)PHk + pjen—1wy *
k=4
+Pj+Nw573 - Pj+3w727 - szw},]
N—

#3 [ pas (™ = ) byl (© — v (€)|

k=2

[ V)

—v' (&) pj—Ny2w) T2 — U'(i/)PjNHwéV_l} (29)

We rewrite v'(§) — v/ (&) as v/ (B)(§ — &), with 8 a point between ¢ and &', and &, ¢ linear
combinations, with 0 < 6, u < 1, s.t.:

N-1 N-1 N-1 N-1
§-¢ = Am{@ Z wpjpn+ (1— Z Wpjph—1— 1 Z whpjrrere — (1— Z nﬂg+k+1}
k=0 k=0 k=0 k=0
N-1 N+1 N
= Az sz pi+k+(1—0 Zw Pj+k—uzw§_2pj+k— (1—p Zw 1PJ+}
k=0 k=—1 k=2 k=1

(0wl + (1= 0wt — =2 — (1= k™ pja
k
wyp; + wypit1 + wévflijrN—l) +(1=0) (wypj—1 +wypj +wipjs1)

RR n° 8685



12 Goatin € Scialanga

— (wévfgpj+N—1 + wéV*2Pj+N +w) piin1)
— (1= p) (wypjr +w) pjpn—1 +w) " pjin) }
Since by monotonicity of wy,
wa; +(1- 9)wf7+1 - uws_z - (1- ,u)w,’j_l <0,

taking the absolute values we get

N-2

€ —¢< Ax Z(pwsd—k(l —u)ws’l —Qws —(1-0)w k“)pﬁk—kw +w +wy +wN !
k=2 BT
N
< AJJ{Z 1:] 2 _ k+1)+4w2}
—Ax{ Zwk—Zws—i—Mﬂ }
k=3
= Am{wg +w717 +w,2, —w,]]\/_3 —wf7v_2 —w,J,V_1 +4w9,}
< 711)707 Ax,
where we have used the monotonicity of w,(z) (w} < w,(0)). Therefore
[0"(&) = o' ()] < TV [l wn (0) A (30)
and
N-2
-3 _, k-1 N-4 N-3
29) < 1+A{w + ) tw, T+ w,
k:4
=Ziv75wi§—ZN’3
N-2
+ -1 _ k+1) UH,U//H Az Z ’LU N 2+w117V—1}
k:2
=Y P wk = wk =Az 3P wh<1

At
< 1—|—2A{w9]+w717—|—w,27—w£]v4—w£,v3+w,17V4—|—wf7V3

Tw?
1 2  N-2 . N-1 N—2 N-1 n i, 0
+w, +w, —w, w, " Fw, T +w,) T+ v V"]

At Twd
<1+ S A(5u + S ).

Substituting in we get

Z ‘An-l-l

At o Twy .,
1“!‘714(511)77—"-7”1} Hoo) Z’A]+1

Inria



LWR with non-local velocity 13

Therefore we recover the following estimate for the total variation

T/At
} TV (pas (0,)

TV(pas(T, ) < [1 n %wn(O) (5A n 7Hv”||oo)

wy(0)( 5A 7||v” z
BRI L ”w)wwpo).

Moreover we recall the following [4]:

Corollary 1. Let pg € BV(R;[0,1]), and let pa, given by , , If a > 2A w,(0)Az,
a > Vmaz + A wy(0)Az and At < Az/(a + 2A w,(0)Az), then for every T > 0 exists C =
C(wy, po, T, c) such that

TV(pag;[0,T] x R) < C. (31)

2.3 Discrete entropy inequalities

We recall |4, Section 3.3] for completeness. Following |1l Proposition 2.8|, we derive a discrete
entropy inequality for the approximate solution generate by , . Let us denote by

T 1 o
Gj+1/2(u,v):§uvj +§U j+1+§(’UJ7’U),

Fio(u,v) = Gipapp(u A kv A K) = Gjpapp(uV kv VE),

with a A b = max(a,b) and a V b = min(a, b).

Proposition 3. Let p7, j € Z, n € N, be given by @, . Then, if « > 1 and the CFL
condition holds, for all j € Z, n € N we have

7+ = ] = 105 = ]+ A (Fajoofs ) = ol 0) (32)
>\ n n n
+5 sen(of ™ = k) K (Vi = VL) <0

for all k € R.

Proof. Setting }
H;(u,v,2) =v—A (Gj+1/2(v, z) — Gj,l/z(u,v)) ,

the function ﬁj is monotone non-decreasing in its first variable, monotone non-decreasing in
its second variable for aA < 1, which is guaranteed by the CFL condition , and monotone
non-decreasing in its third variable for o > 1, which is guaranteed by . Moreover, we have
the identity

ﬁj(p?_l N K, pf N K, P AK) — Hj(,o?_l VK, P} VK, Pl VE)
= |p? - "€| —A (Fj{€+1/2(p?7p?+1) - Fjﬂfl/Q(p;'thp;})) .

By monotonicity,

H;(pf_1 N, p} NE,pig ANK) — Hi(pf_y VK, pf VK, Py VE)
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=H;(p}_1, 0}, P}1) A H (5,5, 5) = Hy(pf_y, 0}, 1) V Hy(5, 5, )
| B2, 5 0 = By )|
=sgn (50105 01) = i, ) ) (Hi (051, 07 ) = Hj (1))
5 A
=sgn (Hj(P}Lh/’?’P?H) K+ “(anﬂ anl))
[ n n on A n n
Hj(ijppj,PjH) — K+ 5“( j+1 ijl)

7 n non 7 n n on A n n
= sgn (Hj(Pj—ij  Pip1) — ’1) (Hj(Pj—tuanH) — K+ of ( 1T Vj—l))

A 7 n n o n n n
*‘H Pi—1:P5Pj41) — ‘ + o sen (Hj(Pj—ij  Pip1) — /‘5) K (Vj+1 - Vj—l)
A
n+1 n+1l n n
=|pf ™ — k[ + 5 58n (¢} k)£ (Vi = Vi),
by definition of the scheme , 7 which gives (32]). O

2.4 L! stability estimates
We prove explicit L' estimates that ensure the stability of the scheme (10)), (11).

Proposition 4. Let py,po € BV(R;[0, pmax|) be two initial data, and denote by pay, pas the
corresponding approzimate solutions constructed applying the modified Laz-Friedrichs scheme

7 "

Ao A
P =0+ T (P = 205 + i) + 5 (05 Vit — i Vi) (33)
_ _ Ao, _ _ A = -
Py =05+ T (P = 205 + pi) + 5 (P Vit = i Vi) (34)
where we have set VI =v(Az Zk o wh Pjyx) and V= v(Ax Z,iv:_ol w Pix)- Then, under

assumptions and ., the followmg estimate holds

||pAm(Ta ) - pAz(T, ‘)”Ll S K(wnv Po, ﬁO, T)HPO - ﬁO“L1 (35)

with
, T
K (1o T) = xp (00) 34+ T | + A4 TVpa(T)) g ).

Proof. Subtracting from we get

p;z+1 ﬁ;wrl
)\Oé )\O{ n -n
= (1= Aa)(pj —pj)+7(pj 1 Pj_1)+7(f’j+1 = Piv1)
A n n . n -n [/n
+5 (P (Vi = V) + (-1 = -1 Vih)
A n -n n Vg
5 ((Pfa = i) Vit + 25 (Vi = Vi)
)\Oé _n >\O[ n —-n
= (1= Xa)(pj —p}) + 7(,0] 1= Pj-1) + 7(Pj+1 = Pjt1)

Inria
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N-1
A ) o
+2{P?1U ACUE wy (P11 P;L+k1)+(P?1—P?1)an1}
k=0

=2

-1

A n =1 n =1
5 |:(pj+1 - Pj+1)V 1+ o0 (§) A w]:;(pj+k+1 - pj+k+1):|

>
Il

0

A - _
=3 [+ Vi1 + pj1v' () Az w)] (pj—1 — pj—1)
A )
+ {1 A+ o pj-1v'(§)Ax w%} (pj — Pj)
[ — Vig1 + pj—1v'(§) Az U’% — pj1?' (&) Az ’UJS] (Pj+1 — Pjt1)

N-—-2 N
Az (pj_lv ) D wptt = pjav/(€) Zw’ﬁl)] (Pjtk — Pj+k)
k=2

A
Tale
)\
t3

k=2

a+ Vi1 + pj—1v' (&) Az w)] (pj—1 — pj-1)

+ o>

[ —

A _
L=da+ Spj'(§Az w717:| (pj — Pj)

_|_

[a - ‘7j+1 + pi—1v' () Az w} — pj1’ () Az wl)] (pj41 — Pj+1)

wit = i (€)wE ) (ke — Pjsr)

_|_
1\3\>/ N> N >
>
1S3
> =
&M
S
>—l
@

Az pj10" (€ )w) 2 (pjyn—1 — Pirn—1)

- 54z pj+1? (€N w) ™ (pjen — pian)-
Observe that the coefficient of the second term is positive thanks to and the coefficients of
the first and third terms are positive thanks to . Therefore, taking the absolute values in the
above equality we get
|pn+1 ﬁr_z+1|
J

A _ _
< 5 lot Vi +pj ' (©Az wil [pj1 = pjl

A _
+ [1 =X+ Zpi v (©AT wy | |pj = pj]
Ao i
t3 [a = Vi1 + pj1v' (§) Az wy — pjy10"(€) Az w)] [pj41 — il
A 2 / k+1 v k—1 =
+ 54 D it (@it = pia ! (€)wh ™ lpj ek — Pyl
k=2

A _ _
= 58z pv (€)wy N1 = PNl

- §Al’ pj+10" (€ )w) " pjeN — Pjn]
Summing over j € Z, rearranging the indexes and observing that

|pj—1v (©uwptt — pjav! (€ )wh ™|

RR n° 8685
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< o0 (O™ —wi )|+ wy 10! () — piav’ ()]
= —pj—1V (©)(wy ™t —with) + wi‘;_l‘pjfl [W'(€) — ' (€)] + (pj—1 — pjr1)V' ()],

thanks to some cancellations, we get
1 ontl
Z oyt =y

A _ _
< Z 5 [+ Vi1 + pj1v' (&) Az w)] |pj—1 — pj—1l
J

A i
+) {1 — Aot opj-1v'(§)Az w%} pj — pjl

J

+ Z Visr 4 pj—10' () Az wi — pjav'(€) Az wy] |pjr1 — pja
A N-—-2
- Z FAT V' (©pjo1 Y (Wi = wf ) ojk — el
i k=2
T Z NI Z wy o' (€) = ' (E)|pjk — Pyl

N2
— Z Az v'( Z w§71|pj—1 = pi+illpi+k — Pj+kl
k=2
-3 §A$ pi+10" (€ )wy 2 lpjen—1 = Bjen—1]
J

A _ _
-3 5 Az pj 10" (€ )w) " pjan — pjrn|
J

7 =~ A
<Slop -5 145 (nav/©a0 04 5y VAT u)

N-2
+pjoa V() Az wy — pyv' (€) Az wi) — Ax v'(€) D pjok-1(wh Tt —wpth)
k=2
N-2 N—
+ 78z | wy(0)Az > wh T p; k1 — Az Y wE () |pi k-1 — piokial
k=2 k=2
)\A 4 10ty N—2 AA , 1ery, N—1
T 52T Pj-N42V (€ )wn T 9Bt Pi=N+1V (€ )wn :

The coefficient of the above expression is bounded by
At _ _
[1 +5 (Aw2 + Awy % + Aw) Tt 4 7||v"|| wn(0)
A+ )=l ) A 0TV (a1, )]

[1+£(3Am7 )+ 7| wn( )+Aw,,(0)Tv(pAz(tn7_))>}

Inria
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Therefore
HpAI(T7 ) - ﬁAI(Ta ’)“Ll S

T/At
] oo — Boll s

{Hé(gfmn )+ 7" (0) + Awy (O)TV (paa(T)) )

which gives the desired estimate (35]). O

2.5 Proof of Theorem (1

The proof follows closely [4, Section 4]. We reproduce it here in details for completeness. By
Proposition [I] and Corollary [T} we can apply Helly’s theorem, stating that there exists a subse-
quence, still denoted by pa., that converges to some p € (L1 NL>® NBV)(RT x R; [0, pmax]) in
the Li, -norm.

Let ¢ € CL(R?) and multiply by ¢(t™, ;). Summing over j € Z and n € N we get

DD elth ) (0 = o)
n
==Y ot x) (9(oF - Pfen) = 90 PN —)) -

Summing by parts we obtain

> (0,25)p) + Z (et zy) — @t x5)) py (36)
7 7
+AZZ (", zj1) — o™, 25) 9(p s Pjyn) = 0.
Then we multiply by Az getting

th ) — ety
e Y (02,6 + Aaar Y 30 AN AT (37)
j ,

t", 1) — (", x5 n "
+ A:L’Atzz o j+1ia; il i) g(pi, -, pjin) = 0.

By strong L{ . convergence of pa, — p, it is straightforward to see that the first two terms in

converge to
+oo +oo —+oo
| m@eondes [ ottt o) dod
0 —o0

— 00

as Az N\, 0. Concerning the last term, since Py € [0, prax] and |VJ"| < Umax for all j € Z, n € N,
we observe that

|9(P?,~-,,0;L+N)* nvn|
a 7 n 7 n
< 9 |Pj+1 Py | + 5 ‘pj+1V‘+1 - PjVj ’
< S ot = o]+ 5 (e = POV + 25 (Vi = V)

RR n° 8685
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max + 1
< S g — A 5 A Vi - VL (38)

We rewrite ’ i) V]”| using the mean value theorem

N—-1 N-1
k k
Vi =V = (Am > wnP?+k+1> —v (Am > “’npﬁk)‘
k=0 k=0
N-1
= [V'(§)Az Z wz(Pﬁ-kH - P;'L-Hc)
k=0
N-1
k
< —v'(§)Az Z wn|P;‘l+k+1 - P;'L+k|
k=0
N-1
k
< AAT Y wylp i = Pl
k=0

< AAz w, (0)TV (pas(t", ),

therefore
Umaz + & n n 1 n o\
B3 < —5— o}y — P |+ 5 A Az wy(0)TV (pas(t",)
Umaz + Q& n n
< 9 |Pj+1 Py ’ + C'(wy, po, T) Ar, (39)

where we have set C’(wy, po, T) = A w,(0)C(wy, po,T)/2 for T > t™, with C(wy, po,T') defined

in .

Therefore, the last term in (37) can be rewritten as

", x t", x; " n
AwAtZZSD j“ AURE?) 9oy Pn)

(" t", x;

t tnv j n n ny n
+AxAtZZ<p xﬁl SD( mj)(g(ij'-anJrN)*PjVJ')'

Again by Li, . convergence of pa, — p and boundedness of w,, the first term in the above
decomposition converges to

+o00 +o00
/ / p(t, x)v(p *q wy(t, z))e(t, ) dedt ,
0 —oo
while the second term can be bounded using : set T'> 0 and R > 0 such that ¢(t,z) =0

for t > T and || > R, and let np € N and jo,j1 € Z such that T € npAt, (ny + 1)At],
—R € ]$j0,1/2,$j0+1/2} and R € }$j1,1/2,$j1+1/2]7 then

t t7l7 .
AmAtZZw x’“ (p( ) (g0 ) = 2V

nr  ji

max +
< AzAt|lz| o Z Z (H |p]+1 p; "+ C' (wy, po, T) Am)

n=0j=jo

Inria
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nr  Ji
vmam + (e

= P lpa o AeAL Y > s = pF ]+ pall O (wy, po, T)2RT A

n=0 j=jo

T R
VUmaz T O
< 2 Lo [ losaltie + A0) = paut0)] doc
0 —R

+ 0ol C' (wy, po, T)2RT Az

v + o
< 22 L8 | €y po0, TYAT + 0| o C w0y, po, TI2RT A
which clearly goes to zero when Az N\ 0.

Concerning the entropy condition, we proceed as above to show that converges to .
Multiplying by Az (", x;) > 0 and then summing by parts we get

n A n—1 .
J

noj

(p(tnax'—i-l)*so(tn,w') K n on
+ATALY Y Y = (0] p7)

no_yn
—AmAtZngn k) K %g@(t",%).

Following the same steps as above, the first three terms in the sum clearly converge to
“+o0 “+o0
[ ] ott) = st lott.) = wloto xa w(t,2)) ) dod
0 —o0

+oo
4 [ loo(o) = Klp(0,0) do

— 00
as Az N\, 0. The third term can be decomposed as

V’I'L Vn

S S s - BT
"o
(o 1 — ) —sm (o — ) L (o
Vn
+sgn (p] — k) K jﬂszJ o(t", z;) .

The first term in can be controlled by C(wy, po)Az, and the second clearly converges to
“+ o0 “+ o0
—/ / sgu(p(t,z) — k) K Vi (t, z) @(t, z)dzdt |
0 —o00
providing the entropy inequality .

2.6 Lipschitz continuity of the solution

Following [3|, we prove that if the initial datum is Lipschitz continuous, the numerical solution
converges to a Lipschitz continuous function.
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Lemma 2. For any T > 0, the numerical solution generated by the scheme , converges
to a Lipschitz continuous function p, provided pg is also Lipschitz continuous.

Proof. Defining ;1 = A;;_1/Az we obtain from

N—2
Q;jé = a+Vi+pj1Ax v'(f)w2 — Az o' (£) ws_lAj+k+% Qj_%
k=2

\ \ N-2
1—-)da+ §pj71A{L' v'(ﬁ)w,l7 — §Ax V(&) wglAH_k_‘_;] Qj_%

k=2

A
+5 o= Viee +pjm A V' (€)wy — pira A V(€ )wy] Qs

N | >

N—-2
+50z Yy Qpry [ijl V' (©)(wy T —wy ) +wr o (V) - “/(5/))}
k=2

A _

— P+t Az v'(€) wﬁzv QQj+N7%
A _

— 5P+t Az (&) wy 1Qj+1\l+%'

Taking the absolute value in the above expression we get

‘Qﬁ_’% < 19"| [1 + %(a + Vi +pj—1Ax v/(ﬁ)wg — Az '( Nz2wk 1AJ+,€+%
N—-2 o
— 20+ pj1Ax v/(f)w,llfov Zwk IA]_,_,H_%
k=2
+a—Vita + pj-1Az V' (§wy — pjr1Az V' (€ )w))
N_
+ Az ZQ pi—1 0" () (wy ™ —wy ) Hwy T e (V) —'(€))
k=2
— i1 Az (&) wy 72
— pit1 Axv({)w,],\f 1>] (41)
Observing that o
Vi = Viga =0'( Z Ptk = Pitk+2),
k=

with & between Az Zk 0 wnijrk and Az Zk o wnp]+k+2, we have that the coefficient on the
right-han d side of (41f) is bounded by

At
1+2{p3 1'( w0+w,17+w,27)
- 2 Aj+k+%w5 ' (¢) (42a)
k=2
N-1
() D wh(pjsnta — pien) (42b)
k=0

— P10 (&) (wy + w2 + w7
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N—2
+pjm1 ) 0 (@ wptt —wyh)
k=2

N-2
3 ok () - v’(é’ﬂ}
. %/_/
k=2 =[[v""|| . Twn (0) Az

We rewrite

N-2
[2a) = —24'(¢") W (pjgke1 — Pitk)

N—-2
k—2 k—1
Wy Pj+k—§ Wy Pj+k
k=2

I
|
[\~}
(4
-
=
Iy
N
N—
= =
=
T e
o @ —

k—1 N-3 1
=Wy )pjak Wy PN — wnl)j+2‘|

k=2 k=0
N—1
3 k— k N— N—
= —U/(f)[ (wn, - wy)pjk + Wy pien + wy, YpjrNt1 — Wy P — w},ﬂj+1]~
k=2
Therefore
At N-2
@E2) <1+ > {2/1 (wp™? —wh™h) +24w) 3
k=3
:w},—wi,\’_3
N—1
+ A Z (wf;_2 - ws) —|—Aw7]7\’_2 + Aw,]]\[_1 + A(wg + wff_Q + wflv_l)
k=2
:w97+w1—wf7\’72 wf;’fl
N-2 N—2
+A Z(wl;*l — wSH) +7[[0"]] o wy(0) Az Z w’f,l]
k=2 k=2
:w,llerzlfwf,V_szf,V_l <1

At
< 14 S (Twg(0)A + Twy (0) o] .)
At
<1+ 75wy (0) (A + [[v"]|)
which substituted in gives

n+1
o}

. At
<197 1+ 75 0, 00) (44 1071,

P‘q

t

3 R e IV AT I T I B
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To conclude we note that

0 0 T T
p4+1 — P 1 i+3 i+
Y ="5 = /z “ool)dy = | poly)dy

it+d i-

Nl

i+l
/ (poly + B2) — po() dy | < llpols.

For the discrete time derivative, using the scheme , we can write

U _ A Piv1 —P5  Pj — P A _]+1( no_ ) /\P?ﬂ( no_ym )
At 2 At At T A WL TR T g Ay VT Yl
Pir =Py Py — Pl |48 o . oy .
- - - —pl) — 22—V, V).
a( 2Ax 2Ax ZAI( j+1 = Pi) 2Ax( 0~ Vita)

Taking the absolute value we get

o (1P =l e} —pj Vii 7
§2<’J+1A$ j‘+’JA$C] 1’>+2JA+11,|/73+1P] 1|Jr J1|J+1 j

n+1
pi =Py

At

By the mean value theorem we have

12 K Pitkt1 — Piyk—1
v (€)Ae ;wn AL

| ]+1 ‘
2Ax

< AL 4wy (0)A2)[[Q%]| o

Then, using that pa,(t,x) is Lipschitz continuous respect to the space variable:

n+1
P =Py

At

IA

Q . . n
S +2 Lib, (pae) + Uimax Lipg (pas) + A (1+ 1w, (0)A2) |27

[ + vmaz + A (1 + wy(0)Az)] [[27]|

we get that the solution generated by the numerical method converges to a Lipschitz continuous
function. O

2.7 Numerical Results

In this section, we perform numerical simulations to show evidence of some properties of equation
. In particular, we compare solutions depending on the choices of the kernel and the velocity
functions. More precisely, we will use the following velocity functions, see in [9):

Greenshield:  v(p) = Vmax (1 — ( p ) ), neN,

Pmazx

Greenberg:  v(p) = Vs log (pnzaz>’
p

Underwood:  v(p) = Upmazx €XP (— i )7
Pmax

1 1 Inria
California: v(p) = Vmaz ( — ) )
P

Pmazx
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with vyez = 1 and pqe = 1, and the kernels w, € C*([0,n]; RT):

1
constant: wy(x) = —,
n
linear decreasing: wy(z) = L ;x,
n
2
—x
convex decreasing:  wy(x) = 3(77 3 ) ,
n
n? — a2
concave decreasing: wy(x) =3 S
. . . 2z
linear increasing;: wy(z) = —,
n

Remark that in [4] the authors considered the Greenshield model with n = 1 (i.e. linear velocity).

For the test presented below, the space domain is given by the interval [—1,1], the space
discretization mesh Az = 0.002 and n = 0.1, where not specified otherwise. Absorbing conditions
are imposed at the boundaries. More precisely, at the right boundary: we add N = n/Axz ghost
cells and define Py = pi% for every j = ﬁ—&—l, ceey ﬁ—l—N , thus extending the solution constantly
equal to the last value inside the domain. This choice is particularly suitable for computing the
solutions of Riemann problems. At the left boundary, we just need to add one ghost cell, as in
classical problems. We compute solutions at different times to show clearly the properties.

We compute the solution of the Riemann problem with initial datum

PL, if z <0,
po(x) {pR, o0, (43)

where p;, = 0.2 and pg = 0.8 if not specified otherwise.

2.7.1 Kernel monotonicity

We are interested in studying the effect of the monotonicity of the kernel on the solution char-
acteristics.

The table below describe the Total Variation (if it is constant or not) and the monotonicity
preservation of density p, with Riemann-like initial datum with p;, = 0.2 and pg = 0.8:

wy constant  wy, lin decr  w, convex w, concave w, increasing

TV | MP [TV | MP | TV | MP | TV | MP | TV | MP |

Greenshield n = 1 v v v v v v v v X X
Greenshield n = 5 v v v v v v v v X X
Greenberg X X v v v v X X X X
Underwood X X v v v v X X X X
California v v v v v v v v X X

In Figure We compare the solutions corresponding to the constant kernel w,, = 1/n. Numer-
ical simulations show that the scheme generally is not monotonicity preserving, as shown in the
case of the Greenberg’s and the Underwood’s velocities, and the related total variations (Figure
2)) are not constant, instead Greenshield’s velocities compute a monotonicity preserving solution.
For a linear increasing kernel, all the computed solutions are not monotonicity preserving and
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(a) Greenshield’s velocity, n =1

(c) Greenberg’s velocity

(b) Greenshield’s velocity, n =5

(d) Underwood’s velocity

Figure 1: Density profiles that solve the equation at time t = 0.01 corresponding to a
Riemann-like initial datum with p;, = 0.2, pr = 0.8 and kernel w,(z) = 1/n. Cases (c) (d) show
that the corresponding numerical scheme is not monotonicity preserving.

the total variation increases for all velocity function as shown in Figurd3] for the linear velocity

function.

We also note that the kernel monotonicity influences the solution monotonicity (Figure [4)),
indeed the solution obtained with Underwood’s velocity is monotone if the kernel is linear de-

creasing or convex.

2.7.2 Classical equation

In this section we solve the classical equation

Ap + 9z (pv(p)) =0,

with initial condition

po(x) =

ifz<O
ifz>0"

We have a different shock profile for each kind of velocity like in Figure

Inria
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(a) Greenshield’s velocity, n =1

(c) Greenberg’s velocity

(b) Greenshield’s velocity, n =5

(d) Underwood’s velocity

Figure 2: Total Variation TV(p(t,-);[—1,1]) for ¢ € [0,0.3] corresponding to the Riemann-like
initial datum with py, = 0.2, pr = 0.8 for w(z) = 1/7.

Figure 3: Density profile at t = 0.5 (left) and the total variation TV (p(¢,-); [—1,1]) for ¢t € [0,

0.5
)

(right) corresponding to the Riemann-like initial datum with pr, = 0.2, pr = 0.8 for w,(z) =

22/n? and linear velocity.

RR n° 8685



26

Goatin € Scialanga

(c) wy = 3(n —z)%/n> convex

(d) wy = 2z/n? increasing

Figure 4: Density profiles at time ¢ = 0.1 corresponding to a Riemann-like initial datum with
pr = 0.2, pp = 0.8 with Underwood’s velocity with different kernels to show that the scheme is

not monotonicity preserving.

(a) linear velocity

(b) Greenberg’s velocity

Figure 5: Density profiles at t = 0.5 corresponding to a Riemann-like initial datum with p;, = 0.2,

pr = 0.8 that solves the classical equation.
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Remark. Concerning the CFL condition, we want

At <

With Amaez = MaTpe(pm,par] |f’(p)|,
max

where p,, and py are defined in and f'(p) is the first derivative of the flux f(p) = pv(p).
Of course, the CFL condition depends on the choice of the velocity function. For example, in the

n
case of Greenshield’s velocity v = Vimaz (1 — ( L > ) we have Az = NUmaz, indeed:

Pmaz

f(p) =v(p) + pv'(p), V(p) = _, Vmaz <p)n—1

Pmaz \ Pmaz

n n—1
Umaz
Pmaz Pmaz Pmaz
B ( p )n ( p )n
= Umaz — Ymaz | — — NUmazx
Pmazx Pmazx
p n
= Umaz 1—(1+n)< >>,
< Pmazx

80 Amaz = MaTpe (. pnn) | f' (P)] < MUmag-

2.7.3 Convergence orders

In this Section we relate the numerical convergence orders for the scheme , comparing
the solution where Az is halving successively (Figure @ Halving the parameter Az and looking
at the ratios of the errors pa, — e and Paz — paz we define

A(A) = log, ((ﬁ%) , (44)

see [5], where the L!-error is computed at final time 7' = 0.5 as

o(80) = [pa(T) = e (0], = 555 |osa(Tay) e ()|, (49)

L1

for Az = 0.01,0.005,0.0025,0.00125,0.000625. The tables below show the L'-error and the
convergence order of the numerical solution with Riemann-like initial datum with p;, = 0.2,
pr = 0.8 and n = 0.1. We show how the kernel monotonicity influences the convergence order.
We consider the linear decreasing velocity v(p) = 1 — p, the Underwood’s velocity v(p) = e™*
and the Greenshield’s velocity v(p) = 1 — p°. We note that in case of linear increasing kernel,
convergence is not clearly established.
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Figure 6: Density profiles that solve the equation at time ¢t = 0.5 with different space steps
Az = 0.01,0.005,0.0025,0.00125, 0.000625 corresponding to a Riemann-like initial datum with
PL = 0.2, PR = 0.8.

wg@) = 1/1 0y@) = 2 = D)7 (@) = 20/iF
Az 7(Az) | L'-error v(Az) | Ll-error v(Az) | L'-error
0.01 0.996250 | 4.225405 e-03 | 1.045449 | 4.904882 e-03 | -0.318483 | 3.778952 e-03
0.005 0.985828 | 2.118200 e-03 | 1.018527 | 2.376385 e-03 | -0.571840 | 4.712426 e-03
0.0025 0.970396 | 1.069555 e-03 | 1.001553 | 1.173031 e-03 | -0.033678 | 7.004638 e-03
0.00125 0.701916 | 5.458643 e-04 | 1.006433 | 5.858843 e-04 | 0.095021 | 7.170079 e-03
0.000625 | 0.616415 | 3.355728 e-04 | 1.001958 | 2.916388 e-04 | 0.258423 | 6.713045 e-03

Table 1: Convergence orders and L'-errors for constant, linear decreasing and linear increasing
kernels with linear decreasing velocity v(p) = 1 — p at final time T = 0.5 corresponding to a
Riemann-like initial datum with p;, = 0.2 and pr = 0.8.
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wy(z) =1/n wy(z) = 2(n — =) /7 wy () =2z /n°
Ax v(Azx) \ L-error v(Azx) Ll-error v(Az) \ Ll-error
0.01 0.932941 | 5.446250 e-03 | 0.992245 | 6.490031 e-03 | -0.191595 | 4.783854 e-03
0.005 0.626900 | 2.852687 e-03 | 0.955618 | 3.262505 e-03 | -0.315515 | 5.463287 e-03
0.0025 0.344915 | 1.847304 e-03 | 1.065079 | 1.682214 e-03 | 0.109477 | 6.798823 e-03
0.00125 0.403401 | 1.454482 e-03 | 0.959188 | 8.040085 e-04 | 0.403449 | 6.301988 e-03
0.000625 | 0.496276 | 1.099695 e-03 | 0.772357 | 4.135386 e-04 | 0.533528 | 4.764607 e-03

Table 2: Convergence orders and L'-errors for constant, linear decreasing and linear increasing
kernels with Underwood’s velocity v(p) = e~* at final time 7" = 0.5 corresponding to a Riemann-
like initial datum with p;, = 0.2 and pr = 0.8.

wy(z) =1/n wy(z) = 2(n — =) /7 wy(z) = 2z /1’
Az ~v(Ax) ‘ L-error v(Ax) L-error v(Ax) ‘ L-error
0.01 1.205060 | 5.580313 e-03 | 1.332522 | 7.630177 e-03 | 0.358133 | 2.953069 e-03
0.005 0.987451 | 2.420468 e-03 | 1.208013 | 3.029740 e-03 | 0.174693 | 2.303905 e-03
0.0025 1.313340 | 1.220806 ¢-03 | 1.037360 | 1.311466 e-03 | 0.016130 | 2.041158 e-03
0.00125 | 0.937723 | 4.912381 e-04 | 1.196083 | 6.389704 e-04 | -0.008435 | 2.018463 e-03
0.000625 | 1.028282 | 2.564538 e-04 | 1.141780 | 2.788841 e-04 | 0.140867 | 2.030300 e-03

Table 3: Convergence orders and Ll-errors for constant and linear decreasing and linear increas-
ing kernels with Greenshield’s velocity v(p) = 1 — p® at final time 7" = 0.5 corresponding to a
Riemann-like initial datum with p;, = 0.2 and pr = 0.8.
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3 Second order scheme

In this Section, we develop a second order central scheme for inspired by the one in [11],
which focused on a traffic flow model with Arrhenius look-ahead dynamics (see |2} |15} [17]).
The proposed scheme is an extension of the first-order staggered Lax-Friedrichs scheme and the
second-order Nessyahu-Tadmor scheme [14], which belong to a class of Godunov-type methods.
A solution, computed at a certain time, is first approximated by a piecewise linear function
instead of a piecewise-constant one, which is then evolved to the next time step according to the
integral form of conservation law.
If we define the convolution term as:

x+n
R(t,x) = / Pt )y — ) dy (46)

and the flux is
z+n

F(p.R) = pu(R) = p(t, )0 / plt, y)wn(y — z) dy),

x

we rewrite as
Op(t,x) + 0 F(p, R) =0, (47)

defined for t € Rt and = € R, with initial datum p(0,z) = po(x) € BV(R; [0, pmax])

3.1 Derivation of the central scheme

We introduce the following notation: z; = Twin + (j — 1/2)Ax, t" = nAt, where Az and At
are space and time step. The computational space domain [Tmin, Tmax] 1S divided into cells
Cj = [z;_1, 2, 1] so that

K
Tmax = Tmin + KAz and [xminy xmax} = U Cj' (48)
j=1

Let us assume that at time ¢t = t™ we have the solution realized by its cell averages

—n _L n
i = Ag /Cj plx, t") dx

then we construct its piecewise linear interpolant
p"(x) = py + s (z — ), zeCj. (49)

Formally we have a second-order approximation provided the slopes s are at least first-order
approximations of the derivatives p,(t",2;). We use a generalized minmod reconstruction (see
[12, 13} |14} [16]) with:

no Py = Pj—1 Piy1—Pj1 ,Pjy1— Py
s} = minmod (9 e AL ,0 Ar >7 6ell,2], (50)

where the minmod function is defined as:
HliIlj{Zj}, if zZ5 > 0 Vjy,
minmod(z1, 22, ...) := { max;{z;}, ifz; <0 Vj,
0, otherwise,
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and the parameter 6 is used to control the numerical viscosity of the scheme: larger values
of 6 correspond to less dissipative but more oscillatory approximations. We now evolve the
approximated solution to the next time level ¢t = t"*! by integrating equation over the
space-time volumes [z;,z;_1] % [t", "], which gives:

—n-+1 1 Lot ~n
Pivl = E/ p" (x)dx
T
tn+l

S L Pt Rta) ~ Pt Rea)ld (61

Az
The first integral of the right-hand side of can be computed exactly:

1 Tit1 p 1 Tivk i 1 NCARINN d
Fx/ P(x)x—ﬂ/ P(ﬂf)m‘FAgj/xﬁéP(?ﬁ)w

Zj ZTj
e g [ el
= — o+ st —xj)|de + — 12 st (x —xjyq)]dx
Az o J J J Ax w41 Jj+1 Jj+1 J
T, 1 (L’j+1
_i &—n_’_sn(m_‘x]’)z J+2+&—n 4 5" (:L._‘(E]'Jrl)2
T Ax | 2 Pj J 2 9 Pj+1 J+1 2
zj i+
LS (A B (Ar):
2 2Ax 2 2 2Azx 2
Pi+p0in | Az
:%4'?(5?—3?“)-

The flux integral in should be computed using the approximate solution of the initial value
problem 7 in the time interval (¢",#"*1) with initial data obtained at t = t". Due to the
finite propagation speed, we introduce the following CFL condition

1 Ax d
A - — .
t< dppv(p)’

2 max

with Amax = maX,ep,.,pu]

Therefore, we can compute the flux integrals in by the mid-point quadrature:

o PR Az
e

—A [F(p(tn+§a‘rj+1)7R(tn+§7xj+1)) - F(p(tn+§7xj)vR(thri’xj))} ’ (52)

where we approximate the intermediate time level values of p and R with the corresponding
Taylor expansions, namely:

n+i ~n At n
p(t" "2, x5) ~ p (xj)"‘?ﬂt(t L T5), (53)
n—+ n At n
R(t 2,1‘]‘) %R(t ,Z‘J)—F?Rt(t ,.I‘j). (54)
By we have:
p"(x5) = pf
and by we evaluate the time derivative p; as:
pt(tnamj) = _F(p(tnaxj)aR(tnaxJ))w (55)
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The space derivative Fj, in is computed using the minmod limiter:
F(p(tn, xj)7 R(tn7 I‘]))x =

 iimod <9F<p§z Ry) —Af;@y_p i) P R;ul)z - f(ﬁy_l, i1
QF(ﬁ;‘L+1aR§L+1) B F(ﬁ?,R?)
Az '

We compute the terms in by the composite trapezoidal rule, noting that the first and the
last interval are halved. Recalling that N :=n/Ax we get:

z;+n
R, z)) =/ A" yywly — ;) dy

breroeroan(3)] %
L, 20 )w() + 5" @y 0 (nf%)} o

N

S > O () 1 SR (9 3

x

R - ~ = A
with p”(gchrkJr%) =Pt S;L+k7 and ,On(l‘jJrkf%) = Pjpr — Sj+k5 5, and
n z;+n "
Rt(t ,.Tj) :/ pt(t 7y)w(y - Jﬁj) dy
;

xj+n
__ / R ) RE ), wly - ) dy

zj+n y=2;+n
= / Fp(t",y), R(t",y) w'(y — z;) dy — [F(p(t’iy), R(t",y)) w(y — fvj)]y:z‘
= F(p(t", z;), R(t", z;))w(0) — F(p(t", z; + n), R(t", z; +n))w(n)
zj+n
[ P ) R )ty - 2,) dy

= F(p(t",z;), R(t", z;))w(0) = F(p(t", z; +n), R(t", 75 + n))w(n)

+ % [Fp(t",2;), R(t",2;))w'(0) — F(p(t", xjn), R(E", 254 8))w' ()]
+ Az Z Flp(t", zj11), R(t", zj45))w (EAT).

Since the derived scheme uses alternating, staggered grids, we have to distinguish between
the odd and even time steps. , —, — describe the odd steps. The even steps are
obtained by shifting the indexes in the aforementioned equations by % and the computational
domain should be extended by % on both sides. Concerning boundary conditions, in our
numerical tests the solution is constant at the edges of the computational domain, so we use this
constant values for our extended domain.

3.2 Numerical tests

We compare the solution obtained with the first order method introduced in Section 2 and the
second order method (Figure . We consider a Riemann problem with data pr, = 0.2 and
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pr = 0.8 and final time T' = 0.5. We take n = 0.1 and # = 2. We use the space step Az = 0.002

for the first order scheme and Az = 0.02 for the second order scheme.

-1 -0.5 0 0.5 1
x

(a) Underwood’s velocity with constant kernel ~ (b) Greenshield’s velocity (n = 5) with con-
stant kernel

(c) linear velocity with linear kernel (d) linear velocity with concave kernel

Figure 7: Density profiles that solve the equation with the first-order (red) and the second-
order scheme (blue) at time ¢t = 0.5 corresponding to a Riemann-like initial datum with p;, = 0.2,

PR — 0.8.

3.2.1 Convergence orders

We compute numerical convergence orders for the second order scheme, as in the previous Sec-
tion for Az = 0.01,0.005,0.0025,0.00125,0.000625. We calculate the convergence order
and the L'-error at final time T = 0.5 using —. Observe that we make a distinction

between § = 1 and 6 = 2.
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wy(x) =1/ wy(z) =2(n — 2)/n° wy(z) = 22 /n°
Az v(Ax) ‘ Ll-error v(Ax) ‘ L-error v(Ax) ‘ L-error
0.01 0.826504 | 1.564052 e-03 | 1.035035 | 1.558680 e-03 | -0.167287 | 1.000649 e-02

0.005 0.874444 | 8.819596 e-04 | 1.010809 | 7.606422 e-04 | 0.407942 | 1.123674 e-02
0.0025 | 0.926451 | 4.810771 e-04 | 0.999683 | 3.774822 e-04 | 1.070325 | 8.469106 e-03
0.00125 | 0.905707 | 2.531192 e-04 | 0.996911 | 1.887826 e-04 | 0.985812 | 4.033086 e-03

Table 4: Convergence orders and L'-errors for constant, linear decreasing and linear increasing
kernel with linear decreasing velocity v(p) = 1 — p at final time 7" = 0.5 corresponding to a
Riemann-like initial datum with p;, = 0.2 and pr = 0.8 with § = 1.

wg@) =177 (@) = 20— D)7 (@) = 20/ 7
Az y(Az) | L'-error v(Az) | Ll'-error v(Az) [ Ll'-error
0.01 0.898562 | 1.584519 e-03 | 0.999447 | 1.500399 e-03 | 0.218408 | 1.392697 e-02

0.005 1.028046 | 8.499700 e-04 | 0.999307 | 7.504870 e-04 | 1.315667 | 1.197041 e-02
0.0025 | 0.941087 | 4.168028 e-04 | 0.997995 | 3.754238 e-04 | 1.034576 | 4.808990 e-03
0.00125 | 0.953895 | 2.170876 e-04 | 0.997035 | 1.879728 e-04 | 1.030555 | 2.347552 e-03

Table 5: Convergence orders and L!-errors for constant, linear decreasing and linear increasing
kernel with linear decreasing velocity v(p) = 1 — p at final time T = 0.5 corresponding to a
Riemann-like initial datum with p;, = 0.2 and pr = 0.8 with § = 2.

wy(z) = 1/n wy() = 2(n — x)/n*
Az ~v(Ax) ‘ Ll-error v(Ax) ‘ L-error
0.01 0.496053 | 2.404947 e-03 | 0.937675 | 1.706889 e-03

0.005 0.664771 | 1.705213 e-03 | 0.942463 | 8.911211 e-04
0.0025 | 0.775108 | 1.075628 e-03 | 0.862285 | 4.636893 e-04
0.00125 | 0.796789 | 6.285382 e-04 | 0.865828 | 2.550663 e-04

Table 6: Convergence orders and L-errors for constant and linear decreasing kernel with Under-
wood’s velocity v(p) = e~ at final time 7" = 0.5 corresponding to a Riemann-like initial datum
with pr, = 0.2 and pr = 0.8 with 6 = 1.

(@) = 1/ (@) = 20— )P
Ax v(Az) | L'-error y(Az) | L'-error
0.01 0.539712 | 2.309898 e-03 | 0.904230 | 1.558415 e-03

0.005 1.031363 | 1.588997 e-03 | 0.901378 | 8.326884 e-04
0.0025 | 0.837733 | 7.774127 e-04 | 0.884343 | 4.458005 e-04
0.00125 | 0.900772 | 4.349795 e-04 | 0.974746 | 2.415053 e-04

Table 7: Convergence orders and L-errors for constant and linear decreasing kernel with Under-
wood’s velocity v(p) = e~ at final time T = 0.5 corresponding to a Riemann-like initial datum
with pr, = 0.2 and pr = 0.8 with § = 2.
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wy(x) =1/ wy (@) =20 — 2)/7?
Ax 7(Az) | Ll-error y(Az) | Ll-error
0.01 0.726107 | 1.498004 e-03 | 0.638340 | 1.533601 e-03

0.005 1.243070 | 9.055925 e-04 | 1.398245 | 9.852642 e-04
0.0025 | 0.908877 | 3.825881 e-04 | 0.831466 | 3.737996 e-04
0.00125 | 1.006300 | 2.037661 e-04 | 1.035231 | 2.100596 e-04

Table 8: Convergence orders and L1-errors for constant and linear decreasing kernel with Green-
shield’s velocity v(p) = 1 — p° at final time T = 0.5 corresponding to a Riemann-like initial
datum with p;, = 0.2 and pr = 0.8 with § = 1.

wy(x) =1/ wy(2) = 2(n —z)/n°
Ax 7(Az) | Ll-error y(Az) | Ll-error
0.01 0.870731 | 1.502205 e-03 | 0.838007 | 1.546337 e-03

0.005 1.090038 | 8.215106 e-04 | 1.202457 | 8.650452 e-04
0.0025 | 0.882361 | 3.859036 e-04 | 0.877248 | 3.758918 e-04
0.00125 | 0.979493 | 2.093445 e-04 | 0.887723 | 2.046373 e-04

Table 9: Convergence orders and L1-errors for constant and linear decreasing kernel with Green-
shield’s velocity v(p) = 1 — p° at final time T = 0.5 corresponding to a Riemann-like initial
datum with p;, = 0.2 and pr = 0.8 with § = 2.
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