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ABSTRACT

We consider the problem of embedding a low-dimensional
set, M, from an infinite-dimensional Hilbert space, H, to a
finite-dimensional space. Defining appropriate random linear
projections, we propose two constructions of linear maps that
have the restricted isometry property (RIP) on the secant set
of M with high probability. The first one is optimal in the
sense that it only needs a number of projections essentially
proportional to the intrinsic dimension of M to satisfy the
RIP. The second one, which is based on a variable density
sampling technique, is computationally more efficient, while
potentially requiring more measurements.

Index Terms— Compressed sensing, restricted isometry
property, box-counting dimension, variable density sampling.

1. INTRODUCTION

The compressed sensing (CS) theory shows that the informa-
tion contained in objects with a small intrinsic dimension can
be “captured” by few linear and non-adaptive measurements
and recovered by non-linear decoders [1]. The restricted
isometry property (RIP) is at the core of many of the theo-
retical developments in CS. A matrix A € R™*"™ satisfies
the RIP on a general set S C R", if there exists a constant
0 € (0,1), such that for all x € S,

(1-06)|lzlls < ||Az]l2 < (1+6) ||z (1)

For example, if A satisfies the RIP on the set S of 2s-sparse
with a sufficiently small constant  then every s-sparse vec-
tor x is accurately and stably recovered from its noisy mea-
surements z = Ax + n by solving the Basis Pursuit prob-
lem [1]. For a more general low-dimensional model ¥ C R",
one needs to show that the matrix A satisfies the RIP on the
secant set S = X — X to ensure stable recovery [2].

In this finite dimensional setting, random matrices with
independent entries drawn from the centered Gaussian dis-
tribution with variance m~! are examples of matrices that
satisfy the RIP with high probability for many different low-
dimensional models 3 in R™: sparse signals [1], compact Rie-
mannian manifold [3], efc. In these scenarios, the RIP holds
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for a number of measurements m essentially proportional to
the dimension of X.

In this work, we are interested in extending this theory to
an infinite dimensional Hilbert space H. We consider a low-
dimensional subset, M, of H and our goal is to construct a
linear map L from H to R™ that stably embeds M in R™ for
a number of measurements m which is: 1) essentially pro-
portional to the intrinsic dimension of M, and, 2) obviously
independent of the (infinite) ambient dimension. These de-
velopments are important in CS to extend the theory to an
analog setting [4], explore connections with the sampling of
signals with finite rate of innovation [5], and also in machine
learning to develop efficient methods to compute information-
preserving sketches of probability distributions [6, 7].

In Section 2, we give the definition of dimension used and
our assumption on the dimension of M. In Section 3, we de-
tail a construction of a linear map that satisfies the RIP for
a number of measurement m essentially proportional to the
dimension of M. Even though this linear map has a num-
ber of measurements m reduced to its minimum, its interest
can be computationally limited in certain settings. In Section
4, we propose a strategy more interesting in terms of com-
putational cost. This strategy is based on a variable density
sampling technique [4, 8] and its performance is driven by a
generalised notion of coherence. Finally, in Section 5, we
highlight the main key ingredients needed to construct a lin-
ear map L which satisfies the RIP. All proofs can be found in
the appendices.

Notations: 7{ denotes a real Hilbert space with scalar
product (-,-) and associated norm denoted by ||-||. The eu-
clidean norm in R, for any d > 0, is denoted by |||

2. THE DIMENSION OF M

2.1. The normalised secant set

Our goal is to construct a linear map L: H — R™ that satis-
fies!

(1=0) <[IL(®1 — ®2)[ly/[[@1 — @2l < (1+6) ()

Notice that the non-squared RIP (2) implies the squared RIP (1) with a
RIP constant multiplied by 3.



for all pairs of distinct vectors &1, x5 € M. As L is linear,
this is equivalent to show that sup,csaq) [[IL(Y)[ly — 1] <
0, where S(M) is the normalised secant set of M:

L1 — T2

S(M)—{y— $1,$2€M,$1#$2}.

21 — 22|
Therefore, S(M) is our object of interest. It is the object
that needs to have a small dimension. In the next section,
we precise how we measure the dimension of S(M). In this
work, whenever we talk about the intrinsic dimension of M,
we implicitly refer to the dimension of S(M).

We recall that the vectors 1 — @ with @1, x5 € M are
called the chords of M. From now on, we substitute S for
S(M) to simplify notations.

2.2. The upper box-counting dimension

We would like to highlight that several definitions of dimen-
sion exist. The reader can refer to, e.g., the monograph of
Robinson [9], for an exhaustive list of definitions. In an
infinite-dimensional space, one should be careful with the
definition of dimension used. Indeed, as described in [9],
there are examples of sets for which no stable linear embed-
ding exists even though their dimension is finite (according
to some definition). Therefore, there is no hope to construct a
linear map that satisfies the RIP for these sets.

In this work, we use the upper box-counting dimension as
our measure of dimension. This definition of the dimension
is also at the centre of most of the developments in [9].

Definition 1 (Upper box-counting dimension). Let X be a
metric space with metric denoted by o and A C X. Let N 4(¢)
be the minimum number of closed balls of radius € > 0 (with
respect to the metric o) with centres in A needed to cover A.
The upper box-counting dimension of A is

d(A) = limsup —log(N.4(c))/log(e).

From the definition, one can remark that if d > d(A) then
there exists ¢y > 0 such that N4(€) < e~ forall € < €5
In this paper, A is always a subset of a (finite or infinite-
dimensional) Hilbert space and the metric used for the defini-
tion of the upper box-counting dimension is always the norm
induced by the scalar product in the ambient space.

We make the following assumption on the dimension of
the normalised secant set S of M.

Assumption 2. The normalised secant set S of M has a finite
upper box-counting dimension which is strictly bounded by
s > 0: d(S) < s. Therefore, there exist a constant €5 > 0
such that Ng(e) < € *° for all € < €.

3. A TWO-STEP CONSTRUCTION OF L

We divide our first construction of the linear map L into two
simple steps. The first step is an orthogonal projection onto a

well-chosen subspace V of potentially large but finite dimen-
sion d > 0. This projection must preserve the norm of the
vectors in S as well as possible. Here, we use the fact S has
finite upper box-counting dimension to construct V. Once this
projection is performed, we are coming back to a usual em-
bedding problem in finite ambient dimension. In this setting,
we show that the embedding dimension can be reduced by
multiplication with a random matrix of size m x d with m of
the order of s. We highlight that the sufficient condition on m
to ensure a stable embedding is independent of the potentially
very large dimension d of V.

3.1. Projection onto a finite-dimensional subspace

We fix a resolution ¢ € (0,1) and find a minimum cover of
S with closed balls of radius € and centres in S. Let T'(¢) be
the set of centres of these balls. The cardinality of T'(e) is at
most Ng(e). We denote V. C H the finite-dimensional linear
subspace spanned by T'(¢), and Py, : H — H the orthogonal
projection onto V.. By construction of V., we have

sup [ly — Py, (y)|| <sup inf [y —yol <e.  (3)

yeS yeS Yo€T (€)
The orthogonal projection onto V, thus preserves the norm of
all vectors in S with an error at most €. This projection allows
us to transfer our problem from infinite ambient dimension to
a problem in finite ambient dimension at the cost of an error
at most € on the norm of the normalised chords.

Let (ay,...,aq) be an orthonormal basis for V. and

P.: H — R? be the linear map P.(x) = ((a;, T))1<i<d- We
remark that

| Pe(x)|ly = [| Py, (z)]| < [z, (4)
for every « € H, and that
[Pe()lly = 1Pv. (W)l = [lyll — ly — Pv. ()] =1 —€ (5)

for every y € S. To obtain the last inequality, we used in-
equality (3) and the fact that ||y|| = 1 for any y € S. The
inequalities (4) and (5) shows that P, is bi-Lipschitz on the
set M. However, the embedding dimension d is still poten-
tially very large. Indeed, we have d < Ng(€) ~ ¢~ ° while
we would like an embedding dimension of the order of s. We
thus need to reduce drastically the dimension of the embed-
ding space. This reduction is achieved in the next section by
a multiplication with a random flat matrix.

Let us highlight at this stage that we constructed the linear
mapping P, using a covering of S. However, the only proper-
ties that we require on P hereafter is that its operator norm is
lower and upper bounded on S (properties (4) and (5)). One
may thus construct P, differently using other properties of S.

3.2. Dimensionality reduction by matrix multiplication

Let P.(S) C R< be the image of S under P.. Our goal in this
section is to map the vectors in P.(S) to a space of dimension



m much smaller than €~°, ideally of the order of s, while
preserving their norm. To show that this reduction is possible,
we first prove that P, (S) has a small dimension.

Lemma 3. Let P.(S) be the image of S under a linear map-
ping P. : H — R? satisfying (4). If Assumption 2 holds,
then the upper box-counting dimension of P.(S) is strictly
bounded by s, and Np,_s)(€') < € 7% forall ¢ < «.

Proof. From (4), we see that
|Pe(1) — Pe(x2)||y < ||lz1 — 22| V1,22 € H. (6)

We proceed as in the proof of Lemma 3.3.4 in [9]. Cover S
with Ng(€’) < €'7* balls of radius €’ < €y. The image of this
cover covers P, (S). Consider one of these balls and let ¢ be
its centre. We denote this ball B(c, ¢’). Using (6), we notice
that || P.(c) — Pc(x)||, < € forall x € B(c,€'). Therefore,
the image of B(c,¢’) is contained in a closed ball of radius
¢ with centre P.(c). We conclude that Np_s)(€') < Ns(€')
and that the upper box-counting dimension of P, (S) is strictly
bounded by s. O

As P.(S) has a small dimension, it is tempting to reduce
the dimension using a random matrix as done in CS. The next
theorem shows that it is indeed possible with a random matrix
of size m x d, where m is essentially proportional to s.

Theorem 4. Let P. : H — R? be a linear mapping satisfying
(4) and (5), A € R™*? be a matrix whose entries are inde-
pendent normal random variables with mean O and variance
1/m, and p € (0,1).

There exist absolute constants D1, Do, D3 > 0 with
Dy < 1 such that if Assumption 2 holds, then for any
0 < ¢ < min(D1,€p), we have, with probability at least

L—p
1= =0 < [AP(y)ll, < 149,
uniformly for all y € S provided that
m > D262 max {slog (D3/d) ,log (6/p)} .

The same result applies (with different absolute constants
D1, Dy, D3) if A is a matrix whose entries are independent
+1/+/m Bernoulli random variables, or if its rows are inde-
pendent random vectors drawn from the surface of the unit
sphere using the uniform distribution.

Proof. The proof, available in Appendix C, is based on a
technique used by Eftekhari et al. in [3] to show that ran-
dom Gaussian matrices satisfy the RIP on compact Rieman-
nian manifolds of R?. The sufficient condition on m that they
obtain is independent of the ambient dimension d. It turns
out that their result generalises to any set with finite upper
box-counting dimension in R O

In view of Theorem 4, we remark that AP, (-): H — R™
has the RIP on M if m and € are appropriately chosen.

Corollary 5. Let A € R™*? be as in Theorem 4, P, : H —
R? be a linear mapping satisfying (4) and (5), and p € (0, 1).

There exist absolute constants D1, Do, D3 > 0 with
D, < 1 such that if Assumption 2 holds, then for any
0 <6 <min(Dy,€), ife < /2 and

m > Ds6~2 max {slog (D3/d),log (6/p)}, @)

then AP. : H — R™ satisfies the RIP (2) on M with constant
at most § and probability at least 1 — p.

3.3. Comparison with a known result in CS

Corollary 5 holds for low-dimensional signal models that sat-
isfy Assumption 2 in an infinite-dimensional Hilbert space H,
so it also holds for signal models in R™ provided that their
normalised secant set has finite upper box-counting dimen-
sion. Let us take one example in finite ambient space.

Consider the set M of k-sparse signals in R™. The nor-
malised secant set S is the set of 2k-sparse signals with
ly-norm equal to 1. This set can be covered by at most
[3en/(2ke)]?* balls of radius € < 1 [1]. Its box-counting
dimension is thus 2k. As we are in finite dimension, we can
take V. = R™ (which implies ¢ = 0) and P. = Id. The com-
plete linear map L thus reduces to the matrix A. Corollary 5
shows that A has the RIP if m satisfies (7) with s > 2k.

In comparison, Theorem 9.2 in [1] shows that A has the
RIP on S with constant § and probability at least 1 — p pro-
vided that

m > D672 (klog (en/k) +log (2/p)), (8)

where D > 0 is an absolute constant. A fundamental dif-
ference seems to exist between (7) and (8). Our result seems
to be independent of log(n/k) while (8) is not. This depen-
dence does actually exist in our result but is “hidden” in the
variable € in the statement of Corollary 5. We remind that
€o is a constant such that [3en/(2ke)]?* < e~ forall € < ¢
with s > 2k. Let us compute €3. Writing s = 2k + n with
n > 0, we should have (3en/(2k))?* < e~ forall € < ¢, or,
equivalently, (3en/(2k))%* < ¢,". We take eg = 2k/(3en)
and ) = 2k. For 6 < ¢g, we have log(1/0) > log(3en/(2k)).
In this setting, we notice that we can slightly strengthen (8) to

m > D62 (slog (1/8) +1log (2/p)) .

This stronger condition on m is similar to ours. This shows
that we recover results similar to known ones in CS.

4. AN EFFICIENT LINEAR EMBEDDING OF M

In cases where the dimension d is very large (we recall that
d < €7%), the linear map A P, proposed in the last section is a
priori costly in terms of computations. Indeed, one needs to
compute the scalar products between the signal of interest and
all the vectors of the basis (a1, .. ., aq) before multiplication



with an unstructured matrix A. In this section, we propose
an computationally lighter solution where one computes the
scalar products with only a small subset of the basis vectors.
The method is related to the variable density sampling tech-
nique in CS [4, 8].

4.1. Construction of the linear map

To select a small subset of the basis vectors, we use a proba-

bility distribution on the discrete set {1,. .., d}. We represent

this probability distribution by a vector p = (p;)1<i<d € R4,

and the linear map L is created as follows.

1. We draw independently m indices Q@ = {w1,...,wm}
from {1,...,d} according to p: P(wy = j) = p;, for
allk e {1,...,m}andj € {1,...,d}.

2. We create the sparse normalized subsampling matrix

R € R™* with Ry, = 1/\/m]p|, for all k €
{1,...,m}, and 0 everywhere else.

3. Weset L :=RP..

In order to compute L(x), one just needs to compute the m
scalar products (a,,,, ), k = 1,..., m. We will next see that
if p is appropriately designed then L satisfies the RIP with
high probability.

Before continuing, we define two quantities that charac-
terise the interaction between p, P., and M. Let P € R#*¢
be the diagonal matrix with diagonal entries satisfying P;; =
(pi/ Ipl|)*/?. Remark that one has ||Py|, < ||, for all
Yy € R, The first quantity, €,, characterises how well the
matrix P preserves the norm of the vectors in P, (S):

PP.
g (P20
ves | 1P(y)ll,
The second quantity, /1, can be viewed as a generalised defi-
nition of coherence:

e [IPW..
L o B

€p i =1—

We are now ready to state our main result.

Theorem 6. Let P, : H — R be a linear mapping satisfying
(4) and (5), R € R™*4 be the subsampling matrix created
above and p € (0,1).

There exist absolute constants D1, Dy > 0 such that if
Assumption 2 holds, then for any 0 < ¢ < min(1l,¢p), we
have, with probability at least 1 — p,

IRP(y)]l, <1+,

l—e—e—0<
uniformly for all y € S provided that
m > D max {s,uié_Q, 3} -log [D2/(6||p|l o £)] -

The proof, available in Appendix D, is similar to the proof
of Theorem 4. We can now deduce sufficient conditions en-
suring that RP,(-): H — R™ has the RIP on M.

Corollary 7. Let R € R™*% e as in Theorem 4, P, : H —
R? be a linear mapping satisfying (4) and (5), and p € (0, 1).

There exist absolute constants D1, Dy > 0 such that if
Assumption 2 holds, then for any 0 < ¢ < min(1,€p), if
€<0/3, €, < /3 and

m > D; max {sufﬁ_Z, 8} ~log [D2/(6 |Ipll & P)] 5

then RP. : H — R™ satisfies the RIP (2) on M with constant
at most § and probability at least 1 — p.

(10)

Condition (10) shows that one should seek to reduce the
coherence parameter (i, to optimise m. To reduce the value
of pp, the choice of p is obviously important. However, we
want to highlight that the choice of the orthonormal basis
(ai,...,aq) used to define P is also very important. Indeed,
this choice will influence the value of || P.(y)||, appearing in
the definition of 11,,. Therefore, if possible, one should choose
an orthonormal basis that reduces || P.(y)|| ., to reduce j,.

4.2. Comparison with a known result in CS

As in Section 3.3, we consider the set of k-sparse signals in
‘H = R"™. We recall that S is the set of 2k-sparse signals with
£o-norm equal to 1. We take V. = R™ and P. = H € R"*"
the Hadamard transform. The linear map L = RH € R™*™,
is thus a random selection of m vectors of H. This case is
well-known in CS. The matrix H is optimally incoherent with
the identity matrix, with coherence ||h;||, = n~/2 (h; is
the i row-vector of H), and the RIP is satisfied for m essen-
tially proportional to k£ when the measurements are selected
according to the uniform probability measure (p; = 1/n) [1].

In this setting, we have P = Id and thus ¢, = 0. Itis
obvious from (10) that m should be at least proportional to s.
Let us now compute /1, We have ||[PHy|l, = ||y||, = 1 for
all y € S. Therefore,

1/2

= Il = n'/?sup max [(hi,y)|

yeS 1<ikn

supHylll S Vs,

sup [[Hy |l
yeS

<n1/2§gglrgggxnllhi\\ lylly <
and Corollary 7 requires a number of measurements essen-
tially proportional to s2. We do not recover an optimal result.

A careful inspection of the proof of the RIP for RH in [1]
suggests that one needs to exploit additional properties on S
than just its box-counting dimension to obtain an optimal re-
sult. Indeed, the proof is based on a clever evaluation of the
covering number of S with an appropriate metric. The opti-
mal result is obtained using two estimates of Ng: a first one
accurate for small radius of the balls (similar to the one used
in this paper); a second one accurate for large radius. The
combination of both bounds is essential to obtain m essen-
tially proportional to s instead of s2. It will be important in
the future to determine what additional structure is needed in
M or S to obtain optimal results with the variable density
sampling technique.



5. KEY INGREDIENTS FOR THE DESIGN OF L

In this last section, we summarise the key steps that one
should concentrate on for the design of L. For this discus-
sion, we consider a particular case where the signal model
M is a subset of Ly([0, 1]). One can think of M as, e.g., the
set of k-sparse signals of the form & = "' | z;4; where
|||, < kand {1); };cn is the Haar wavelet basis in L ([0, 1]).

The first step consists in identifying a finite orthonor-
mal basis ® = {¢;}1<icq (With d potentially large) that
stably embeds M. More precisely, we want (5) to hold.
Intuitively, if one knows that the chords of M have a fast
decaying spectrum, the Fourier basis {v/2 cos(2mnt)},en- U
{V/2sin(27nt)}nen- U {1} seems a good candidate. The
choice of d, i.e., the maximum frequency that can be probed,
will be determined by the decay of the spectrum of the chords.

The second step consists in constructing a good probabil-
ity distribution p to select a subset of the basis vectors in ®. In
CS for MRI, a common argument is that p should favour the
selection of low-frequency measurements because the energy
of MR images is concentrated in this region. Let us confront
this intuitive idea to our result.

According to Corollary 7, we see that p must “capture”
most of the energy of the chords, i.e., €, must be small. Ob-
viously, taking the uniform discrete probability distribution,
p; = 1/d, ensures ep = 0. However, p; = 1 /d might not be
the optimal choice to reduce m. The first reason is that ||p||
appears in the log term of Condition (10). In the case where
d ~ ¢~%, Condition (10) imposes a number of measurements
at least s> with p; = 1/d. It could be wiser to have €, # 0
and increase the value of ||p||_.. The second reason is that
it is also essential to minimise p,. As the matrix P should
be such that [|[PP.(y)|l, =~ [|[Pc(y)|l, ~ 1fory € S, we
have 12 ~ sup, s max; (i, u)|* / |Ipllo.. Therefore, to
minimise (i, the maximum of p should be as close as pos-
sible to max; |(¢:,y)|*. To make sure that both €p and p,
are small, we should have p; large whenever |(¢;, y)| is large
and p; small whenever |(¢;, y)| is small. Let us highlight that
the shape of p is thus governed by the shape of the projec-
tion of the chords &1 — @2 on ® and not the projection of
the vectors in M themselves. The measurements need to be
concentrated where the energy of the normalised difference
between two signals in M is concentrated. In CS for MRI,
one should not just look at where the energy of the images is
concentrated but identify where the energy of the difference
between two images in M is concentrated.

6. CONCLUSION

We presented two different strategies to stably embed a low-
dimensional signal models from an infinite ambient dimen-
sion to R™. While one gives optimal results in terms of num-
ber of measurements, the other one is more appealing in terms
of computational cost.

To conclude this paper, let us mention the related work
of Dirksen [10] on a unified theory for dimensionality re-
duction with subgaussian matrices. His results also apply in
infinite-dimensional Hilbert spaces. In particular, for separa-
ble Hilbert spaces, he gives an example of a linear map that
satisfies the RIP with high probability but which requires the
evaluation of an infinite number of scalar products. We also
remark that Theorem 4 can be derived from the generic results
presented in [10].
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A. CONCENTRATION INEQUALITIES

In this section, we use the notions of subgaussian and subex-

ponential random vectors/variables. We let the reader refer to,

e.g., [11] for more information about them. We recall here a

few definitions and properties.

1. A subgaussian random variable X is a random variable
that satisfies (E | X|")/? < K,/pforall p > 1 with K >
0. The subgaussian norm of X, denoted by [ X||y,, is
the smallest constant K for which the last property holds,
i.e., || X|ly, =sup,s, p~ /% (E|X|")!/? (Definition 5.7,
(11]).

2. A subexponential random variable X is a random variable
that satisfies (E | X|?)'/? < Kpforallp > 1 with K > 0.
The subexponential norm of X, denoted by [ Xl , is
the smallest constant K for which the last property holds,
ie. || Xy, =sup,s; p~! (E|X[")Y/P (Definition 5.13,
[11]).

3. A random variable X is subgaussian if and only if X? is
subexponential and || X2 < 2|X ||?I,2 (Lemma 5.14,
(11]).

4. If X is subexponential then so is X — EX, and we have
[X —EX|y, <2[X|y, (Remark 5.18, [11]).

s,

5. A random vector X in R? is subgaussian if the one-
dimensional marginals xTX are subgaussian random
variables for all z € R?. The subgaussian norm of X is
defined as || X ||y, = supgega— |7 X||y,. where 5971
is the unit sphere in R? (Definition 5.22, [11]).

We start from generic concentration inequalities that we
will use in specific cases after.

Lemma 8 (Bernstein-type inequality). Let Xi,...,X,, be
independent centered subexponential random variables with
subexponential norm bounded by K > 0. Then, for every
t € (0, K), we have

P {Z Xi = tM} g ememt®/K*
=1
P{ZXi < —tm} L et/ RS
=1

and for everyt > K,

P {Z X; > tm} L e oMt/ K
=1

where ¢ > 0 is an absolute constant.

The lemma above is a consequence of Proposition 5.16
in [11] and intermediate results in its proof.

Lemma 9 ( [12], Theorem 1.1). Let X = X1 + ...+ X,, be
the sum of m random variables independently distributed in



[0,1]. Then, for every t € (0, 1), we have

—ct’E(X)
)

1+HEX)} <e
}

—ct’E(X)
)

NN

e
and for every t > 0,

P{X >E(X)+t} <e /™

where ¢ > 0 is an absolute constant.

We now use Lemma 8 and Lemma 9 in respectively two
scenarios of interest for dimensionality reduction. The first
case below involves a multiplication with a dense random ma-
trix as in Section 3.

Lemma 10. Let A € R™*? be a matrix whose entries are
independent centered normal random variables with variance
1/m, and x € R? be a fixed vector.

For every A € (0, \g), we have

P{[Az], > (14N [|z],} <emo™, @

P{||Az|l, < (1= X) [|z]l,} <e ™", (12)
and for every A = A,

P{|Az]ly > (14 X) 2]y} <e o™, (13)

where cg, c1, \g > 0 are absolute constants.

The same results apply (with different constants cg, c1, \g)
if, e.g., A is a matrix whose entries are independent +1/\/m
Bernoulli random variables, or if its rows are independent
random vectors drawn from the surface of the unit sphere us-
ing the uniform distribution.

Proof. Denote by ay,...,a,, € R the rows of A. We have

m

2 T2
IAz]2 = 3" falal?,
i=1
where alz,...,a] = are independent centered subgaus-

sian random variables. Their subgaussian norm is bounded

by C'|z|, /y/m, where C' > 0 is an absolute constant.
We also have IE|aiTac|2 = ||z||3 /m. Therefore, laTa|” —
||z\|§ /m,...,|aT z)* — ||:c||§ /m are independent centered
subexponential random variables with subexponential norm

bounded by C’ ||m|\§ /m, where C’ > 0 is an absolute con-
stant. Using Lemma 8 with X, = |aiT:c|2 - ||:17||§ /m and
K= ||a:Hg /m shows that there exist absolute constants
Co, €1, Ao > 0 such that, for every A € (0, \o),

—com/\2

P{IATI3 > (1+ ) ol } < e,
707712
P{lIAcl} < (1 =N lef3} < oo,

and for every A > Ao,

P{IAz]} > (1+ N [lel3} <

To finish the proof, notice that

—clm)\

P{lIAz], > (1+ ) o} <P LAl > (1 + ) o3 }

NMEHS

O

and

P{lAz], < (1= ) o} < P{JA2l} < (1

We now transform the bounds above in a form directly
usable in Lemma 14 for the proof of Theorem 4.

Corollary 11. Let A € R™*? be one of the matrices consid-
ered in Lemma 10.
1. For any fixed x € R? with ||z||, < 1 and every \ €
(0, Ag), we have
P{[Az], > 1+ A} <emomY,

2. Lete € (0,1). Forany fixed x € R with ||z|, > 1 —¢
and every X € (0, \o), we have
P{Az], <1—A—e} <e @™ (14)

3. Let€ € (0,1) and j € N. For any fixed x € R with
lz|l, < 2797 e and every A > A1, we have

P{HAﬂfz >

The constants Ay, \1, co, ¢, are absolute and Ay > 8.

‘72]—:21)\6/} <e—c1m[871(j+1)>‘_1]. (15)

Proof. Inequality (11) in Lemma 10 yields

P{Azlly =2 1+ A} <P{[|Az[ly = (1+ ) [lzll,}
< efcom)ﬁ,

for any A € (0, o). The first inequality is obtained by using
the fact that 1 > ||z||,.
Inequality (12) yields

P{|Az]l, <1-A—e} <P{[Az[l, < (1 -A)(1—€)}
S P{l[Az]l, < (1= A) [z}
g 7com)\2

for any A € (0, /\0) The first inequality is obtained by notic-
ingthat1 — A — e < (1 — A\)(1 — €), the second one by using
the fact that 1 — e < ||z||,.

Inequality (13) yields

Jj+1 Jj+1
p{iacl, > L} < p{ial, > ZE ol

— -1 y —
< e c1m[87 T (G+1)A 1]'

for any A > A1 := 8¢ + 8. In the first line, we used the fact
that 2=7H1e > ||z, O



We consider now a second scenario for dimensionality re-
duction. It consists in randomly selecting few entries of a
vector.

As in Section 4, the vector p € R? represents a discrete
probability distribution on {1,...,d} and P € R?*? is the
diagonal matrix with diagonal entries P;; = (p;/ [|p|.,)"/2.
The set Q = {w1,...,wn} is created by drawing indepen-
dently m indices from {1, ..., d} according to p. The sparse
subsampling matrix R € R™*? has one non-zero entry on

each line: Ry, = 1/\/m||p|| ., forallk € {1,...,m}.
Lemma 12. Let x € R? be a fixed vector and define 11, =

||p||;ol/2 lz|l. / ||Px|,. Forevery X € (0,1), we have

P{|[Rz|, = (14 A) [Pz|,} <e ™/ (16)
2

P{|Rz[l, < (1 A)IIPwllz}ée‘“‘"”Az/“? (17)

> 1/pll sor

P{|Rz[l, > (1+X) [lally} <e”Pl(18)

and, for every A

where ¢ > 0 is an absolute constant.

Proof. We have x?/ ||x||iC
all j =1,...,d. Therefore,

s=3 -

Pl IpH

2
= 25/ (13 [Pl IP[l3) < 1 for

IIlelz

is a sum of m independent random variables bounded by 1.
We have E(S) = m/u2 (recall that P2 = p;/ ||p|| ). The
first two inequalities in Lemma 9 yield

IP’{S > (1 —1—)\):;} < e*C’\Qm/“i, and

2
x

P {s <(1- /\)m} < e~ m/ug

To obtain (16), we observe that

n»{s (1+)\)u }

=P\ o

2> (14 [Pl

Z(1+2) IIlelg}

| o

and that
P{|Rz, > (1 + /\) [Pzfly}

<P{|IRall} > (1 + N [IPall}}

The same procedure with P{S < (1 — A\)m/u2} yields (17).
To obtain (18), we notice that z7 < ||x||§ for all j =
1,...,m. Therefore,

is a sum of m independent random variables bounded by 1.
We have E(S) = m [|p||_ [Pz / ||z||5. The last inequality
in Lemma 9 gives

P{S > meHoo HP 2+t} 7ct2/m.

[EdlE

Then, we notice that

P{§ > " Ple oy +t}
EE
ol . Lol
=P x5+
{mn 12 WPl Sl

u 2 xlat
Py Pzl +
— mu || mlpll

3t
=B Rall? > [Paf2 + T2 b
{ LA T

Therefore, for every t > 0,
2
Bl } < octt/m

P{ [Rel2 > [P} +
{ 22 1P Tl

or, equivalently,

S>|p

2

2
IP’{HR:BIIE > [Pzl +u ||x||§} < e—emllplZu

for every v > 0. Finally, we use the facts that e—cmlpll3 w? <

eemlPlc for every u > 1/||p|| . and that
P {||Rall, > <1+u>uw||}
<P{|IRall} > fl2ll3 +u o3}
P{ IRzl > IPal3 + I3}
as [|z3 > ||Paf3. 0

We now transform the bounds above in a form directly
usable in Lemma 14 for the proof of Theorem 6.

Corollary 13. For every x € R, we associate the quantity

—1/2
e = P12 M2l / 1Pl
1. Forany fixed x € R% with ||z]|, <
we have

1 and every \ € (0,1),

P{||Ra|, > 1+ A} < e /i, (19)



2. Lete, €, € (0,1) and assume that ||Pz||y > (1—¢p) ||z
For any fixed © € R with ||z|, > 1 — € and every \ €
(0,1), we have

P{|[Rzl, < (20)

3. Let € € (0,1). For any fixed v € R% with |z||, <
27911e and every X > 8/ ||p|| ., + 8, we have

P{||Rx|2 >

The constant ¢ > 0 is an absolute constant.

2 2
1—)\—6—61,}<e_cmA /s

32;21 Ae’} < e o8 DA Pl

@

Proof. We follow the same procedure as for the proof of
Corollary 11.

For any z € R? such that 1 > ||z|,, inequality (16) in
Lemma 12 yields (19) for any A € (0,1) (using the fact that
lell, > [P2ll,).

Asl—e—e < (1—¢) |z, <
yields (20) for any A € (0, 1).

For any x € R? such that 2777!¢/ > ||z||,, inequality
(18) yields (21). O

||Px]|,, inequality (17)

B. CHAINING ARGUMENT

This section contains the main result on which the proofs of

Theorem 4 and Theorem 6 are based. In the lemma below,

1. Ais asubset of R? with finite upper box-counting dimen-
sion strictly bounded by s > 0. Therefore, there exists
€6 > 0 such that its covering number satisfies N 4(a) <
a~® forall a < €;

2. € isafixed parameter in (0, €()) (its value will chosen later
on in Appendix C and Appendix D);

3. B; C A, with j € N, is a set of centres of closed balls
of radius 277¢’ that covers A with cardinality less than
2j56/75;

4. m; is the mapping 7;(y) € argmin,cp ||y — 2|y

5. C; is the finite set {(m,;+1(y),7;(y)) | y € A}

Note that sup ,, ,yec, lw — z[l, <277F1€,

The lemma below appears (in a slightly different form)

in [3]. The proof is based on a chaining argument which is a

powerful technique to obtain sharp bounds for the supremum
of random processes [13—15].

Lemma 14. Let B € R™*? be one of the random matrix
considered in Theorem 4 or Theorem 6 and tq,ts,uq,us be
any fixed values in (0,00). Define t := t1 + ta and u :=
uy1 + uy. We have

p{ it JBul, < 1} < ¢ max P (1wl <1 1)

22(g+1)s

+ Z €'2s

Jj=0

P<||B(w— >
s, P{IB (0= 2,

(22)

]—l—lt
W2 )

nd

)

{sup IBylly > 1—|—u}\e/5 max IE”{||Byo||2 14w}

22(j+1)s

j+1
e s, PAIB @2 > i

(23)

Proof. We follow the same procedure as in [3].
We remark that any vector y € A can be written

Z(ﬂj—&-l(y) —m;(y)).

720

y =mo(y) + S(y) where S(y) =

We start by proving (22). Noticing that

inf ||B _ BS < inf ||By, ,
ylgAH oY)l Slelfo W)l ylgAH ylly

we obtain
{mf 1Byl, < 1t}
@»{mf 1Bro)l, — sup [BSW), < 1—t}
y€A yeA
— 2 { iut 8ol — sup By < 1~ 11~ 2.
yeA yEA
The union bound then yields
P{inf 1Bro(w)l, — sup [BS@)l, < 1 t1 — tz}
yeA yeA
< P< inf ||B 1-—
{ylgA o)l < tl}
" P{sup 1B, > tg}
yeA
g]P{ mln IByoll, < 1—t1}
yo€B
T+ P {p 1B, > t2} e
yeA

In the last step we used the fact that

inf ||B = min ||B .
Jnf [IBmo(y)ll, = min [|Byoll,
Using again the union bound, we see that

IE”{ mln 1Byolly < 1—t1}
YyoEB

< €77 max P{|Byoll, <1—1t}.
Yo€Bo

We continue by bounding the second term on the right-hand
side of (24) to get a probability easier to evaluate. The trian-



gle inequality yields

p {sup 1BSW), > t2}
yeA

Zbupl\B (mj+1(y) —

]>Oy

mi(W)lly = t2

Then, noticing that Z]}O 27972(j+1) = 1 (see, e.g., Section
4.2.3 in [16]), we obtain

Zsup 1B (mj41(y) —

g>0y

mi(W)lly = t2

Jj+1
=P ZsupllB(ijrl( ) —m;(y ||2/22g+2 2

j}OyEA 720
J+1
< ZIP’ {sup 1B (mj+1(y) — ()l = 2j+2t2}
j>0 V€

In the last step we used the union bound. We continue by
observing that

sup [|B (mj1(y) = m W)l =  max [|B(w —2)ll,-

yeA (w,z)€C;

The cardinality of C; is bounded by 22U+1)s¢/=25. Using
once more the union bound, we have

J+1
IE”{ max ||B(w z)||2>2j+2t2}

(w,z)€C
22(j+1)s ]+1
= €'?s (wrg)aGXCjP{HB(w Z)H2 > 2j+2t2} .

In total, we proved that

]P’{mf IByll, < 1t}

<s ma,x P{HByon 1—1t1}
22(]+1)s it
+Jz>:o /25 (wI,rzl)anC]HD{B(w Z)”Q = th} .

Repeating the same procedure for sup, ¢ 4 || By
tains (23).

4> One ob-

O

C. PROOF OF THEOREM 4

In this section, we prove Theorem 4.

Lemma 3 shows that Np_s)(a) < a™* forall a < €g. As
A is a random matrix, we are thus in the setting of Lemma 14
with A = P.(S), B = A, and ¢ = ¢. Let €, By, C; with
j € N be as in Lemma 14. We will fix the value of ¢ later

on. We start by bounding the probabilities appearing in the
right-hand side (rhs) of (22).

Let § € (0,1) and take t; = € + §/2 and t3 = 6/2 in
Lemma 14. We recall that

sup |lyllo <1 and nf Jy|l, > 1—c¢,
sl < nt lyl >

(see (4) and (5)) and that By C P.(S). If § < min(2Xg, 1),
then (14) in Lemma 11 shows that

max P {||Ayo|| < 1—e—3/2} <e @m/4  (25)
Yo€Bo

We have thus a bound on the first probability appearing in
the rhs of (22). To bound the second one, we recall that
SUP(yyec, lw—2ll, < 27771, We can thus use the
bound (15) of Lemma 11. In this lemma, we take A\ = 8\
and € = §/(16A1) so that A’ = §/2 = t,. It is obvious
that A > ;. If § < ¢o then we have? € < ¢ as required in
Lemma 14. Therefore,

max P { I|A (w —
(w,z)€C;

Z)||>j+15}

2542 2
< e—clm[(j-l-l)kl_l]_ (26)

Combining (25) and (26), we arrive at

16A1\° _oons?
P £ A —ty < comé”/4
{y;g 1Al < } ( - ) e

" (32)\1) e,clm()\lfl) Z 22js e*qu)\l.
§

720

We observe that if

log(2)
Cl)\l

(2s+1), (27

m =

then Y-~ 9278 g=jeimAs
=

48 32/\1
01()\1—1)10g< 5 ), (28)

< 2. In addition, if

m 2z

then

2s
<32>\1> e*C1m()\1*1) < 6*017774(/\171)/2
5 - '

Finally, further imposing that

8s 16\
m> s log (5) 29)

yields

P £ A l—e—6
{61193)” ylly, <1—e }

< Cfc0m62/8+2Cfclm()\171)/2'

2Recall that A} > 8.



Define co = min(cg/8,¢1 (A1 — 1)/2), then
PJ inf [Ayl, <1—e—dp < 3 2m
{ 1wl <1- s
The right-hand side is less than p/2 provided that

1 6
> —1 - .
m > og (p> 30)

To conclude, we remark that there exists absolute constants
D1, Dy > 0 such that if

Dy Do 6
> — 1 — 1,1 - ,
m 52 max{s 0g< 5 ) og( >}

then (27), (28), (29), and (30) hold. Notice that the final con-
straint on d is 0 < min(1,2\g, €o).
Repeating the same procedure to bound

P sup
YyEP(S)

with u; = §/2 and ug = §/2, terminates the proof.

|Ay|ly =1 +u + uz} ;

D. PROOF OF THEOREM 6

In this section, we prove Theorem 6.

We use Lemma 14 with A = P.(S), B =R, and ¢, = ¢.
Let €/, By, C; with j € N be as in Lemma 14. We start by
bounding the probabilities appearing on the rhs of (22).

Letd € (0,1) and take t; = € + ¢, + /2 and t5 = §/2
in Lemma 14. Inequality (20) yields

max P{|Ryoll < 1 — € — ¢, — 6/2} < e—cm9"/(4u}),
Yo € Bo
(31)

where (1, is defined in (9). We have thus a bound on the first
probability appearing on the rhs of (22). To bound the second
one, we recall that sup(,, .)ec, [[w — 2], < 277 ¢/. We can
thus use the bound (21) of Lemma 11. In this lemma, we take
A =16/|p|l,, and € = d ||p||, /32 so that \e’ = 6/2 = t5.
One can check that A > 8/ ||p||, + 8. If § < €y then we have
€’ < € as required in Lemma 14. Therefore,

j416
PR (w—2))| > 222
(w2960 {” (w=2)lI2 555 2}
< e=emRGHD/ bl lplle
(32)

Gathering (31) and (32), we arrive at

9 s
P{ mf|myb<1t}< <:3) o—emd®/(4p2)
YEP:(S) 5||p||oo

64 \*
+ ( ) e—c7n(2—|\p|\oo) Z 22js B_Qij.

Then we observe that if

25+ 1), (33)

then

64 >25 —em(2—|lpll )
e~ m < p.

We used the fact that ||p|| . < 1. Finally, also imposing that

25 (s () +1s ()
—— | slog| ——— | +1log [ — 35
2 "G, ) T s)) Y

P inf A <1l—e— -6, < 3p.
{yew)” ylo <1—c—cp } )

m =

yields

To conclude, we remark that there exists absolute constants
D1, Dy > 0 such that if

2
S Do
m > D; max{ —=£,s log(>,
' {62 } 3[Ipll p

then (33), (34), and (35) hold. Notice that the final constraint
on ¢ is 6 < min(1,€p).
Repeating the same procedure for

P<  sup
YEP(S)

with u; = §/2 and ug = 0/2, terminates the proof.

IRyll, = 1 ‘H‘} )



