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Abstract

We propose and analyze a data completion algorithm based on the representation of the
solution in terms of surface integral operators to solve the Cauchy problem for the Helmholtz
or the Laplace equations. The proposed method is non iterative and intrinsically handle the
case of noisy and incompatible data. In order to cope with the ill-posedness of the problem,
our formulation is compatible with standard regularization methods associated with linear ill
posed inverse problems and leads to convergent scheme. We numerically validate our method
with different synthetic examples using a Tikhonov regularization.

1 Introduction

We are concerned with the design of robust and quick numerical algorithms that solve the ill-posed
Cauchy problem in the framework of the Helmholtz or the Laplace equations. More specifically,
we would like to determine the Cauchy data associated with a solution of the Helmholtz or the
Laplace equation in a part of the boundary of a bounded domain from the knowledge of the Cauchy
data on the complementary part. We consider the setting of a Lipschitz domain whose boundary
can be split in two parts: an exterior boundary and an interior boundary that we denote by I'y
and I's respectively. The inverse problem under concern consists in reconstructing the interior
Cauchy data on I'y by knowing the Cauchy data on the exterior boundary I's.

This problem is known to be severely ill-posed [16, 4] and only weak logarithmic conditional
stability can be obtained in general (See for instance [8, 11, 17, 20, 27, 17] and references therein).
On the numerical side, a large variety of methods has been proposed in the literature and it is hard
to give an extensive overview of them. Let us however indicate some of them in order to put into
perspective the method we shall introduce. A first class of method named quasi-reversibility relate
missing data to the boundary values of a solution to a stable fourth order problem. It was originally
proposed by Lattes and Lions in 1967 [24] and then extensively studied in [22, 7, 9, 14, 11]. This
method is not iterative. However, the numerical implementation requires solvers for a fourth order
problem, which may be computationally complex and expensive. The extension to Helmholtz type
equations has not been studied yet.

In the class of iterative methods, several approaches have been proposed for the Laplace op-
erator by either using a Kozlov [23] alternating scheme type [21, 6, 12, 5] or by minimizing an
appropriate functional [2, 1, 15]. The case of Helmholtz equation has been addressed in only a
few works [3, 25].
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In this paper, we propose a new method to solve this inverse problem. Using the boundary
integral representation of the solution along with the trace of the solution and its normal derivative
on I'1 and T', we derive a system of linear integral equation that is satisfied by the known and
unknown Cauchy data. The solution of the inverse problem can be obtained by inverting the linear
(matrix) operator that applies to the unknown Cauchy data. The main development here is the
analysis of the structure of this operator. We observe for instance that it can be decomposed into
an ill-posed component and a projection. This decomposition allows us to prove the injectivity of
this operator and characterize the closure of its range. We then show that the system naturally
handles the case of noisy and incompatible data, i.e. data that do not belong to the closure of the
range of the operator to be inverted. Indeed, in our formulation the available Cauchy data are
multiplied by an operator whose range closure is the same as for the operator to be inverted. This
makes possible the use of classical regularization techniques for noisy data, such as the Tikhonov
regularization. The main important consequence is a convergence result for the exact solution as
the noise level goes to zero.

Some numerical results are then provided showing the efficiency of the method for different
shapes of the domain, different values of the wave number and different noise levels. Note in
addition that the implemented algorithm has the advantage to be fast as it does not rely on an
iterative scheme.

Let us finally note that our approach shares similarities with the one proposed in [10] for the
Laplace problem. However, for the latter, although also numerically efficient, one cannot ensure
convergence towards the exact solution since it does not belong (in general) to the range of the
used integral representation. For other conributions on solving the Cauchy problem using the
integral representation and iterative methods, we refer the reader to [25, 18, 19].

The outline of the article is as follows. In Section 2 we present the problem and derive the linear
equation to be inverted. In Section 3 we analyze the obtained system and associated regularization.
In Section 4 we provide numerical experiments that validate the proposed approach.

2 A data completion algorithm based on integral equations

We start this section by introducing the Cauchy problem associated with the Helmholtz equation
(or the Laplace equation if the wave number is zero). Let Q3 C R™ be a bounded Lipschitz
domain with connected complement and let 25 C R™ be a Lipschitz subdomain of €2;. We shall
assume that €25 is strictly included in ;. We denote by I'; and I's respectively the boundary of
Q; and Q9 and v is the normal vector on I'; UTs directed to the exterior of 2; and 5 (see Figure
1). Let u € HY(Qq \ Q2) solution of the following Helmholtz equation:

Au+Ku=0 inQ\Q, (1)

where k denotes the wave number. Our data completion problem consists in determining (u, 9, u) T2
while knowing (f,g) := (u, 0,u)r, .

Our algorithm is based on the inversion of the surface representation of u in terms of the
boundary values (u,d,u)r, and (u, d,u)r,. More precisely, since u € H' (9 \ Q3) satisfies the
Helmholtz equation in € \ 9, then u has the following representation

u(m) = —DLF1 ('LL|1'*1) + SLFl (81,114‘1'*1) + DLF2 (U|p2) — SLF2 (&,um) (2)
for z € Q1 \ Q2 where

SErte) = [ wBais). Dive() = [ o) Z5ietas)



(f.9) = (w,d,u), \ v

Figure 1: Representation of the domain

for z € R™\ Ty, i = 1,2, with ® the Green function defined for k # 0 by
1 eik)‘.’L‘—y|

O(z,y) == ;1777 |(i— yl (3)
SO - m=2,

for  # y and H(gl) being the Hankel function of the first kind of order zero and for k = 0, ®(z,y)
is given by

1 1
—_—— m =3,
O(z,y) = ATl (4)
5 log(le—y)  m=2.
m
Considering the trace and the normal trace of w on I'; and using the trace properties of double
and single layer potentials, we obtain the following identities

fo= ~En(f)+ L4000+ DLy, (ur,) — STrsr, Qe )
g
9 = —To.(f) + Kr,(9) + 5+ TLro—r (ur,) = DLr,_r, (vupr,), (6)
where the boundary integral operators

Sp, : H-Y2(Iy) — HY2(Ty), K, : HY2(T;) — HY2(Ty)
Kf, « HTY2(Iy) — H-Y2(Ty)

)

. Tp, : HY2(Ty) — H-Y2(Ty),

are defined for regular densities ¥ and ¢ by

0= [ e nas) Keop(o) = [ o) 50 dsto)
8<I> (x y o 0 0®(z,y)
Ki ol / e i), Tropte) = tim s [ o) g st

for z € T';. The boundary integral operators for i, 7 = 1,2 and i # j
SLFi—»Fj : H_1/2(Fi) — Hl/Q(Fj), DLFi*,pj : H1/2(Fi) — Hl/z(l"j),
DLy .p, : HV2(Ty) — HV2(Ty),  TLp,_r, : H/?(T;) — H V(L))

)

are defined for regular densities ¥ and ¢ by

Srr,v(@) = [ YW@ ise),  Dlrrele) = [ o) 3 ds(0),
Ly, p (e / 0 G ds(o), Theroo) = g [ e T ast)



for z € T';. We observe that, since I'; # I';, the kernels of DLr, .r;, SLr, -r,, DLi—‘i—>Fj7 TLr, r,
are smooth and therefore these operators are compact. Equations (5) and (6) can be written in a

matrix form as
DLr,,r, —SLr,_r, U|r, B —Kr, S, f 1| f
TLF2*>F1 _DLi‘2—>I‘1 _TF1 Kf‘l g 2 g .
Using the Calderon projector Pr, : HY/2(I'y) x H=Y/2(I'y) — HY2(I'y) x H'/2(T'}) defined by
f —Kr, Sr f 1] f
= ! /1 + = , (7)
g ~Tr, Kr, [|g] 2|9

(we recall that P2 = Pr,, [26]) and the operator Tr,—r, : HY/?(I'y) x H=V/2(T'y) — HY/2(I'y) x
H~'/2(T) defined by

TFZ—'Fl [ z ] = -

we obtain the following first equation

3uu|p2

Pr

1

DLr,.r, —SLr,—r, |[ ¢
TLF2*>F1 _DL%ZHIH ] ,

:(PF1_1F1)[f (8)
g

U‘FZ

Tr, -1, [

&,u‘pg

where Ip, is the identity operator on H'/2?(I;) x H~'/2(T;), i = 1,2. Similarly, considering
the trace and the normal trace of u on I'y, we obtain a second relationship between (f,g) and
(’LL, 3uU)F2, namely

U|r.
Ur, = _DLF1HF2 (f) + SLFl*Tz (g) + KFz (u|F2) + ‘22 - SFz (al’u\Fz)
l ’ al/u\l_‘g
aVu\Fz = —TLp,—r, (f) + DLFIHFZ (g) +1r, (u\Fz) - KF2 (81,’11,‘{*2) + T
Therefore, we also have
ur f
Pr, | =Tr,or, : (9)

BVU|F2 g

with Pr, and 7T, _r, defined similarly to Pr, and Tr,_r,. By grouping (8) and (9) we end up
with the following system
wry, | Pro= o) 10)
GZ,U‘Fz

Tr,—r, g
In order to simplify the notation, we introduce A : HY?(Ty) x H-Y?(I'y) — HY?(I'}) x
H=Y2(T'y) x HY?(Ty) x H=1/2(T'y) defined as

TF2 —I'
Pr,

A ¥ ‘| _ TFQ**IH l ¥ ] (11)
Y Pr, G
and B : HY/?(T) x H-Y?(Ty) — HY?(Ty) x H-Y2('y) x H'/?(T'y) x H=Y/%(T3) defined as
Pr. —
P Tr,—r, (0




Then our inverse problem can be simply written as seeking for (p,1) € HY/?(T'y) x H=/2(T;)

satisfying
v / ] . (13)

(4

The ill-posedness of this problem can be seen in the compactness of the operator T, ., (all of
its components are integral operators with smooth kernels). In order to apply a regularization
strategy we should first investigate the injectivity of A and its adjoint A*. As we shall see, this
property fails for the adjoint but is replaced with Range(A) = Range(B). The latter also ensures
that the right hand side of (13) is always in the closure of the range of A for noisy data.

A =B

g

Remark 1. Let us notice that conceptually our method can be extended to the case where I'y and
T’y are parts of the same boundary. However, the functional space setting has to modified to ensure
proper continuity properties at the surface boundaries (see for instance [26] for trace spaces on
open surfaces).

Remark 2. The method (as any boundary integral method) is not suited for inhomogeneous me-
dia. However, it can handle the case of piecewise constant backgrounds with known interfaces by
incorporating the interfaces as parts of I'a. Another alternative would be to (numerically) compute
the Green function of the background, but this would be very costly.

3 Analysis of operators A and B

We first need to characterize the range and the kernel of T, r;,i # j. To simplify the notation
we introduce the following spaces (i = 1,2):

H() = {ueH'(Q), Au+ku=0 in Q}
HQ) = {ueHLR™\Q), Au+ku=0 in R™\Q; and u satisfies the R.C.}

where R.C. refers to the Sommerfeld radiation condition which is defined for k£ # 0 as follows

lim 777 (dpu — iku) =0, (14)

r=|z|—+oc0

uniformly in all directions & = ﬁ In the Laplace case, i.e. k=0, the R.C. simply refers here to
u(zx) vanishing at |z| = co. The following classical notation will be used

”\jlt“,; (z) := lim v(z+hv) and 8yv‘j151 () := lim v-Vo(zthv) for zely;

h—0+ h—0+
[V]|p, = va:i — v, and [O,]r, = Vvﬁli — O,
Lemma 3. The following identities hold.
a) Ker(Tr,—r,) = {(u,0,u)r,; ue H(Qs)} = Ker(Pr, — Ir,).
b) Ker(Tr,_r,) = {(u,@uu)‘pl; u e 7:((91)} = Ker(Py,).

Proof. We start by proving a). Let (p,v) € H'/?(I'y) x H=/?(Ty) such that Tr, .1, (p,%) = 0.
We denote by v the solution of the Helmholtz (or Laplace) equation in R™ \ T's given by:

V= _Der (Lﬂ) + SLFQ ('(/}>7 in R™ \ F?- (15)

Knowing that Tr,_r, (p,%) = 0, it is clear that (v,d,v) vanishes on I';. Using the unique con-
tinuation principle for radiating solutions, we get that v = 0 in R™ \ Q. Consequently, we
obtain

(v*,8,v%)r, = (0,0) on I's.



Since [v];r, = —p and [0, v]p, = —v, we get (¢,9) = (v, 0,07 )p,. This proves that Ker(Tr, .r,) C
{(u,&,u)|p2; u € ’H(Qg)}. B

For the reverse inclusion, consider (p,v¢) = (u,d,u)p, where u € H(Q2). For z € R™ \ Qs we
have, using the Green formula in €,

mmm@uwmaw—/'wmm¢@wmdw=a

Fz FZ

Therefore, the function v be defined by (15) satisfies v = 0 in R™ \ Q2. Hence
(v,@,,v)|p1 = O and TF2*>F1 (90) ZZJ) = (070)

Consequently Ker(Tr,—r,) = {(u, ,u)r,; u € H(Q2)} .

We now prove the second equality in a), i.e. Ker(Tr,—r,) = Ker(Pr, — Ir,). In fact we proved in
the first part that if (o, 1) € Ker(Tr,_r,) then (¢,v¢) = (v,0,v)r, where v satisfies the Helmholtz
equation inside €25 and can be represented as

v=—DLr,(vr,) + SLr,(0,vr,) in Q.

Using the trace and the normal derivative trace of v on I'y we obtain

’U‘F

Ur, = 7KF2 (U|F2) + 72 + SFz (avvlfz)a
auv Ty
aV’U|1—‘2 = _TF2 (U|F2) + K{‘Q (al/v\l—‘z) + Tlv

which proves that (v, d,v)|r, € Ker(Pr, —Ir,). On the other hand let (¢,v) € Ker(Pr, —Ir,) and
let the function v defined by (15).Using again trace formulas for double and single layer potentials,

we obtain .
Yr, P 0
= (Pr, — [ = .
( auv$2 ( > Fz) 0 0

Therefore the function v replaced by 0 in Qy is locally H' and is solution to the Helmholtz
equation in R™. Unique continuation principle implies that v is zero outside 25, which proves
that (v, d,v)p, is also zero. Consequently (¢,%) € Ker(Tr,r,).

The proof of b) uses similar arguments as the proof of a) and is based on considering v defined by
(15) where TI'y is replaced with T'y, namely

v = —Z)LF1 (30) + SLFl (w), n Rm \ Fl (16)

for (¢,v) € HY?(Ty) x H-Y/2(Ty). Assume that Tr, .r,(p,%) = 0. Then (v,d,v) vanishes on
T'5. Using the unique continuation principle for solutions of the Helmholtz equation inside €, we
get v = 0 in ;. Consequently, we obtain

(v7",0,v7 )r, = (0,0) onT}y.

Since [v]jr, = —¢ and [, v]r, = —1, we get (p,¥) = —(v",0,v")r,. This proves that
Ker(Tr, _.r,) C {(u,ayu)m; ue 7%(91)}.

For the reverse inclusion, consider (¢,v) = (u,d,u)r, where u € H(Q1). For z € Qy, using the
fact that u satisfies the radiation condition we get

@M@@@wﬂdw—/’wwm¢@wmdw=a

Fl Fl

Therefore, the function v defined by (16) satisfies v =0 in ;. Hence

(U76VU)|F2 =0 and TFI—’F2 (@a ¢) = (070)



Consequently Ker(Tr, r,) = {(u, du)r,; u € 7—2(91)}

We now prove the second equality in b), i.e. Ker(Tt,_r,) = KerPr,. The first part of the proof
of assertion b) shows that if (¢,v) € Ker(Tr,—r,) then (¢,v) = —(v,d,v)r, where v satisfies the
Helmholtz equation outside 2; and can be represented as

v = DLF2 (’U|p1) — SLFl (8,,1}“‘1) in Rm \Qil

Using the trace and the normal derivative trace of v on I';y we obtain

Ur
ur, = Kr,(vr,)+ % —Sr, (uur, ),
81/UF
(‘3,,11‘13 = TFl (’U‘Fl) - Kll—‘l (8VU|F1) + %7

which proves that (v,d,v)r, € Ker(Pr,). On the other hand let (¢,%) € Ker(Pr,) and let the
function v defined by (16).Using again trace formulas for double and single layer potentials, we

obtain
( ’U|I 1 ) ) ( 1;Z) ) ( 0 ) .
8 U\Fl © 0

Therefore the function v replaced by 0 outside € is a H! solution to the Helmholtz equation in
R™. Unique continuation principle implies that v is zero inside €2, which proves that (v,d,v)r,
is also zero. Consequently (¢, 1) € Ker(Tr, —r,)- O

We now characterize the range of the operators Tr,_r, and Tr, _.r,. This is consequence of the
previous lemma using a duality argument. Let us define a duality pairing (,); between H/2(T;) x
H~Y2(T;) and its dual H=/2(I';) x H'/?(T;) such that

(2 ), (9,0, 1= / gl ds / v ds

for regular functions (¢,) and (¢’,1)"). Then for (@a,109) € HY?(Ty) x H=Y/?(Ty) and (1,v1) €
HY?(Ty) x H-Y2(Ty),

<TF2HF1 (9027 1/}2 wl, (,01
3‘1) (z, y
/Fl /F2 2 (y) 1 () — /F1 /F2 O (2, y) ot (z)

/F iy e+ [ [ ),

where the integrals should be understood as duality products. Observing the symmetry between
the indexes 1 and 2 in this identity we conclude

<TF2*>F1 (9027 1122), ("/}17 @1))1 = <TF1*>F2 (9017 1/)1), (¢27 902)>2 . (17)
Similarly, for (p,v) € H'/2(T;) x H~Y2(I;) and (¢,¢) € HY/2(T;) x HY2(I;)
- ~ 1 - ~
(Prlo0).G9), = [ ~Kripi+ 500+ Sr,0do
) r;
1
- [ oot Kibp+ o

We deduce that

(o 0),(8,9)). = {(Pr, = Ie)(@9), (0,9)) =1, (18)

These duality identities allows us to deduce the following corollary.



Corollary 4. The following identities hold.

Range(Tr,—r,) = Range(Pr, — Ir,) = Ker(Pr,),
Range(Tr, —r,) = Range(Pr,) = Ker(Pr, — Ir,).

Proof. Identity (17) shows that
Range(Trzﬂrl) = (Ker(TrlHF2>)L and Range(TIHHFz) = (Ker(Tf‘zHl—H))L
where the orthogonality is with respect to the duality products (.,.), defined. We also have using

(18)
Ker(PFLi) = Range(Pr, — Ir,) = Ker(Fr,).

The announced identities are then be deduced as direct consequences of those in Lemma 3. O

We are now in position to state the main result. We define
X(Ty) := HY2(T;) x H-Y2(T;)
and the subspace of X (I';) x X (')
Y(T'y x T'y) := Ker(Pr,) x Ker(Pp, — Ir, ).

Theorem 5. The operator A : X(I's) — Y(T'y x I's) defined by expression (11) is one to one and
has a dense range. Moreover Range(A) = Range(B) where B is defined by (12).

Proof. We start by proving the injectivity of the operator A. Since Pr, is a projector then
forall we X(Ig), u=wu+us
with u; € Ker(Pr,) and us € Range(Pr,). Assume that A(u) = 0. Then
Tr,—r,(u) =0 and Pr,(u) =0.

Since Range(Pr,) = Ker(Pr, — Ir, ), we get from Lemma 3 that uy € Ker(Tr,_r, ). Consequently
Tr,—r, (u1) = 0 and therefore u; € Range(Pr,). This implies u; = 0.

On the other hand, A(u) = 0 also implies Pr,(u) = 0 and therefore Pr,(us) = 0. This proves that
uz = 0 since we already have uz € Range(Pr,). The injectivity of A is then proved.

For the characterization of the range of the operator A we use Corollary 4 in which we have proved
that Range(Tr,_r,) = Ker(Pr, ). Consequently

Range(A) = Ker(Pr,) x Range(Pr,) = Ker(Pr,) x Ker(Pr, — Ir,)
Using Corollary 4 we also deduce that
Range(B) = Ker(Pr,) x Range(Tr, r,) = Ker(Pr,) x Ker(Pr, — Ir,) = Range(A).
O

A straightforward consequence of this result is that any regular regularization strategy can be
applied to equation 13 in the case of noisy data. We hereafter state the result for the case of
Tikhonov regularization.



Corollary 6. Let (f,g) € X(I'1) and (ur,,dyur,) € X(I's) such that

(i) -0()
and let (f°,9%) € X(T1) such that

IG5 ) -9, =2
9 9 Mixey

Consider the Tikhonov solution (u®,8,u’) satisfying

(a(8)Ir, + A" A) ( aﬁié ) = A*B( gi ) (20)

where «(9) is determined (for sufficiently small §) using the Morozov discrepancy principle, i.e
a(9) is the unique solution of
= 0| Bl x(ry)—v(ri xT2)- (21)

5 5
(o ) -2 ()
v Y (T'1 xT'2)

u5
H( 3,,u6 ) ( ou )HX(FZ) — 0 as 6 — 0. (22)

Proof. The proof of this Corollary can be deduced directly from Theorem 5 using the Tikhonov
regularization theory and the Morozov discrepancy principle (See for instance [13, Theorem 4.16))
O

In the previous corollary, one assumes that fo € H'/?2 (T'1). A more reasonable assumption
would be that the noisy data is only in L?(I';). In that case a regularization of the data is
needed. We hereafter explain a possible method based again on Tikhonov regularization (any
other standard method can be indeed used). Let {e,, € L?(T'1),n = 1,2...} denote an orthonormal
basis of L?(I';) formed by the eigenvectors of the Laplace-Beltrami operator on I'y and denote by
o, the eigenvalue associated with e,. For f € H*(I'1) we recall that an equivalent definition of
the H*(I'1) norm is

oo

||f||?qs(rl) = Z(l +012)%|(fren) L2 P

=1

Set A, :=1/ 140y % and set for h € L2(I'y)

Rﬁh - Z \/W h eYL L2 Fl)en

The operator Rg is nothing but the Tikhonov regularized inverse of the compact injection H 2(1)) —
L?(T). In particular, one easily verifies that for f € H'/?(I';)

[Raf — f||H1/2(p1) —0as 8 —0
and if f € Hl(l"l) then
1Rsf = fllmeey < VBIf sy
Morover, for h € L?(I'y)

| Rshl g12(py) < \thHm(rl)

NeJ



It is then obvious that if 3(6) is such that 3(5) — 0 and 62/3(8) — 0 as § — 0, then for f° € L?(T';)
such that
12 = flla,) <6

one has Rsf® € HY/?(T;) and
IRsf° = fllzirzryy < 6/v/B(6) + | Ra)f — fllarzm,y — 0 as § — 0.
If f € HY(T';) and (3(8) = 6 then one has the more explicit estimate
1Rs.f* = Flliiraqryy < VOO + [ fllar ).

One then can state the straightforward following convergence result for L? noisy data.

Corollary 7. Let (f,g) € X(I'1) and (ur,, Oyur,) € X(I'a) such that (19) is satisfied and further
assume that f € H*(Ty). Let (f°,g°) € X(I'y) such that

(5 )-(3)
g’ g

and consider the Tikhonov solution (u®,d,u’) of (20) where f° is replaced with Rsf® and o(9)
is determined (for sufficiently small 6) using the Morozov discrepancy principle, i.e a(d) is the

unique solution of (21) with & in the right hand side replaced by V§(1 + || f| zr1(ry)) and again f°
is replaced with Rsf°. Then

e )= (o)l
— —0 as 0 — 0. (23)
H( Dy’ du X(T2)

4 Numerical validation

<9d
L2(T'y)x L2(T'y)

The numerical experiments are conducted in a 2D setting of the problem. We recall that our
algorithm is based on solving equation (20). We assume that T'; is parametrized as

i = {(2i(0),:(0)); 0 € [0, 27]}

with regular functions x; and y;, i« = 1,2. Then matrix approximations Ay, € C*M*2M and
By € CHMX2M of the operators A and B are constructed using M equally distant points 6y,
¢=1,... M with a step = 2r/M. We employ a collocation method and a Nystrém method (with
weighted trigonometric interpolation) (see [13]) to approximate the singular parts of the potentials
while a trapezoidal rule is used to approximate the nonsingular component of these operators.
For a given (noisy) discrete data F; € C* on the exterior boundary I'; (that reflect pointwise
values of (f,g) at (z1(6¢),y1(0¢))), we construct an approximation of the unknown Cauchy data
F5 ~ (u,0yu)|r, using the following expression

2M
g
R =Y - +’“U£ (ByFy t)pe(0),  1<e<2M (24)
k=1

where {0y, Dr, tk }1<k<om are the 2M first components of the singular value decomposition of Ay,
that satisfy Aypr = ortr, with o > 0, pp € C*M and t, € C*™ and « is the regularization
parameter chosen by the Morozov discrepancy principle by solving (21). In the numerical examples
below we simply used (obvious) piecewise linear interpolation of data corrupted with random noise
(without regularization) which already give a H'(I';) function.

In order to construct a synthetic data that does not coincide with Helmholtz (or Laplace) solutions
in all of ©; we consider an inclusion £y (with boundary T'g) strictly included in Q2 and construct
the data from solutions to the Helmholtz (or Laplace) equation in 1 \ Q¢ with Neumann boundary

10



conditions on I'y and a prescribed Dirichlet data on I'y. A numerical solution is obtained using
a boundary integral equation formulation of the problem approximated with a Nystrém method
(and weighted trigonometric interpolation quadratures on an equidistant mesh, as explained in
[13, Chapter 3]).

In the first test, we consider as prescribed Dirichlet data 22 r
on I'y, f(x) = ®(x,x) where xq is a point source fixed in Ll i
the exterior of €2;. The parametrization of I'y, I's and T’y '17 |
are given by 05 ]
Iy = {(12cos(f), 15sin(d)+0.05sin(30)} | ]

Iy, = {(0.8cos(), sin(h)+ 0.1sin(36))} ol i

Iy = {(0.5cos(f)+0.1cos(26), 0.5sin(9))} 15 1

o 1

The point source is at (5,5). 2y T

L L L
-25 -2 -15 -1 -05 O 0.5 1 15 2 25

Figure 2: Sketch of the geometry for the first example.

The series of Figures 3 - 4 - 5 show the obtained reconstructions for different values of the
wave number k = 0,2,4. We observe that a good accuracy is achieved for noise-free and noisy
data. The accuracy-dependence on the frequency (corresponding with a not too small wavelength)
seems to be robust.

reconstruction of u on ry reconstruction of 9, uon T,
-0. ; ; ; ‘ 0.05——— : ‘ ; -
exact X exact *~t
0 - 0%noise & / - 0% noise
_0 148 . = 0.04 . {]
0.12- x - 1% noise 7 * * -+ 1% noise
N 5% noise 5%noise
0.03f i
-0.14- q
0.02 b
-0.16- B
0.011 b
-0.18 B
ol i
—0.2 i
-0.01- B
-0 1 -0.0z .
_0 2 L L L L L L _O 0
0 10 20 30 40 50 60 70 0 70

Figure 3: Reconstruction of u (left) and d,u (right) for the test problem described in Figure 2 and
for a wave number k = 0.
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The modulus of uonT,

The modulus of g, uonT,

0.016 — : : 0.014 : : : : : :
o+
A B g:;act. exact
R 6 noise i
@ B+ 0% noise
0.014F i t 8 I
O 1% noise | 0.012 " @ © - 1% noise
*+ 5% noise o) 5% noise
0.012
0.01
0.01
[ 0.008
3 {1
0.008
0.006
0.006
0.004
0.004
0.002 _| 0.002
0 0
70 0 10 20 30 40 50 60

70

Figure 4: Reconstruction of the modulus of u (left) and the modulus of d,u (right) for the test
problem described in Figure 2 and a wave number k = 2.

The modulus of g, uonT,

_ Th | f r
5x103 e modulus of uonT,
o exact 0.05
a5l Q0 B 0% noise
O 1% noise| 0-045]
[ * 0 i
4 5% noise 0.04 o

0.035 !
0.03[¢
0.025
0.02
0.015

0.01

exact *
0% noise | A&
1% noise

[m]
o
+

5% noise

Figure 5: Reconstruction of the modulus ofu (left) and d,u (right) for the test problem described
in Figure 2 and a wave number k£ = 4.

In the second test (see Figures 7-8) we consider the same :
prescribed Dirichlet data on I'y as before, i.e.
O(z,

and
Iy

[y
Ty

25

15

flx) =
xo) but change the source location into xy = (6,0) 1
change the parametrization of I'y, 'y and I’y into 05

0

{(1.5cos(f) + 0.2 cos(26), 2sin(f) + 0.2sin(26)) }-o4
{(0.8¢cos()), 0.4sin(d)) + 0.5sin(26)))
{(0.4cos(0)) + 0.1cos(20)), 0.6sin(h)))

-1

2.5

-1.5

2

-25

-2

-15

-1

-0.5

Figure 6: Sketch of the geometry for the second example.
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reconstruction ofuon T,

reconstruction of §, uonT,

-0.25
exact 0.02 . ‘ ‘ ‘ ‘ exact
B 0%noise g £ 0% noise
f 1% noise 71 0.015F x - 1% noise 7
5% noise ©  5%noise
-0.27 1 oo1h J
-0.28 7 0.005f ]
-0.29 7 or )
-0.3 - -0.005 1
-0.31 1 -0.01 1
_03 L L L L L L _001 L L L L L L
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60

70

Figure 7: Reconstruction of u (left) and d,u (right) for the test problem described in Figure 6 and

a wave number £k =0

The modulus ofuonT,

The modulus of g, uonT,

0.2 h 0.14
N exact exact
0.18F 0 0% noise 0P 0 0% noise
O 1% noise O 1% noise
0.16 5% noise | J b 5% noise
0.141 N
0.12f 1
o1} 1
0.081 N
0.06} 1
0.04} 1
0.021 N
0 1 1 1 1
0 10 30 40 50 60 70
Figure 8: Reconstruction of the norm of the trace of u (at left) and the norm of the trace of d,u

(at right) for the test problem described in Figure 6 on T's for k = 2

25
In the third test (see Figures 10-11) we consider the same
setting of the second test except that the exterior boundary 1s
T’y is slightly moved far from I'y. 1
The parametrization of I'y, 'y and I'y are given by 05
0

Iy {(2cos(#) 4+ 0.2 cos(26), 2.5sin(f) + 0.2sin(26)) }-os
I'y; = {(0.8cos(f), 0.4sin(f)+ 0.5sin(26)} o
Ty {(0.4cos(6) +0.1cos(26), 0.6sin(6))} _1_2
-2.5 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
-25 -2 -15 -1 -05 0 0.5 1 15 2 25

Figure 9: Sketch of the geometry for the third example.
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reconstruction of uon T,

reconstruction of 9, uonT,

025 ‘
0.02 ‘ ‘ ‘ ‘
exact exact
\ = 0%noise 5 O 0% noise
-0.26 3 ¥ 1%noise | 1 0.015F x - 10 noise 4
5% noise | 50%noise
-0.21 1 0.01F g
-0.28 1 0.005} 1
-0.29 g ol ]
0.3 b -0.005 R
-0.31 g -0.01 g
03 . . . . . . 001 ‘ ‘ ‘ ‘ ‘ s
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
Figure 10: Reconstruction of u (left) and d,u (right) for the test problem described in Figure 9
and a wave number k =0
1072 The modulus ofuonT, The modulus of 3, uon T,
9 0.012 ; .
exact
st ggzg £} 0% noise | exact
O 1% noise | * H - 0%noise | |
N+ ) : 0.01[0 o 1% noi d
+ 5% noise X o) bnoise | .©
3 g * 5% noise | O

0.008

0.006

0.004

0.002

Figure 11: Reconstruction of the modulus of u (left) and d,u (right) for the test problem described

in Figure 9 and a wave number k = 2
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The series of Figures 7-8 and Figures 10-11 show that we have a good reconstruction achieved
for different levels of noise and for different shapes of the domains. These figures show also the
stability of the proposed algorithm since even by moving the exterior boundary I'y far from I'; the
reconstruction is not very sensitive to the distance between the boundary of the given data and
the boundary where data is reconstructed. In the follwing Figures 12-14 we consider the same
setting as in the third test but we have changed the Dirichlet boundary conditions by imposing
f(z) = e*¥® with d = (0,1). We obtain even better reconstructions for this type data.

reconstruction of u on r, reconstruction of g,uonf,

exact
- 0% noise
* -+ 1% noise
5%noise

exact

[} 0%noise
x - 1% noise
5% noise

0.21

0.1

-0.1
-0.2
-0.3
-0.2 L L L L L L -0.4 > . . . - .
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70

Figure 12: Reconstruction of u (left) and d,u (right) for the test problem described in Figure 9,
a wave number k = 0 and f(z) = *% with d = (0,1).

X107 The modulus of u on r, The modulus of o uonT,

9 3 T
exact exact
gl 0 0% noise i B 0% noise
O 1% noise | & 25k . O - 1% noise 2 |

7 5% noise i P 5% noise
6 { 1
5
4 $
3 f
2 D
l £
O 1 1 1 1 1 1

0 10 20 30 40 50 50

Figure 13: Reconstruction of the modulus of u (left) and d,u (right) for the test problem described
in Figure 9, a wave number k = 2 and f(z) = €*%® with d = (0,1).
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The modulus of o, uonT, The modulus of uon T,

25

20

15¢

101

exact

1 0% noise
O 1% noise | Q
5% noise 1 25F

exact

[} 0% noise
© - 1% noise
5% noise

Figure 14: Reconstruction of the modulus of w (left) and d,u (right) for the test problem described
in Figure 9, a wave number k = 4 and f(z) = e**% with d = (0,1).

We now give an example of a smooth geometry where the exact solution of the Helmholtz or the

Laplace equation can be analytically computed. In fact, in this test we compare the reconstructed
solution with an exact solution that is known. Moroever, in the case of the Helmholz equation we
compare the real and the imaginary parts of the trace of v and d,u to show that our algorithm
is also efficient to reconstruct both the modulus and the phase. Note that the conclusion also
holds for previous examples where we have opted to show only the modulus for the purpose of
simplifying the presentation and to provide more examples.

In the fourth test (see Figures 16-18) we will consider a
smooth geometry with two boundary I'; and I'p defined |
by:

Iy
Iy

— {(cos(@), 1.5Sin(9))}
= {(0.5co8(d), 0.75sin(6))}

151

1F

ok

-0.5-

-1

1.9

-15 -1 -0.5

Figure 15: Sketch of the geometry for the fourth example.
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reconstruction of uon T, reconstruction of g, uonT,

0.25 . . . . 0.8 . . . .
exact exact
0.2 0 0%noise i 0.6l 0 0% no?se |
x -+ 1% noise x - 1% noise
5% noise 5%noise

0.15

0.4

0.1
0.2

0.05

-0.05

-0.1

-0.15

-0.

0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70

Figure 16: Reconstruction of u (left) and d,u (right) for the test problem described in Figure 15,
a wave number k = 0 and u(z,y) = zy.

reconstruction of the imaginary part of u on r,

15 T T
exact

- 0% noise
O -+ 1% noise
+ - 5% noise

reconstruction of the real part of u on I'2

exact
- 0% noise
O - 1% noise

* 5% noise
-1, L L L L 1 L L L L L L
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70

Figure 17: Reconstruction of the real part (left) and the imaginary part (right) of u for the test
problem described in Figure 15, a wave number k = 4 and f(z) = e with d = (v/2/2,1/2/2).
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reconstruction of the imaginary part of g uonT,

4 T T
exact
B 0% noise | |
© - 1% noise
5% noise

reconstruction of the real part of av uon I’2

exact

0 £ 0% noise
© - 1% noise

5% noise
_O L L L L L Al 1 1 1 1 1 1

"0 10 20 20 30 40 50 60

Figure 18: Reconstruction of the real part (left) and the imaginary part (right) of d,u for the test
problem described in Figure 15, a wave number k = 4 and f(z) = e with d = (v/2/2,v/2/2).

We end this paper with a test where we keep the same setting of the geometry as in the last
test and we suppose that we have a solution of the Helmholtz equation satisfying the Neumann
boundary condition on I'y and a Dirichlet boundary condition on I'y with f = ®(.,z) where
To = 6 + 5i.

4 reconstruction of & uon T
x 10 v 2

70

0.35

0.345

0.34

0.335

0.33

0.325

0.32

0.315

0.31158

reconstruction ofuon T,

]

exact
0%noise

1 T T T

exact

- 0% noise
* -+ 1% noise
5%noise

0.305 X+ 1% noise
5% noise
0.3 . . . . _4 L L L L L L
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60

Figure 19: Reconstruction of u (left) and d,u (right) for the test problem described in Figure 15
and a wave number k = 0
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