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Abstract

A previous algorithm was computing the Delaunay triangulation of the flat torus, by using a
9-sheeted covering space [5]. We propose a modification of the algorithm using only a 8-sheeted
covering space, which allows to work with 8 periodic copies of the input points instead of 9. The
main interest of our contribution is not only this result, but most of all the method itself: this new
construction of covering spaces generalizes to Delaunay triangulations of surfaces of higher genus.

1 Introduction

The Delaunay triangulation is a widely used structure in Computational Geometry. Delaunay triangu-
lations of the flat torus [13] are used in different domains of science, like astronomy [10, 11, 14]. More
references can be found in [5, 6, 3].

The Delaunay triangulation of points on a 2D flat torus was previously obtained from a triangulation
of the convex hull of nine periodic copies of the points in the plane E?, laid in a 3x3 pattern [9, 8]. A
more recent algorithm directly computes the Delaunay triangulation in a flat torus [5, 4], thus providing
all adjacency relations between triangles. The algorithm is incremental, it resorts to a 9-sheeted covering
space of the torus, and switches to computing in the initial torus as soon as possible.

After recalling some background on orbit spaces in Section 2, we propose in Section 3 a construction
of a family of 2* sheeted-covering spaces of the flat torus, k& > 0. In Section 4 we show that the Delaunay
triangulation of any finite set of n > 1 points in the 8-sheeted covering space of this family is well
defined, we give conditions ensuring that the Delaunay triangulation can be defined in the 2- and 4-
sheeted covering spaces of the family, and we propose a modified incremental algorithm computing with
covering spaces of no more than eight sheets. Section 5 finally gives hints about the extension of the
construction to surfaces of higher genus.

2 Background

The flat torus. The unit sphere S' can be mapped into E? by the map ¢ : E — E2, defined by
c(s) = (cos s,sin s). Similarly, the torus T2, being homeomorphic to the Cartesian product S* x S1, can
be mapped into E* by the map (s,t) — (cos s,sin s, cost,sint). The corestriction of this map to its image
yields a map 7 : E2 — T?2. Since this torus, endowed with the ambient metric of E*, has zero Gaussian
curvature, it is called the flat torus (as opposed to the ’standard’ torus of revolution in E3, which has
regions of positive and negative Gaussian curvature). The periodicity of the maps ¢ and 7 corresponds
to an action of the groups Z and Z?2, respectively. Such group actions are crucial in our approach, so we
first provide the necessary background.

Covering Spaces. In this paper, all topological spaces are assumed to be connected. A covering map is
a continuous surjective map p : Y — X from a topological space Y to a topological space X, such that each
point z € X is evenly covered, i.e., there is a an open neighborhood V of & such that p=1(V) is the disjoint
union of a family {U,} of open subsets of Y such that p|y, is a homeomorphism for each . One of our
key examples is the map 7 : E> — T? introduced in the previous paragraph. If a point in X has a finite
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number k of pre-images under the covering map p, then the connectedness of X implies that each point of
X has k pre-images. In this case Y is called a k-sheeted cover of X. Taking X = T? and Y = T?, the map
o :Y — X, mapping the point (coss,sins,cost,sint) € Y to the point (cos 3s,sin 3s, cos 3t,sin 3t) € X,
is an example of a nine-sheeted covering map of the torus (by another torus). If, moreover, Y is simply
connected, i.e., if every closed curve in Y can be contracted to a point, then Y is called the universal
cover of X. It covers all (connected) covers of X in the sense that for every covering map o : M — X
there is a map f : Y — M such that m = o o f. In our earlier example of the nine-sheeted covering map
o : T? — T? the map f : E? — T? is given by f(s,t) = (cos &s,sin s, cos 5, sin £t).

Group Actions and Orbit Spaces. If u and v are orthogonal vectors in E? of equal length, then the
map Z? x E? — E2, given by (m,n) * p — p + mu + nv, defines an action of the group Z? on E2. In
general, an action of a group G on a topological space X is a map G x X — X : (g, z) — ¢ *  such that
(i) for g € G, the map X — X : z — g * z, is a homeomorphism on X;

(ii) the identity element e € G corresponds to the identity on X, i.e., e x x = x, for z € X;

(iii) (hg) *x = hx*(g*x), for g,h € G and x € X.

Each element g € G correponds to a homeomorphism x — g+*x, and this correspondence is an isomorphism
according to (ii) and (iii). In our case, (m,n) € Z? corresponds to the translation a”b", where a, and
b, are the translations over u and v, respectively.

The orbit of a point € X under the action of a group G is the set Gz = {g x| g € G}. Properties
(i) and (iii) imply that the orbits form a partition of X. In other words, the group action induces an
equivalence relation on X, given by x ~ y if = g x y for some g € G. The orbit space X/G is the set of
all orbits of X under the action of G. A fundamental region is a subset of X which contains at least one
point of each G-orbit with at most one point of each orbit in its interior.

The orbit space of the ZZ-action introduced at the beginning of this paragraph is the torus. Each
orbit forms a lattice in E2. The minimal distance by which G = Z2 moves a point of E? is §(G) =

||w||=||v]|, where ||-|| denotes the Euclidean norm. Any closed square of edge length §(G) whose
edges are parallel to v and v is a fundamental domain of G. For a point p € EZ2, the half-open square
D(p) = {p+tuu+tyv | tu,t, € [-%,3)} contains exactly one representative of each element of T?. We

call D(O) the original domain, where O denotes the origin.

Group Actions and Covering Spaces. In all our examples, the group actions have the property
that each € X has a neighborhood in which each point belongs to a different G-orbit. (Technically,
this follows from the fact that the action is discontinuous and fized point free; See [12] for details.) If,
moreover, X is a metric space with metric d, as in our examples, then the orbit space M := X/G can also
be endowed with a metric dy given by dy(Gz,Gy) = min{d(z’,y’) | 2’ € Gz, y" € Gy}. The orbit space
is locally isometric to the space X. In this case, the quotient map ¢ : X — X/G is a covering map, which
is a local isometry. In particular, if X = E2, as in our examples, orbit spaces are flat.

A normal subgroup H of G has index k if it has k distinct right cosets in G, i.e., there are k elements
e =g1,92,--.,9gk of G such that G is the disjoint union of g1H, goH, . .., gxH. The H-action on X induced
by the G-action gives rise to an orbit space X/H. This space is a k-sheeted cover of the orbit space X/G,
since the natural map p : X/H — X/G : Hax — Gz is k-to-1. Indeed, each G-orbit is partitioned into k
orbits of H: Gz = gy Hx U goHx U--- U gy Hx. This is the key construction of covering spaces with finite
covering degree.

3 Some finitely-sheeted covering spaces of the flat torus

Let a,b denote translations of the same length along the z- and y-axis in E2, respectively. We denote as
Gy the group < a,b > generated by a and b. Since G is Abelian, any x € G; can be uniquely written as
x = a®b®, where o, 3 € Z. The length A\ (x) of 2 can thus be defined as the sum |a| + |3|. We are going
to study some covering spaces of the flat torus T? := E2?/G;. The original domain of G; is denoted by
D;. The edge length of D; is denoted by I = §(G1) =||al|=|Jb].

In the sequel, the inverse 27! of an element z of G; will alternatively be denoted by Z.
All subgroups are normal, since G; is Abelian. Let us consider the subgroup Gs consisting of elements

of G of even length. It is easy to see that Gy = (@b, ab) .

Lemma 1 G, is a subgroup of index 2 in Gy .



Proof. Let ¢ : Gy — Zs be the group homomorphism defined by ¢(x) = A\ (z) mod 2. The subgroup
Gs is the kernel of . According to the First Isomorphism Theorem (see, e.g., [1]) ker ¢ is a normal
subgroup of Gy, and G/ ker ¢ = ¢(G). Therefore, Gy /Go = Zs. O

In an inductive way, for k > 1, if Gor—1 is a subgroup of index 2¢=1 of G; generated by two elements,
ie.,
Gor—1 = (g, h), g,h € G1, we construct the subgroup Gor of Gor—1 as follows: Gor = (gh, gh) . The proof
of the following lemma is similar to that of Lemma 1.

Lemma 2 For any k > 0, Gor is a subgroup of index 2F in G .

By construction, for any k& > 0, the generators of Gox are two translations whose vectors are orthogonal
k
and of equal length §(Gox) = /2 [. Following Section 2, the orbits of Gy« are isomorphic to Z2 and the
original domain Dyr of Gor is a half-open square of edge length §(Gor) (See Figure 1). For simplicity, =
both denotes an element = of G; and the image 2O of the origin O by .

Figure 1: The original domains D; and Dy of G; and G, respectively.

For any k > 0, ']I‘gk, = E? /G, is a flat torus, with the corresponding projection map mqr : E2 — Tgk.
']I‘gk is a covering space of T? together with the covering map py := m; o w;}. Since the index of Gyr in
Gy is 2%, we get the following result:

Proposition 3 For any k > 0, Tgk is a 2F-sheeted covering space of T2.

4 Delaunay triangulations via 2*-sheeted covering spaces, k > 0

As in [5, 6], we stick to the definition of a triangulation of a topological space Y as a geometric simplicial
complex K such that K = U,¢ ko is homeomorphic to Y. A triangulation defined by a point set P is a
triangulation whose set of vertices is identical to P.

The Delaunay triangulation of a point set S in E? is a triangulation of the convex hull of S such that
the circumscribing disk of any triangle does not contain any point of P in its interior. It can be defined
uniquely even in denegerate cases [7].

We use the following definition of a Delaunay triangulation of a flat torus T? = E2?/G defined by a
set of points S € E2.

Definition 1 ([5]) (Delaunay triangulation of T?). Let DT(GS) be the Delaunay triangulation of GS
in B2, If 7(DT(GS)) is a simplicial complex in T?, then we call it the Delaunay triangulation of T?
defined by S and we denote it by DTy(S).

As shown in [5] this Delaunay triangulation is not always defined. However, there are always some
covering spaces of the torus in which the Delaunay triangulation can be defined and computed.
Let A(S) denote the diameter of the largest disk in E? that does not contain any point of a set S in

its interior. Note that for any p € E?, A(Garp) = \/§k+1l.

Proposition 4 ([5]) If A(GS) < @, then m(DT(GS")) is a triangulation of T? for any finite S’ 2 S.



Proposition 5 If A(GiS) < $6(Gax), then o (DT(G1S UG T)) is a triangulation of T2, for any finite
point set T in E2. In particular, then mor(DT(G1S")) is a triangulation of Ta, for any finite S’ 2 S,
S’ € E2.

Proof. Let Sy denote the set GiSNDyx. By Proposition 4, if A(GorSar) < 36(Gax ), then mor (DT (Gar SorU
GoxT)) is a triangulation. Let us note that GorSor = G1S.

For & O S, Gi§' = GGS U G1(S'\ S) = GiS U Gox(G1(S" \ §) N Dy ). It remains to take 7 :=
G((S"\'S) N Dyr). U

By Proposition 5, if the maximum empty disk diameter A(G;S) is smaller than %5(94) = [, then

m4(DT(G1S UG4T))) is a simplicial complex for any finite 7 in E2. If it is smaller than 16(Go) = gl,
then mo(DT(G1S UG2T))) is a simplicial complex.

Note that, for k > 3, %é(g%) = %\/ikl > V2l = A(Gyp), for any p € S. Therefore, by Proposition 5,
ok (DT(G1S)) is a simplicial complex. Let us now consider the case k = 3.

Corollary 6 For any finite set P C Dy of n > 1 points, 7g(DT(G1P)) is a simplicial complex.

Proof. The maximum empty disk diameter A(G1p), for any p € P, is v/2I, that is equal to %5(98) (See
Figure 2). We are going to show that A(G,P) is strictly less than v/2I.

«_279 . » . .
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Figure 2: The original domain Dg. Maximum empty disk with diameter A(G;0).

Let us suppose that B is a disk with diameter v/2I centered at some point ¢ € E? and containing no
point of G;P in its interior (See Figure 2). B contains D;(c). Since D;(c) is a half-open square, there is
only one point of D1 (c) on the boundary of B. For p and ¢ # p,q € P, there is a representative of G1p
and a representative of G1¢ in Di(c). At least one of these representatives lies in the interior of B. This
contradicts that the interior of B is empty.

If we add more points, the diameter of the largest empty disk cannot become larger. By Proposition 5,
7s(DT(G1P)) is a simplicial complex. O

Algorithm. For a finite set of points P C Dy, the algorithm of [5], inspired by the standard incre-
mental algorithm [2], computes DT7(G;P) via a 9-sheeted covering space. As soon as the condition of
Proposition 4 is fulfilled upon insertion of a point, it switches to computing in T2.

Assuming that P contains at least two points, we modify this algorithm and use the covering spaces
T2, T%, and T3 using Proposition 5 and Corollary 6.

e The algorithm starts by precomputing 7s(DT(G1{p, q})), for any {p,q} C P. Then it adds points
one by one in the Delaunay triangulation of the 8-sheeted covering space T3.

e If after insertion of some set of points S C P, the maximum empty disk diameter becomes less
than I, then my(DT(G1S")) is guaranteed to be a triangulation for any finite &’ 2 S. So, we can
discard all redundant periodic copies of simplices of (DT (G1S)) and switch to incrementally computing
74(DT(G1S")) in the 4-sheeted covering space T3 for S C S’ C P.



e Similarly, if after some more insertions the maximum empty disk diameter becomes less than ?l,
then we switch to incrementally computing triangulations in the 2-sheeted covering space T3.

e If it becomes less than 3/, then we switch to computing 7(DT(G1P)) in T?.

For any S C P, mor (DT (G1S)) contains 2% periodic copies of each point of S. Hence, using covering
spaces whose number of sheets is as small as possible improves the efficiency of the algorithm, even
though the asymptotic complexity is unchanged: it stays randomized worst-case time and space optimal

[5]-

5 Future work. Covering spaces and Delaunay triangulations
of the double torus.

Whereas flat tori studied above, which have one handle, are a Euclidean surfaces, 2-tori, i.e., tori with
two handles, are hyperbolic surfaces. A 2-torus can be constructed as the orbit space under action on the
hyperbolic plane H? of a discrete group generated by four hyperbolic translations. Due to lack of space,
we only give here a few hints on how to extend the approach above to this case. Details and proofs will
be given in a forthcoming paper.

A major difference with the Euclidean case is that hyperbolic translations do not commute.

Let a, b, ¢, and d denote four hyperbolic translations and @, b, ¢, and d their respective inverse trans-
lations. The group denoted as gI{H = <a, b,c,d | ab&gcdé@ is defined as the quotient group of {a,b, ¢, d)
by its smallest normal subgroup containing the element ababcded. For any p € H2, Gi'p is a lattice. The
fundamental domain of Gi! is a regular octagon in H?Z.

As in the FEuclidean case, we can define the subgroup gg{ of g? consisting of the elements of even
length. G is a normal subgroup of index 2 of G}', and H?/G3' is a two-sheeted covering space of the
2-torus H?/GH. The surface H?/GY does not have the same genus: it is a 3-torus.

In an inductive way, we define the normal subgroup Qg&,kz > 1 of index 2¥ in G{! as the subgroup of
elements of even length in gg‘;_l (the length is defined in terms of the generators of gg&_l). The orbit
space H?/ ggﬁ,k > 0 is a 2F-sheeted covering space of the 2-torus.

We expect that there exists & > 1, such that the Delaunay triangulation of H? /ggﬁ be well defined
for any set of points in H2.
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