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Abstract

We define a simply typed, non-deterministic lambda-calculus where isomorphic
types are equated. To this end, an equivalence relation is settled at the term
level. We then provide a proof of strong normalisation modulo equivalence.
Such a proof is a non-trivial adaptation of the reducibility method.

Keywords: typed lambda calculus, normalisation, type isomorphisms,
deduction modulo

1. Introduction

The starting point of this work was to understand and formalize the non-
determinism of quantum programming languages [3, 4]. Unlike other calculi,
that contain a non deterministic operator |, such that r | t reduces both to r
and to t, possibly with some probabilities, the non-determinism of quantum
programming languages comes from the interaction of two operators. The first
allows to build a superposition, that is a linear combination, of two terms a.r +
B.t, reflecting that a system may be in more than one state at a time. The
second is a measurement operator 7, reflecting that, during measurement, the
state of such a system is reduced.

The non-determinism arises from the combination of these two construc-
tions as the term 7(a.r + 3.t) reduces to r and to t with probabilities |a|? and
|B]2. Leaving probabilities aside, the non-determinism, in quantum program-
ming languages, comes from the combination of the operators + and 7, as the
term 7(r + t) reduces to r and to t. In other words, the primitive operator | of

* A preliminary version of this work, including also polymorphism, was published as [14].
Such a version presents some of the ideas in this paper, but it does not deal with all the
isomorphisms nor include a normalisation proof, the main result on the present work.
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non-deterministic languages is decomposed into two operators, and r | t can be
seen as an abbreviation for 7(r + t).
The rules
m(r+t) —r

T(r+t)—t

are reminiscent of the rules for pairing constructs
m(r,t) > r

7T2<I‘,t> —t

and it is therefore tempting to consider the term r 4+ t as the pair (r,t) and 7
as a projection, that projects the pair (r,t) to r and to t.

As, in quantum programming languages, unlike with the usual pairing con-
struct, the places in the pair are immaterial, and the superposed states r + t
and t + r are identical, it is compelling to consider the pairs r +t and t + r as
identical and therefore the type A A B and B A A as identical.

In typed A-calculus, the types A A B and B A A are known to be isomor-
phic, thus our goal to understand the non-determinism of quantum program-
ming languages, led us to consider quantum programming languages as typed
lambda-calculi where isomorphic types were identified, thus pairs unordered,
hence projection non-deterministic.

In typed A-calculus, in programming languages, and in proof theory, two
types A and B are said to be isomorphic, when there exists two functions ¢
from A to B and @ from B to A such that ¥¢r = r for all terms r of type A
and ¢ys = s for all terms s of type B.

Isomorphic types are often identified in informal mathematics. For instance,
the natural numbers and non negative integers are never distinguished, although
they formally are different structures. In Martin-Lof’s type theory [23], in the
Calculus of Constructions [9], and in Deduction modulo [17, 19], some isomor-
phic types, called definitionally equivalent types, for instance x C y, x € P(y),
and Vz (z € x = z € y) are identified, but definitional equality does not handle
all the isomorphisms and, for example, A A B and B A A are not identified: a
term of type A A B does not have type B A A.

It has already been noticed that not identifying such types has many draw-
backs. For instance, if a library contains a proof of B A A, a request on a proof
of A A B fails to find it [26], if r and s are proofs of (AA B) = C and BA A
respectively, it is not possible to apply r to s to get a proof of C, but we need
to explicitly apply a function of type (B A A) = (A A B) to s before we can
apply r to this term. If A and B are isomorphic types and a library contains a
proof of a properties on A, we cannot use this property on B without any ex-
tra transformation, etc. This has lead to several projects aiming at identifying
in one way or another isomorphic types in type theory, for instance with the
univalence axiom [27].

In [7], Bruce, Di Cosmo and Longo have provided a characterisation of iso-
morphic types in the simply typed A-calculus extended with products and a unit



type (see [13] for a concise overview on type isomorphisms, or [12] for a more
comprehensive reference). In this work, we define a simply typed A-calculus
extended with products, where all the isomorphic types are identified, and we
prove strong normalisation for this calculus. All the isomorphisms in such a
setting, are consequences of the following four:

ANB=BAA
AN(BAC)=(AANB)ANC
A= (BANC)=(A=B)AN(A=0)
(ANB)=C=A=B=C

—~ o~~~
[\)
—_— Y ~—

For example, A = B = C = B = A = ('is a consequence of (4) and (1).

Identifying types requires to also identify terms. For instance, if r is a closed
term of type A, then Az?.z is a term of type A = A, and (\z?.z, \z?.z) is a
term of type (A = A) A (A = A), hence, by isomorphism (3), also a term of
type A = (A A A). Thus the term (\z?.z, \z?.2)r is a term of type A A A.
Although this term contains no redex, we do not want to consider it as normal,
in particular because it is not an introduction. So we shall distribute the appli-
cation over the pair, yielding the term ((Az.x)r, (Az?.z)r) that finally reduces
to (r,r). Similar considerations lead to the introduction of several equivalence
rules on terms, one related to the isomorphism (1), the commutativity of the
conjunction, (r,s) & (s,r); one related to the isomorphism (2), the associativ-
ity of the conjunction, ((r,s),t) = (r, (s,t)); four to the isomorphism (3), the
distributivity of implication with respect to conjunction, e.g. (r,s)t = (rt,st);
and one related to the isomorphisms (4), the currification, rst = r(s, t). As our
comma is associative and commutative, and because it can be identified with
a non-deterministic operator, we will write it 4. For instance, the equivalence
due to the associativity of conjunction is rewritten (r +s) +t = r + (s + t).

One of the main difficulties in the design of this calculus is the design of the
elimination rule for the conjunction. A rule like “if r : A A B then m(r) : A”,
would not be consistent. Indeed, if A and B are two arbitrary types, s a term
of type A and t a term of type B, then s+ t has both types AA B and B A A,
thus 71 (s + t) would have both type A and type B. The approach we have
followed is to consider explicitly typed (Church style) terms, and parametrise
the projection by the type: if r : AA B then m4(r) : A and the reduction rule
is then that m4 (s + t) reduces to s if s has type A.

Hence, this rule introduces the expected non-determinism. Indeed, in the
particular case where A happens to be equal to B, then both s and t have type
A and m4(s+t) reduces both to s and to t. Notice that although this reduction
rule is non-deterministic, it preserves typing. This can be summarised by the
slogan “the subject reduction property is more important than the uniqueness of
results” [18].

Thus, our calculus is one of the many non-deterministic calculi in the sense
of [6, 8, 10, 11, 24] and our pair-construction operator + is also the parallel
composition operator of a non deterministic calculus.



In non-deterministic calculi, the parallel composition is such that if r and s
are two A-terms, the term r + s represents the computation that runs either r
or s non-deterministically, that is such that (r 4 s)t reduces either to rt or st.
In our case, mp((r +s)t) is equivalent to mp(rt + st), which reduces to rt or st.

The calculus developed in this paper is also related to the algebraic calculi [1,
2], some of which have been designed to express quantum algorithms. In this
case, the pair s + t is not interpreted as a non-deterministic choice but as a
superposition of two processes running s and t. In this case the projection
7 is the projection related to the projective measurement, that is the only non
deterministic operation. In such calculi, the distributivity rule (r+s)t = rt+st
is seen as the pointwise definition of the sum of two functions.

The main difficulty in the normalisation proof seems to be related to the
fact that our equivalence relation is “confusing”, that is, it equates types with
different main connectives such as the isomorphism (3). In [19], for instance,
only the case of “non confusing” equivalence relations is considered: if two
non atomic types are equivalent, they have the same head symbol and their
arguments are equivalent. It is clear however that this restriction needs to be
dropped if we want to identify, for instance, A = (BAC) and (A = B)A (A =
).

Summarising, this paper is the result of three motivations relatively indepen-
dent: to formalise non-deterministic calculi, to integrate the type isomorphisms
to the language, and to understand how much we can extend the deduction
modulo techniques.

2. The Calculus

2.1. Formal Definition

In this section we present the calculus. We consider the following grammar
of types, with one atomic type 7,

AB,C,... == T7|A=B|AAB.

The Isomorphisms (1), (2), (3) and (4) are made explicit by a congruent
equivalence relation between types:

ANB
(ANB)ANC

BAA, A= (BANC)
AN(BAC), (ANB)=C

(A= B)AN (A= C),
A= B=C.

The set of terms is defined inductively by the grammar
r,s,t o= [ Xzfr|rs|r+s|ma(r)
The set of contexts is defined inductively by the grammar
O[] == [] | Aa.C[] | C[Jr [ xC[] | O[] +x | x + C[] | ma(C[])

The type system is given in Table 1. Typing judgements are of the form
r: A. A term r is typable if there exists a type A such that r : A.



Tt A
xA:A(M) =7l r:B(_)
A B s TA=B s:A
[(V(r)u{z"})7] )\xA.r:AéB(:N) [V(rs)’] s B (=)
e r:A s:B . r:AANB Ae r: A
WVt T S TANB (o) ma(r): A (hen) wa(r): A (Aer)

Table 1: The type system

Because of the associativity property of 4, the term r+ (s+t) is the same as
the term (r+s)+t, so we can just express it as r+s+t, that is, the parenthesis
are meaningless, and pairs become lists. In particular, we can project with
respect to the type of s + t in the previous example. Hence, for completeness,
we also allow to project a term with respect to its full type, that is, if r : A,
then 74 (r) reduces to r.

Since our reduction relation is oriented by the types, we follow [21, 25], and
use a presentation of typed lambda-calculus without contexts, which makes the
reduction rules clearer. To this end each variable occurrence is labelled by its
type, such as Adz?.24 or Ax?.y". We sometimes omit the labels and write, for
example, Az?.x for Az?.2*. As usual, we consider implicit a-equivalence on
syntactical terms. The type system forbids terms such as Az*.z” when A and B
are different types, by imposing preconditions to the applicability of the typing
rules. Let S = {xfl, ...,xdn} be a set of variables, we write S/ to express
that this set is functional, that is when x; = z; implies A; = A;. For example

{:CA,yAiB}f, but not {xA,xAiB}f. We write the preconditions of a typing
rule, at its left.

The sets F'V(r) of free variables of r, BV (r) of bounded variables of r and
V(r) = FV(r)UBV(r) are defined as usual in the A-calculus (cf. [5, §2.1]). For
example V(\zA7B=C oy 2B) = {47 B=C 44 2Bl We say that a term r is
closed whenever F'V (r) = (.

Given two terms r and s we denote by r[s/z]| the term obtained by simulta-
neously substituting the term s for all the free occurrences of = in r, subject to
the usual proviso about renaming bound variables in r to avoid capture of the

free variables of s.
Lemma 2.1. Ifr: A and r: B, then A = B.
Proof. Straightforward structural induction on the typing derivation of r. [

The operational semantics of the calculus is given in Table 2, where there are
two distinct relations between terms: a symmetric relation = and a reduction
relation <, which include a labelling —§ or ¢. Such a labelling is omitted when

.- - . . .6 g
it is not necessary to distinguish the rule. Moreover, relation — is — U <.




Symmetric relation:

r+s &< s+4r (comm)
(r+s)+t = r+(s+t) (ASS0)
/\:EA.(I' =+ S) = /\IA.I' =+ /\IA.S (DIST47)
(I‘ + S)t = rt+st (DIST;e)
7TA:>B()\xA.I‘) = /\IA.TFB (I‘) (DISTes)
Ifr: A= (BAC), mazp(r)s = 7p(rs) (DIST,()
rst =2 r(s+t) (CURRY)
IfA=B, r = r[A/B] (SUBST)
:ANB
If { ::O/\D }, WAAc(I‘—i-S) = 7TA(I‘)—|—7T0(S) (spLIT)
Reductions:
Ifs: A, (A\z?.r)s 3 r(s/z 8)
Ifr: A wa(r+s) g ()
Ifr: A, mwa(r) . (m1)
r: ANB b

If { r s 4t }, r — wa(r)+mp(r) ()

- 8 *

r—s () r ‘—6> S (ijé)) r—s C[] ﬁ C/[T‘—A(')] (Ci)
cr=c 0 o 2o Olr] <& O]

Table 2: Operational semantics

Type substitution on a term r, written r[A/B], is defined by the syntactic
substitution of all occurrences of B in r by A. We write —* and &* for the
transitive and reflexive closure of < and & respectively. Note that =* is an
equivalence relation. We write ~» for the relation < modulo =* (i.e. r ~ s iff
r =*r — s 2*s), and ~* for its reflexive and transitive closure.

Each isomorphism taken as equivalence between types induces an equiva-
lence between terms, given by relation &=. Four possible rules exist however
for the isomorphism (3), depending of which distribution is taken into account:
elimination or introduction of conjunction, and elimination or introduction of
implication.

Only two rules in the symmetric relation & are not a direct consequence
of an isomorphism: rules (susst) and (spuir). The former allows to update the
types signature of the Church-style terms. The latter is needed to be used
in combination to rule (misr.;) when the argument in the projection is not a
A-abstraction, but a A-abstraction plus something else (cf. Example 2.10).

Rule (5) has been added to deal with curryfication, (cf. Example 2.9). Notice
that the condition in this rule not only asks for the term to not be a sum,
but to not be equivalent to a sum. Lemma 2.4 ensures that the equivalent
classes defined by relation =*, {s | s @* r}, are finite, and since the relation is




computable, the side condition of (¢) is decidable.

In addition, Lemma 2.4 also implies that every reduction tree is finitely
branching.

To prove that for any term r, the set {s | s &* r} is finite, one possible way
would be to prove that if r = s then S(r) = S(s) where the size S(r) of a term
r is defined as the number of variables and symbols A\ and 7

S(at) =
()\xAr)—l-i-S()
S(rs) = S(r) +5(s),
S(r+s) = S(r) + 5(s),
S(ma(r)) =1+ 5(r).

Indeed, the set {s | s @* r} would then be a subset of the set {s | FV(s) C
FV(r) and S(s) = S(r)} which is finite.

Unfortunately, it is not the case that the size S is an invariant for the relation
= as the rule (oisty;)

Az (r+s) = Azt + Aats

for instance duplicates the symbol A and the term \z?.(x + z) is equivalent to
AzAd.x 4+ Axd .z, while S(AzA.(z + z)) = 3 and S(A\z.x + Az?.2) = 4. In the
same way, the rule (vist;.)

(r+s)t=rt+st

duplicates the term t.

However, the number of times the symbol A can be duplicated in the term
Az .t, is bounded by the number of symbols + that the term t may generate.
A bound P(t) on this number is easy to define

P(a?) =
P(\z.x) = P(r),

P(rs) = P(r),

P(r+s) =1+ P(r)+ P(s),
P(ma(r)) = P(x).

and we can define a size-like measure on terms M, such that M (r) is a bound
on the size of s for s 2 r. For instance M (\z?.r) is not 1 + M(r) but 1 +
M (r)+ P(r), to express that the size of s may be bigger than that of r, because
a symbol A\ may be duplicated in s, but not much bigger, as it can be duplicated
at most P(r) times.

o M(z?) =1,



o M(A\ztr)=1+ M(r)+ P(r),
M(rs) = M(r) + M(s) + P(r)M(s),
M(r+s) = M(r) + M(s),
M(ma(r)) =14 M(r) + P(r).

Prior to state and prove Lemma 2.4, we need the following two auxiliary lem-
mas, showing that P(t) and M (t) are invariant with respect to = (Lemmas 2.2
and 2.3 respectively).

Lemma 2.2. If r & s then P(r) = P(s).
Proof. r+s<=s+r: Plr+s)=1+ P(r)+ P(s) = P(s+r).
(r+s)+t=r+(s+t): P(r+s)+t)=1+P(r+s)+ P(t)
=24 P(r)+ P(s)+ P(t) =1+ P(r) + P(s+1t)
=P(r+(s+t))
Az (r+s) = Xzdr + Azts: POzd.(r+s)) = P(r+s)
=1+ P(r) + P(s) = 1 + PQzx) + P(\z?.s)
= P(Aztr + \zls)
(r+s)t=rt+st: P((r+s)t)=P(r+s)

=1+ P(r)+ P(s) = 1+ P(rt) + P(st)
= P(rt + st)

Tasp(Azdr) = Xzt mp(r): P(mamp(z?r)) = POz?r)

(rs)t 2 r(s+t): P((rs)t) = P(rs) = P(r) = P(r(s + t)).

r =r[A/B]: P(r) = P(r[A/B)).

Tanc(r+8) E wa(r) + me(s): P(raprc(r+s) = P(r+s)
=14+ P(r)+ P(s) =1+ P(ma(r)) + P(mc(s))
= P(ma(r) + mc(s))

Clr] &2 C[s] with r 2 s : Straightfoward case by case on the structure of C[].
For example, let C[-] = C'[[]+t, then P(C[r]) = 1+ P(C’[r])+ P(t), which,
by the induction hypothesis, is equal to 14+ P(C’[s])+ P(t) = P(C]s]). O
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Lemma 2.3. If r &= s then M(r) = M(s).
Proof. We proceed by structural induction on relation =.
r+s=s+r: M(r+s)=M(r)+ M(s)=M(s+r).
(r+s)+t=r+(s+t): M((r+s)+t) = M(r)+M(s)+M(t) = M(r+(s+t)).
Az (r+s) 2= Xzdr + Aats: Mz (r +s))

=2+ M(r) + M(s) + P(r) + P(s)

= M(\z?.r + \zl.s)

(r+s)t =rt+st: M((r+s)t)
M( +8) + M(t) + P(r+s)M(t)
M) + M(s) + 2M(t) + P)M(t) + P(s)M(t)
M(rt) + M(st)
M(rt + st)

Tasp(Azdr) 2 A ap(r): M(mamp(Aztr))
=1+ MM\ztr)+ P(ha?r)
=2+ M(r) +2P(r)
= M\z?.7p(r))

Ta=p(r)s = mp(rs): M(mamp(r)s)
= M(7a=p(r)) + M(s) + P(ma=p(r)) M(s)
=1+ M(r) + P(r) + M(s) + P(r)M(s)
=1+ M(rs) + P(rs)
= M (n(rs))

= M(rs) + M(t) + P(rs)M(t)

= M(r) + M(s) + P(r)M(s) + M(t) + P(r)M(t)
=M(r)+ M(s+t)+ P(r)M(s+t)

= M(x(

r=r[A/B]: M(r)= M(r[A/B)).

manc(r+s8) 2 ma(r) + mo(s): M(manc(r+s))
=1+ M(r+s)+ P(r+s)
_1+M(r) M(s) +1+ P(r) + P(s)
M(ma(r)) + M(mc(s))
M(ma(r) + mc(s))



Clr] = C[s] with r 2 s : Straightfoward case by case on the structure of C[].
For example, let C[-] = Az™.C’[-], then M (C[r]) = 1+ M (C'[r])+P(C'[r)),
which, by the induction hypothesis, is equal to 14+ M (C'[s])+P(C"[r]), and
this, by Lemma 2.2, is equal to 1 4+ M (C’[s]) + P(C'[s]) = M(C[s]). O

Lemma 2.4. For any term v, the set {s | s &* r} is finite (modulo a-
equivalence).

Proof. As {s | s &@* r} C {s | FV(s) = FV(r) and M(s) = M(r)} C
{s| FV(s) C FV(r) and M(s) < M(r)} all we need to prove is that for all nat-
ural numbers n, for all finite sets of variables F', the set H(n, F') = {s | FV(s) C
F and M(s) < n} is finite.

We first prove by induction on s that M(s) > 1 and then the property by
induction on n. For n =1 the set {s | FV(s) C F and M(s) < 1} contains only
the variables of F. Assume the property is proved for n then H(n + 1, F) is a
subset of the finite set containing the variables of F', the abstractions (Az“.r)
for r in H(n, F U {z"}), the applications (rs) for r and s in H(n, F), the sums
r +s for r and s in H(n, F), the projections w4 (r) for in H(n, F). O

2.2. Ezamples
Example 2.5. Let s: A and t : B. Then mp—a((Az4"B.2)s)t : A,

AeANB x o (AN B) = (AAB)
MAB i A= B= (ANB)  s:A
(A\zA"B .2)s : B = (AA B)

(A\zA"B .2)s: (B = A) A (B = B) (o)
p=a(( A" B 2)8) : B = A ! t:B
= a(( A4 B 2)s)t : A

The reduction is as follows:

wBﬁA((AxAAB.x)S)t = WA((/\:CAAB.x)st) = FA(()\JJAAB.,T)(S +1t))

S ma(s+t)—s

Example 2.6. Let r : A, s : B. Then Az \yP.2)(r +5) = (Mzd \yP.o)rs
—* r. However, if A = B, it is also possible to reduce in the following way

Az NP .x)(r +8)

Hence, the encoding of the projector also behaves non-deterministically.

10



Example 2.7. Let TF = A\z4.\yZ.(z +y). Then

(az) (az)
x4 A yB
(i)
A+ yP AANB
MNP (x+y): B=(AAB)
TF: A= B=(AAB)
TF: (A= B=A)N(A= B= B)

(=)
(=)

=
(Ae)

Then, if r: A and s: B, we have ma— p— 4(TF)rs : A. Notice that
TasBoA(TE)rs 2 mpoa(TFr)s = 74 (TFrs) =" ma(r +8) < r

Example 2.8. Let T = Az \yP.2 and F = Az \yZ.y. Then

T:A=B=A F:A=B=218 (Ad)
T+F:(A=B=A)N(A=B=B) TF: (A= B=A)AN(A= B= B)

T+F+TF: (A=B=A)ANA=B=B)AN(A=B=A)AN(A= B=B)) -

Hence 74— p= a)r(a= B=B) (T +F+TF) is well typed and reduces non-determi-
nistically either to T + F or to TF. Moreover, notice that T + F and TF are
observationally equivalent, that is, (T +F)rs and TFrs both reduce to the same
term (r +s). Hence in this very particular case, the non-deterministic choice
does not play any role. We will come back to the encoding of booleans on this
calculus on Section 4.3.

Example 2.9. Let r: C. Then
AzANB)=A \yANB)=EB v ((AAB) = A) = ((AANB)= B) = C

and since (AAB) = A)= (ANB)=B)=C=((AANB)= (AAB)) = C,

we also can derive
ApANBIZA \y(ANBI=E 1 (AAB) = (AAB)) = C

Hence,
(AzANBI=A Ny (ANB)=B 1) (\ANE 2) . ¢

The reduction is as follows:
(/\I(A/\B):>A.)\y(A/\B):>B.t)(/\ZA/\B)
N (}\x(A/\B):%A)\y(A/\B)éBt) (W(A/\B):>A()\ZA/\B) + 7T(A/\B):>B ()\ZA/\B))
= (()\CC(AABbA')\y(AABbB't)W(AAB)éA()\ZAAB)) TanB)y—pAz"E)

=" tmanm=a(\) /2 [T anm)= (2P Jy]

11



Example 2.10. Let r : C. Then

(e
B AANB

(=)
AzANB .z (AN B) = (AAB) r:C
AeA"B.x) +r: (AAB)= (AANB)ANC
Az B ) +1: (ANB)= A)ACA(AANB) = B)
T(anBy=aync((Az B .z) + 1) : (AN B) = A)AC)

(A2)

The reduction is as follows:

W((AAB)éA)/\C((/\wAAB..’L') =+ I‘) = W(AAB):NL\()\IAAB.CC) =+ Wc(r)
< manp)sa(Aa? B z) +r

= (A Bra(z) +r

2.3. Subject Reduction

Our system has the subject reduction property, that is, the set of types as-
signed to a term is invariant under = and —. Before proving subject reduction,
we need the following results.

Lemma 2.11 (Generation Lemmas).

If 2 : B, then A= B.

If \x.r: B, then B= A= C, r: C and (V(r)U {a:A})f.
If rs: B, thenr: A= B and s: A.

Ifr+s: A, then A= BAC with r: B and s: C.
Ifma(r): B, then A= B and (r: B orr: BAC).

CUp W =

Proof. The proof follows by a straightforward induction on the typing deriva-
tion. To notice that such an induction is straightforward, it suffices to real-
ize that the only typing rule not changing the term, is (=). For example, if
Azd.r : B, then the only way to type this term is either by rule (=;), and so

B = A= C for some, C, r:C and (V(r)U {J:A})f, or by rule (=), and so the
induction hypothesis applies and B = A = C. O

In the remaining of this paper, we may use Lemma 2.11 implicitly.

Lemma 2.12 (Substitution Lemma). If 7: A, s: B and (V(r) U {a:B})f, then
ris/xB]: A

Proof. We proceed by structural induction on r.

e Let r = 2. Since (V(z4)U {xB})f implies A = B, we have s : A. Notice
that 24[s/z4] = s, so 24[s/2P] : A.

e Let r = y#, with y # x. Notice that y*[s/z®] = y4, so y*[s/xP] : A.

12



o Let r = \y“r’. Then A = C = D, with v’ : D. By the induction
hypothesis r'[s/z®] : D, and so, by rule (=), \y®.r'[s/zP] : C = D.
Since \y© .r'[s/xB] = (\yA.r')[s/2P], using rule (=), (\y©.r')[s/2P] : A.

e Let r = riro. Then r; : C = A and ry : C. By the induction hy-
pothesis ri[s/zf] : C = A and ra[s/zB] : C, and so, by rule (=),
(r1[s/2P])(rals/2P])  A. Since (r4]s/2P))(ra[s/2P)) = (rir2)[s/2P], we
have (rirq)[s/xP] : A.

e Let r =r; + 1. Then r; : A; and ro : Ao, with A = A; A Ay, By
the induction hypothesis ri[s/z%] : A; and ra[s/z%] : As, and so, by rule
(Ai), (r1[s/xB]) + (r2[s/zB]) : A1 A As. Since (r1[s/zB]) + (r2[s/z?]) =
(r1 + ro)[s/2B], using rule (=), we have (r; +rq)[s/z5] : A.

e Let r = ma(r’). Then either v’ : A, or r' : AAC. By the induction
hypothesis, either r'[s/zP] : A or r'[s/zB] : AAC. In any case, either by
rule Ae, or A, , Ta(r'[s/z"]) : A. Since 74 (r'[s/2P]) = ma(r’)[s/2P], we
have 74 (r")[s/2P] : A.

Theorem 2.13 (Subject reduction). If r: A and 7 s or r = s then s: A.
Proof. We proceed by induction on the rewrite relation.

r+s=s+r: Ifr+s: A, then A=A ANAy = Ao AN Ay, withr: Ay and s : As.

Then,
S:AQ I‘ZAl (Ad)
S+r:A2/\A1 o
2T 20 (g
s+r:A

(r+s)+t=2r+(s+t):

(7)) I (r+s)+t: A then A= (A1 AAx) N A = Ay A (Ag A A3), with
r: Ay, s: Ay and t: As. Then,
SZA2 t:A3
r:A; s+t:AN Az
r+(s+t): A A (A2 A Ag)
r+(s+t): A

(A2)
(A4)
(=)

(«) Analogous to (7).
AeB.(r +5) 2 AaBr + AP s:
(7) If AeB.(r+s): A, then A= B = (C1AC2) = (B = C1)A(B = Cy),
with r : Cq and s : (5. Then,
Ir: Cl (= S : CQ (=)
ABr:B=C MB.s:B= C, (A9
MeBr+ AxBis: (B = C)A(B= ()
AxBr+\aBs: A

=

13



(o) If XxBr+X2Bs: A then A= (B = C)AN(B = Cy) =B =
(Cy ANCy), with r: Cq and s : Cy. Then,
r:C7 s:0y
r+s:C1ANCy
AeB.(r+8): B= (C1 ACy)
B (r+s): A

(=)

=

(r +s)t = rt + st:

(7) I (r+s)t: A thenr+s:B= A and t : B. Hence A = A; A Ao,
withr: B= A and s: B = As. Then,

r:B=A4, t:B s:B= Ay t:B

(=e) (=e)
rt: Al st : A2 (Ad)
rt +st: A; A Ao (=) '
rt+st: A a

() frt+st: A then A= A3 NAy withr: B= Ay,s: B "= Ay, t: B
and t : B’. By Lemma 2.1, B= B’. Then
s: B = A, (=)

r:B=A, s:B= A, (A

I‘+S:(B:>A1)/\(B:>Ag) =)
r+s:B:>(A1/\A2) t: B
(r+s)t: A; A A
(r+s)t: A

(=)

tpc(AzB.r) 2 A2 .o (r):

(7) If tpmc(AxBr) : A, then A = B = C and either \eB.r : B =
(C AD) or \zB.xr:C = D. Hence eitherr: C A D, or r: C. In any
case, either by rule (A¢,) or (A, ), m7a(r) : C, so

mo(r) : C
\eB.ro(r): B=C
AeB.re(r): A

(=)

(=)

() IfXaP.wo(r) : A, then A= B = C and m¢(r) : C, so either r : CAD
or r : C'. Hence, either

r:CAD _

MBr:B= (CAD) - . ﬁ (=)
MeBr:(B=C)A(B= D) or - .rB. — (Ae)
5 (Ae) mpmc(Ax”r): B=C =
mp=c(AtP.r): B=C - Thoc(MBr) A

mp=c(AzP.r): A

14



mp=c(r)s 2 me(rs) with r: B = (C A D): Then s: B.
(7) U mp=c(r)s: A, then A =C.
r:B=(CAD) s:B
rs: C'A
me(rs)
mo(rs) @ A
(o) If mo(rs) : A, then A =C.
r: B=(CAD)
r:(B=C)A\(B= D) (;)
Tp=c(r): B=C s: B
mp=c(r)s: C
mp=c(r)s: A

(=)

(/\en )

(=)

(=)

=
rst 2 r(s+t):

(7) Ifrst: A thenr: B=C= A= (BAC)= A, s: Bandt:C.

Then,
r:B=C=A _, s:B t:C (A)
r:(BAC)= A &HﬂBAC(j)
r(s+t): A ’
(«) Ifr(s+t): A, thenr: (BAC)=A=B=C= A,s:Bandt:C.
Then
r:(B/\C’):>A(=)
r:B=C=A s:B
rs:C=A t:C
(=)
rst: A

r = r[B/C] with B=C: Ifr: A, since A = A[B/C], a straightforward induc-
tion on r allows to prove r[B/C] : A.

mpap(r+8) 2 mp(r) + 7p(s) withr: BAC and s: DA E:

(7) f mpap(r +s): A then A= BAD. Then
r:BAC (Ae) s:DANFE
mp(r): B mp(s) : D
mp(r)+7p(s): BAD

mp(r) +7p(s): A
(o) If mp(r) +7mp(s) : A, then A= B A D. Then

r:BANC s:DAE
r+s:(BAC)A(DAE)
r+s:(BAD)A(CAE)

mpap(r+s8): BAD

meap(r+8): A

(Ae)
(A)
(=)

=
(Ae)
=
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(AxB.r)s — r[s/x] with s: B: If (\zP.r)s: A, then \z®.r: B= A and s: B,
and sor: A and (V(r)U {IB})f. Then by Lemma 2.12, r[s/z?] : A.

mp(r+s) = r withr: B: If rg(r+s): A, then A = B, and so, by rule (=),
r: A

mp(r) = r with r: B: If 5(r) : A, then A = B, and so, by rule (=), r : A.

r—mp(r)+me(r) withr#Z*r; +ryand r: BAC: Ifr: Athen A= BAC.

Then
r:BANC (Ae) r:BANC

np(r): B np(r): B
mp(r) + mc(r) : BAC
mp(r) +7c(r): A

(Ae)
(N4)
(=)

Contextual cases Let t — r, where — is either & or —.

Bt = AP If \aBt: A then A= B = C and t : C, hence by the
induction hypothesis, r : C and so Az®.r; B = C = A.

ts >rs If ts: Athent : B = A and s : B, hence by the induction
hypothesis, r: B = A and so rs: A.

st »>st If st : Athens: B = A and t : B, hence by the induction
hypothesis r : B and so sr : A.

t+s—r+s Ift+s: Athen A=A ANAs wheret: Ay and s : As, hence
by the induction hypothesis, r: A; and sor+s: A; A Ay = A.

s+t — s+ r Analogous to previous case.

mp(t) = 7mp(r) If 7p(t) : Athen A= Band t: BAC ort: B, hence by
the induction hypothesis r: BAC or r: B, in any case, mp(r) : B =
A. O

3. Strong Normalisation and Normal Forms

3.1. Strong Normalisation

Now we prove the strong normalisation property. In our setting, strong
normalisation means that every reduction sequence fired from a typed term
eventually terminates in a term in normal form modulo =*. In other words,
no — reduction can be fired from it, even after & steps. Formally, we define
Red(r) = {s | r ~ s}. Hence, a term r is in normal form if Red(r) = 0.
When r is strongly normalising, we write (r)3 for the maximum number of ~>-
steps needed to get a normal form of r. We denote by SN the set of strongly
normalising terms.

We use the notation (Ai)?zl = B for Ay = --- = A, = B, with the

—0
convention that (4;),_, = B = B. In addition, we write § for sy ...s,.
The normalisation proof is based in the representation lemma for types
(Lemma 3.4), for which we define conjunction-free types as follows.
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Definition 3.1. A conjunction-free type is a type without conjunctions, which
can be produced by the following grammar:

S,RT:=7]5=R

The canonical form of a type, written can(A), is a conjunction of conjunction-
free types, and it is defined inductively by

can(r) =7 can(A = B) = let A\I_, S; = can(A) in
can(A A B) = can(A) Acan(B) let /\;n:1 R;j = can(B) in
/\;'n:l (@?:1 = Rj)
Example 3.2. can((S1AS2) = (R1AR2)) = (S1 = S2 = R1)A(S1 = S2 = R3)
Lemma 3.3. For any A, A= can(A).
Proof. We proceed by structural induction on A.
e Let A=r7. Then A =can(A).

e Let A= BAC. By the induction hypothesis B = can(B) and C' = can(C),
hence A = can(B) A can(C) = can(B A C) = can(A).

e Let A = B = C. By the induction hypothesis B = A, S; and C =
Njzi By so A= (N2 S) = (N2 Ry) = A2 (Nizy Si) = R which s
finally equivalent to AL, (Si),—, = R;. O

Lemma 3.4. For any A, can(4) = A\, (Sij);zl =7, withn > 1 and Vi, m; >
0.
Proof. We proceed by structural induction on A.

e A =17. Then take n =1 and m; = 0.

k7o

e A= BAC. By the induction hypothesis can(B) = A;_; (Si;);o; = 7
and can(C) = Ai_, (Sij);zl = 7, 80 can(B A C) = can(B) A can(C) =
Nzt (Sij)jzll =T

e A = B = C. By the induction hypothesis can(B) = A, (Sik);f; =T

and can(C) = A°_, (R;;).", = 7. Then we have that can(B = C) =

Jj=1 i=1
o mi " Pj o n+p; .
/\j:l ((Sik)k:1 = 7)1:1 = (Rji)i;1 =T = /\j:l (Tji)izlj = 7, with
T = (Sik)k:ll = 7ifi <n,and Tj; = Rj(ifn) if i > n. O

Definition 3.5. The interpretation of canonical types is given by

ﬂ/n\ [ TH = {r | Vi, [ jijzeL[[tS,’i?ﬂm

implies W(S—ij);n:iléT (I‘)gz S SN:| }

i=1 T
where n > 1, and m > 0.
The interpretation of a general type A is defined by [can(A4)].
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In order to prove that equivalent types have the same interpretation (Corol-
lary 3.10), we need first the following intermediate results.

Definition 3.6. Let can’®(A) be defined in a similar way than can(A) but where
each time there is a conjunction, it is taken in quasi-lexicographic order (that
is, strings are ordered firstly by length, and then lexicographically), and with
the parenthesis associated to the right.

Example 3.7. Let S1 < Sy < S3 and Ry < Rs.

can'((1 = 1) AT) =T A(T = 7).
can®(A>_, i) = Sy A (Sy A Ss).
can®((Sy A S3) A S1) = S1 A (S2 A S3).
can®((S3 A S1) = R) =S, = S, = R.
(

can’® (SQ A Sl) (Rl A\ Rz)) = (Sl = Sy = Rl) A (Sl = S5 = RQ)

Lemma 3.8. If A= B, then can'’(A) = can'(B).

Proof. By induction on the equivalence relation.

ANB = BAA. Let can'(A) be equal to can'®(A]_, S;) and can'®(B) equal
to can'(AL; R;). Then can’”(A A B) = can*((AiL; Si) A (A2, Ry) =
can?(B A A).

(AANB)ANC = AN (BAC). Analogous to the previous case.

A= (BANC)= (A= B)A(A= C). Let can’®(A) = can’®(A\I_, Si),
can’?(B) = canlo(/\?:1 R;) and can'*(C) = can’*(AJ~, .| R;), so can'*(BA
C) = can*(A}_, R;). Hence, can’*(A = (BAC)) = can(A]~ Sy =

Jj=1

R;) = can'®(can!®(A = B)Acan’®(A = C)) = can’®((A = B)A (A = C)).
(ANB)=C=A= B=C. Let canl®(A) = canl"(/\ic 1 S) can’?(B) =
can(A}L, 4 i) and can'®(C) = can'*(AL| R;). Hence, can'*((AAB) =
C) = can'”(\JLy (Sicy = ).

On the other hand, can’®(B = C) = canl"(/\;n:1 @j w1 = Rj), so
can?(A = B = C) = can'*(A\ 1@? L= (S e = R;), and notice

that this is equal to can'(A’L, (S)i_y = R;) = can((AA B) = O).

Congruence:

— Let A = B be a consequence of A = B. Trivial case.

— Let A = C be a consequence of A = B and B = C. By the induc-
tion hypothesis can'°(A4) = can'°(B) and can!®(B) = can'°(C), hence
can'?(A) = can’?(C).
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— Let A= C = B = C be a consequence of A = B. Let can'’(A) =
can'*(A;L, Si), and can'*(C) = can'*(A]L, R;). Then can'*(A =
C) = canl"(/\;-":1 (S’i)?zl = Rj;). By the induction hypothesis, we
have that can'®(B) = can'®(A]_, S;), and hence can'*(B = C) =
can'*(ATL, (S, = R;) = can®(A = C).

— Let AANC = B AC be a consequence of A = B. can®(AAC) =
can'®(can’®(A)Acan’®(C)), which by the induction hypothesis, is equal

to can!®(can’®(B) A can'®(C)) = can!®(B A C). O
Lemma 3.9. VA, [can(A)] = [can’*(4)].

Proof. Let can(A) = AL, (Sij);.lil = 7. Hence, [can(A)] = {r | Vi, if for

j=1,...,my, si; € [Si], then w@gléT(r)§i € SN}, which, by rule (susst) is

equal to {r | Vi, if for j = 1,...,m;, s;; € [Si;], then M eanto (55,1 ~(r)Si €
1
SN} = [can’*(A)]. O

Corollary 3.10. If A = B, then [can(A)] = [can(B)].

Proof. By Lemma 3.8, A = B implies can'®(A) = can'®(B), and by Lemma 3.9,
[can(A)] = [can’°(A)] for all A. Hence,

[can(A)] = [[can A)] = [[can B)] = [can(B)] O
Lemma 3.11. VA, [can(A)] # 0.

Proof. If § € SN, then both 2§ and mp(z4)§ are in SN, hence for all A,
x4 € [can(A)]. O

Lemma 3.12. VA, [can(A)] € SN.

Proof. Let can(A4) = /\ L (Sij) ;1 = 7 and r € [can(A4)]. Assume r ¢ SN,
then for any §, s TS (r)s ¢ SN. A contradiction. O

Lemma 3.13. Ifre SN, then ma(r) € SN.

Proof. We proceed by induction on the sum the size of r and the sum of the
number of steps to reach the normal form by any path starting on r. The
possible reduction from w4 (r) are:

e 74(r"), and so the induction hypothesis applies,

e r', with v’ : A and either r 2 r’ + t or just r 2 r’. In any case, since

r € SN, then r’ € SN.

o 74, (r1) + ma,(r2), with A = Ay A Ay, and r = ry + ro. Since r € SN,
then r; € SN and ro € SN. Hence the induction hypothesis applies.
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o T, (ma(r)) +7a,(ma(r)), with A= Ay A Ao, and r 2% r; +ro. Hence we
cannot reduce the projection in head possition, not w4, we must reduce
r first. If there is not r; + ry in the path to reach the normal form of
r, then we are done. Suppose there is r; + ro. Then the projection will
project either ry or ro. In any case, since r € SN, we have r; € SN and
ro € SN. O

Lemma 3.14. If r, € SN and r, € SN, then r1 + rm € SN

Proof. First we prove the following property: If r; + ro 2* s < s/, then, there
exist t1 and to such that s’ =* t1 4 to, with either (r; ~ t; and ry ~~ t2) or
(r1 ~ t1 and ro = t3) or (r1 = t1 and ra ~~ t3). Once this property is proven,
we have that if r1 + ro is not in SN, then for each s in the infinite reduction
path, s &2* t1 + t5 such that either ry ~» t; and ro ~> ty or r; ~ t; and ro = to
or ry = t; and ro ~» to. In any case, at least one of r; and rs has an infinite
path reduction, which is an absurd since r; and ro are in SN.

We proceed to prove the needed property.

The possible terms s 2* ry + ry are:

e ri +r) with ry 2* r] and ro 2* rj. This is the trivial case.
o Az Az (rh 4 1h), with

—*

r = At iy
ro = At i

Then the only possible reduction from this term is

Azt A (e rl)

n
with (v} ~ rf and v}, =), or (r} = r{ and r}, ~ r}).
In any case, it is equivalent to Az{™ ... Azdn.rf 4+ Az .. Azdn .y, and
notice that either
PV Vot APV VB Vs i o
DY R U B VAN Vs e Ve v

or
Azt ey = At e
PV D U I VAR Vs D g v

o (ry +rf)si...s,, with

rp
ro

risi...s,

P—
=% rhsy...s,

The only possible <—-reductions from this term are:
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/ / / * / / / /
— (ri+rh)s1...si...s, 2 ris1...8...8, +rhs1...8L. .8,
with s; ~ sl.
Notice that
risi...s, ~ ris;...sl...
rhsi...s, ~ rhsy...sl...

Sn
Sn

SLN S~

1 11
— () +rh)s1...sp
with either (r} — r{ and v}, =r}), or (r} =r{ and r}, — 7).
In any case, it is equivalent to r’s;...s, + ris;...s,, and notice
) 1 2 9
that either
risi...sp, ~ rfsi...sy
/ /!
rhs;...s, = rhsi...s,
or
/ _ /!
risi...s, = rfs;...s,
rhs1...8, ~ Ths1...s,

® TA AA, (I‘/l + I‘/Q), with
I <:)* TA, (I'1>
Iro <:>* T A, (I‘g)

The only possible <—-reductions from this term are:
— TAINA, (rlll + I‘/2/)
with either (r} — rf{) and (rj, =r}) or (rj =r{ and r§j — r?).
Notice that either

TA, (rll) M TA, (rlll)
Ta,(ry) = ma,(ry)
or
TA, (rll) = A (rlll)
TA, (I‘é) ~r TA, (I‘g)
— t1 + to

with r} 2* t; +t] and v} =* to + t).
Notice that

ty
to

ma, (ry)
Ta,(ry) ~
—r} +rh.
Notice that
Ta,(r) T
Ta,(ry) ~ 1) O

Lemma 3.15. If r € SN, then Az.r € SN.

Proof. First we prove the following property: If Az4.r =* s < &', then, there
exists t such that s’ =* \z?.t, with r ~» t. Once this property is proven, we
have that if Az .r is not in SN, then for each s in the infinite reduction path,
s =* Az .t such that r ~» t, which is absurd since r € SN.

We proceed to prove the needed property. The possible terms s =* \z?.r
are:
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e \z?.r/, with r @* r/. This is the trivial case.
o \zdr; + Azt
with r 2* r{ + ro.
The only possible —-reduction from this term is:
Azftry + Artr
with (r; < r] and ro =1}) or (r;y =1} and ry — 1)).
In any case, r1 + o ~> r} +15.
® TA=B, (7TA:>B2 ( .. TA=B, ()\:EA.I‘/)))

with r 2* 7, (7, (... 75, (r'))).

The only possible <—-reductions from this are:

— Tasp, (TA=B, (... Tasp, Az .x"))), with ¥/ < r”.
Notice that r ~ 7p, (7p,(...7p, (r"))).

— Tasp (Tasp, (Tas B, (- Tasp, Mahr)))
+7as By (TA= B, (TA=B, (.- Tas B, (A 1))
with By = B} A BY.
Notie that, since r 2* r; 4 ra, otherwise the rule § would not have
been applied, we have

v~ g (g, (7B, (... 75, (")) + 7py (7B, (7B, (... 7, (r")))) O

Lemma 3.16. If r € [can(A)] and s € [can(B)], then r+ s € [can(A A B)].

Proof. Let can(A) = AL, (Sij);-zl = 7 and can(B) = AiLy 4, (Sij);L =T, 80
can(AAB) = A\, (Sij);n:il = 7. Then we have that for all ¢ = 1,...,k, if for
j=1,....,m4 t;; €[S], then TE)™ :M(r)ﬂ €SN and foralli =k+1,...,n,
ij)j=1
if for j = 1,...,my, t;; € [Si], then TE)™ :>T(s)€i € SN. Therefore, for all
ij)j=1
i=1,...,n,if fOl”j =1,...,my, tij S [[Sijﬂ, we have w@gléT(r—i—s)ti € SN,

sor+s € [can(A A B)]. O

Let 0 be a term substitution. We write or for r after the substitutions o.
We say that o is adequate if for all 22, o(24) € [can(A)].

The following lemma shows that any adequate substitution applied to a term,
is in the interpretation of the type of such term. This lemma, together with
Lemma 3.12, implies that a typed term is strongly normalising (Theorem 3.18).

Lemma 3.17 (Adequacy). If 7: A and o adequate, then or € [can(A)].
Proof. We proceed by induction on the typing derivation.
e Let 2" : A be a consequence of rule (ax). Since ¢ is adequate, o(z*) €

[can(A)].
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e Let r: B be a consequence of r : A, A = B and rule (=). By the induction
hypothesis Vo adequate, or € [can(A)], so by Lemma 3.10, or € [can(B)].

e Let \z.r : A = B be a consequence of r : B and rule (=;). Let can(4) =
Ny (Su)f;l = 7 and can(B) = AJ_, (Rjk)Zil = 7. By the induction

hypothesis or € [[can(B)]] that is, for all j, if s;, € [Rj], for k =
1,...,hj, then TRy (or)S; € SN. Notice that oAz?.r = Az4.or.
k=1

We must show that

3

m —n .
\z?.or € /\ i1 = )iy = (Rjk)k;l =7

that is, we must show that Vj, if fori =1,...,n, t; € H(Sil)fil = 7-]] and
for k=1,...,hj, sjx € [Rjk], then

(A\z?.or)ts; € SN

TGt =) = Rl =
By Lemma 3.3, A = can(A4), so
. . A fs.
T 7,y T (AT )

n TG Pi -
2T IR iy ()\:v/\izl (S”)lzlﬁT.or)tsj
((Sil)1:1:>7')i ( jk)k 1:>T

= w05 on))g,
n

2, (AN ST or)(>t:))s;

(Rjk)k:1:>7' .
=1

Since or is in SN, by Lemma 3.15, Az“.or € SN, and then by Lemma 3.13,

F(@f;ﬁﬂi:lﬁ(&k):ilﬁT()\x .or) € SN, hence PV e TR Ty (or) €

SN . And since also t,§; € SN, we can proceed by induction on the sum of

the number of steps to reach the normal form of each of these terms. The

ible reductions fired f e, (Aator)ts; are:

possible reductions fired from w((sil)ﬁlz>T>i:l:>(Rjk);]:1§T( x.or)ts; are

— reducing one of t;,s;i, Az?.or or Az4 TF(RJIC)Z.I:VF( or) , then the
induction hypothesis applies,

- Wm:il:”(ar[z?:l t;/z])S;. Then consider o/ = o,[Y i, t;/x].

By Lemma 3.16, ¢’ is adequate, hence

W@ZLiT(Ur[; t;/z])s; = ”(Tj)lew(alr)gj € SN
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_ S A {5,
ey (7 Ghs =@ jk):;:”()\:v .or)ts;)

R A e
T M e L, e O D))
using rule (s). From thls term, the only possible reductions are like
in the two previous cases ((5) cannot be applied twice). Hence the
term is in SN.

e Let rs : B be a consequence ofr: A= B,s: Aandrule (=.). Let
can(4) = A", (Sin)py = 7 and can(B) = AV (Rjk),_, = T, then
can(A = B) = \[L, ((Sin)pey = T)iey = (Rjx),_, = 7. By the induc-
tion hypothesis, if ¢ adequate, or € [can(A = B)] and os € [can(A)],
that is, for j =1,... ,m,iffori=1,...,n, t;; € [[(Szh)h 1= TH and for

k=1,...,pk, uji € [[Rjkﬂ, then

TS ST e O €

Remark that

T S or)E i
((Sih');;l:l:M-)izlb(Rjk)k]:1:>7'( )J J
n

ﬁ((sm)ZZl i7’):L:1:>(Rjk)2]‘:1:?1' (O’I‘) (Z tji)uj

=1

.

hence since or € [can(A = B)], by Lemma 3.16, if >_"" ; t;; € [can(A)],

then L e vy (or)(Z?:l tj;)u; € SN. Since we have

os € [can(A)], we have that wml ST e

equivalent to mz— 0%, _,((or)os)d; = & rs))u; € SN, and
so o(rs) € [can(B)].

(or)ost; is =*-

Rk)p] :>T( (

Let r+s : AA B be a consequence of r : A, s : B and rule (A;). By
the induction hypothesis, Vo adequate, or € [can(A)] and os € [can(B)],
hence by Lemma 3.16, or + os € [can(A A B)]. Notice that or 4+ os =
o(r+s).

Let ma(r) : A be a consequence of r : A A B and rule (A, ). By the
induction hypothesis, Vo adequate, or € [can(A A B)]. Let can(A) =

/\iC 1 (Sij )mi1 = 7and can(B) = A\;_,.; (Si )mil = 7, then we have or €

[can(A A B)]] means that Vi, if Vj, s;; € [[S’Uﬂ then 7 i _(or)s; €
1

SN.

We need to prove that
T TN, Ty (OT)Ss = 7 (Tps oy, (07)85) € SN

By Lemma 3.13, it suffices to prove TAS, Gy éT(Ur)sﬁ eSN. If k=1,

then we are done. In other case, we proceed by 1nduct1on on the sum of the
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number of steps to reach the normal form of or, S; and 7 AL o) = (or)

tJ

(which is in SN by Lemma 3.13). The possible reductions fired from

N
m o™ or)s; are:
/\i‘c:1 (Sij)j:11:>7( ) v

. 1 y .
— reducing one of or,s*,...,s8’ orw =—m or), then the induc-
& T ’ Niet (Sij)jzll:M'( )’

tion hypothesis applies,

- . o\ m .
— r's;, with 1’ : /\f:1 (Sij)jzll = 7 and or = r' +t or just or = r'.

Since mz—m: __(or)S; = 7,(orS;) € SN which is equal either to
(Sij )].:1:>T

7 ((r'4+1t)S;) € SN, then we have 7 (r'S; +t8;) € SN, or to 7. (r'S;) €

SN, in any case we can conclude r's; € SN.

— 7o, (7r/\§:1 @;ﬂ:llé‘r(o-r)gi) + ey (71'/\?:1 . (or)8;), using rule
(6). From this term, the only possible reductions are like in the two

previous cases ((5) cannot be applied twice). Hence the term is in
SN.

— Any other reduction involving first using nist..-rule, are analogous to
the previous case.

e Let ma(r) : A be a consequence of r : A and rule (A, ). By the induction
hypothesis or € [can(A)], that is, if can(4) = A, (Sij);:l = 7, for all
i, if for all 7, s;; € [can(S;;)], then TE)" =, (0T)S;i € SN. Notice that

ij)j=1

since or : A, we have w@gléq_(

so ma(or)s; € SN, which implies TGy _(ma(or))s; € SN. O
i)

or)S; =* 7. ((or)s;), hence (or)s; € SN,

Now we can prove strong normalisation as a corollary of Lemma 3.17.
Theorem 3.18 (Strong normalisation). If r: A, then r € SN.

Proof. If r : A, by Lemma 3.17, for all o adequate, or € [can(A4)]. Take
o = identity, and notice that it is adequate (cf. proof of Lemma 3.11), then
or =r € [can(A)], which by Lemma 3.12, is in SN. O

3.2. Characterisation of Typed Closed Normal Forms
In this section, we give a characterisation of typed closed normal forms

(Theorem 3.20), for which we need the following auxiliary result.

Lemma 3.19. If r: AA B and FV(r) = 0, then ma(r) reduces using at least
one reduction m, (that is, a projection discarding part of the term, in contrast
with reduction 1, which keep the whole term,).

Proof. We proceed by structural induction on r.

e Ifr=X%sthen A=C = A" and B=C = B, with s : A’ A B". So,
o= a(Ax¢.s) 2 A\x® .74/ (s), which by the induction hypothesis reduces
using at least one 7, reduction.

25



e If r = rirp then vy : C = (A A B), so ma(rirs) & mo=a(ry)ra. We
conclude with the induction hypothesis.

e If r = ry + ry the cases are:

—r;:Aandrs: B, then ma(r) <, 11

— 11 : AN By and ry : By, with B = By A B, then, by the induction
hypothesis, ma(r1) reduces using at least one 7, reduction, and so
wa(ry + ra) does the same.

— Iy A1 A B and Iro ! AQ/\B, WlthAEAl/\AQ, then 7TA(I‘1 —|—I‘2) =
T Ady (T14T2) & T4, (r1)+74,(r2), and by the induction hypothesis
both 74, (r1) and m4,(r2) reduce using at least one m,, reduction.

o If r = we(s), then C = AAB and s : AA BA D, so by the induction
hypothesis, ¢ (s) reduces using at least one 7, reduction, hence w4 (mc(s))
does the same. O

Theorem 3.20 (Characterisation of typed closed normal forms). If r: A and
FV(r) =Red(r) = 0, then there exists Ay,..., Ay, t;: Bj forj=1,....,m and
Ci, .y Oy withntm > 1 such that r =* 350 Aet s+ (AxPiNCsmy)t;.

Proof. We proceed by structural induction on r.
o If r = \z4.s, then we are done.

o If r = riro, then r; : B = A, ro : B. So, by the induction hypothesis
r 25 300 Artis + Z;—n:l()\foADf.r;-)tj, hence

m

rir) :’*(Z Az s + Z(/\:ch/\Dj x)ti)rs

~
—

n

— e
n m

=) (\xisi)ry + Z()\xchDj.r;)tjrg

1=

—

Jj=1

o Ifr =r; +ry, then for j = 1,2, r; : A;-, so by the induction hypothesis
ry =0 30 At + 30 (AP )ty and vy 27 Zf:nﬂ AzAis; +
Zzzmﬂ(/\:z:Bf’\ci .rj)tj, sor =* Ele Az s; + Z;Zl(/\xBj’\cﬂ' )t

e If r = my(s), then s : A A B, indeed, s cannot have type A because
Red(ma(s)) = 0. So, by Lemma 3.19, Red(mA(s)) # 0. O

4. Computing with our Calculus

4.1. Pairs (and lists)

Because the symbol + is associative and commutative, our calculus does not
contain the usual notion of pairs. However it is possible to encode a deterministic
projection, even if we have more than one term of the same type. An example,
although there are various possibilities, is given in the following table:
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Standard ) Encoding |
(r;s) i ANA [ dalr+dafs: 1= AN2= A
m1(r,s) Tloa(Azlr + Az4.s)yt |

where types 1 and 2 are any two different types. This example uses free vari-
ables, but it is easy to close it, e.g. use \y.y instead of y1 in the second line.

Moreover, this technique is not limited to pairs. Due to the associativity
nature of +, the encoding can be easily extended to lists.

4.2. A deterministic subsystem

In the previous section we have seen how to encode a pair, transforming the
non-deterministic projection into a deterministic one via an encoding. Another
possibility, is to remove the non-deterministic behaviour of this calculus by drop-
ping the isomorphisms (1) and (2), as well as rules comu and asso. Despite that
such a modification would simplify the calculus—indeed, the projection can be
taken as the standard projection—the resulting calculus would still count with
distribution of application over conjunction and currification, two interesting
features for a language. The former allows to execute a function only partially,
when not all its results are needed. The latter can also be used to optimise
programs when there are multiple calls to the same function, but one of its
arguments is fixed.

4.3. Booleans

Example 2.8 on booleans actually overlooks an interesting fact: If A =
B, then both T and F behaves as a non-deterministic projector. Indeed,
Trs —* r, but also (AzA.\yB.2)rs = Az \y?.z)rs 2 Az Myt .2)(r +s) 2
(A2 \yA.z)(s +1) = Azt Ayt .a)sr —* s,

Similarly, Frs <—* s and also Frs ~* r. Hence, A = A = A is not suitable
to encode the type Bool. The type A = A = A has only one term in the
underlying equational theory.

Fortunately, there are ways to construct types with more than one term.
First, let us define the following notation. For any t, let write [t]A, the canon
of t, that is, the term Az4.t, where z4 is a fresh variable not appearing in t.
Also, for any term t of type A = B, we write {t}*= 5, the cocanon, which is
the inverse operation, that is, {[t]*}*=® =t for any t : B. For the cocanon
it suffices to take {t}*=F = tAz?.yPB. Therefore, the type (A = A) = B) =
B = B has the following two different terms: tt := \zZ \y(A=4)=5 g and
ff:= (A= D=8 \yB {21454 Hence, it is possible to encode an if-then-else
conditional expression in the following way: If ¢ then r else s := cr[s]*=A. So,
ttr[s]4=4 —* r, while fir[s] 474 2* fs]1=4r —* {[s]*74}4 < s.

5. Conclusions, Discussions and Future Work

In this paper we defined a proof system for propositional logic with an as-
sociative and commutative conjunction, and a distributive implication with re-
spect to it, where equivalent propositions get the same proofs.
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5.1. Related Work

5.1.1. Relation with other non-deterministic calculi

As a consequence of the commutativity of conjunction, the projection in
our calculus is not position-oriented but type-oriented, which entails a non-
deterministic projection where if a proposition has two possible proofs, the pro-
jection of its conjunction can output any of them. For example, if r and s are
two possible proofs of A, then 74 (r + s) will output either r or s.

In several works (cf. [22, §3.4] for a survey), the non-determinism is modelled
by two operators: The first is normally written +, and instead of distributing
over application, it actually makes the non-deterministic choice. Hence (r 4 s)t
reduces either to rt or to st [10]. The second one, denoted by ||, does not
make the choice, and therefore (r || s)t reduces to rt || st [11]. One way to
interpret these operators is that the first one is a non-deterministic one, while
the second is the parallel composition. Another common interpretation is that
+ is a may-convergent non-deterministic operator, where type systems ensure
that at least one branch converges (i.e. terminates), while || is a must-convergent
non-deterministic operator, where both branches are meant to converge [8, 10,
11, 16]. In our setting, the + operator behaves like ||, and an extra operator (m4)
induces the non-deterministic choice. The main point is that this construction
arose naturally as a consequence of considering the isomorphisms between types
as an equivalence relation. Our type system ensures the termination of all the
branches (Theorem 3.18), therefore ensuring must-convergence.

5.1.2. Relation with the selective A-calculus
In a work by Garrigue and Ait-Kaci [20], only the isomorphism

A= (B=C)=B=(A=0). (5)

has been treated, which is complete with respect to the function type. Our
contribution with respect to this work is that we also consider the conjunction,
and hence four isomorphisms. Notice that isomorphism (5), in our setting, is
a consequence of currification and commutation, that is AA B = B A A and
(ANB)=C=A= B=C.

Their proposal is the selective A-calculus, a calculus including labellings to
identify which argument is being used at each time. Moreover, by considering
the Church encoding of pairs, isomorphism (5) implies isomorphism (1) (com-
mutativity of A). However their proposal is different to ours. In particular, we
track the term by its type, which is a kind of labelling, but when two terms
have the same type, then we leave the system to non-deterministically choose
any proof. One of our main novelties is, indeed, the non-deterministic projector.
However, we can also get back determinism, by encoding a labelling, as discussed
in Section 4, or by dropping some of the isomorphisms (namely, associativity
and commutativity of conjunction).
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5.2. Future Work

5.2.1. Adding more connectives

A subtle question is how to add a neutral element of the conjunction, which
will imply more isomorphisms, e.g. ANT=A, A= T=Tand T = A=A
Notice that within our system, T = T = T would make it possible to derive
(AxT.zz)(AxT.zz) : T, however this term is not the classical €, it is typed by
T, and imposing some restrictions on the beta reduction, it could be forced not
to reduce to itself but to discard its argument. For example: “If A = T, then
(AzA4.r)s < Az?.r, in other case, do the standard beta-reduction”.

5.2.2. Probabilistic and quantum computing

A second line is the probabilistic interpretation of the non-determinism in our
calculus. In [15] a probability space over the set of non-deterministic execution
traces is defined. This way, our calculus is transformed into a probabilistic calcu-
lus instead of just a non-deterministic one, providing an alternative way for more
complex constructions. Moreover, the original motivation behind the linear al-
gebraic extension of lambda calculus [4] and its vectorial type system [2] was to
encode quantum computing on it by considering not only non-deterministic su-
perpositions, but formal linear combinations of terms. A projection depending
on scalars could lead to a measurement operator in a future design. This is a
promising future direction we are willing to take.
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