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Abstract: This paper is devoted to the convergence analysis of the generalized Robin-Neumann
schemes introduced in [C. R. Math. Acad. Sci. Paris, 349(17-18):1011-1015, 2011; Internat.
J. Numer. Methods Engrg., 101(3):199-229, 2015] for the coupling of a viscous incompressible
fluid with a thick-walled elastic structure. The methods are formulated within a class of opera-
tor splitting schemes which treat implicitly the coupling between the fluid and the solid inertia
contributions. This guarantees energy stability. A priori error estimates are derived for all the
explicit and semi-implicit variants. The analysis predicts a non-uniformity in space of the split-
ting error, hence confirming the numerical evidence reported in [Internat. J. Numer. Methods
Engrg., 101(8):199-229, 2015] for the explicit variants. Besides, the analysis demonstrates that
the genesis of this accuracy loss is the spatial non-uniformity of the discrete visco-elastic solid
operator. The theoretical findings are illustrated via a numerical study which shows, in particular,
that alternative splitting schemes recently reported in the literature also suffer from these accuracy
issues.
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Analyse de convergence pour une classe de méthodes de
découplage en interaction fluide-structure

Résumé : Cet article est consacré a I'analyse de la convergence des schémas Robin-Neumann
généralisés introduits dans [C. R. Math. Acad. Sci. Paris, 349(17-18):1011-1015, 2011; Inter-
nat. J. Numer. Methods Engrg., 101(3):199-229, 2015] pour le couplage d’un fluide visqueux
incompressible avec une structure élastique épaisse. Les méthodes sont formulées dans une classe
de schémas & pas fractionnaire qui traitent implicitement le couplage entre le fluide et 'inertie
du solide. Ceci garantit la stabilité dans la norme de 1’énergie. Des estimations d’erreur a priori
sont obtenues pour toutes les variantes explicites et semi-implicites. L’analyse prévoit une non-
uniformité en espace de I’erreur de découplage, confirmant ainsi les résultats numériques présentés
dans [Internat. J. Numer. Methods Engrg., 101(3):199-229, 2015] pour les variantes explicites.
En outre, ’analyse montre que 'origine de cette perte de précision est la non-uniformité spatiale
de opérateur solide visco-élastique discret. Les résultats théoriques sont illustrés par une étude
numérique qui montre, en particulier, que des schémas alternatifs récemment proposés dans la
littérature ont le méme type de problémes de précision.

Mots-clés : interaction fluide-structure, écoulement de Stokes, structure visco-élastique, méth-
ode des éléments finis, condensation de masse, schémas de découplage en temps.
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1 Introduction

This paper deals with the numerical approximation of fluid-structure interaction systems involv-
ing a viscous incompressible fluid and a thick-walled structure. We consider a coupled system in
which the fluid is described by the Stokes equations, in a fixed configuration, and the solid by
the linear visco-elastodynamics equations. Standard kinematic and kinetic coupling conditions
are enforced on the interface. Though simplified, this linear setting retains some of the main nu-
merical issues that appear in the simulation of complex non-linear incompressible fluid-structure
systems (see, e.g., [10, 19]).

The key feature of the numerical methods analyzed in the present work is that they provide
different degrees of splitting in the computation of the fluid and the solid: semi-implicit and
ezxplicit coupling schemes. Semi-implicit coupling schemes perform an implicit-explicit splitting
of the coupled problem based on a specific fractional-step time-stepping of the fluid or the solid
(see, e.g., [15, 25, 2, 5]). The implicit part of the coupling guarantees numerical stability while
the explicit one reduces computational complexity.

Explicit coupling schemes are those that uncouple the fluid and solid time-marchings through
specific explicit discretizations of the interface conditions. This yields, a priori, the most efficient
solution procedure. The design of such (stable and accurate) methods in incompressible fluid-
structure interaction is, however, a delicate problem. The main reason is the extremely stiff
nature of the Dirichlet-Neumann interface coupling: the so-called added-mass effect (see, e.g.,
[10, 19]). Stability in explicit coupling requires hence a different treatment of the interface
conditions.

In [7, 8], stability is achieved form a specific Robin-Robin semi-discrete formulation derived
from Nitsche’s interface method (see, e.g., [21]). The price to pay is a perturbed truncation
error whose leading term scales as O(7/h), with 7, h respectively denoting the time and space
discretization parameters. Suitable extrapolations and correction iterations are hence needed to
enhance accuracy (see [8]). Numerical evidence suggests that optimal first-order accuracy can be
achieved by using a non-symmetric penalty-free formulation, but the numerical analysis of this
method is open.

In this paper we consider the explicit coupling schemes introduced in [16, 18]. The key
ingredient for the stability is a certain interface Robin consistency that can be retrieved at
the space semi-discrete level, using a lumped-mass approximation in the structure, and which
consistently integrates the solid inertial effects within the fluid. Basically, these methods extend
the explicit Robin-Neumann paradigm of [17, 14] to the case of the coupling with thick-walled
structures. Extensive numerical evidence reported in [18] indicates, however, that the optimal
accuracy of the thin-walled solid case is not preserved. More precisely, the error induced by the
splitting is not uniform in A and appears to be O(TQT_l/h%), with r € {0,1,2} denoting the
order of the explicit extrapolations.

The main contribution of the present paper is to identify the source of this h2 accuracy loss.
To this purpose, the schemes are formulated within a wider class of operator splitting schemes
in which the solid mass-lumping approximation becomes optional and simply determines the
semi-implicit or explicit nature of the methods (Algorithms 1 and 2 below). The resulting
semi-implicit schemes have some connections with the methods recently reported in [5] and
present several advantages with respect to them. Error estimates are derived for all the (explicit
and semi-implicit) variants using energy arguments. The analysis confirms the (9(7’2“1 / h%)
convergence rate observed numerically in [18]. Furthermore, it demonstrates that the hz-loss is
exclusively due the non-uniformity of the solid discrete visco-elastic operator, regardless of the
mass-lumping approximation in the solid. These theoretical findings are further illustrated via
numerical experiments which show, in particular, that semi-implicit scheme of [5] also suffers
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4 M.A. Ferndndez, J. Mullaert

from this non-uniformity issue.

The numerical analysis of linear incompressible fluid-structure interaction problems has been
the topic of a number of studies in the literature (see [24, 13, 1, 14, 17]). To the best of our
knowledge, this is the first time that the convergence analysis covers the case of the coupling
with a thick-walled solid via explicit coupling schemes.

The rest of the paper is organized as follows. Section 2 presents the linear continuous setting
which serves as model coupled problem. Section 3 introduces the space and time discretizations
and the different splitting methods. We recall the stability result for the explicit schemes and
show that this holds also for the new semi-implicit variants. Section 4 is devoted to the error
analysis of the methods using energy arguments. The numerical experiments are reported and
discussed in Section 5. Finally, a summary of the results is given in Section 6.

2 Problem setting

We consider a fluid-structure system described by the Stokes equations in a domain Qf ¢ R¢

and by the linear visco-elasticity equations in an adjacent domain Q% C R% (d = 2 or 3). We

denote by ¥ 4 905 N 9O the fluid-structure interface. We assume that 0Qf = THd UTHn US

and 09° = I'>dUTS" UY are given partitions of the fluid and solid boundaries, respectively, and
that T > 0 is a given final time instant.

The considered linear coupled problem reads therefore as follows: find the fluid velocity
w: Qf x (0,7) — R? the fluid pressure p : QF x (0,7) — R, the structure displacement
d: O x (0,T) — R? and the structure velocity d : Q° x (0,7) — R? such that
plou —divel(u,p) =0 in QF x (0,7),

divu =0 in Qf x (0,7),
u=0 on I'tx(0,7),
o'(u,p)n' =h on T x (0,7),
p°0,d — dive®(d,d) + app*d =0 in Q x (0,7T),
d=0dd in Qx(0,7),
d=0, ayd=0 on I™x (0,7),
o*(d,dn* =0 on I*" x (0,7),

u=d on ¥ x(0,7),

{ S Nas S f f (3)
o*(d,d)n® = -0 (u,p)n’ on X x (0,T)

and satisfying the initial conditions u(0) = ug, d(0) = dy and d(0) = v,. Here, pf, p* > 0 stand
for the fluid and solid densities, h for a given surface traction on I''"® and nf, n® for the exterior
unit normal vectors to the boundaries of Qf and %, respectively. The fluid stress tensor o (u, p)
is given by

def 1
2
where 1 > 0 denotes the fluid dynamic viscosity. For the solid, the stress tensor is defined by
the relations

)=

ol(u,p ' pIgaxa + 2ue(u), €(u) (Vu+ Vu'),

def

o*(d,d) ¥ o(d) + aio(d), o(d) Y 2L1e(d) + Lo(divd)Ipaxa,

Inria
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where L1, Lo > 0 stand for the Lamé coefficients and ag, a1 > 0 for the Rayleigh damping
parameters. Well-posedness results for this type of linear fluid-structure interaction problem can
be found in [12].

In what follows, we will make use of the functional spaces

VI (ot e [HYQD) /ol [pea = 0}, Q% 12(QN),

Ve Lot e [HY Q)] ) 0°|pes = 0}, W {(0f,0%) € VI x V¥ /of|5 = v°|n)

and the following bi-linear and linear forms:

a(u,v") = 2p(e(u), €(v)) e, b(p,v") L —(p,dive)ge, () = (R0,
a®(d,v°) € (o(d), e(v)) s a¥(d,v°) L app’(d, ) + i (o(d), €(v7))

Here, the symbol (-, -), stands for the standard inner-product of L?(w), for a given domain w of
R? or R%~. We denote by H . He and || . ||V the norms associated to the inner-products a® and

a’, in particular, we have:
2 def
, =

. . . 2 . 2
lall, = aop|[dllq o- + culld].

We also set
def def _ 1

lelly: = w2 lIVulloqn llpllg = n2 Pl o
The coupled problem (1)-(3) admits the following variationnal formulation: for t € (0,7T),
find (u(t),d(t)) € W, p(t) € Q and d(t) € V* such that

(.i = 3td7
P (0, 0) g + a(u, v7) + b(p, v1) — (g, w) + o7 (Bed v%) o, + a°(d, v°) + 0¥ (d, v%) = U(v),

()
for all (vf,v*) € W and ¢ € Q.

3 Numerical methods

This section is devoted to the numerical approximation of the coupled problem (5). The key
feature of the methods considered is that they provide different degrees of splitting between
the computation of the fluid and the solid. We recall the family of schemes introduced in [18]
(Algorithm 2) and a variant (Algorithm 1) with less degree of splitting between the computation
of the fluid and the solid. The error analysis of these methods (Algorithms 1 and 2) will be
topic of Section 4. Finally, we review some alternative splitting schemes that can be found in
the literature (Algorithm 3, see [5]).

The spatial semi-discrete finite element approximation of the coupled problem (5) is intro-
duced in Section 3.1. Section 3.2 presents the time discretization and the different fluid-solid
time splitting schemes.

3.1 Spatial semi-discrete approximation

We consider a finite element approximation in space based on continuous piece-wise affine func-
tions. The corresponding finite element spaces are denoted by Vhf c Vi Q,co, Ve C Vs,
where the subscript h > 0 indicates the level of spatial refinement. The associated family
of meshes (for h > 0) are supposed to be shape-regular and, for simplicity, quasi-uniform as
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6 M.A. Ferndndez, J. Mullaert

well. Since the fluid velocity/pressure pair Vif/Q fails to satisfy the inf-sup condition, we
consider a symmetric pressure stabilization method defined by a non-negative bilinear form,
sh : Qn X Qn — R entering, for instance, the abstract framework of [6]. We define the semi-norm

def
sn = V/Sn(an,qn) for all g, € Q.
Furthermore, we assume that the fluid and solid discretizations match at the interface, that
is,

lan

def

Asp = {vilz/'viGVJ}:{vilz/vZEVz«?} (6)

and we set Vi, < {vf € VI /vf|s =0}, V&, < {v} € Vi /vj|s = 0} and

def s s s
Wi, = {(v},,v}) € Vi x Vi Jopls = v} |s} C W.
We will consider the standard solid-sided and fluid-sided discrete lifting operators,
L5 As, — Ve L Asy, — Vi

defined for all &, € Ay, such that the nodal values of L} &}, Llflﬁh vanish out of ¥ and that
(L3.6n)ls = (Li&n)ls = &n.

In what follows, the symbol (-,-). designates either the standard inner-product (-,-)gs in
L2(9), or its lumped-mass approximation (-,-)qs 5 (see, e.g., [23, Section 2.3| or [26, Chap-
ter 15]). We also set

v sy def S/ S el s

0¥ (e, 03) < o (@, v+ ara (@, v}) (7)
for all dj,v;, € V;7. We denote by H . HV* and || - ||* the norms associated to the inner-products
ay and (-, )., respectively.

Remark 1 We recall that the norms || . ||0 os and || . H* are equivalent in V>, uniformly in h
(see, e.g., [26, Chapter 15]) and the same holds for || - HV and || - Hv .- We will use the symbol S

to indicate an inequality written up to a multiplicative constant (independent of the physical and
discretization parameters).

We consider the discrete reconstructions Lj : V* = V;? and Ly : V> = V;, of the elastic
and viscous solid operators, defined through the relations:

(L5 d,v})« = a®(d,v}), (L}dn,v})s = al(dn,v}), (8)

for all (d, dh, v}) € V3 x VP x V5. We will also make use of the interface operator By, : Ayxj;, —

Ay 1, defined by By, e (['2)/[’71’ where (LZ)/ stands for the adjoint operator of £j with respect

to the lumped-mass inner product (-, -)os,, in V;?. Notice that the interface operator By, is self-
adjoint, positive, definite and diagonal with respect to the finite element basis of Ay, . In order
to simplify the presentation, we use the notation Bjv; instead of By (v} |s) for v} € V3.

The space semi-discrete formulation of problem (5), including a possible mass-lumping ap-

proximation in the structure, reads therefore as follows: for all t > 0, find (uy(t), dp(t)) € Wy,
pr(t) € Qp and dj(t) € V)P such that

dy, = d,dy,
P (Orwn, v},) o + alun, ) + b(pr,v},) — blan, wn) + sn(Pr, qn) 9)
+ 0" (O, v}), + a®(dp, v3) + al (dn, v}) = I(v},)

for all (vi,v5) € W), and g1, € Q.

Inria
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3.2 Time discretization: coupling schemes

This section is devoted to the discretization in time of (9). In the succeeding text, the parameter

7 > 0 stands for the time-step length, ¢, = fnr < T, with n € N, and 9,2" ef (z — 2"~ 1) /7 for
the first-order backward difference. The symbol x™* denotes the r-th order explicit extrapolation
at time t,,, namely,

0 if r=0,

def — .
=N it r=1,

2" — "2 i =2,

3.2.1 Generalized Robin-Neumann explicit coupling schemes

Basically, the explicit coupling schemes introduced in [18] build on a certain interface Robin
consistency that can be recovered from the space semi-discrete formulation (9) with a mass-
lumping approximation in the structure. Here, in the spirit of [16], we propose an alternative
derivation based on operator splitting. The benefit of this approach is that mass-lumping becomes
optional and highlights its role on the explicit nature of the coupling scheme.

To this purpose, we consider the following fractional-step time-marching of (9): for n > 1,

1. Find (uh,dn 2) € Wy, and pj € @, such that

Pf<a Uha”h)ng + a(uhvvh) (102711 ) — blan, uy) + sn(ph>qn)
pS n— 2 s ps n— 1 s e/ qn,* s v/gn,k s (10)
+ 7(dh vh) l(vh) 7(d )* —a (dh vvh) - a*(dh avh)
for all (vi,v5) € W), and for all g, € Qp;
2. Find (d}},d}}) € Vi x V;$ such that

P = 0.dy,
O . (1)
oy — o), + at(dy — di* w3 + aX (- &5 w) = 0

for all v; € V.

Note that step (10) introduces and additional unknown, the intermediate solid velocity c.lZf%,
which is implicitly coupled to the fluid through the solid inertial term. In other words, step (10)
implicitly treats the solid inertia within the fluid. The remaining solid visco-elastic contributions
are treated explicitly in (10) via extrapolation. The end-of-step solid velocity d;f is obtained
by solving the solid correction step (11). The implicit treatment of the solid inertia in (10)
guarantees stability, while the extrapolation of the solid visco-elastic terms introduces a certain
degree of splitting between the computation of the fluid and of the solid.

The correction step (11) can be reformulated as a standard solid (Neumann) problem by
eliminating the quantitites ([127% .y, dz*) Indeed, by taking vi = £ v5 and ¢, = 0 in (10)
and by adding the resulting expression to (11)s, we get

ps(aTdZ,vZ)*—i—ae( Z,vi)%—a‘;( Zvv?z) = _pf(a‘ruﬁv‘c‘zv}i)gf_a(uzv‘c‘/f%vZ)_b(phv‘Chvh) (14)

for all v; € V7. Furthermore, for n > r, the extrapolated solid visco-elastic contribution in (10)
can be eliminated thanks to (14) at the time-steps n — 1,...,n — r, which yields

—ae(dZ’*’v%—ai(dZ’*vvi) = Ps(af&;zl’* B TP H(Oruy ™, ‘C’}zv}z)Qf+a'(uh L,0,)+b(py ™, £},v},)

RR n° 8670



8 M.A. Ferndndez, J. Mullaert

Algorithm 1 Semi-implicit coupling scheme (without solid mass-lumping).

For n > r,

1. Fluid with solid inertia step:
o1
Find (u},d, ?) € W and p}l € Qj such that

P (Oruf, v}) o + alugy, vp,) + b(pi, vp,) — blan, uit) + sn(Ph, qn)
S ep—1 So. cnk s
+ %(dz 271’;)95 = %(dﬁ L+ TO-dy;’ 7vh)QS (12)
+ PN (Oruy, Llv, ) o + aluy™, Ll vh) + b(py ™, £,0}) + 1(v))

for all (vi,v$) € W), and gq), € Q.
2. Solid step (Neumann):

Find (d},d}) € V¥ x V¢ such that

§ = 0,dj.
p°(0-djy, v}, )= + a®(djy, v},) + a¥(dy, v},) (13)

= —p' (Orupy, £3,0}) o — alu, £3,v5) — b(ph, £},0})

for all v € V.

for all (vi,v5) € W,

Algorithm 1 presents the resulting time-marching procedure without the mass-lumping ap-
proximation in the solid. It should be noted that this coupling scheme is not explicit (it is
semi-implicit), since the fluid sub-problem has the same size than the original coupled problem
(9). On the contrary, if mass-lumping is considered in the structure, the contributions of the solid

en_1
intermediate velocity dZ 2 can be rewritten exclusively in terms of the interface fluid velocity

cm_ 1

ul|s:. Indeed, from [18, Lemma 1] and since u}|s = d; *|s, it follows that
a7 L), = (Bud) %03, = (Buul, vl
(dy h”h)gs,h*( ndy, *.vy)y = (Buuj, v,y

for all (vi,’vi) € Wp,. In other words, after solid mass-lumping, the intermediate solid velocity

('12_5 disappears from the computation and, therefore, the coupling scheme becomes explicit.
The resulting solution procedure is recalled in Algorithm 2.

Remark 2 Algorithms 1 and 2 are essentially the same coupling scheme: they only differ on
the discrete treatment of the inner-product (-, -)qs.

Remark 3 Algorithms 1 and 2 are multi-step methods for r > 0, meaning that an initial con-
dition (ul), d%,c'l%) is mot enough to initiate the time marching. In the case r = 1, we propose to
obtain (IL}L,d,lL7 di) with one step of the scheme with r = 0. Similarly, the scheme with r = 2 is
initialized by performing one step of the scheme with r =1 and so on.

For further reference in the convergence analysis of Section 4, we now recall the energy
stability result established in [18, Thereom 4] for Algorithm 2. We will show that it also holds
for Algorithm 1.

Inria



Convergence analysis for a class of splitting schemes in incompressible FSI 9

Algorithm 2 Generalized Robin-Neumann explicit coupling schemes (from [16, 18]).

For n > r,

1. Fluid step (generalized Robin): find (u?,p}) € Vif x Q) such that

P (0rup, vp) o + alup, v}) + bk, v),) — bgn, i) + sn (P}, qn)
+ (B o) = L (Buldy ™ + 70,87 0f) (15)
+p (8 uy”, Ehvh)Qf + a(up™, Lhvp) + b(py™, Lvy) + 1(vy,)
for all (vi,qn) € Vi x Q.
2. Solid step (Neumann): find (d}},d}}) € Vi x V; such that
= o,dy,
P2 (0, v} )0 1+ a(d, v3) + aj (df, v3) (16)

= —p'(O-up, LLv}) o — aluf, L4v5) — b(pf, L£},v})

for all v; € V.

We begin with the following fundamental property of Algorithms 1 and 2: they are nothing but
interface kinematic perturbations of a fully implicit time-discretization of (9) (implicit coupling
scheme).

Lemma 1 Let {(u},p},dj,d})}
there holds

o be the sequence given by Algorithm 1 or 2. Forn > r,

wf, = df (L — di*) + Ly~ d)]on 9 (17)
and
= 0-dj,
P (Orup, v}) o + aluy, v}) + b(py, v}) — bgn, wit) + sn(ph, n) (18)

+ 0 (O, 7).+ a°(di, ) + a(df, 07) = 1(v})
for all (v}, v5) € Wy, and qi, € Qp,.
Proof 1 The result for Algorithm 2 has been established in [18, Lemma 2]. We now detail the

proof for Algorithm 1. First, the substitution of the superscript ™ by ™* in (13), which is valid
form >r, gives

PO+ G+ ) = = (0" g =" )~ )
19
for all v € V5. Then, the choice vl = Liv5 and g, = 0 in (13) yields

ol

p° en—
—(d,
= D + 0,85 0 g + 0 (0, L) + 0

(3 uy, ‘Chvh)gt + a(u, £,v}) + b(py, L,v5) + 7’02)93

a(uy’ 7‘C’hvh)+b(ph L Lhvh)  (20)

RR n° 8670



10 M.A. Ferndndez, J. Mullaert

for all v; € V2. Finally, by adding the relations (20), (19) and (13), we get
—di ! vi)as +al(df, — di " v7) + a¥ (A — dp vh) = 0 (21)

for all vj € V2, or equivalently, thanks to (8),

[ =

dy ? =dy+— |Ls(dy —dp*) + Ly (dy — dyp™)| -

S

A

The transmission condition (17) hence follows from (12), which enforces uj = c.lz_% on 3. At
last, the kinetic relation (18)2 can be recovered from the summation of (12), (19) and (21).

The next theorem states the energy stability of Algorithms 1 and 2.
Theorem 2 Assume that h = 0 (free system) and let
(i v it di)}, o, © Vi X Qux VE XV

be the sequence given by Algorithm 1 or 2 with the initialization steps detailed in Remark 3. We
denote by
f S
def P 2 P2 1 2
5 2 g+ a2 e+ 5]

and by

£ s . . 1 .
D it a2 S = B g 2 2| g+ BRI, +

2
v’

the total discrete energy and dissipation, respectively. The following a priori energy estimates
hold:

er=0o0rr=1: forn>r

Ef+71 E D" < EY (22)
m=r+1
er=2:forn>3
n tn’)/
E? D™ < EY 23
h+7'm§:3 h NGXP(I_WT> hs (23)

provided that the following set of conditions holds:
We\ 2
T(Oé0+a1 (?) ) < 6,
5 (We)® 2 (We)® We )2 (24)
~ (%) =7 (%) <0‘°+0‘1(h> > <7

where We def Cinvv/Be/p®, 0< 0 <1 and vy > 0.

Proof 2 For Algorithm 2 this result was established in [18, Thereom 4]. The result for Algo-
rithm 1 follows from Lemma 1 by using the same arguments as in [18].

Inria



Convergence analysis for a class of splitting schemes in incompressible FSI 11

The above result shows that Algorithms 1 and 2 retain the stability properties of the original
explicit Robin-Neumann schemes introduced in {17, 14], for the coupling with thin-walled struc-
tures. Extensive numerical evidence reported in 18, Section 6] demonstrates, however, that their
accuracy is not preserved. More precisely, the error induced by the splitting losses the uniformity
in h: the numerically observed behavior of the energy error appears to be O(r / h® z) for Algo-
rithm 2, whereas an O(72 1) is obtained, both from the numerical and theoretical standpoint,
with the Robin-Neumann schemes in [17, 14]. The purpose of the present paper is to identify
the source of this accuracy loss, namely,

e Is solid mass-lumping the cause of the h non-uniformity?
e Do Algorithms 1 and 2 deliver the same overall convergence rate?

All these fundamental questions will be answered in Section 4, via an a priori error analysis that
covers both Algorithm 1 and 2. These theoretical findings will be then supported by further
numerical evidence reported in Section 5

3.2.2 Alternative splitting scheme

For further reference in the discussion and the numerical experiments of Section 5, we now recall
the splitting scheme recently introduced in [5]. Applied to the coupled problem (5) this method
yields the solution procedure reported in Algorithm 3, where 0 < 3 < 1 denotes a free parameter.
Note that this splitting treats implicitly the solid damping in (25). For a purely elastic structure
(i.e., ap = a1 = 0 in (2)), Algorithm 3 with 8 = 0 is the same as Algorithm 1 with r = 0,
since the relations (10)-(11) follow from (25)-(26). More generally, the time-splittings provided
by Algorithms 1 and 3 differ in the following two ingredients:

e the treatment of the solid damping;

e the consistency of the extrapolations on the interface.

Algorithm 3 Splitting scheme from [5].

en_1
1. Fluid with solid inertia and damping step: find (u}, dz *) € W}, and pj € @y, such that

S

(‘9 uhvvh) +a(uh7vh) + b(ph ) b(qn, wy,) + su(ph, qn)

P @ ) g+ (@) = 2 (@ ), (25)
- 6(})2717,% n )2 +1(v,)
for all (v};,v;) € Wy, and g, € Q.
2. Solid elastic step: find (dﬁ, d}) € V¢ x V2 such that
n = 0.dy,
(26)

S . em—L1
Z(dy - vh) g + a(dvh) = B(p v )

for all v} € V.
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12 M.A. Ferndndez, J. Mullaert

Algorithm 3 treats implicitly the whole solid hydrodynamic contributions (inertia and damping)
in step (25), whereas in Algorithm 1 only the solid inertial effects are included in the left-hand
side of (12). This induces two important drawbacks with respect to Algorithm 1. First, the
solid mass-lumping approximation in Algorithm 3 does not make the coupling scheme explicit;
and second, the solid elastic step (26) cannot be reformulated as the standard solid (Neumann)

problem (16), since the intermediate velocity cannot be eliminated dZ_%~ Indeed, by taking
vl = LLv5 and g, = 0 in (25) and by adding the resulting expression to (26)2, we get
. . 1
p(0-d}}, v}) o + a(dy, v}) = —a¥(d), %, v}) — p'(Orufl, L4v}) o — aluf, £},07) — b(pf, £},v})
(27)

for all v; € V.

As regards consistency, the interface term B( n-l ,vb nf)2 in Algorithm 3 is introduced, in
a rather ad hoc fashion, with the aim of improving the accuracy of the time-splitting. Math-
ematically sound results on the stability and the consistency of Algoritm 3 for 8 > 0 are not
known. Numerical evidence suggests that the best accuracy is obtained with 8 =1 (see [5]). In
Section 5 we will show that Algorithm 3 also suffers from the non-uniformity convergence issues
discussed in Section 3.2.1.

4 Convergence Analysis

This section is devoted to the convergence analysis of the coupling schemes given by Algorithms 1
and 2.

4.1 Preliminaries
For all d;,, w, € V}?, the relation
def
On(dn, wr) = (dp, wp)as — (dn, wp)« (28)

will denote the quadrature error. Without mass-lumping in the solid we have §; = 0, otherwise
there holds

50 (dnswn)| S Blldn], o[ ]] o (29)

for all dy,, wy, € V7 (see, e.g., [26, Lemma 15.1]). Due to the particular form of the bilinear form
a®, two positive constants a,, 5, > 0 exists such that

ae|dnl[; o < a*(dn, dn) < Bo|dalf; o, (30)

for all dj, € V;?. Thus, using an inverse inequality (see, e.g., [3, Chapter 4]), we have the following
estimates:

S 66 inv 3 ﬂecﬁw .
o < 2o o 2. o < (aar + e i I
e,.s Be inv s v,,8 ﬂe inv
L3503l = =72 [lvhlls [Lhoill, < (a0p® +aa vhll, (31)
ﬁec?nv ﬁ C'1211V
e = N 1 P (VPR = B

valid for all vj € V.
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4.2 Projection operators

We introduce the Ritz-projector 7y : V* — V;? defined, for each d € V*, by the relation
a®(d — wyd,v;) =0 (32)

for all v; € V7. Furthermore, we assume that the following error estimate holds
1
ld = mhdl], < h5e ], o (33)

for all d € Vs N [H%(9%)]?. We denote by IIj, : Q — Qy, the projection operator associated to
the weak-consistency of the pressure stabilization operator s, for which we assume that

h
lp = Thpll + Mapls, < EHpHmf Vpe QnHY(Q). (34)

Remark 4 An example of operator sy, is given by (see, e.g., [4]):

kh?
sh(Ph,aqn) = T(Vph, Van)as (35)

for all pn,qn € Qn, where k > 0 is a user-defined parameter. In this case, the assumption (34)
holds with IIj, being the L?-projection onto Q. This ressure stabilization method is considered
in the numerical experiments of Section 5. Further examples are discussed in [6, Section 3.1.1].

The definition of the fluid and solid velocity projection operators, which will be assumed to
match at the interface, is more delicate. This interface matching assumption guarantees that
Lemma 4 below (i.e., the discrete error counterpart of (17)) holds. This point is fundamental for
the error estimates of Section 4.4. The velocity projection operators are defined by distinguishing
the cases oy = 0 and ag > 0 (see Remark 5 below).

For oy = 0, we consider the Lagrange interpolant I,?S onto V}’ for the solid velocity, while
for the fluid velocity we consider the Stokes-like operator (see, e.g., [14]),

(R, Ry) : VI = Vi< Qu,

defined as follows: for all u € V¥, the pair (Rju, R u) € Vhf X @}, stands for the unique solution
of the discrete Stokes problem

Ryuls = I; (uls),
a(Rpu,vh) + b(Rpu,v)) = a(u,v)) Vol € Va, (36)
b(qn, Rru) = sp(Rpw,qn) Van € Qn,

where IE denotes the Lagrange interpolant onto the discrete trace space Ay j given by (6).

Owing to the nodal nature of the Lagrange interpolant, we have If(d|g) = (I,?d)\g Hence,
from (36)1, we get
Riu=IYd on %, (37)

or, equivalently, (Ryu, I?S d) e Wy,
Standard interpolation theory (see, .e.g, [3, Chapter 4]) yields the estimates

= 2l . + hlld — I ], g < 12

.. . . (38)
1L dlly . < Rlldl, o + [laf], o
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14 M.A. Ferndndez, J. Mullaert

for d € [H2(Q2%)]?. On the other hand, from [14, Lemma 3], it follows that

[ — Ryul|ye + |Ruuls, + || Ruw|, Shu? |[ull, o,

. . (39)
[ = Rpully g <cupr?h®|[ully g0 + & |Jull, 5,
for all w € [H2(0H)]? with u|s € [H?(2)]? and diva = 0 in QF.
For a; > 0, we consider a coupled fluid-solid velocity projector,
((Sh,85),8h) : W — W), x @,
defined as follows: For (u, d) e W, we find ((uh, &;L),ph) € W}, x @y, such that
a(uha '02) + alae([iha U;L) + b(ph’ ’UZ) = a(ua ,Ufl) + alae(d’ ’v}ql) V(’Uz, 'U;z) € Wi, (40)
b(qn, un) = sn(Pn,qn) Van € Qn
then we set
Stu,d) Ly, S(u,d) Ldn, Sn(u,d) X ph.
Note that, by construction, we have
St (u,d) = Si(u,d) on X. (41)

The approximation properties of ((S,fl, S5, Sh) are stated in the next result.

Lemma 3 Let (u,d) € WN([H2(Q)]4x [H2(Q%)]%) be given with divu = 0 in QF. The following
estimates hold:

185, )| e + i |85 (e )|, + IS e ), < [Jua] e+ i ]
(42)
[w = Sk (u, @) +a? ||d — S5 (w, d)||, + || Sn(u, d)|| o+ ISn(w, @), Shp? [|ul, o
+ h(onfe) *d]] .-
(43)
Proof 3 See Section A of the appendiz.

Owing to the above discussion, for the fluid and solid velocities we consider the projection

operator,
(P}, P}), Pr) : W — Wy, X Qi

defined as,
o aet [ Ruu if a; =0, woae (LY d if a; =0,
Piwd) 3 10 Py 1
Sy (u,d) if «a; >0, Sy (u,d) if a3 >0,
aof | Bru if a; =0,
Sh(u,&) if a; >0,

(44)

for all (u,d) € W.
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Convergence analysis for a class of splitting schemes in incompressible FSI 15

4.3 Error decomposition

In order to ease the presentation, we will use the notation y™ (without subscript ) to denote the
temporal value y(t,) of a time dependent function z (that can be, e.g., d, d,u or p). Furthermore,
we will frequently make the convenient abuse of notation which consists in using d;y™ instead of
(0yy)™. This also applies to other operators acting on y.

We split the solid displacement error at the time instant t,, as:

d"—dy =d" —md" +md" —dj . (45)
def ¢ def ¢
For the fluid pressure, we take
p" —pp =p" —pp" +Upp"™ —pj . (46)
= yn =y

At last, the fluid and solid velocity errors are decomposed as

u" —up =u" — P;f (u”, d”) + P;f (u", d”) —uy,

def or def or .
d" —dy =d" — P;(u",d") + P} (u",d") — dj .

def 2y def

= & =&

We conclude this section with two fundamental results, which will be useful for the proofs of
the discrete error estimates stated in Section 4.4 below. The first has to do with the fact that
the quantities 6} and 52, introduced in (47), do not match at the interface. In other words,
the pair (92,5,’}) does not belong to Wj. The next Lemma shows how to circumvent this via
suitable corrections.

cn_1
Lemma 4 Let§, * €V} be defined as

T n V[ emn T X
P e -6 L@ - &)
o (48)
- % (L5 (d = ™) + Ly P (u — w, @ = d) |
Then, we have 0} = 'Z_% on Y.

Proof 4 The interface identity follows from (17), (37), (41), (45) and (47).

The next Lemma is motivated by the observation that, even though the standard displacement-
velocity relation dh = 0rd} holds for Algorithm 1 and 2, their discrete error counterparts, ﬁh
and 0;&}, do not satisfy a similar expression. Basically, this comes from the fact that different
projection operators are considered for the solid unknowns in (45) and (47)2. More precisely, we
have the following result.

Lemma 5 Let z;) € V7 be defined as

n def 2 n
Zp = h 8T£h' (49)
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16 M.A. Ferndndez, J. Mullaert

There holds

Z = Pi(u",d") — w0, d" (50)
and
1. . 1 . .
W3 || + (T8> 106 oy o 1oy if a1 =0,
Hz}?HeS ‘u % n 1 “n 1 . .
" (al) [ g, 0r +hBE[|d" 5.0 + (7Be)* (100l 12,y i1y 1 >0

(51)

Proof 5 The identity (50) follows directly from (18), (45) and (47)a. As regards the estimate
(51), by adding and subtracting suitable terms and using (2)2, we have

=il < |Patw”,d") — |+ [|d" = mid"||, + || =52 = 0)d"],

and we conclude by estimating each term separately using (33), (43) and a Taylor expansion.

4.4 Discrete error estimation

For n > r, we define the energy norm of the discrete discrete error at time t, as

1 1
n 2 n 2
z <pf>%H02Ho,gf+< 2 THemli> +< 2, T )

m=r-+1 m=r+1
1, e n . 2 %
+psz||sm|o,gs+||sz||e+( > T||em|v) |
m=r—+1

This section states a bound for Zj'. To this purpose, we make the following assumptions on the
exact solution (u,p,d, d) of the continuous problem (5):

® (] = OZ
we [HY(0,T; H2(Q)]Y, yu e [L2(0,T; LX), wuls € [H'(0,T; H(%))]
pe HY0,T; H'(Q)), de [H*0,T; H2())]%

i

(52)
e oy > 0:
we [HY0,T; H* ()], duue [L20,T; HY(QD))]’, pe HY(0,T; H'(Q)),

de [H'(0,T; H* (%)Y, oud e [L2(0,T; H'(2%))]".

(53)
The next theorem states an a priori estimate for the discrete error Z}'.

Theorem 6 Let (u,p,d, d) be the solution of the coupled problem (5) with c; =0 and

{(uf, Pt i, di) Yoo
be the discrete solution given by Algorithm 1 or 2 with

(uf, d},d}) = (Py(u’,d%), 7} d°, Pi(u’,d%))

Inria



Convergence analysis for a class of splitting schemes in incompressible FSI 17

and, depending on the extrapolation order r € {0,1,2}, with the initiation procedure detailed in
Remark 3. We assume that the exact solution has the regularity provided by (52)—(53) and that

(g +1/T)r < 1. (54)
For the schemes with r = 2 we assume, in addition, that the stability condition (24) holds with

2
% 262 < 1. (55)

Then, the following error estimate holds, for n > r such that nt <T':

cih + cor + e372 HLedJrLVPh(u d HHT if o =0,

an < (0,T5L2(2¢))
h

~

(56)

<C4—|—C5a1 )h+CGT+C7T ||L°d+LVPh u, d ||HT if ap >0,

(0,T5L2(2%))

Here, the symbols {c;}!_; denote positive constants independent of h and T, but which depend on
the extrapolation order r, on the physical parameters and on the regularity of the exact solution
(u7 p7 d7 d) *

Proof 6 Basically, the proof follows the same steps as in the case of the coupling with a thin-
walled structure (see [1/, 17]), but with further complications arising from:

e the distributed nature of the solid velocity, viz., we cannot control the solid velocity contri-
butions in terms of the fluid viscous dissipation (terms Ty, T5 9, Ta, Ty and Ty below);

e the different velocity projection-operators (terms T3 1 and T5o below);

e the lumped-mass approzimation in the thick-walled solid (term Ty below).

From (5) and (18) we get the following modified Galerkin orthogonality

(07 (u™ —up), v},) o + a(u” — ujl,vp) + b(p" — pit, v}) — b(gn, u” — uj)
T (0rd ) o, — P (Orcly )+ af(d" — i vh) + 0 (@, 03) — ¥ ()
= pf((ﬁT - at)una ’UZ)Qf + Ps((ar - at)dna U?L)Qs + Sh(pZa Qh) (57)

for all ((vh,'vh) qh) € Wy x Qp and n > r. On the other hand, using (47), we have

P (0,d",v}) . — P°(0; h,vh)* =0 (0:€.03), + p*(0-€1,0},) . + 0701 (0- Py (u", d"), v}),
a'(d",v}) — al(dy, v}) = al(&f,v5) + a¥ (€2, v}) + aop’dn (Py(u", d"), v}

for all v € V2. Hence, by inserting this expressions into (57) and using the remaining error

RR n° 8670



18 M.A. Ferndndez, J. Mullaert

decompositions (45)—(47) , we infer that

pf(a‘rei?vvifl)gf + a( Zvv;cz) + b(y;;?'vifz) — blan, 0y) + sn(yp-an) + ps(a‘r.;zb7v2)* +a(&y,vy)
+aX(éh,vh) = p((0r — 0", v}) o — 01 (9:67, 0} )

def
= Ty (vy)

+ps((a7' - at)dnva)Qs - ps (aTé:rlva)Qs

def s
= Tr(vp)

—a(07,v) — by, vh) +b(qn, 07) + s (TLp™, q1) + a¥ (€2, v5)

def def s
= T3,1(’Ufm%) = T3.9(v})
+ 0561, ((0; + o) Py (u", d"), v})) +a® (€2, v5)

e s =0
© Ty (v})

(58)
for all ((Ug,vi),%) e W, xQp andn > r.

Owing to Lemma 4, we can safely test (58) with (vf, v5) = 7(07, €™~

%), gn = Ty and then
use (49) to get the following discrete energy error identity:

¢
£ (131152 = 1057115 e + 1165 = 87152 ) + 207183 15 e + Tl 2
3 ;- Fn— ~n ~n— 1 n n— n n—
+ % (||5Z||i — &+ N1én - & 1”3) +3 (H&Hi —[len= 112 + ller — & 1||:)
€2+ Ton + Tha (59)
=Ty (v}) + To(v}) + T31(v), an) + T.2(05) + Ta(v}) + To,1 + To2 + Ta (&1, 2]7) -

def
=T

i1
The terms 151,152 and Tg 1,162 correspond to the last two contributions of 52 2 4n (48),
namely,

def n ~n— e (en , vV (én &1
Tsy =7 <€h — &L (&h - €7) + Ly (& - }LL*))*’

def 2 : n,* : PRIRT
T 0 (Ligh + LR L (61 - €07) + i - €0))

in g L (60)

To, © 7 (& — &1 L5, (A" — d™*) + LY P(u” — u™*,d" — d”v*))* ,

o 72 . . .
Ty & - (Zigr + Lidin, L, (@ — d™) + Ly Pi(u” — wd" — ™))

In the last two terms, we have applied the identity Ljw; = L} which can straightforwardly be
inferred from (8) and (32).

The contributions given in (60) will be estimated below by distinguishing each case of extrap-
olation. The remain terms, Ty, To, T5, Ty and Ty in (59), will be bounded irrespectively of r.
Note that the term Ty accounts for the error induced by the mass-lumping approximation in the
solid. We proceed by estimating first the terms Ty, Ts, T3, Ty and Tx.
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Convergence analysis for a class of splitting schemes in incompressible FSI 19

The treatment of the term Ty is standard. Using the Poincaré inequality (with constant Cp)
and a Taylor expansion, we have

T3 (101 < o7 (110 = 00w g + 19:0% .0 ) 165 1.

<p'r (T%Hatt'“'HL?(tn,l,tn;m(m)) + 7_%H6t9 HLQ(tn Lot L2 Qf))) HehHo Qf

< (1p"Cp)? (p'Cp)?

2
211t HLQ(tn,l,tn;L?'(Qf)) R y— H@,ﬁ ||L2(tn 1,tn;L2(95)) +€17'”‘9h||v

1942 2

=T11
(61)

In this estimate, the last term will be absorbed in the left-hand side of (59) for e > 0 small
enough, using Korn’s inequality. For the second term, T1 1, we use the approximation properties
of the fluid velocity projection operator, viz.:

e a1 =0: from (39)2, we get

2 " 2
Tix < 0t (ol a0 ey + 10 Lo, o)

e a1 > 0: we combine the Poincaré inequality with estimate (43), which yields

aif
Tiy < C‘E’HateﬂH2Lz(tn,1,tn;H1(Qf)) S h2CP2’ <H8tu|‘222(tnhtn;Hz(Qf)) +— — HathL2 b 1,tn;H2(Qf))> :

For the solid term Ty, we have
To(r€" 5] < o7 (1100 = )" o g + 9785l ) €7 F

<pT (T% HatthL?'(tn,l,tn;L?(QS)) +7 ||at£7"||L2(tn 1,tn:L2(Q ) HSW? Ho Q=

<P ST7° T\ s P°T | an—1
2¢9 HatthLZ(tn LtnsL2(@0) T 2y HatgﬂHi2(tn,_1,tn;L2(Q°')) +62?H£ éHiQ

def
=Ty,

(62)
Note that the last term is distributed in the whole solid domain €° and, hence, it cannot be
controlled via the fluid viscous dissipation as in the case of the coupling with a thin-walled solid
(see [17, Theorem 3]). As we shall detail below (see estimate (67)), this term can be controlled,
for some €2 > 0 small enough, with the additional dissipation and truncation error introduced by

the splitting. For the term T, 1 we use the approximation properties of the solid velocity projection
operator, namely:

e oy =0: from (38), we get

-2
Toy S h4Hathﬂ(tnfl,tn;Hz(Q*"));

e oy > 0: using (43) and the H'-coercivity of the elastic bilinear form (30), we get

e

1% 2 112
T2 1 < CPHat&TFHLQ(tn Litn; HL(D28)) S, Qe <O€1HatUHL2(tn17tn;H2(Qf)) +56HathL2(tn1,tn;H2(Qf))> .
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The treatment of the terms T3 1 and 152 depends particularly on the nature of the fluid-solid
velocity projection operator. We hence treat each case separately:

e a; =0: From (36), (34), (39) and since divu™ = 0 in QF, we get

|TT51(05, yp)| <T|a(0", BZ)| + T\b(yﬁ, 02)| + 7|sn (Phu”, yﬁ)\ + 7|sn (th",yﬁﬂ
h? _
ST (sl e+ 1 ) + 5 (1971 + 19812, -

On the other hand, since ay = 0, we have

app*Th?
< op

(L3 2(r&3)] = reaop™| (€3.€77H) oo < T3 g+ canon T |G o

e a; > 0: from (40) and since divu™ = 0 in QFf, we have

’TT3,1(9;zlay}?) + TT3,2(én_%)‘ < T|b(Ph(unadn)79}?)| + T|b(y2502)‘ + T‘Sh(thn7yI?)|

. e ep1
+7lsn (Pu(u”, d™), yp) | + Toop| (€26 %) g
< ﬂ

1631+ i l2, + esmans™ €% o

+ 2%3||Ph(u’%él">||§2 - gHyﬁHQ + 2 (1M 2, + |Puw, )2, ) + mof’ ||£”||0 o

=T33
(63)

For es,e4 > 0 small enough, the first part of the right-hand side can be absorbed by the left
hand side of (59) using Korn’s inequality. The control of the term ezcop TH{” H Ho qs will

be discussed below (see estimate (67)). The remaining terms in the right-hand side of (63)
can be estimated via (30), (43) and (34), which yields

Tos 70 (sl |2 g+ o Bl 2+ 17 |07 )
app°C Iz 2 m|2
# S (L k).

We now consider the mass-lumping term Ty. To this purpose, we first note that, owing to
(29) and using a Taylor expansion, we have

[T )] £ b0+ ) B )

£ o

STTh? . .
S 0. + an) Pt &) o + ST
p*TTh? < o2 s PN NIL: 2(| ps(,,n gy |2
o (THPh(att”v3ttd)Hp(t,”,l,tn;Hl(Qs)) + ||Ph(at“ ,Od )Hl,QS +O‘0||Ph(” ,d )Hl,QS)
o Ty
€ p T n—i
e G g (69)
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As above, the last term will be controlled for eg > 0 small enough through the numerical dissipation
provided by the splitting (see estimate (67)). The term Ty1 can be controlled via (38) or (30)
and (42) depending of the type of solid velocity projection operator. Thus,

cn (|2 - 2 .
H . H2 hQHdnHZ,QS + Hdnul’gs Zf 041 = O’
Ps(un’dn) 1,08 S 1 u 2 P .
e (alHu"HLszf +5e’|d"H1795> if a1 >0,
and similarly for the other contributions in Ty ;.
For the term T7, using the continuity of the bilinear form a®, we have

T

a2 ITT a2
o < o7 ll€hllc + 5 lI=2l (65)

77| < 7ll&x . [1=h ]
where the first term of the left-hand side can be treated by applying Gronwall’s Lemma to (59)
and the last one is controlled by the approzimation result (51).
We now recall that the estimates (62)—(64) assume that we have a control on

1 S an— 1
er (0t 1) o€ (00
————

def
- CO((],T

with €7 def max{eq, €4, €5, €6} small enough. To this purpose we note that, owing to (48) and
(54), we have

S|l en—2 (2 < sllen |2 ﬁ e (¢n n,x v/in S (2
€7Ca0, 770" ||€ 2“(),9s ~ €7Ca0, TTP thHO,QS T 05 L5 (& — &%) + Ly (& — & )Ho,gs
e
+ ‘577'2 HLe (d" _ dn,*) + LVPS(un o dn _ d"v*)HQ (67)
i ' o ’ 0,08
e

The first part term will be left in the right-hand side and will be treated via Gronwall’s Lemma.
The terms Tg and Ty will, respectively, be handled in terms of r € {0,1,2} via the numerical
dissipation provided by the fluid-solid splitting (term Ts o as shown below) and a Taylor expansion.

We now estimate the remaining terms given by (60) for each choice of the extrapolation order
r. The bounds for Ts 1 + T52 basically follow from the arguments of the proof of Theorem 2
reported in [18, Section 4.2], we recall them for the sake of completeness.

Case r =0. We have
S 2
P en in—1][2 T e ¢n venl|2
T51+T52 > *g”&h -&, 1||* + TpsHLhEh + LhéhH*' (68)
The first term can be absorbed in (59) by the numerical dissipation of the time-stepping in the

solid. The additional dissipation provided by (68) guarantees the control of the term Tg, for
€7 > 0 small enough. The term Tg is estimated as follows:

S . . 2 . T2 .
T Too S (G 1€0 =& 2+ o IEREh + L& + 5 [Lad” + DY PR, d) 7. (69)

< T3
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Moreover, using a Taylor expansion, for the last term we have

_ v ) v o 112
Toa ST Lid+ LiPi(w,d)|| o, 4 paey T 7/10(Lhd + LEP (@) [ gy, 4,0000))
which provides also a bound for Ty.
Finally, estimate (56) follows by inserting (61)-(65) and (68)-(69) in (59), summing over
m=1,...,n and applying Gronwall’s Lemma and Korn’s inequality.

Case r = 1. Using the modified velocity-displacement relation (49), we have

2 . . . . . .
Too o+ Toz = (€112 — & 12 + 1€ — &702) +=liég — &)1

+ i (HLegn_i_LvénHQ _ HLeﬁ-nfl _’_Lv'nfl 2)
2p° hSh hSh ||« hSh hSh * (70)

2 2 e(¢n en—1 _n
*_Ta(h_h ’zh)7

T53

)

+

| L5 (&r — &) + Ly (ér — &71)

72
2p8

where 9
|T5 5] < LHE'Z - 52_1Hz + T2HZZ||:'

Hence, this term can be controlled with the extra dissipation provided by (70) and the estimate
(51). Moreover, the additional dissipation provided by the list line of (70) guarantees the control
of the term Ty, for ez > 0 sufficiently small. On the other hand, we have

S . . 3 .
Ty +Te2 < %HEZ —-&! i + %ngLi&Z + Ly&r| i
2T+ o
+ Mnat (Lsd+ Ly P d) [ o ey (7D

2p8

The first term will be absorbed by the left hand side of (59) while the second term will be controlled
with (70) and Gronwall’s Lemma. At last, for the term Ty, using again a Taylor expansion we
have

3 .
Ty < 67%’@ (Ljd + L\ﬁpﬁ(“vd))HQLzun,l,tn;m(Qs))'

Finally, we conclude by inserting (61)-(65) and (70)-(71) into (59), by summing over m =
2,...,n and applying the discrete Gronwall’s Lemma and Korn’s inequality. The right-hand side
contributions at time t; coming from the initialization step are controlled by using (56) with
r=0,T=71andn=1.

Case r = 2. The modified velocity-displacement relation (49) yields

Toa =& = & 12+ 5 (16 - & 15, — 16" = &2 + 1én — 26 + &2 )

_T2ae(€i7; - -2717‘2}? - 2271)7

= T51,1
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where,

. . 2 . .
Toaal <7 l1€ &7l Jl=h =22t < T IER = &2+ ll=h =215 (@)

Here, the first term is controlled by the numerical dissipation provided by (72) while for the last
we apply the bound (51) stated in Lemma 5.
The estimation of the term T5 o is more delicate. It is convenient to split it as follows:

2

2
T & n— n— T e ¢n e[/en n— n—
T50 = E(L‘ﬁfga Ly (& —2¢, L+ 35 2))* + E(thhv L (& —2¢y T+ 35 2))*

def def
= T52.1 = T522

2 .
+%(Lzs + LYEN LY (Ep — 260 +€772))

def
— T5 2,3

For the first term, using (7), (8), (49), we have

3 3
T . . . T Vi
T52, ZE(LZ ho L (€ — & 1))*_E<Lh nLh(zn = 27h),

def

—T5211
Oé T n L
: (HéhH &+ N - &)
e (LA R T2t W Al R P

Moreover, owing to (31), the notation we e Cinvy/Be/p® and the stability condition (24), we get

7502 alw 7T _ yr3 7T _
Ts201] S 775 (@0 + IERIE + =i — 2 E < S IER T + - ll2h — =12
Th T 4

For the second term of (74) we proceed in a similar fashion, using (49), (31) and the stability
condition (24), which yields

|T5.2,2] <*HL th (H&Z—&Z’lﬂ + ||zirzl_zﬁil||e)
e p n— ps n n—1112
<76*H€h|l + 5 1€ - &7 e + 52 = 2 o o

p _ p°
§77’|€2Hc + 5“52 - Z 1”0,Qs + §HZh -z 1”0 Qs

At last, owing to (7), (31) and the stability condition (24), we have

T2l S = HL &+ Lhgr| 1 — 26571 + 677,
S(p [|Z5€n ] + :2||L7152Hi+£||€ﬁ—2€2”+€Z’2||3
3,,2 )
272 (a o+°‘;;)nshn2+2r (o + 25 ) 1712+ Tl — 28 +
RR n° 8670
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In summary, by inserting the above estimations into (74), we have that

0407' 0417'

T 2 25 (IER1E— 16812+ 7 lo-&117) + 5 - (I1Es&Rly — 126& 17 + = 2 o-€2 )

- gnéz—zéz-wéz-?ni ~srlplt - - (”;wa?) el - %né:: G,

S
Ol — = g~ T~ =

In the second line, the first term is absorbed into the numerical dissipation provided by (72), the
second term is controlled via Gronwall’s Lemma, the third by the solid physical dissipation of
(59), under the relation (55), and the fourth term by the numerical dissipation of the solid time-
stepping in (59). The last two terms are estimated with the bound (51) provided by Lemma 5

We now detail how the term Ty is controlled in this case. Using (49), (31) and the stability
condition (24), we have

67’7' 677’

& - &Y + D - A e + 2B 26 ) 0

Tg§2

2

) & 21+ &0

alc

< 46” 2 (et — &1 + g — 527 02) + 2 (ao +
<%yﬂ7wa &ﬂEW4—4ﬂ®+%#w@=%$w$*M~

The first and the last term are respectively be absorbed into (59) and Ts1, for ez > 0 small

enough. The second term involving ||z} — z}flnz is controlled via (51).
For the remaining terms Ts1 and T 2, we proceed similarly by combining (31) and (24) with
a Taylor expansion, which yields

S .
< Tl

A O T T
+ﬂ

Hatt( 25 + L‘};P}i(ua d)) HiZ(tn_l,tn;L?(QS))’

(75)
where first three terms can be absorbed into the left-hand side of (59) and using Gronwall’s
Lemma. At last, for the term Ty, using the same Taylor expansion, we have

70 e v DS o 2
TQ < 67}”&% (Lhd + LhPiz(u’ d)) |’L2(tn71’tn;L2(Qs))'
Finally, estimate (56) follows by inserting (61)-(65) and (72)-(75) in (59), summing over m =
3,...,n and applying Gronwall’s Lemma. The right-hand side contributions at time ty coming
from the initialization step can be controlled by using (56) with r =1, T =27 and n = 2.

Remark 5 One of the fundamental ingredients in the above proof is the L?-continuity in space of
the solid velocity contributions and the intrinsic control of (66) provided by the splitting scheme.
This L?-continuity is guaranteed by the choice of the solid velocity projection operator (44),
which distinguishes the cases a; = 0 and ay > 0. Note that the case oy > 0 can not be
handled by considering also the standard Lagrange interpolant I,?S since, with this choice, the

term Tg,g(Tén_%) breaks the L?-continuity.
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Theorem 6 provides a bound of Z;' whose leading contribution involves h-dependent term

|Ls,d + L}, Py (u,d)||,, (76)

(0,T5L2(2°))

The key arguments for the estimation of this quantity, in terms of h, are given in the next Section.

4.5 Stability of the discrete visco-elastic operator
We consider the following notation for the continuous visco-elastic operators

L°d % —dive(d), L'd def app’d — ardive (d),

with ag,; > 0. The next result describes the behavior of (76) in terms of h.
Lemma 7 Let (u,d) € W N ([H2(Q)]? x [H2(Q%)]?). The following estimates hold,

e fora; =0:

|Lid+ LB (w, d)l|y o S [|L°d+ L dll . + 57 o (d)n]]

+ 00" (M|d], . + W¥[|] ) : (77)

e for ay > 0:
| L5, d + L} Py (u, d) Ho Qs ~ <|Led+ LvdHo o T h_%Has(d, &)nsHo,E
appsC 1 3 2|d
+ <(04010é)Ph + (Oqﬁe)z) (”é ||uHQQf + (alﬁe) ’ HdHQQ)
apph
+ 2l + ol d],)

(a10)?
(78)

Proof 7 From (7), (8) and (28), we have

(Lsd+ L}, Py (u,d), v}), =a°(d,v}) + aop®(Py(u,d),v}), + ara®(Py(u, d), v})
=a°(d, v}) + aop® (Pj(u, d), v},) o + a10° (P3 (u, d), v})
— aop*0p (Py(u, d), v})
=a®(d,v}) + a'(d,v}) + app® (Py(u, d) —d, 'UZ)QS + ara® ( Py (u, d) — d, v})
— aop*on (P (u, d), v}).

Thus, owing to (29)—(30) and using an inverse inequality (see, e.g., [3, Chapter 4]), it follows
that

(Lid + L] Py (u, d)7 UZ)* <a° (d, UZ) + av(d, vy) + 04()ps||P,§(u7 d) — dHOQ
1

2 . A ]
- o 22 B ) = &y 0 + o8 P, )

v}, HO,QS

vaLHO,QS :
(79)

s
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In addition, by using the definition (4), integration by parts, the boundary conditions on TSdUTs"
and a discrete trace inequality (see, e.g., [3, Chapter 10]), we get

a®(d, ;) +a'(d,v}) =(o(d),e(v})) . + 0p’(d, v}) - + a1 (o(d), €(v})),,.
=(L°d+L"d,v}),,. +/ o(d,d)n’ - v}, (80)
b
S (HLed + LvdHo,szs +h7E Ho's<d’ d)nSHo,E) HU}SzHo,Qs'

As a result, by inserting this estimate into (79), we get

(Lsd + L} P(u,d),v}), < (HL°d+ LYd| . + h7 2 |o*(d, d)ns|

0 | B2 ) = A+ B ) = 8+ o B ] ) 1)

The estimate (77) then follows by taking v5, = L5 d+ L} Pj(u, d) in (81) and thereafter using
(44) and (38). At last, the estimate (78) follows by a similar argument together with Poincaré
iequality and Lemma 3.

Lemma 7 predicts an O(h~ ) behavior for the quantities (76). This is due to the thick-walled
nature of the solid which induces a non-uniformity in h of the discrete operators L} and L} .

Basically, the hz-loss comes from the interface terms arising in the integration by parts of (80).

Remark 6 It should be noted that the above issue does not appear in the case of coupling with a
thin-walled structure (as shown in [14, 17]), since by construction the fluid-structure interface %
and the solid domain Q° coincide. This explains the differences on the convergence rates observed
in [17, Section 6.1] and [18, Section 6.1.1].

4.6 A priori error estimates

For n > r, we define the energy norm of the error at time ¢, as

& <pf>%¢|u“—uz||o,m+< 2. T||um—u:7|ii) +< 2 Tipm)

m=r+1 m=r—+1

Nl

O i =]l o+ mu( 3 Tuam—azrui)

m=r+1

The next result provides a priori error estimates for Algorithms 1 and 2.
Theorem 8 Under the assumptions of Theorem 6 and if, for a; > 0,
we [H7(0,T; HXQ)],  de [H(0,T; H* ()],
the following error estimates hold,
e for a; =0:
& Sarh+ o+ 372 (Eah+ Eh?)

+er? (HLCd + Lvd”m(o,T;L?(Qs)) +h72 ||‘7(d)ns||Hr(o,T;L2(2))) :
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e for ay > 0:
_1 r— 1 1
&l S ég (1 + cray 2) h + cgT + 597'2 ' (510h + ci1hay ? + cieaf + Elgal)

voor” " (||Led+ ], W o @y

(0.1:22(0) T <o,T;L2<z>>) '
Here, the symbols {¢;}}2, symbols denote positive constants independent of h, T and a1, but
which depend on other physical parameters and on the reqularity of (u,p,d,d).

Proof 8 The above estimates straightforwardly follow from the results of Theorem 6 and Lemma 7,
in combination with the approximation results and the error decomposition of Sections 4.2-4.35.

Theorem 8 confirms the numerical evidence reported in [18] for Algorithm 2. Another salient
consequence of Theorem 8 is that the mass-lumping approximation does not perturbs the overall
accuracy of the coupling scheme, since the truncation error induced by splitting is the same for
Algorithms 1 and 2.

Provided that the exact solution has the appropriate regularity, the error introduced by
Algorithms 1 and 2 has an order O((T/h)%) if » = 0. In this case, the standard hyperbolic-
CFL scaling 7 = O(h) is not enough to guarantee the convergence of the scheme. Furthermore,
a sub-optimal convergence rate is recovered for the scheme with » = 0 under the restrictive
parabolic-CFL condition 7 = O(h?).

With the first-order extrapolation (r = 1), the leading term of the error is of order O(7/ h%).
This means that a sub-optimal convergence rate is obtained under 7 = O(h). Overall first-
order convergence rate is guaranteed under a %fCFL condition, 7 = O(h%). We recall that
Algorithms 1 and 2 are unconditionally stable in this case.

At last, with » = 2, the error introduced by the splitting is of order (9(72/\/5), which is
enough to ensure an optimal first-order convergence rate under 7 = O(h), but the stability
condition (24) demands further restrictions on the discretization parameters.

5 Numerical experiments

As discussed above, numerical evidence on the convergence rates of Algorithm 2 has already been
reported in [18, Section 6.1.1]. The objective of this numerical section is twofold:

e The first target is to illustrate that, as predicted by the error estimates of Theorem 8§,
Algorithms 1 and 2 deliver the same convergence rate. In order words, the mass-lumping
approximation does not affect the accuracy of the splitting;

e The second is to demonstrate that Algorithm 3 also suffers from similar non-uniform con-
vergence issues.

To this purpose we consider the pressure wave numerical example of [18, Section 6.1.1], namely,
in (1)-(3) we take Qf = [0, L] x [0, R], Q* = [0, L] x [R, R+¢], L =6, R = 0.5 and ¢ = 0.1. All the
units are given in the CGS sytem. At the fluid boundary z = 0 we impose a sinusoidal pressure
of maximal amplitude 2 x 10* during 5 x 10~3 time instants, corresponding to half a period. Zero
traction is enforced at x = 6 and a symmetry condition is applied on the lower wall. Transverse
membrane effects that appear in axisymmetric formulations are included through an additional
zero-th order term cod in the solid equation (2);. The solid is clamped at its extremities and zero
traction is enforced on its upper boundary. The fluid physical parameters are given by pf = 1
and g = 0.035. For the solid we have p° = 1.1, L; = 1.15- 105, Ly, = 1.7 - 10° and ¢y = 4 - 10°.
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For the sake of simplicity, a purely elastic solid is considered (a9 = @1 = 0). The pressure
stabilization parameter in (35) is set to k = 1073. All the computations have been performed
with FreeFem++ (see [22]).

We have reported the relative displacement error ||dj — d(T)He/Hd(T)He at the final time
T = 0.015 for the different schemes and several choices of scaling for the couple (h,7). We
also present the rate of convergence to illustrate the global accuracy of the schemes. Relative
errors are calculated with a reference solution obtained with an implicit coupling scheme with
h = 0.003125 and 7 = 1076,

Table 1 reports the convergence results for Algorithm 2 with 7 = O(h). We clearly see that
the scheme with » = 0 does not converge and that the scheme with r = 1 exhibits a sub-optimal
convergence rate. As shown in Table 2, same phenomena are observed with Algorithms 1. This
points out the fact the mass-lumping approximation has nothing to do with the non-uniformity
in h of the splitting. Table 3 demonstrates that Algorithm 3 with 8 = 1 also suffers from this
issue. We recall that, since the structure is purely elastic, Algorithm 3 with § = 0 coincides with
Algorithm 1 with » = 0.

r=20 r=1
h T rel. error  h-rate | rel. error h-rate
0.1 3.75 x 1074 1.00 — 0.96 -
0.05 1.875 x 1074 1.00 0 0.83 0.22
0.025 9.375 x 1075 1.00 0 0.57 0.54
0.0125 4.6875 x 1075 1.01 0 0.33 0.77
0.00625 2.34375 x 10~° 1.01 0 0.18 0.88

Table 1: Algorithm 2 with 7 = O(h).

r=20 r=1
h T rel. error h-rate | rel. error h-rate
0.1 3.75 x 1074 1.00 - 1.11 -
0.05 1.875 x 10~* 1.00 0 1.07 0.05
0.025 9.375 x 1075 1.00 0 0.83 0.37
0.0125 4.6875 x 107° 1.00 0 0.52 0.67
0.00625 2.34375 x 107° 1.00 0 0.29 0.83

Table 2: Algorithm 1 with 7 = O(h).

h T rel. error  h-rate

0.1 3.75x10~% 1.06899 —
0.05 1.875%x 104 1.01822 0.07
0.025 9.375x10~° 0.79830  0.35

0.0125  4.6875x107°  0.51719  0.64
0.00625 2.34375x107°  0.29598  0.82

Table 3: Algorithm 3 with 5 =1 and 7 = O(h).
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We now consider a different scaling for the couple of discretization parameters. Table 4

. . . 3
reports the results obtained with Algorithms 1 and 2 with » = 1 and 7 = O(h?2). In both cases
we recover an optimal fist-order convergence rate. In Table 5 we report the convergence results

Algorithm 1 Algorithm 2
h T rel. error h-rate | rel. error  h-rate
0.1 3.75 x 10~4 0.96 - 1.11 -
0.05 1.60 x 10~* 0.70 0.47 0.92 0.03
0.025 6.87 x 10~° 0.36 0.95 0.52 0.83
0.0125 2.93749 x 10~° 0.16 1.21 0.23 1.18

Table 4: Algorithm 1 and 2 with 7 = 1 and 7 = O(h2).

for Algorithms 1 and 2 with 7 = 2 and 7 = O(h?). Note that, in this case, the scaling 7 = O(h) is
inappropriate since the stability condition (24) is not fulfilled. We clearly see that both schemes
deliver the same accuracy. Note that with the finest discretization we obtain a convergence rate
larger than one. This is certainly due to the fact that we are too close to the resolution with
which the reference solution has been generated.

Algorithm 1 Algorithm 2
h T rel. error h-rate | rel. error h-rate
0.1 3x107° 0.73496 — 0.73546 —
0.05 1.40 x 107° | 0.38805 0.92 0.38978 0.92
0.025 6.57 x 1076 0.14419 1.42 0.14578 1.42
0.0125 3.07 x 1076 | 0.04197 1.78 0.04255 1.78

Table 5: Algorithm 1 and 2 with r = 2 and 7 = O(h%/?).

6 Conclusion

We have performed an a priori error analysis of the generalized Robin-Neumann explicit coupling
schemes introduced in [16, 18]. The schemes have been derived within a fractional-step splitting
framework, which covers both the case with and without mass-lumping approximation in the
solid. In both cases, the analysis confirms the O(r2" /h2) error perturbation anticipated by the
numerical evidence of [18] for the variant with mass-lumping in the solid. Another fundamental
result of this work is that the h-non-uniformity of the splitting error is not a consequence of the
mass-lumping approximation, which simply dictates the explicit or semi-implicit nature of the
coupling scheme. The analysis indicates that the genesis of the h2-loss is the non-uniformity of
the discrete visco-elastic operator, induced by the thick-walled nature of the solid.
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A  Proof of Lemma 3

We proceed by extending the arguments reported in [20] and [14]. We first prove the following
generalized inf-sup condition.

Lemma 9 There holds

b(qn, v}
llanllg < sup ( f) + lanls,
(whvi)eWi\ (o} [|uf ||\, + oF ||v3 ]|,
for all q;, € Q.
Proof 9 From [1/, Lemma 4] we know that
b(Qh, ’Ui)
lanlly S sup =+ lanls,
ofevivioy [|vhlly
for all q;, € Qn. Therefore, it only remains to prove that
b(gn, v)) - b(gn, v},)

sup 7 S sup T
sevivor (Wl ™ e spewini [Jof [y + af o3,

for all qn, € Q. More precisely, let qn, € Qp, and v£ € Vhf \ {0}, it is sufficient to find vj € V}?
satisfying (vl,v5) € W and

b(gn, v}) - b(qn, v},)

CAMRTTIESTETR

To this purpose, we set v; = Ej (U2|2), where Ey, : As,p, — V7 denotes a uniformly bounded
discrete lifting operator (see, e.g., [11, Theorem 2.2]), viz.,

(Erén)ls = &n, ||Eh€h||1,ﬂs S ||£hH%’E

for all &, € Ax . Hence, thanks to (30) and to the continuity of the trace operator, we have

alﬂe

|3 [¢ < onfel|oilly g S onfel|willy 5 S nfellvhf} g S Tllviﬂiv
which completes the proof.

The previous result guarantees the well-posedness of problem (40) (see, e.g., [9, Theorem
3.5]). The energy estimate (42) hence follows by taking

U£:P£(U7(.i)7 U;,:Pii(uad)a Qh:Rh(uva)y
in (40) and applying standard arguments to control the right-hand side.

We now focus on the a priori error estimate (43). To this purpose we first state the following
approximation result.
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Lemma 10 Let ((uh,c'lh),ph) € Wp, x Qp be given by (40). There holds

= uny, +af [ d—dul, + [lpall, + Pl

SaﬁﬁggkzNW—ﬁmv+aﬂW—@m{wmwQ+mm%} (52
h'Yh /) Ph g

where d .
< {((0),95), D) € Wi x Qn /b(an, 9}) = sn(Pran) Van € Qn} -

Proof 10 Let ( (05, 95) ) be given in Zy, for all (w, w5) € Wy, we have
a(up, — vh, wh) alae(dh — 0y, wy) =a(up —u w,fl) + alae(dh - d, w})

+a(u — o), wh) + ara®(d — B, w})

) Ph — ph/‘”h)

— b(pn, w},) + a(u — B}, w}) + ara°(d — 5, w})
— b(pn b(p

+ a(u vmwh) +ara’(d — o}, w}).

Then, we take wﬁb =up — f)}; and wj, = d, — v}, to get

2plleun — 050 o0 + e l|dn — 52 = = b, wn — 8f) — [pn — Bul?, + alw — 8f, w, — o)

+ aya®(d — 5, dy, — ).

Therefore, by using the Korn inequality (see, e.g., [3, Chapter 11]), the continuity of the bilinear
forms b, a and a® and the Cauchy-Schwarz inequality, it follows that

lun = 9413 + el = B3I + lon = 2ul2, S [l — o413, + auljd (83)
which, in combination with a triangle inequality, yields
= unlly, +af ld = dnll, + Il < = 2f |y +0f =), + [onllg +lonls- (89

It remains to have a control on th|‘07m. Thanks to the generalized inf-sup condition of Lemma 9,
there exists (z1,25) € Wi\ {0} such that
b(pn — Pn, 2})
=4l +ed 171,
alu —up, 2H) + alae(d —dp, 25) — b(pn, 21)
I=4lly +ed 171

< [pn— Pl + [ — wn|y, + of @ — d]], + 71|,

lpn = bnl o < pn = Brls, +

S |pn — Drls, +

Hence, owing to (83) and (84), we get
1.
lpn =1l < llw = whlly + ot lld = a3l + [1Bnll + Bnlsn
We conclude the estimate for the pressure with the triangle inequality
Ipnllg < llpn =2l g + [l2nl o

We conclude the proof by noting that the choice of (('vh,’vh) ph) € Zy, is arbitrary.
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The next lemma shows that the constraint ((0f,95),px) € Zp can be relaxed in (82).

Lemma 11 Let ((uh,c'lh),ph) € Wy, x Qp be given by (40) and assume that divu = 0 in QF.
The following inequality holds:

=y, +af [ d—dul, + [[pall,, + 2l

1. )
: ((zﬁ,sz),:il)fEW;LxQ;L {Hu B ZgHV +of Hd - Z}bch + HthQ T ‘rh|5h} '

Proof 11 Let ((zfl,zi),rh) be given in Wy, x Q. We denote by ((wi,azi),yh) e W), x Qy, the
solution of the following auziliary problem:

{ a(x),v,) + ona® (@}, v}) + by, v,) = 0, (55)

b(qn, },) — sn(Yn, an) = blan, w — 2,) + sn(rn, qn)
for all ((v};, v}), qh) € Wi, x Qp. The ezistence and uniqueness of the solution ((332, w2)7yh) re-

sults from Lemma 9. Since divu = 0 in QF, the relation (85) implies that ((xf, + 2}, @5 + 25),yn +11) €
Zy,. Therefore,

1. e . .
((i)gﬂ{,{?gh)ezh {HU - UZHV +of Hd — v}, ‘e + ||thQ + |ph|sh}
< ju— (2}, + 21)||, + a%Ht'i — (@5, +2)||, + [lun + thQ + lyn + s,
< lw—zhlly +of |d— 2, + rall + ralen + hlly +afllzhll, + llunllg + lwale-  (86)

In order to control the last four terms, we take (vl,v5) = (!, x5) and g, = yi in (85), which
yields

1 )
lnlly + ad @il + lynlsn S llw = 2illy + o]l + 7l (87)
Furthermore, using the generalized inf-sup condition of Lemma 9, we infer that

lonll, < lunlen + [l2h ]y +af [l (88)

We hence conclude by inserting (87) and (88) into (86) and using the arbitrariness of ((2}, 23),7n) €
Wh X Qh'

Finally, the error estimate (43) follows from Lemma 11, by setting r;, = 0 and taking zf“ zj
as the Lagrange interpolants of u, d, respectively, and then using standard interpolation theory.

Note that, with this choice we do have (2!, 25) € W, since (u, d)eW.
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