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Second-Order Optimality Conditions for Broken
Extremals and Bang-Bang Controls

Nikolai P. Osmolovskii and Helmut Maurer

Abstract We survey the results on no-gap second order optimalityitiond (both
necessary and sufficient) in the Calculus of Variations aptin@al Control, that
were obtained in the monographs [31] and [40], and discuess filrther develop-
ment. First, we formulate such conditions for broken extkn the simplest prob-
lem of the Calculus of Variations and then, we consider themdiscontinuous con-
trols in optimal control problems with endpoint and mixeatstcontrol constraints,
considered on a variable time interval. Further, we dissush conditions for bang-
bang controls in optimal control problems, where the cdrtppears linearly in the
Pontryagin-Hamilton function with control constraintyegn in the form of a con-
vex polyhedron. Bang-bang controls induce an optimizgtimilem with respect to
the switching times of the control, the so-called Induced®ijzation Problem. We
show that second-order sufficient condition for the InduGgdimization Problem
together with the so-called strict bang-bang property ensacond-order sufficient
conditions for the bang-bang control problem. Finally, viecdss optimal control
problems with mixed control-state constraints and cordgpgearing linearly. Tak-
ing the mixed constraint as a new control variable we consech problems to
bang-bang control problems. The numerical verificatioreafomd-order conditions
is illustrated on three examples.
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1 Introduction

We survey some main results presented in the recent mortogfaipe authors [40]
(SIAM, 2012) and also some results obtained in the earliaragoaph of Milyutin
and Osmolovskii [31] (AMS, 1998). We discuss further depet@nts of these re-
sults and give various applications.

Our main goal is present and discuss the no-gap second-oedgessary and
sufficient conditions in control problems with bang-bangtcols. In [31], it was
shown how, by using quadratic conditions for the generabl@rm of the Calculus
of Variations with regular mixed equality constramt, x,u) = 0, one can obtain
quadratic (necessary and sufficient) conditions in optcoatrol problems in which
the control variable enters linearly and the control caistris given in the form of
a convex polyhedron. These features were proved in Mily@smolovskii [31],
who first used the property that the setlé&of vertices of a polyhedrob) can
be described by a nondegenerate relatiom = O on an open se consisting
of disjoint open neighborhoods of vertices. This allowedaslevelop quadratic
necessary conditions for bang-bang controls. Furthei31n it was shown that a
sufficient condition for a minimum on &} guarantees (in the problem in which the
control enters linearly) the minimum on its convexificatidnin this way, quadratic
sufficient conditions for bang-bang controls were obtaiime@smolovskii, Maurer
[40]. This property, which is not discussed in the presepepaconstitutes the main
link between the second order optimality conditions for akien extremals in the
Calculus of Variations and the second order optimality doas for bang-bang
controls in optimal control.

The paper is organized as follows. In Section 2, we formufeteyap second
order conditions for broken extremals in the simplest pgobbf the Calculus of
Variations. In Section 3, we consider such conditions facdntinuous controls
in optimal control problems on a fixed time interval with epdyg constraints of
equality and inequality type and mixed state-control caists of equality type.
In Section 4, we present an extension of the results of Se&itw problems on
a variable time interval. In Section 5, we discuss no-gapitmms for bang-bang
controls. Bang-bang controls induce an optimization pEobivith respect to the
switching times of the control that we call theduced Optimization ProbletiOP).
We have shown in our monograph [40] that the classical secoder sufficient
condition for the IOP, together with the so-called strich@dbang property, ensure
second-order sufficient conditions for the bang-bang obpiroblem. We discuss
such conditions in Section 6.

In the next two sections, the theoretical results are st by numerical ex-
amples. Namely, in Section 7, we study the optimal contréhefchemotherapy of
HIV, when the control-quadratic objective in [21] bf-type is replaced by a more
realisticL'—objective. In Section 8, we consider time—optimal comstioltwo mod-
els of two-link robots; cf. [40]. Finally, in Section 9, wesduss optimal control
problems with running mixed control-state constraints aadtrol appearing lin-
early. Taking the mixed constraint as a new control varia@econvert such prob-
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lem to a bang-bang control problem. We use this transfoomadti study extremals
in the optimal control problem for the Rayleigh equation.

2 Second-Order Optimality Conditions for Broken Extremalsin
the Simplest Problem of the Calculus of Variations

2.1 The Simplest Problem in the Calculus of Variations

Let a closed intervalto,t¢], two pointsa,b € IR", an open sel2 C R2*1 and a
functionL : 2 — IR of classC? be given. The simplest problem of the Calculus of
Variations has the form

(SP Minimize #£(x()):= [ L{t.x(t),x(1))dt, (1)

fo

x(to)=a, x(tr)=b, (t,x(t),X(t)) € 2. @)

We consider this problem in the spa@¢-® of Lipschitz continuous functions.
The last condition in (2) is assumed to hold almost everyghérweak mini-
mumis defined as a local minimum in the spagg-®. We say that a function
X e Wl’m([to,tf],le(X)) is admissibleif x satisfies (2) and, moreover, there exists
a compact se¥’ C 2 such that(t,x(t),x(t)) € € a.e. in[t,t;]. Setu:= x and
w = (x,u). We callu thecontrol.

Let an admissible functior’(t) be anextremalin the sense that it satisfies the

Euler equation

d
b= L A3)

Here and in the sequel, partial derivatives are denoted Ibycsipts. Set

Let
W(-) = (X(-),0()) € #o =W 2 x L2,

whereW? is the space of absolutely continuous functions with sqirgegrable
derivative and_? is the space of square integrable functions. In the spécéet us
define the subspace

H = {We 5 |X(t) = Ult) a.e, Xto) = X(ty) = 0}
and the quadratic form

QW) = fi (Lww(t, WO())W(t), W(t)) dt
= i (LX), X()) + 2(L), X(1)) + (Lugli(t), GE)) ) dlt.
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The following theorem is well-known.

Theorem 1.(a) If the extremal X is a weak minimum, the® (W) > 0 on .7’
(b) If Q(w) is positive definite o, then the extremal®is a (strict) weak mini-
mum.

As is known, the quadratic conditions in Theorem 1 can betesia the Jacobi
conditions or via bounded solutions to an associated Rieqgagtion.

For a broken extremal, the quadratic form has to be stateddifferent way
that allows for the formulation of no-gap necessary andaefit second-order con-
ditions. We will formulate these conditions and discussrtbgtensions to differ-
ent classes of optimal control problems, including bangegazontrol problems and
problems with mixed constraints and control appearingglitye

2.2 Second-Order Optimality Conditions for Broken Extreitsa

Let againx’(t) be an extremal in the simplest problem (1),(2), andi®ét) = x°(t)
be the corresponding control. Assume now that the confl®) is piecewise con-
tinuouswith one discontinuity point, € (to,ts). HenceXo(t) is abroken extremal
with a corner at,. We say that, is anL-point of the functionu(t) if there exist

£ > 0 andC > 0 such thafu®(t) — u(t,—)| < C|t —t.| for all t € (t. — &,t,) and
|u2(t) — WO(t,+)| < Clt —t.| for all t € (t,,t, + €). Henceforth, we assume that
is anL-point of the functionu®(t). The following question naturally arises: which
quadratic form corresponds to a broken extremal?

Let us change the definition of a weak local minimum as folloBet® := {t.}
and define a notion of &@-weak minimum. Assuming additionally that the control
ul(t) is left-continuous at,, denote by cl%(-) the closure of the graph af(t).
Denote by a neighborhood of the compact set€(-).

Definition 1. We say tha® is a point of a®-weak minimungor anextended weak
minimun) if there exits a neighborhood of the compact set () such that
F(x) > 7 (x0) for all admissiblex(t) such thau(t) € V a.e., wherei(t) = X(t).

Clearly, we have the following chain of implications amoniima:
strong minimum — O-weak minimum — weak minimum

Let us formulate optimality conditions for@-weak minimum. To this end, we
introduce the Pontryagin function (Hamiltonian)

H(t,x,u,A) = Au+L(t,x u),

whereA is a row vector of the dimensiom DefiningA (t) := —Ly(t,X°(t),u°(t)),
we have in view of the Euler equation (3):

Hu(t,30(1),10(1),A (1)) =0,  —A(t) = Hy(t,XO(t),u0(t), A (t)).
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Denote by[A] the jump of the function\ (t) at the pointt,, i.e.,[A]=AT — A",
whereA ™ = A (L. ) andA™ = A (t.+). Let [H] stand for the jump of the function
H(t) := H(t,X°(t),u0(t),A (t)) at the same point. The equalities

[A]=0, [H]=0

constitute thaMeierstrass-Erdmanoonditions. They are known as necessary con-
ditions for a strong minimum. However, they are also neagska the @-weak
minimum. We add one more necessary condition for@he@eak minimum:

D(H) == -0 + L x®" — [ >0,
wherex?~ =30(t,—), Ly = Ly(t,,x2(t.—),0(t.—)), [L{] = L — L, etc. Clearly,
D(H) := AT — A58 + g,

whereAg(t) = —H(t) (recall, that%H(t) = H;(t) a.e.). Moreover, it can be shown
thatD(H) is equal to the negative derivative of the function

AH(t) == A () [u] 4 L(t,X0(t),u0(t,+)) — L(t,X°(t),u0(t.—))

att,. The existence of the derivative has been proved and, heénselerivative can
also be calculated a%(AH)(t*—) or as%(AH)(t*Jr).

Now, let us formulate second order optimality conditions &@-weak mini-
mum. Denote byPoW? the Hilbert space of piecewise continuous functiafts,
absolutely continuous on each of the two interjid..) and(t.,t¢], and such that
their first derivative is square integrable. Aryg PoW'? can have a nonzero jump
[X] = X(t. +0) — X(t. — 0) at the point.. Lett be a numerical parameter. Denote by
Z,(0) the space of triples= (t,x, U) such that € IR, X(-) € PoW2, 0(-) € L?, i.e.,

Z5(0) = R x PoW2 x L2,

In this space, define the quadratic form

Q6(2) = D(H)E — 2ILJ5%ad + | (Lunalt, WO(0)W(L), (1))t

to

where[Ly] is the jump of the functioi.x(t,wP(t)) at the point., and
_ 1 —
Xav = > (ﬂt*—) —|—X(t*+)) .

Set

Ho={2€Z,(0): x(t) =0(t) ae, [X+[[t=0, Xto)=x(t;)=0}.

Theorem 2.(a) If X% is a ©@-weak minimum, themg(Z) > 0 on . #p. (b) If Qo(Z)
is positive definite o, then X is a (strict) @-weak minimum.
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The proof of this theorem is given in [31]. Let us note that 1]} instead of,
we used a numerical paramegesuch that = —&. This remark also applies to the
subsequent presentation.

3 Second-Order Optimality Conditions for Discontinuous
Controls in the General Problem of the Calculus of Variatiors
on a Fixed Time Interval

3.1 The General Problem in the Calculus of Variations on a s
Time Interval

Now consider the following optimal control problem in Mayerm on a fixed time
intervallto, t¢]. It is required to find a pair of functiong(t) = (x(t),u(t)), t € [to,t¢],
minimizing the functional

min 7 (w) := J(X(to), X(t1)) (4)

subject to the constraints

F(x(to )7X(t ) <0, K(X(to),x(tr)) =0, (x(to),X(tr))) € } (5)
X(t) = F(tx(t),ut)),  h(t,x®),u(t)) =0, (tx(t),ult)) € 2,

whereZ? and 2 are open setx, u, F, K, f, andh are vector-functions.

We assume thak, F, andK are defined and twice continuously differentiable on
&, andf andh are defined and twice continuously differentiable@nlt is also
assumed that the gradients with respect to the cohgr@l x,u), i =1,...,d(h) are
linearly independerdt each poinft, x,u) € 2 such thah(t, x,u) = 0 (theregularity
assumptiorior the equality constrairti(t,x,u) = 0). Hereh; are the components of
the vector functiorh andd(h) is the dimension of this function.

Problem (1), (2) is considered in the space

W =WLL([to,t],IR") x L*([to, t¢],IR™),

wheren = d(x), m= d(u). Define a norm in this space as a sum of the norms:
183 )
W[l = [IX][1.1+ [ulleo = |><(to)|+/t X(t)|dt+esssup, i, [u(t)]-
0

A weak minimunis defined as a local minimum in the spage We say thatv =
(x,u) is anadmissible paiif it belongs to#, satisfies the constraints of the problem,
and, moreover, there exists a compactget 2 such thaft, x(t),u(t)) € ¢ for a.a.
t € [to, tf].

Itis well-known that an optimal control problem with a fuitstal in Bolza form,
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. tf
min j(W) ::J(X(tO)aX(tf))+ A fo(t,X(t),U(t))dt, (6)
0

can be converted to Mayer form by introducing the ORE fy(t,x,u), y(tg) = 0.

3.2 First-Order Necessary Conditions

Letw? = (x%,u®) be anadmissible pairWe introduce théPontryagin functior(or
theHamiltonian)
H(t,x,u,A) =Af(t,xu)

and theaugmented Pontryagin functigor theaugmented Hamiltonign
HA(t,x,u,A,v) = H(t,x,u,A) + vh(t,x,u),

whereA andv are row-vectors of the dimensiod$x) = n andd(h), respectively.
For brevity we set

X =X({to), xr=Xtr), n=(X,Xr).

Denote by IR* the space of-dimensional row-vectors. Define tleadpoint La-
grange function

I(n,00,0a,B) = aod(n) +aF(n)+BK(n),

whereap € IR, a € (RYF))* B e (IRYX)* Introduce a tuple ot.agrange
multipliers

u= (a07 aaBa)\ ()7 V())
such thatA (-) : [to, tf] — IR™ is absolutely continuous and-) : [to, tf] — (IR4M)*
is measurable and bounded. Denote/kythe set of the tuplegt satisfying the
following conditions at the point®:

a0 >0, a >0, aF(n° =0, ap+ 37 ai+ 31U B =1,
A= —H2 Alto) = —lg. Afty) —ly, Ha—0,

wheren® = (X°(to),x°(tf)), the derivatives,, andly, are at(n°, ao,a,B) and the
derivativesH2, H2 are at(t,x°(t),u’(t),A (t),v(t)), t € [to,t¢]. By ai and Bj; we
denote the components of the row vectarandf3, respectively.

Theorem 3.1f w? is a weak local minimum, theft is nonempty. Moreovefyy is a
finite dimensional compact set, and the projecms, a,38,A(-),v(:)) — (ao,a,3)
is injective on/\g.

The condition/Ag # 0 is called thelocal Pontryagin minimum principleor the
Euler—Lagrange equatiarLet Mg be the set of alu = (ag,a,3,A(-),v(:)) € Ao
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satisfying theminimum conditiorior a.a.t € [to, t¢]:
H (X (), u,A (1) > H(t,x(t),u°(t),A () YueU(t,x(t)),

where
U(t,x) :={uelR™| (t,x,u) € 2, h(t,x,u) = 0}.

The conditionMg # 0 is called th€integral) Pontryagin minimum principlevhich
is a necessary condition for the so-called Pontryagin muimim

Definition 2. (A.A. Milyutin). The pairw? affords aPontryagin minimunif for any
compact se¥’ C 2 there existg > 0 such that# (w) > _# (wP) for all admissible
pairsw(t) = (x(t),u(t)), satisfying the conditions

max|x(t) —°(t)] < &, /tf ut) = L°M)| <& (6x1),ult) €F ae.
[to.tf] to

3.3 Second-Order Necessary Conditions

Set
Wo = W([to, t¢],IR") x L([to, t¢], IR™),

Let.# be the set of alv'= (X, u) € #5 satisfying the following conditions:

Y(n%)n <0, F@®n9n<0oVviele(n®, Kn%n=0,
X(t) = fw(t,wP(t))W(t), for a.at € [to,t],
hw(t,w”(t))w(t) = 0, for a.a.t € [to,tf],

wheren = (X(to),X(tf)), Ir(n°) := {i : F(n°) = 0} is the set of active indices.
Obviously, 7" is a convex cone in the Hilbert spa#é. We call it thecritical cone

Let us introduce a quadratic form #. For u € Ag andw = (X, U) € #5, we set

Q) = 1B, (nOm.7) + [ (3. W) dt,

fo

wherel},(n°) = 1y,(n° a0, a,B), Hifu(t) = H&,(t,x°(t),u0(t),A(t),v(t)), and
N = (X(to), X(tf)).

Theorem 4.1f wP is a weak minimum, then the s&j is nonempty and

maxQ(u w) >0 forall we 7.

HENY

The necessary condition for a Pontryagin minimum diffeesrfithis condition only
by replacing the setg by the setVip.
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Theorem 5.1f w? is a Pontryagin minimum, then the seg M nonempty and

maxQ(u,w) >0 forall we 7.
HEMo

We now assume that the contidl is a piecewise continuous function @t
with the set of discontinuity point® = {t1,...,ts}, to <t1 < ... <ts < ts. We
also assume that eathe O is anL-point of the functionu® (see the definition
in Section 2.2). In this case, the regularity assumptionhfanplies that, for any
u = (ao,a,B,A(-),v(-)) € Ao, v(t) has the same propertiesaXt): the function
V(t) is piecewise continuous and each of its point of discontynisi an L-point
which belongs t@®. By virtue of the adjoint equatioh = —HZ, the same is true
for the derivativeA (t) of the adjoint variablel. Now, the second-order necessary
conditions can be refined as follows.

For u € My, set

Dk(H au) _ }\k+)'(0kf o )\ k—)-(0k+ o [Hta“]ka (7)

where[H* ¥ is the jump of the derivativeld(t,x°(t),ul(t), A (1), v(t)) at the point
ty, andAK~ = A(tg—), AK* := A(tx+), etc. Note thaH? = —Ag, Whereo(t) =
—H(t), and hence-[HX = [Ag]*. Sometimes we omit the superscriptin the
notationD¥(HaH).

We can calculat®*(H?) using another method. Namel(H?) can be calcu-
lated as the derivative of the “jump &f*” at the pointty. Introduce the function

(AH?)(t) = (AH)(t) + (Ax(vh))(t)
= A0 (F(£,20(t),u%) — f(£,50(t),u%))
+(VEF(t,O(t), u%H) — vEh(t, x0(t), u%)).

It can be shown that the functid@\¢H?)(t) is continuously differentiable at the
pointt, € O, and its derivative at this point coincides wittD*(H?). Therefore, we
can obtain the value @*(H?) by calculating the left or right limit of the derivatives
of the function(AcH?)(t) at the pointy:

DH(H) = — < (A (1),

For anyu € Mo, it can be shown thdd(H3) >0,k =1,...,s. Set
2,(0) := IR® x PoW™2 ([to, ], IR") x L2 ([to, ], IR™),

wherePoW2([to,t;];IR") is the Hilbert space of piecewise continuous functions
X(t), absolutely continuous on each interval of the[ggt;] \ © and such that their
first derivative is square integrable. Definquadratic formin Z,(©) as follows

Qo(K,2) = 53, (DX(H¥)Z + 2[A ] k)
+ (1B (N0, 1) + ft (HEOWIL), Wi(t)) dt,
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wherez= (8,%X0), 8 = (1,....f), 1 = (X(to), X(tr)), X&, = 3 (X{t—) +X(tit)).
w = (x,u). Define thecritical cone %5 in the same space by the relations
J(n )ﬁs 0, F(nn<0Vviele(n®. K'(n%n=0,
ﬂt) ( ) (t))VV(t) fora.ate [t07tf]
SOTKE _ s

K+ 05 =0, k
hw(t,WP(t))W(t) = 0 fo aate[to,tf]

Theorem 6.1f w?is a Pontryagin minimum, then the following Conditie holds:
the set Nj is nonempty and

maxQe(u,z) >0 forall ze #po.
HEMp

Let us give another possible representation for the tefibfgH3)t2 + 2[)\] X M)
of the quadratic forno (U, z) on the critical cone?".

Lemma 1.Let u € Mg and z= (6_,>?,G) € X#p. Then, forany k=1,...,s, the fol-
lowing formula holds

DX(HH )2 + 21Kk = [Ao + AXKEE + 2[AX . (8)

Proof. Everywhere in this proof we will omit the subscript and sigeeiptk. Taking
into account that

D(H?) = A& A5 (A, X+ [t=0,
we obtain
D(HNE + 2[A %t = B[Ao] +T2(A 50~ — A —50+) + 2t[A %y
= o] + (A =A%) — A~ [%°)) + 2H[A e
:FZ(['AO]+['Ax°])+'A+[>qF+'A K]t + 2H[A %
:['A0+Ax0]F2+('A+(>?+—>?—)+A—(x —i—)+('A+—'A—)(>?—+>?+))t‘
= [Ao+ AXOJt2 4+ 2AXE.

3.4 Second-Order Sufficient Conditions

Here, we will formulate sufficient optimality conditiongjtonly in the case dflis-
continuouscontrolu®. Let againu® be a piecewise continuous function with the set
of discontinuity pointd and let eacly € © be anL-point. A natural strengthening
of the necessary conditio®’ in Theorem 6 turned out to be sufficient not only for
the Pontryagin minimum, but also for the so-called boundexhg minimum. This
type of minimum will be defined below.
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Definition 3. The component; of the state vectoxis calledunessentiaif the func-
tions f andh do not depend or; and the functiong, F, andK are affine inx (to)
andx;(ts). Letx denote the vector composed by essential components ofrvecto

For instance, the integral functiong¥’ = ftgf fo(t,x,u)dt can be brought to the
endpoint form:_¢# = y(tr) — y(to), wherey = fo(t,x,u). Clearly,y is unessential
component.

Definition 4. An admissible paim® affords abounded strong minimuif for any
compact sets C 2 there existse > 0 such that # (w) > _#(wP) for all ad-
missible pairsw(t) = (x(t),u(t)) satisfying the conditiongx(to) —x°(to)| < &,
maxg, ¢ [X(t) —X0(t))] < £ and (t,x(t),u(t)) € ¢ a.e. onlty, t].

Definition 5. An admissible pain® affords astrong minimunif there existss > 0
such that 7 (w) > ¢ (wP) for all admissible pairsi(t) = (x(t),u(t)) satisfying the
conditions|x(to) — X°(to)| < £ and max, ,1 [x(t) —X°(t))| < .

The following assertion follows from the definitions.

Lemma 2. If there exists a compact s&t C 2 such that{(t,x,u) € 2: h(t,x,u) =
0} C ¢, then the bounded strong minimum is equivalent to the staingnum.

Let us formulate sufficient conditions for a bounded strorigimum. Foru €
Mo, we introduce the following conditions of tisgrict minimum principle

(@) H(t,x0(t),u,A (t)) > H(t,x0(t),u2(t), A (1))
forallt € [to,ts]\ ©, u# W0(t), uc U(t,xX°(t)),

(b) H (i, X0 (ti), u, A (1)) > HX
forallty € @, ue U (t,X°(t)), u# Ww(ty—), u# u’(t+), where
HY = H (ty, x2(t), WOt —), A (1)) = H (1, X0 (1), U0(te+-), A (1))

We denote by the set of allu € Mg satisfying conditions (a) and (b).
For u € Mp we also introduce thstrengthened Legendre-Clebsch conditions

(i) for eacht € [to,tf] \ © the quadratic form
(HE,(EXO(0),1°(1), A (1), v(t) u, )
is positive definite on the subspace of vectorsIR™ such that
hu(t,X0(t),u0(t))u = 0.
(ii)for eachty € ©, the quadratic form
(Huu(ti, X0(t), U (te—), A (t), v (t—) U, u)
is positive definite on the subspace of vectorsIR™ such that

hu (i, X(t), W(tk—))u = 0.
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(iii yhis condition is symmetric to condition (ii) by replacirig—) everywhere by
(tt).

Note that for eacln € Mg the non-strengthened Legendre—Clebsch conditions hold,
i.e., the same quadratic forms arennegativen the corresponding subspaces.

We denote by Leg(Mg) the set of allu € MJ satisfying the strengthened
Legendre—Clebsch conditions (i), (ii), (iii) and also tlenditions

(ivDK(Ha) > 0forallk=1,...,s.

Let us introduce the functional

77 = (8,8) + (o). o) + [ (@0, 0) .

wherez= (6,x,0) and 6 = (f1,...,ts).

Theorem 7.For the pair W, assume that the following Conditiofio holds: the set
Leg, (Mg ) is nonempty and there exist a nonempty compact setlMg, (M ) and
a number C> 0 such that

-
max Qo (H,2) 2 CY(Z)

for all z€ .#". Then the pair Waffords a (strict) bounded strong minimum.

The sufficient conditionZg guarantees a certain growth condition for the cost
which will be presented below. We define now the concept ofaditsker function
r(t,u).

Assuming that the functiou®(t) is left-continuous, denote by o (-) the closure
(in IR™™) of its graph. Denote by al(t,_1, t) the closure in IR*! of the graph
of the restriction of(t) to the interval(ty_1,tx), k=1,...,5+ 1, wherets, 1 = t;.

Then
s+1

clu®() = | ol u(ti_1, t).
k=1

Denote by7x, k=1,...,s+ 1, a system of non-overlapping neighborhoods of the

s+l
compact sets al®(t,_1, t). Let ¥ = |J %.
k=1

Definition 6. The functionl” (t,u) : IR®™ — IR is said to be arorder functionif
there exist disjoint neighborhoodg of the compact sets cP(tk_l,tk) such that the
following five conditions hold:

(DF (t,u) = [u—W0(t)[2if (t,u) € Y t € (teat), k=1,...,5+1;
() (t,u) = 2Jt —tie| + [u—u*|2if (t,u) € Y, t >t k=1,....5
) (t,u) = 2Jt —tie| + [u—u%H|2if (t,u) € Y, t <t k=1,....5
(Mr (t,u) >0if (t,u) ¢ ¥;

(5) (t,u) is Lipschitz continuous on each compact set iR

= =0 =0 =
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u

I(t,u)>0 I (tu)=u—w()]?
[ (t,u) = Ju— w2 4 2t —ty o+ Wwo(t)
72
uw(t) ut” rt,u) >0
! "
[(t,u)=u—ul(t)? I (t,u) = [u+ue 2421t —ty
1o 11 tg

Fig. 1 Illustration of the order functiof (t, u).

Fordw(t) = (x(t),du(t)) in # we set
V(W) = |\5x|\i+/ttf I (£, 00(t) + u(t)) dt.

We cally thehigher order This higher order corresponds to a typical minimum in
the case of discontinuous control, and the order funcfi¢inv) corresponds to a
typical Hamiltonian in this case.

Note that the ordeftgf I (t,u0(t) + du(t)) dtis much finer (smaller) than the func-
tional fttof |du(t))|?>dt. On the other hand, it can be proved that, on each compact set
(in R™), the following lower bound holds foft;f I (t,u0(t) + du(t))dt :

18 2 ¢
(/ 15u(t)| dt) < c/ I (t,W0(t) + u(t)) dt,
fo to
whereC > 0 depends only on the compact set.
Define theviolation functionat the point®:

d(F)
V(3w) = (3(n°+3n)—3(n°))+ + > Fi(n°+8n)++[K(n°+3n)|+[|o%—8f|1,
i=
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wheren® = (X(to),X0(t1)), 81 = (x(to), x(tr)), 8 = (£, W0+ dw) — f(t, ),
dw = (8x,8u), ||.||1 is the norm in the spade* of integrable functions, and, :=
max{a, 0} for a € IR.

Definition 7. We say that @ounded strong-sufficiencyholds at the point/® if
there existsC > 0 such that for any compact set C 2 there existss > 0 such
that the inequality/ (dw) > Cy(dw) holds for alldw = (dx, du) € # satisfying the
conditions

1x(to)] < &, [|8X] < &, } (9)

(t,W2(t) + dW(t)) € €, h(t,wP(t) + dw(t)) =0 a.e.

Obviously, a bounded strongsufficiency implies a (strict) bounded strong mini-
mum. Moreover, if the point® 4 dw is admissible, then, obviously,(dw) =
(J(WP + dw) — J(wWP)).. Therefore, a bounded stroggsufficiency implies the fol-
lowing

y-growth condition for the costhere existsC > 0 such that for any compact set
¢ C 2 there existg > 0 such that

JWP + dw) — I(WP) > Cy(dw)

for all Sw = (6x,8u) € # satisfying (9) and such th&n® + éw) is an admissible
pair.

Theorem 8. The sufficient conditio8g in Theorem 7 is equivalent to the bounded
strongy-sufficiency.

Theorems 6-8 were proved in [35]. Generalizations of theserems for optimal
control problem with regular mixethequality state-control constraints were re-
cently published in [37] and [38]. An extension of the resuwf this section to
problems on a variable time interval were obtained in [36].

4 The General Problem in the Calculus of Variations on a
Variable Time Interval

4.1 Statement of the Problem

Here, quadratic optimality conditions, both necessary sufficient, are presented
in the following canonical problem on a variable time intnlLet .7 denote a
procesgx(t),u(t) |t € [to,tf]), where the state variabi-) is a Lipschitz continuous
function, and the control variablg-) is a bounded measurable function on a time
intervalA = [to,t¢]. The intervalA is not fixed. For each process, we denote here
by

n = (to,X(to), tr,X(tr))
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the vector of the endpoints of time-state varialfle). It is required to find.7
minimizing the functional

min_# (7)== J(n) (10)
subject to the constraints

F(n) <0, K(n)=0, ne2, (11)
X(t) = f(t,x(t),u(t)), h{t,xt),ut))=0, (t,x{t),ut)e2 (12

whereZ” and 2 are open sets, u, F, K, f, andh are vector-functions.

We assume that the functiodsF, andK are defined and twice continuously
differentiable onZ?, and the functionsg andh are defined and twice continuously
differentiable on2. It is also assumed that the gradients with respect to thealon
hiu(t,x,u), i=1,...,d(h), are linearly independent at each paini,u) € 2 such
thath(t,x,u) = 0. Hered(h) is a dimension of the vectdr.

4.2 First-Order Necessary Conditions

We say that the function(t) is Lipschitz-continuousf it is piecewise continuous
and satisfies the Lipschitz condition on each interval ofcihetinuity. Let

T = (x(t),u(t) [t € [to,t¢]) (13)

be a fixed admissible process such that the conif9lis a piecewise Lipschitz-
continuous function on the intervAl with the set of discontinuity points

O ={t,....ts}, where top<t; <...<ts<ts.

In order to make the notations simpler we do not use here sumbas and indices
as zero, hat or asterisk to distinguish the proc&ssom others.

Let us formulate the first-order necessary condition foiroglity of the pro-
cess.7. We introduce the Pontryagin functidth (Hamiltonian), theaugmented
Pontryagin functiorH?, and the endpoint Lagrange functibras in Section 3.2,
but remember that now = (to, X0, ts,Xs), Also we introduce a tuple of Lagrange
multipliers

H= (007(7’3’)‘(')7)‘0(')’\}(')) (14)

such thatA () : A — (IRY™)* andAq(-) : A — IR! are piecewise smooth functions,
continuously differentiable on each interval of theA&t®, andv(-) : A — (IRM)*
is a piecewise continuous function and Lipschitz contirsuon each interval of the
setA\ ©.

Denote byMy the set of the normed tuplgs satisfying the conditions of the
minimum principlefor the process7:
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ap>0,a>0,aF(N)=0, ao+3yai+3|Bj| =1,
A=—H2 do=—-H2 HE=0,tcA\O,

A(to) = —lxg, A(ts) =l , Ao(to) = —lo, Ao(ts) =1, (15)
i HILX().0.A () = HLX0.u0).A (1), te A\ .

H(t,X(t), u(t), A (1)) + Ag(t) =0, t € A\ O,

whereU (t,x) = {ue IRYY | h(t,x,u) = 0, (t,x,u) € 2}. The derivativesy, andly,
are at(n,ao,a,3), wheren = (to,X(to),ts,X(t;)), and the derivativeBlZ, HZ, and
H& are at(t, x(t),u(t),A(t),v(t)), wheret € A\ ©. (ConditionHZ = 0 follows from
other conditions in this definition, and therefore, coulceieluded; yet we need to
use it later.)

Let us give the definition dPontryagin minimunmn problem (10)-(12) on a vari-
able intervalto, tt].

Definition 8. The process” affords aPontryagin minimunif for each compact set
¢ C 2 there exist€ > 0suchthat 7 (.7) > #(7) for all admissible processes
T = (X(t),0(t) | t € [fo,f7]) satisfying the conditions
@fo—tol<e, [ —ti|<e,
(b) maxjX(t) — x(t)| < &, whereA = [fo, ],

Ana

(c) J [a(t)—u(t)|dt<e,
ANA

(d) (t,X(t),(t)) €€ a.e.onA.

The conditionMg # 0 is equivalent to Pontryagin’s minimum principle. It igth
first-order necessary condition for Pontryagin minimumtfeg process”. Thus,
the following theorem holds.

Theorem 9.If the process7 affords a Pontryagin minimum, then the seg M
nonempty.

Assume that the sély is nonempty. Using its definition and the full rank condition
for the matrixhy on the surfacé = 0 one can easily prove the following statement:

Proposition 1. The set N is a finite-dimensional compact set, and the mapping
U — (ao,a,B) is injective on M.

As in Section 3, for eacp € Mo, ty € ©, we defineDX(H3) by relation (7). Then,
for eachu € Mg the following inequalities hold*(H#) >0, k=1,...,s.

4.3 Second-Order Necessary Conditions

Let us formulate a quadratic necessary condition for a Fagitn minimum for the
process7 as in (13). First, for this process, we introduce a Hilbeattsg??>(©) and
the critical cone#” C 25(0). Again, we denote bPoW12(A,IRY™) the Hilbert
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space of piecewise continuous functioig A — IRY®  absolutely continuous on
each interval of the s&t \ © and such that their first derivative is square integrable.

We set L
_: (t07tf)97)za)7

where

the RL tr € RY, 6= (f,....Ts) € RS, X PoWL2(A,IRYX), e L2(A, IRYW).

Thus,

7€ %(0) 1= IR? x RS x PoW?(4, IRY¥) x L?(A, IRYW).
Moreover, for giverz we set

W= (%0), % = Xto), Xt = Xtr). e

Xo = X(to) +toX(to), Xt = X(t¢) +TyX(ts), N = ({0, Xo, s, X ). 17)
By Ie(n) ={i€{1,...,d(F)} | K(n) = 0} we denote the set of active indices of

the constraint§; < 0. Let . #p be the set of alt € 25(0O) satisfying the following
conditions:

Y(mn <0, F(nmn<0vielg(n), K(nn=0,

ﬂt) fw(t, w(t))w(t), fo raate[to,tf] 18
Tt b~ 0, k=1 e
hw(t,w(t))w(t) =0, for a ate[to,tf]

Clearly, %o is a convex cone in the Hilbert spaZ@( ). We caII it thecritical
cone If the intervalA is fixed, then we sefj := (xo,Xt) = (X(to),X(tf)), and in the
definition of #" we havelp = t; = 0, X9 = Xo, Xt = X, andn = r7 = (X0, X1).
Let us introduce a quadratic form a#,(©). For u € Mg andz € %, we set

200(1.2) = U 7.)+ || (HERTO. )+ 5 (DN(Ho + 2005k

k=1
( X(to) +)\0 to))f2+2)\ (to))«to)to
— (Mtox() + ofte) ) & — 24 (1Tt (19)

Where'fl]lf] = If]f] (’7; Qo, G,B), HVE\‘IlVlV : HV?IW(t7X(t)7 U(t),)\ (t)7 V(t)) We now for-
mulate the main necessary quadratic condition of Pontnyaghimum in the prob-
lem on a variable time interval.

Theorem 10.If the process7 yields a Pontryagin minimum, then the following
Conditiong7g holds: the set lglis nonempty and

maxQe(u,z) >0 forall ze #p.
HEMo
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Using (8), we can represent the quadratic fd2g on .%o as follows

()\
= (AR +Aoftr) ) — 24 ()Tt )iy (20)

4.4 Second-Order Sufficient Conditions

Let us give the definition of a bounded strong minimum in peoil(10)-(12) on
a variable intervaltp,t;]. Let againx denotes a vector composed of all essential
components of vectot (cf. Definition 3).

Definition 9. The process” affordsa bounded strong minimuiifor each compact
set¢’ C Zthere existg >0suchthat? (7) > ¢ (.7) for all admissible processes
T = (X(t),0(t) |t € [fo,f7]) satisfying the conditions

(@fo—to] <&, [fr—tr]<e, [K(fo)—x(to)| <e,

(b) Ar;nmzixp_?(t) —X(t)| <e&, whereA = [fo, ],

(€) (t,X(1),0(t)) € ¢ a.e.onA.
Thestrict bounded strong minimum is defined in a similar way, with thestoct
inequality #(7) > _#(7) replaced by the strict one and the procgssequired
to be different from7 .

Let us formulate a sufficient optimality Conditig#e, which is a natural strength-

ening of the necessary Conditiazp. The condition%g is sufficient not only for a
Pontryagin minimum, but also for a strict bounded strongimim.

Theorem 11.For the process7, assume that the following Conditio#g holds:
the setLeg, (Mg ) is nonempty and there exist a nonempty compact set M
Leg, (Mg ) and a number C> 0 such that

max Qo(U,2) > Cy(2) (21)
HEM

for all Ze #5. Then the proces§” affords a strict bounded strong minimum.

Here the set Leg(My ) has the same definition as in Section 3.4.
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5 Second-Order Optimality Conditions for Bang-Bang Contrds

5.1 Optimal Control Problems with Control Appearing Linebr

Let again.7 denote a proceg(t),u(t) | t € [to,ts]), where the time intervad =
[to,tf] is not fixed. As above, we set

n = (to,X(to), ts, X(ts)).

We will refer to the following control problem (22)-(24) dsetbasic control prob-
lem

Minimize 7 (.7) :=J(n) (22)
subject to the constraints

F(n)<0, K(n)=0, neZ, (23)

X(t) = f(t,x(t))+ot,x(t))ut), ult)eU, (t,xt)e2, to<t<t;. (24)

Herex € IR", uc R™, F, K, andf are vector functiongy is n x m matrix function
with column vector functiongs (t,x,u),...,gm(t,x,u), & C IR**? and2 c IR"!
are open setd) C IR™is a convex polyhedron. The functiodsF, andK are as-
sumed to be twice continuously differential o, and the functiond andg are
twice continuously differential o®.

A processZ = (x(t),u(t) | t € [to,t1]) is said to beadmissibleif x(-) is abso-
lutely continuousy(-) is measurable bounded and the pair of functips), u(t))
on the intervalA = [to,t;] with the end-points] = (to,X(to),t1,X(t1)) satisfies the
constraints (23), (24).

Let us give the definition of Pontryagin minimum for the bgsioblem.

Definition 10. The process7 = (X(t),(t) | t € [, ;]) affords aPontryagin mini-

mumin the basic problem if there exists> 0 such that 7 (.7) > _#(.7) for all
admissible processed = (x(t),u(t) | t € Jto,t¢]) satisfying

fo-Bl <& fu-fl<e maxxo-xtl<e, [ Jun-uoldi<e
ANA
ANA
whereA = [to,t7], A = [, ).

Note that, for a fixed time interval, a Pontryagin minimum corresponds to an
L1-local minimumwith respect to the control variable.
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5.2 Necessary Optimality Conditions: The Minimum Princgpbf
Pontryagin et al

Let .7 = (x(t),u(t) | t € [to,tf]) be a fixed admissible process such that the control
u(-) is apiecewise constarfunction on the intervall = [to,t;]. Denote by

O={ty,....ts}, to<ti<...<ts<tj,

the finite set of all discontinuity points (jJump points) oétbontrolu(t). Thenx(t) is
a piecewise continuous function whose discontinuity oii@long to®, and hence
X(t) is a piecewise smooth function ofi.

Let us formulate th@ontryagin minimum principlevhich is the first-order nec-
essary condition for optimality of the proces$s. ThePontryagin functionhas the
form

H(t,xu,A)=Af(t,x)+Ag(t,x)u=Af(t,x) +'i/\gi t,x)u, (25)

whereA is a row-vector of the dimensiot(A ) = d(x) = n while x,u, f,F andK
are column-vectors. The factor of the contwin the Pontryagin function is the
switching vector functiora row vector of dimensiod(u) = m.

o(t,xA):=Hy(t,x,u,A) = Ag(t,x),
Gi(t,x,A): =Hyt,x,uA) =Agt,x), i=1...m (26)
ai(t) 1 = ai(t,x(t),u(t)).

Theendpoint Lagrange functiors

[(ao,a,B,n) = aod(n) +aF(n)+BK(n),

wherea andf are row-vectors witld(a) = d(F), d(8) =d(K), andag is a number.

By
u= (UO; G,B,/\ ()5)\0())

we denote a tuple of Lagrange multipliers such th@y : A — IR™ andAg(+) : A —
IR are continuous odl and continuously differentiable on each interval of the set
A\O.

Let Mg be the set of the normed collectiopssatisfying the conditions of Mini-
mum Principle for the proces$':

ap>0, a>0, aF(n)=0, ap+ S ai+ Y |Bj|=1, (27)
2% 5P

A=—Hy, Ag=-H WteA\o, (28)

Alto) = —lhg, Alty) =lg, Aolto) =—lg, Aolts) =1y, (29)

minH (t,x(t), u,A (1)) = H(t,x(),u(t),A(t)) vteA\o, (30)
x(t

H(tx(t),u(t),A(t)) +Ao(t) =0 VteA\oO. (31)
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The derivativesy, andly, are taken at the poirfo,a,3,n), and the derivatives
Hyx, H: are evaluated at the poiftt x(t), u(t), A (t)). We use the simple abbreviation
(t) for indicating all argument@, x(t),u(t),A(t)),t € A\ ©.

Theorem 12.If the processZ affords a Pontryagin minimum, then the sej M
nonempty. The setMs a finite-dimensional compact set and the projeqtor
(ao, a, B) is injective on M.

In view of this theorem, we can identify each tuglec Mg with its projection
(ao,a,B). In what follows we seu = (ap,a,f). For eachu € My andty € O,
we define again the quantiX(HH). Set

(AcH) () = H(t,X(1), U, A (1) = H(Ex(), U A1) =o®) U (32)

For eachu € Mg the following equalities hold

d d
a(AkH)h:tk_ = &(AkH

Consequently, for each € Mg the function(AgH)(t) has a derivative at the point
tk € ©. Set

)}t=tk+’ kZl,...,S.

D (HH) = — S (8H) (1)
Then, for eachu € Mg, the minimum condition (30) implies the inequalities:
D¥HH) >0, k=1,....s (33)
As we know, the valu®X(HH) can be written in the form
DK(HH) = —HITHK - HEHES — [Hk = AR ARt 4 Agl,

whereHX~ and HX" are the left hand and the right hand values of the function
Hy(t) := Hy(t, (1), u(t), A ()) atty, respectivelyjH; ] is a jump of the functiot ()
atty, etc. It also follows from the above representation that esxeh

DX(HH) = —a (i) [u]*, (34)

where the values on the right hand side agree for the desvatity+) from the
right and the derivativer(tc—) from the left. In the case of scalar controlu, the
total derivativeg; + oxx+ 0, A does not contain the control variable explicitly and
hence the derivativa(t) is continuousat ty.

Definition 11. For a given extremal procesg = { (x(t),u(t)) |t € A } with a piece-
wise constant contral(t) we say thati(t) is astrict bang-bang contraf there exists
u = (ao,a,B,A,A0) € Mg such that

Arg miny ., o(H)U' = [ut—),u(t+)], te€ [to,ts] (35)
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where [u(t—),u(t+)] denotes the line segment spanned by the veeirs) and
u(t+) in IRAW anda(t) := o (t,x(t),A (1)) = A (t)g(t, x(t)).

Note thatlu(t—),u(t+)] is a singletor{u(t) } at each continuity point of the control
u(t) with u(t) being a vertex of the polyhedrah Only at the pointg € © does the
line segmenfuX—, u“*] coincide with an edge of the polyhedron.

It is instructive to evaluate the condition (35) in greatetadl when the control
set is thehypercube

d(u)
U= I_l [Ui.mim Ui,ma)&; Ui min < Uj max (i=1,...,d(u)). (36)

Let S = {tx;,k=1,....ki}, kk > 0, be the set of switching times of the-th
control componenty(t) and letoi(t) = A(t)gi(t,x(t)) be switching function for
u, i =1 ....,d(u). Then the set of all switching times is given by

d(u)
e:{t17,ts}: U S,
i=1

and the condition (35) for a strict bang-bang control reggithat

(@at)#0 Vt¢gs (i=1,....d(u)),
(b) there is no simultaneous switching of control componeiits, (37)
e, SNS =0 Vi#]j.

Hence, the—th control component is determined by the control law

ui(t):{m‘; y 2828} YteA\S. (38)

Remark 1 There exist examples, where condition (a) in (37) is slighiblated
as gi(t;) = 0 holds for certain control componenig cf. the Rayleigh problem
in Section 9.2 and the collision avoidance problem in Maeteal. [29]. In this
case, we require in addition thet(t;) # 0 holds to compensate for the condition
gi(t;) = 0. This property is fulfilled for the Rayleigh problem in Secti®.2 and the
control problem in [29].

5.3 Second-Order Necessary Optimality Conditions

Here, we formulate quadratic necessary optimality cood#ifor a Pontryagin min-
imum for a given bang—bang control. (Their strengthenirejdg quadratic suffi-
cient conditions for a strong minimum.) These quadraticditions are based on
the properties of a quadratic form on the critical cone.
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Let againZ = (x(t),u(t) | t € [to,tt]) be a fixed admissible process such that
the controlu(-) is a piecewise constant function on the interak [to,t¢], and let
O ={t1,....,ts}, to < t1 < ... <ts < tr, be the set of discontinuity points of the
control u(t). For the process”, we introduce the spacg’(©) and thecritical
cone#p C Z(O) as follows. Denote byPoCl(A,IRY™) the space of piecewise
continuous functionsg(-) : A — IRYX that are continuously differentiable on each
interval of the sef \ ©. For eachx € PoC(A,IRY¥) and fort, € © we set™ =
X(tk—), X = X(t+) and[x]< = X+ — x*~. Now set

Z= (to,tr,6,%),
whereto, tr € IRY, 6 = (fy,...,ts) € RS, Xe PoCL(4,IR¥). Thus,
ze Z(0) :=IR?x RS x PoC(A,IRI™).

For eaclz we set

= X(te) +tex(te), N = (to,Xo,tr,Xs). (39)

0 = X(to) +toX(to),

The vectonT is considered as a column vector. Note tigat 0, respectivelyts = 0
for fixedinitial time tg, respectively, final timées. Let

lr(n)={ie{l,....d(F)} |F(n)=0}

be the set of indices of all active endpoint inequalities< O at the pointn =
(to,X(t0),ts,X(ts)). Denote by.#o the set of allz€ #(©) satisfying the follow-
ing conditions:

Y(mn<0, F(mn<ovielg(n), K'(n)n=0, (40)
X(t) = (fx(t, X(t)) + g(t, X(t))u(t)) X(t), (41)
XK+ [}t =0, k=1,...s (42)

It is obvious that#g is a convex, finite-dimensional and finite-faced cone in the
spaceZ(©). We call itthe critical cone Each elemerz € %5 is uniquely defined

by the numbert, t¢, the vecto® and the initial value(tp) of the functiornx(t). Two
important properties of the critical cone are formulatethinext two propositions.

Proposition 2. For any i € Mg andz € %, we have
aod ()N =0, aF/(N)n=0 Viele(n).

Proposition 3. Suppose that there exigte Mg with ap > 0. Then adding the equal-
ities aiF/(n)n = 0Vi € Ig(n) to the system (40)—(42) definingo, one can omit
the inequality J(n)n < 0in that system without affectingo.

Thus,. %5 is defined by conditions (41), (42) and by the condiﬁT)E[ A5, where
& is the cone in IRI¥)+2 given by (40). But if there existg € Mo with ag > 0,



24 Nikolai P. Osmolovskii and Helmut Maurer

then we can put
#S={n e R™*2|F/(n)n <0, aiF(n)n = 0Vi € Ig(n), K'(n)n = 0}.  (43)

If, in addition, a; > 0 holds for alli € Ir (1), then#g is a subspace in fR)+2

Let us introduce a quadratic form on the critical catfg defined by the condi-
tions (40)—(42). For each € Mg andz € .7 we set

200(1,2) = (a7, ) + / (HESTE), 1)) dt+z(Dk (HH)+ 20K K

+ (A (to)x(to) + Aolto) ) B+ 2A (t0)Tto) o
—()\ (t)X(ts )+Ao(tf))ﬂ2—2A (t)X(t )y, (44)

wherel!, =1,,(n,00,a,B), Hb = Ha(t,X(t),u(t),A(t)) andn was defined in
(39). Note that for a problem on a fixed time interftglt;] we haveo =t; = 0. The
following theorem gives the main second order necessargition of optimality.

Theorem 13.If the process7 affords a Pontryagin minimum, then the following
Condition .« holds: the set M is nonempty antnax,cm, Qo(H,z) > 0 for all
ze Ho.

Using (8), we can also represent the quadratic f@gnas follows
= = tf S N e
2Q0(1. ) = (b, 1.7 + / (AR, () dt+ S ([Ase+ AR + 2005
K=1

+(Alt)x(t0) + olto) ) B+ 2) (t0)Tt0)lo

( X(tr) + Aoftr) )T — 24 (tr)X(t1 ). (45)

5.4 Second-Order Sufficient Optimality Conditions (SSC)

The state variablg; is calledunessentialf the function f does not depend ox
and the function§, J,K are affine inx := x;(to) andxs := x;(t¢ ). Let x denote the
vector of all essential components of state vegtdret us define a strong minimum
in the basic problem.

Definition 12. The process7 affordsa strong minimunif there existse > 0 such
that #(.7) > #(7) for all admissible processe® = (X(t),(t) | t € [fo,fr]) sat-
isfying the conditions

@fo—tol<e, [ir—til<e, [X(fo)—xto)| <&,

(b) max|X(t) — x(t)| < &, whereA = [fo, ],
Ana
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Thestrict strong minimum is defined in a similar way, with the non-stimequal-
ity 7(7)> #(7) replaced by the strict one and the procgssequired to be
different from.7.

A natural strengthening of the necessary Conditigsnof Theorem 13 turns out
to be a sufficient optimality condition not only for a Pontgy@minimum, but also

for a strong minimum.

Theorem 14.Let the following Conditior4g be fulfilled for the process:

(a) u(t) is a strict bang-bang control (i.e., there exigtss Mg such that
condition (35) holds),

(b) there existg1 € Mo such that B(H#) > 0, k=1,....s,

(©) LT;%Q@(H@ >0 forall ze 5\ {0}.

Then.7 is a strict strong minimum.

Note that the conditioric) is automatically fulfilled if.Zo = {0}, which gives a
first-order sufficient conditiofor a strong minimum in the problem. Also note that
the condition (c) is automatically fulfilled if there exigisc Mg such that

Qo(u,2) >0forallze 5 \ {0}. (46)

Clearly, there is10 gapbetween the necessary conditiefy of Theorem 13 and the
sufficient conditionZg of Theorem 14.

6 Induced Optimization Problem for Bang-Bang Controls and
the Verification of SSC

We continue our discussion of bang-bang controls. Secodérgufficient optimal-
ity conditions for bang-bang controls had been derivedeéritbrature in two differ-
ent forms. The first form was discussed in the last sectioa.sEtond one is due to
Agrachev, Stefani, and Zezza [1], who first reduce the baargglcontrol problem to
a finite-dimensional optimization problem and then show tie well-known suffi-
cient optimality conditions for this optimization problesupplemented by the strict
bang-bang property furnish sufficient conditions for thedpéang control problem.
The bang-bang control problem, considered in this sedsanpre general than that
in [1]. Following [39], we claim the equivalence of both fosraf second order con-
ditions for this problem.
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6.1 Formulation of the Induced Optimization Problem and
Necessary Optimality Conditions

Let.7 = (X(t),0(t) | t € [to,t]) be an admissible process for the basic control prob-
lem (22)-(24). We denote by éx the set of vertices of the polyhedroh Assume
that(t) is a bang—bang control iA = [t, {;] taking values in the set éX,

Gt)=ukecexU forte fi.f), k=1,...,5+1,

wherety,; =t;. Thus,® = {f1,...,%} is the set of switching points of the control
G(-) with t < tx,1 for k=0,1,...,s. Assume now that the sély of multipliers is

nonempty for the procesé’\. Put
B) =% =& =(0%0) (47)

Thend € IRS, Z € IR? x IR" x IRS, wheren = d(x).
Take a small neighborhood of the pointZ in IR? x IR" x IRS, and let

{ = (to,t5,%0,0) € 7,

where 8 = (ty,...,ts) satisfiesty < t; <t, < ... <ts < t; . Define the function
u(t;to,ts, 8) by the condition

u(t;to,tr,0) =U¢ for te (t1.t), k=1,...,5+1, (48)

wherets. 1 =t¢. The valuesu(ty;to,tr,0), k=1,....s may be chosen it arbitrar-
ily. For definiteness, define them by the condition of coritinaf the control from
the left: u(ty; to, tr, 0) = u(tk—;to,t¢,0), k=1,...,s.

Letx(t;to,ts, %o, 8) be the solution of the initial value problem (IVP)
x= f(t,x) +9g(t,x)u(t;to,ts,0), tefto,tr], X(to)=Xo. (49)

For each{ € ¥ this solution exists if the neighborhood of the pointZ is suffi-
ciently small. We obviously have

x(t%,81,%,0) =X(t), ted, utih,h,0)=0at), teA\O.

Consider now the following finite dimensional optimizatiproblem in the space
IR? x IR" x IRS of the variable€ = (to,tf,Xo, 0):

F(Q) := J(to, %o, t1. X(tf; 10, t1, X0, 6)) — min,
F({) :=F(to, %0, ts, X(tr;to,tr, X0, 0)) <O, (50)
4({) = K(to,Xo,tf, X(tf; to, tr, X0, 8)) = 0.
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u(t;t0>tf >tl7t2)

sH @
s e
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to 1,
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1> o ts

Fig. 2 Bang—bang control with two switches.

We call (50) thelnduced Optimization ProblerfiOP) or simplylnduced Problem
which represents an extension of the IOP introduced in [i¢ fbllowing assertion
is almost obvious.

Theorem 15.Let the proces?be a Pontryagin local minimum for the basic con-

trol problem (22)-(24). Then the poirz?t is a local minimum of the IOP (50), and
hence it satisfies first and second-order necessary condifar this problem.

6.2 Second-Order Optimality Conditions for Bang-Bang Cools
in Terms of the Induced Optimization Problem

We shalll clarify a relationship between the second ordeditioms for the Induced
Optimization Problem (50) at the poigt and those in the basic bang-bang con-
trol problem (22)-(24) for the proces§ It turns out that there is an one-to-one
correspondence between Lagrange multipliers in thesdgrsband an one-to-one
correspondence between elements of the critical conegder, for corresponding
Lagrange multipliers, the quadratic forms in these prolleake equal values on the
corresponding elements of the critical cones. This allawsxpress the necessary
and sufficient quadratic optimality conditions for a bangrtp control, formulated
in Theorems 13 and 14, in terms of the IOP (50). Thus we aretatdstablish the

equivalence between our quadratic sufficient conditiomsthose due to Agrachev,
Stefani, Zezza [1].
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Let 7 = (X(t),0(t) | t € [to,Tf]) be an admissible process in the basic problem

with the properties assumed in Section 5.2 andflet: @;,ﬂ,)?o,é) be the cor-
responding admissible point in the IOP. The Lagrange fonctor the Induced
Optimization Problem (50) is

Z(1,{) = Z(Kto,t1,%0,6) = a0 7 ({) + a7 ({) +BZ({), (51)

whereu = (ap,a,B), { = (to,ts,%0,0), 6 = (t1,...,ts). We denoteE% the critical
cone at the poin{ in the IOP. Thus,#; is the set of collectiong§ = (to,ts,Xo, 0)
such that

o~ —

JQI<0, FQ)<0icl, 9'Q)1=0 (52)

wherel = {i | % (2) = 0} is the set of indices of the inequality constraints active at
the pointd. For u € Mg the quadratic form, of the induced optimization problem, is
equal to(-Zz; (M, {)Z,{).

Let us formulate now second-order optimality conditionstfte basic control
problem in terms of the IOP.

Theorem 16 (Second-Order Necessary Conditions)f the process? affords a
Pontryagin minimum in the basic problem, then the follow@andition.c% holds:
the set Nj is nonempty and

max(fa(u,f)(_, ) >0 forall Z_e 0.
HEMp

Theorem 17 (Second-Order Sufficient Conditions)Let the following Condition
Ay be fulfilled for an admissible process in the basic problem:

(a)a(t) is a strict bang-bang control with finitely many switchingnésty, k =
1,...,s (hence, the set ¢Mis nonempty and condition (35) holds for some
U € Mo),

(b)there existg: € Mg such that I(HH) > 0, k=1,...,s,

~ — — —

(Y max( 2, (1.0)¢.) > 0 forall € .46\ {0},

Then7 is a strict strong minimum in the basic problem.

Theorem 17 is a generalization of sufficient optimality citiods for bang-bang
controls obtained in Agrachev et al. [1]. Detailed proof§béorems 16 and 17 are
given in [39] and in our book [40].

Remark 2Noble, Schattler [32] and Schattler, Ledzewicz [43] depesufficient

optimality conditions using methods of geometric optimahtol. There is some
evidence that their sufficient conditions are closely exdab the SSC in our work
[39, 40]. However, a formal proof of the equivalence of bothes of sufficient
conditions has not yet been worked out.
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6.3 Numerical Methods for Solving the Induced Optimization
Problem

The arc-parametrization method developedin [19], [24Vjates an efficient method
for solving the 10P. To better explain this method, for simipy let us consider
the basic control problem with fixed initial timg = 0 and fixed initial con-
dition xo(0) = X, and without inequality constraint¢ ({) < 0. For this prob-
lem, we slightly change the notation and replace the regulbiptimization vec-
tor { = (t3,t1,...,ts) by the vectoz = (tg,...,ts,ts+1), ts-1 = t¢. Instead of directly
optimizing the switching timeg , k= 1,...,s, we determine tharc lengths(arc
durations)

S i=t—tq1, k=1,...,55+1, (53)

of bang-bang arcs. Hence, the optimization variable(ty, . .. ,ts,ts11)* is replaced
by the optimization variable

E = (Ela"wESa ES—HI.)* S |Rs+1, Ek = tk—tk_l. (54)

The variablez and ¢ are related by a linear transformation involving the regula
(s+1) x (s+1)-matrixR:

1 0
-1 1
0 -1

= O O
o OO
o O o

§=Rz z=R, R= (55)
0O 00..-11

In the arc-parametrization method, the time inteftah, tk] is mapped to the fixed

interval

k—1 kK
=|—=,—|, k=1,...,5+1
o= |erpsra) Kobestl 56)
by the linear transformation
t=ax+bet, TEI, (57)
where
& =tk-1— (k=1)&, bxk=(s+1)ék (58)
Identifying
X(T) = X(ak + bxT) = X(t) (59)

in the relevant intervals, we obtain the ODE system
X(T) = (5+1)&(f (ax + bt X(1)) + g(ak + bkt x(1))u*)  for 1€l (60)

By concatenating the solutions in the intervhlsve get the continuous solution
X(t) = x(t; &) in the normalized interval0,1]. When expressed via the new opti-
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mization variablet, the Induced Optimization Problem (IOP) in (50) is equinale
_ st+1
to the following optimization probleriOP) with tf = 3 & :
k=1

Minimize 7 (&) :=J(t;x(1,¢)) (61)
subject to % (&) := K(t;;x(1,€)) = 0.

The Lagrangian function is given by

L(W,&)=0a0 7 (&§)+BY(&), u=(ao,B). (62)

Using the linear transformation (55), it can easily be sdet the SSCs for the
Induced Optimization Problems (I0OP) a(lhT)TD) are equivalent; cf. similar argu-
ments in [24]. To solve th(alfOVP), we use a suitable adaptation of the control pack-
age NUDOCCCS in Buskens [4],[5]. Then we can take advamagiee fact that
NUDOCCCS also provides the Jacobian of the terminal coing$rand the Hes-
sian of the Lagrangian which are needed in the check of thenskarder condition
in Theorem 17.

In practice, we shall verify the positive definiteness ctindi(c) in Theorem 17
in a stronger form. We assume that the multiplier can be ehesg = (1,3) and
that the followingregularity conditionholds:

rank@; (£) = d(K).

Let N be then; x (ng —d(K)) matrix,ng = n+s+ 1 (wheren = d(x)), with full

column rankng —d(K), whose columns span the kerneléfg(f). Then condition
(c) in Theorem 17,

(Zee(6,B)EE) >0 VE£O, Fr(£)E=0, (63)
is equivalent to the condition that tipeojected Hessiars positive definite [6],

N*Zes (E,B)N > 0. (64)

7 Numerical Example with Fixed Final Time: Optimal Control
of the Chemotherapy of HIV

The treatment of patients infected with the human immunogsgfcy virus (HIV)
is still of great concern today (Kirschner et al. [21]. Thelpem of determining
optimal chemotherapies has been treated in Kirschner,drgnBerbin [21] in the
framework of optimal control theory. The optimal control dabis based on a simple
dynamic model in Perelson et al. [41] which simulates thereattion of the immune
system with HIV. Kirschner et al. [21] use a control quadratist functional of 2-
type. It has been argued in Schattler, Ledzewicz, Mauré} fldat in a biological
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context it is more appropriate to consider cost functiordls!-type which are
linear in the control variable. Therefore, in this sectiar,are studying an objective
of L1-type, where the quadratic control is replaced by a lineatroh The state and
control variables have the following meaning:

T(t) :concentration of uninfected CD4T cells,

T*(t) : concentration of latently infected CD4T cells,
T**(t) : concentration of actively infected CD4T cells,
V(t) :concentration of free infectious virus particles,
u(t) :control, rate of chemotherapy.

The treatment starts & = 0 and terminates at the fixed final tirye= 500 (days).
Thus, the control process is considered in the intej®a}]. The dynamics of the
populations are (omitting the time argument):

dT/dt = 5y —prT+1T (1- B2 VT, T(0) =T,
dT*/dt = keVT — pr T* — ko T*, T(0) =T, (65)
dT/dt = ko T* — ppT*, T(0) = Tg*
dVv/dt = (1—u)NppT** —kVT — vV, V(0) = Vp.
The control constraint is given by
0<ut)<1 Vteloty], (66)

whereu(t) = 1 representsnaximalchemotherapy, whileit) = 0 means that no
chemotherapy is administered. Note that Kirschner et 4l ¢@nsider the control
variablev=1—u. Itis convenientto write the ODE (65) as the control affinsteyn
(24),

x=f(x)+900u, x(0)=x, x=(T,TT™V)ecR, (67)

with obvious definitions of the vector functiori$x) andg(x). As in [21] we con-
sider two sets of initial conditions which depend on the tahehich the treatment
starts after the infection. The following initial conditis are interpolated from [21]
and have already been used in the [16].

Initial conditions after 800days
To=9828, Ty =0.05155 T;*=0.0006175 Vp=0.07306 (68)
Initial conditions after 1000days
To=9041, T;=0.3447, T5*=0.004167 Vp=0.4939 (69)

The parameter and constants are taken from [21] and are iistEable 1.
Kirschner et al. [21] consider the following objectiveldttype which is quadratic
in the control variable:
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Parameters and constants Values

ur : death rate of uninfected CD4T cell population 0.02d*
ur+ : death rate of latently infected CD4T cell population 0.02 d*
U, : death rate of actively infected CD4T cell population 0.24 d!

ty : death rate of free virus 2.44d

ki :rate CD4 T cells becomes infected by free virus .42 10 > mm®d~?

ko :rate T* cells convert to actively infected 8103 mmid?

r : rate of growth for the CD4 T cell population 0.03d!

N : number of free virus produced Ay~ cells 1200

Tmax : maximum CD4 T cell population level B5x 103 mm3

s : source term for uninfected CD4T cells, 10dt mm3
wheresis the parameter in the source term s/(1+V)

Table 1 Parameters and constants

t

Minimize  J(x,u) :/Of(—T(t)—kBu(t)z)dt (B =50). (70)
Recall that the state variable is definedxas- (T, T*,T**,V) € IR*. The optimal
control that minimizes (70) subject to the constraints{§69) is acontinuougunc-
tion, since the associated Hamiltontd(x, A ,u) has a unique minimum with respect
to u and the strict Legendre-Clebsch conditléf, = 2B > 0 holds. For the two sets
of initial conditions (68) and (69), the numerical disczation and NLP approach
using AMPL [13] and IPOPT [47] yields the optimal contrologim in Figure 7
which were also obtained in Hannemann [16].

chemotherapy u chemotherapy u
1 1
0.8 0.8
0.6 \ 0.6 G
0.4 ~] 0.4 S
0.2 0.2
0 0
0 100 200 300 400 500 0 100 200 300 400 500
time t (days) time t (days)

Fig. 3 Optimal control for the? functional (70). eft) begin of treatment after 800 days: initial
conditions (68). ight) begin of treatment after 1000 days: initial conditions)(69

Hannemann [16] showed that second-order sufficient camidit{SSC) are satis-
fied for the controls displayed in Figure 3, since the assedimatrix Riccati equa-
tion has a bounded solution. Note that Riccati equationglseissed in [22, 28]
and in our book [40], Chapter 4.
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Instead of the.2 functional (70) we consider now the functionalldftype:
tf
Minimize  Ji(x,u) :/ (—T(t)+But))dt (B=50). (71)
0
The Hamiltonian or Pontryagin function for this control ptem is given by

H(x,A,u) = =T +Bu+ A (f(x) +g(x)u), (72)

whereA = (A1, A1+, A1+, Av) € IR* denotes the adjoint variable. The adjoint equa-
tion and transversality condition are given by

)\ :_HX(Xa)\au)a )\(tf):(oaoaoao)a

since the terminal stat€t; ) is free and the objective (71) does not contain a Mayer
term. We do not write out the adjoint equatidn= —Hy(x, A, u) explicitly, since this
equation is not needed in the sequel. The adjoint variable®e computed from the
Lagrange multipliers of the associated Induced OptimiraRroblem (I0OP). The
switching functions given by

(X, A) =Hu(X,A,u) =B—AyNpT*,  o(t) = a(x(t),A(t)). (73)
The minimization of the Hamiltonian with respectugields the switching condi-
tion
_[1ifo(t)<0
u(t) = {o, it o(t) >o}' (74)
The control has aingular arcin an intervallty,ty] C [0,T], if o(t) = 0 holds on
[t1,t2]. However, we do not discuss singular controls further bezdosthe data

in Table 1 we never found singular arcs. Indeed, the optirnatrol for theL!-
functional (71) is the following bang-bang control with gmne switch at; :

_[lfor0<t<ty
u(t)_{Ofortl<t<tf} (75)
The terminal arau(t) = O results from the terminal valug(t;) = B > 0 of the
switching function and the minimum condition (74). Hendes tOP has only the
scalar optimization variablg and thus the objective (71) reduces to a function
Ji(t1) = J1(x,u). The arc-parametrization method [24, 40] and the code NUDOC

CCS [4] yield the following numerical results, where statgiables are listed with
8 digits and adjoint variables with 6 digits.

J = —48981049,  t; = 16169571 T(t;) = 98349256
T*(t) = 0.04934668 T**(t;) = 0.00059104969 V (t;) = 0.069932999
Ar(0) = —0.125173 Ar+(0) = —1.51988 Ay« (0) = —2.94704
Av(0) = —0.449700

(76)



34 Nikolai P. Osmolovskii and Helmut Maurer

uninfected CD4" T cells latently infected CD4* T cells
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0.0006 ‘\ 1 0.07
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\ -/
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Fig. 4 Optimal solution for initial conditions (68): treatmentsis after 800 daysop row: (left)
uninfectedCD4" T cells, (ight) latently infectedCD4" T* cells. Middle row: (left) actively in-
fectedCD4+T** cells, (ight) infectious virus particle¥. Bottom row: (left) bang-bang control
u, (right) bang-bang contrall and (scaled) switching functioa in (73) satisfying the switching
condition (74).

The state and control variables and the switching functrendésplayed in Figure
4. To verify that the second-order sufficient conditions@¥&re satisfied for the
computed extremal solution, we have to check the conditidiheorem 17. The
strict bang-bang property is satisfied, since we infer fragufe 4 (bottom, right)
that the switching function satisfies

o(t)<0 for 0<t<t;, O(t1)>0, o(t)>0 for t;<t<t;=500 (77)
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To verify the positive definiteness in condition (63), weentstat the Hessian is sim-
ply the second derivative of the objectivgt;) evaluated at the optimal switching
timet; = 161695711 for which we find

d23,

—— =1.5469> 0.
dt?

Hence, the extremal solution (76 ) displayed in Figure 4 e a strict strong
minimum.

uninfected CD4" T cells latently infected CD4* T cells
o 005
996 |/ N '
goa |/ 0.04 \
992 -/ 0.03
990 \
988 |/ 0.02
986 |f 0.01 \ e
984 : \\ —
982 0
0 100 200 300 400 500 0 100 200 300 400 500
time t (days) time t (days)
actively infected CD4™ T cells free infectious virus particles V
0.0007 0.08
0.0006 ‘\ 8-82
0.0005 \ 0.05
0.0004 \ 0.04
0.0003 \ 0.03
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0 N— 0
0 100 200 300 400 500 0 100 200 300 400 500
time t (days) time t (days)
chemotherapy U chemotherapy u and switching function
1
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0.8 0.6
0.4
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Fig. 5 Optimal solution for initial conditions (68): treatmenéasss after 800 days and and terminal
conditionT (t;) = 995.Top row: (left) uninfectedCD4* T cells, fight) latently infectedCD4+ T*.
Middle row: (left) actively infectedCD4" T** cells, (ight) infectious virus particle¥/. Bottom
row: (left) bang-bang contral, (right) bang-bang contrall and scaled switching functioa in
(73) satisfying the switching condition (74).
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Now we try to improve the optimal terminal valliét; ) = 983493 of the uninfected
CDCA™T cells. For that purpose we prescribe a higher terminal vafideminimize
the functional; (x,u) subject to the boundary condition

T(tf) = 995. (78)
uninfected CD4" T cells latently infected CD4* T cells
1000 — — 0.35 \
/ 0.3
980 / 0.25 \
02 L\
960 0.2 \
940 / 0.15 \
[ 0.1 -\
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900 0 ]
0 100 200 300 400 500 0 100 200 300 400 500
time t (days) time t (days)
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Fig. 6 Optimal solution for initial conditions (69): treatmentsts after 1000 days and terminal
conditionT (t;) = 995.Top row: (left) uninfectedCD4" T cells, fight) latently infectedCD4+ T*.
Middle row: (left) actively infectedCD4+T** cells, ight) infectious virus particley/. Bottom
row: (left) bang-bang contral, (right) bang-bang contrall and scaled switching functioa in

(73) satisfying the switching condition (74).
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The arc-parametrization method [24, 40] and the controkpge NUDOCCCS [4]
furnish the results

J1 = —489044529 t; = 198566451 T(t;) = 9950,
T*(tf) = 0.014576433 T**(t;) = 0.00017436211 V(t;) = 0.020625442
A1(0) = —33.7027, At(tf) = —211377, A7+(0) = 280784

A1+ (0) = 2.76312 Av(0) = 405843

(79)
Figure 5 displays the state and control variables and thielsing function. Figure
5 (bottom, right) shows that the strict bang-bang prop€#®) (s satisfies. Condi-
tion (c) in Theorem 17 holds because the critical cotfge= {0} contains of the
zero element. Therefore, the extremal displayed in Figyreobides a strict strong
minimum.

Finally, we study the optimal solution for the initial vakig9), when the treat-
ment starts after 1000 days and, again, the boundary conditft;) = 995 is
prescribed. The arc-parametrization method in [24, 40] taedcontrol package
NUDOCCCS yield the results

Jy = —48348087, t; = 2545443 T(tr) = 9950,
T*(t;) = 0.014576939T**(t;) = 0.00017436817 V(t;) = 0.020626158
Ar(0) = —35629,  Ar(t;) = —214021  A7+(0) = 420998,

Ar+(0) = 2.69187 Av(0) = 136835

(80)
Figure 6 depicts the state and control variables and theclsiwg function. The
SSCin Theorem 17 are satisfied, sincegtret bang-bang propert{77) holds and
condition (63) holds in view of#g = {0}. Therefore, the extremal (80) provides a
strict strong minimum.

8 Numerical Example with Free Final Time: Time—Optimal
Control of Two—-Link Robots

In this section, we review the results in our book [40] on th&roal control of two-
link robots which has been addressed in various articlesed. [9, 14, 15, 33].
In these papers, optimal control policies are determinéelyson the basis of first
order necessary conditions, since sufficient conditioneewet available. In this
section we show that SSC hold for both types of robots consitie [9, 15, 33].

First, we study the robot model considered in Chernouské f]aGolimann [15]
has shown that the optimal control candidate presented]iis 8t optimal, since
the sign conditions of the switching functions do not compith the Minimum
Principle. Figure 7 displays the two-link robot schemdljca he state variables
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Fig. 7 Schematical representation of a two-link robot.

are the angleg; andqy. The parameterk andl, are the moments of inertia of
the upper arnOQ and the lower arnQP with respect to the point® andQ, resp..
Further, letm, be the mass of the lower ari, = |OQ)| the length of the upper arm,
andL; = |QC| the distance between the second Ipland the center of gravitg
of the lower arm. With the abbreviations

A =l3+ml2+1+2mplilcosyy, B = lp+mplilcosyy,
Ri = Up +MpLiL (201 + G2)desindz,  Ro = Uz — mpLyLégZ singgy, (81)
D =ly, A = AD-B?,

the dynamics of the two—link robot can be described by the Gixem

(DR; — BRy),
(ARZ - BRl) )
wherew; andw, are the angular velocities. The torquasandus, in the two links

represent the two control variables. Therefore, the staialle and control variable
are given by

=0, W=

. . (82)
O =Wy, W=

D= D=

X= (0, G2, w1, @) € IRY,  u= (u,Up) € IR?,

The control problem consists in steering the robot from @giwitial position to a
terminal position in minimal final timé,

q(0) =0, 2(0) =0, w(0) =0,

w(0) =0,
qu(ts) = —0.44, qp(ty) = 1.83, wy(ty) = 0, w; (83)

(t;) = 0.
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The control components are bounded by
) <2, Jut)<l, te[0t]. (84)
The Pontryagin function (Hamiltonian) is
H = M0+ Ao+ 72 (DR (1) — BRo(1)) + 7% (ARo(ut) — BRu(wy))
(85)

The adjoint equations are rather complicated and are nehdiere explicitly. The
switching functions are

A3 Aq Aa A3
For the parameter values
1
Li=1, L=05 m=10, |1—|2:§O’

)
u(t) = (W (t), ua(t)) = ((;1;,t22t<t3 L0<ti<t<tz<t;. (87)
)

This control structure differs substantially from the oneGhernousko et al. [9]

which violates the switching conditions. Obviously, thegabang control (87) sat-
isfies the assumption that only one control components Best@t a time. Since
the initial point(gi1(0),d2(0), w1 (0), w,(0)) is specified, the optimization variable
in the IOP (61) is

§=1(81,62,83,&), &1=t1, & =th—t1, &G=t3—ty, &=t;—ts.

Using the code NUDOCCCS we compute the following arc duratand switch-
ing times
t; =0.7677893 & = 0.335882Qt, = 1.1036713
€3 =1.2626739 t3 = 2.3663452 &, =0.8307667 (88)
ty =3.1971119

Numerical values for the adjoint functions are also progidg the code NUDOC-
CCS, e.g., the initial values

A1(0) = —1.56972 A(0) = —0.917955

A3(0) — —2.90537, A4(0) — —1.45440, (89)
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Fig. 8 Control of the two-link robot (81)—(84)Top row (left) controlu; and scaled switching
function o1, (right) control u, and scaled switching functioo,. Bottom row (left) angleq; and
velocity wy, (right) anglegy and velocityw,

Figure 8 shows that the switching functioms , oo comply with the minimum con-
dition and that the strict bang-bang property (35) and tlwlimlitiesDk(H) >0,
k=1,2,3 are satisfied:

o1(t) £0 for t#ty,t3, o2(t) A0 for t#ty,
o1(t1) <0, 01(t3) >0, 0Oo(tz) >0.

For the terminal conditions (83) we obtain the Jacobian

—0.751043 00351060 (58904
z 3.76119 184929-0.204170 0
Ye (&) = —0.326347 00770047 (212722-0.107819
1.26849 0445447-0.487447-0.233634,

This square matrix has full rank in view of

det?; (£) = 0.0766524# 0,
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which means that the positive definiteness condition (6@atly holds. Thus we
have verifiedfirst-order sufficient conditions showing that the extremal solution
given by (87)—(89) provides a strict strong minimum.

In the model treated above, some parameters like the mas$e afpgper arm
and the mass of a load at the end of the lower arm appear itthplitithe system
equations. The mass; of the upper arm is included in the moment of inettiand
the massM of a load in the poinP can be added to the mass, where the point
C and therefore the lengthhave to be adjusted. The lendth of the lower arm is
incorporated in the parameter

The second robot modehat we are going to discuss is taken from Geering et
al. [14] and Oberle [33]. Here, every physical parametegmsithe system equation
explicitly. The dynamic system is as follows:

1 = @, @ = % (Alyz— Blypcost), (90)
= —w, G =4%(Blii—Alc05p),
where we have used the abbreviations
A =lpwssing+ui—Uz, B = —lpwfsing, +up,
A = lplpn—12,c080q,, l11 = l1+ (Mp+M)LZ, (91)
l1o = mpLLy +MLlo, lo2 = I+ 13+ ML3.

I3 denotes the moment of inertia of the load with respect to tietf and w, is
now the angular velocity of the anglg + g2. For simplicity, we setz = 0. Again,

the torquesi; andu, in the two links are used as control variables by which the
robot is steered from a given initial position to a non—fixed gosition in minimal
final timet,

Q@0 =0,  /(xa(tr) —x(0))”+ (xa(tr) —x2(0))* =,
QZ(O) =0, q2(tf) =0, (92)
w (0) =0, w(tr) =0,
a(0) =0, a(t) =0,
where(x1(t),x2(t)) are the Cartesian coordinates of the p&int
xa(t) = Lycosgu(t) + Lacog(au(t) + dz(t)) , (93)

Xo(t) = Lysingy(t) + Lo sin(gy(t) + go(t)) .

The initial point (x1(0),x2(0)) = (2,0) is fixed. Both control components are
bounded,
u®<1,  fut) <1, te[0t]. (94)

The Hamilton—Pontryagin function is given by

H = Awr+ Ao — 1) + 22 (A(ug, Up)l 22— B(Up)l12c080p)

A (95)
+Z (B(uz)l11 — AUz, Up)l12C0S0) -
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The switching functions are computed as

01(%,A) = Hy, = 7 (Asla2— Aal12€0S0p) , (96)
02(%,A) = Hy, = % (A3(—l22— 112C0802) + Aa(l11+ 112C0S0)) -
For the parameters values
Li=l,=1, L=05 m=mp=M=1, |1:|2:% l3=0, r=3,

we will show that the optimal control has the following stwe with five bang—
bangarcswith B=t) <ty <tr <tz <tg<ts=t;:

(L) foro<t<ty
(-1,-1)forty <t <ty

u(t) = (ug(t),ux(t)) = (1,-1)fortp <t <tz ». 97)
(1,1) fortz <t <ty
(=1,1) forty <t <ts

Since the initial pointg1(0), g2(0), w1 (0), wp(0)) is specified, the optimization vari-
able in the optimization problem (50), resp., (61) is

Z:(Ela62753754755)7 Ek:tk_tk—]m k:]-aa5
The code NUDOCCCS yields the arc durations and switchinggim

t = 0.546174 & = 1.21351 t, = 1.75968
& =1.03867, t3 = 2.79835 &, = 0.906039 (98)
ty = 3.70439 &5 = 0.185023 t; = 3.889409

as well as the initial values of the adjoint variables,

A1(0) = 0.184172 A»(0) = —0.011125

A3(0) — 1.482636 A4(0) — 0.997367 (99)

The strict bang-bang property (35) and the inequalln'é(si) >0,k=1,2,3, hold
in view of

o1(t) #0 for t#t,ts, 01(t2) <0, 01(ts) >0,
o2(t) £0 for t#t,t3, 0O»(th) >0, 0x(t3) <O.

For the terminal conditions in (92), the Jacobian in the ropation problem is
computed as the (4 5)—matrix
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Fig. 9 Control of the two-link robot (90)—(94Yop row (left) controluy, (right) controlu,. Bottom
row: (left) angleq; and velocityw, (right) angleg, and velocitycw,.

—10.8575—-12.7462—-5.88332 —1.14995 0

7. (EA) _ 0.199280-2.71051—-1.45055 —-1.91476—4.83871
¢ —0.622556 331422 231545 294349 619355
9.36085 303934 0484459 00405811 0

which has full rank (64). The Hessian of the Lagrangian iegily

711424 907613 421301 849889-0.051821
. 90.7613 112544 513129 107691 Q0149854
ZLrs(E,B) = 421301 513129 239633 512403 0138604
8.49889 107691 512403 149988 0170781
—0.0518216 0149854 0138604 0170781 0297359

This yields the projected Hessian (64) as the positive numbe
N*Z¢ (€, B)N = 0.326929

Hence, all conditions in Theorem 17 are satisfied and thugxhremal (97)—(99)
yields a strict strong minimum.

It is interesting to note that there existsecond local minimurwith the same
terminal timet; = 3.88941. Though the control has also five bang-bang arcs, the
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control structure is substantially different from that @v{,

(1,-1),0<t<t;
(-1,-1) 1<t <ty

ut) = (ut),uz(t)) = ¢ (-11),<t<ts », (100)
(1,1) ,t3<t<ty

(17_1)  fg <t <ty
where O< t; <th <tz <ty <ts=t;. NUDOCCCS determines the switching times

t; = 0.1850163 t, = 1.091075 t3 = 2.129721 (101)
ty = 3.343237, t; =3.889409

for which the strict bang-bang property (3§) holds WH) >0fork=1,234.
Moreover, computations show thiatnk (¥; (¢ ) ) = 4 and that the projected Hessian
of the Lagrangian (64) is the positive number

N*Z; ¢ (€, B)N = 0.326929

It is remarkable that this value is identical with the valdeh® projected Hessian
for the first local minimum. Therefore, also for the seconldigon we have verified
that all conditions in Theorem 17 hold, and thus the extre20), (101) is a strict
strong minimum. The phenomenon of multiple local solutiafiswith the same
minimal timet; has also been observed by Betts [3], Example 6.8 (Reorientaft
a rigid body).

9 Optimal control problems with mixed control-state constraints
and control appearing linearly

To the best of our knowledge, second order sufficient opttgnabnditions (SSC)
for optimal control problems with mixed control-state cwamts have only been
studied for the class atgular controls where thestrict Legendre—Clebsch condi-
tion holds. Such control problems have not yet been coreitjevhen the control
variable appears linearly in the system dynamics and in ikedcontrol-state con-
straint. For a two-sided control-state constraint we wilhw that the constraining
function itself can be taken as a new control variable, winetke original control
problem is transformed into a classical control problenhwih affine control vari-
able subject to simple control bounds. Hence, optimal ctsfor the transformed
control problem are concatenations of bang-bang and singuts. The material in
this section is based on our paper [27].
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9.1 Statement of the Problem and Transformed Control Prahle

For simplicity, we consider an optimal control problem wiitked initial timety = O,
fixed initial conditions and terminal equality constrajraad with a scalar control.
Letx € IR" denote the state variable and IR be the control variable. The terminal
timets > O is either fixed or free. The dynamic equation and boundanglitons
are

%= f(t0)+g(tx)u, x(0)=x, K(x(t;))=0. (102)

We consider a two-sided mixed control-state constrainttvis affine in the control
variable:
a <a(x(t))+b(xt))ut)<p foraete[0,ts]. (103)

The optimal control problem consists in finding a contot L*([0,t¢],IR) that
minimizeghe objective functional in Mayer form

S (xu) =J(X(tr)). (104)

The functionsf,g: IR" — IR", a,b: IR" — IR, J: IR" — IR andK : IR" — IRYK) (0 <
d(K) < n) are assumed to be twice continuously differentiable. Weindrthe
reader that a Bolza functional of the form

tf

Fxu) = Ix(t) + / (fo(t,X) + go(t, X)u)dt. (105)
0

can be reduced to Mayer form by introducing the additionatlest/ariabley that
solves the initial value problem= fo(t, ) +go(t, x)u, y(0) = 0 and minimizing thr
functionalJ(x(ts)) + y(ts).
The followingregularity assumptiomvill be assumed to hold for feasible trajec-
tories:
b(t,x(t)) #0 for te][0,tf]. (106)

This assumption allows us to introduca@w control variable that is related to the
control variableu as follows:

v:i=a(x)+b(Xx)u, ie, u=(v—a(x))/b(x). (107)

Thetransformed optimal control probleponsists in minimizing the objective (104)
subject to the transformed dynamics

x=f(t,x)+9(t,x)v, x(0)=x9, K(x(tf))=0, (108)

where the transformed functiorﬁ_sg_ are defined by

f(t,x) = f(t,x) — g(t,x)a(x)/b(x), g(t,x) =g(t,x)/b(x). (209)
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The mixed control-state constraint (103) then is equivalerthe simple control
constraint
a <v(t) <B. (110)

Thus, we can apply the second-order conditions developsetitions 5 and 6 to the
transformed problem

9.2 Numerical Example: Optimal Control of the Rayleigh
Equation

The Rayleigh equation describes oscillations of the d@tectirrent, resp., voltage
in an electric circuit. The optimal control of the Rayleigguation for a control-
quadratic objective has been studied in Maurer, Augus8h @smolovskii, Maurer
[40] and Chen, Gerdts [8], where both simple control boumdsamixed control-
state constraint were investigated.

Letx; denote the electric current arglthe voltage. The contral represents the
voltage at the generator which steers the following dynasgications:

).(l = X2; X]_(O) = _57 (111)
%o = —X1 +%2(1.4— 0.14x3) 4+ u, x2(0) = 5.
We consider the mixed control-state constraint
a<u+x<B (a=-5p=0). (112)

Various other boundg and have been studied in Maurer, Omolovskii [27]. The
mixed constraint is a slight modification of the one consden [23, 8]. The ob-
jective is to minimize the quadratic functional

Foeu= [ a0 oo (113)

First, we consider this control problem with fixed termiriele¢t; = 4.5. Later, we
shall prescribe the terminal condition

x1(tf) =0 (114)

and solve the control problem with free terminal tithe
According to (107), the new control variabtés given by

V=U+X;, U=V—X]. (115)
The Pontryagin function (Hamiltonian) with respect to tlo@irol v becomes

H(X,A,V) = X2+ X34+ A1Xp + Ao(—Xq + Xo(1.4 — 0.14x3) +V—Xq). (116)
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The adjoint equations are

)\1 = _Hxl = —2X1 + 2\,

) 117
A = —HX2 = —2X2—)\1+)\2(0.42(%—1.4). ( )
For the first control problem with free endpoixits ) and fixed final time; = 4.5,
we get the transversality condition

)\l(tf) = 07 /\Z(tf) = 07 (118)

while the second control problem with terminal constrait;) = 0 and free ter-
minal timet; gives the transversality conditions

H(tf) =0, Ax(ts) =0. (119)
Theswitching functioro = Hy = A, determines the optimal control according to

B if Aa(t) <O,
v(t) = { a if Aa(t) >0, (120)

singular ifAz(t) =0 VtelsC [0,tf].

We do not discuss singular controls further, because focllosen bounds = —5
and 3 = 0 in the mixed constraint (112) we obtain bang—bang cont&ilsgular
controls for smaller values af are discussed in [27].

In the first control problem with free terminal stat¢s ) and fixed terminal time
ts, we obtain a bang—bang control with three bang-bang arcs:

0 ifo<t<ty
vit)=< —5iftg <t <ty ;. (121)
0 ifta<t<ts

The code NUDOCCCS [4] yields the following results:

7 (xu) = 62165171
t; = 0.77996717  t, = 2.6835574
xa(t;) = —0.40342897 () = —1.4332277
A1(0) = —13.364385 A,(0) = —5.591549

The corresponding extremal solution is shown in Figure 1&tNwe compute the
Hessian of the Lagrangian for the |OP:

[, _ (5732366 4588536
4588536 3773994 -

Obviously, this matrix is positive-definite. Moreover, Big 10 (top row, right)
shows that the switching functiom(t) = Ax(t) satisfies the strict bang-bang prop-
erty (37); cf. also Remark 5.1:
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A(t) <0 VO<t<ty, Aa(ty) =0, ?\Z(tl) >0,
A2t) >0 Vig<t<ty, Axt2)=0, Ax(t2) <0,
At)<0 Vo <t<ts, At;)=0, Ax(tf)>0.

Hence, the extremal shown in Figure 10 satisfies the SSC inr€hel7 and thus
is a strict strong minimum.

state variables x4, X, control v and switching function A,
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Fig. 10 Objective (113) and constraint5 < v=u-x; < 0. Top row (left) state variableg;, x2,
(right) transformed contro¥ and switching functioro = A,. Bottom row (left) adjoint variables
A1, A2, (right) controlu.

Now we study the solution, when the terminal conditiaft;) = O is imposed and
the terminal time; is free. In this case we obtain a bang-bang control with onby o

switch:
v(t) = {25 ooy } (122)
The code NUDOCCCS yields the following results:
( = 60.7269676 t;1 = 0.834309981 t; = 2.3646877
( = 0.0, X2(ts) = 1.60020237

u) =
f) =
A1(0) — —134868419 A1 (t;) — —1.60020068
22(0) — —5.72868282 A (t1) — 0.0.
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The corresponding extremal solution is shown in Figure 11.

state variables x; and x, control v and switching function A,
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Fig. 11 Objective (113) and constraint5 < v=u-x; < 0. Top row (left) state variableg;, xz,
(right) transformed contro¥ and switching functioro = A,. Bottom row (left) adjoint variables
A1, A2, (right) controlu=v—x;.

To demonstrate that this extremal is a local optimum, we agmthe Hessian of
the Lagrangian for the |IOP:

G 5732366 4588536
#7 \ 4588536 3773994 ) -

Obviously, this matrix is positive-definite. Moreover, bBrg 9.2 (top row, right)
shows that the strict bang-bang property is fulfilled; cfoaRemark 5.1:

At) <0 VO<t<t, At))=0, Ats)>0,
At)>0 Vig<t<ts, A(ts)=0, Ax(tf)<O.

Hence, the extremal shown in Figure 11 satisfies the SSC inréhel17 and
thus provides a strict strong minimum.
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10 Conclusion

We presented no-gap necessary and sufficient second-gotlieratity conditions
for extremals with discontinuous controls in the simplestigpem of the Calculus
of Variations and the general optimal control problem wégular mixed constraint
g(t,x,u) = 0 on a variable time intervéty, tt]. We formulated similar conditions for
bang-bang controls in an optimal control problem with a Mdyactional, where
the dynamical system is affine in control variable and therobnonstraint is given
by a convex polyhedron. Bang-bang controls induce an opétion problem with
respect to the switching times of the control, the so—cdltelliced Optimization
Problem I0OP. We showed that the classical second-ordecigumificondition for
the 10P together with the strict bang-bang property of théching function en-
sure second-order sufficient conditions (IOP) for the baagg control problem.
The verification of SSC for bang-bang controls were illustieon two numerical
examples. First, we studied extremals in the optimal cdpfrthe chemotherapy of
HIV. Then, following [40], we investigated extremals in &roptimal control prob-
lems of two-link robots. We also discussed optimal controbfems with running
mixed control-state constraints and control appearinggalily. Taking the mixed
constraint as a new control variable we converted such pnadto bang-bang con-
trol problems. As an example, we studied extremals in ther@bicontrol problem
for the Rayleigh equation.

The results on SSC naturally lend themselves to sensitiegylts for the IOP
and the underlying bang-bang control problem using the-lwsdlwn sensitivity re-
sults for finite-dimensional optimization problems deyrdd by Fiacco [12]. Sensi-
tivity results for bang-bang controls may be found in Kim,Wer [20] and Maurer,
Vossen [30]. Sensitivity results also allow to develop +#t@ake control techniques
as indicated already in Buskens et al. [7]. These issudsbeithe topic of a fu-
ture paper. Related sensitivity results may be obtaineddag-singular controls as
suggested in Vossen [45, 46]. This approach still needsaipahmethod of veri-
fying the more abstract SSC for bang—singular controlsrgimeéAronna, Bonnans,
Dmitruk, Lotito [2].
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