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Helmholtz Equation

Heterogeneous Helmholtz equation

@ the pressure u satisfies the equation

2
w
——u—Au=f
c
@ where f is a source of excitation
@ where w is the angular frequency
@ where c is the wave velocity
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Helmholtz Equation

Heterogeneous Helmholtz equation

@ the pressure u satisfies the equation

2
w
——2u—Au:f
c

@ where f is a source of excitation
@ where w is the angular frequency
@ where c is the wave velocity

the frequency is represented by the parameter w € R’
solving for high frequencies requires heavy computations
high order methods may reduce the computational cost
coarse mesh with high order elements
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Helmholtz Equation

H geneous Helmholtz equation

@ the pressure u satisfies the equation

2
w
_TU—AU:f
@

@ where f is a source of excitation
@ where w is the angular frequency
@ where c is the wave velocity

Wave velocity

@ the wave velocity is represented as a function ¢ : 2 — R%
@ in geophysical applications, c is piecewise constant

@ in classical FEM, the mesh has to fit ¢
°
o

¢ must be constant in each cell of the mesh
for highly heterogenous media, we need a fine mesh
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Analytical study Homogeneous case

Heterogeneous case

Existence and Uniqueness: Homogeneous case

@ Fredholm Alternative

@ Uniqueness (scaling argument)
e Existence

e Stability (C(w))

Frequency explicit stability

@ Use a special test function in the variational formulation

@ Frequency explicit bounds:

C
lulo,o < ;\f!o,n, lulo < Clflog, |ul20 < Cw|floq,

with C = C(Q)
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Analytical study Homogeneous case
Heter’ogeneous case

Sketch of the proof: Homogeneous case

@ Varational form

2
B(u,v):—% uV—it_)/ uV/Vu'VV
Q o Q

@ Test function v = Vu-x

2 2 2
2Re —w/uV:w/|u|2—w2/ lulx - n
c Jo c? Ja ¢ Joaq
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Analytical study Homogeneous case
Heterogeneous case

Sketch of the proof: Heterogeneous case

@ Varational form

1
B(u,v) = —w? 2uv—/w/ uv/Vu Vv
Qc o ¢

@ Test function v =Vu-x
1 1
2Re — w? —uv = wz/ 2]u]2 2/ —2|u|2x-n
Q¢ 90 C

1 2
- Z x n,+ —x-n; | |u
er/ /

o’
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Analytical study Homogeneous case

Heterogeneous case

Sketch of the proof: Heterogeneous case

@ Varational form
1
B(u,v) = —w? [ Suv— /w/ uv/ Vu-Vv
a0 ¢

@ Test function v = Vu - x

1 1
2Re —w2/ —uv = w2/ 2]u]2 2/ —2|u|2x-n
Q¢ 90 C

1 2
- Z x n,+ —x-n; | |u
er/ /

Additional Hypothesis

1 1
C2x n,+—x-n <0, VxeQ,NQ, Vr,l
r i
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Analytical study Homogeneous case
Heterogeneous case

A Stratified medium
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Analytical study Homogeneous case
Heterogeneous case
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Analytical study Homogeneous case
Heterogeneous case

A Stratified medium

(0,0) (L1,0)

(0,L2)

Théophile CHAUMONT FRELET Helmhomltz Equation in Highly Heterogeneous media



Analytical study Homogeneous case
Heterogeneous case
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Analytical study Homogeneous case
Heterogeneous case
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Analytical study Homogeneous case
Heterogeneous case

A Stratified medium
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Analytical study Homogeneous case
Heterogeneous case

A Stratified medium
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Analytical study Homogeneous case
Heterogeneous case

A Salt body
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Analytical study Homogeneous case
Heterogeneous case

Stability (Heterogeneous case)

@ Additional hypothesis on ¢
@ Same bounds than the homogeneous case
o C= C(Q, Cmax/cmin)
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Settings

Numerical analysis

T mesh of Q

Ty conforming, regular

H mesh step

Vﬁ discretisation space of order p

VE={vecQ) | vikePy(K) VKeTh}
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Settings
Homogeneous case

Numerical analysis
Y Heterogeneous case

Homogeneous case

@ Stability is proved under the condition that

wPTLHP < C,
@ then we have

wlu — uploo + |u— unl10 < pr+2HP+1,

for all w > 0.
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eous case
Heterogeneous case

Numerical analysis

Addional Constraint
@ The parameter ¢ must be taken into account

e Fix H and p to fit w

@ Use subquadrature schemes of step h
@ Fix h to fit ¢
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Settings
Homogeneous case
Heterogeneous case

Numerical analysis

Numerical Integration

@ One must integrate quantities
1 . . o
/KC2QOIQOJ, Sola@] 6,]DP(I{L KETH

o Consider a submesh T,jfh of K
@ Replace ¢ by ¢y,

@ cy, piecewise constant on 7K,

1 . . 1 . . 1 ..
—¢'¢ N/ —p'¢ = / o'
/K c? K C%, Z C% B

BET/,
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Settings
Homogeneous case

Numerical analysis
’ Heterogeneous case

Numerical Integration

@ Consider a mesh 7A7, of K

@ Compute the reference integrals

X>

/'d—/w, o € Po(R), BeTh

@ Map them using the Jacobian
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Settings

Numerical analysis
’ Heterogeneous case
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Numerical analysis
’ Heterogeneous case

Stability and convergence

@ Linear elements p =1

@ Stability is ensured if
w?H+wh < C,

@ and then

wlu — unloo+ |u—unl1o < C (wh+w3H2)
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Two-layer medium
Multi-layer medium

Numerical experiments

ayer medium

Re (u)

0 200 400 600 800 1000
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Two-layer medium
Multi-layer medium
Numerical experiments

ayer medium
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Two-layer medium
Multi-layer medium

Numerical experiments
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yer medium
ayer medium
Numerical experiments

Multi-layer test case

@ 1000 layers of 3 meters each

® Crmin = 500m.s™ L, Cpax = 5500m.s~
("] |C_, — Cj+1| Z 1000

e w =407 (f =20 Hz)

@ Pg elements

1
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=500m.s™ 1, Crmax
| — G| > 1000
e w =407 (f =20 Hz)
@ Pg elements
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@ 1000 layers of 3 meters each

@ Cmin
(]
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Multi-layer test case

Mesh
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Multi-layer medium
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@ subquadrature schemes capture fine scale heterogenities

@ an arbitrary high order 2D solver has been implemented
@ theoretical convergence issues have been adressed

@ but the estimates are not sharp
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Conclusion

@ subquadrature schemes capture fine scale heterogenities
@ an arbitrary high order 2D solver has been implemented
@ theoretical convergence issues have been adressed

@ but the estimates are not sharp

@ a 3D solver is on the way

@ sharper estimates

@ non-constant density

2
1
~E—div(EV) = f
K p
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