N

N

Bounds for the Condition Number for Polynomials with
Integer Coefficients

Aaron Herman, Elias Tsigaridas

» To cite this version:

Aaron Herman, Elias Tsigaridas. Bounds for the Condition Number for Polynomials with Integer
Coefficients. 2014. hal-01098981

HAL Id: hal-01098981
https://inria.hal.science/hal-01098981

Preprint submitted on 30 Dec 2014

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/hal-01098981
https://hal.archives-ouvertes.fr

Bounds for the Condition Number
for Polynomials with Integer Coefficients

Aaron Herman* Elias Tsigaridas’

December 30, 2014

1 Introduction

We consider the problem of bounding the condition number of the roots of univariate polynomials
and polynomial systems, when the input polynomials have integer coefficients. We also introduce
an aggregate version of the condition numbers and we prove bounds of the same order of magnitude
as in the case of the condition number of a single root.

In the univariate case we improve the currently known bounds [7, Theorem 2.4] by a factor of d
(Proposition 1), where d is the degree of the polynomial. For the multivariate case the previous
bounds [7, Theorem 2.5], which are single exponential, do not specify the constant in the exponent.
We provide precise bounds (Theorem 3) and our approach leads to better bounds than the ones
that we can obtain by performing the calculations using the previously known approach [7]. The
exact constants in the exponents can be useful in many applications e.g. [1, 5, 6]. Such bounds are
also needed to establish a connection between Turing machines and the Blum-Cucker-Shub-Smale
model [2].

The aggregate versions of the condition numbers we introduce (Proposition 2 and Theorem 4)
encapsulate the condition number of all the roots. Contrary to what is expected as a bound in this
case, that is the number of roots times the worst case bound for the condition number at a root, our
aggregate version saves a factor equal to the number of roots. As a consequence, in the multivariate
case, we gain a factor of d", where d is the degree of the polynomials and n the number of variables.

1.1 Notation

In what follows Op, resp. O, means bit, resp. arithmetic, complexity and O B, resp. 6, means that
we are ignoring logarithmic factors. For a polynomial A = Z?:o a; 2' € Z[x], deg(A) = d denotes its
degree. We consider the height function H(-) which is defined as follows. If a € Z then H(a) = |al.
For a,b € Z, H(}) = max{H(a),H(b)}. For a polynomial A, we have H(A) = maxy, [a;|. Finally, for
a matrix M € Z™", H(M) = max; j|M; ;|. The logarithmic height is defined as h(-) = IgH(:). The
Mahler bound (or measure) of A is M (A) = aq]]|4>; |al, where a runs through the complex roots

of A, e.g. [8,9]. If A€ Z[z] and H(A) = 7, then M (A4) < ||All2 < Vd+ 1H(A) =2"vd + 1.
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2 Condition number for univariate polynomials

Let A = ZZ:l arX* € C[X] and « one of its roots. The condition number of A at « is be defined as

(Lo laf)?

A Q) = ~———"— (1)
|A ()]
where A’ is the derivative of A. We define the condition number of A as
u(A) = max u(4, o) (2)
A(a)=0

If A is a square-free integer polynomial such that H(A) = 27, Malajovich [7] provided the
following bounds for the condition number at a root «,

1A, a) < 92d?—2 j2do27d?
which in turn leads to the following estimation for the condition number of A
log( u(A4) ) € O(rd?).

Proposition 1. Consider the square-free polynomial A = Z?:o a; X' € Z[X] with H(A) < 27 and
ag # 0. Let o # 0 be a root of A. Then

,LL(A, a) <+Vd+ 115d+1215d7+7+18d log(d).
Hence 1g(pu(A)) € O(dr + dlog(d)).

Proof: First we bound the numerator of formula (1) as follows
d
X lal)z = (e, ad) o = VAFT[[(1a,...,a%) oo < VA+T129H(A)? 3)
=0

To bound the denominator we need the following result, e.g. [4]. For A € Z[z], let Q be a set of
k pairs of indices of non-zero roots of A. Then

H ‘042' o ozj| > d_lgd(d—l— 1)—15d/2H(A)—15d > 2—30d1gd H(A)_15d.
(1,5)€Q
Using the previous bound we can bound A’(«). We notice that

A’ ()] = |ag H (=) > H la —~| > 2—30dlgdH(A)_15d

yFo y#o
f(v)=0 f(v)=0

as |ag| > 1. Finally, by combining the equations

< 22d H(A)d 230d1gd H(A)15d < 232dlgd H(A)16d

< QO(dT"rdlg d) QO(dT)



The condition number of A, Eq. (2), expresses the maximum condition of all the roots. Hence,
one might suggest that for all the roots we have to multiply the worst case bound by their number.
However, this is not the case. We consider the following definition of the condition number

d
=1 w4 o)

=1

where {«;} is the set of roots of f. We prove that a bound similar to the one of Prop 1 holds for fi.

Proposition 2. Consider the square-free polynomial A = ZZ:O apX® € Z[x] with H(A) = 27.
Then

A(A) < Va1
Hence log( fi(A) ) € O(dr + dlog(d)).

Proof: We obtain the bound using the properties of the Mahler measure and the discriminant.
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o d o - = Uq :
ag [Tz o — oy a (|d.522(,i)|> |disc(A)|
d

- 21, VAT TI|(L i, af) oo
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|disc(A)| |disc(A)]
d,Q\/id ngl max{1, |a;|?} dfz\/id (H?:l max{1, |ai’})d
I 7y e A disc(A)]
d
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a4 |disc(A)| a2 [disc(A)]
_ VAR (Al _ VAT (VI TH(4))
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3 Condition number for polynomial systems

In this section we generalize the bounds of Propositions 1 and 2 to the case of polynomial systems.

The definition of the condition number of a root of a polynomial system is given in equation (4).
First we introduce our notation, which follows closely [2]. Let H!} be the vector space of

homogeneous polynomials in n + 1 variables, Xo, X1,...,X,, of degree d. If f € H]; then



f= Z fa X% = Z FaXSOXO1 ... XOn,

|o|=d |a|=d

For f,g € H]; we consider the following inner product

AN d -
(fig) = Z faga<a> = Z faga<a0,a1,,..,0én>

|ee|=d; |ee|=d;

and the corresponding norm

~1
=150 = X 1aP(5)

|oe|=d;

We consider f = (f1,...,fn) € Hj X -+ x H}j =H to be a 0-dimensional polynomial system
of n homogeneous equations in n + 1 variables. For a system of equations, f, we have the following

definition of the norm .
IFI1P = lIfllE.
i=1

The condition number of a polynomial system f at a number z € C" is defined as [3]

u(f,2) = £ 1(DF(2)].0) " Diag(l] %~ ). (4)

However, to bound the various quantities that appear we use an equivalent definition, Eq. (5),
from Malajovich [7]. Moreover, we follow the notation from [2] to bound condition number of a
polynomial system of polynomials having integer coefficients. In this case we assume that H(f;) < 27
for all 7.

Let f € H be a polynomial system and let z € P(C"*!). Let x1 = x1(f, 2) defined by

Vi [If] =]

Df(2)\ ™" .
e ( 2 ) VL £ 2] = MMl (5)

1]l

Note that these formulas do not depend on the representative of z and thus are well defined. Their
value is also invariant under multiplication of f by a non—zero complex number A € C. Our goal is
to estimate a bound for x1(f, ), where ¢ is a root of f.

Recall that for any matrix M it holds ||M|| < || M||r, where the second one is the Frobenius

norm, that is ||M||p = \/m
First we consider bounds for the norm of Ms. To bound || f||, assuming H(f;) < 27, we proceed
as follows:

£l = Z I1fill2 < Z227’+dk lg(ndy,) < 9T+dlg(nd). (6)
=1 k=1

To bound |[|¢|| we use the DMM bounds [4]. The DMM is defined for sparse systems but we can also use
it for the homogeneous case. To see this notice that we consider all the possible dehomogenizations
of the system and we apply to each of them DMM. Then we take the worst bound.



For any root ¢ = ((o, (1, ---,(n) of the system it holds [4, Cor. 4]

(max [<¥) <1—|—Hd +2Hd (r+1g(2dP)) = m = O@d™ +nd" 7 +n2d" tigd). (7)
=1 i=1 j#i

Now we are ready to bound ||Mz]| by combining equations (6) and (7). The bound is as follows:

n
2
| Ms|% < Z <\/d7in|| HCHdi—1) +¢)? < 927+3dlg(nd)+dm
i=1

which simplifies to
Ig|| M| < O(d™*! + nd"r + n2d"1gd) = O(d" ™ + d"r). (8)

To bound M ' it suffices to bound || M. It holds ||M; || < n®H(M;), e.g. [7, Lemma 4.5].
To obtain a bound for H(M), first we need an estimation on the evaluation of the derivatives
Gi;(X) = %fi(X) at the roots of the system, ¢.

Let f (X Y)=Y — G; (X)) and consider the polynomial system

(Sig) {AX) = fu(X) = 15 (X, Y) = 0}. 9)

This is a system in n + 1 equations in n + 1 variables. It holds deg(féijl)) =deg(Gi ;) <d;j—1 and

H(U2) = H(Giy) < dH(f) < 7 +1gd.
The resultant of (¥; ;) that eliminates the variables Xi,..., X, is

Rij =Resq,  a,(f1(X),...., fn(X),y — Gi;(X)) € Zy]

where R; j € Z[Y]. The roots of R; ; correspond to the evaluations of G ; at the roots of the system
f = 0. Therefore, an upper bound on the roots of R; ; provides an upper bound on the evaluation.
We should notice that R; ; is not identically zero.

Hence, to obtain the required bounds we can consider the system (¥; ;). From this point of view
we need to provide lower bounds on the coordinates of solutions of the system. For this we use DMM
[4, Thm. 3 and Cor. 4] directly.

First, we need to define (bound) various quantities, see [4, Eq. (3)]. The mixed volume(s)
Mo = di -+ dn(di — 1) < d™(d — 1) < d"™1, My = di ... d_y dgs1 - d(ds — 1) < d""L(d — 1) < d"
for 1 <k <n,and M,y =d;---d, <d" and the integer coefficients that appear in the resultant
polynomial

n+1 n
o= [ (#QuM < 22 M [T ap (d; — 1y < 220" 220",
k=1 =1

Finally, we bound the weighted heights of the input polynomials C' = H"H H(fp,)Mr < 2(ntlgd)Td"™
An isolated root of the system with Y coordinate equal to y follows the bound |y| < 2Mo o C. Thus

G 5(Q)] < 2Mo o < 24" HE*d g dt (ntlg d)rd”

for any 7, j and for any root ¢ of the system. For ¢* it holds that H(¢*) < H({) and so we can use
the bound from (7). Putting all these together we have the bound

H(M;) < 2™ where 1y = O(d™ + n2d"lgd + (n+ lgd)rd™) = O(d" + n2d™ + nrd™)



and so | M| < n" H(My) < 2m < 20" 4n?d"nrd™)
Combining the bounds for ||[M; || and ||Mz| we obtain the following bound for y; which also a
bound for the condition number of a complex root of the system.

X1 S 27]2 S 2O(dn+l+n2dn Ig d+(n+lg d)’Tdn) . (10)

The previous discussion leads to the following theorem

Theorem 3. Let f = (f1,...,fn) € H be a 0-dimensional polynomial system. Assume f; €
Z|Xo, X1, ...,X,] such that they have degrees bounded by d and H(f;) < 27. Then, we have the
following bound for the condition number of any root { of the system

N(,f C) < 2O(d”+1+n2d” lngr(nJrlgd)Td")‘

3.1 Multivariate aggregate condition number

In this section we sketch the proof of an aggregate version of Theorem 3. It provides bounds similar
to the ones of Proposition 2 and to the aggregate nature of the DMM bounds [4, Theorem 3].
Some elementary properties are in place.

M| < IM||p < v/n2H(M)2 < nH(M).

If the entries of the matrix M depend on a root ¢ then we write M (¢) to emphasize this. In this
context it holds

x1(¢) < 1M () Ma(Q)Il < (n + 1)°H(M1(¢))" T H(M ()

and
0(0) = [[x1(¢) < (n+1*" [THAA )™ [T H(L2(0)).
¢ ¢ ¢

We have to bound each factor independently. We sketch the approach for the second one. For
the first factor we work similarly.

To bound [[- H(M2(¢)) we can apply directly Eq. (5) or (8). However, this approach gives an
exponent of d?"*1, which is a big overestimation; by a factor of d".

We rely on aggregation bounds of polynomial system, provided by the DMM bounds [4]. Consider
the polynomial f,,+1(X,Y) =Y — X? — ... — X2 and the polynomial system

(Zij) {NX) = fulX) = frna(X,Y) = 0} (11)

The resultant of the system encapsulates (all) the evaluations of f,, 11 over the roots of f. Therefore,
it suffices to bound the height of the resultant. The bounds that we get are similar to the ones of
the previous section. The calculations lead to the following theorem

Theorem 4. Let f = (f1,...,fn) € H be a 0-dimensional polynomial system. Assume f; €
Z[Xo,X1,...,Xy] such that they have degrees bounded by d and H(f;) < 27. Then, if  runs over
all the solutions of the system, it holds

(f) =T < 200,
¢
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