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Abstract

In [14], Guéant, Lasry and Lions considered the model problem “What
time does meeting start?” as a prototype for a general class of optimization
problems with a continuum of players, called Mean Field Games problems.
In this paper we consider a similar model, but with the dynamics of the
agents defined on a network. We discuss appropriate transition conditions at
the vertices which give a well posed problem and we present some numerical
results.

MSC 2000: 91A15, 35R02, 35B30, 49N70, 656M06.

Keywords: networks, mean field games, stochastic optimal control, numerical meth-
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1 Introduction

The study of pedestrian flow in a crowd environment is attracting an increasing
interest and some models based on optimization principles have been recently pro-
posed, see for example [4, [8 20]. In some applications (crowd motion in shopping
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centers, stations, airports) the dynamics of the population is defined on a network
rather than in an Euclidean domain.
There is a large literature concerning vehicular traffic on road networks (see [11] and
reference therein). These models are based on a fluido-dynamical approach with the
dynamics described by some nonlinear conservation law and appropriate transition
conditions at the junctions modelling the interactions of the cars coming from dif-
ferent roads. Vehicular traffic models do not seem to be adequate to reproduce the
pedestrian flow since they do not take into account the interactions and the goal-
directed decisions of the agents.
Aim of this paper is to study a simple optimization model for the evolution of a large
number of agents moving on a network. The model is based on the one described
in [14], titled “What time does meeting start?”, and consists in finding the optimal
arrival time at a place where the meeting is being held with the starting time defined
by means of a quorum rule. This problem can be considered as a prototype for a
large class of optimization problems based on the Mean Field Game (MFG) theory.
This theory has been introduced by Lasry and Lions [17] (see also [1], [6], [12]) with
the aim of describing the behavior of very large number of agents who take decisions
in a context of strategic interactions.
The main difficulties in our approach is to deal with the transition conditions at the
internal vertices to obtain a well posed MFG problem. It is known that a parabolic
equation on a network has to be complemented with the usual initial-boundary con-
ditions and some transition conditions at the internal vertices (see [3, [I8]). In fact,
in our model the stochastic differential equation describing the motion of the agent
inside the arcs is coupled with a condition prescribing the probability that it enter
in a given edge when it occupies a transition vertex; this fact give rise to a Kirchhoff
type condition (see [9]). Using an appropriate change of variable we transform the
original MFG system in a forward-backward system of two heat equations coupled
via the initial datum. Relying on classical results for the heat equation on networks
and some appropriate estimates for the specific problem, we prove the well-posedness
of the heat system and the existence of a mean field for the quorum problem.

Going back to the original MFG problem we obtain existence and unique-
ness of the solution to a system composed by a backward Hamilton-Jacobi-Bellman
equation and a forward Fokker-Planck on the arcs with transitions conditions ex-
pressing respectively the probability that a single agent enters a given arc and the
conservation of the density of the agents through a vertex.

The paper is organized as follows. In Section 2l we describe the model problem.
In [B] we prove some technical results concerning the heat equation on the network
which are used in Section [ to show the existence of the mean field. in Section
Bl we illustrate the problem with some numerical examples. Finally, the Appendix
contains some technical proofs.

Notations: A network is a finite collection of points V' := {v;}ic; in R”
connected by continuous, non self-intersecting arcs E := {e;};c;. Each arc e; is
parametrized by a smooth function ; : [0,;] — R™, I; > 0.

For i € I we set Inc; .= {j € J | e;is incident tov;}. We denote by Ip :={i € I |



#Inc; =1}, Ip =1\ Ip, by OI' :== {v; € V' | i € Ig}, the set of boundary vertices
of I', and by I'r := {v; | i € Ir}, the set of transition vertices.

The network is not oriented, but the parametrization of the arcs induces an orien-
tation which can be expressed by the signed incidence matriv A = {a;;} with

1 if v; € ej and 7;(0) = v;,
Q5 1= -1 if v; € €; and Wj(lj) = vy,
0 otherwise.

In the following we always identify = € e; with y = W;l(l‘) € [0,1;]. For any function
u: T — R and each j € J we denote by u; : [0,{;] — R the restriction of u to e;, i.e.
u;(y) = u(m;(y)) for y € [0,1;]. For v € N, we define differentiation along an edge
€; by

v d”uj -1
dju(z) == ar (y), fory =m; (z), v € ¢;
and at a vertex v; by
d'u’

S DO A
T dy (?/) fory—wj (vl),j € Ing;.

2 The model problem

Following [I4], we describe the model “What time does meeting start?” with the
variant that the dynamics of the agents are defined on a network I'. For the sake of
simplicity, we assume that the place where the meeting is being held is the unique
boundary vertex, namely OI' = {vp}; the general case can be dealt with by using
easy adaptations. The meeting is scheduled at a certain time ¢y but the common
experience says that in general it starts at a time T greater than ty, when a certain
rule is reached, for example the presence of a certain percentage of participants.
At the initial time there is a continuum of indistinguishable players distributed
according to a distribution function mg : I' — R. The player’s dynamics is subject
to random perturbations. We assume that, inside each edge e;, the generic agent
moves according to the process

dX (1) = a(t)dt + odW (¢) (2.1)

where the drift a is the control variable (and it coincides with the speed), o = (0;) e
with o; > 0 and W is a Brownian process, which is an independent disturbance for
each player. Moreover we assume that, at each transition vertex v;, it spends zero
time a.s. and it enters in one of the incident edge e; with probability 1/#(Inc;)
(see [9, 10] for stochastic differential equations on networks). We denote by 7 the
random time the agent reaches vy, i.e.

r:=inf{t >0: X(¢t) € OI'}.



Moreover each player wants to optimize its arrival time 7 taking into account various
parameters, which are encoded in the cost functional

J(z,t,a(-) = /t o S ()t + o7 A Tonae) (2.2)

where %a2(t) is the actual cost of moving along the network at the velocity a while
¢ is the final cost and 7,,,, € R is a time which cannot be exceeded for the end of

the meeting. The cost function ¢ : [0, Tyna:] — R is given by
c(s) =ci(s—tyg) +ca(s =T) + c3(T — s), s € [0, Thaz) (2.3)

where ¢; : R — R, i = 1,2, 3 are smooth functions such that ¢;(s) = 0 for s < 0 and
¢i(s) > 0 for s > 0. The term ¢, (s — ty) represents a reputation cost of lateness in
relation to scheduled time ¢y; the term cy(s—T') a cost of lateness in relation to actual
starting time of the meeting T'; ¢3(T" — s) a waiting time cost which corresponds to
the time lost waiting the starting of the meeting. It is worth noticing that the cost
¢ depends on T via the cost of lateness and the cost of waiting; hence, in order to
display this dependence, from now on we write cr.

Nash equilibrium theory assumes that each player want to optimize the arrival
time by assuming that actual time T the meeting starts is known. Hence each agent
has to solve the optimization problem

u(z,t) = r£1(1§1 J(z,t,a(-)) (2.4)

where (z,t) € I' X [0, Thpaq). Note that maxeer{—ap + |a|?} = —1[p|* for a = —p
and the optimal control in feed-back form is given by a*(x,t) = —0d,u(x,t). By
an application of the Dynamic Programming Principle the value function, if it is
assumed to be regular, formally solves the Hamilton-Jacobi-Bellman equation

1
8tu + V@iu + §|8xU|2 =0 (fL‘,t) el x (O,Tma$),

where v = 0%/2 (ie., v; = 07/2 Vj € J), with final-boundary conditions and
transition on internal vertices (Kirchhoff condition)

w(z, Trnaz) = cr(Thae) x €T, u(vg,t) = cp(t) s €0, Traz),
Z aijaju<vi7 S) =0 (Ui7 S) € FT X <O7Tmam>-
j€lnc;

On the other hand, by duality, the dynamic of the agents, i.e. the evolution
of the initial distribution myg, is governed inside each edge by the Fokker-Planck
equation

om —vdm — 0,((—=0,u)m) =0 (x,t) € T x (0, Tpaz)

and we assume the initial-boundary condition (with a “smooth fit”) and a Kirchhoff
condition on internal vertices

m(z,0) =mp(x) zel, m(vg,s) =0  s€l0,T]
> ayvlom — mdul(vi,s) =0 (vi,5) € Ty x (0, Tnaa)-
j€lnc;



Observe that the previous Kirchhoff condition implies that the parabolic flux of the
agents is null at the junctions, giving the conservation of the total mass (see [7] for
similar assumptions).

The flow of participants reaching vy is given by s +— d,m(vp, s), hence the
cumulative distribution F' of the arrival times is

F(s) = /O " V0m(ve, r)dr-

The actual starting time 7' is fixed by a quorum rule, which means that the meeting
starts when a given percentage 6 of the participants has reached the meeting place
vg. Given m, we set

to, F*1(0) <ty
7= F10), ty< F10) < Ths (2.5)
Tmama F_1<9> > Taa-

Note that T is the mean field, i.e. the information that the single agent has about
the behavior of the other agents: the starting rule induces a strategic interactions
among the participants and 7' influences as an external field the decisions of the
agents. The main point is to prove the existence and the uniqueness of a time T'
which is coherent with the expectations of the participants. As in [14], this can be
done by proving that the scheme:

T—su—m—T" (2.6)
with 7™ defined by (2.3]), has a fixed point in [tg, Tynaz]. To this end, it is important

to study existence and uniqueness of a solution to the forward-backward system

( By + vdPu + %|8$u|2 — 0 (2,5) €T x (0, Thnas)
Oym — vd*m + 0,(0yum) =0 (x,8) € T x (0, Thaz)
(
(

Eje]nci aijaju(via 5) =0 Ui, 3) S 1—‘T X (07 Tmax)

(2.7)
2 jcine; @iiV5l0im — mOjul (vi, s) = 0 vi,8) € T x (0, Tnaz)
m(:z:,()) = mo(x), u(xaTma:v) = CT<Tma:v> xel
| m(vo, 5) =0, u(vo, s) = cr(s) s € [0, Traz)-
For the sake of simplicity, from now on we assume
v =1 Vj € Ing;. (2.8)

As in [14], [15] we apply a change of variable which transforms system (7)) into a
forward-backward system of heat equations coupled through the initial conditions.



Proposition 2.1 If (¢,) is a smooth solution of the system

(—0ip— D=0 (z,5) € I' X (0, Tnaa),
O — 0% =0 (x,8) € T x (0, Trnae)
> icine, 4ij0id(vi, s) =0 (vi,8) € I'r X (0, Thaz) 2.9)
> jetne; 40 ¥ (v, s) =0 (vi,8) € T'r X (0, Tnaa)
Y(@,0) = 58D §(2, Trpag) = e7Tme) g €T

L ¥(vo,8) = 0, (vg, s) = e s € [0, Trnas]

with ¢ > 0, then
(u,m) = (In(¢), ¢7) (2.10)

is a solution of system (2.7]).

PrOOF  Let (¢,7) and (u,m) be defined as in the statement. The proofs that
(u,m) is a solution to the PDEs and to initial-final-boundary conditions of (2.7))
follow by easy calculations; hence, we shall omit them. Let us prove that (u,m)
verifies the transitions condition of (2.7)). Since ¢ = e*, we get

0= g a;;0;¢0 = e E a;;0;u
j€lnc; j€lnc;

which amounts to the first transition condition in (2.7). On the other hand, since
Y = me ", we have

0= Z a;j0;) =e™" Z a;j(0;m — moju).
j€lnc; j€lnc;

Taking into account the previous relation, we obtain the second transition condition

in (27). O

Remark 2.1 [t is worth to observe that, by similar arguments, one can linearize a
more general class of MFG systems (see [13]). Actually, assume that v; are positive
constants and that the cost J in ([2.2)) includes a potential term depending on the
distribution of other players, i.e.

TATmaz 1
J(z,t,a(-) = / [503(t) + FOX(E),m(E)]dt + (A Tas).
t
In this case, in the system (2.7) the Hamilton-Jacobi-Bellman equation is
1
Opu + v02u + 5\@mu|2 =—f(z,m) (z,s) € x (0, ),

while the Fokker-Planck equation and the boundary-transition conditions are left
unchanged. Now, (¢,1) = (€*/°°, me=""") solve

_8t¢_ya§¢: _%f('ra ¢¢)7 aﬂ/}—yaiw = %f(l’a@/i) in I X (OuTmax)v
> a0id(vi, ) = Y ayvi(¢0;4) (v, s) =0 in Ty x (0, Tras)

j€Inc; j€Inc;
cr(Tmax) er()

¢(70) = ;1(0,(0;’ gb('aTmax) =e o w(vo, ) =0, gb(vo, ) =€ 2 .




3 The heat equation on a network

In this section we collect some technical results about existence, uniqueness and a
priori estimates for classical solutions to (Z9). These results will be used in the next
section to prove the existence of the mean field T

We introduce some functional spaces on the network. We recall that the Sobolev
space VV2 ! «(o.r) (With ¢ > 1) consists of the elements of LI((a,b) x (0,7")) having
generahzed derlvatlves of the form ;0] with 2r + s = 2 and it is endowed with
its usual norm (see [16]). For ¢ € N and o € (0,1), C@**)([a,b]) stands for the
Banach space of ¢ times differentiable functions on [a, b], whose ¢-th derivative is
Holder continuous with exponent « and it is endowed with the usual Holder norm

| - |E2Jg]a). For a € (0,1), C®+e1+2/2)([q, b] x [0,T]), with the norm | - |E§Jg]o;’[1;%/2),
denotes the Banach space of functions f : [a,b] x [0,7] — R which have Holder

continuous derivatives 92 f and O, f.

Definition 3.1
i) Forqe N and o € (0,1), we set
CUtNT) :={u e C(L) | Vj € J, u; € CUT([0,1;])}

(g+a)

+
e = = SUPjey |uJ|[oz 1

which is a Banach space with respect to its norm |ul;
i) For o€ (0,1), we set
CEratte(1x[0,T]) == {u € C(Ux[0,T]) | Vj € J, u; € CE***2([0,15]x[0, T])}

which is a Banach space with respect to its norm |u|+1 /2T x [0,T)]) :=
(24a,1+a/2)
SUPjes ‘uj|[0,lj]><[07T}
In the next proposition we establish the well-posedness of the initial-boundary
problem for the heat equation obtained by the Hamilton-Jacobi-Bellman equation

of (27) via the change of variable (Z.I0).

Proposition 3.1 Assume that wy € C2([0, Trpaa)), for some o € (0,1). Then
there exists a unique solution w € CPT1+/2/(T % [0, T}4.]) of the problem

—Ohw — Pw =0 (2,5) €T x (0, Thrae)
Ejelncz, a;;0;w(vi, s) =0 (v5,8) € I'p X (0, Thnas) (3.1)
w(vg, ) = wp($) s € [0, Thnaz]
w(x, Trnaz) = Wo(Tinae) €T
Moreover, the following estimate holds
|w |r2;[g%,+n?f < Ko|wo|fé;Z£i] (3.2)

where Kq 1s a constant independent of wy. Finally, for wy > 0, we have w > min wy
in T x [0, Traz)-



PROOF  The statement is an immediate consequence of the result in [2]. Let us
just note that the compatibility conditions in [2] are obviously satisfied because the
terminal condition is constant and the right-hand side of the Kirchhoff condition is
null. Moreover the strict positivity of w is a consequence of the comparison principle
for classical solution of the heat equation (see [3]). We observe that it can be proved
using the same arguments of [I5, Proposition 2]. O

Since vy is a boundary vertex, there exists a unique edge, say ey incident to it.
Without any loss of generality, we denote v; the other endpoint of ¢y and we assume
that the parametrization of eq fulfills:

70(0) = vy and 7(ly) = vy. (3.3)
For A € (0,1), we set
eo.x 1= mo([0, Alo]), vy = mo(Nlo) (3.4)

namely, v} is a point in the edge ey while eg  is the part of ey between vy and v}.
In the next proposition, we establish existence and uniqueness of a classical
solution to the heat equation obtained by the Fokker-Planck equation of (2.7) via
(Z10). Moreover we show a “weak” continuous dependence estimate in the sub-edge
eo,1/2 With respect to the initial datum p(-)/w(-,0) where w is the solution of (3.T).

Proposition 3.2 Let w be the solution of problem (B.1]) and assume
o € CCHNT),  with po(vg) = 0. (3.5)

Then there exists a unique solution u € C*H(T x (0, Trnaz)) NCO(T X [0, Thnaz)) of the
problem

( O — O =0 (z,8) €T x (0, Thnaz)
Zjelnci a’ijajlu(via 5) =0 (via 5) € 1—‘T X (OaTmaa:) 16
M(U(]u 8) =0 ERS [OuTmax] ( . )
_ (@)
| #(2,0) = 555 zel.
Moreover, for every q > 1, the following estimate holds
24«
a0 Te) < Frl 0/ O)[ (3.7)

where K7 1s a constant independent of poy and w.

The proof is postponed in the Appendix.

In the next proposition, we establish two continuous dependence estimates for
the solution of problem (B.6]) with respect to the initial datum: the former is a
“strong” estimate in the sub-edge e/ while the latter is the classical estimate in
the whole network.



Proposition 3.3 Let p be the solution to (3.6]). Besides the hypotheses of Proposi-
tion 3.4, assume

O pto(v) = 03 po(wo) = 0. (3.8)

i) There holds
‘IU/|(2+CV 1+a/2) < K2‘/,[/0/w< ) %24’0{) (39)

€0,1/2%X[0,Tmaa]

where Ky 1s a constant independent of poy and w.

ii) Under the further assumption
8]'#0(1)2‘) = szuo(vl) =0 Vi € Iy, j € Inc;, (310)
the function pu belongs to C+1+2/2(T x [0, Tynas)) and verifies

24a,14a/2 2+
o < Ko fw(-, 0)|E

where K3 1s a constant independent of py and w.

The proof is postponed in the Appendix. Let us now establish a well-posedness
result for the system (2.9).

Theorem 3.1 Assume that, for some a € (0, 1), there holds
cr € C(1+a/2)([O,Tmam]), c>0, mg € C(2+a)(F) with mo(ve) = 0. (3.11)

Then, there exists a unique classical solution (¢,1) to the system (2.9) with ¢ > 0.
Moreover, the following estimates hold

. 24+a,14+a/2) (1+«a/2) 2,1 24«
(i) 621, 1ol o < Klerlohs 1008 xiommn < Klmo/é(- 0)F

(i6) 1fmo fulfills @): |00 | < Klmo/o(-,0)]
(iii) If mo fulfills B8) and BI): |50 P < Klmo/é(-,0)FF.
where K is a constant independent of my and crp.

PRrROOF  Proposition Bl ensures all the part of the statement concerning the func-
tion ¢. Invoking Proposition (respectively, Proposition B.3+(7) and -(7)), by the
regularity and the lower bound of ¢, we deduce the part of the statement concerning
the function v in point (i) (respectively, in point (i7) and in point (7i)). O

We also have existence and uniqueness for the solution to (2.7)):

Corollary 3.1 Under the hypotheses of Theorem [31), there exist a unique classical
solution to the MFG system (2.1).

Being a straightforward consequence of the previous theorem, the proof of this result
is omitted.



4 The Mean Field Game result

We prove the existence of a starting time 7' consistent with the corresponding flux
of participants d,m. To this end we show that the map from [ty, T},4.] into itself,
defined by the scheme (2.6) is continuous and therefore it admits a fixed point by
the Brouwer’s Theorem. For simplicity, we shall recast it in terms of couple (¢, )
solution of (29). Consider the function W : [tg, Taz] — [to, Tinaz] defined as

T—cr—¢—>—>T = YT (4.1)

where T™ is defined as in (2.5) with

F(S) = / eCT(T) 8331/}(1}0, r) dr =: / @T(T) dr. (42)
0 0
In this section we assume the hypotheses of Theorem (B.]) and that the map
T € [0, Taz] — cr € CUFD((0, Thaz]) (4.3)

is continuous. A crucial step to prove the existence of the mean field T is to establish
some bounds for 9,19 (vg, -). In order to get such an estimate, we consider in the next
Lemma two complementary assumptions.

Lemma 4.1 Let (¢,1)) be the solution to system (2.9]).

(a) If
8xm0(’l}0) > 0, (44)

then, there exists a value € > 0, independent of T', such that

100 (v0, 8)] >Vt € [0, Thnaal.

(b) If mg fulfills (B.8)), then there holds:
O (vo, t) >0 Vit € (0, Thnaz]-
In particular, there exists a constant e such that

|a$’¢(1)0, t)| > Eer Vt € [to, Tmax]-

PrOOF  (a). Owing to (B.I1), the function mg satisfies: mg(vy) = 0 and 9,mg(vy) >

0. Moreover, Proposition B.1] ensures that | (;(700) |§§jl:])é) is bounded independently of

T. We infer that there exist & € (0,ly) and a sufficiently small a > 0 such that, for
every T' € [0, Tynaz] there holds

mo() > asin <SL§’_7T> Va € [0, &).
0

10



One can easily check that the function
v(x,t) = ae” sin(xm /&), with b= —72/&

solves the initial-boundary value problem

o — aiv =0 (:L’,t) S (Ové()) X (07 Tmal‘)
v(0,t) = v(&,t) =0 t € (0, Trnaz)
v(z,0) = asin(zmr /&) x € (0,&)

while the function ¢ is a supersolution to this problem. By the standard comparison
principle, we infer: 1) > v in [0, &] X [0, Thaz]. Since ¥(0,-) = v(0,-) on [0, T}nes], We
get 0,10(0,t) > 9,v(0,t) = ae’r/&. In particular, we deduce

10,1(0,t)] > ae’Tme=r /&, Vt € [0, Thnaz)

where all the constants are independent of 7.

(b) . Being nonnegative, the function 1 attains a global minimum at each
point (vg,t) with ¢ € (0, T}4.]. The Hopf Lemma prevents that 0,1 (vg,to) < 0 in
these points. Hence, there holds: 0,1 (vg,t) > 0 in (0, T},4.]. The second part of the
statement follows by continuity. O

We shall establish the existence of a fixed point provided that my fulfills either
(#4) or (3.8)). We cope with these two cases separately in the next two statements.

Theorem 4.1 Assume the hypotheses of Theorem (B.I)-(i) and inequality (£4).
Then the map V : [0, Thaz] = [0, Thnas| defined by [EI)) admits a fixed point.

Proor  We shall follow the arguments of [14, Lemma 2.6]. In order to apply
the Brouwer fixed point Theorem, we need to prove that the function ¥ defined in
() is continuous. We consider two admissible flows ¢, , ¥y, (see equation (Z2)
for their definition) and, without any loss of generality, we assume W (7}) < U(T3).
If U(Th), ¥(T3) € (to, Tinaz), We have

v(Ty) V(Tz) U(Ty) B V(Tz)
0= / G ()t — / Dy (£)dt = / (dir (8) — G ()t — / L dno

(where the first equality is due to the fact that both integrals are equal to #). Taking
into account Lemma [£.1}(a), we obtain

\I/(Tl) 5 5 5 5
S(U(Ty) — W(TY)) < / (B () — Fra(D)dt < [Pr, — Dmslos .

The estimates in Theorem BI}H(7) and the trace theorem (for instance, see [16, The-
orem I1.2.3]) yield

V(Ty) — ¥(T1) < const. |cr, — CTQ%;ZZ)]

11



Taking into account assumption (4.3), we obtain that in this case the function ¥ is
continuous.
When U(T}) =ty (respectively, V(Ty) = T1naz), We have

¥(Ty) V()
/ dr — / b, > 0:
0 0

indeed, either 7, is a flux which reaches 6 at most at time W(T}) or ¥y, is a flux
which does not reach the value 6 before time T, ; in other words, the former
integral is > 6 (respectively, the latter one is < ). Hence we can conclude by the
same arguments as before. Therefore, the continuity of ¥ is achieved. O

Theorem 4.2 Assume the hypotheses of Theorem[31(ii). Then the map ¥ defined
by (@) admits a fized point.

PrROOF  We shall argue adapting the arguments of Theorem [ hence, our
purpose is to prove that W is continuous on [tg, Trne.|. To this end, let us fix
T € [to, Tinaz). For every Ty € [to, Tinaz) such that W(T') = W(Ty), there is noth-
ing to prove. We split the arguments according to the fact that W(T') belongs to

(to, Tmaz ), to {to} or to {Trnax}-
Casel: W(T) € (to, Tynax). Consider Ty € [to, Tinaz] with ¥(Th) < U(T); set

7= inf{t € (0, Trnas) | /Ot Ur, =0} (4.5)

and observe that (7)) = max{tg, 7}. Then, we have

o= [in [ o= (i) [

(the first equality is due to the fact that both the integrals are equal to ). By
Lemma .T}(b), we infer

er (W(T) —V(Th)) < /\P(T) Ur < /T\II(T) Ur = /OT (@/N)Tl - Q/~)T> < 1, =] L0, Ty

w(Ty)

Arguing as before, we deduce that there exists a constant K (depending on T') such
that .
U(T) = V(1) < KTy =T (4.6)

Consider now a point T} € [to, Tinaz| with ¢¥(T1) > U(T"). Then, we have

Ty wlry) vl ~ Ty
OS/ TPT—/ 1/1T1:/ (djT_le)_'_/ Ur
0 0 0 wiTy)

where the inequality is due to the fact that the first integral is equal to # while the
second one is less or equal to 0. Again by Lemma A.T}(b), we infer

v(Ty)

vl . . -
er (B(T1) — B(T)) < / Ur < / (% —vn) < |n, = Dol mn-

(T)
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Arguing as before, for some constant K’ (depending on T'), we get
U(Ty) —W(T) < K'|Ty —T).

By this relation and (4.6]), the proof of the continuity of ¥ in 7" is accomplished.
Case2: U(T) = Tyue. For Ty € [to, Traw) with U(T}) = Tpu4., there is
nothing to prove; hence, without any loss of generality, we assume that ¥ (77) <
Tonaz- We have

wlry) Tnaz vl ~ Trnaz
OS/ 1/1T1—/ Q/JTZ/ <1/1T1—¢T>—/ Yr
0 0 0 wiTy)

Arguing as before, we accomplish the proof in this case.
Case3: U(T) =ty. For T} € [to, Trnaz) With U(T}) = ¢y, there is nothing to
prove; hence, without any loss of generality, we assume that W(77) > t,. We have

to _ \I/(Tl) _ \I/(Tl) _ _ to _
0< / (o —/ Yp, = / <¢T —¢T1> + Y.
0 0 0 w(Ty)

By the same arguments as those used before, we accomplish the proof. O

Corollary 4.1 Under the hypotheses of either Theorem [{.1] or Theorem[{.3, there
exists a value T which is coherent with the expectation of the participants to the
meeting.

We conclude with a uniqueness result for the fixed point under some mono-
tonicity condition on the cost cr.

Proposition 4.1 Assume that the cost cr does not depend on the term co, then the
map ¥V defined by (AJ]) admits a unique fized point.

PrROOF  Existence of a fixed point is proved in either Theorem [£.1] or Theorem .2l
Assume by contradiction that there exist 71, Ty € [0, T}, with 77 > T3 such that
T; = V(T;). Let ¢, and (¢, ;) be the costs and the solutions of (2.9]) corresponding

to ,I‘ia L= ]-72 Then7 (¢7¢) = (¢1 - ¢2777Z)1 - ¢2) satisfies (m) with m0/¢('70)7
eor(Tmaz) and eor() replaced respectively by mo/¢1(-,0) — mo/pa(w,0), o1 (Tmaz) —
e¢t2(Tmaz) and eer-10) — e¢2(). We have

_ /0 o /F [~0u6 — O2lipda dt = / o / zﬂp 6+ 0,0 0, v)du dt

- [ o]y ae =30 3 [ oot v nar

i€l jelnc;

(the term —a;; takes into account the orientation of the edge e;). Similarly

- / - / [0 — Ol dr dt = /O o /F 0t & + 0,60, ] dar it

_Z Z/ —a4;) 050 (v, ) (vy, t)dt

1€l jelnc;

13



Subtracting the previous inequality and using the transition conditions at the inter-
nal nodes we get

NI pr—

- (€CT1 (Tmaz) _ T2 (Tmaw)) /(1/}1 (SL’, Tmam) - wz(fb} Czjmatm))daj
I

Tmaw
/ (e @ — e ) (B (vo, ) — Dotha(vo, 1))t
0

(recall that eq is the unique arc incident to vy parameterized in such a way that vy
is the initial point).

The first term in the previous inequality is negative. By the assumption on ¢, the
map T+ cr is increasing in T" and cg, (Thaz) = ¢, (Tinae)- Hence the second term is
null. Moreover, since T} > Ty and therefore ¢, > cp, on [0, Th4.], We have ¢1 > ¢o,
hence ¢ < 1y and, by 1;(vg,t) = 0 for i = 1,2, Jp1h1(vo, t) < Optha(vo, t). It follows
that also the third term is negative, hence ¢;(x,0) = ¢o(z,0) for x € T" and therefore
a contradiction to cp, > cr,. O

5 Numerical simulation

In this section we propose a numerical method to compute the mean field 7. The
scheme is based on a finite difference approximation of the system (2.9) with an
iterative procedure to solve the fixed point map (4.1]).

On each interval [0,1;], j € J, it is defined an uniform partition y, = kh; with
space step h; = J\ld—fj and k = 0,...,M;. In this way a spatial grid G(I') = {z;; =
m;(yx), j € J, k=0,...,M;} is defined on the network I'. A time step At is also
introduced to obtain a uniform grid ¢, = nAt, n = 0,1,..., Nyee With Ny =
[Trnae/At], on the time interval [0, Tr,az]-

We will approximate the solution (¢, ) of (29) by two sequences {¢"},, and {¢"},,
where, for each n = 0,..., Nypaz, ¢, 9" : G(I') — R and @7, ~ é(zjk,tn), V7 =
Y(xjk, tn). The discrete functions {¢"}, and {¢"}, are computed by the following

forward-backward explicit finite difference scheme:
n n+1 At n+1 n+1 n+1
=5 T 7z (¢j,k+1 — 297 + ¢j,k71) ;M= Nipgz —1,...,0
j
wjj:l = 7.k + ﬁ ( Gkl T 277Z)j,k + wj,k—l) s n = 0, ceey Nmax —1 (5 )
j
fork=1,...,M; —land j € J.

At each time iteration n, to compute {¢"}, and {1)"},, it is necessary to fix the values
of these functions at the boundary of the arcs e;, 7 € J, i.e. at the transition vertices
v;, © € I7. We define an approximation of the Kirchhoft’s condition which together
with the continuity condition across the vertices will give the #(Inc;) conditions

14



necessary to determine in a unique way the value of the functions ¢™ and " at v;.
We introduce two sets of indices Inc; = {j € J |a;; = 1} and Inc; = {j €
J |a;; = —1}. Moreover we denote by ¢™(v;), Y™ (v;) the values of the functions ¢",
" at v; € V. If j € Ing, then ¢(m;(yo),tn) ~ ¢}y = ¢"(v;) while if j € Inc;,
then ¢(m;(yar,), tn) = @7, = ¢"(vi). We define the following finite differences
approximations of the derivatives at v; along an edge e;:

1 1
0;0(vi, t,) » ( o ¢n(0i)) , 00 (vs, t,) T ( = w"(v@-)) j € Incf,
J

0y6(vi,t) = 1 (S — 0"(00) ) (v, ) = - (g — 07 (w0)) J € ey

J

We rewrite the transition conditions in (29) as

> 0ibvis) — > (v, s) =0, (5.2)

j€lncf j€lnc;
Z 953 (vi, 8) — Z 05 (vi, 8) =0 (5.3)
jEIncZL j€lnc;

and we consider the following finite difference approximation
Zjelncj %( _?,1 - ¢n<vl>> - Zje[nci_ %((bn(IUZ) - ZMj-l) = 07 (54)
Zjelncj %( ;L,l - wn@}l)) - Zje[nc; %(’l/}n(vz) - _;L,Mjfl) = 0 (55)
Given a discrete function f : G(I') — R, we consider a continuous piecewise linear
reconstruction I[f] : I' — R such that I[f] |(,,.e,,.,) is linear for all j € J and
k=0,...,M; — 1 and I[f](zjr) = fix. To guarantee the continuity on I' of the

linear interpolation I[-] applied to the discrete function ¢™ and ¥™, we need to impose
the following continuity conditions:

o= 0" (vi), Y = " (vy) if i € I, j € Inc/, (5.6)
i, = 0" (vi), i, = " (vi) if i€ Ip, j € Inc; . (5.7)

At each time step t,, the #(Inc;) — 1 conditions given by (5.6)-(5.7) coupled with
(E4)-([B.5) give #(Inc;) relations which uniquely determine ¢™(v;) and " (v;).
Summarizing, we approximate (Z9) by computing the couple of discrete functions
{(¢", ™)}, which solve the finite difference scheme (5.0]) together with

i) the conditions (5.4))-(5.1) at the vertices v; € I'r;
i1) the boundary condition

(bn(,UO) = eCT(tn) ¢n(U0) =0 n= 07 SRR Nma:r;
i1i) the initial and terminal conditions:

Nmaz Trmax 0 m(] (.T "k> 1
g = eTne) gy = =582 k=0, M;—1,5€J.
gk
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Defined a function {¢"},, by means of the previous scheme, we consider the following
approximation of the cumulative distribution (4.2))

. At
F(t,) = P > eerk ANyt (5.8)

k=0

where ey denotes the edge incident vy with 7y(0) = vy and by the boundary condi-
tion ¢, = 1¥(to) = 0.

To approximate the fixed point of the map ¥ defined in (@.1]) we apply the following
Algorithm [Il Given an initial guess 77 and denoted by 75 an initial value to enter
the loop and by 7 as threshold for the stopping criteria, we consider

Algorithm 1: Fixed Point Iterations
Data: initial guess T}, Ts, threshold value 7
Result: approximated mean field 75
while [T} — 75| > 7 do
set T1 < Tb;
solve (B.1l) with 7' =T and conditions ), i), 7i);
compute

Tn- = min{nAt,n =0,..., Npoo| F(t,) > 0}

if Ty« <ty then
| set Th < tg;
else
| set Ty < Tiy+;

5.1 Example 1: a simple graph

We consider a simple graph with four vertexes and four edges, as shown in Fig[ll
The initial mass distribution is given by

*
-1 -08 -06 -04 -02 8 02 04 06 08 1

Figure 1:  Left: Graph configuration. Right: mean field approximated time 75 vs.
fixed point iterations, computed by Algorithm [I]
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__9(=)
Jr9(y)dy’

where g(z) is the restriction to I' C R? of the function |z|. The scheduled time is
to = 0.5, the maximal waiting time is T},,, = 10, the cost function is

mo(x)

cr(s) = 0.1max(s — tp,0) + 0.1 max(7T" — s,0)

and the percentage value of the expected players is § = 0.5.

For each arc j € J, we consider the same space step h; = h and we run a series of
numerical tests varying the space step according to the first column of Table G.1I
The time step has to verify the stability condition At < h? and then we choose
At = h?/4. For each test we compute the following error

By(T)=[1-0->"Y vNeNh, , (5.9)

~ '1 —0—/Fm(:zc,T)dx

where N is such that T, = NAt in Algorithm [Il Since 6 represents the percentage
of player exited from the boundary vertex vy, then 1—#6 represents the percentage of
the residual population and the term on the right side of (5.9) should be zero. This
error is shown in the second column of Table 5.1l In the third and fourth columns
we show the computed mean time 75, and the number of iterations needed by the
Algorithm [ to converge when 7 = 10~ and T} = 10. Table E.1] shows small values
for E,(T") and, even if we do not observe a monotone behavior, the smallest value
is attained with the finer space grid.

The graph on the right of Figure [Il shows the convergence of the approximated
mean field time 75, computed by Algorithm [ with space step h = 2.50 - 1072. On
the horizontal axis are the iterations of the fixed point, while on vertical axis the
corresponding approximated mean field time T5. In Figl2] we show the initial mass
distribution (left), equilibrium mass distribution (center) and the corresponding
value function (right).

‘ h ‘ En(T) ‘ T ‘ iterations ‘
1.00- 1071 | 8.27-107* | 5.687 6
5.00-1072 | 1.34- 1073 | 5.639 7
2.50-107%219.04-107* | 5.617 8
1.25-1072 [ 5.02-107* | 5.622 6

Table 1: Space steps (first column), Fj(7T3) defined in (59) (second column), ap-
proximated mean field 75 (third column), number of fixed point iterations (last
column)

5.2 Example 2: A more general graph

We consider a more general graph with 17 vertexes and 22 edges, see Figldl The
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Figure 2:  Test 1: Initial mass distribution (left), distribution at the equilibrium
time (center), value function (right)

a“‘?%,'c

A4

Figure 3:  Left: Graph configuration. Right: approximated mean field time 75 vs.
fixed point iterations, computed by Algorithm [II

initial mass distribution is given by

g(x)

Jr9(y)dy’

with p; = (1,3/2) and py = (—3/2,3). It describes the distribution of two popula-
tions, one concentrated around the point p;, the other one around p,.

The scheduled time is {5 = 0.5, the maximum waiting time is 7}, = 25, the cost
function

mo(z) = g(x) = max(0.5 — |z —p1|%,0) + max(0.5 — |z —py[%,0) x €T,

c(s) = 0.1 max(s — t,0) + 0.1 max(7 — s, 0)

and the expected percentage of arrival players is @ = 0.7. The Algorithm[lis run with
h =0.05, At = —2 and 7 = 0.05. We get T = 23.99 with error Ej,(T) = 2.35- 1072
The graph on the right of Figure [3] shows the convergence of the approximated
mean field time 75 computed by Algorithm[I} on the horizontal axis is the number of
iterations of the fixed point algorithm, whereas on the vertical axis the corresponding
mean field time.

Figure 4] shows the mass evolution at different times. It can be observed that at the
initial time the diffusion spreads the population in all the directions on the graph,
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later the cost (2.2]) favors the population closer to vy to reach the exit before of the
population farther away.

\\\\\\\\\\\\\\\\\\\\\\\\

Figure 4: Test 2: Mass distribution at time: ¢ = 0,0.025,1.25,5,10,7 = 24

6 Appendix

Proor or Prop. [3.2] For the sake of simplicity, K will denote a constant
independent of ;19 and w and it may change from line to line. Invoking [I8, Theorem
5.4] (see also: [10, Theorem 3.2], [13, Theorem 3.6] or [19, Theorem 5.8]) we obtain
that there exists a unique classical solution p to problem (B.6) which fulfills the
estimate

|iloo < Klpo/w(:; 0)]oo- (6.1)

For é := mo([lo/4, 3lo/4]), we claim that u belongs to CC+e1+2/2)(& x [0, T,,42])
with

(2+a,14a/2) 24+
| Iex-i[_O T,:;A S K|M0/w(a0) %‘—’— ) (62)

In order to prove this estimate, we introduce two families of functions {fig}, and
{ft11}n such that

laO,naﬁl,n € Cl([oa Tmax])7 IMO nloo + |,u1 n ) —0 asn— +OO
ﬂO,n(O) = 0, uon(O = )>
a0 = B 1,0 = 0 (25) )
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By standard regularity theory for parabolic equations on domains in Euclidean
spaces, the problem

atlun - 82#71 - O (xa S) S (07 ZO) X (07 Tmax)
(0, 8) = fion(s),  pnllo, s) = fun(s) s€ [0, Tz
,un(x,O) = 5(()1(?6)) T e (O,lo)

admits a unique classical solution g, which belongs to C2+®1+2/2)((0, 13) x (0, T)naz))
for some « depending only on the features of the equation. By [16, Theorem IV.10.1],
we deduce the following estimate in the domain (lo/4, 3lo/4) X (0, Trnaz)

(2+a,14a/2) 2+«
|Nn|(lo/4310/4)x(0me) = (|M0/w('> )| ) 4 | oo )

By Ascoli theorem, as n — 400, (eventually, passing to a subsequence), the function
[y, converges uniformly to some function v and the same happens for 0, O, and
02 p1,, with the corresponding derivatives of v. By the stability result we get v = p.
Moreover, passing to the limit in the last estimate, we obtain

(2+a,14a/2) o
ot o< K (lno/w(- 0)EF) + o)

and, taking into account estimate (6.J]) and the definition of the sub-edge €, we
accomplish the proof of claim (6.2)).

We observe that the function fije, , ,x(0,7n0.) 15 the unique classical solution to
problem

825:[6 - 0%;2 =0 (SL’, S) S €0,1/2 X <O7Tmam)
fi(vo, s) = 0, ﬂ(vi/Zv s) = #(%/27 s) s € [0, Tnaz]
i(x,0) = w(x 0)) T € eg1/2

which is a standard initial-boundary value problem on an Euclidean domain. Invok-
ing [16, Theorem IV.9.1], we infer that, for every ¢ > 1, u belongs to W

with

q,€0, 1/2><[0 Tmaw}

2,1 1
128 oty < K (I0/ w012+ 1000 ), )
Owing to (6.2)), estimate (3.7) is achieved. O

Proor ofF Prop. 3.3 We shall improve some arguments of the proof of Propo-
sition taking advantage of the stronger compatibility condition given by (3.8]).
Here, the constant K is independent of py and w and it may change from line to
line.

We consider the family of functions {/i; }» introduced in the proof of Propo-
sition By standard regularity theory for parabolic equations on domains in
Euclidean spaces, the problem

8tﬂn - 8§Mn =0 (:L‘7 5) € (07 lO) X (O7Tmam)
Mn(oa 3) =0, Mn(l(b 3) = /-L1,n<3) s € [07 Tmax]
i, 0) = 20 x € (0,1)
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admits a unique classical solution p,, which belongs to C+1+/2((0,15) x (0, T)raz))
for some o depending only on the features of the equation. By [16, Theorem IV.10.1],
we deduce the following estimate in the domain (0,1y/2) x (0, Trnaz)

2+a,14a/2 24+
il oty < K (0/wC O + haaleo) (6.3)

By Ascoli theorem, as n — 400, (eventually, passing to a subsequence), the function
[y, converges to some function v uniformly and the same happens for 0, 0., and
0211,, with the corresponding derivatives of v. By the stability result we get v = p.
Moreover, passing to the limit in the estimate (6.3]), we obtain

2+a,14a/2 (24+a)
ot < K (Imo/w(0)IG Y + ko)

Finally, taking into account estimate (6.1I), we accomplish the proof.
The second part of the statement is a consequence of [2]; actually, in this case,
the compatibility conditions are ensured by (B.I0). Invoking [2], we obtain

24-a,140/2 24
et < Kolpofw(-, 0)]

where K| is the same constant as in Proposition 3.1l O

Remark 6.1 As one can easily check, in the proof of previous Proposition [3.3,
hypothesis [B.8) is needed only for guaranteeing the compatibility condition in vy.
As a matter of fact, it can be replaced by: 0%(pio(+)/w(-,0))(vy) = 0.
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