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Abstract

We are interested in determining the positions and the velocities of moving rigid solids in a
bounded cavity filled with a perfect fluid. We assume that the solids are small disks and that they
move slowly. Using an integral formulation, we first derive the asymptotic expansion of the DtN
map of the problem as the diameters of the disks tend to zero. Then, combining a suitable choice of
exponential type data and the DORT technique (which is usually used in inverse scattering for the
detection of point-like scatterers), we propose a reconstruction method for the unknown positions
and velocities.

1 Introduction

The geometric inverse problem that we consider in this paper is to determine the positions and the
velocities of rigid solids moving in a perfect fluid. More precisely, let 2 be an open and simply
connected bounded domain of R? with smooth boundary I' := 9. The domain  is supposed to be
filled with a perfect fluid and it contains M rigid solids D,,, m =1,..., M, where D,, C Q is a closed
disk with boundary ~,,. The domain occupied by the fluid is denoted by F := Q\ (E%:l Dm>
We also introduce the unit normal n to OF directed towards the exterior of the fluid and 7 the
unit tangent vector to OF such that 7 = n* (throughout the paper, we set z* := (—x9,21) for all
r = (z1,72) € R%). We assume that every solid moves with a velocity V;,, € R?. At every given time,
we can consider the Eulerian velocity field U(z), x € F, of the fluid. We assume that the flow is

irrotational
rot(U) =0 in F, (1.1a)

and circulation free, so that for every rectifiable Jordan curve v C F, there holds
/U(s) -7(s)ds = 0. (1.1b)
¥

The slip boundary conditions on dF read

Un=Vy,-n onvyy, m=1,....M (1.2a)
U.-n=0 on I (1.2b)
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We shall address the inverse problem of determining the positions and the velocities of the solids by
using actuators and sensors located on the outer boundary I'. We assume that we can prescribe the
normal velocity of the fluid on T', leading to the modification of equation (L.2Dh]) into:

Un=F onl (1.3)

where F' is given. Regarding the available output, we assume that we can measure the tangential
velocity U - 7 on I'. According to conditions (I.Ial) and (L.1bl), we classically introduce the stream
function ¢ : F — R such that U = —V+4 in F. Then, equations (LIa) and (L2)) read

—Ayp =0 in F (1.4a)
¢:V$'x—|—cm onvYm,, m=1,..., M (1.4b)
v=1rf on T, (1.4c)

where 0, f = F on I' and the constants ¢, € R, k =1,..., M, are such that
/ Dib(s) ds = 0. (1.4d)

With these settings, the measurement reads U-7 = —0,%. The detection problem under consideration
is then to recover the centers, the diameters and the velocities of the solids from the DtN map
A:fe  HY2T) — 0,00 € H V(D).

Although such geometric inverse problems of detecting moving solids in a fluid appear in many
applications, the associated literature is quite limited, as most contributions deal with the case of
motionless solids (i.e. obstacles). In particular, the case of a fluid described by the Stokes equations
has been investigated using optimization methods by Caubet et al. in [12], [5] [IT], [I0] and more recently
by Bourgeois et al. in [6] using the quasi-reversibility method combined to a level set method. The
case of small obstacles has been studied in Caubet and Dambrine [9]. Regarding moving obstacles,
Conca et al. show in [I5] [14] that the position and the velocity for a single disk moving in a perfect
fluid can be recovered from one measurement of the velocity on part of the boundary. Linear stability
estimates are also provided. In Conca et al. [I6], the authors consider a moving rigid solid immersed
in a potential fluid and provide examples of detectable (ellipses for instance) and undetectable shapes.
Conca et al. obtained in [I7] an identifiability result in the case of a rigid solid immersed in a viscous
fluid.

In this work, we restrict the analysis to the case where the solids are small disks (see Figure[I]) of
typical size ¢, so that rotation plays no role. For such configurations, we show an identifiability result
and we provide a reconstruction method. More precisely, we denote each closed disk D;,, m =1,..., M
and we denote by 7, its boundary. We assume that D5, is centered at r,, and is of radius eR,,,, where
the parameter € is meant to tend to 0. Denoting by F¢ = Q\ (Unj‘{lefn) the domain occupied by the
fluid and letting ¢ be the corresponding solution of ([L4]), our inverse problem can be formulated as
follows: Knowing the DtN map

A : fe HY2(D) —s 0,4° € H-Y2(T) (1.5)

is it possible, and if so how, to recover the number M of disks, their positions r,,, m =1,..., M, their
(rescaled) radii R, and their velocities Vi, ¢

We answer this question in several steps. In Section Bl we first derive the asymptotic expansion
of the DtN operator A® as € — 0" (Theorem [) using a boundary integral formulation of the forward



Figure 1: The domain (2 containing M small rigid disks D;,, m = 1,..., M and filled with a perfect
fluid occupying the domain 7° = Q\ (UYX_, D;,).

problem. In Section Bl we combine this expansion with the DORT method] to recover the number of
disks and their positions, provided they are distant enough. Initially introduced by Fink and Prada
[18], this method has been justified mathematically and used in the framework of wave systems for
the detection of distant point-like scatterers in acoustics |21} 24] [7] and electromagnetics [4]. Once
the positions have been determined, the velocities and rescaled radii can be easily recovered using
suitable data. Finally, we collect in Section ] some numerical examples to illustrate the efficiency of
the proposed reconstruction method.

2 Asymptotic expansion for small disks

The following result provides the asymptotic expansion of the DtN map A€ as ¢ — 0%. Although the
literature dealing with small inhomogeneities or inclusions is very rich (see for instance the review
paper [2] and the book [3] by Ammari and Kang, or the article by Friedman and Vogelius [19]), and
as far we know, the needed asymptotics is not available in the framework of our problem.

Theorem 1 For every f € HY*(I'), we denote by US € HY(Q) the solution of the boundary value
problem

Ul = f onl (2.1)

Let A € £L(H'2(T), H-'/2(T)) the DtN map A° : f € H'/*(T') — 0,Uf € H-Y/2('). Then, the DtN
map A° € L(HY?(T), H-Y2(T)) defined by ([LH) admits the following expansion as & — 0% :

A° =A% 4+ 20+ O(eP),

{—AUf — 0 inQ

where for every f,g € HY?(I'):

M M
N2F,9) 2oy may = 27 ) B NUT (rm) - VU (1) = 27 3 R VU (1) - Vi

m=1 m=1

'DORT is the French acronym for Decomposition of the Time-Reversal Operator.



The rest of this section is devoted to the proof of this result. The first ingredient is a superposition

result, usually referred to as Kirchhoff principle in the context of fluid dynamics.
stream function ¥° can be decomposed into:

By linearity, the

M €
_ L [ Ym
ws_us+ZVm.<wE>, (2.2)
m=1 m
where u® satisfies
—Au® = 0 in F*
' = a, on~s,,(m=1,...,M) (2.3)
u* = f onl,
and v, and w;, solve for every m = 1,..., M the following boundary value problems
—Av;, = 0 in F* —Auw;, = 0 in F¢
vy, = 1+ bfmm on s, wi, = 2+ cfmm on v,
Uy, = gk on v, k#m ws, Conk on v, k#m
ve, = 0 on I’ wy, = 0 on I’
where the constants ay,, 0], , and ¢, . are such that
Oput(s)ds = Opv°(s)ds = / Opw®(s)ds =0, m=1,...,M. (2.4)
Y Y m

Remark 1 With a slight abuse of notation, the boundary integrals above should be understood in the

sense of duality between the spaces H='/2 and HY?, e.g.
/ Ot (s) ds = (O™, D=2, 1112003,
Vi

The DtN operator is then given by the relation

M 1 Onvs,
Aef:anuuZVm- .

£
— o w5,

We first detail in §2.T]the derivation of the asymptotics of u®, based on a boundary integral formulation
of problem (23])-(24]). Then, and since the proofs are quite similar, we only sketch in §2.2] the proofs
of the asymptotics of v, and w;,. For the sake of clarity and the reader’s convenience, we preferred

to give a constructive proof of these expansions.

2.1 Asymptotic expansion for the function u*

The next result collects some well-known properties of the single layer potential that will be used in
the sequel (see e.g. Mc Lean [23], Rjasanow and Steinbach [25] or Steinbach [26) Chapter 6]).



Proposition 1 For x € R?\ {0}, let G(x) := —%log |x| denote the Green function of the operator
—A in R2. Let y denote the smooth boundary of a bounded (possibly multiply connected) domain of
R2. We introduce the single layer potential associated to a given density p:

(Syp)(x) = / Gz —y)p(y)do,, x€ R?\ 7. (2.5)
v

Then, the following assertions hold true:
1. S, defines a continuous operator from H~'/2(y) onto H'(R?).

2. The trace of Syp on vy is given by the boundary integral operator

(Syp)(z) == /G(az —y)ply)doy, z €. (2.6)
g
Moreover, S., defines an isomorphism from H~Y2(v) to HY?(v) and the quantity | - H_% =
(- SV.>}{/El/2('y),H1/2(*y) defines on H='/2(v) a norm equivalent to the classical norm.

3. The normal derivative of Syp on vy is given by the so-called jump condition

[3(? )] . 3(?1))‘ B a(gwp)

(2.7)

+

in which n denotes the unit outgoing normal to v and the + and — signs refer respectively to
the normal derivatives coming from the exterior or the interior of .

4. Assume that v has only one connected component. Then, there exists a unique density 14 €
H‘1/2(’y), called the equilibrium density of 7y, such that S,1°1 is constant on v and satisfies the
normalization condition f,y Y*i(y) doy = 1.

We seek u® as a single layer potential:
M
u(z) = Z Sz D5 () + Srg® (), x € F°, (2.8)
m=1

where p”* and ¢° are densities in H~'/?(T") and H~2(5%,) to be determined.

Remark 2 According to (2710), u® satisfies for allm =1,..., M:
| o, = [ oo, =0,
Vin Tin

since by Green formula fvf 8%(37%137671)‘_ =0.



Taking into account Remark 2 system (2.3)-(24]) satisfied by u® is equivalent to the following
system of (M + 1) coupled integral equations on ~f,...,~5, and I'":

M
Syepi + Z (S“/,%pim)h; + (Spqe)hg = ag, onvyg, {=1,....M, (2.9a)
oy
M
> (Spi) r+Srd" =1, on T, (2.9b)
m=1
/ pi(y)doy =0, (=1,...,M. (2.9¢)
i

Defining the curve vy = ry + E_l(ﬁ — rp) and setting 74, = ¢ — ry, a simple rescaling leads us to
rewrite (2.9a)-(2.90) in the equivalent form:

G(e) / epi(re +e(y —re))doy + | Gz —y)epi(re +e(y —re)) doy
Ve Ve

M
+ > | Glrum +e(@ =y —rum)) eply (rm + £(y — 7n)) doy
= TYm

m#£L

s [ G-yt el —r) F)do, =i weqn (2100
I

M
> [ Gy rm) el + <y~ 1) o,
TYm

m=1

+ / Gz —y) ¢ (y)doy = f(x), xel. (2.10b)
r
The circulation-free condition (Z.9d), once the moving disks are rescaled, becomes:
/ epr(rm +e(y —rm))doy =0 (m=1,...,M). (2.11)

For every € > 0, we introduce the following a priori decomposition of the densities:

epf(re +e(y —re)) = peo(y) +epea(y) + 2 P5 (y), Y €, (2.12a)
W) = a) +ea(y) +E@ly) + 2 (y), yeT. (2.12b)

Likewise, we write the constants aj as:
a5 = apo +eagy + A5 (2.13)

where all of the terms arising in the right hand sides of (212 and (2I3]) have to be determined.
Classically, this can be achieved by plugging the above a priori expansions in the system of integral



equations (2.I0) and identifying the terms of same order in the expansion. More precisely, equations

[2I0) read
G(E)/ [peo(y) + epe(y) + *P; (y)] doy,
Ye

+ [ Gz —y) [peoly) +epea(y) + Ezpf(y)] doy

M
+ /Ym Grom +e(@ —y—7rm)) [Pmo(y) +epma(y) + Py, (y)] doy,

m

m

~

+ | Glre—y+e(@—r) [a0(y) +eq(y) + 2q(y) + 2 Q°(y)] doy,

—

=ap0+cag; + e2 A3, x €, L=1,...,M (2.14a)

M
S [ Gy =) o) + () + 2P 0)] dor
Ym

m=1

+/FG(<E ) [0@) +eqr(y) +q(y) +£2Q°(y)] doy = f(z), €T, (2.14b)

while the circulation free condition (ZIT]) implies the following conditions on the different terms of
the asymptotic expansion (ZI2]) of pj:

/ peo(y)doy = / pea(y)doy = / Pi(y)doy, =0, {=1,...,M. (2.15)
Ve Ye

Ve

For every X,Y € R?, X # 0, we have:
G(X +eY)=G(X) +en(X,Y) = G(X) +eVG(X) - Y +25(X,Y)

where
1
ni(X,Y) = / VG(X +esY)-Yds,
0
1
(X, Y) = / (1 s)(D*G(X +esY),Y,Y)ds.
0

Using the above Green’s function asymptotics in (2.14]) and identifying the terms of order 0 in ¢ yields

S~.peo(x) + Srao(re) = ar, €y, L=1,...,M (2.16a)
Srqo(z) = f(z), xel. (2.16b)

The last equation uniquely determines qo = S lremgV 2(I'). In particular, recalling the notation
U’ introduced in (1), we have

Srqo(x) = U/ (x), Vo e Q.



Choosing pro = 0 and ag = Uf(ry) for every £ = 1,..., M, the first equation in (ZI8)) is then fulfilled.
We move now to identify the terms of order 1 in € of System (2I0]), which yields:

Sy,pe1(x) + Srqi(re) + VUf(rg) (x—1) = aga, xE€Ev, L=1,...,M (2.17a)
Spql(x) =0, zel. (2.17b)

From the last equation, ¢; = 0. Taking the scalar product of the first equation of (2I7) with the
equilibrium density 1, of v, (see Proposition [, we get

GO / (=) do,) = aus

But since the moment of order 1 of the equilibrium density of a circle coincides with its center (this
follows in particular from relation (54)) in Lemma[3 with V =0 and ¢ = (27 R,)™1), the last integral
is zero and thus ag; = 0. According to the first equation in (ZIT), the density py1 € H “12(~,) is
thus uniquely determined by the equation

Sy,pe1(z) = VUf(T‘g) < (rg — x), x €y, £=1,...,M. (2.18)

Let us consider now the terms of order 2 in (2.10D) (and this will be enough to derive the expected
asymptotic expansion of A%). We easily obtain that

M
Srqa(z) = Z VG(x —ry) - </ (Y = 7m)Pm.1(v) d0y> , xel. (2.19)

m=1

Since 7, is a circle, the integrals in the right hand side can be explicitly computed by applying Lemma
of the Appendix 5.2 with V = —VU/(r,) and ¢ = VU (ry) - 7). More precisely, it follows easily
from identity (5.4)) that for every m € {1,..., M}:

/ (y — r0)pma(y) do, = =27 R2, VU (). (2.20)

m

Consequently, (2.I9]) shows that g2 solves the boundary integral equation

M
Srqa(z) = = Y 27RL VU (rp) - VG(z — 1),  w€T. (2.21)

m=1

Let us focus now on the remainders P§ € H~'/2(vy,), @ € H™1/2(') and A° € R appearing in [ZI2)
and (ZI3]), and prove that they are bounded. This will provide a justification of the formal a priori
expansion of the densities p7, ¢° and the constants aj. We will need the following general result,
proved in the Appendix.

Lemma 1 Let I'1 and I's be two rectifiable Jordan curves contained in two open, bounded and mnon
intersecting sets Vi and Vs. Let K : (z,y) € Vi X Vo — K(z,y) € R be a function of class C*°. Then
there exists a constant C > 0 such that:

/1“ . K(z,y)p(z)q(y) doydos| < 0Hp||H*1/2(I‘1)HQHH*UZ(I‘Q),
1 2
for every p € H-Y/2(Ty) and ¢ € H=Y/2(I'y). Moreover, C depends only on Vi, Vo and (KN 72 (01 xv) -

8



We are now in position to prove the following result.
Lemma 2 The remainders P; € H~Y2(v,), O° € H~Y2(T') and A® € R are uniformly bounded in €.

Proof. On T', we have:
M

SQ%(e) == 3 [ it — 90PE )0y + [ 15 = it~ DP9y,

m=1""1m m

Multiplying by QF, we get (recall that || Q%[> , = (Q%,Sr Q%) yr—12(r) m1r2(r)):
2

|QEH2 Z / / 771 —TmyTm — y)an(y) Qa(zlt)daydam
+ /F/ n5(T = T, T — y)pm,1(y) Qa(IE)dedUm.

Lemma [l implies the existence of a constant C' > 0 independent of ¢ > 0 such that

M
11l < <1+Z||an||_%>. (2:22)
m=1

On vy, we have:

SWPZ Z / 77 réma r—=Y—= Tﬁm)pm,l(y) dO—y

m=1
m#£L

te / 0 oy @ — y — 7o) P () doy + [ 150 — 9,7 — r0)a0(y) o
Ym I

/G(m—y+z—:(m—m))q2( )d0y+z—:/G( Cyde(e—r))Q (y)do, = A5 (2.23)

Multiplying by the equilibrium density zﬁz of 7y, integrating on ~, and applying Lemma [I we get,
since f P; (y)doy, = 0:

A7l <C 1+€Z Pl +el M1 ] (2.24)

m=1
m#L

where the constant C' > 0 does not depend on . Multiplying now (2Z.23)) by P;, integrating on 7, and
using once again Lemma [I we get:

M
IPEy <€ |12 Do IPhIy eIy | (2.25)

m#L

Combining the estimates (2.22)) and ([2.23]), we immediately obtain that

M
1PFls <o 1eedIPals |

m#L



which clearly implies that HP?H_% is uniformly bounded, for every ¢ =1,..., M.

the Lemma follows then from ([2.22)), [2.24]).

Summing up, we have proved the following result:

Proposition 2 With the above notation, we have for every £ =1,...,M:

where

epi(re +e(y —re)) = epea(y) +°Pi (y), Y € Ve,
(y)= ( ) +e%aa(y) +°Q°(y),  yeT,
ai =ayo+e Ag,
ao=U'(r) =51 (VU (0) - (re =)
M
Q@ =Sr'f @ = —Sp' (Z 21 R2 VU (1) - VG(- — 1)
m=1

and where ||Pi|| gr-1/2(1,): 197 g-1/2(ry and A7 are uniformly bounded in e.

The conclusion of
O

(2.26a)
(2.26b)
(2.26¢)

)

We are now able to derive the asymptotics of d,u° on the outer boundary I". To achieve this, we
first compute the normal derivative on I' of ¢ from formula (28] and get

Opus(x)

/VGa:— n(x) day—i—z VG(x —y) - n(z) pi(y) doy,.

=177

A change of variables in the integrals on v; yields

Opu®(z) = =

+ Z VG(x — 1y — ey — o)) -n(@)epi(re + ey — r0)) oy,

Using the expansions (2.26]), we get the following asymptotic expansion for d,u®:

where

Ot = 0,U7 + €20, us + £30,U°

up(z) = Sraaa) = S VG — 1) - / (v — re)pea (9) doy

/=1 Ve

M
U (2) = SpQ(x) + ) / ni(x —re,me — y)Pi (y) doy,
Vi

10

zel. (2.27)

(2.28)



Thanks to (220), we can rewrite ug(x) as:

M
us(z) = Srqa(z) + > 2w REVG(x — 1g) - VU (ry).
/=1

Therefore, we have : Aug = — Zé\il 2 RZVU/ (1) - V6, in Q. On the other hand, equation (Z2I])
shows that us = 0 on I'. We note that for every g € HY/?(T"), since AU9 = 0 in  and since us = 0
on I', Green’s formula yields (a rigorous justification of the formal derivation below is classical, and
follows from the introduction of small balls around the singularities r,, and letting their diameters go
to 0):

M
Oute ) sy o) = [ Aala)U (@) do = 3 20 REVU (1) - VU1,

m=1
Plugging the last relation in (Z28), and noting that ¢/ is uniformly (in ) bounded in H'(V) where
V is any open bounded set containing I' and far enough from the 7, (m = 1,..., M) (and thus its

normal trace on I' is uniformly bounded in H~/2(T")), we have proved the following result:

Theorem 2 Let u® € HY(F?) be the solution of Z3)-@4). Then, with the notation of Theorem [I,
we have for every g € H'/2(I):

M
(Onu, g) = (0T, g) + €2 > 20R% VU (rpy) - VU (r) + O(e%).

m=1

2.2 Asymptotic expansion for the functions v;, and w;,

Let us deal with the function v, as the other cases (v5,, m > 2 and w$,, m =1,..., M) can be treated
in a similar way. For the sake of simplicity, we drop the subscript referring to this disk’s number in
the proof and we denote merely this function by v®. Similarly, we rename D* the disk Dj, and +¢ its
boundary, while the other disks are renamed D;,, m =1,..., N := M — 1, with boundaries v;,. With
this notation, the function v® solves:

—Av* =0 in F¢ (2.29a)
v© =121 +b° on~° (2.29b)
v® =05, onvy,,m=1....N (2.29¢)
v° = on I, (2.29d)

where the constants b° and b,, m = 1,..., N, are such that

/ Opv® doy =0, / Opv® doy = 0. (2.29¢)

e Y

We seek the solution as a single layer potential:

N
Ve (z) = Syep®(x) + Z Sz Dh () + Srg (), x € F°,
m=1

11



where the densities p° € H~Y2(y%), p5, € H'/?(75,) and ¢ € H'/?(T) are to be determined.

Problem (2:29]) is equivalent to the following system of integral equations:

+Z (S5 P50) e (@) + (Spq)pe (@) =21 +0°, @ e,

Mz

(S5, () + (Sl s (2) + (Srd) s (2) = B, v €,
E
N
( +Z ’Ypm |1" +SFQ() 0, zel,
m=1

with the constraints (see Remark [2):

/pa(y)dayz/ 5, (y)doy, =0, m=1,...,N.
-yE

m

Rescaling the above equations, we obtain with obvious notation:
/ G(x —y)ep(r+e(y —r))doy
¥

—1—2 Gr—rm+el@—r—y+mrn)ep,(rm +ey —Tm))day

m=1"YTm

+ / G(r+e(x—r)—y)¢*(y)doy = ex1 + 17, x €7,
r

[ Ge=rtele—ri—y+ e+ ely-r)doy + [ Glo— eilr+ly - ) do,
Y N Ye
+ ) / G(re —rm + (@ — 10—y + 7)) )eDsy (rm + €(y — 7)) doy,

m#£L

+ /FG(W +e(z —re) —y)g°(y) doy = by, T € Yy,

/G(az —r—e(ly—r))ep®(r+e(y —r))doy,
¥

+ Z G( x—rm—z—:(y—Tm))€p6(7”m+€(y—7‘m))d0y

m=1"Y " Ym

/ G(x — y)do, =0, zel,
with the constraints:

/pe(r—l—s(y—r))day:/ pi(r+e(y —r))do, =0, m=1,...,N.
g

m

12

(2.30a)

(2.30Db)

(2.30c)

(2.30d)



For all / =1,..., N, we introduce the formal asymptotic expansions of the quantities:

ep*(r+e(y —r)) = po(y) + ep1(y) + 2P (y), Yy E, (2.31a)
epi(r+ey — 1) =peo(y) + epe1(y) + °P5 (y), y € Y, (2.31b)
() =q) +en(y) +Eply) +2F(y), yeTl, (2.31c)

b* = by + by + 2B, (2.31d)

b; = by +ebpy + 285 (2.31e)

Using these expressions in System (2.30]), the order 0 (in €) reads:

Sypo(x) + Srqo(r) = bo, T €7,
S’yepf,(](x) + SFQO(TZ) - bf,07 MRS Y, g - 17 cee 7N7
Srqo(z) =0, zel,

which, thanks to (2.30d]), leads to gy = po = pro = 0 and by = byp = 0. Identifying the terms of order
1 in £ of System (2.30) leads to:

S«/pl(iﬂ) +Srqi(r) =z1+ by T e,
Sypea () + Srqi(re) = ben ey £=1,...,N,
Srqi(xz) =0 zel.

Multiplying the first equation by the equilibrium density ¢3! of v and integrating in = over -, we find
that

by = _/wqu(x)xl do, = —1-eq,
¥

since the first momentum of the equilibrium density of a circle is its center. From the other equations
we deduce that ¢; = 0, pg1 = 0 and by = 0. Finally, p; solves

Sypi(x) =21 —71-eq, x €.

Lemma [3 shows that in the local coordinates of v: py(z) = —(r-e1)/R + 2cos . Finally, the identifi-
cation of the second order terms in ¢ in equation ([2Z30d) yields:

vGlo ) [ =wme) 40,) +Srle) =0, weT.

Applying identity (5.4]) of Lemma Bl with V' = e;, we get that fw(r —y)p1(y)do, = —2wR%e;, and
therefore, ¢ is the unique solution of the integral equation

Srqa(x) = 2rR*VG(x — 1) - €1, xel.

The remainders in ([Z31]) can be shown to be bounded using the same arguments as in section 211
Summing up, we have proved the following result:
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Proposition 3 With the above notation, we have for every £ =1,... N:

ep’(r+e(y —r) =epi(y) +°P(y),  yen, (2.32a)
epp(r+e(y—r) = 27%( ), Y€, (2.32b)
¢ (y) =q@y) +e°(y), yerl (2.32¢)
b = eby + 257, (2.32d)
b; = £°B;. (2.32¢)
where
_ _ o1 _ el 2
by =-r-e p1 =5, ((-—=7)-e1) q2 = Sp (27TR VG(-—r)- el)
and where the quantities |P%|| gr-1/20y), 1Pillg-1/2¢4,), 19| g-1/2(ry, BE and B are uniformly bounded
in €.

Finally, to obtain the asymptotic expansion of the normal derivative of v on I', we use a formula
similar to (2:27]), namely:

0,07(@) = (@) + [ VGla =y) - n(w) " (s) e,
+ / VG(x —r—ce(y—r)) n(z)ep®(r+e(y —r))doy,

+ Z VG(x —1m —e(y —rm)) - n(x) ep, (rm + e(y — rm)) doy, xel,
m=1Y"Tm

to get, on I':
O vf = 20,09 + £30,V°

where vo(z) = Srqa(z) — 2nR*VG(x — 7) - €1 and 9,V° is a uniformly (in €) bounded function in

H=Y2(I). As (9,09, 9) = 2rR?VUY(r) - e; for every g € H'/?(T"), we have proved the following result:

Theorem 3 Denote by v° € H'(F?) the solution of @29). Then, for every g € HY/*(I'), we have
(0%, g) = —€2 (27TR2VU9(7‘) ce1) + O(e).

According to the splitting (2.2]), Theorem [I] follows now from Theorems [2] and Bl and the proof is now
complete.

3 Target identification using exterior sources

Our goal is to determine the number M, the positions r,,, the rescaled radii R,, and the velocities V,,
of the small moving disks from the knowledge of:

R2NU(ry,) - Vi, (3.1)

Ms

M
a(f.g) =Y RyNU(ry) VU (ry)

14



for every f,g € HY 2(I'). Among all the unknowns, the positions are the hardest one to determine.
To achieve this, we first notice that we can easily isolate the first sum in the right hand side of (B1I)
by setting:

M
ao(f,9) = a(f,9) — a(0,9) = Y Ra, V! (ryn) - Va9 (r), (32)

m=1
and hence get a measurement in which the unknown velocities V,,, do not appear anymore (actually,
ao(f,g) coincides with a(f, g) in case the targets are motionless). The next step is to relate the Laplace
type inverse problem under consideration to a Helmholtz type inverse problem. We use for this purpose
a suitably chosen family of excitations f and test functions g of exponential type, following an idea due
to Calderdn [§]. Next, we make use of the so-called DORT Method to recover the unknown positions
Tm. Based on time reversal techniques, this method has been successively used for the detection of well
separated point like scatterers from far field measurements, for many wave type systems in acoustics
[21] 24, [7] and electromagnetics [4]. The underlying idea of this method is that the eigenfunctions of
some finite rank integral operator (the so-called time-reversal operator, that can be computed from the
measurements) generate waves that selectively focus on each target. Of course, one can also use other

reconstruction methods which are classically used for the detection of point-like targets in scattering
theory, like the MUSIC algorithm [13] 22 20].

3.1 DMotionless targets

Here, we exclusively use the quantity ao(f,g) defined by ([B.2]), which corresponds to the zero velocity
case. Following an idea introduced by Calderén [8], let us choose for a every given 1 € R? the excitation
data f and the test functions g defined by

flx) = ei(’”i”l)'m, g(z) = ei(”_inl)“, zel. (3.3)

Noting that these expressions define in fact harmonic functions on R2, we have U7f(x) = f(z) and
U9(z) = g(x) and hence
M

ao(f.9) = = D 2n* R, ™.

m=1

Choosing k > 0 and n = %k’(a — B) where «, 8 are two given vectors of the unit sphere S of R? (so
that |n|?> = 1k2(1 — - 3)), we can compute from the measurements

M
A0, ) = —gaolf.g) = 30 R, (1= a- ) e,
m=1

Define the selfadjoint finite rank (and thus compact) integral operator A € £(S) associated with the
degenerate kernel A(a, f3):

(Ap)(8) = /S Ala, )p(a) da.

In order to determine its spectrum and its eigenfunctions, we introduce the following functions of
L3(S) for every m = 1,..., M:

—ikoerm 1

9077170(04) = \/ﬁ Spm,l(a) = \/—%041 e cpm,g(a) = ﬁage

—ikorm
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Then, setting A\, 0 = 27 R?, and Amp = —7mR2, for £ = 1,2, we can write A(a,3) in the more compact
form A(a, 8) = S0y 5501 At @ e (@)pm,¢(B), which yields

S

“4(10 = Z Z )\m,é ((107 @m,ﬁ)[ﬂ(s) Pm,0-

m=1 (=1

Since A is at most of rank 3M, it has 3M non zero eigenvalues (and M positive eigenvalues). More
precisely, we can easily check that for every m = 1,..., M, the three functions ¢, 0, ©m 1 and @, 2
are orthonormal in L?(S). Moreover

((pm,fa (Pn,é’)LZ(S) = /Sw&el(a)eika-(rn—rm) da, Ir<m 7& n < M,

where vy ¢ (cv), for ¢,¢" € {0,1,2}, are given in Table [l (with o = (a1, a2)).

GO 0=0]0=1]0=2
=0 1 aq (65)

=1 (651 (a1)2 109
(=2 a9 a109 (a2)2

Table 1: The values of 1)y ().

One can easily check that (see for instance [I], p. 360])
(Pm0s @m1) p2(g) = 2 / cos § eIl €020 49 = —2im Jy (klrm — 7).
0
where J,, denotes the Bessel function of the first kind of order n, while

((pm,Oy Spn,2)L2(s) - ((Pm,ly Spn,2)L2(S) =0.

This shows that for 1 < m # n < M, we have (see [II, p. 364])

(Cﬁm,zawn,e/)p(s) =0 (ﬁ) , k — 4o00.
Summing up, this proves that
APm.e = Am g Pmye+ O ( ! > , k — +o0,
VErmin

where ryiy 1= ming,«, |7 — 7| 1s the minimal distance between the solids. In other words, for every
m=1,....M, om0, om1 and ¢, 2 constitute approximate eigenfunctions of A as k — +4oo (for
high frequency and distant disks), the corresponding eigenvalues being respectively 2w R2, (simple
eigenvalue) and —7R2, (with multiplicity two). These (approximate) eigenfunctions can be used to
recover the positions of the disks. Indeed, by associating to each eigenfunction ¢, ¢ the corresponding
Herglotz wave, i.e. the superposition of plane waves defined by

U o(x) = / gpmg(a)eika“ da, z € R?, (3.4)
S
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we see that
1

V| — 1]

Hence, the function u,, ¢ generates a wave that selectively focuses on the target m as k — oo and allows
us to recover its location. We note that for the eigenfunction associated with the largest eigenvalue
(in modulus) of A, the focusing profile is described by the function

Ume(z) = O ( > , k — 400, T # rp.

ikoe (x—7m)
Upm.0(T e’ da =27 Jy(k|lx —r
In particular, u,, ¢ reaches its maximum exactly at the point x = r,.

3.2 Moving targets

Now that we have determined the positions 7, (m = 1,..., M) of the solids, its remains to compute
their rescaled radii R,, and their velocities V,,,. To this purpose, we introduce the complex polynomials:

Pn(z)=(z—r)%(z—1)%. . (2 = rm-1)*(z — Tmg1)?(z — r01) %, m=1,..., M,
and the following harmonic functions (we identify x and r; with their complex representations):
I (@) = Re (Pn(2)/Pr(rn)),  gi(2) = Sm (P (2)/ Py (rm)).

These functions, which are well defined since P}, (r.,) # 0, enjoy the properties (d,,, denotes here
Kronecker’s symbol):

- . S 0
U9 — ¢ VUg}n(W) _ ( 01) 7 VUgfn(W) _ <5 > 7
m,l

for every m,¢ = 1,...,M and j = 1,2. Subtituting these last two relations in [B.I) and ([B.2]), the

expressions of the radu and the velocities follow then straightforwardly, as for every m =1,..., M:
a(0, g2 a(0, gt
Rm: ao(g}TNg}n)? Vm.elz—%’ Vm.e2:%‘
m m

4 Numerical tests

In this section, we present some numerical results to illustrate our reconstruction method. The solu-
tions of the boundary value problems involved, in particular for the data generation, are computed
using a Matlab boundary integral equation solverd. As a typical configuration, we consider three
small disks located in a (smoothened) rectangular domain €. The radii of the three small disks are
(m + 1)e, where ¢ = 1073 and m = 1,2,3. As a preliminary step, we first generate numerically the
data that will be used for the reconstruction. Given a wavenumber k and a uniform discretization
of [0,27] with mesh size h = 1/(IN + 1), we compute the matrix A = (4;;)1<ij<n corresponding
to the discretization of the kernel A(«,3). More precisely, we have A;; = —1/k*(A®f; , gi ), where
fij» 9i,j are the functions obtained in (B3] for n = %k‘(ai — f3j), where a; and 3; belong to the chosen

17
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Figure 2: Dependence of the positive eigenvalues A, o (in log scale) on the source’s wavelength A\ =
27 /k.

discretization of [0, 27]. This requires to solve the forward problem (L4 for N? different right-hand
sides f;;, 1 <14,5 < N.

Once these data available, we can apply our DORT reconstruction procedure. We compute the
eigenvalues and eigenfunctions of the discretized integral operator A associated to the kernel A. As
expected from the theoretical analysis of Section B] it turns out that this integral operator has indeed
three significant eigenvalues for a wide range of values of k. We show on Fig. [2] the dependence of the
positive eigenvalues with respect to the wavenumber A = 27 /k of the oscillating source. According to
this figure, we can recover the number of disks as soon as k is larger than 7 (i.e. for A > 2). Fixing
such a value of k, the centers of the disks can be obtained as the points where the Herglotz waves
[B4) generated by the eigenfunctions associated to the largest eigenvalue reach their maximum (in
modulus), as shown on Fig. Bl Finally, let us emphasize that although our reconstruction method
is theoretically justified only for small disks (¢ — 0), it turns out to be still efficient numerically for
“extended” disks.

5 Appendix

5.1 Appendix A : Proof of Lemma [I]
Define the maps:
K:pe H ') | K(,y)py)doy € H'(0),
I

L:uc H (V) — . V.K(z,) - Vu(z) + K(z, Ju(z)dz € H' (Vy)

2For more information about the solver, see http://www.iecn.u-nancy.fr/~munnier/IES/
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and L' := 4, o £, where 41, is the trace operator from H'(V;) into HY/?(I'y). Let us verify that £ is
continuous. For smooth functions u, we have:

2
eulloon = [ ([ VeRlen) - Tuw) + Kleputo) o) ay
1 2

J.

where D:%yK = (02, K)1<ij<2. Applying Jensen then Cauchy-Schwarz inequality, we get:

TiYj

2
DiyK(x, y)Vu(z) + VyK(z,y)u(z)dz| dy,

Va

[ Lull vy < CIE | m2 0, xva) [l 71 (02

where the constant C' depends on V; and Vs only. By density, this estimate remains true for every
u € H' (V). Assuming now that p and u are smooth, one can easily verify that:

(Kp, w) i1 vy = (0 LTU) gr-1/2 0y 172 (0y)-
We deduce from the continuity of the trace operator v, : H'(V;) — H'/2(I'y), that:

[(Kp,w) g (va)| < CIE 20y ) 1P 1720 el 51 (03

where the constant C' > 0 does not depend on p, v and K. This last inequality ensures the continuity
of IC. We get the conclusion of the lemma by writing that:

[ [ K@it dodo, = | or, o Kp)@lae) dos,
I'y JI'y o

where 4, : H'(Vy) — H'Y?(I'y) is the continuous trace operator.

5.2 Appendix B : Single layer integral equation for a circle

Lemma 3 Denote by v the circle of radius R centered at the origin and let be given ¢ € R and

v
V= <V1> € R2. Then, the solution of the integral equation

2
Syp(z) =c+V -z, Vo ey (5.1)
18 given in polar coordinates by
Rcost
p(x) = <4 2(Vicosf + Vasin), Vo = CF)S €. (5.2)
R Rsind
The corresponding simple layer potential is
c+V-x for |z| < R
(Syp)(x) = 2 (5.3)
! clog <&> + <£> V.xz for|z| > R.
| ||
Furthermore, we have
/a:p(m) do, = 27 R*V. (5.4)
¥
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Proof. One can easily check that the function defined by (5.3)) satisfies

—-Ap=0 in R%\ v
p=c+V.-z onvy
¢ =0 on 5

o(z) = O(log |z|) as || — +oc.

This implies that ¢ = S,p where p solves (L.1Il). Equation (5.2)) follows then immediately from the
0
formula p = [8_(‘1 (see Proposition [l). Finally, using (5.2)), equation (5.4)) follows from a straightfor-
n

ward computation. ]
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Figure 3: 3D (left) and 2D (right) visualization of the focusing properties of the eigenfunctions cor-
responding to the three largest positive eigenvalues for £ = 10.5. The focusing property leads to an
accurate recovery of the centers of the disks.
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