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Adaptive inexact iterative algorithms based on
polynomial-degree-robust a posteriori estimates for the Stokes
problem*

Martin Cermék¥  Frédéric Hecht® Zuqi Tang* Martin Vohralik*

Abstract

In this paper, we develop adaptive inexact versions of iterative algorithms applied to finite element
discretizations of the linear Stokes problem. We base our developments on an equilibrated stress a
posteriori error estimate distinguishing the different error components, namely the discretization error
component, the (inner) algebraic solver error component, and possibly the outer algebraic solver error
component for algorithms of the Uzawa type. We prove that our estimate gives a guaranteed upper
bound on the total error, as well as a polynomial-degree-robust local efficiency, and this on each step of
the employed iterative algorithm. Our adaptive algorithms stop the iterations when the corresponding
error components do not have a significant influence on the total error. The developed framework covers
all standard conforming and conforming stabilized finite element methods on simplicial and rectangular
parallelepipeds meshes in two or three space dimensions and an arbitrary algebraic solver. Implemen-
tation into the FreeFem++ programming language is invoked and numerical examples showcase the
performance of our a posteriori estimates and of the proposed adaptive strategies. As example, we
choose here the unpreconditioned and preconditioned Uzawa algorithm and the preconditioned mini-
mum residual (MinRes) algorithm, in combination with the Taylor-Hood discretization.

Key words: Stokes problem, conforming finite element method, adaptive inexact iterative algorithm,
outer-inner iteration, Uzawa method, MinRes, a posteriori error estimate, guaranteed bound, efficiency,
polynomial-degree-robustness, interplay between error components, adaptive stopping criterion

1 Introduction

Let © ¢ R%,2 < d < 3, be an open bounded polygonal domain with Lipschitz boundary denoted by 9€2. We
consider in this paper the steady linear Stokes model problem: find a velocity u :  — R¢ and a pressure
p: Q — R satisfying:

—Au+Vp=f in €, (1.1a)
Vau=0 in Q, (1.1b)
u=0 on 012, (1.1c)

where f : O — R? represents a given volumetric force. The notations A, V, and V- represent respectively
the Laplacian, gradient, and divergence operators. Let

V= [Hy (),
Q= L3(Q) == {g € L*(); (¢, 1) = 0}.
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The weak formulation of problem (|I.1)) reads (cf. Section [2| for the details on the notation):
Definition 1.1 (Weak solution). Find (u,p) € V X Q such that

(Vu,Vv) — (V-v,p) = (f,v) Vv eV, (1.3a)
—(Vu,q) =0 Vq € Q. (1.3b)

Problem ([1.3) is well-posed due to the inf-sup condition (we systematically assume the arguments
nonzero)

inf sup LVV) _ 5

- 1.4
€Qvev Vvl gl .

where f3 is a positive constant, only depending on the domain Q, cf. [32]. Alternatively, cf. [46], the velocity
u is the unique solution of the problem: find u € V with V-u = 0 such that

(Vu,Vv) = (f,v) Vv € V with V-v = 0. (1.5)

Let Vi, € V and @, C @ be two approximation spaces of piecewise polynomials on a mesh 7, of
the domain 2; examples are given in Section We consider the discretization of problem (1.3 by the
conforming finite element method, possibly stabilized when ¢(-,-;-) or sn(, ;) below are nonzero:

Definition 1.2 ((Stabilized) finite element method). Find (up,pn) € Vi, X Qp, such that

(Vup, Vvi) — (V-vi,pr) + th(up, pr; vi) = (£, vp) Vv, € Vi, (1.6a)
—(V-un, qn) + sp(up, priqn) =0 Yan € Qn. (1.6b)

Let {v;}i<j<m be a basis of the space Vj, and let {g;}1<j<n be a basis of the space Q. Using these
basis functions in respectively (1.6a)—(1.6b|), we obtain a system of linear algebraic equations: find vectors

U e RM and P € RY such that
A B U F
¢ op)lp)=\a) (1.7)

In this paper, we are interested in designing adaptive versions of common iterative algebraic solvers for the
(approximate) solution of . The particularity of our approach is that we rely on an a posteriori estimate
that gives a guaranteed bound on the overall error and distinguishes the different error components on each
iteration step. We consider two classes of algorithms.

Outer-inner iterative algorithms, like the classical Uzawa method, see [], are often developed in partic-
ular for the unstabilized methods, where the system is indefinite but symmetric. They can be seen
as a direct application of the gradient method to the minimization problem of the dual functional of the
Stokes problem, see [7] for a general discussion. Applied to the general form , they can be abstractly
written as, see [26] [41]:

Algorithm 1.3 (Outer-inner (Uzawa) algorithm).

1. Chose an initial approzimation p9 € Qp of p, u%o € V5, of u, and a real constant o € (0,2). Set
k.= —1.

2. Do
(a) Increase k =k + 1.
(b) Ifk 2 1; Update pﬁ = pi_l + ad}’:—l,i.
(c) Approximate uZ’OO € Vy, the solution to

(VUIZ’OO7 Vvn) + th(uz’mapﬁ;vh) = (V'Vh,Pﬁ) + (f,vn) Vv, € Vy, (1.8)

by an iterative algorithm, typically starting from uﬁ’o (given by ui_l’i ifk>1): seti:=0 and
Do

1. Increase i := 1+ 1.



1. Obtain the approximation uZ’i €V to 1)
iii. Set up the residual equation, yielding R** € RM satisfying
ki ki ki
(Vu,", Vvy) + ta(wy, ", ol vi) = (Vovy, 7)) + (F,v;) — R§”

/ (1.9)
V1<j <M.
while R is not sufficiently small. (1.10)
(d) Compute 5§’i € Qn via
(65" an) = (Vuy,qn) — (W' phian),  Van € Q. (1.11)
while 6£’ia is not sufficiently small. (1.12)

Various works are dedicated to the choice of the parameter «, e.g., [26] [7] and the references therein. The
most attractive feature of the Uzawa method is its simplicity of implementation and its minimal memory
requirements, though its speed of convergence is typically slow.

The structure of the algebraic system also allows for efficient use of single-loop algebraic solvers;
in particular, the minimum residual method (MinRes) by Paige & Saunders [43] is very popular when
is symmetric. A general single-loop iterative algorithm for problem writes:

Algorithm 1.4 (Arbitrary iterative (single-loop) algorithm).
1. Chose algebraic solver starting approzimations p € Qp and u9 € Vy. Seti:=0.
2. Do
(a) Increase i :=1i+ 1.
(b) Compute (u},pi) € Vi x Qp.
(c) Set up the residual equations, yielding R:, € RM and R;, e RN with
(Vu}'L,VVj) + th(uﬁl,pfl;vj) = (V-vj,p2)+(f, v;) — Ril’j

V1 <j<M, (1.13a)
—(V-uy,, ;) + su(uj,,pjiq;) = —R,
V1< j<N. (1.13b)
while RY and R; are not sufficiently small. (1.14)

Algorithm [I.3]necessitates practical stopping criteria in both the inner and outer loops, and Algorithm [T-4]
needs a stopping criterion in its single (outer) loop. The Uzawa inner loop stopping criterion is typically
treated on the algebraic level only, i.e., the closeness of ulfb’i to the solution uﬁ’oo of equation is studied
without reference to the underlying continuous Stokes problem . This gives rise to the inexact Uzawa
method, see [53] [26] 5] 20} [7, A1) [40] and the references therein. To stop the outer loops, though, a link
to the discretization error of with respect to appears to be a central point. One of the first
contributions balancing algebraic and discretization errors in the Stokes setting is the work of Becker [10].
Later, Silvester and Simoncini [49] derived stopping criteria for the (preconditioned) MinRes algorithm and
Anjam et al. [3] estimated the total error at each Uzawa step for the exact Uzawa algorithm. Here, one
is typically lead to build on a posteriori error estimates obtained for the Stokes problem with an exact
algebraic solver; some of the main references here are [52] 8] 2, 38, 19, 48| 54 [T, [50]. Adaptive stopping
criteria via a posteriori error estimates in the context of other model problems are treated in [111, 42} 47, [],
see also the references therein.

In Section [] of this paper, we first design adaptive versions of the above algebraic algorithms. We
propose in particular adaptive stopping criteria in and of Algorithm as well as in
of Algorithm All our criteria are of the same nature, requesting a balance of the (inner and outer)
algebraic error component(s) with the discretization error. We extend to the Stokes setting the approach
of [37,[28] whose salient property is that estimates on all error components come with the same multiplicative




constant equal to one, so that no artificial mutual numerical scaling is introduced. This is possible thanks
to the concept of the equilibrated stress reconstruction that we detail in Section El We follow the spirit
of the unified framework of [33], but extend to the Stokes setting the methodology of [21] [14] 28 29] [30].

Remarkably, we obtain in Theorem and Corollary of Section [6] a guaranteed upper bound on the

total error between ulfb’i (u}, respectively) and u, as well as between pf (pi respectively) and p, at each

step of the algorithms. Under appropriate (local) stopping criteria, this crucially allows us to prove a
polynomial-degree-robust (local) efficiency in Theorem of Section |7} and this in the presence of different
error components.

Our results are presented in an abstract framework. Their application merely necessitates the verifica-
tion of the sole Assumption @ which is straightforward for any conforming or conforming stabilized finite
element discretization (see the examples in Section , any iterative algebraic solver like those of Algo-
rithms and and an arbitrary preconditioning. Sectionpresents several numerical examples, where,
as representatives, we use Taylor—-Hood unstabilized finite elements, the Uzawa and the MinRes algorithms,
and no or incomplete Cholesky factorization preconditioners. We consider in our development homogeneous
Dirichlet boundary conditions for simplicity only; inhomogeneous Dirichlet & Neumann conditions can be
taken into account as in [23], B0].

2 Notation

This section fixes the basic notation used throughout the paper.

Let u = [um]1<m<d, V = [Vim]1<m<a denote vector functions and 1 = (U n]1<m.n<ds V= [Vinnli<m.n<d
denote tensor functions. The respective scalar products are defined as u-v := an:l u,,V,, and w:v :=
Eid Zizl Uy, nVim,n- We follow the convention that

s a i AT
axl PRI 6Xd ).(1 . 'Xd
Va=| : . |, vw=| - Fo
%, . % AP n ALK
*1 *d 3x1 o 8xd

and
4. Hu
Vu= —.
>
m=1
Let D C R% we denote by (p,¢)p the integral Jp pq dx, where p,q € L?(D). We use the same symbol
(-,-)p also for the integrals of vector functions with values in R? and of tensor functions with values in

R¥*4 with the above scalar products. The Lebesgue norm on L?(D) is denoted by ||-||p, respectively, and
alike for vectors and tensors. When the domain D coincides with €2, the subscript €2 is dropped. The same

symbol ||-|| will also be used for the Euclidean norm of a vector V € RY,
N
IVIZ =D (Vi)
m=1

Moreover, we denote by ||-|leo the infinity norm.

Let 75, be a mesh of €2, matching in the sense that for two distinct elements of 7, their intersection is
either an empty set or their common vertex, edge, or face. A generic mesh element is either a d-dimensional
simplex, or a d-dimensional rectangular parallelepiped. For I > 0, let P;(7,,) denote piecewise polynomials
with respect to T, of total degree at most I, and Q;(7;) piecewise polynomials of degree at most [ in each
variable. We let II; be the L?(2)-orthogonal projection onto P;(7;,) or Q;(73); IT; stands for this projector
componentwise. We let hx denote the diameter of K € 7T, and use hq for the diameter of the domain €.
Define the shape regularity parameter x7; by



where pg represents the diameter of the largest circle inscribed into the element K. We suppose henceforth
that there exists a real number k7 > 0 which bounds k7; for any considered mesh 7.

We let E}Lnt be the set of all interior faces denoted by e; [-] is then the jump operator across e. We will
below also denote by V}, the set of vertices of Ty, V,ilnt for the set of interior vertices, and V;** for the set of
boundary vertices. For each a € V,, let w, denote the patch of the vertex a, i.e., all the elements K € T,
which share the vertex a, and let h,_ denote the diameter of the patch wa. Let ¥a € P1(75) N C%(Q) or
Ya € Q1(T,) NC°(Q) stand for the hat basis function associated with the vertex a € Vy,, i.e., 1, is piecewise
affine or piecewise d-affine with respect to the mesh Ty, ¥a(a) = 1 and ¥a(a’) = 0 for a’ € V,,a’ # a.
Let ¥am,1 < m < d be its vector variants with (¥a.m)n = Yadmn, 1 <n < d, dppp =1 if m =n and 0
otherwise.

3 Conforming finite element methods

We shall derive our results in a quite general framework, taking into account all methods of the form of
Definition [I.2] that satisfy the following assumption:

Assumption 3.1 (Admissible finite element discretization). The discretization stems from Definition
where:

1. 'V}, contains continuous piecewise affine or continuous piecewise d-affine functions and there exists an
integer | > 1 such that V, and Qy are respectively contained in discontinuous piecewise polynomials
of mazximal degree | and | — 1:

VNP (T)]¢ € Vi C [Pi(Th)]Y, Qn CP_1(Tn)  on simplices, (3.1a)
VN [Q(T)]* € Vi, C [Qi(Th)]%, Qn C Qi—1(Tn)  on rect. par.
2. The stabilization term tp(-, ;) vanishes over the hat test functions:
th(Vi Ghs Pam) =0 V(Vh,qn) € Vi x Qp,a€ V™, 1 <m < d. (3.1b)
Note in particular that Assumption [3.1] implies from Definition [I.2] that
(Vup, Vipam) — (Vam, pn) = (F,am) Vae Vi, 1<m<d (3.2)

for an exact solve algebraic solve of the system . Indeed, this follows immediately by taking ., as
the test functions in . This hat function orthogonality is a crucial property for building the stress
reconstruction in Definition [5.1] below and consequently for the guaranteed reliability of Theorem [6.1} The
inclusion of the spaces V, and @, into piecewise polynomials in (3.1a)) is then central for the polynomial-
degree-robust efficiency of Theorem below.

Assumption can be satisfied (choosing in particular sufficiently high polynomial degree I for bubble-
enriched methods) for all standard conforming finite element discretizations of the form of Definition
In order to fix ideas, we now give a (none-exhaustive) list of examples, cf. [46, 13| 27] for a general reference.

3.1 Unstabilized schemes

Definition can in particular be considered with s;(up,pr;qrn) and tp(un, pr;gn) equal to zero and the
spaces Vj, X @y, given by:

e The Taylor-Hood family [51, [I7], for [ > 2,
V5, = VN I[P(Th)], Qn:=Qn[C°(Q)NP,_1(Tz)] on simplices, (3.3a)
V=V Q7)Y Qun:=Qn[C°(Q)NQ_1(Tn)] on rect. par. (3.3b)
e The mini element [5]
V5, = VI[P (T, Qn:=QnNI[C°(Q)NP(Ts)] on simplices,

where PY(7;,) stands for piecewise affine functions from P;(7) enriched by the bubble functions
vanishing on the boundary of each element. We need to set here the index [ := d + 1.



e The cross-grid P1—P; element [45], with [ = 1,
V5, = V[P (Th)]% Qn=QN[C°(Q) NP (Ty)] on simplices,

where the simplicial mesh 7;, was formed from the simplicial mesh Ty by adding the barycenter as a
node and cutting each simplex into (d+1) subsimplices.

e The Py iso Po—P; or Qg iso Q2—Q; element [12], with [ =1,
V5, = V[P (Th)]% Qn:=QN[C°(Q)NP(Ty)] on simplices,
V= VA7), Qun=0Qn[C°®)NQi(Tw)] on rect. par.,

where 7;, was formed from Ty by adding the edge barycenters as nodes and cutting each simplex into
2¢ subsimplices and similarly for rectangular parallelepipeds.

3.2 Stabilized schemes

Let
° V5, =V [P(Th)]%, Qn:=QN[C°Q)NP|(Ty)] on simplices,

Vi =V QT4 Qn:=QN[C°Q)NQ(Tn)] on rect. par.,

and let § > 0 be a penalization parameter. We in particular take into account the following methods with
th(Up, pr;ve) = 0:

(3.4)

o The Brezzi-Pitkdranta method [I8] on simplices, with [ =1 and

sn(Wn, priqn) = —0 Y h(Vpn, Vau) k.
KeTh

e The Hughes—Franca—Balestra method [36], with > 1 and

sn(Un, pr;qn) == 0 Z hic(f + Auy, — Vpp, Van) k.
KeTn

e The Brezzi-Douglas method [I6], with [ > 1 and

sn(Wn, priqn) =0 Y Wi {(f = Vpn, Van)k + (Aupng, gn)oxnoa} -
K€ETh

e The Dohrmann—Bochev method [22], with { > 1 and

Sh(umph; Qh) = *(Ph —IL_1pn, qn — Hl—lQh);

here TI;_; is the L?(Q)-orthogonal projection onto piecewise polynomials of total degree [ — 1 also
when 7T}, consists of rectangular parallelepipeds.

Many other other choices are also included in our analysis, in particular discontinuous pressure elements
with no C%(2) requirement for @y, such as

V5 = VN [P(Th)], Qn:=QNP,_1(7n) on simplices, (3.5a)
V=V n[Q(Th)]%, Qr:=QNQ;—1(Tn) on rect. par.: (3.5b)



e The Hughes—Franca [35] method, see also Franca and Stenberg [31], with a parameter p = —1,1,
choices of the form ! > 1 in (3.4) or I > d on simplices and [ > 2 in (3.5)) on rectangular parallelepipeds,
and

sn(n, priqn) =06 Y hi(f + Aw, — Vpn, Van) i,
KeTh

tn(Whs s Vi) i=0p > W (F + Aup — Vg, Avy) i
KeTh

note that the above stabilization ¢+, -; -) only contains the elementwise Laplacian of the test function,
so that it indeed vanishes for the piecewise affine or d-affine test functions 14 .

e The Hughes—Franca [35]/Douglas—Wang [25] method, with [ =1 in (3.5)), ¢, (un, pr;ve) := 0, and

(uh7phaqh =—0 Z ph]]97 qh]] )

eeglnt

e The Kechkar—Silvester locally stabilized method [39], with I = 1 in (3.5)), t5(un, pr; ve) := 0, and

sp(Up, priqn) = —0 Z Z hE(th]]ev[[Qh]]e)ea

KeTh ec&int;eCK, e 0K

where T}, is a submesh of a macroelement partition Tz ; typically Ty consists of simplices/rectangular
parallelepipeds and 7}, is obtained by adding the edge barycenters as nodes and cutting each simplex
into 2¢ subsimplices and similarly for rectangular parallelepipeds.

e The Hughes—Franca [35]/Douglas—Wang [25] /Franca and Stenberg [31]/ Kechkar—Silvester [39] meth-
ods, combining the three above stabilizations, spaces, and macroelement partitions.

4 Adaptive inexact iterative algorithms

In this section, we introduce our adaptive inexact amendment of the iterative outer-inner loop Algorithm[1.3]
as well as of the smgle loop Algorltm 14

Let nki, 77a1g w nflg o and ndm be respectively the estimators of the algebraic reminder, the inner
algebraic (velomty) solver error, the outer (pressure) solver iteration error, and the discretization error on
the k-th outer solver step and i-th algebraic step, see Corollary below. We then modify Algorithm
as follows:

Algorithm 4.1 (Adaptive inexact outer-inner (Uzawa) algorithm).

1. In step choose also a fived additional iteration count vy > 0 and real parameters “Yrem, Valg,us
Yalg,p > 0, typically of order 1071, Set v := vy.

2. In step increase i :=1 + 1.

3. In step on iteration i of the inner solver for the approzimation of (1.8]), consider v := vy

additional iterations. This gives uﬁ’”” € V5, and RV € RM satisfying
k k, k.
(Vuy "™, V) + ta(ay ™ pfsvy) = (Vovg,ph) + (£, v;) = R (4.1)
1<j<M. '

Compute the estimators n&i and 77a1g u- Check the balancing criterion
. Yy
nférln S %em??af;,u- (42&)

If not satisfied, continue performing vy additional iterations and updating v := v + vy, until (4.2a)) is
satisfied.
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4. Precise the inner algebraic solver stopping criterion (1.10) as: compute the estimators 77:1’;1, and 77§
and stop when

ki ki ki
nal;,u < Valg,u max{ndi;c’ nal;,p}' (42b)
If not satisfied, update i :== i+ v.
5. Precise the outer (Uzawa) stopping criterion (1.12)) as:

ki ki
nalg,p < Yalg,p"disc* (42C)

Remark 4.2 (Local stopping criteria). Above, the stopping criteria (4.2)) are global in the sense that the
estimators are summed over all mesh elements. Alternatively, we can also consider the local stopping criteria
157, 128]:

ki ki
nrcfn,K < ’Yrem,Knalé,u,K> VK € 77“ (438“)
ki ki ki

Nalgu, k& < Valgu, K max{ndisc,K’ nalg,p,K}7 VK € T, (4.3b)
ki ki

Nalg.p k& < Valg.p, K Niec, i+ VK € Th, (4.3¢)

where for any K € Ty, the parameters Yrem, Kk » Yalg,u, K, 0N Yalg,p, K are positive user-given weights, typically
of order 1071,

Similarly, we propose to amend to the single-loop Algorithm
Algorithm 4.3 (Adaptive inexact single-loop algorithm).

1. In step |1}, choose also a fizred additional iteration count vy > 0 and real parameters Yrem and Yaig > 0,
typically of order 1071, Set v := vy.

2. In step[2d, increase i := i+ vp.

3. On the given iteration i of the algebraic solver in step consider v := vy additional iterations. This
gives (u,t”, pit) € Vi x Qp with R € RM and RE™ € RN such that
(VT V) + (0l pit s vy) = (Vovy, i)+, v;) — Rf:r;’
vV1<j <M, (4.4a)
—(Vu, ™, q5) + sn (Wi, p) 5 05) = —Ry
vl1<j<N. (4.4b)

Compute the estimators 0’y , nélg’u, and nglgyp. Check the balancing criterion

nﬁem < ’Yl‘em(n;lg,u + n;lg,p)' (45&)

If not satisfied, continue performing vy additional iterations and updating v := v + vy, until (4.5a)) is
satisfied.

4. Precise the algebraic solver stopping criterion (1.14)) as: compute the estimator .. and stop when
(n;lg,u + n;lg,p) § fyalgnéisc' (45b)

If not satisfied, update i :== i + v.

Local stopping criteria as in Remark can also be used here.



5 Construction of quasi-equilibrated stresses

We show here how, under Assumption [3.I} quasi-equilibrated stresses can be obtained for the consider
methods. In the context of inexact solvers, we follow essentially [28] and decompose the total stress into

parts corresponding to the different error components. Henceforth, to abbreviate, (uZ’i,p’fb) writes for the
current approximation in Algorithm (ex Algorithm [1.3), as well as for (uf,p!) in Algorithm (ex

Algorithm .

Recall the definition of the space H(div, Q) := {v € [L?(Q)]?*¢; V-v € [L?(2)]?}. For each vertex a € V,
and the associated patch w,, let RTN;(wa) C H(div,w,) be the Raviart—-Thomas-Nédélec space of order
[ > 0 on w,. Each row of the functions therefrom needs to take the form ([P;(K)]? + IPl(K)x)t on each
simplex K and Ql,l+1(K) X Ql+1,l(K) if d =2 and Ql,l+1,l+1(K) X Ql+17l,l+1(K) X Ql-ﬁ-l,l-‘rl,l(K) ifd=3
on each rectangular parallelepiped K. Let next R’]I‘N?I’O(wa) be the subspace of RTN;(w,) with zero normal
flux through dw, for a € V™ and with zero normal flux through dw, \ 952 for a € VE*'. We will also need
the space [R} (wa)]? spanned by piecewise polynomials on wy of total degree at most [ on simplices and of
degree at most [ in each variable for rectangular parallelepipeds. In addition, a zero mean value on w, for
each component is imposed when a € V,ilnt; the mean value condition is not imposed on a € Vi*'.

For each interior vertex a € Vi and each 1 < m < d, define (RE?),, := R;“ from in Algorithm
and (RE?),, := Rfl,j from in Algorithm while taking the basis function v; of Vj, given by ta m.
For notational convenience, set Rf;i = 0 for a € V§**. Following [21 [14] 28| 29], we reconstruct a Cauchy
stress by solving local mixed finite element problems on the patches wy:

Definition 5.1 (Discretization stress reconstruction dﬁ’i). For each outer loop iteration k > 0, each inner
algebraic solver iteration i > 1, and each patch wa, a € V4, construct (dX? of?) € R'IFN%\I’O(wa) x [R} (wa)]?
such that

(8", VA e + (087, VR )y = (VU = Pt Vi )wgs  Vn € RTNY(wa), (5.1a)
—(V-alE ) () m)w = EWam — (VU = DED): Vo, (Ah)im)wn
— ((RE ) mlwal ™", (@n)m)was
Van € [Rf (wa)]?, 1 <m < d. (5.1b)
Then set .
dp’ =) b (5.2)

aceVy,
We also need construct dﬁ’”” by the same procedure, with merely ¢ + v in place of 3.
Remark 5.2 (Neumann compatibility condition). Problems (5.1) are well-posed thanks to Assumption .
Indeed, taking a m € Vy, as the test functions respectively in (1.9) and (L.13a) implies
(fa wa,m>wa - (Vu]]z)ia vwa,m)wa + (v'd]a,mapl]—i)wa - (Rgi)m = 07
Vaec Vi 1 <m<d.
The same reasoning applies for i + v in place of i, using (4.1) and (4.4al).
Remark 5.3 (Cheaper equilibration). Following [T]|], one can also carry the one-degree-lower reconstruction

mn R']I‘N?I_’q(wa) x [Py, (wa)]?. Employing the Raviart-Thomas-Nédélec projector, the efficiency of such a
simplification has been shown in [28], albeit the polynomial-degree-robustness has not been treated therein.

(5.3)

Lemma 5.4 (Quasi-equilibration). Let Assumption hold. On step i of the given algebraic solver ap-

plied to ([L.8) or (1.7) and after v > 0 additional iterations yielding (A1) or ([{.4a)), construct dﬁ’”y via
Definition [5.1] and set

rl}CL,i+U‘K — Z ‘wa|71R§,i+V’

aeVg (54)
fh = Hlf.
Then ' '
—Vdp Y = g, — P (5.5)



Proof. Fix an arbitrary element K € T;, and qj, € [P;(K)]? on simplices and q; € [Q;(K)]¢ on rectangular
parallelepipeds; q;, is only supported on the element K. For any vertex a € Vg, take qy as the test function
in (5.1b]) (this is possible thanks to the Neumann compatibility (5.3))). Then, for 1 < m < d, we have

~(Vdp ™ ) (@n)m) e = = Y (Vo™ ), (an)m) 6
acVg
= Z (f"‘/’a,m - (VUZ’HV - pZH):v¢a,m7 (qh)m)K
acVg

— ((RET) |wal =% (an)m) &

= ((fn — rﬁ’i—i_y)ma (An)m) K

employing the partition of unity > . .y, Yamlx =1 and > ), Vam|x = 0 together with the defini-
tions (|5.4)). O O

Finally, following the idea in [37, Section 7.2] and [28, Section 4], see also the references therein, we
identify a stress reconstruction that we use to estimate the algebraic error:

Definition 5.5 (Algebraic error stress reconstruction ai’i). Define the algebraic error stress reconstruction
as 4 , ,
apy’=dyt —dp (5.6)

where d’;’i and dIZ’HV are constructed following Definition .

Remark that Haﬁ’i — 0 as the inner algebraic solver converges, which is a necessary condition for
algebraic error control from [28, Section 3.2].

6 Guaranteed reliability

We now give a guaranteed estimate on the total error in particular valid on each iteration of Algorithms
or We will use the Poincaré inequality

h
v =vilx < == [VVlk,  vveH(E), (6.1)

where v denotes the mean value of v in K, see [44]. We will also employ the Friedrichs inequality stating
that
[Vl < ha|Vv],  VveV. (6.2)

Lemma allows us to prove the following theorem, following essentially [24] 33] 28]. We for simplicity
A . 1/2
k, k,
denote 1 = { e (552}

Theorem 6.1 (A guaranteed a posteriori estimate valid on each iteration). Let (u,p) be the weak solution
of the Stokes problem of Definition [I.1] and let its finite element discretization of Definition [1.2 satisfy
Assumption d Let (ulfb’z,pﬁ) €V, x Qp be the current approximation on arbitrary outer iteration k > 0
and inner algebraic iteration i > 1 in Algorithm [{.1] or[{.3 Consider v > 0 additional algebraic iterations
and construct dﬁ’”” following Definition . For any K € Ty, define respectively the flux, divergence,
algebraic remainder, and data oscillation estimators

ki ki k,i+v
e = [V = ppl— a7k, (6.3a)
'k =BV k, (6.3b)
Mo, i = halley ™ Ik, (6.3¢)
)

Mase s = T H|F = ful| . (6.3d

10



Then we have

ki ki | ki ; ;

IV(a—wy")|| < " + 5"+ nfas, + 0l (6.4a)
ki k,i 1 1

Bllp — pill < mp* 4"+ nki 4+ kil (6.4b)

Proof. We first bound ||V (u — uﬁz)H Let s € V with V-s = 0 be the solution of
(Vs,Vv) = (Vu',Vv) Vv eV with V-v =0. (6.5)
This problem has a unique solution, similarly to that of (L.5). We have the Pythagorean equality
V(= )2 = [V (u—s)2 + V(s — w2, (6.6)
which follows from the fact that

IV(u—up)? = [V(u—s+s—uy)|
[V (a— 8) P+ V(s — )P+ 2(V (), V(s - ul)),

with the last term disappearing thanks the facts that u—s € V and V-(u—s) = 0 and to (6.5). We estimate

the two terms in separately.
Using the expression of the energy norm as a dual norm, we have

[V(u—s)| = sup (V(u—s),Ve).
PEV; V=0, ||[Vep|=1

Let thus ¢ € V with V- =0 and ||Ve|| = 1 be fixed. Employing the definitions (1.5 and (6.5]), we have
(V(u—s),Ve) = (f,¢) — (Vuy’, V). (6.7)

Next, using that 0 = (pf, V) = (pi1, V), adding and subtracting (di’””,ch), and using the Green
theorem, we get

(V(u—s),Vep) = (f+ V-dy™, ) — (Vup’ — pbl— dp™™, V).
Using (5.5)), we further infer
(V(u—s),Ve) = (f = fu,0) + (r;" ", ) = (Vup" = pil — ;"™ V).
We have, for any K € Ty,
(f—fh, o)k = (=, —pr)x < Ufgi7K||V<P||K,
using the Poincaré inequality (6.1), whereas the estimate
(V" —piT— ™, V)i < g [ Vellx
follows immediately by the Cauchy—Schwarz inequality. With the Friedrichs inequality (6.2)), we obtain
(ch "™, ) < ol | Vel

Thus the Cauchy—Schwarz inequality finally gives

(V(u-9), V) < 3 {0+l IVl + halley Vel
KeTn (68>

ki ki ki
S nF + nosé + nre;n'

11



We now treat the term |V (s — uh 9. We have
V(s = )P = (Vs = uy"), Vis — ;).

As in (|1.5) with respect to (1.3), the following equivalent formulation of (6.5) can be given: find (s,w) €
V x @ such that

(Vs,Vv) — (V-v,w) = (Vul", Vv)  WeV, (6.9a)
—(V-s,q) =0 Vg € Q. (6.9b)

Thus we have, as s — uﬁ’l € V can be taken as a test function in ,

(V(s —uy), V(s —up") = (V(s — up),w) = (Vo w) < || Veuy”?

Jw][-

We have also used the fact that V-s = 0 and the Cauchy-Schwarz inequality. To estimate ||w]|, we will rely
on the inf-sup condition (1.4):

(w,Vv) 1 (V(sfuh ), Vv)
W|| S - SuUp —( 7 = 5 Sup
holl = 5 20 Sl = 53 v

where we have employed and the Cauchy—Schwarz inequality. We thus reveal

IIV(S —u. ),

(Vs —u), V(s —uf ) < ”V;'M )|
whence
IV (s — w)| < g’ (6.10)

We are left to treat the term ||p—p¥||. We do so through the inf-sup condition (T.4), which in particular
gives

1
lp—pill <= saup  (p—pf, Vo)
B oev:|vel=1

Fix ¢ € V with ||V¢| = 1. The weak solution characterization (1.3a)) gives
(pv VSO) = (vua VCP) - (fv 90)

Thus using also (p¥, V@) = (pFI, Vo), adding and subtracting (dZ’Hu,V(p) as well as (Vufl’i,Vgo), and
using the Green theorem, we arrive at

(p— 15, Vo) = (V(u—u), V) — (Vedp ™ + £, )
+ (Vup' = pfl — d}" V).

The two last terms on the above right-hand side could be estimated as in and the first one could be
bounded by [|V(u — u,ﬁl)H and consequently by (6.4a)). Such a straightforward bound can, however, be
substantially improved while proceeding as in reference [I]. Let ¢ € V with V- = 0 be the solution of

Ve, Vv) = (V, Vv) Vv € V with V-v = 0.
Let ¢onc := ¢ — ¢, and note that
(Vene, Vv) =0 Vv € V with V-v = 0. (6.11)
Then, as in (6.6]), we immediately have
Vel = [[Vecl® + [[Vencll?, (6.12)
as (Vene, Vo) = 0. Now

(p—pk, V@) = (p — ), V-one)

12



and

(p = pf, V-one) = (V(u—u}), Vone) — (V-dp ™ + £, oxc)
+ (Vuf{ —phl— dk Y Vene).

We can estimate
—(Ved™ + £, one) + (Vup — phl— df ™, Vene) < np' + bl + ki,
as in (6.8), since ||[Venc|| < [|[Ve| =1 by (6.12). Finally for the term (V(u — uh ), Veone), we have
(V(u - ub"), Veone) = (V(s — ub), Veono),

as (V(u—s), Veone) = 0 by (6.11)) since u—s € V and V-(u—s) = 0. Now the Cauchy—Schwarz inequality
and (6.10) together with ||[Venc| < [Vl =1 give

(V(a— uh "), Vene) < 77D :
Combining the above results gives (6.4b|). O O

The algebraic error stress reconstruction a’fb’i of Definition is following [28] Section 4] together with
the algebralc remamder term 0 given by (6.3c) designed to control the algebraic error in the velocity
equation (1.6al . Let (52 i e @}, be given by . Note that it follows from that upon the convergence
of any iterative solver, 6’;’i = 0. Our developments suggest to use S~ ! ||6Zl|| for the estimate of the algebraic
error in the pressure equation (1.6b)). This yields altogether (as always, disregard the outer iteration index
k for the single-loop Algorithm [4.3):

Corollary 6.2 (A posteriori estimate distinguishing error components). Let the assumptions of Theorem
be satisfied. Then

k,i ki ki , K
IV = af) |+ Bllp = kIl < 2 (nle + nfih o + nlie p + bk + 120 ) (6.13)

with n&t and n%¢ given respectively by (6.3d) and (6.3d), and with the discretization, velocity equation
algebraic error, and pressure equation algebraic error estimators respectively given by

bl = IValt = phT — a4+ Y| Voul - 68|, (6.14a)
ﬂalguK [EP (6.14D)
nalng : 1”6 ||K (614(})

Proof. The decomposition (5.6 and the triangle inequality yield
ki k, k,
IV = piT— ™| < |V — piT — d |l + [l | -
Another triangle inequality leads to

BV < 67Vt = 6+ 576

In these two inequalities, the first terms contribute to the discretization error, whereas the second ones form
the two components of the algebraic error. O O

7 Polynomial-degree-robust (local) efficiency

In this section, we prove the polynomial-degree-robust efficiency of the a posteriori error estimate of Corol-
lary We extend thereby the work [I4] for the Laplace equation on triangles or rectangular parallelepipeds
(see also [29]) and [30] for the Laplace equation on tetrahedra to the Stokes setting. To treat inexact solvers,
we proceed as in [28]. For the inner-outer loop Algorithm there in particular holds:

13



Theorem 7.1 (Polynomial-degree-robust local efficiency). Let the assumptions of Theorem be satisfied,
together with the local stopping criteria of Remark . Suppose that 0 < Yeem, K, Valg,u,xk < 1 and
that 0 < Yalg,p,x < 1. Then, with the constants Cs and Cpr ., > 0 only depending on the shape regularity
parameter k1, see [29, [30], there holds, for all K € T,

ki ki ki ki
ndisc,K + nalg,u,K + nalg,p,K + nrcm,K

d
<A1+ Yarg p. (1= Yatgpo) ") Cst D > max{1, 57"}

m=1acVg

X (2CPF,wahwa||Vwa,7n||wa,oo +D([|V(u - uzi)Hwa + Bllp — prHWa)
+4(1 = Yalgp.x) BT IV(1 - ulf?l)”K + 4(1 4+ Yatg,p.k (1 = Yalg.p, )~ )Chst

d B 9y 1/2
x Z Z { Z (:||Hl(f'¢a,m)f'¢a,ml(’> } .

m=1lacVg (K'€w,

Proof. From our local stopping criteria (4.3]), we have
nrefn,K + nal;,u,K + nal;,p,K < 3ndi;c,K'
Then, by (6.14a)), we only need to bound ||VuZ’i —prl - dZ’iHK and B*1||V~u2’i - 5ﬁz||K
Using the triangle inequality, the definition (6.14c)), the divergence-free property of the exact solution
V-u = 0, and the local stopping criterion (4.3c]), we obtain

BV =6 |k < BV + 876 Ik

_ ki ki
< BV (u—u) |k + Valg,p, K Njec, K -

Then the fact |[V-(u — uf?)|| < [V(u — u}"")|| and the definition (6.14a) yield

— ki ki
(1 = Valg,p, i) B 1HV-uh’l - 5h7l||K
< BTHV(a = up )k + Yatgpx [[VU" = il — ||,

where we also use the assumption Yag p,x < 1.

To bound ||Vul,fb’i — p,}j]l = dﬁ’| K, we use the same augments as in [28] [29] and proceed in three steps.
Step 1: Let a € Vi and consider the patch w, of the vertex a. Define the function space H}(wa)

H,(wa) = {v € H'(wa), (v, 1), = 0}, ac
H}(wa) ={v € H'(wa),v =0 on dwa N 90}, a € VPt

Let 1 <m < d and define r,,, € H}(wa) such that for all v € H} (wa),

(Vram: V0)wa = — (VU — pED)tpa,m, V0)w,

; ‘ (7.1)
+ (Ftbam — (VU — pET):Vaba m — (RED),|wal 7L )0

We now prove that

Vramllw. < max{lvBil}(QCPF,wahwa”vwa,m”wa,oo +1)

‘ 7.2
X (IV (= 3wy + BlIp = Pl lw)- )

We have

”vra,mea = sup (vra,ma vv)w
vEH (wa),|V|lwa=1

at

14



Fix v € H}(wa) with ||[Vv]|,, = 1; then (7.1) gives

(Vram, VU)w,

— (Vu’ = pi D) m, V),

+ (Fpam — (Vup’ = piD):Vepa i — (RE)mlwal ™1 0)u,

= (Fam: V)ws — (VUp" = pEL), V(thamv))w, — (RE)mlwal ™, 0)u,
= ((Vu = pI), V(thamv))we — (V" = pil), V(tha m0) u

- ((Rg’i)mwa‘_luv)wa

IV (= 0y len + 12 = PE o) IV (a,m0) |

FIREY mlwal ™l 0]l

max{1, 87}V (u = ) [l + Bllp — PEllw) IV (Pa,m0) |

+ |(RED) alwal ™2 0]

IA

IN

where we used the fact that (f,%am¥)w., = (£, %Pamv)o as Pa,mv=0 on the boundary of w, and the
characterization (1.3a)) of the weak solution. Moreover, employing ||Vvl,, = 1 and ||%a m|lw.,co0 = 1, We
have

Hv('l»ba,mv)”wa = ”v'(:ba,mv + d’a,mvawa
< ||v'¢'a7m||wa,00||v||wa + ||'¢a,mnwa,00||vv||wa (7.4)
< CPF,wahwa”Vql’mm”wmw +1,

where on the patch w, for a € V}f‘ﬂ we use the Poincaré inequality, cf. (6.1)), and for a € V;** the Friedrichs
inequality, cf. (6.2]), to infer

[V]lwa < CPFwahwal [ VU]lwas Vv € HE (wa)- (7.5)
For any a € Vi relying on (5.3) and (1.3a)), we have

(REDm = (£, Yaim)wn — (VU Vibam)wn + (Vtaim, Df )
= (VU Vebarm)wa — (VPams Dow — (VU Vipa )
+ (V-%Pams P ) wn (7.6)
IV (1 = g e + lp = Pf ) | Ve [l
max{1, 87} V(u = )|l + Bllp — PEllwa) I Va,m a0 lal /2.

Employing again (|7.5) together with (7.3)—(7.4) yields (7.2)).
Step 2: Still for a € Vi, let 7am € H! (wa), 1 <m < d, be defined by

IN

IN

(Via,m, VU)w,
= — (Vup" = phDYam: Vo)u + (T(F Ypam)
= (V" = piD:Vepa s — (REDmlwal ', 0)as,
for all v € H}(w,). Using that this problem, in contrast to , has piecewise polynomial data and that the
equilibration of Definition is done with the corresponding degree | and componentwise, we can use [14,

Theorem 7] on triangles or rectangular parallelepipeds and [30, Corollaries 3.3 and 3.8] on tetrahedra to
infer that, for 1 <m < d,

H((Vui’i - p’iﬂ)wa - dz’i’i)m”wa < Catl|V7amllwas
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with the constant Cg; only depending on the shape regularity parameter k7. Finally, using

sup (Hl (f"l/Ja,m) - f'¢a,m7 'U)wa
vEH! (wa);|| VVl|wa=1

= sup { Z (Hl(f'1/)a,m) - f'wa,ma v — UK)K’}

vEH (wa)ill Volloa=1 ( greg,

h 9y 1/2
S{ > ( - ||Hz<f~wa,m>—f-¢a,m|f<f) }

K'€wa

leads to

I(Vug," = pil)da — i),

1/2
hi 2 (7.7)
< Cst||Vramllwa + Cst { 3 ( KT (£ ) — f-qj)a,m|K/> } :
K'cwa m
Step 3: Employing (5.2)) and the fact > .\, %alx =1, we get
I(Vug" = phT =i e = || D (V" = piDa — dg)m
acVg K
k,i i
< 3 [ (vupt - pha - ahy| (7.8)
acVg
SN (R RO
aeVg Wa

Combining (7.2)), (7.7), and (7.8)) yields the assertion. O O

Remark 7.2 (Global efficiency). Global stopping criteria (4.2) in place of the local ones (4.3)) are sufficient
for the global efficiency.

Remark 7.3 (Single-loop setting of Algorithm. Adaptation of Theorem to the setting of the single-
loop Algorithm [{.3 consists again in disregarding the outer iteration index k, while relying on the local

stopping criteria Mgy, o < Yrem, K (Mhigu, i + Mg p,ic) 904 (Mg i + Naag p.ic) < Valg, KNigise, - Global effi-
ciency then follows under the global stopping criteria (4.5)).

8 Numerical examples

This section presents a numerical assessment of our a posteriori error estimates and of the proposed adaptive
algorithms. We test the Uzawa and the MinRes algebraic solvers on two examples with known analytic
solution, a smooth one and another one with a singularity in a reentrant corner of the domain. The
discretization is given by the Taylor—-Hood conforming finite elements of order | = 2 on triangles.
There is, in particular, no stabilization; consequently, the block matrix A in is symmetric, C = BY,
and D = 0.

Firstly, we consider three different types of Uzawa approaches with (preconditioned) conjugate gradients
(CG) as the inner solver: 1) the “exact” Uzawa method of Algorithm[I.3] where the CG for the system (T.8) is
run until the relative algebraic residual gets below 10~1°, and with the outer stopping criterion in step
being |BU*|| < 107%; 2) the inexact Uzawa method of [26], i.e., Algorithm where the inner stopping
criterion in step is |[R¥!|| < ||BU*|| and the outer stopping criterion is as above; 3) our adaptive
inexact Uzawa method of Algorithm with the global adaptive stopping criteria with parameters
Yrem = 1, Valg,u := 0.5, Yalg,p := 0.5 and the choice of the number of additional steps vy := 5. We set the
Uzawa parameter o := 1.

Recall that (u,p) is the exact solution of , (up, pp) is the solution obtained by the finite element
discretization with exact solve of the linear system (L.7), (up’ pk) is the solution obtained on the k-th
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Uzawa iteration and the i-th linear algebraic iteration on step ([2(c)il), and (u}™,pf) is obtained via (T.8)
on the k-th Uzawa iteration with an exact algebraic solve. The dlfferent errors components are given as:

total error := ||V(u — uh I+ Bllp — k|,

(
discretization error := ||V(u — ug)| + Bllp — prlls
Uzawa (outer) error := ||V (up, — uh N+ Bllon — p’fLH,
(u,

algebraic (inner) error := ||V (u> — uh 9.

Secondly, for the MinRes algorithm, we compare 1) the “exact” MinRes method of Algorithm where
the relative norm of the total residual vector composed of RY, and R;, is requested to lie below 1077; 2) our
adaptive MinRes method of Algorithm with the global adaptive stopping criteria with Yrem = 1,
Yalg := 0.5, and vg := 5. In this setting, (u;,,p;,) is the solution obtained on the i-th step of MinRes iteration.
Here we only have three different errors components,

total error := ||V(u—uy)|| + Bllp — pull,
discretization error := ||V (u — up)| + Bllp — pnlls
algebraic (inner) error := ||V (uy, — up,)|| + Bllpr — o -

In the following, we employ the cheaper reconstruction of Remark of order 1. The entire implemen-
tation has been done with the FreeFem++ scientific calculation code [34].

8.1 Smooth solution

We consider here the computational domain as = (0,1)?, with homogeneous Dirichlet boundary condi-
tions. The exact solution is given by, cf. [33] equation 8.1 with parameter o = 1],

am ( 20ge oy Ay e 1P
—22y%(z — 1)%(y — 1)% — y2(x—2)y 1)?

and
p=x+y—1.

The volumetric force f is chosen accordingly. We consider eight levels of uniform mesh refinement. The
inf-sup constant 3 is approximately equal to 0.44 here, see [33] for a discussion.

8.1.1 Uzawa algorithms

10 T T T 107 e T Ty 10"g T T — Ty
R ; 3 E —e—totaler.
102 - — 107 = o ——disc.est. |
E 3 107 alg_u.est. 3
104 - — 10 - E alg_p. est. o
g g E 3 £ —&slope O(h?) -
g s E g 10°L _
E10° — E10's - E0E El
2 2 o 7 = [ ]
SO 1 S0 E S 10 3
& & B & F E
107 _ 10’5? E C ]
E 3 107 3
107 — 107 E E 3
or ! ! < ! \ T el Ll Ll C]

10 L L L 10 L L 10
10° ° ! 10° 10 ° ° 10° 10°

Number of mesh elements Number of mesh elements Number of mesh elements
(a) Exact (b) Inexact (c) Adaptive inexact

Figure 1: Error and estimators on uniformly refined meshes, unpreconditioned CG-Uzawa solver

We first consider no preconditioning of the CG inner solver. Figure [l| presents the total error and the
various estimators as a function of the number of mesh elements. It can be seen that the three approaches
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yield almost indistinguishable value for the total error; in this smooth case, the convergence order is O(h?).
For the exact and inexact Uzawa method, the “Uzawa” estimators 77:1’; » take the values around 1077,

whereas the “algebraic” estimators n:f;u are much smaller in the exact case than in the inexact one.
ki

) alg,p
and nfl’;u estimators, just sufficient not to influence the total error. For all the three methods, the total

estimators converge with the same speed as the total error, as proven in Theorem [7.1] (cf. also Remark [7.2)).

For the adaptive inexact method of Algorithm we terminate the computation with much larger n

10 10 10' g ‘ ‘
£ —e—total err.
107 |- — 10° —=—total est.
. —>—disc. est.
107 - — 107 1 10 alg_u. est.
—v—alg_p. est.
s —<¢—rem. est.

Error and estimators
Error and estimators
3
T
Error and estimators

107 e — . 107
« 10— — E
107 — 10 ;7
10" | | | | | 1078l I I I [ I [ ] 1oL | | | | | |
10 20 30 40 50 60 0 10 20 30 40 50 60 70 0 5 10 15 20 25 30 35
Outer iteration Outer iteration Outer iteration
(a) Exact (b) Inexact (c) Adaptive inexact

Figure 2: Error and estimators as a function of Uzawa iterations

Figure [2| focuses on the finest mesh, and displays the dependence of the total error and of the various
estimators on the Uzawa iteration. The total error and the total estimator decrease rapidly for the first
3040 Uzawa iterations and then stagnate, since therefrom the influence of the Uzawa iteration error gets
negligible. This is precisely the point where our adaptive inexact Uzawa method stops, leading to an
important economy of the Uzawa iterations necessary.
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Number of Uzawa iterations
Number of algebraic solver iterations
8
o

Total number of algebraic solver iterations

S —eo—o o o o o s
501 R 200r 107
L —8—exact
W 100/ —=—inexact
—»— adaptive
0 0 L L 1 02 L L L
0 4 8 0 20 40 60 80 0 2 4 6 8
Refinement level Uzawa step Refinement level

(a) Uzawa iterations per refinement level (b) CG iterations per Uzawa step, 8th (c) CG iterations per refinement level
mesh

Figure 3: Number of unpreconditioned CG and Uzawa iterations

In Figure [3| we compare the overall performance of the three approaches. We present the number of
Uzawa iterations as a function of the refinement level, the number of algebraic solver (CG) iterations as a
function of Uzawa iterations on the last refined mesh, and the total number of algebraic solver iterations as
a function of the refinement level. Concerning the number of Uzawa iterations, the inexact method needs
sometimes more iterations than the exact one, with, though, only few inner algebraic iterations for the last
30-40 Uzawa iterations, while the adaptive inexact method reduces this number by a significant factor. On
each outer Uzawa iteration step, the adaptive inexact method also needs fewer CG iterations than the two
other approaches. In combination, the adaptive inexact method needs the smallest number of total algebraic
solver iterations; on the eighth refined mesh, the three approaches need respectively 24443, 11374, and 6360
total algebraic solver iterations.
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Figure 4: Effectivity indices for the unpreconditioned CG-Uzawa algorithms

The total effectivity indices for the three approaches are presented in Figure [d] There are computed as
the ratio between the total estimator and the total error, i.e.,

2" +0p" 4 Migt, + 0kt
total error

total effectivity index := ,
see (6.4). This index for the adaptive inexact Uzawa algorithm appears to be lower than for the two other
considered algorithms; setting, however, the parameters Yrem, Valg,p, and 7Valg,u smaller, we obtain almost
the same effectivity indices.

Similarly as for the total effectivity index, we also define the effectivity indices for each error component
in the adaptive inexact method:

ki
disc

discretization error’

discretization effectivity index :=

ki
Malg,p

Uzawa error’

ki
nalg,u

algebraic error’

Uzawa effectivity index :=

algebraic effectivity index :=

We can see in Figure 4] right, that all of them take values nicely close to the optimal value of one; note that
the total estimate can indeed be smaller than the discretization estimate, compare with .

Finally, in Figure 5] we display the spatial distribution of the different error components (up) and of the
corresponding estimators (down), on the eighth refined mesh. We can observe a nice match.

We now consider the use of the classical incomplete Cholesky factorization preconditioner for the CG
solver with drop-off tolerance equal to 10~4. The results for our adaptive inexact algorithm can be found in
Figure[f] We can conclude that the preconditioner has a significant influence on the number of CG iterations
at each Uzawa step, but not on the number of Uzawa iterations. Our adaptive inexact algorithm reduces
here the total number of iterations by a factor of 10 in comparison with the exact one. The effectivity
indices take here similar values as in Figure [ and the estimates again match the error componentwise as
in Figure [5| (not shown).

8.1.2 MinRes algorithms

With the same analytic example, the performance of our adaptive MinRes Algorithm is showcased in
the following; we henceforth only consider the preconditionined case. As the the system matrix (1.7)) is
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Figure 5: Adaptive inexact unpreconditioned CG—Uzawa algorithm. Spatial distributions of the different
error components and corresponding estimates, 8th mesh

symmetric but not positive definite, we use block preconditioning of the form [27],

P 0
v=(0 1)
for the choice of P € RM*M  we use the incomplete Cholesky factorization with drop-off tolerance equal

to 10~* similarly to the the Uzawa case. The definition of the total effectivity indices is the same as in the
Uzawa case; for each error component, we use here

i
ndisc
discretization error’

discretization effectivity index :=

i i
nalg,u + nalg,p

algebraic effectivity index := - .
algebraic error

Overall performance of our adaptive MinRes algorithm is shown in Figure [7] Similar conclusions as
above can be drawn, namely in terms of identification of the different error components. Somewhat higher
effectivity indices are observed, though. For higher-level mesh refinement, our criterion for stopping
the MinRes solver seems to correlate with requesting the relative algebraic residual being below 10~2. For
this reason, virtually no economy in terms of the number of iterations can be seen in Subfigure Recall,
though, that our criteria choose automatically an adequate stopping point in any situation, whereas 10~
for the relative algebraic residual is just an ad hoc choice. In Figure[8, we display the spatial distribution of
the two error components (top) and of the corresponding estimators (bottom), on the eighth refined mesh.
A nice match can again be observed.
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Figure 6: Uzawa algorithm, CG with incomplete Cholesky factorization preconditioner

8.2 Singular solution

We consider here the L-shaped domain Q = (—1,1)%\ [0,1] x [~1,0], with an inhomogeneous Dirichlet
boundary condition prescribed by the analytic solution, given in given in polar coordinates by, cf. [9],

alrg) — o | SR + (14 R)sin(o)ie)
’ sin()y’ (@) — (1 + &) cos(p)P(p)

and

w1 (L+ K2 (9) + 9" (9)

1—«x

p(’f’, 50) =-r
with the function ¥ (¢) defined as

Y(p) =

)

sin((1 + k)p) cos(kw) sin((k — 1)) cos(kw)

1+k
—cos((k — 1)¢).
We consider k = 856399/1572864 ~ 0.54 and w = 37/2. There is the typical corner singularity in the
re-entrant corner (0,0). The volumetric force is here f = 0 and the inf—sup constant 3 is used with value

0.3, see [24] and the references therein. Similarly to the preceding example, we consider eight levels of
uniform mesh refinement.

—cos((1+ k)p) +

11—k
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Figure 7: MinRes algorithm, incomplete Cholesky factorization preconditioner

8.2.1 Uzawa algorithms

The overall performance of the adaptive inexact preconditioned CG—Uzawa algorithm in this test can be
appreciated in Figure[0] The estimators and total error as a function of the number of mesh elements are in
particular shown in Figure The two other approaches (exact and inexact) yield almost indistinguishable
values for the total error and estimator for this test case as well, while the algebraic and Uzawa estimators
n:f;’p and 77:1’;711 differ significantly between them, similarly to Figure [I| (not presented). The convergence
order here is O(h"). Detailed behavior of the different estimators is summarized in Figure Very decent
effectivity indices can be found in Figure in particular, the singularity has no influence on the quality
of our estimators even in presence of inexact solvers (with adaptive stopping criteria ), in complete
agreement with the theory. The rather important savings in the number of CG and Uzawa iterations can
be appreciated in Figure In particular, our adaptive inexact Uzawa method needs only around 5%
iterations of the exact one. On the eighth refined mesh, the three approaches need respectively 8321, 6518,
and 405 total algebraic solver iterations. Finally, the spatial distribution of the developed estimates again
matches the different error components very well (except for the Uzawa error, where the main ambiguity
lies in its definition itself), see Figure
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Figure 8: Adaptive inexact MinRes algorithm, incomplete Cholesky factorization preconditioner. Spatial
distributions of the different error components and corresponding estimates, 8th mesh

8.2.2 MinRes algorithms

We finally test the preconditioned MinRes algorithm. An overall assessment can be found in Figure
while Figure 13| presents the actual and estimated error components distributions. It appears in particular
that rather important computational savings in terms of the number of iterations are achieved here, in
contrast to the case of regular exact solution.

References

[1] AINSWORTH, M., ALLENDES, A., BARRENECHEA, G. R., AND RANKIN, R. On the adaptive selection
of the parameter in stabilized finite element approximations. SIAM J. Numer. Anal. 51, 3 (2013),
1585-1609.

23



10° ¢ T T — 10° T - 25 T T T
E 3 —e—totalerr. 3
C ] —=—totalest. 7
10' & - 3 ——disc. est. |
F El 10" alg_u. est. | ol |
o ; .\P\H_’_’_H ; A +a\gip4 est. ; —e—total err.
s E s rem. est. 7 8 ——disc. err.
£ r 7 E = ] alg_u. err.
30 - 3 40° =15 Ig_p. err. _|
S0k 3 10 E _,E~15 alg_p. err.
2 E 3 2 E 2
5 F E 5 5
s 5 3 3
s L[ 1 s E b
& 107 —e—totaler. i b
E ——disc. est. ] 107 b L |
= alg_u.est. 7 E
10 E alg_p.est. 3 A
£ —4=slope O(h") ]
| | | e - , !
10 L L L 10 05 L
10° 10° 10° 10° 0 2 4 6 8 10 12 10° 10° 10° 10°
Number of mesh elements Outer iteration Number of mesh elements
(a) Error and estimators, uniform refine- (b) Error and estimators, 8th mesh (c) Componentwise effectivity indices

ment

Figure 9: Adaptive inexact Uzawa algorithm, CG with incomplete Cholesky factorization preconditioner

S

o

250

n
=]

T T T 12} T T T
=4
%) il
5 —e— Exact ®
g 200F — g 100 —=— |nexact .%
2 = —»— Adaptive 2 5
s Y 1 g0} 1
1501 1 2 Q
: : 5 g
] s 60 3
2 3 g
5 100f ) 3
s —e— Exact S 40 S 102k
g —=— |nexact 5 3 —e—exact
2 500 —»— Adaptive - 2 E .
€ 20 2 —=—inexact
S - )
. > > > > = % ‘ —»— adaptive
0 f f 0 n L [l 10 L L n
0 2 4 6 8 0 50 100 150 200 250 0 2 4 6 8
Refinement level Uzawa step Refinement level

(a) Uzawa iterations per refinement level (b) CG iterations per Uzawa step, 8th (c) CG iterations per refinement level
mesh

Figure 10: Number of preconditioned CG and Uzawa iterations

[2] AINSWORTH, M., AND ODEN, J. T. A posteriori error estimators for the Stokes and Oseen equations.
STAM J. Numer. Anal. 34, 1 (1997), 228-245.

[3] AnsaM, I., NOKkA, M., AND REPIN, S. I. On a posteriori error bounds for approximations of
the generalized Stokes problem generated by the Uzawa algorithm. Russian J. Numer. Anal. Math.
Modelling 27, 4 (2012), 321-338.

[4] Ariori, M., LIESEN, J., MIEDLAR, A., AND STRAKOS, Z. Interplay between discretization and
algebraic computation in adaptive numerical solution of elliptic PDE problems. GAMM-Mitt. 36, 1
(2013), 102-129.

[5] ArRNOLD, D. N., BrREZZI, F., AND FORTIN, M. A stable finite element for the Stokes equations.
Calcolo 21, 4 (1984), 337-344 (1985).

[6] ArRrROW, K. J., HURwICZ, L., AND UzAwA, H. Studies in linear and non-linear programming. With
contributions by H. B. Chenery, S. M. Johnson, S. Karlin, T. Marschak, R. M. Solow. Stanford Math-
ematical Studies in the Social Sciences, vol. II. Stanford University Press, Stanford, Calif., 1958.

[7] BacuTa, C. A unified approach for Uzawa algorithms. STAM J. Numer. Anal. 44, 6 (2006), 2633-2649.

[8] BaNK, R. E., AND WELFERT, B. D. A posteriori error estimates for the Stokes problem. SIAM J.
Numer. Anal. 28, 3 (1991), 591-623.

[9] BANSCH, E., MorIN, P.; AND NOCHETTO, R. H. An adaptive Uzawa FEM for the Stokes problem:
convergence without the inf-sup condition. STAM J. Numer. Anal. 40, 4 (2002), 1207-1229.

24



\Mmﬁ\ il
o
S

ErrorAlgu ErrorDisc ErrorAlgp
1.410e-03 El.aéle-ol 4.302e-02
—0.0011 = 0.14 =0.032
0.0007 r | 0093 0.022
i 0.00035 E0.0M .
=1.339e-10 ~6.534e-08 1.327e-09

(a) Algebraic error (b) Discretization error (¢) Uzawa error

EtaAlgu EtaDisc 1 4 EtaAlgp
8.6456-04 5.5906-01 1.0156-02
Ezu.uuoés E,:(Ml? Ezo.non
éu.uuw r éu.zs éo.num
EU.UDO?Z EU]d EZO.OUZS
=4.409e-11 =9.741e-08 =5.708e-11
(d) Algebraic estimator (e) Discretization estimator (f) Uzawa estimator

Figure 11: Adaptive inexact preconditioned CG—-Uzawa algorithm. Spatial distributions of the different
error components and corresponding estimates, 8th mesh

[10] BECKER, R. An adaptive finite element method for the Stokes equations including control of the
iteration error. In ENUMATH 97 (Heidelberg). World Sci. Publ., River Edge, NJ, 1998, pp. 609-620.

[11] BECKER, R., JOHNSON, C., AND RANNACHER, R. Adaptive error control for multigrid finite element
methods. Computing 55, 4 (1995), 271-288.

[12] BERCOVIER, M., AND PIRONNEAU, O. Error estimates for finite element method solution of the Stokes
problem in the primitive variables. Numer. Math. 33, 2 (1979), 211-224.

[13] BorFi, D., BrREzzI, F., AND FORTIN, M. Mixed finite element methods and applications, vol. 44 of
Springer Series in Computational Mathematics. Springer, Heidelberg, 2013.

[14] BrAESSs, D., PILLWEIN, V., AND SCHOBERL, J. Equilibrated residual error estimates are p-robust.
Comput. Methods Appl. Mech. Engrg. 198, 13-14 (2009), 1189-1197.

[15] BRAMBLE, J. H., PAscIAK, J. E., AND VASSILEvV, A. T. Analysis of the inexact Uzawa algorithm
for saddle point problems. STAM J. Numer. Anal. 34, 3 (1997), 1072-1092.

[16] BrEzz1, F., AND DOUGLAS, JR., J. Stabilized mixed methods for the Stokes problem. Numer. Math.
53, 1-2 (1988), 225-235.

[17] BrEzzl, F., AND FALK, R. S. Stability of higher-order Hood-Taylor methods. STAM J. Numer. Anal.
28, 3 (1991), 581-590.

25



Error and estimators

Total number of MinRes solver iterations

10" £ T T T T T TTg 10 ‘ I ‘ ‘ ‘ ‘ 3
F —e—totalerr. 3
L —>—disc.est. ] 10° \\’\*L > E
o L alg.est. | ————e———
: \N+Slope O(h") E ; ]
= E 2 49 —
= E 2 -
r ’\’\;\M’» 7 : ]
10° = - E 10 —e—total err. ,;
E 3 = —a—total est. I
L ] 5 —»—disc. est.
L E 5107 alg. est. =
107 _ —4—rem. est. 3
E B 107 -
1072 Lol Lol RN 107° | | | | | | | ]
10° 10° 10* 10° 10 15 20 25 30 35 40 45 50
Number of mesh elements Minres iteration
(a) Adaptive inexact MinRes, un. refinement (b) Adaptive inexact MinRes, 8th mesh
3
10 5 T T T T T1IT T T T T T T T TTITT
®— exact 45 —e—totalerr. |
—=&— gdaptive 4 —»—disc. err. _|
alg. err.
»n 3.5— —
3
, 3 S 4L _
107 ] =
525~ p .
Q
&
._./._._./._./. 2— —
15— —
1= |
101 1 0.5 P | I ‘ 3 | I ‘ . | LIl 5
0 2 6 8 10 10 10 10

4
Refinement level

(c) MinRes iterations per refinement level

Number of mesh elements

(d) Adaptive inexact MinRes, componentwise effectivity indices

Figure 12: MinRes algorithm, incomplete Cholesky factorization preconditioner

[18] BRrEzzI, F., AND PITKARANTA, J. On the stabilization of finite element approximations of the Stokes

equations. In Efficient solutions of elliptic systems (Kiel, 1984), vol. 10 of Notes Numer. Fluid Mech.
Friedr. Vieweg, Braunschweig, 1984, pp. 11-19.

CARSTENSEN, C., AND FUNKEN, S. A. A posteriori error control in low-order finite element discreti-
sations of incompressible stationary flow problems. Math. Comp. 70, 236 (2001), 1353-1381.

CHENG, X.-L., AND Zou, J. An inexact Uzawa-type iterative method for solving saddle point prob-
lems. Int. J. Comput. Math. 80, 1 (2003), 55-64.

DESTUYNDER, P., AND METIVET, B. Explicit error bounds in a conforming finite element method.
Math. Comp. 68, 228 (1999), 1379-1396.

DoHrMANN, C. R., AND BOCHEV, P. B. A stabilized finite element method for the Stokes problem
based on polynomial pressure projections. Internat. J. Numer. Methods Fluids 46, 2 (2004), 183-201.

DoLEJST, V., ERN, A., AND VOHRALIK, M. hp-adaptation driven by polynomial-degree-robust a
posteriori error estimates for elliptic problems. SIAM J. Sci. Comput. 38, 5 (2016), A3220-A3246.

DORFLER, W., AND AINSWORTH, M. Reliable a posteriori error control for nonconformal finite element
approximation of Stokes flow. Math. Comp. 74, 252 (2005), 1599-1619.

26



ErrorAlg ErrorDisc
1.383e-02 1.863e-01
Eo.m Eo.u
0.0069 0.093
0.0035 0.047
=9.518e-11 =6.541e-08
(a) Algebraic error (b) Discretization error
EtaAlg EtaDisc
7.953e-03 6.106e-01
E_0.0l)é E_OASS
0.004 0.305
0.002 0.153
=1.343e-10 =1.009e-07
(c) Algebraic estimator (d) Discretization estimator

Figure 13: Adaptive inexact MinRes algorithm, incomplete Cholesky factorization preconditioner. Spatial
distributions of the different error components and corresponding estimates, 8th mesh

[25] DouGLas, JR., J., AND WANG, J. P. An absolutely stabilized finite element method for the Stokes
problem. Math. Comp. 52, 186 (1989), 495-508.

[26] ELmaN, H. C., AND GoLUB, G. H. Inexact and preconditioned Uzawa algorithms for saddle point
problems. SIAM J. Numer. Anal. 31, 6 (1994), 1645-1661.

[27] ELmAN, H. C., SILVESTER, D. J., AND WATHEN, A. J. Finite elements and fast iterative solvers:
with applications in incompressible fluid dynamics, second ed. Numerical Mathematics and Scientific
Computation. Oxford University Press, Oxford, 2014.

[28] ERrN, A., AND VOHRALIK, M. Adaptive inexact Newton methods with a posteriori stopping criteria
for nonlinear diffusion PDEs. SIAM J. Sci. Comput. 35, 4 (2013), A1761-A1791.

27



[29]

ERN, A., AND VOHRAL{K, M. Polynomial-degree-robust a posteriori estimates in a unified setting for
conforming, nonconforming, discontinuous Galerkin, and mixed discretizations. STAM J. Numer. Anal.
53, 2 (2015), 1058-1081.

ERN, A., AND VOHRALIK, M. Stable broken H' and H(div) polynomial extensions for polynomial-
degree-robust potential and flux reconstruction in three space dimensions. HAL Preprint 01422204,
submitted for publication, 2016.

Franca, L. P., AND STENBERG, R. Error analysis of Galerkin least squares methods for the elasticity
equations. SIAM J. Numer. Anal. 28, 6 (1991), 1680-1697.

GIRAULT, V., AND RAVIART, P.-A. Finite element methods for Navier-Stokes equations, vol. 5 of
Springer Series in Computational Mathematics. Springer-Verlag, Berlin, 1986. Theory and algorithms.

HANNUKAINEN, A., STENBERG, R., AND VOHRALIK, M. A unified framework for a posteriori error
estimation for the Stokes problem. Numer. Math. 122, 4 (2012), 725-769.

HEecHT, F. New development in FreeFem++. J. Numer. Math. 20, 3-4 (2012), 251-265.

HucHEs, T. J. R., AND FRANCA, L. P. A new finite element formulation for computational fluid
dynamics. VII. The Stokes problem with various well-posed boundary conditions: symmetric formula-
tions that converge for all velocity/pressure spaces. Comput. Methods Appl. Mech. Engrg. 65, 1 (1987),
85-96.

HugHEs, T. J. R., FraNCA, L. P., AND BALESTRA, M. A new finite element formulation for com-
putational fluid dynamics. V. Circumventing the Babuska-Brezzi condition: a stable Petrov-Galerkin
formulation of the Stokes problem accommodating equal-order interpolations. Comput. Methods Appl.
Mech. Engrg. 59, 1 (1986), 85-99.

JIRANEK, P., STRAKOS, Z., AND VOHRALIK, M. A posteriori error estimates including algebraic error
and stopping criteria for iterative solvers. STAM J. Sci. Comput. 32, 3 (2010), 1567—-1590.

Kay, D., AND SILVESTER, D. A posteriori error estimation for stabilized mixed approximations of the
Stokes equations. STAM J. Sci. Comput. 21, 4 (1999/00), 1321-1336.

KECHKAR, N., AND SILVESTER, D. Analysis of locally stabilized mixed finite element methods for the
Stokes problem. Math. Comp. 58, 197 (1992), 1-10.

LiN, Y. On an inexact Uzawa-type algorithm for stabilized saddle point problems. Int. J. Comput.
Math. 87, 13 (2010), 2945-2952.

LiN, Y., AND WEIL, Y. Corrected Uzawa methods for solving large nonsymmetric saddle point problems.
Appl. Math. Comput. 183, 2 (2006), 1108-1120.

MEIDNER, D., RANNACHER, R., AND VIHHAREV, J. Goal-oriented error control of the iterative
solution of finite element equations. J. Numer. Math. 17, 2 (2009), 143-172.

PaiGE, C. C., AND SAUNDERS, M. A. Solutions of sparse indefinite systems of linear equations. STAM
J. Numer. Anal. 12, 4 (1975), 617-629.

PAaYNE, L. E., AND WEINBERGER, H. F. An optimal Poincaré inequality for convex domains. Arch.
Rational Mech. Anal. 5 (1960), 286-292 (1960).

PIRONNEAU, O. Finite element methods for fluids. John Wiley & Sons Ltd., Chichester, 1989. Trans-
lated from the French.

QUARTERONI, A., AND VALLI, A. Numerical approximation of partial differential equations, vol. 23
of Springer Series in Computational Mathematics. Springer-Verlag, Berlin, 1994.

RANNACHER, R., WESTENBERGER, A., AND WOLLNER, W. Adaptive finite element solution of
eigenvalue problems: balancing of discretization and iteration error. J. Numer. Math. 18, 4 (2010),
303-327.

28



[48]

[49]

REPIN, S. I. Local a posteriori estimates for the Stokes problem. Zap. Nauchn. Sem. S.-Peterburg.
Otdel. Mat. Inst. Steklov. (POMI) 318, Kraev. Zadachi Mat. Fiz. i Smezh. Vopr. Teor. Funkts. 36 [35]

(2004), 233245, 312-313.

SILVESTER, D. J., AND SIMONCINI, V. An optimal iterative solver for symmetric indefinite systems
stemming from mixed approximation. ACM Trans. Math. Software 37, 4 (2011), Art. 42, 22.

SoNG, L., Hou, Y., AND CAI, Z. Recovery-based error estimator for stabilized finite element methods
for the Stokes equation. Comput. Methods Appl. Mech. Engrg. 272 (2014), 1-16.

TAYLOR, C., AND HOOD, P. A numerical solution of the Navier-Stokes equations using the finite
element technique. Internat. J. Comput. & Fluids 1, 1 (1973), 73-100.

VERFURTH, R. A posteriori error estimators for the Stokes equations. Numer. Math. 55, 3 (1989),
309-325.

VINCENT, C., AND BOYER, R. A preconditioned conjugate gradient Uzawa-type method for the
solution of the Stokes problem by mixed Q1-PO0 stabilized finite elements. Internat. J. Numer. Methods

Fluids 14, 3 (1992), 289-298.

WanNgG, J., WANG, Y., AND YE, X. Unified a posteriori error estimator for finite element methods for
the Stokes equations. Int. J. Numer. Anal. Model. 10, 3 (2013), 551-570.

29



