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The contact problem in Lagrangian systems subject
to bilateral and unilateral constraints, with or without
sliding Coulomb’s friction: a tutorial

Alejandro Blumentals' - Bernard Brogliato' -
Florence Bertails-Descoubes!

Abstract This work deals with the existence and uniqueness of the acceleration and con-
tact forces for Lagrangian systems subject to bilateral and/or unilateral constraints with or
without sliding Coulomb’s friction. Sliding friction is known to yield singularities in the
system, such as Painlevé’s paradox. Our work aims at providing sufficient conditions on the
parameters of the system so that singularities are avoided (i.e., the contact problem is at least
solvable). To this end, the frictional problem is treated as a perturbation of the frictionless
case. We provide explicit criteria, in the form of calculable upper bounds on the friction
coefficients, under which the frictional contact problem is guaranteed to remain well-posed.
Complementarity problems, variational inequalities, quadratic programs and inclusions in
normal cones are central tools.

Keywords Lagrangian systems - Unilateral constraint - Bilateral constraint -
Complementarity problem - Coulomb’s friction - Gauss’ principle - KKT conditions

1 Introduction

Lagrangian systems subject to (frictional) bilateral and unilateral constraints are considered.
Such systems, mathematically described in Eqs. (1a)—(1d), feature a very rich dynamics
because they are nonlinear, nonsmooth, and set-valued. A large number of studies have
been led on their well-posedness. Their goal is to formulate conditions under which (1a)—
(1d) possesses a solution, that is, a trajectory (¢(-), ¢(-)) belonging to a certain functional
space (with absolutely continuous positions and right-continuous velocities of local bounded
variations) and satisfying (1a)—(1d) for all # > 0. It also consists in determining whether a
solution is unique for given initial data (¢ (0), ¢ (0)), whether solutions depend continuously
on initial data or not, whether they converge to some equilibrium state (stability and control
analysis [36]), et cetera.
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Besides such analysis, one may in turn be interested in properties of least mathematical
relevance but of high interest for mechanical engineers. Typically, are the contact forces
calculable during persistent motion phases? Are they calculable in a unique way? If some
solvability results can be obtained in the absence of friction, what happens when Coulomb
friction is added at some contacts? More generally, how does the system evolve during per-
sistent contact phases in the presence of friction, for example, does the dynamics exhibit
some singular states? In multibody systems dynamics, these questions are to be examined
by studying the so-called contact problem, which assumes the mechanical state (g(¢), ()
to be known at a given time ¢ and considers the acceleration ¢ (¢) and the contact forces at
time ¢ as unknowns. It thus results in a merely algebraic system, for which well-posedness
remains a difficult question. Studying the contact problem is of high interest in multibody
systems, where one often wants to calculate the contact forces at a certain given time. An-
other motivation comes from event-driven numerical integration methods, where one has to
solve the contact problem at a given time where possibly the state of the system may switch
to another mode [1].

In this paper, our goal is to study conditions under which the contact problem is well
posed. We first focus ourselves on frictionless systems, then on systems with sliding friction
(single-valued law). Indeed, sliding friction is known to yield hard singularities like the
Painlevé paradoxes [4, 21, 47], whereas it has been shown in the seminal paper [48] that
sticking modes can always, under some mild assumption, be continued in another contact
mode (including detachment from the constraints).

For systems subject to bilateral constraints, necessary and sufficient conditions for the
existence and uniqueness of the acceleration in the presence of a singular mass matrix and
redundant constraints are given in [31, 59]. The computation of constraint reactions in the
redundant case is addressed via augmented Lagrangian methods in [5, 7, 18, 52] by a con-
straint elimination method combined with solvability analysis techniques in [20, 61, 63]
and by a pseudo-inverse method in [58]. Although the mechanical and geometrical inter-
pretation of the augmented Lagrangian method is well understood [7], only recently its
convergence and robustness properties have been proved in the absence of a linearly in-
dependent constraint qualification hypothesis [28]. In the case of bilateral constraints with
sliding Coulomb’s friction, Matrosov and Finogenko derive an implicit criterion in [41, 42],
which guarantees the uniqueness of the acceleration for small enough friction coefficients;
however, no explicit upper bounds are given. In [4], such an upper bound may be found but
concerns only systems with a single contact point. For systems subject only to unilateral
constraints and sliding Coulomb’s friction, an existence result based on small enough fric-
tion coefficients and complementarity theory is given in [37], and an explicit upper bound
is established in [48]. The contact problem with mixed (bilateral and unilateral) constraints
has received surprisingly less attention. Its analysis in the frictionless case with redundant
constraints and a singular mass matrix is given in [11], whereas in the frictional sliding
case, it is established in [27] that it becomes a mixed linear complementarity problem but
no explicit condition for its solvability is given.

1.1 Dynamics of Lagrangian systems subject to bilateral, unilateral,
and frictional constraints

In a Lagrangian formalism, such systems may be written generically as follows:



M(q)4+ F(q.,q,1)

= th,b(q))\n,b + th,u (q))\n,u + Ht,b(q))\t,b + Ht,u(q))“t,u; (la)

Sliding friction (Coulomb): A ; = — i [2ni| ”“—” vi#£0, 1<i<m, (Ib)
Ui

Complementarity conditions: 0 <h, ,(g) L Xy, >0, (1c)

Bilateral (holonomic) constraints: A, ;(g) =0, (1d)

where ¢ € R" is the vector collecting the generalized coordinates ¢;, 1 <i < n, assumed to
be independent when all the constraints are removed, ¢ is the vector of generalized veloci-
ties, M(q) = M(q)T is the inertia matrix, always assumed to be at least positive semidefinite
(it may be assumed nonsingular in some cases), and F (g, ¢, t) collects internal forces (in-
cluding forces deriving from a potential, plus Coriolis and centrifugal forces) and external
actions on the system such as disturbances or control.

We consider m = m, + m, constraints (or contacts) consisting of m, unilateral (in-
equality) constraints &, ,(q) € R™ and m, bilateral (equality) constraints &, ,(q) € R™.
The matrix Vh, ,(q) (respectively Vh, ,(g)) collects on each column the gradient for each
unilateral constraint (for each bilateral constraint, respectively). The vectors of Lagrange
multipliers A, , € R™ and A, ;, € R™ are associated with the unilateral and bilateral con-
straints, respectively. From a mechanical point of view, A, , and A, ; correspond to the nor-
mal components of the contact forces in the unilateral and bilateral cases, respectively, and
are obtained from the local contact kinematics [23, Chap. 10], [1, Chap. 3]. The unilateral
constraints and their associated Lagrange multipliers are related through the complemen-
tarity condition (1c), which is to be understood componentwise (per contact). It models the
fact that for each contact i, the normal contact force should not act at a unilateral contact
point if the contact is open (i.e., hy 4 ;(q) > 0 implies A, ,; = 0), and that A, , ; > 0 if and
only if A, ,.;(q) = 0. The matrices H; ;(g) and H,,(q) map the local tangential velocities to
generalized velocities (see Sect. 3.1 for more details).

The coefficients of friction at each contact point i are p; > 0. We consider in this study
frictional contacts in a sliding mode only (nonzero relative tangential velocities). Also, the
contact problem (with unknowns the acceleration and contact forces) is considered at a given
time instant. This means that by a proper choice of the local contact kinematics frames we
have ”Z:: = sgn(vy;), both for two-dimensional and three-dimensional friction.

The article is organized as follows. We first review in detail the frictionless case in Sect. 2,
where results for the bilaterally and unilaterally constrained cases are recalled. In Sect. 3, we
show how the problem gets all the more complex as Coulomb’s friction is considered and as
mixed constraints (both bilateral and unilateral) are added. Conclusions end the paper, and
some useful results are recalled in Appendices A-E.

1.2 Further notations

Mathematical notations  R” is the set of n-vectors with real entries, and R’} is the set of n-
vectors with nonnegative entries. Let a;, a,, ..., a, be some given reals, then [a] = diag(a;)
is the n x n diagonal matrix with entries a;. For a real square matrix A € R"*", its in-
duced norm is ||A|l, = maxX,eps x| =1 [|Ax[l2, where |lx]|, is the Euclidean norm on the
vector space R”. This induced matrix norm is sometimes denoted as ||All>,. We have
lAll2 = Omax (A) = v/ Amax (AAT) [6, Proposition 9.4.7], where oy, is the maximum singu-
lar value of A, and Apin(+) and A« (+) are its smallest and largest eigenvalues, respectively

[6, Proposition 9.4.7]. Moreover, if A is invertible, then o (A) = m, where opin (A)



is the smallest singular value of A [6, Fact 6.3.21]. A positive definite (resp. semidefinite)
matrix is denoted A > 0 (resp. A > 0); it may be nonsymmetric. Let f : R” — R? be a
differentiable function. Its Euclidean gradient is V f(x) = (Vfi(x) V fa(x) ... V f,(x)) €
R"*P and its Jacobian is %(x) = Vf(x)T. The cardinality of a countable set Z is de-

noted card(Z). For a set § € R”, its orthogonal complement is the subspace S~ £ {x e
R* | xTy =0 for all y € S}, and its boundary is denoted bd(S). We have Ker(A) =Im(AT)*
and Ker(A) = Im(AT)* for any matrix A.

Mechanical notations Since contacts may be frictionless, or in contrast may involve
Coulomb friction, we adopt the following conventions:

— Bilateral contacts: 1 <i <my, i.e.,i € 1.
— Frictional bilateral contacts (sliding): 1 <i <ml,ie., i € Z}.
— Frictionless bilateral contacts: mﬁf +1<i<my,ie.,i€ Il?.
— Unilateral contacts: m;, +1 <i <m,i.e.,i €T,.
— Frictional unilateral contacts (sliding): m; +1 <i <m!, ie., i € Z}'.
— Frictionless unilateral contacts: m% +1 <i <m,i.e.,i € Ifl)

We may therefore rewrite the first line in (1a)-(1d) as
M(q)g+ F(q,q.1) = Z th,b,i(q))“g,b,i + Z th,u,i(Q))“g.u,i
ieIg ieIf,)
+ Z Vhnpi(@)Anp.i + Z Hipi(@)Aep.i
iel'g iel’é‘
+ D Vhaui @i + Y Hini (@R @)
ieTt iezl

In the sequel, we usually drop the time argument to lighten the formulas.

2 Frictionless systems

This section starts with the classical KKT system for bilaterally constrained systems of
index 1 and then elaborates on how this system is transformed when unilateral constraints
are added. A thorough analysis of the ubiquitous KKT system is proposed in Appendix E.

2.1 Bilaterally constrained systems

Let us assume that m, = 0, that is, IS = (), and that I,? # (). The Lagrangian system (la)—
(1d) boils down to a differential-algebraic equation (DAE) of index 3 [24, 56],

{MMM+F%¢0=VMA®Mm .

hn,b (Q) = 0

Reducing the index to 1 consists in differentiating twice the constraint &, ,(q) = 0 to obtain
hay = Vhap(@) TG+ d (Vhn(g)T)g = 0. This new equality, combined with the dynamics,

dt



yields the following linear system:

< M(q) —th,b(q)>(fj>:( —F(q.4.,1) ) @
Vinp(g)" 0 Anb —L(Vhop(@))g )"

éMb(q)

Time-varying constraints &, 5 (g, t) = 0 may be considered in the analysis. Then

h

d a n,b
— N (g, 1) = Vhnp(qg, DT G@) + —=2(q, ¢
T b(q, 1) b(g, D)7 q(t) + ” (g,1)

and
2 d 3 dhnp
—— b (g, 1) =Vhop(q, DTG + — (Vhes(q, DTG () + — —=2(q, )G (¢
Tl »(q )q()+dt( »(q ))q()+aq 5, @ nd®

2hnﬁ
or?

d
+ (q.0).
If needed, it is thus sufficient to add the missing terms to step from the time-invariant to the
time-varying case. Recall that M (g) is assumed to be symmetric positive semidefinite (with
possibly rank(M(gq)) < n). The matrix in the left-hand side, denoted as M;(g) and often
called the DAE matrix, is ubiquitous not only in the analysis and numerics of Lagrangian
systems with holonomic constraints [24, 31, 34, 56, 57, 59, 62], but also in convex quadratic
minimization. In the latter context, the M, (q) matrix is referred to as the KKT matrix, and
system (4) corresponds to the KKT system of the following quadratic minimization problem
[8, §10.1.1]:

1
¢ (t) = argmin, <§ZTM(61)Z +F(q.q, t)Tz>

. d )
subject to Vi, ,(q)7z + E(th_b(q)T)q =0, 5)

which can be, in the case where M (¢) is nonsingular, interpreted mechanically as the Gauss
principle of least constraints applied to a Lagrangian system subject to bilateral holonomic
constraints [58].

The DAE or KKT matrix M, (g) is a positive semidefinite matrix. The fact that M, (g)
has a skew-symmetric part in (4) is not intrinsic to the problem. Indeed, it stems from an
arbitrary choice in the way the bilateral constraints are introduced in the dynamics (1a)—(1d)
and thus from the choice of the sign of the multiplier. By changing the sign of the multi-
plier, the problem may be analyzed equivalently without the minus sign in —Vh,, ;(q), thus
setting M (g) symmetric (meanwhile causing the loss of positiveness for M, (¢g)). This is
actually the convention adopted in most of the DAE literature. The next proposition gathers
solvability results for system (4) from Optimization [8, §10.1.1] and Mechanics [31].

Proposition 1 Consider the KKT system in (4).

(1) Let mp < n and Vhy ,(q) have full (column) rank my,. Then M, (q) is nonsingular (or
equivalently, given (q, q) and any arbitrary right-hand side vector of (4), there exists a
unique solution (G, Ay ) to (4)) if and only if

Ker(M(q)) NKer(Vh,,(q)") = {0}. 6)



Moreover, if M(q) > 0, then the multiplier )\,, can be computed in closed form by
solving the linear equation

Ay (@hnp +wp(q,q,1) =0, @)

where Anp(q) = Auw(g)T 2 Vhoo (@) M(q) "' Vhy(q) > 0, corresponding to the
Schur complement' of M(q) in the DAE matrix M,(q), and where wy(q,q,t) =
—Vhao(@)"M(q)"'F(q,q,t) + ;—"I(th,b(q)T)q'. Injecting the expression hyp =
—Auw (@) 'wy(g, g, t) in the dynamics then yields a dynamical system that sets the
submanifold {(q, ) € R" x R" | hy,(q) =0 and Vhy,(q)" ¢ = 0} invariant.

(ii) Let Vhy,(q) have arbitrary rank and satisfy the compatibility of constraints, that is,
—%(th,b(q)T)q' € Im(Vh,,(q)T). Then, given (q,q) and an arbitrary force vector
Flg.q.1),

— A solution (g, A p) of (4) exists, and
— The acceleration ¢ and the generalized contact force Vh, ,(q) Ay p are unique

if and only if condition (6) holds.
Proof Follows from the material in Appendix E (items (iii) (iii"), and (iv)). O

Item (ii) obviously relies on weaker assumptions than item (i) since Vh,,(g) is not
required to have full column rank m, but rather satisfies the compatibility of constraints
as in [31]. In particular, we consider in (ii) cases where m; > n, that is, where M,(q)
is necessarily a singular matrix, and where some constraints are redundant. Note that if
M(q) > 0, then the Schur complement satisfies A,;(g) = A,;,(g)7 > 0. Furthermore, we
have Ker(A,;(q)) = Ker(Vh,;,(¢)). In particular, A,,(g) is nonsingular if and only if
Vh,,(g) has full column rank m;, < n. Singular mass matrices and redundant constraints
are common features of multibody dynamical systems subject to bilateral constraints, due
to rotation parameterization [55], or redundant generalized coordinates [59, 60].

2.2 Unilaterally constrained systems

Now we assume that all contacts are unilateral, m;, = 0, that is, Z;,, = @J. Let us recall the
so-called contact linear complementarity problem (contact LCP).

2.2.1 Construction of the contact LCP

Proposition 2 Let h(-) and A(-) be two functions oftime, and let 0 < h(t) L A(t) >0 for
all t. Assume that h(-) is absolutely continuous, that h(-) is absolutely continuous in a right
neighborhood of t, and that h(-) and A(-) are right-continuous at time t.

() Ifh(t) =0, then 0 < h(r) L A(r) > 0.
(i) If h(t) =0 and h(r) =0, then 0 < h(t) L A(¢) > 0.

Proof (i) For any ¢’ > t, we have h(t') — h(t) = ft‘/ h(s)ds. Suppose that /(t) < 0. Since
fz(-) is right-continuous, there exists € > 0 such that fz(s) <O forall s € [t,t + €). Thus,

AnAn
A21An
Arp Al_ll Aq2. The Schur complement of the invertible matrix A, in A is the matrix Aj; — A2 A2_2l Ajy.

IThe Schur complement of the invertible matrix A in the m X n matrix A = ( ) is the matrix Ay —



for any ' € [t,t 4 €), we have h(¢') < 0, which is impossible. Thus, we have fz(t) > 0.
Now let fz(t) > (. By continuity there exists € > 0 such that for all ' € (¢, + €), we have
h(t') > 0. Consequently, i(z") > 0 for all ' € (¢,7 + €), and A(r) = 0. Now suppose that
A(t) > 0 and thus &(7) = 0. Assume that /2(¢) > 0, so that £ (:') > 0 forall ¢’ € (¢, 7 + €) and
thus A(¢t") =0 for all ¢’ € (¢, ¢t + €): this is a contradiction, and consequently fz(t) < 0. From
the nonnegativeness we infer fz(t) = 0. Hence, (i) is proved. Part (ii) is proved in a similar
way. |

We see that Proposition 2 involves the lexicographical inequality (%(¢) fz(t) ﬁ(t)) = 0.2
Lexicographical inequalities are ubiquitous in the analysis of unilaterally constrained dy-
namical systems; see, for example, [2, 17, 23, 54]. Assume that ¢(-) and h,,(-) are
continuous, whereas ¢(-), ¢(-), and A,,(-) are right-continuous. Replacing h(¢) with
hyyuioq(t) and A(¢) with A, , ;(#) allows us to assert that h,, ;(g(¢)) = O implies that
0 < Vhoui(@(E)TG(1) L dnui (1) > 0, whereas o ;(q(1)) =0 and Vhy, (q(t)7 (1) =0
imply 0 < Vi, (q)NTG () +w,.i(q,q,t) L Ay,.i(t) >0, where w,(q, g, t) is defined in
(10). In fact, since we disregard impacts, we may even assume that ¢(-) is continuous. In
view of this, we have the following mixed LCP (MLCP) whose unknown is the acceleration,
and which is the counterpart of (4) for unilateral constraints:

M(q)G + F(q.q,1) = Vhyu(q)Anu,

. d .
0 = )‘«n,u 1 th.u (Q)Tq + E(th.u (Q)T)q > 0.

®

2.2.2 Analysis of the contact LCP

In case M(q) > 0, the MLCP (8) is easily transformed by elimination of § to construct the
contact LCP that is the counterpart of (7):

Definition 1 (Frictionless Contact LCP) Let u; =0 forall 1 <i <m, m;, =0, m, > 0, and
M (g) > 0. The frictionless contact LCP is given by

0<Xnu L Ap(@hnu+wulg,q,t) =0, 9)

where A, (q) 2 Vhou(@)T M(q)~'Vhy,.(q) is the Delassus matrix, and

) d .
wu(q,q4,1) ==Vhy ()" M(q) ' F(q,4.1) + E(th,u(q)T)q- (10)

If at a given time ¢ the solution of (9) satisfies A, ,(¢) > 0, then the contact mode exists
at t. If A, ,(t) =0, then it may be that another mode has to be considered, depending on
wy(q,q,t) being > 0 or null (componentwise). In a more general situation, it may occur
that some components of the multiplier are positive whereas others are zero.

The next proposition gathers results from Moreau [43, 44], Létstedt [38], Pang and Trin-
kle [49], and Brogliato and Goeleven [9, 11].

Proposition 3 (Frictionless, unilateral constraints) Let u; =0 forall 1 <i <m, m, =0,
my, > 0. Let also M(q) > 0.

2(x 1 X2 ... xp) = 0 if the first nonzero entry x; > 0 or all entries are zero.



(i) The LCP (9) has a unique solution for any w,(q,q,t) if and only if the constraint
Sfunctions h, , ;(q) are independent’ (= m < n).

(1) If Ay and hyy o are any two solutions of the LCP in (9), then Vhiu(q))nn,u,l =
th’u(q)kn,u,z and w,(q, 4, ) hnw1 = wu(q, 4, t)T Anuo. If the LCP in (9) has at least
one solution at t, and given unique (q, q), then { is unique.

(iii) The LCP in (9) is solvable if for any z € R™ in the set of solutions of the homogeneous
LCP such that 0 <z 1 A,,(q)z >0, we have z"w, (q,4,t) > 0.

(iv) The implication Ay, > 0, Vhy  (@)hy, =0 = )\r{u%(th,” (@)T)g = 0 holds if and
only if the LCP in (9) is solvable.

w) If %(th,,, (@)7)g € Im(A,,,(q)) then the LCP in (9) is solvable.

Let now M(q) > 0 and the gap functions hy, ;(q), 1 <i < m, satisfy the Mangasarian—
Fromovitz constraint qualification [19].

(vi) The MLCP in (8) is solvable if Tp,(q) N Ker(M(q)) = {0}, where Tp,(qg) = {v € R" |
Vhou(q)"v >0} and @, = {q €R" | hyu(q) = 0}.

Proof Item (i) follows from the symmetry of A,, (¢) and the important fact that Ker(A,, (q))
= Ker(Vh, ,(g)) since the symmetric positive semidefinite matrix A,,(q) is a P-matrix if
and only if it is invertible. Item (ii) is a direct application of Theorem 1 in Appendix B and
implies that the mere existence of a solution to the LCP in (9) assures that the acceleration
is unique, independently of n, m and the constraints Jacobian matrix rank. Item (iii) follows
from Theorem 2 in Appendix C since A, (g) is positive semidefinite and hence copositive.
Item (iv) is stated in [49, pp. 211-212] without proof, and we give the details of how to prove
(iv) and (v) for completeness. For the “only if” part in item (iv), we notice that the condi-
tion (Ap,, > 0, Vhy (@) An,, = 0) is equivalent to (A, , > 0, Ay, € Ker(A,,(¢g))), which is in
turn equivalent to A, , being a solution of the homogeneous LCP(4,,,(¢), 0). Next, we have
the inequality AT, (= Vo ()" M(q) "' F(q,4.1) + % (Vhau(q)7)§) = 0, the first term be-
ing zero and the second nonnegative by hypothesis. Hence, the conditions for item (iii)
hold, and the LCP(A,,,(¢), w,(q, ¢, 1)) is solvable. Conversely, if LCP(A,,(¢), w,(q, g, 1))
is solvable, then there exists a feasible element z such that A,,(¢)z + w,(q,4¢,t) > 0.
Let A,, be any element such that A, , > 0, VA, ,(¢)X,, = 0. Then we have the inequal-
ity AﬁM(AnL,z + w,) > 0. From the structures of w,(q,¢,?) and A,,(q) we deduce that
){u%(th,u (¢)T)g = 0. Thus, the implication in (iv) holds. Item (v) gives sufficient con-
ditions for the hypothesis of (iv) to hold. Any element in the range of A,,(g) is or-
thogonal to the nullspace of A,,(g¢) (which is the same as Ker(Vh,,(q))). Hence, if
j—t(thy,, (¢)T)g € Im(A,,,(q)), then for all nonnegative A, , in the nullspace of A,,(q), we

have A7 < (Vh,,(¢)")§ =0, so the hypothesis of (iv) holds. The proof of item (vi) relies

n,u dt

on the results in [3]; see [11]. O

It is interesting to compare Proposition 3(vi) and (6): the null space is replaced by the
tangent cone. In [9], item (iv) is stated as %(Vhw (¢))g = 0; however, due to the structure
of w,(q, ¢, 1), it may be replaced by this inequality as noted in [49, pp. 211-212]. It is worth
noting that in item (iv) the force F'(q, ¢, t) plays no role. Let us note that if w, (g, ¢,t) >0,
then the LCP in (9) is solvable since A, , = 0 is a solution (possibly not the only one). This
is however a rather stringent requirement. Corollary 3.8.12 in [16] may also be used in our

3That is, the gradients Vhy , ;(q) are m linearly independent vectors of R"; equivalently, Vi ;(g) has
rank m.



context. Indeed, given that A,,(q) = A,.(g)T > 0, the LCP in (9) is equivalent to the convex
quadratic program

1 .
)"n,u = argminzz()(EZTAnu (Q)Z + wy (q7 q, t)TZ>- (11)

This QP is solvable if and only if it is bounded from below on the set {z |z >0, z €
Ker(A,,(g))}, hence retrieving the condition of item (iv). We shall see that when friction
is considered, the positivity of the QP matrix may be kept but, however, the symmetry is
usually lost.

The uniqueness of § may be deduced following another path that requires some convex
analysis and variational inequalities theory (whereas proving Proposition 3 requires tools
from complementarity theory [16]). The complementarity conditions in (8) are equivalently
rewritten as the inclusion in a normal cone Ay, € =Ny (Vi @Tg + %(th‘u @)N4g).
Then using the chain rule of convex analysis (see, e.g., Proposition A.2 in [12]), it follows
that

th,u(q))"n,u € _NK(q,q)(c‘i)s (12)
where
. n d .
K(q,q)= {x €R" | Vhy (@) x + E(th,u(Q)T)q > 0} (13)

is a convex polyhedral. We suppose here that K (g, ¢) is nonempty since otherwise the prob-
lem we are dealing with is simply meaningless. This translates into the classical constraint
qualification for the chain rule [51, Theorem 23.9].

Assumption 1 Im(Vh, ,(¢)") contains a point in R — £ (Vh, ,(¢)7)g.

Therefore, the MLCP (8) is equivalently rewritten as the inclusion
M(q)g + F(q.4.1) € =Nkq.y)(§)- (14)

Proposition 4 Let M(q) = 0, m and n be arbitrary integers, and Assumption 1 hold. The
inclusion in (14) has a unique solution §.

The proof follows from Theorem 6 in [3] since M(g) > 0. Consequently, the MLCP (8)
with unknown ¢ also is well posed. This in fact was proved by Moreau [43, 44] using another
reasoning. The case where M (q) has low rank r < n may be tackled via the tools in [3];
however, this is outside the scope of this article; see [11]. It is nevertheless worth noting
that the formulations in (14) or (4) do not a priori rely on the assumption that M (g) > 0,
and this will be the case of all their extensions in the sequel. The existence and uniqueness
of the acceleration for given position and velocity is closely linked to Gauss’ principle of
mechanics (which is consequently extended to systems with unilateral constraints). Indeed,
since M(q) is symmetric and at least positive semi definite, (14) is equivalent to (compare
with (5))

, 1 .
¢ = argmin g, ;) EZTM(q)z +7"F(q,4,1)

= proj ) [K(@.9): =M (q) "' F(q.4.0)] (in case M(q) > 0). (15)



The existence and uniqueness of ¢ in Proposition 3(ii) is clearly sufficient only since it re-
lies on the existence of a solution A, , of the contact LCP, whereas the acceleration existence
relies on the existence of the generalized force F;, ,(g) 2 Vhy . (q)An,,- Further quadratic
programs obtained for the unilaterally constrained case may be found in [9, §4.4.1], using
Dorn’s duality. They summarize various results (including (11) and (15)), some of which
were obtained by Moreau [43, 44] and Lotstedt [38]. It is worth noting that (14) is written in
a more general setting in [22, Eq. (8.11)] such that K (¢, ¢) = Tr,, @ (¢). Here we deal with
the case where h,,(q) =0 and Vh, ,(q)"¢ =0, that is, ¢ € bd(®,) and ¢ € bd(Ts,(q))
since it is clear that if A, (¢) = 0 and Vh,,(¢)T¢ > 0, or if h,,(g) > 0, then § is unsigned.

2.3 Unilaterally/bilaterally constrained systems

We now consider the case where both bilateral and unilateral constraints are involved. Sur-
prizingly enough, it is only recently that the analysis of this case has received attention
[9, 11], though it may represent the most common case in practice [50]. Let us write the
bilateral constraints on the acceleration level. The MLCP in (8) is augmented as follows:

(a) M(Q)q + F(Qs (’2’ l) = th,b(q))\n,b + th,u (q)}\n,uv

.o d .
(b) 0 5 )"n,u J— th,u (Q)Tq + E(th,u (Q)T)q Z O, (16)

d
©) Vhu(@'G+ E(th,m)T)q =0.

In the following, we are going to follow different paths for the analysis of this MLCP.
2.3.1 Analysis of acceleration inclusions

Existence and uniqueness of ¢ via a first inclusion Let us try to mimic the developments
of Sect. 2.2, in particular, the steps that lead to inclusion (14). The MLCP in (16) is a mixture
of equality and complementarity constraints. Let us make the following assumption.

Assumption 2 M (q) > 0, and the m;, x m; matrix A,;(q) is positive definite for all ¢ € R"
(& Vh, 5(q) has rank my).

Under this assumption, ¢ can be eliminated from (16)(a) and its expression injected
in (16)(c), yielding

Anb(@) 2npy + Vi (T M(@) ' V(@) Anu — Vhap(@) M(q) "' F(q,4,1)

Anbnu(4)

d .
+ E(th,b(Q)T)q =0. a7
We may use the latter equality to express A, as a function of A, , (the couplings between

both sets of multipliers come from the matrix Agpn(q) 2 Vhoo(@) " M(q)" ' Vh,,(q); this
shows why jumps in A, , may induce jumps in A, ;). Inserting this expression into the dy-
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namics, we obtain:

1 d
M(@)g + P(@F(q, 4, 1) + Vhap(q) (Vs (@) M(q) ' Vhai(q)) ]E(th,h(Q)T)q'

= P(q)th,u(q))\n,u»
0 < AnuL Vhnu(@) G+ %(th‘u(q)T)q >0, (18)
with
P(@) 21 = Vhyn(@)Au(@)  Vhns (@) M(g)™". (19)

This is equivalent to an inclusion that extends (14):

d
M(@)G+ P@F(q,q.t)+ Vi (@) Au(g) ™ E(th.b(q)r)q' € —P(q) Nkg.9(@)- (20)

To obtain (20), we used (12). Three facts about P(g) € R"™" are: Vh, ,(q)T M(q)~'P(q)
=0, M(q)~'P(g) € R"™" is symmetric positive semidefinite with rank r = n — m,, and
rank(P(q)) <n — 1. The first fact is obvious from (19), the second fact follows from Lem-
mas 2 and 3 in [9], and the third fact is a consequence of [6, Fact 3.8.6]. The first fact may
be used to prove that the submanifold {(x, y) € R" x R" | iy (x) =0, Vh,,(q)Ty =0} is
invariant under the dynamics in (20), which means that the multiplier A, ; plays the role of a
contact force that maintains the system on the bilateral constraint. We deduced the unique-
ness of ¢ from (14). However, (20) is more complex because of the presence of the singular
matrix P(q), which is an idempotent matrix. P(g) is not symmetric, and hence it is not a
projector according to [6, Definition 3.1.1], but it may be named a projector according to
[33, §5.8] (onto Im(P (g)) along Ker(P(q))). Let us rewrite (20) more compactly as

G+D(q,4,1) € =M @) P(@) Nkig.i)(@) 2D

with an obvious definition of D(q, ¢, t). Since M(q)~'P(g) = (M(q)"'P(¢))" > 0, there

exists a unitary matrix S(g) such that S(g)M(q)~'P(q)S(g)" = (P"é") g) with P,(gq) =

P,(g)T > 0 of dimension (n —my) x (n —m;y). Let z 2 S(q)g. Then (21) is rewritten equiv-
alently as

Pr(q) 0
0

245D a0 €~ (7600) 5@ Ny (560)73). )

The chain rule of convex analysis [51, Theorem 23.9] allows us to state that S(g) Nk (,,4) ¥
(8(q)"2) = No(q.4)(2) with @(q,¢) ={z e R" | S(¢)"z€ K(q.9)} = (S(@)") "' (K(q.9)).

For x € R", we denote by x, the vector made of its first r entries and by x,_, the vector
made of its last n — r entries. From (22) we infer that

s == (S@D@. D), , € Sr@d=—Sir (@D, 4. 1), (23)

where S,,_,(g) € R"~*" is the matrix made of the last n — r rows of S(g), whereas S, (g) €
R®*" is the matrix made of the first 7 rows of S(g). We make the following assumption.

Assumption 3 Theset @(q,¢) = {z €R"| z,-, = —(S(@) D(q. ¢, ))u—1S(@)" 2 € K(q,9)}
is nonempty.
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It is worth noting that Assumption 3 imposes some constraint on the term D(q, ¢, t)
defined from (21). Let us denote @ (g, ¢) as D, (q, ¢) since the free variable is z,, that is,

(V@' S@"), 2 + (Vhou(@" S@T), _ (—=S(@)D(q.4.1)

n—r

?:(q.4) = {Zr eR’

+ %(th,u(q)T)é > 0}. 24

In fact, Assumption 3 states that @,(g, ¢) is nonempty. We can rewrite No(, 4)(2) equiva-

lently as
( 9, Yo q.4)(2) ) _ (3z, ‘1’¢,<<q.q>(2r)>
2y Yorig.4) (2) 0 Yo q.)(2) )
where Yo, . 4)(2r) =Yg © [(VAn (@ S(@)T) 2, + wi(g, )] with

d
w(g.9) 2 (Vhau @' S@"),, (-=S@F(q.4.0),_, + - (Vhau(@)")g-

Thus, from (22) and (23) we get

2+ (S@)D(q.4,1), € =P (q) Nopq.4) () (25)

Since P,(q) = P.(q)T > 0, so is its inverse, and we can apply again Theorem 6 in [3] to
conclude about the existence and uniqueness of a solution z, to (25). Since § = S(g) "'z, we
thus proved the following.

Proposition 5 Let F(q,q,t) be given. Suppose that Assumptions 1, 2, and 3 hold. The
inclusion in (21) has a unique solution z, and the MLCP in (16) has a unique solution §.

Using (16)(a), we conclude that Vhy ,(q)Anp + Vhy,(g)Aa, is unique as well. The
uniqueness of the multipliers holds under an additional rank assumption on the gradients.
Notice that using (25) we obtain:

P(q) 'z + P.(@) "' (S(@)D(q.4.1)), € —No,(q.4(@r)
& 2, =projp -1 [9:(q.9): (S(@)D(q.4.1),]
& Findz, € @,(q.9): (P.(@) 'z + P(9) "' (S(@)D(g. 4. 1)),.v—2) =0
forall v e ®,(q, q), (26)

where the last formalism is a variational inequality of the first kind. Gauss’ principle applies
to systems subject to unilateral and bilateral constraints (as shown in [9] through various
quadratic problems). It is worth noting that a direct interpretation of the inclusion in (21) as
in (26) is not possible due to the singular matrix P(g).

Existence and uniqueness of ¢ via a second inclusion As we have seen, under As-
sumption 1, using (16)(b), we have Vh, ,(g)Any € —Nk(q.4(G). Similarly, we have
Vho(q)hns € =Ni,q.) (@) With K (g, §) = {2 € R" | Vhnp (@) 24 5 (Vhap (@G =0},

“#Here the normal cone to K, »(q., q) is simply generated by the gradients Vi, 5, i (q), 1 <i <my.
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the assumption being here that K, (g, ¢) is nonempty: this inclusion enforces the bilateral
constraints.

Assumption 4 The set K(q,q¢) N K,(g, ¢) is nonempty.
Then we have the following [11] (compare with (5), (15), (26)):
Proposition 6 Let Assumptions 1 and 4 hold. The MLCP in (16) is equivalent to

M(q)g+ F(q,q,t) € —Ngq.o)nkyq.0)(G)
& Find§e€K(q,q)NKy(q.q):(M(@)g+ F(q.q.1),v—§)>0
forallveK(q,q)NKy(g,q)

.. . 1 .
© d=agming gk, 32 M@+ F@.4.0. @7

Notice that no assumption on the rank of M(g) has been made to get (27). In order
to get the right-hand side of the inclusion in (27), we used [51, Theorem 23.8] about the
subdifferential of the sum of convex functions and the fact that the functions we are dealing
with are polyhedral.

Corollary 1 Let F(q, g, 1) be given. Suppose that M(q) > 0 and that Assumptions 1 and 4
hold. Then g is given by

G =projy ) [K(q.4) N Ky(q.4): —M(q) "' F(q.4.1)]. (28)

In fact, Assumption 4 implies that Assumption | holds. Let us notice that K(g,g) N
K, (q, ¢) is convex; hence, the projection is indeed uniquely defined. The inclusions in (27)
and (25) are not equivalent because no assumption on the rank of M (g) has been made to
get (27), contrary to (25) (indeed, Assumption 2 holds only if M(g) > 0). Again, we may
analyze (27) with M (q) > 0 only, relying on results in [3] and [11]. This may be particularly
interesting when bilateral constraints are present. Indeed, singular mass matrices are often
due to the use of redundant generalized coordinates together with bilateral holonomic con-
straints [26, 59, 60]. We may use [3, Corollary 4] to cope with (27) with a low-rank M (g),
but this would bring us too far away from the main topic of this paper. Some results in this
direction may be found in [11].

Existence and uniqueness of § and A, , via a third inclusion Let us investigate again
how one may dispense with Assumption 2 (as well as with the underlying assumption that
M(q) > 0). In (27) and (25), the multiplier A, , does not appear explicitly because it has
been eliminated in the process used to obtain these two inclusions. Let us investigate a path
that yields a direct extension of the KKT system (4). Using (12) with K (¢, ¢) in (13), it is
possible to rewrite (16) as follows:

< M(q) —th,b(q)) ( g > n ( F(q.4.1) ) . <—N1<(q,q>(ii)> (29)
Vihnp(g)" 0 Anb L (Vhnp(@)")g 0 '

Inclusion (29) represents the merging between (4) and (14). As noticed in Sect. 2.1, the DAE
matrix Mp(q) in the left-hand side of (29) is positive semidefinite and nonsymmetric. Let us
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denote the second term in the left-hand side as Fj, (g, g, t). We have that {0} = Ngm, (A4 ).

Let us define z = (Afh) and fi4.4)(2) = ¥Yk.9)(@) + Yrmy (An ). Using Assumption 1, we
may therefore rewrite equivalently (compare with (14) and (27)):

My(q)z+ Fy(q.q.1) € —=3f(4.5)(2)
& Findz e R""™ :(My(q)z + Fy(q. 4, 1), v — 2} + fig.p(0) = fig.)(2) = 0,
for all v € R"™ (30)

which is a variational inequality of the second kind.

It is worth noting that despite M, (q) € RU+m»)*+ms) jg positive semidefinite, it may
have full rank due to its skew-symmetric part. Using Appendix E, item (iii"), it fol-
lows that M,(q) is invertible if and only if Ker(M(q)) N Ker(Vh,,(g)7T) = {0} and
rank(Vh, ;(g)T) = my,. We may then conclude about the well-posedness of the system
My(q)z+ Fy(q,q,1) =0.

However, direct conclusions on the well-posedness of (30) cannot be drawn even if My, (q)
satisfies the conditions recalled in Appendix E since the well-posedness of inclusions like
(30) relies on positivity-like properties (P-matrices, copositive matrices, positive definite-
ness) and not merely on rank assumptions. This makes a strong difference between problems
involving unilateral constraints and those with bilateral constraints only.

We note that the criteria presented in [3, 11] rely on semicomplementarity problems
that use recession functions and cones. Introducing such mathematical tools is not possible
here for the sake of briefness. Nevertheless, the crucial subspace that plays a role in the
various criteria proposed in [3] is Ker(M,(q) + M;(q)T) = {z e R"*™ | M(q)§ = 0} (see
[3, Corollary 3], which applies to nonsymmetric positive semidefinite matrices).

Remark I The other (mechanically equivalent) option in (4) or (29) is to replace —Vh, ,(q)
with Vh, ,(g). As pointed out in Sect. 2.1, M,(g) is then symmetric, however, never
positive semidefinite (a necessary condition for its positive semidefiniteness is that
—~Vhap(@)TM(q)~'Vh,,(q) is positive semidefinite, which is possible only if Vi, ;(q) =
0). The criteria based on positiveness and its variants cannot be used.

The solvability Theorem 2.1 in [40] applies to (29) only if %(th,,,(q)T)q >0 (com-
ponentwise nonnegativity), which is a rather restrictive case, which holds in practice for all
velocities only if %(th,b(q)T) = 0 (therefore, it has practical interest for the static case
where ¢ = 0). This in turn implies that the index 1 formalism (constraints written on the ac-
celeration level) and the index 2 formalism (constraints written on the velocity level) possess
the same canonical form.

Conclusions Three inclusions have been constructed that extend the KKT system (4) and
inclusion (14) when both bilateral and unilateral constraints are present: (25), (27), and (30).
They rely on different assumptions, which are used to transform the MLCP in (16). There
is a significant discrepancy between Assumptions 1, 3, and 4 (which are necessary to secure
that the problems make sense, i.e., we do not consider a system with an empty admissible
space) and Assumption 2. Assumption 2 (with the prerequisite that M (g) > 0) allows us
to calculate A, and inject its expression into the dynamics in order to obtain a projected
dynamics on the bilateral constraints. On the contrary, in (27), the bilateral constraints are
enforced directly in the normal cone. Finally, (29) uses only Assumption 1. Both (27) and
(29) hold with M (g) > 0 and possibly redundant constraints.
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2.3.2 Analysis of contact LCP with a bilateral distortion

Another way is chosen in [9]. Instead of augmenting the unilateral constraints set, one uses
as above the second equality in (16) to get an expression of A, ; as a function of A, , and
inserts it into the dynamics (the first line of (16)). Let Assumption 2 hold. Then the con-
strained LCP is obtained in the same way as (9):

0 < A L Ac(@hnu +welq,q,1) =0, (3D
where the new Delassus matrix is
Adg) 2 V(@) Mc(q)™ Vi (q) (32)

with M.(q)~! 2 M(g)~'P(q) and P(q) as in (19). We see that M.(g)~" is the symmetric
positive semidefinite matrix’ that appears in the right-hand side of (21): it is the inverse mass
matrix with a distortion due to the bilateral holonomic constraints. Hence, A.(g) = A.(¢)7
is at least positive semidefinite. Finally, we have

. T —1 . T -1 d T\~
we(q, 4, 1) =Vhy (@) M(q) " ' Fy(q.q4.1) + Vhyu(q)"M (Q)E(th,b(Q) )q
d T -
+ E(th’“(q) )q (33)

with Fy,(q,q.1) 2 —M(q)F(q,q,t). Clearly, the LCP in (31), (32), and (33) is the exten-
sion of the LCP in (9) and (10), where M (g)~! is replaced by M.(¢)~" and w,(q, ¢, t) by
we(q,q,t). A proposition quite in the same spirit as Proposition 3 may be stated, which
concatenates Proposition 6, Corollary 1, and Lemma 4 in [9] and results from [11].

Proposition 7 (Frictionless, unilateral/bilateral constraints) Let Assumption 2 hold. Then:

(1) The LCP in (31) has a unique solution for any w.(q, q,t) if and only if A.(q) > 0 or,
equivalently, (Vhy, ,(q) Vhy,(q)) is of full rank.

(1) Let Any,1 and ry 2 be two solutions of the contact LCP in (31). Then Vhy ,(q) (Anu1 —
hnu2) € Ker(Mo(q)™), and GuF, | = AT, )we(q, §) =0.

(iii) Let Im(Vhy,(q)) NIm(Vh, ,(q)) = {0} for all g € R". Let Ay .1 and ry 2 be two
solutions of the LCP in (31). Then Vhy ,(¢)(Anu1 — Anu2) =0. If the LCP in (31) is
solvable, then the acceleration § exists and is unique.

(iv) The LCP in (31) is solvable if for any z € R" in the set of solutions of the homogeneous
LCP such that 0 <z 1 A.(q)z >0, we have z"w.(q, ¢,t) > 0; if ;—,(th,b(q)) =0,
%(th,u (9)) =0, and Im(Vh, ,(q)) N Im(Vh, ,(q)) = {0} for all g € R, then the
LCP in (31) is solvable.

(v) The implication ry, > 0,Vhy ,(@)An, =0= kr{u%(th,u(q)T)q > 0 holds if and
only if the LCP in (31) is solvable.

V) I (Vi@ M~ (@) L (Vho iy (@)T) + 4 (Vhau(@)T))d € Im(A,(q)), then the LCP in
(31)—(33) is solvable.

Let now M(q) > 0, and let the constraints h, , ;(q), 1 <i <m,, satisfy the Mangasarian—
Fromovitz constraint qualification. Then:

S5This is denoted as the inverse of some matrix though there is no inverse, just to mimic the case without
bilateral constraints.
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(vil) The MLCP in (16) (equivalently, (27)) is solvable if Ker(Vh,;(g)) N Ty, (g) N
Ker(M(g)) = {0}.

Item (v) stems from similar arguments as item (iv) of Proposition 3, using the spe-
cific form of w.(g,¢,t) in (33), and similarly for item (vi) (these facts were not no-
ticed in [9]). Item (iv), that is, Lemma 4 in [9], therefore states sufficient conditions
only as a direct consequence of Theorem 2 in Appendix C. As in Proposition 3, both
positivity and symmetry of A.(g) are used. It is worth noting that the independence
of the constraints h,,;(g) is not sufficient to assure (i) as in Proposition 3 because
M_.(g)~" is not a full-rank matrix. Conditions that guarantee that A.(g) > 0 are given
in [9], mainly relying on the kinetic angles values. It has been noticed in another con-
text [29, Lemma 2] that a matrix with the same structure as A.(g) is the Schur com-

. Vhy T — n nbnu
plement of A,,(g) in (th'th;T)M(q) Y(Vhap(q) Vhn,(q)) = (A/:b::‘(’;) AA’H’M(X)). Hence,
Y th,b(q)T )

Ac(q) = Apu(@) — A (@) Aup (@) " Appnu(q) is positive definite if and only if (th )T
has full row rank < Ker(Vh, ,(q) Vi, (q)) = {0} [29, Lemma 4] (a condition easier to
check than the necessary and sufficient condition of [9, Proposition 10]). The Uniqueness of
the acceleration in item (iii) holds since the right-hand side of the dynamic equation is equal
to P(q)th,u (Q))\n,u,l .

Remark 2 Consider the solvability conditions in Propositions 3 and 7. Using Corol-
lary 3.8.12 in [16], we have that the solvability of the LCP(w, (g, ¢, 1), A,.(q)) is equivalent
to the boundedness from below of the quadratic function f(z) =z7w,(q,4,t) +z7 A (q)z
for all z > 0 (and the same for w.(q, ¢,t) and A.(g)). It is known that such f(z) is
bounded from below for all z (not necessarily nonnegative) if and only if w,,(g,q,t) €
Im(A,,(g)) [8, §a.5.5]. Thus, the condition that w,(q,q,t) € Im(A,,(q)) may be used
for solvability of the contact LCP as a sufficient condition. In view of the structures
of the terms w,(q,q,t) and w.(q,q,t) in (10) and (33), if %(th,u(q)) € Im(A,,(q))
(resp. [Vhnu (@) M(q) ™" L (Vhop(@) + 4 (Vhnu(9)]g € Im(Ac(g))), then w, (g, 4, 1) €
Im(A,.,(q)) (resp. w.(q,q,t) € Im(A.(q))) if and only if F(q,q,t) (resp. Fu(q,q,1)) be-
long to Im(Vh, ,(¢q)). This is more restrictive than the conditions in Proposition 3(iv) and (v)
and Proposition 7(v) and (vi).

2.3.3 Analysis of the MLCP (16)

Let us analyze the contact MLCP in (16) with relaxed Assumption 2.

Proposition 8 Let us consider (16). Suppose that %(th,b(q)T)q € Im(Vhy,,(q)7"). Then
the solvability of the contact LCP holds if and only if Vh, , (q)T [z+y]+ % (Vhou(@)T)g >0
for some z e R" and y € Ker(Vh,,(q)7).

Proof From (17) it follows using the assumption of the proposition that there exist z € R”
and Y€ Ker(th,b(Q)T) such that th,b(q))\n,b = _th.u (q)}"n,u + F(qv q.’ t) + M(CI)Z +

M (q)y. Inserting this expression into (16) (b) and using (16) (a), we find that A, , has to
satisfy the degenerate LCP

d .
0 <Ayl Vhy (@ lz+y]+ E(th.u (@")g =0. (34)
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Clearly, this complementarity problem has a solution if and only if Vh,,(¢)T[z + y] +
L (Vhou(@)")g = 0. O

Applying Theorem 2 in Appendix C and noting that in the degenerate case with M =0,
we have Qp = Qf = R’f" , provides a sufficient condition. It is worth noting that the assump-
tion of the proposition is implied by Assumption 2. If (17) is seen as a linear equation with
unknown Vh, ;,(q)An . then this condition is necessary and sufficient. Lotstedt analyzes in
[38, Lemma 5.2] a mixed LCP that corresponds to (29) or to (16) written at the multipliers
level with the assumption that < (Vh, ,(¢)")¢ =0 and 4% (Vh, ,(¢)")g = 0° (the MLCP in
(5.2a)—(5.2c) in [38] is easily obtained from (16) with this assumption). This allows us to
relax Assumption 2 to rank Vi, ;,(¢) < min(n, mp) and rank Vh, ,(¢) < min(n, m,), which
guarantee the existence and uniqueness of Vh, ,(¢)An, and Vi, , (q))»,w.7 ‘We tend to be-
lieve that the analysis of (29) using the tools on well-posedness of variational inequalities in
[3] could yield similar results in a more general setting.

3 Systems with sliding Coulomb’s friction

We now turn our attention to systems that are subject to Coulomb’s friction. As announced
before, we only deal with sliding friction, hence encapsulating the 3D case as well.

3.1 The Lagrange dynamics with sliding friction

Using suitable local kinematics frames (see, e.g., [1, §3.3]), we can define the (scalar) tan-
gential velocity v;; # 0 and formulate the sliding Coulomb’s friction as

Ai = —WilAnil &, where & € {—1; 1} is unequivocally given by the sign of vy ;.

Let v, be the vector that gathers local tangential velocities for the bilaterally con-
strained contact points, and vy, its unilateral counterpart. Then the local operators H, ;(q)
and H,,(q) define a local mapping between local and generalized tangential velocities,
written as v, = Ht,;,(q)Tq' and v, = Hy, (@)7g. Let Fi;, denote the generalized force
resulting from the contribution of the frictional (tangential) forces acting on the system.
From the principle of virtual works it follows that vf pALL = GTHp(q)Mp =T Fip. Hence,
Fip = H; ,(q) A, and similarly for the unilateral constraints. Then, using (1a) and (1b), we
obtain

M(q)G + F(q.q,t) = Vhyp(@)Anp + Vhnu (@hnu — Hop (@) [10118s] 1An,5]
— Hy (@) [adlEu] Ao, (35)

where [x;] denotes the diagonal matrix diag(x;) for 1 <i <m,, and [x,] the diagonal ma-
trix diag(x;) for m, + 1 <i <m, and where |Anp| = (Anp1l [Anpo2l--. I)\n,b’mhl)T e R™,
Note that the unilateral normal forces A, , do not need to be expressed in terms of absolute
value since they should always remain positive due to the complementarity constraint (1c).
Equation (35) serves as a starting point to analyze (1a)—(1d) with sliding Coulomb’s friction.

60r, more generally, that 4 (Vhy 4(9)7)g € Im(Vhn p(9)T) and 4 (Vin (@) € Im(Vhn,u(@)7).

7Theorem 1 in [15] is wrongly used in the proof of [38, Lemma 5.2]; however, this does not call into question
the result, which is right.
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The Lagrange dynamics with unilateral constraints, Coulomb’s friction and impacts
as in (35) are very well developed in [36, Chap. 5], whereas their Lyapunov stabil-
ity is analyzed in detail in [36, Chap. 7]. Since we are dealing with the impactless
contact, (35) has to be completed with (Ic) and (1d). Notice that A}, Vh,,(q)"¢ =0
since Vh,,(q)T¢ = 0. From Proposition 2 we have 0 < Ay, (t) L Vhy,i(q@)Tg@) >
0 Apui(t) € —0Wg, (Vhnui(g@)Tq(t)) for all i such that h,, ;(g(t)) = 0. Suppose
that all m, unilateral contacts are active. Then from [51, Theorem 23.9] it follows that
Vho (@ hnu € —0%r,, (r(q) With T, (q) ={z € R" | Vh,, (¢)Tz = 0}.% These develop-
ments may be used to prove that the contact forces (including tangential ones) dissipate
energy, provided that X, , and X, exist.

It is worth noting, however, that Coulomb’s law cannot be written as an associated law’
[25, §4]. This means that the right-hand side of (35), together with the complementarity
conditions, cannot be written compactly as the normal cone to some convex set. De Saxcé’s
bipotential function [53] allows us to recover an associated form at the local kinematics
level, however, at the price of using a modified tangential velocity [1, §3.9.2].

3.2 Bilaterally constrained systems

In this section, we analyze different cases and show that various results may be obtained on
the well-posedness of the contact problem, depending on the assumptions made.

3.2.1 All frictional bilateral constraints

Suppose that Il? = (), that is, mﬁf = my, and that all contacts are sliding: &; 2 sgn(vp,i) €
{—1, 1}. Using (35), the extension of the KKT system in (4) is

( M(q)  —Vhay(q) + Hop(@) ] [sgn(xn.b)]> ( g ):< —F(q,4,1) )
Vhap(q)" 0 Anb — 4 (Vhup(@)T)g )

éMbus (@)
(36)
and we may denote the matrix in the left-hand side of (36) as M}t (¢). Comparing with (4),
we see that friction modifies the system matrix, not its right-hand side. Bilateral friction
introduces a nonlinearity or rather a piecewise linearity in the variable A, ;.
A direct way of analyzing the existence and uniqueness of solutions (g, A, ;) of (36) is
to form the analog of (7),

Ao @D — A (@1 Mn | + wi(g, g, 1) =0, (37

where the absolute value is meant componentwise, and A,;(q) 2 Vhao(@)TM(q)" Hyp(q)
is a Delassus-like matrix coupling normal and tangential frictional effects. By inspecting
each of the 2™ possible signs of A, , we obtain 2" linear systems. We may solve each
such system and obtain a candidate solution 1, ;. If the signs of the newly computed A,
coincide with those of the assumption, then a solution has indeed been found; otherwise, it

8The notation for this set is chosen to recall that under some constraint qualification (like Mangasarian—
Fromovitz), Tg, (¢) is the tangent cone polar to the normal cone.

9 A contact law is associated if it can be expressed as an inclusion in the subdifferential of a convex, proper
function, i.e., it admits a convex pseudo-potential.
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is rejected. If no solution or several solutions are found, then the system is said to be wedged
or jammed. Such an exhaustive procedure would yield necessary and sufficient conditions
on the parameter values for a unique solution of problem (37) to exist (see [4] in the case of
a single contact). However, in practice, it becomes intractable for systems with more than a
few contact points.

In the rest of this section, we present two alternative ways to derive sufficient conditions
for Eq. (36) to have a unique solution. Problem (37) can be treated as a perturbation of the
frictionless problem (7) and the nonlinearity introduced by bilateral friction can be treated
via a fixed point argument or via complementarity theory.

Proposition 9 Let (q,q) and F(q, q,t) be given. Let A,,(q) be positive definite. Suppose
that all contacts are sliding (v p; # 0) and that

_ O‘min(Anb (4))

rB_ax Mi < anax(CI) = m~
i=m max t

1 (38)

Then the bilateral sliding friction problem (36) has a unique solution (g, y p).

Proof Under the rank assumption made in the proposition, system (36) is equivalent to

G=M@) " Vhup(@hns — M@~ Hip(@lo] [sgnin)]1Ansl = M(@) " F(g. 4. 1),

Anp( DAy — A (@ ENAnp| +wp(g, g, 1) =0.
(39)
Since A,,(q) can be inverted, A, is a solution of (36) if and only if A, , = A;,}A,h[pg] X
IAns| — A wy. Letting T(x) 2 A7 Ay [u&llx] — A wy, we will show that the mapping
T (+) is contracting under (38). Indeed, we have:

7)) =T, = A Awlegl(1x] = 1) |, < | A ALl | 1x1 = 1v1]
<[ A, Awli€l],lx = yll2 (40)

for any x,y € R™. By the property of induced matrix norms [6, Proposition 9.4.3]

and the fact that ||[a]||, = max; |a;| we have maX <;<, i; < m, which implies
== b 121A 112

||A;b' A;p[pé€]lla < 1. Hence, T(-) is contracting. Using the Banach fixed point theorem, we
conclude that a unique solution A, ; to (39) exists. The existence and uniqueness of the
acceleration in (39) follows from that of A, . O

The upper bound for the friction coefficients in Proposition 9 is necessary and sufficient
in the case of a single contact. In the general case (several contact points), it is only suffi-
cient. Depending on the mechanical system under consideration, the friction bound may or
may not be conservative. Note, however, that the actual critical friction bound over which
Painlevé-like paradoxes occur may, in fact, be arbitrarily small [35].

The following result is similar to Proposition 9. It has a stronger requirements on the fric-
tion bounds, but the proof uses complementarity theory rather than a fixed point argument,
and the decomposition introduced is a key in decoupling frictional and frictionless parts in
the mixed unilateral/bilateral case studied in Sect. 3.2.2.
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Proposition 10 Let (¢, q) and F(q, q,t) be given. Let A,;,(q) be positive definite. Suppose
that all contacts are sliding (v ;; # 0) and that

1
max u; <
1<i<m 3

12 (@),

where /Lrbnax(q) is defined in (38). Then the bilateral sliding friction problem (36) has a
unique solution (G, Ay ).

Proof The proof consists of three steps: reformulating (37) as a horizontal LCP (hLCP'?),
casting the hLCP matrix as a perturbation of a positive definite matrix, and applying Corol-
lary 3 in Appendix D. We can write [sgn(A, 5) 1 n s = |Anp|. Following [27], let us introduce

At 2 W and A~ 2 M"”‘% Solving (37) boils down to find A" and A~ such that

(A (@) = A @1pE AT = (Aup(@) + A (DI pEN)A™ + wi(g, . 1) =0,

41)
0<AtLA™ >0.

As pointed out in [27], a solution to the hLCP (4 1) exists and is unique if and only if A, —
A p€] is invertible and (A, — Am[sE]) " (Ans + Al sE]) is a P-matrix. The upper
bound on the friction coefficient assures ||Anb Aplp€lllr < ||A”b Appll2llilslll < 3 < 1,
securing that  — An A;p[p€] is nonsingular and that its inverse can be written using Taylor
series expansion. The hLCP matrix, whose positive deﬁniteness we want to enforce, can
be rewritten as (A, — A lisED) ™ (Au + A1) = (1 = Ayl AplisED) ™ Ay Aw (L +
A A€ D) = (5 (At A ipE DI + A A€ ]) = 142 12 (A Anlias ).

A .

=K.(q.9)
From Corollary 3 in Appendix D it follows thatif || K, (¢, §)|l2 < 1, then I + K, (g, §) > 0."!
The upper bound iumdx (g) is chosen specifically so that the following condition holds:

1K, (g, )l <23 1A, AnlFlllalll* < 2325 1A,, Al m<1- O

Example (A bilaterally constrained system with two frictional contacts) We now consider
the so-called Painlevé—Klein system depicted in Fig. 1(a), where a rod is subjected to two
bilateral frictional constraints with friction coefficients |, ;. Proposition 9 can be used to
study this system. It has been long known [47] that the contact LCP of this system has a
unique solution for the multipliers if and only if |u; — wo| < ﬁ; this necessary and suffi-
cient condition can be thought of as defining a region in the (u;, ) parameter plane, and it
is depicted in dashes in Fig. 1(b). In contrast, the merely sufficient condition of Proposition 9
defines a smaller region in the friction parameter plane (the dotted square in Fig. 1(b)). The
proposition states that if max (i, jty) < 22l “then the multiplier vector exists and is

Omax (Ar5(0))
unique. Explicitly computing the singular values for arod of length 1 m and mass 1 kg yields

max (i1, 1) < 14, (60)

A

2 ;\/—(3cos2 (0) + 1)|3cos? () — 1| + 9cos* (9) + 1,
3/ —cos(49) +1

108ee [1, Definition 12.23].

YN positive definite matrix is also a P-matrix.
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Maximum friction as a function of §

1 — p2| < rf,g 3.0

H2

S - oo
maz (i, z) < s (6) 00 02 04 06 08 1.0 12 14 L6

(a) Rod with two bilateral constraints (b) Conservativeness of ;***(6) (c) pgre®(0) for the Painlevé-Klein system
Fig. 1 Friction bound for the Painlevé—Klein system

and it can be checked numerically that anax(e) < W for all 6 € ]0; 7/2[. In Fig. 1(c),
wp(0) is plotted as a function of 6. If the system is at a certain state 6 and the friction at

each guide is less than the value 1, (@) on the curve, then the contact force exists and is
unique.

3.2.2 Mixed frictional/frictionless contacts

Let us now assume that Ig #  and T, # : some of the bilateral contacts are frictionless,
the others are frictional. We rewrite (35) in its index 1 form:

M(@)i + F(q.4,1) = VhS (@A), + VA (@i, + H (@) (o l[E][sen(rh )] A%,

0 d 0 d n 42)
Vh b(Q) q+d (Vh b(CI) )q 0, Vhy };(‘1) q+d (Vh b(Q) )q:O.
In a matrix form, we get an extension of (36):
M@  —VR,(q) —Vh',(@)+ H @I lEsenGLDT [ i
Vi ()" 0 0 A,
Vh“b(q)T 0 0 )»f,fh
—F(q,q.1)
= -4V, (@"q |- (43)

— LV ()

Similarly to all frictional cases, assuming that M(g) > 0 and that the nonfrictional con-
straints are independent, we obtain a reduced system, where the only unknown is )Lﬁi »- Under
these assumptions, system (42) is equivalent to (the argument ¢ is dropped)

§=—M""F(q.q.0)+M'Vhy a0, + M7V, — MTUH g4 .
LA TEI M|

_ d .
(a2 (o) b F = () a )

(Al — (A" (A%) T AL, — (Al — (A) " (AD) ™" AR gl[ak | + Dy =0,

Ky =—(A%) " A, + (A7)
(44)

where Aog(q) = Vhob(q)TM (q)‘IVhOb(q) is the matrix of normal/normal friction-
less couplings, Anb (@) = Vh) ()" M(q)"'VhY ,(¢) is the matrix of normal friction-
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less/normal frictional couplings, AO“ (q) = VhS (¢)"M(q)""H/,(q) is the matrix of
normal frictionless/tangential frlctlonal coupllngs Aﬁ,l (@) = Vh“b(q Y M(g)™! [’f »(q) is
the matrix of normal frictional/tangential frictional couplings, and, finally, w,(q, ¢, 1) e

AN (AM) (VRO MTF — L(VRO,))) — (VR )T MTUF — L(Vh,)T)g) is the
vector collecting all remaining terms in the last equation. Hence, the problem is reduced to
studying essentially the same equation as (37) in the all frictional case (which was itself an
extension of (7)):

A (@M, — A (@REN|A | + Ds(g. 4. 1) =0, (45)

where A, = ALY — (Ap)T(A%) 1A and A,y = Al — (AY)T(A%) A Tt is im-
portant to observe that A,,(¢) is nothing but the Schur complement of A”“ (¢) in the
matrix (VA), Vhi )T M~ (Vh), Vh},). So Aup(q) >0 and A% (q) > 0 if and only if
(VhY, VR, )" M~ (Vh, Vh“b) > 0. Hence, if (VhY ,(q) Vhl ,(¢)) is of full rank, then
A,,b (g) is invertible. We deduce the following result.

Proposition 11 Let (¢, q) and F(q,q,t) be given, and v ; # 0 for alli € I;f. Assume that
the matrix

(VA0 (q) VA" (@) M(@) " (VRS (@) VA", (@) (46)

(A (4)) , then the solution (g, Xn b Mo p)

is positive definite. If, furthermore, maxX<j <, i < o @)
- max (A7h

of system (42) exists and is unique.

The proof is almost the same as that of Proposition 9: the existence and uniqueness are
obtained by a fixed point argument, and the bound on the matrix norm guarantees that an
affine operator is contracting. Assumption (46) is there to ensure that A,;(g) is invertible.

3.3 Unilaterally constrained systems

We now assume that m;, = 0 and m,, > 1. The unilateral sliding friction problem then con-
sists in finding the accelerations and contact forces (g, A,,) that are the solutions of the
MLCP

M(Q)q + F(q7 47 t) = (th,u (l]) - Ht,u (Q)[M] [S]))\n,us

o d N )
0= Vinu (@' + 2 (Vhnu(@)')d L 2o 2 0.
3.3.1 Augmented contact LCP
If M(g) > 0, then the problem boils down to an LCP. Let us introduce the matrix
Aupe(@) = Vhy (@) M(g)™! (Vhnu(q) — Heu(@) 1] [£]) (48)
= An(q) — An (@8] (49)

with & = sgn(vi i), Vi 7 0 for 1 <i <m,. Then the frictional contact LCP, which ex-
tends (9), is given by

0=<2nuL Aupe(@rnu+wi(g,q,1)=0 (50)

with w, (q. ¢, 1) in (10).
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Proposition 12 Let (¢, g) and F(q, q,t) be given, and v, ,, ; # 0 for 1 <i <m,,. Let A,,(q)
be positive definite and suppose that

A Omin (Anu (61))

= 7. 51
e (Ara(@)) G

u
max f; < fy..(q)
1<i<m ! max

Then the matrix A, ,, ¢ (q) is positive definite, and the contact LCP (50) has always a unique
solution Ay, (q, q,t, L), which is a Lipschitz continuous function of w,(q, q,1t).

The last result follows from basic complementarity theory [16]. The fact that (51) guar-
antees that A, , :(q) > 0 may be proved using Corollary 3 in Appendix D. Proposition 12
thus states that whatever the status of the tangential contacts may be (provided that they are
sliding), A, , can always be calculated uniquely. As alluded to above, extending Proposi-
tions 3 and 7 requires some care because even if the LCP matrix may still be positive (semi)
definite when a sliding friction is involved (because the “disturbance” due to friction is
small), its symmetry is usually lost. Symmetry is an important property (see Theorem 1(d)
in Appendix B). When A, , :(g) > 0 but not symmetric, then using [16, Theorem 3.1.7],
various properties of the solutions may be derived (however, Proposition 3(ii) cannot be
stated due to the lack of symmetry): if A}, and A2, are two solutions of the LCP (50), then

nu

M (Au s (@) — Aupe @AY, = (A, — A )wu(g. 4. 1). Also, solvability implies that

the set of solutions is polyhedral. Using a characterization of copositive matrices [8, §4.41],
we may state the following, which may be seen as an extension of Proposition 3(iii, iv).

Corollary 2 Suppose that there exists [£] such that the matrix A, (q)[1t,] [E] is elementwise
nonpositive. Then, provided that (0 < An, L Ay s(@)Any > 0= ){u wy(q,q,t) >0), the
LCP in (50) is solvable.

Indeed, from [8, §4.41], the sum of a symmetric positive semidefinite together with an el-
ementwise nonnegative matrices is copositive. Hence, under the stated conditions, A, ;. ¢(q)
is copositive. Then apply Theorem 2 in Appendix C. Thus, Corollary 2 boils down to testing
whether tangential velocities signs exist such that the perturbation matrix has all its entries
nonnegative. As simple examples like the classical Painlevé sliding rod show [21], this may
be the case. Obviously, reversing the tangential velocities signs may destroy the copositivity
of A, ,.:(g) and may induce singularities like Painlevé paradoxes. It is worth noting that a
direct extension of item (v) in Proposition 3 is generically not possible because A, ,, ¢ () is
nonsymmetric. Thus, the characterization of the solutions of the homogeneous LCP is not
straightforward.

Notice that in a sticking regime where v, = 0, the LCP in (50) is not sufficient to calculate
An., uniquely because the selections of the set-valued term sgn(v;) = sgn(0) = [—1, 1] are
still to be determined. We have to resort to Coulomb’s law at the acceleration level [23, 48]
to determine which type of transition the system undergoes.

3.3.2 Inclusions and Gauss’ principle

It is of interest to investigate whether or not some minimization problem for the accelera-
tion may be obtained in the sliding frictional case. The starting point is the MLCP in (47),
which is transformed using (49) into an inclusion that generalizes (14). The question is then

whether or not an extension of (15) exists or not. Let ij 2 Vhou(@) TG + %(th,u @)"q,
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and M(q) > 0. Using similar tools from convex analysis as in the foregoing sections (see
(65)), we obtain:

d
ij _E(Vh"*“(q)T)q‘ + th,u(q)TM(q)*lF(q, q,t) € _Au,ltf(q)alp]&'j:” (). (52)

A~ .
=Fup.e(q.q9.1)

Let the conditions of Proposition 12 be satisfied. Then we have
Au,u.&' (q)alp]Ri” (77) = Au,u,& (q)alp]RT‘ (AMA,H,E(q)TAu,/L,&' (q)iTﬁ) = N£(q) (;)

with ¢ = A, ,.£(q)~Tij, where £(q) = {z € R"« | A, .£(q)"z > 0} is a nonempty closed
convex (polyhedral) set, and we used the chain rule of convex analysis [51, Theorem 23.9].
Inclusion (52) is then equivalently rewritten as

Aup (@4 Fupe(q, g, 1) € =Ne)(©), (53)

where F, ,¢(q.4,1) = A,,fuyg(q)TFu,,L,g (q. g, t). The crucial fact here is that A, ;, ¢(g) >0
is not symmetric. However, from [19, §1.1] it follows that inclusion (53) is equivalent to the
variational inequality

Find ¢ € £(q) : (Auue@' ¢+ Fuyue(q.g.1).2—¢) =0 forallz e (g). (54)

Since Ay ¢(q) > O, it follows that the mapping x — A, ,:(q)"x + F,.(q,q,1) is
strongly monotone [19, p. 155], so by [19, Theorem 2.3.3] the variational inequality in (54)
has a unique solution ¢*. This solution also satisfies [19, p. 158]

£ =proj[£(q); Auue(@"C* + Fupe(q.q,1)]. (55)

Equations (53) and (55) may be considered as the counterpart of (14) and (15), or (21) and
(26), or (27) and (28) for unilateral constraints with sliding Coulomb’s friction. Consider the
LCP in (50): the extension of (11), which is the minimization associated with the LCP (9),
is not clear due again to the lack of symmetry of A, , :(q).

3.4 Unilaterally/bilaterally constrained systems

Let us consider again systems as in Sect. 2.3, but with friction at the contacts.

3.4.1 All contacts with friction

Let us first assume that all contacts are frictional, that is, I,? = IS = (). Let us consider
(la)=(1d) in its index 1 form, that is, with the acceleration constraints Vh,,(q)7g +
4 (Vhop(@)7)g =0 and 0 < (@) L Vhn (@7 + L (Vhau(q)")§ > 0. The dynamics
in (1a)—(1d) becomes

M(CI)CI = thb(q))\n,b - Ht,b(LZ)[MbSb]Mn,H + thu(q))\n,u - Hl,u (q)[:uu‘i:u]}\n,u
- F(q, q‘v t),

Vhan(@) G + %(th,h(qf)q' =0, (56)

. d .
0 < hny L Vi (@)G+ E(th,mf)q > 0.
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By inverting the mass matrix, § can be expressed as a function of the multipliers. Intro-
ducing At = M and A~ = w as in Proposition 10 casts the piecewise linearity
induced by the absolute value into a complementarity formalism. The problem is thus trans-
formed to determining whether for arbitrary parameter values and arbitrary vectors wy, w,,
the following MLCP has a unique solution (A* (g, §), A~(¢. ¢), .. (g, 4)):"?

(Anb - Atb[Mbgb]))\Jr - (Anb + Atb[l‘l/bsb])A’7 + (Anbnu - Anbru [/’Lugu]))‘n,u +w = 0,
0= (Anunb - Anutb[ﬂbéb]))‘Jr - (Anunb - Anutb[“bsb]))‘7 + (Anu - Atu [Muéu]))‘n.

L 57
+ w» L )"n,u = 0»
0<At LA™ >0,
where
. A T -1 . d T\
wi(q, 4, 1) =—Vha,(q)" M(q) F(q,q,t)+E(th,b(q) )q
and

d
w2(qv q‘v t) é _th,u(q)TM(q)ilF(qv qv t) + E(thu(q)T)q

possess the same structure as w, (g, ¢, t) in (10). Assume that the conditions of Proposi-
tion 10 hold. Then A, (q) — A () [1p€p] > 0, and the problem is to determine the existence
and uniqueness of a solution (A~ (g, ¢), M. (g, ¢)) (for arbitrary ¢, ¢) of the following LCP
(the argument ¢ is dropped):

A A~'A -A"'B AT 21
OS(M,)L(CA”A—E D—CA*‘B)(}LM)"_(ZZ >0, (58)

A
=M (9)

A n A
where A = Ay — Atb [Mbé;:b]’ A é Anb + Atb [Mb%‘b]’ B é Anbnu - Anbtu [Muéu]s C= Anunb

=~ A A A —
Anutb[ﬂ/hgh]a C= Ammb + Anutb[:ubgb]’ D= Anu - Atu[ﬂ/uéu]a 1 = —A lwla and 22

wy, + Czy.

Remark 3 When all the contacts are frictionless, the LCP in (58) has the form

- 1 _AilAn nu -
05(A )J_ b Enme (’\ >+<Z1>zo. (59)
)"n,u 0 Anu — AZbrzuAnb Anbnu )"n,u )

A
=m0 ()

The second line is an LCP involving X, alone and is the same as the LCP in (31). Thus, its
solution A, exists and is unique, provided that all the constraints are independent. Under
this assumption, it follows that A~ also exists and is unique for any (z;, z»); hence, the matrix
Mb?b (q) of the LCP (59) is a P-matrix.

A _ A _
2Recall that  Apyunp(@) = Vhnu(@T M@ 'Vhnp @), Anub@ = Vinu(@T M@~ Hep(@),
A _
Anbnu(q) = Anunb(‘])T7 Anbru(q) = th,b(‘])TM(‘]) lHt,u (q)-
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We have the following decomposition for the matrix in (58): M!, (¢) = M,?b (@) +
P,(q,q), where ||P,(q.q)| tends to zero as the friction coefficient y; goes to zero for
each contact. Once again, the matrix from the frictional LCP is obtained as a perturbation of
the frictionless one (59). Here sufficiently small friction coefficients will guarantee that M,
is a P-matrix. Let us provide some details on the matrix P, (g, g). We know from Sect. 3.2
that A™'A = I + 2K, (¢, ¢) with K,.(q,§) = Y 72, (A,} Awlup&s]). Using the same de-
composition for the other blocks of M", (¢), we obtain:

AT'A=T1+2K,(q,9), (60)
_AilB = _A;[}Anbnu + (I + KM(Q» q‘))A;blAnbtu[luquu] - Ku(qa é)A;;Anbnus

(61)

CAT'A—C=0-2Auulmés] + CK,(q.4), (62)

D — CA?IB = Anu - A,{bnuA;[,lAnbnu - Atu [/'Lugu] + Anutb[ﬂbg;:b]A;bl Anbnu
+C((I+ Kpu(q: D) Ay Aupralitaba] = K1u(q. 9 Ary App)- (63)

By Theorem 3 in Appendix D, if || P, (g, ¢) > < l/ﬂz(MSh(q)), then M", (q) is a P-matrix.
We can therefore derive an explicit maximum value of all friction coefficients below that
guarantees the existence and uniqueness of a solution to problem (56).

Proposition 13 Let (q,q) and F(q,q,t) be given, and v,; # 0 for all i. Assume that
M(q) = 0 and A,,(q) > 0. Suppose that all the constraints are independent, that the bilat-
eral friction coefficients satisfy max<;<m, ,u? < ;Lf’nax(q), and that || P,(q, ¢) |2 < m.

ub
Then Ml’;b (q) is a P-matrix, and there exists a unique solution (§, Anp, Any) to the LCP in
(58) for any z1, zo and thus to the mixed sliding friction problem (56).

We see once again that there is no obvious quadratic problem that could be associated
with the LCP in (58) because M,'jb (g) is guaranteed to be neither symmetric nor > 0.
Example Proposition 13 defines implicitly a friction bound p,;*(g) below which frictional
singularities are avoided. We compute it numerically for the example of a falling ladder in
frictional bilateral contact with the wall and frictional unilateral contact with the ground as
in Fig. 2(a). The ladder is modeled as rod of length 2 m and of mass 1 kg. Figure 2(b) depicts
the evolution of the friction bound as the rod slides from a vertical position to a horizontal
one. It is seen, for example, that at the configuration 6 = %, the friction bound is around
0.65. In Fig. 2(c), we show, for the configuration § = 7, the range of values (uy, ) of the
bilateral and unilateral friction coefficients for which the matrix Ml’fb (g) is a P-matrix. The
black region of allowable friction coefficients is thus larger than the safety region defined by
the proposition (the [0, 0.65]? square). The criterion is thus conservative, as expected.

It is important to mention that the numerical computation of the bound u;;*(g) for a
mixed system is not as straightforward as its purely unilateral or purely bilateral counter-
parts. The quantity B,(M’,(¢)) is by definition the result of an optimization problem (see
Theorem D.3 in the Appendix); for the sliding ladder example, we solve it using a sequential
least squares solver available in the SciPy library [32]. The matrix P, is obtained as the dif-
ference M", — MY, . Finally, the bound 1™ (g) is computed by solving numerically for ,
with a secant method, the scalar algebraic equation || P, (g, q)|. = 1/:32(M1?b (@))-
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Critical friction bound for the mixed system
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Fig. 2 Ladder with two frictional contact points

3.4.2 Frictionless bilateral contacts

When the bilateral constraints are frictionless (u,; = 0 for all 0 <i < m,), we can easily
express A, as a function of 1,,, and Eq. (56) becomes

0<Awl(D—CA™'B)ry+2,>0

with 22 in (58) and D — CA?IB = Anu - A,],-};MA,;};I Anbnu + (Ay{h,mA;bl Anbru - Atu)[,“«uéu]s
which is the sum of the matrix A.(¢g) in (32) and a frictional perturbation term. We know
that A.(g) > 0 when all constraints are independent (see Sect. 2.3). The matrix D —CA™'B
is simpler than M, (g) in (58) since it is the perturbation of a symmetric positive definite
matrix, rather than that of a P-matrix. We can use the results of Sect. 3.3.

Proposition 14 Let (q,q) and F(q, q,t) be given, and v, ; # 0 for all i. Suppose that all
constraints are independent, that the bilateral constraints are frictionless (up; = 0 for all i),
and that

Umin(Arlu (Q) - Anbnu (q)TAnb(q)ilAnbnu (Q))
maX Mu,i < T 1 .
l<i<my Omax (Atu (CI) - Anhnu ((1) Anh (l]) Anhtu ((]))

Then there exists a unique solution (g, My, Anp) to problem (56).

(64)

It is worth noting that (64) is the direct extension of (51) taking into account the dis-
tortion due to the presence of frictionless bilateral constraints. However, there is no clear
relationship between p“  (q) in (51) and the upper bound in (64).

max

4 Conclusion

The main purpose of this article is to present in a progressive way the so-called contact prob-
lem (whose unknowns are the contact forces and the accelerations) in the frictionless and
sliding Coulomb’s friction cases. In both settings, Lagrangian systems with bilateral, unilat-
eral, and mixed bilateral/unilateral constraints are analyzed. Various points of view (linear
complementarity problems, inclusions in normal cones, variational inequalities, minimiza-
tion problems) are considered. The frictional case is treated as a perturbation of the fric-
tionless one, and explicit criteria on the friction coefficients upper bound guaranteeing the
well-posedness of a contact problem are given.
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Appendix A: Some convex analysis and complementarity theory tools

Let f : R" — RU{+o00} be a convex proper and lower semi-continuous function. Its subdif-
ferential, denoted as df (), is the set of its subgradients. For a set K, its indicator function is
Uk (x) =0ifx € K and=+ooif x ¢ K.If K C R" is anonempty closed convex set, then its
normal cone at x is Ng(x) ={z € R" [T (y —x) <Oforall y € K} = 0¥ (x). If K =R",
then Ng (x) = {0} for all x. The tangent cone Tx (x) ={z € R" | zTy <Oforall y € Ng(x)}.
If K={x eR"| f(x) >0} for m continuously differentiable functions f; : R" — R that
satisfy the Mangasarian—Fromovitz constraint qualification [19], then Tx(x) = {v € R" |
vI'Vfi(x) >0foralli € {1,...,m} suchthat f;(x) =0}. A linear complementarity prob-
lem LCP(gq, M) with unknown x € R" is: x > 0, Mx + g > 0, xT (Mx + ¢q) = 0. More
compactly, 0 <x L Mx 4 g > 0. An LCP is said to be solvable if it has at least one solu-
tion. A matrix M is a P-matrix if and only if the LCP has a unique solution for any g [16].
A mixed linear complementarity problem (MLCP) is a problem of the form: find vectors
x,y such that My1x + M,y +q1 =0and 0 <x L My x + My + g > 0 for given ma-
trices M;; and vectors g;. Let C be a (unnecessarily convex) set of R"; then its dual set is
C*={x eR" | xTz > 0forall z € C}, which is always a closed convex cone. Let M € R**"
be a symmetric positive definite matrix defining the inner product xT M x. With this met-
ric, the orthogonal projection of a vector x € R” on a convex set K C R” is denoted as
projy [K; x] = argmin, %(z — x)TM(z — x). The following equivalences are useful. Let
xeR", geR", M e R"™", and K be a closed convex cone. Then

Mx+qge—Ngk(kx) & Ksx1lMx+qgeK”
1
& (ifM=M">0) x=argmin, g EzTMz+qu
& (ifM=M">0) x=proj,[K;—M'q] (65)

Appendix B: Theorem 3.1.7 in [16] (excerpts)

Theorem 1 Let M € R"™™" be positive semidefinite, and let g € R" be arbitrary. The follow-
ing statements hold:

(a) Ifz! and 2% are two solutions of the LCP(M, q), then (z)T (g +Mz?) = )T (g +MzY).
(d) If M is symmetric (and positive semidefinite), then Mz' = Mz for any two solutions 7'
and 7°.

Appendix C: Theorem 3.8.6 in [16]

Theorem 2 Let M € R"™" be copositive, and let ¢ € R" be given. If the implication [0 <
v L Mv>0]= [vq >0]isvalid, then the LCP(M, q) is solvable.

Let Qs denote the solution set of the homogeneous LCP. This theorem can be restated
equivalently as follows: If M is copositive and g € Q7},, then LCP(M, g) is solvable.
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Appendix D: Theorems 2.8 and 2.11 in [14]

Chen and Xiang [14] stated very useful criteria that guarantee that a positive definite or a
P-matrix remains positive definite or P when it is subject to a small enough perturbation. We
give here just an excerpt of the results in [14] and a corollary of it.

Theorem 3 If M is a P-matrix, then all matrices A such that Bo(M)|M — All, < 1 are
P-matrices, where By(M) := maxgepo,112 |(I — D + DM)™'D|, and D = diag(d). When M
is symmetric positive definite, Bo(M) = | M~ |.

Theorem 4 Let M € R"™" be a positive definite matrix. Then every matrix A € {A |
||(M+TMT)*l [2IlM — All, < 1} is positive definite.

The next corollary is proved in [10, Corollary 2].

Corollary 3 Let A= B + C, where A, B and C are n X n real matrices, and B > 0, not

necessarily symmetric. If |C||, < m, then A > 0.
2 2

Appendix E: KKT system: solvability and solution uniqueness

The KKT problem in (4) is ubiquitous in the study of mechanical systems with bilateral
holonomic constraints. In this section, we analyze it from various points of view and we
prove that it possesses some subtleties depending on which assumptions are made on the
data. Let us consider the next three problems, where M = MT e R"" and M > 0, F €
R>™ NeR" xeR", yeR", zeR", aeR", beR™:

M 1 X a

(X ()=
——

A FcRm+m)x2n

M —F X a

(7 ) G)-6): &

[ ——
éAER(n+m) X (n+m)

M N X a
(FT 0) <y>:(b>~ (68)
~—
é,&e]}{("*—m)x(n#—m)

and

The three systems (66), (67), and (68) correspond to various ways to consider the system
in (4), where x is for g, z is for —Vhy, ,(q)Anp, and y is for A, .

(1) Let us first consider (66) without any assumption on the form of z. From
[6, Fact 2.10.22] we have Im(A) = Im(%) + Im((l)). Thus, a necessary and suffi-
cient condition for (66) to possess a solution (x,z) for any a and b, equivalently,
rank(A~) = n + m (which also follows from [6, Proposition 6.1.7(iii)]), is that F7 has
full rank m, that is, F' is of full column rank (this implies that n > m). The uniqueness
of (x,z) for any a and b holds if and only if » = m and rank(A) = 2n (this may be
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proved from [6, Theorem 2.6.3(ii)]), in which case, F' is square and has full rank #. In
this case, the solution is equal to A*(Z), where A' is the Moore—Penrose generalized
inverse of A [6, Proposition 6.1.7(viii)]. We see that M plays no role in this system.

(ii) Letus still consider (66) assuming that z = — Fy for some y, thatis, z € Im(F). We have
(x,z) € Ker(A) & Mx = —z and x € Ker(FT). Using z € Im(F) and x € Ker(FT)
and [6, Theorem 2.4.3], it follows that x L z. We also have z € Im(M). Using that
Im' (M) = Ker(M), we deduce that x € Ker(M) because M is symmetric positive
semidefinite.'® Thus, x € Ker(M) N Ker(F7), and consequently z = —Mx = 0. Thus,
we have shown that [(x,z) € Ker(ﬁ) and z € Im(F)] = [z = 0 and x € Ker(M) N
Ker(FT)], and the reverse implication also holds. Let S = {(x, z) € R | z € Im(F)}.
Then Ker(A) NS = {(x,z) € R* | z = 0 and x € Ker(M) N Ker(FT)}. We infer that
Ker(M) N Ker(FT) = {0} = Ker(A)N S = {0}. From (i) existence of solutions for
system (66) holds for any @ and b if and only if rank(/i) =n+m < rank(F) = m,
hence dim(Ker(A)) = 2n —n —m = n — m. From the fact that 0 < dim(Ker(A) N §) <
min(n —m, n+m) = n—m [6, Fact 2.9.14], one infers that Ker(M) NKer(FT) = {0} =
dim(Ker(A) N S) =0, thus n = m. In this case it follows from (i) that the system has
a unique solution for any a and b. Conversely the existence of solutions for arbitrary
a and b and n = m imply uniqueness, as well as Ker(M) N Ker(FT) = {0} since F is
square full rank 7.

Let us now pass to the system (67). Remark that if A in (67) is invertible then F necessarily
has full rank m. This follows from the fact that (x, y) € Ker(A) implies x € Ker(M) N
Ker(FT) and y € Ker(F), using similar arguments as in (ii). In particular, if there are more
constraints than degrees of freedom (i.e., m > n), then A is not invertible, and likewise if
rank(F) =r < m.

(iii) Consider now system (67). Let rank(F) = m (so m < n), and M be positive semidefi-
nite. Then the existence and uniqueness of both x and y for arbitrary a and b (equiv-
alently, nonsingularity of A) holds if and only if Ker(M) N Ker(FT) = {0} (proof by
direct application of [8, p. 523] or by using the above expression of Ker(A)).

The rank condition on F appears to be in fact necessary and sufficient as alluded to few
lines above:

(iii") System (67) has a unique solution (x, y) for arbitrary a and_b if and only if rank(F) =
m and Ker(M) N Ker(F") = {0}. This solution is equal to A~'(}).

The proof of (iii") follows from [6, Theorﬁem 2.6.3, Proposition 6.1.7], noting that A is
square. It is sometimes wrongly stated that A is nonsingular if and only if M and F are both
full-rank matrices [34], which is only a sufficient condition. In fact, from [6, Fact 6.4.20] we
have:

rank(A) = rank(M) + 2rank(F) — dim[Im(M) N Im(F)]

() ()]

Formula (69) shows that we may dispense with positive definiteness conditions on M and
that the nonsingularity of A results from an interplay between the matrices ranges. Consider,
for instance, M = ( (1) _01 ) and F = (1 0)7, which yields rank(A) = 3. In contact mechanics,
we wish to allow for situations where the constraints are redundant, so that (rank(F) =r <

13The conclusion does not hold without the positive definiteness condition.
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min(m, n)), but which are nevertheless compatible (i.e., b € Im(FT)) since otherwise the
problem has no solution. Thus, the most relevant problem is that of determining x and y
such that (67) holds for arbitrary a with the additional assumption that b € Im(FT). This
problem is thus different from problems tackled in (i) and (iii") and corresponds to the
problem tackled in [30, 31, 59].

(iv) The necessary and sufficient condition for the existence of x and y with uniqueness of x
and F'y such that (67) holds for arbitrary a is that b € Im(FT) and Ker(M) NKer(FT) =

{0}.

Proof

=

Existence of x and y: By contraposition, if not (Va, 3x and y such that (67) holds), then
there exists a € R" such that for all x,y, FTx # b (so b ¢ Im(FT)) or Mx — Fy # a (so
Im([M F]) #R", that is, Ker(M) N Ker(FT) # {0}.

Uniqueness of x and Fy: Suppose that b € Im(F”) and Ker(M) NKer(FT) = {0}.

If (x1, y1) and (x,, y») are two solutions of (67), then FT (x; —x,) =0 and M (x; — x») =
F(y1 — y2). Hence, (x; — x») € Ker(FT) and M (x; — x») € Im(F) = Ker(FT)*. Hence,
(x; — x2)TM(x; — x,) =0, and since M is symmetric positive semidefinite, this means
(x1 —Xx») € Ker(M). By hypothesis, Ker(M) NKer(FT) = {0}, so we conclude that x| —x; =
0, that is, x is unique. It follows that F'y; = Fy,, so that Fy is unique as well.
=
Suppose that for arbitrary a, there exist x and y such that (67) holds with uniqueness of x
and Fy. Then, in particular, b € Im(FT). Let x € Ker(M) NKer(FT), and let (x*, y) be the
unique solution of (67). Then (x* + x, y) is also a solution of (67). Hence, x = 0, so that
Ker(M) NKer(FT) =0. O

In [31, p. 319], the condition b € Im(FT) is stated as follows: acceleration constraints
are compatible. In conclusion, four types of systems are considered: system (67) with un-
knowns x and y in (iii), system (66) with unknowns x and z in (i), system (66) with un-
knowns x and z and the constraints that z € Im(F) in (ii), system (67) with unknowns x
and y with uniqueness of x and Fy and arbitrary a in (iv). To complete the picture, let
us note that Ker(M) NKer(F7) = {0} & (Im(M) + Im(F)) =R" & Im[(M F)] =R" us-
ing [6, Fact 2.9.10], and we recover directly an alternative way to formulate the condition
involving the kernels, sometimes used in the literature [59] [30, Eq. (9)].

Problems like in (67) and (66) occur in frictionless systems. The next step is to con-
sider systems of the form (68) for some matrix N. Such problems arise in the presence of
Coulomb’s friction; see (36). Using [6, Fact 6.4.20], we get an extension of (69):

rank(A) = rank(M) + rank(F") 4 rank(N) — dim[Im(M) N Im(F)]

o) ()}

System (68) has a unique solution (x, y) for any a and b if and only if rank(/i) =n-+m.
‘We have:

() ()

:{ze]R”*’" ElyleKer(FT),EIy2e]R’”suchthatz:<Moyl>=(Ng2)} (71)
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and Im(M) NIm(F) ={z € R" |3y, € R",3 y, € R"such that z = My, = Fy,}. It is
clear from (70) that the well-posedness of a system depends on the interplay between
M, F, and N. Even if all three matrices have full rank, then we may have rank(A) <
n + m. Suppose that rank(M) = n, and rank(F” M~'N) = m (implying that m < n). Then
Im(M) NIm(F) = Im(F) and Im( 7 ) NIm( ) = {0} (since F'y, =0=F"M~'Ny,).
Therefore, from (70) we have rank(A) =n+m.

Finally, we may rewrite (68) as (66) posing z = Ny. Then (i) applies, but (ii) usually is
not except if Im(N) € Im(F). Then given z, there exists a unique y if and only if N has full
column rank m (= m <n).Let N = —F + P for some matrix P.

(v) Assume that F has full column rank m (equivalently, FT F € R™ " is positive definite).
Let us investigate conditions that guarantee that N has full rank m (equivalently, N7 N ¢
R"™*™ is positive definite). We have NTN = FTF — FTP — PTF + PTP. A direct
application of Corollary 3, with matrices A, B, C chosenas A=NTN, B=FTF and
C=—FT"P — PTF + PT P, shows that a sufficient condition for N7 N to be positive
definiteis that | — FTP — PTF+ PTP|, < or, equivalently, opa (—FT P —

PTF + PTP) < omin(FTF).

1
ICFTF)~ Tl

Let M = 0. Then, using (70), it follows that rank(A) = 2m; hence, rank(A) =n+mif
and only if n = m. This shows that, depending on the interplay between the ranges of the
matrices in (70), system (68) may be solvable with uniqueness for any a and b, for low-rank
matrices M.

(vi) Let us assume that rank(M) = n and study conditions such that the rank of FT M~!N =
—FTM~'F+ FTM~'P is m. Then, as shown after (71), A has rank n + m, and system
(68) has a unique solution for any a and b. Using Corollary 3 with matrices A, B, C
chosen as A= —F"M~'N, B=FT"M~'F and C = —FTM~'P, we conclude that
rank(FTM~'N) = m if rank(F) = m and oo (—FT M ™' P) < omin(FT M~'F).

It is worth noting that the study of problem (68) may also be quite useful in the context of
numerical analysis of differential algebraic equations (DAEs). Half-explicit methods involve
such problems (for instance, N may be the Jacobian of the constraints estimated at step i + 1,
whereas F is the Jacobian estimated at step i) [56, §7.1], [24, §VIL.6]; see also [13, 39, 45,
46] for various forms of numerical KKT systems.
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