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ont été réalisés dans le développement et l'analyse de schémas de couplage explicites (à savoir, qui ne résolvent le fluide et le solide qu'une seule fois par pas de temps) pour l'approximation de (1)- [START_REF] Bukač | Fluid-structure interaction in blood flow capturing non-zero longitudinal structure displacement[END_REF]. Tous ces travaux (see, e.g., [START_REF] Burman | Stabilization of explicit coupling in fluid-structure interaction involving fluid incompressibility[END_REF][START_REF] Guidoboni | Stable loosely-coupled-type algorithm for fluid-structure interaction in blood flow[END_REF][START_REF] Fernández | Incremental displacement-correction schemes for incompressible fluid-structure interaction: stability and convergence analysis[END_REF][START_REF] Fernández | Explicit Robin-Neumann schemes for the coupling of incompressible fluids with thin-walled structures[END_REF][START_REF] Burman | Explicit strategies for incompressible fluid-structure interaction problems: Nitsche type mortaring versus Robin-Robin coupling[END_REF][START_REF] Bukač | Fluid-structure interaction in blood flow capturing non-zero longitudinal structure displacement[END_REF][START_REF] Lukáčová | Kinematic splitting algorithm for fluid-structure interaction in hemodynamics[END_REF]) considèrent des maillages compatibles (Figure 1, gauche). Or, il est bien connu que pour beaucoup d'applications cette hypothèse devient critique très rapidement (grandes déviations de l'interface, structures en contact, etc). Dans le cadre de maillages non compatibles (Figure 1, droite) des schémas de couplage explicite ont été proposés et analysés dans [START_REF] Boffi | Finite element approach to immersed boundary method with different fluid and solid densities[END_REF] pour la méthode de la frontière immergée, et dans [START_REF] Burman | An unfitted Nitsche method for incompressible fluid-structure interaction using overlapping meshes[END_REF] pour une méthode de type Nitsche. L'incovénient majeur est, qu'avec ces approches, la stabilité ou la précision imposent des fortes restrictions sur le pas de temps (CFL parabolique) ou des itérations de correction. Dans cette note, nous présentons deux nouvelles méthodes numériques (Algorithmes 1 and 2) qui contournent ces difficultés. Leur caractère semi-implicite ou explicite dépend de l'ordre dans lequel les discrétisations spatiales et temporelles sont effectuées. Ces schémas généralisent (pour la première fois) les idées de [START_REF] Fernández | Incremental displacement-correction schemes for incompressible fluid-structure interaction: stability and convergence analysis[END_REF][START_REF] Fernández | Explicit Robin-Neumann schemes for the coupling of incompressible fluids with thin-walled structures[END_REF] au cas des maillages non compatibles. Les résultats des Propositions 2.1 et 3.2 et de la Section 4 montrent que la stabilité et la précision optimale ne sont pas soumises à des conditions CFL restrictives ou à des itérations de correction.

Introduction

We consider a fluid-structure interaction system in which the fluid is described by the Stokes equations and the structure is assumed to behave as a linear thin membrane or shell. The fluid domain is denoted by Ω f ⊂ R d (d = 2, 3). Its boundary is partitioned as ∂Ω f = Γ f ∪ Σ, where Σ represents both the fluid-structure interface and the solid domain (Figure 1, left). The exterior unit-vector normal to ∂Ω f is denoted by n. The coupled problem reads as follows: find the fluid velocity and pressure u :

Ω f ×R + → R d , p : Ω f × R + → R, the solid displacement and velocity d : Σ × R + → R d , ḋ : Σ × R + → R d such that            ρ f ∂ t u -divσ(u, p) = 0 in Ω f , divu = 0 in Ω f , u = 0 on Γ f , u = ḋ on Σ, (1) 
     ρ s ∂ t ḋ + Ld = -σ(u, p)n in Σ, ḋ = ∂ t d in Σ, d = 0 on ∂Σ, (2) 
complemented with standard initial conditions. Here, the constants ρ f and ρ s stand for the fluid and solid densities, respectively, while denotes the solid thickness. The fluid Cauchy-stress tensor is given by σ(u, p) def = -pI + 2µε(u) with ε(u) def = 1 2 ∇u + ∇u T , with µ denoting the fluid dynamic viscosity. At last, the abstract surface differential operator L describes the solid elastic effects.

Over the last years, significant progress has been achieved in the development and analysis of stable and accurate explicit coupling schemes (i.e., which invoke the fluid and solid solvers only once per time-step) for the approximation of the coupled problem (1)- [START_REF] Bukač | Fluid-structure interaction in blood flow capturing non-zero longitudinal structure displacement[END_REF]. All these studies (see, e.g., [START_REF] Burman | Stabilization of explicit coupling in fluid-structure interaction involving fluid incompressibility[END_REF][START_REF] Guidoboni | Stable loosely-coupled-type algorithm for fluid-structure interaction in blood flow[END_REF][START_REF] Fernández | Incremental displacement-correction schemes for incompressible fluid-structure interaction: stability and convergence analysis[END_REF][START_REF] Fernández | Explicit Robin-Neumann schemes for the coupling of incompressible fluids with thin-walled structures[END_REF][START_REF] Burman | Explicit strategies for incompressible fluid-structure interaction problems: Nitsche type mortaring versus Robin-Robin coupling[END_REF][START_REF] Bukač | Fluid-structure interaction in blood flow capturing non-zero longitudinal structure displacement[END_REF][START_REF] Lukáčová | Kinematic splitting algorithm for fluid-structure interaction in hemodynamics[END_REF]) consider fitted meshes (Figure 1, left). For much applications, it is well known however that this assumption rapidly becomes cumbersome (e.g., large interface deflections, contacting structures, etc.). Within the unfitted mesh framework (Figure 1, right) splitting schemes of explicit nature are reported and analyzed in [START_REF] Boffi | Finite element approach to immersed boundary method with different fluid and solid densities[END_REF] using the finite element immersed boundary method, and in [START_REF] Burman | An unfitted Nitsche method for incompressible fluid-structure interaction using overlapping meshes[END_REF] for an unfitted Nitsche method. A major drawback of these approaches is that either stability or accuracy demands severe time-step restrictions (e.g., parabolic-CFL) or correction iterations. In this note, we present two new numerical methods (semi-implicit and explicit) which bypass these stability and accuracy issues. Their semi-implicit or explicit nature depends on the order in which the spatial and time discretizations are performed. These methods generalize (for the first time) the Robin-Neumann splitting paradigm of [START_REF] Fernández | Incremental displacement-correction schemes for incompressible fluid-structure interaction: stability and convergence analysis[END_REF][START_REF] Fernández | Explicit Robin-Neumann schemes for the coupling of incompressible fluids with thin-walled structures[END_REF] to the unfitted mesh framework. A priori energy and error estimates are stated for some of the variants. Their performance is illustrated via numerical experiments in a benchmark.

First discretize in space and then in time

The first class of methods introduced and analyzed in this note combines the unfitted mesh spatial approximation of [START_REF] Burman | An unfitted Nitsche method for incompressible fluid-structure interaction using overlapping meshes[END_REF] with the fractional-step time-marching of [START_REF] Fernández | Incremental displacement-correction schemes for incompressible fluid-structure interaction: stability and convergence analysis[END_REF][START_REF] Fernández | Explicit Robin-Neumann schemes for the coupling of incompressible fluids with thin-walled structures[END_REF].

Unfitted mesh spatial semi-discretization

Let {T s h } 0<h≤1 be a quasi-uniform family of triangulations of Σ. We consider a quasi-uniform family of meshes {T f h } 0<h≤1 which cover the fluid domain Ω f . We assume that each T f h is fitted to the boundary Γ f but not to Σ (Figure 1 tions associated to T s h and T f h will be denoted by X s h and X f h , respectively. For the approximation of the fluid we will consider the spaces

V f h def = v f h ∈ [X f h ] d v f h | Γ f = 0 and Q h def = X f h , while for the solid we set V s h def = v s h ∈ [X s h ] d v s h | ∂Σ = 0 .
The following notation will also be used

a f (u, p), (v f , q) def = 2µ ε(u), ε(v f ) Ω f -(p, div v f ) Ω f + (q, div u) Ω f and a s d, v s def = Ld, v s Σ ,
where the symbol (•, •) ω denotes the scalar product in L 2 (ω). Problem (1)-( 2) is approximated in space as follows: for t > 0, find

u h (t), p h (t), ḋh (t), d h (t) ∈ V f h × Q h × V s h × V s h , such that ḋh = ∂ t d h and    ρ f ∂ t u h , v f h Ω f + a f (u h , p h ), (v f h , q h ) + ρ s ∂ t ḋh , v s h Σ + a s (d h , v s h ) + s h (u h , p h ), (v f h , q h ) -σ(u h , p h )n, v f h -v s h Σ -u h -ḋh , σ(v f h , -q h )n Σ + γµ h u h -ḋh , v f h -v s h Σ = 0 (3) for all (v f h , q h , v s h ) ∈ V f h ×Q h ×V s h .
Here, γ > 0 denotes the Nitsche's penalty parameter and s h the stabilization bilinear form

s h (u h , p h ), (v f h , q h ) def = K∈T f h γph 2 µ ∇p h , ∇q h K + γ g µh ∇u h ∂K , ∇v f h ∂K ∂K
, where • ∂K denotes the jump across the boundary of the element K and γ p , γ g > 0 are free parameters. As shown in [START_REF] Burman | An unfitted Nitsche method for incompressible fluid-structure interaction using overlapping meshes[END_REF], the unfitted space semi-discrete formulation (3) is stable and delivers optimal first-order accuracy in the energy-norm.

Fully discrete formulation: semi-implicit coupling scheme with unfitted meshes

In what follows, τ > 0 denotes the time-step length, t n def = nτ for n ∈ N, ∂ τ x n def = 1 τ x n -x n-1 stands for the first-order backward difference and x denotes the r-th order extrapolation, that is, x = 0 if r = 0, x = x n-1 if r = 1 and x = 2x n-1 -x n-2 if r = 2. The spatial semi-discrete problem (3) is discretized in time with the incremental displacement-correction scheme displayed in Algorithm 1. Note that step [START_REF] Burman | An unfitted Nitsche method for incompressible fluid-structure interaction using overlapping meshes[END_REF] introduces and additional unknown, the intermediate solid velocity ḋn-

1 2 h
, which is implicitly coupled to the fluid through the solid inertial term. The remaining solid elastic contributions are treated explicitly (or ignored) in (4) via extrapolation. The end-of-step solid velocity ḋn h is obtained by solving the solid correction step [START_REF] Burman | Explicit strategies for incompressible fluid-structure interaction problems: Nitsche type mortaring versus Robin-Robin coupling[END_REF]. The implicit treatment of the solid inertia in (4) guarantees (added-mass free) stability, while the extrapolation of the solid elastic terms introduces a certain degree of fluid-solid splitting. Note that the intermediate solid velocity ḋn-1 2 h cannot be eliminated in (4) and, hence, the coupling scheme is not explicit. This is a major difference with respect to the case of fitted meshes considered in [START_REF] Fernández | Incremental displacement-correction schemes for incompressible fluid-structure interaction: stability and convergence analysis[END_REF][START_REF] Fernández | Explicit Robin-Neumann schemes for the coupling of incompressible fluids with thin-walled structures[END_REF].

Algorithm 1 Semi-implicit coupling scheme (i) Fluid with solid inertia sub-step: find

u n h , p n h , ḋn-1 2 h ∈ V f h × Q h × V s h such that      ρ f ∂ τ u n h , v f h Ω f + a f (u n h , p n h ), (v f h , q h ) + ρ s τ ḋn-1 2 h - ḋn-1 h , v s h Σ + a s (d h , v s h ) + s h (u n h , p n h ), (v f h , q h ) -σ(u n h , p n h )n, v f h -v s h Σ -u n h - ḋn-1 2 h , σ(v f h , -q h )n Σ + γµ h u n h - ḋn-1 2 h , v f h -v s h Σ = 0 (4) for all (v f h , q h , v s h ) ∈ V f h × Q h × V s h . (ii) Solid sub-step: find ḋn h , d n h ∈ V s h × V s h such that ḋn h = ∂ τ d n h and ρ s τ ḋn h - ḋn-1 2 h , v s h Σ + a s (d n h -d h , v s h ) = 0 (5) for all v s h ∈ V s h .
In the succeeding text, the quantities

E n h def = ρ f 2 u n h 2 0,Ω f + ρ s 2 ḋn h 2 0,Σ + 1 2 a s d n h , d n h and E n h def = ρ f 2 u n h -u(t n ) 2 0,Ω f + ρ s 2 ḋn h -ḋ(t n ) 2 0,Σ + 1 2 a s d n h -d(t n ), d n h -d(t n ) 1 2
respectively denote the discrete energy of the system and error at time t n . The symbol will indicates an inequality up to a multiplicative constant (independent of h and τ ). The following result, whose proof can be found in [START_REF] Fernández | Unfitted formulations and splitting schemes for fluid/thin-walled structure interaction[END_REF], states the stability and convergence properties of Algorithm 1. Proposition 2.1 (Stability and convergence) Let {(u n h , p n h , ḋn h , d n h )} n≥1 be given by Algorithm 1. For γ > 0 sufficiently large, there holds E n h E 0 h unconditionally for r ∈ {0, 1} and under the condition τ = O(h 6 5 ) for r = 2. Moreover, under the same conditions, there holds

E n h h + τ + τ 2 r-1 .
This result shows that Algorithm 1 preserves the stability and accuracy properties of the explicit coupling schemes introduced in [START_REF] Fernández | Incremental displacement-correction schemes for incompressible fluid-structure interaction: stability and convergence analysis[END_REF][START_REF] Fernández | Explicit Robin-Neumann schemes for the coupling of incompressible fluids with thin-walled structures[END_REF] with fitted meshes. Moreover, it overcomes the severe stability restrictions observed in [START_REF] Boffi | Finite element approach to immersed boundary method with different fluid and solid densities[END_REF] for the traditional time-marching schemes of the immersed boundary method. Algorithm 1 with r = 1 delivers unconditional optimal overall first-order accuracy. This is also significant progress with respect to the splitting schemes reported in [START_REF] Burman | An unfitted Nitsche method for incompressible fluid-structure interaction using overlapping meshes[END_REF], whose accuracy is known to be non-uniform in h.

First discretize in time and then in space

The main drawback of Algorithm 1 is its semi-implicit nature. In other words, step (4) has a computational complexity larger than a single fluid problem, due to the additional unknown ḋn-1 2 h

. In this section, we introduce a new explicit coupling scheme which overcomes this issue without compromising stability and accuracy. The fundamental idea consists in performing the space and time discretization reversely.

Robin-Neumann explicit coupling schemes

The explicit coupling schemes introduced in [START_REF] Fernández | Incremental displacement-correction schemes for incompressible fluid-structure interaction: stability and convergence analysis[END_REF][START_REF] Fernández | Explicit Robin-Neumann schemes for the coupling of incompressible fluids with thin-walled structures[END_REF] with fitted meshes, can be derived by applying the time splitting of Section 2.2 to the continuous problem (1)-( 2). This yields:

(i) Fluid with solid inertia sub-step: find

u n : Ω f ×R + → R d , p n : Ω f ×R + → R and ḋn-1 2 : Σ×R + → R d such that                    ρ f ∂ τ u n -divσ(u n , p n ) = 0 in Ω f , divu n = 0 in Ω f , u n = 0 on Γ f , u n = ḋn-1 2 on Σ, ρ s τ ḋn-1 2 - ḋn-1 = -Ld -σ(u n , p n )n on Σ. (6) 
(ii) Solid sub-step: find

d n : Σ × R + → R d and ḋn : Σ × R + → R d such that ḋn = ∂ τ d n and    ρ s τ ( ḋn - ḋn-1 2 ) + L(d n -d ) = 0 in Σ, d n = 0 on ∂Σ. (7) 
Contrarily to Algorithm 1, the intermediate solid velocity ḋn-1 2 in the fluid step (i) can be eliminated through [START_REF] Caiazzo | Projection schemes for fluid flows through a porous interface[END_REF] 4 . This yields the following explicit Robin-Neumann time splitting on the interface:

σ(u n , p n )n + κu n = κ ḋn-1 + g on Σ, ρ s ∂ τ ḋn + Ld n = -σ(u n , p n )n on Σ, (8) 
with

g def = ρ s ∂ τ d + σ(u , p )n and κ def = ρ s /τ .

Fully discrete formulation: explicit coupling scheme with unfitted meshes

The fundamental idea consists in performing directly an unfitted interface treatment (à la Nitsche) of the Robin-Neumann time splitting [START_REF] Fernández | Unfitted formulations and splitting schemes for fluid/thin-walled structure interaction[END_REF], by extending the arguments introduced in [START_REF] Burman | An unfitted Nitsche method for incompressible fluid-structure interaction using overlapping meshes[END_REF][START_REF] Caiazzo | Projection schemes for fluid flows through a porous interface[END_REF]. The proposed fully discrete scheme is based on the following result (see [START_REF] Fernández | Unfitted formulations and splitting schemes for fluid/thin-walled structure interaction[END_REF] for a proof). Proposition 3.1 (Consistency) Let {(u n , p n , ḋn , d n )} n≥1 be given by ( 6)- [START_REF] Fernández | Incremental displacement-correction schemes for incompressible fluid-structure interaction: stability and convergence analysis[END_REF]. Then, there holds [START_REF] Fernández | Explicit Robin-Neumann schemes for the coupling of incompressible fluids with thin-walled structures[END_REF] is the fact that for κ → ∞ (i.e. τ → 0) we formally retrieve the unfitted formulation [START_REF] Burman | Stabilization of explicit coupling in fluid-structure interaction involving fluid incompressibility[END_REF]. Taking successively v s h = 0 and (v f h , q h ) = (0, 0) in ( 9) we obtain the fully discrete method reported in Algorithm 2. Note that the resulting coupling scheme is explicit. The following result, whose proof can be found in [START_REF] Fernández | Unfitted formulations and splitting schemes for fluid/thin-walled structure interaction[END_REF], guarantees the energy stability of Algorithm 2 for r = 0. Proposition 3.2 (Stability) Let {(u n h , p n h , ḋn h , d n h )} n≥1 be given by Algorithm 2 with r = 0. For γ > 0 sufficiently large, we have

             ρ f ∂ τ u n , v f h Ω f + a f (u n , p n ), (v f h , q h ) + ρ s ∂ τ ḋn , v s h Σ + a s (d n , v s h ) + γκµ γµ + κh u n - ḋn-1 , v f h -v s h Σ - κh γµ + κh σ(u n , p n )n, v f h -v s h Σ + u n - ḋn-1 , σ(v f h , -q h )n Σ - h γµ + κh σ(u n , p n )n, σ(v f h , -q h )n Σ - γµ γµ + κh g , v f h -v s h Σ + h γµ + κh g , σ(v f h , -q h )n Σ = 0 (9) for all (v f h , q h , v s h ) ∈ V f h × Q h × V s h . A salient feature of
E n h ≤ E 0 h . Algorithm 2 Explicit coupling scheme (i) Fluid sub-step: find u n h , p n h ∈ V f h × Q h such that                ρ f ∂ τ u n h , v f h Ω f + a f (u n h , p n h ), (v f h , q h ) + s h (u h , p h ), (v f h , q h ) + γκµ γµ + κh u n h - ḋn-1 h , v f h Σ - κh γµ + κh σ(u n h , p n h )n, v f h Σ + u n h - ḋn-1 h , σ(v f h , -q h )n Σ - γµ γµ + κh g h , v f h Σ - h γµ + κh σ(u n h , p n h )n, σ(v f h , -q h )n Σ + h γµ + κh g h , σ(v f h , -q h )n Σ = 0 for all (v f h , q h ) ∈ V f h × Q h . (ii) Solid sub-step: find ḋn h , d n h ∈ V s h × V s h such that ḋn h = ∂ τ d n h and      ρ s ∂ τ ḋn h , v s h Σ + a s (d n h , v s h ) + κh γµ + κh σ(u n h , p n h )n, v s h Σ - γκµ γµ + κh u n h - ḋn-1 h , v s h Σ + γµ γµ + κh g h , v s h Σ = 0 for all v s h ∈ V s h .
The stability of Algorithm 2 with r = 1, 2 as well as the convergence properties of all the variants are illustrated in Section 4 via numerical experiments.

Numerical experiments

In order to highlight the stability and accuracy of the proposed schemes, we consider the numerical example of [START_REF] Burman | An unfitted Nitsche method for incompressible fluid-structure interaction using overlapping meshes[END_REF]. We compare the results obtained with Algorithms 1 and 2 with those obtained with a first-order fully implicit scheme using fitted meshes. The convergence histories are displayed in Figure 2. In order to highlight the uniformity of the convergence in h, we have refined both in time and in space at the same rate, τ = O(h). In spite of their different semi-implicit and explicit nature, Algorithms 1 and 2 deliver practically the same behavior: stability is obtained with all the variants, optimal first-order convergence is obtained with the extrapolated variants (r = 1, 2, unfitted) and the implicit (fitted) scheme while a sub-optimal convergence rate is exhibited by the non-extrapolated ones (r = 0, unfitted).

Figure 1 .

 1 Figure 1. (left) and unfitted (right) fluid meshes.

Figure 2 .

 2 Figure 2. Time convergence history of the solid displacement in the relative elastic energy norm using Algorithm 1 (left) and Algorithm 2 (right) with τ = O(h).
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