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Abstract

The purpose of this work is to establish stability estimates for the unique continuation property of the
nonstationary Stokes problem. These estimates hold without prescribing boundary conditions and are of
logarithmic type. They are obtained thanks to Carleman estimates for parabolic and elliptic equations.
Then, these estimates are applied to an inverse problem where we want to identify a Robin coefficient
defined on some part of the boundary from measurements available on another part of the boundary.

1 Introduction

Let € be a regular bounded connected open set of class C? in dimension 3. For any fixed final time
T > 0, we define @ = (0,T) x 2. We consider the nonstationary Stokes problem

u—Au+Vp = 0, inQ, (1)
div u = 0, inQ,

where u and p denote respectively the fluid velocity and the fluid pressure. Since the work made by Fabre
and Lebeau in [14], the unique continuation property of this system is a well-known property. It is given
by the following result

Proposition 1. Let w be a nonempty open subset of Q. If (u,p) is a solution of (1) which belongs to
L2(0,T; HE () x L2 (Q) and if u =0 in (0,T) X w , then

loc

u =0 and p is constant in Q.

This property directly implies

Corollary 1. Let T' C 99Q be a nonempty open subset of OQ. If (u,p) is a solution of (1) which belongs
to L2(0,T; H?(Q)) x L2(0,T; HY(Q)) and if

u=0,Vu-n—pn=0 on (0,T) x T,

then
u=0,p=0 1in Q.
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In this work, we want to quantify these unique continuation properties. More precisely, we
want to derive stability inequalities which assert that, if the measurements of u and p made on an interior
domain w or on a boundary part I' are small, then v and p stay small on the whole domain 2. In what
follows, we will prove the following result:

Theorem 1. 1. Let T' C 09 be a nonempty open subset of OY. There exist a constant o > 0 and, for
all € > 0, there exists a constant C > 0 such that

cCM
lulle e, r-epsor @) T IPlloe.r—axay < T 7OMAN® (2)
()

for all (u,p) solution of (1) in (H'(0,T;H*(Q))NH?(0,T; H'(Q))) x H*(0,T; H*()). In this
inequality, M is defined by
M = |lull g 0,83 () + lullg20,0:m0 @) + [Pl 0,1:82(02)) (3)

and G is defined by
G = [Jull2(0,myx1) + IVu - nllz20,1)xr) + [IPll22((0,7)x1) + [IVP - 1l L2((0, 1) xT)- (4)

2. Let @ be an open subset of Q relatively compact in Q). There exist a constant o > 0 and, for all
€ > 0, there exists a constant C' > 0 such that we have

< CM 5)

lulloer——cr@y + IPleqer—gxa < CM @
(o )
lull 20,1y xo) + 2l 20,7 x )

Jfor all (u,p) solution of (1) in (H*(0,T; H*(Q)) N H?(0,T; H*(2))) x H'(0,T; H*(S)). Here, M
is again given by (3).

Let us emphasize that these stability inequalities hold without prescribing any boundary con-
ditions on the solution. The logarithmic nature of the inequalities comes from the fact that we estimate
the norm of v and p on the whole domain 2. If we are interested by interior estimates of u and p, we get
inequalities of Holder type (Propositions 2 and 3).

If we compare this result to its counterpart for the steady equation in [9] (we refer to Theorem
1.4 in this paper), we notice that we need the same kind of measurements on u and p. In particular,
in both cases, extra measurements are necessary compared to the unique continuation property proved
by Fabre and Lebeau. This is linked to the fact that we need global measurements on the velocity and
the pressure. In [22] and [19], local estimates are proved which only require measurements on u. In [22],
a three-balls inequality for the stationary Stokes problem is proved which only involves the L?-norm of
the velocity. It leads to a quantification of the unique continuation property like in Theorem 1 of the
following type:

lull 24y < Cllull 2o lull 72

where A is a compact subset of 2 and 0 < § < 1. In [19], the authors prove a local stability estimate
which only involves the velocity for the solution of the Navier-Stokes equation. They assume that the
data belong to a Gevrey class and enforce specific conditions on the solution which are satisfied if periodic
boundary conditions are prescribed.

For the quantification of the unique continuation property of the Laplace equation, let us quote
among others the works [1], [10], [23]. In this case, it is well established that the best possible rate for
the global stability is logarithmic. We refer to the overview [2] and the references therein for works on
the stability estimates for elliptic equations.

The proof of our main result relies on estimates of propagation of smallness in the interior
and up to the boundary. These estimates are stated in section 2 and give simultaneous estimates on



u and p. Another method could have been to prove a global estimate on the velocity alone with the
help of adapted Carleman estimates. According to Stokes equation, this would allow to directly get an
estimate on Vp and, thanks to an adapted Poincaré inequality, this leads to an estimate on p if we also
have measurements of p on an arbitrary sub-domain. This alternative method seems to lead to similar
measurements as the ones in the inequalities given by Theorem 1.

In a second step, we will be interested in applying this quantification result to get a stability
estimate for an inverse problem which has already been studied in [8] and in [9]. Our objective will be
to identify a Robin coefficient defined on some part of the boundary from measurements available on
another part of the boundary. To study this inverse problem, it is capital to have an estimate of the
pressure and the velocity on the whole domain like the one given by Theorem 1.

More precisely, we assume that the boundary df2 is composed of two open non-empty parts I'g
and I', such that I', UTy = 0Q and ', N Ty = @ and we consider the following problem

us—Au+Vp = 0, in Q,
div u = 0, in @,
Vu-n—pn = g, on(0,T)xT,, (6)
Vu-n—pn+qu = 0, on (0,7) x T,
u(0, -) = wg, in Q.

Such system may be viewed as a simple model of the blood flow in the cardiovascular system
(see [24] and [26]) or of the airflow in the respiratory tract (see [4]). We refer to [13] for a presentation
in this last area of application. In these contexts, the real geometry is truncated and the properties of
the upstream domain are condensed on the boundary conditions which are prescribed on the artificial
boundary. The boundary part I'. corresponds to the external boundary on which measurements are
available and the boundary part I'y corresponds to an artificial boundary on which Robin boundary
conditions are prescribed. For similar studies with the identification of a Robin coefficient with the
Laplace equation, we refer to [3] and [12] and with the heat equation to [6] (see also the references
therein).

In [8], we proved a stability result (see Theorem 4.18 in this reference) which holds for a
parameter ¢ which does not depend on time and for measurements made on the interval [0, +oo[. As in
[6] for the Laplace equation, this result relies on properties satisfied by the semigroup generated by the
operator associated to the problem and is proved by comparing the solution of the non-stationary problem
with the solution of the stationary problem. The quantification of the unique continuation property given
by Theorem 1 allows to generalize the result given in [8] to a parameter ¢ which depends on time and to
measurements made on a finite interval. More precisely, we have the following result:

Theorem 2. Let Q be of class C*'and T C T, be a nonempty open subset of the boundary of Q. Let
vg > 0 and Ng > 0.

Let ug € HY(Q) NV, g € H2(0,T;L%(T,)) N H'(0,T; H3(T.)) be non identically zero and qi, g2 €
H?(0,T; H*(Ty)) such that q1, g2 > 19 on (0,T) x T'g. We assume that

lwoll a0y + llgl

2
H2(0,T;L2(T.))NH' (0,T;H % (T.)) + z; a5 22 0.z:200y) < No-
j=

We denote by (u;,p;) the solution of system (6) with ¢ = q; for j =1,2. Let K be a compact subset of
{(t,z) € (,T —€) x Ty /uy # 0} for some € >0 and m > 0 be such that |ui| > m on K.

Then, there exists a > 0 independent of €, C' > 0 which depends on €, vy and Ny such that
C

1
a1 —aq2llcx) < - c =
log
lur — w2l 20,7y xr) + 21 = P2ll 220,y x1) + [V (P1 = P2) - nllL2((0,7) %)
(7




We have used the following notation
V={ve HY(Q)/ divv=0in Q}.

In the hypotheses of this theorem, the existence of the constant m and of the compact K is ensured by
the continuity of u; and the fact that w; can not be identically null on (0,7") x I'g. This last property
is due to the unique continuation property (Corollary 1) and the hypothesis that g is non identically
null. Through m and K, the estimate given in this theorem depends on u;. To get an estimate on the
whole set (0,T) x T'g, it would be necessary to prove a lower bound on the velocity obtained thanks to a
doubling inequality on the boundary ([1]). This sometimes may lead to estimates of log-log type like in
[5] or [7]. In our case, the interior doubling inequality obtained in [19] (Theorem 2.1) with an exponential
rate with respect to the radius of the ball leads us to believe that we could obtain a log-log inequality.

In the next section, we present local estimates of v and p in the interior of the domain or near
the boundary. We then gather these inequalities to prove Theorem 1. Section 3 is dedicated to the proof
of these local estimates. At last, in Section 4, we apply our estimates to the identification problem of a
Robin coefficient and prove Theorem 2.

2 Local estimates of the solution

In what follows, we will use the following notation: for ¢; < to, we define

Hl’o((tl,tg) X Q) = {’LL € LQ((thtg) X Q)/VU S LQ((tl,tQ) X Q)}

Theorem 1 will be proved with the help of three propositions that we state now. The proofs
of these propositions rely on local Carleman estimates for parabolic and elliptic equations. In [9], our
quantification result was based on local Carleman inequalities ([18], [21] and [25]) obtained thanks to
Géarding inequalities involving pseudodifferential computation. The same inequalities were used in [23] to
quantify the unique continuation property for the Laplace equation. We refer to the survey [20] (and the
references therein) for a general presentation of these local Carleman estimates in the elliptic and parabolic
cases. Here, the local Carleman estimates that we will use are derived through direct computations. Like
the global Carleman inequalities, they are obtained thanks to the method of Fursikov and Imanuvilov
[15]. We call them local Carleman estimates because they are stated on a subdomain of (0,7") x 2 where
we do not prescribe boundary conditions on the solutions. Regarding the Carleman inequalities that we
will use, the inequality for the parabolic case is stated in [27] and the inequality in the elliptic case can
be proved with the methods presented in [15].

The first proposition gives an estimate of u and p in the interior of Q with respect to measure-
ments on a part of the boundary of €:

Proposition 2. Let I' C 9Q be a nonempty open subset of OS2 and let Qo be a nonempty open set such
that Qo C QUT and 0Q N OQ & I'. There exists 6 € (0,1) and, for any € > 0, there exists C > 0 such
that

1-6
[ull o (e —eyx20) + Pl o e, 7—e)x20) < C (lullmro) + Ipllo@) " FP, (8)
for all (u, p) solution of (1) in HYC((0,T) x Q) x HLO((0,T) x Q). In this inequality, F is defined by

F = |lullgro,myx1) + [IVu -0l 20,7y xr) + 1Pl 220,758 (0)) + VD - 1l L2((0,7)xT)- 9)

If we compare estimate (8) with the equivalent estimate proved for the stationary Stokes equa-
tion in [9] (see Proposition 2.6 in this reference), we see that the norms of the measurements are similar
(the norms of the measurements in (8) correspond to the L%-norms in time of the norms of the measure-
ments in Proposition 2.6 in [9]) except that we need an additional measurement of u in H'(0,T; L(T))
for the estimate (8). For parabolic equations like heat equation, it is proved in [27] that this norm can
not be removed, otherwise the estimate fails.



The second proposition gives an estimate of u and p in the interior of €2 with respect to mea-
surements in the interior:

Proposition 3. Let @ be a nonempty open subset of Q0 and let Qg C 2 be a nonempty open set relatively
compact in Q. There exists § € (0,1) and, for any € > 0, there exists C > 0 such that

1-6
[ull 1.0 (e, 7y x20) Pl 10 (e =2y x20) < O (ullmro@) + IIpllz2(@)) (|u||L2((o,T)xo)+||P||L2((o,T)?a))97
10)

for all (u, p) solution of (1) in L?(0,T; H*(Q)) x L*(Q).
In these two propositions, the exponent 6 only depends on the geometry of the domain, whereas
the constants C' also depend on e.

And the last proposition gives an estimate of v and p on the boundary with respect to mea-
surements in the interior:

Proposition 4. There exists a neighborhood 0 of O, a nonempty open subset & C Q relatively compact
in Q, a constant a > 0 and, for all € > 0, there exists a constant C > 0 such that

CM
||“||C([5,T75];01(Qmﬁ)) + ||p||C([5,T75]><(Qﬂ§)) < CM = (11)
(e )
||U||L2((0,T)

x@) t IpllL2(0,7)x@)

for all (u,p) solution of (1) in (H(0,T; H*(Q)) N H*(0,T; H'(Q))) x H'(0,T; H*(Q)), where
M = ||lullgro,1;m2(0)) + lullm20,m;m1 (@)) + Il 2 0,7512(02)) - (12)

Again, in this proposition, the exponent « only depends on the geometry of the domain, whereas
the constants C also depend on e.

Remark 1. In Theorem 1, the hypotheses of regularity on the solution come from the hypotheses of
reqularity made in Proposition 4. In Propositions 2 and 3, the regularity of the solutions is much weaker
(even if, we have to give a sense to the norms which appear in the measurements on the boundary given
by (9)). In Proposition 4, if we do not assume that u belongs to H2(0,T; H*(2)) and remove the norm of
w in H?(0,T; HY(Q)) in M, we can prove inequality (11) with the norm of u in H(0,T; L*(©)) instead
of L?((0,T) x @) in the right hand-side.

Remark 2. In Proposition 3, we only assume that p belongs to L*(Q) and we get an estimate of p in
HY((e,T —¢) x Q). Since, for all t € (0,T), p(t,-) is a solution of the Laplace equation in 2, results
on the interior reqularity for elliptic problem ([16]) directly implies that p belongs to H*°((0,T) x ).

These three propositions will allow to prove the quantification of the unique continuation pro-
perty given in Theorem 1:

Proof of Theorem 1. 1. We first apply Proposition 4 and we obtain the existence of a neighborhood
of 92, an open subset w C € relatively compact in {2 and a constant a > 0 such that, for all e > 0

”UHC([QE,T—QE];Cl(flmﬁ)) + ||P||c([2e,T—25]x(§m§))

< cM (13)

(o 5 )
ulle (e, 7—e)x@) + [IPIlL2((e.7—e)x)

for some C' > 0. Let us now apply Proposition 2 on @. We get the existence of constants C' > 0
and 0 < 0 < 1 such that

1-0 —
lull 2o m—eyxay + 1Pl L2 (e m—e)xa) < C (Pl o) + llullmro)  F* < CM'™F?



3

where F' is given by (9). Using this estimate in the right hand-side of (13), we get

CM
H“”c([Qs,T—zs];cl(Qmﬁ)) + Hp||C([2s,T—25]><(fm§)) < (CM“
s (F))

F

(14)

Let us introduce an open set g such that Q\ (Q N Q) CC Qp CcC Q2. We have, according to
interpolation inequalities,

lull (126, 726,01 (20)) + 1Pl C([26,7 =26 x 20)
< CM3(||ull p2(2e 7—2e;11 (90)) + 1Dl L2(20, 7265111 (920))) 5
We apply again Proposition 2 and we get

F

0/s
l[ull(fze 7201 (90)) T 1Pl (e, 7—2e]x020) < CMTB(MI=OFO)/S = C M (M)

We gather this inequality with (14) and we get that there exists a constant C' > 0 such that

CcM
lullo(ae, r—2ep,01 @) T 1Pl (e, 726 x70) < 7 OMN\
(=(F))

To conclude the proof, we notice that

||UHL2(0,T;H1(F)) + ”pHL2(O,T;H1(F))

1/3 2/3 1/3 2/3 1/31s2/3
= CHU||L2((O,T)><F)HUHL2(O,T;H2(SZ)) + C”p”Lz((O,T)xI‘)Hp||L2(O,T;H2(Q)) <ca'Pm

and
1/2 1/2
l[ull 2 0,7;22(r)) < C||“||L/2((0,T)xr)HUHH/Z(O,T;Hl(Q)) <CaPM'?.

Thus, F < CGY/3M?/3 which leads to (2).

. We proceed in the same way as in the first step except that we apply Proposition 3 instead of

Proposition 2.
O

Proof of the local estimates

3.1 Estimates in the interior of the domain: proof of Propositions 2 and 3

Let us first define some well-chosen weight functions which will be useful in the proof of Proposition 2.
To do so, we take again the setting of Proposition 2: we introduce I' C 92 a nonempty open subset of
09 and €y a nonempty open set such that Qy C QUT and 09y NN & I'. Then, we consider {2 a domain
of class C2 such that Q C Q, T = QN Q and 9Q\T C 9. Let d € C2(Q) be such that d(z) > 0 for all
x €Q,d(z) =0 for x € 90 and |Vd(z)| > 0 for x € Q. We define

Since Qy C (NZ, we can choose a sufficiently large N > 5 such that

Qo C {x € Q/d(z) > ;5} : (15)



These constants § and N only depend on the domains I' and €. Let ¢ > 0 be fixed and choose 3 > 0

such that

5 e? < § < 2086

We arbitrarily fix ¢y € (v/2¢,T — v/2¢) and set, for all (t,x) € R x R?
O(t,x) = d(z) — B(t — to)?

and
o(t,x) = e)\lﬂ(tvﬂf),

where A is a large enough fixed positive parameter. For 1 <14 < 5, we define
Q Be?
Wi = 6/\(W6_ N )

We then define 1 a sub-domain of Q such that Qo C Q1, 9Q; NN # B, 9 NIN ¢ T and

1

ldllc@a,) < N

For 1 <i <5, we denote by
~ — )
D; = {SE € Oy /d(z) > N(S}
D;={(t,z) e Rx Oy /p(t, ) > p;} .
For these domains, the following lemma holds:

Lemma 1. The sets (51) and (D;) satisfy the following properties:

(z)( t0+\ﬁ)xQOCD5C...CD1.

(i) For all2 <i <35,
D; C (to —V2e,t0 + \/56) x Di_y.
(#ii) For all1<i <5,
0D; C 2171' U 2271'
with 31, C (to —V2e,t + \/55) xI' and £q,; = {(Lx) € (to —V2e,to + \/55) x Q1 /p(t, x)

(iv) For all1 <14 <5,
aDCE“UEQZ

with E“CI‘ﬁaﬁl and EQ {erl/d 5}
Proof of Lemma 1. (i) Let ( ( \/EN) x 0. We notice that
€ ) €
Ut ) = d(a) = Bt~ to)? > d(a) ~ O > 25 - 2

according to (15). This implies that (¢, ) > us which shows the first inclusion.

The fact that D;1 C D; for 1 <17 <4 is obvious.

(16)

(17)

(18)

(19)

(20)

(21)

::U’i}-

(22)



(ii) Now, let (¢,z) belong to D;, for 2 <i < 5. Since ¢(t,z) > p;,

Thus

. 2 . 2
Bt —to)? < (1—;{])54‘6];<2562(1—]2)+ﬁ]\6]<2ﬁ62

thanks to (16). This implies that |t — ¢o| < v/2¢. On the other hand, we deduce from (23) that

using again (16). Thus, D; C (to — v2e,to + V2¢) x D;_1.

(iii) Let (t,z) belong to 0D;. If z belongs to 1, then o(t,z) = pu; (otherwise, p(t,z) > p;
and thus (t,#) € D;). Thus, (21) holds with ¥1; C (fo — V2e,tg+V2e) x 091 and By, =
{(t,z) € (to — V2e,t0 + V22) x Q/p(t,z) = p; }.

Let (t,x) € ¥q1,;. We have two cases. Either x belongs to 921 N 9Q C T or x belongs to
O\ (0921 NONQ). In the second case, according to (20),

1
< —o.
d(z) < 3N§

Moreover, since ¢(t,x) > p; > p1 we have that

2 1 2 Be?
— 2< Bi_i < - -
Blt—to) s d(@)+ T —§o < —3p0+ 3 <0

according to (16). We get a contradiction and this allows to conclude that X;; C
(to — \/§€,t0 + \/ZE) x T
(iv) According to the definition of D;, (22) holds for il,i C 091 and i2,i = {x €Oy /d(z) = JZ\/_(S}
If z € 90y \ (I' N 8), then according to (20), d(z) < 350. Thus, = ¢ E This implies that
il,i cI'noQy.
O

Before starting the proof of Proposition 2, we give the following classical lemma

Lemma 2. Let A >0, B> 0,C; >0, Co >0 and D > 0. We assume that there exists cg > 0 and
71 > 0 such that D < coB and for all v > 1,

D < Ae“ + Be=©27,
Then, there exists C > 0 such that:

Co cy
D < CAGTi+G: Boitcy

Proof of Proposition 2. In this proof, C' > 0 stands for a generic constant which may depend on 2, I, T,
A and e but which is independent of s and tg.
Let x € C?(R x Q) be a cut-off function such that 0 < y <1 and

[0, ife(tz) < pus,
x(t@) ‘{ 1, i ot o) > . (24)



To define this function, we can take x(t,z) = ¥ (%) where y € C2(R) is such that

. [0, ife<o,
vsxta st wd xo-{ ) HESD (25)

We have the following estimate: for all 1 <i,5 < 3, for all (t,z) € R x R3,
|Oix(t, 2)| + [0ix (L, )| + |0 x (¢, 2)] < C. (26)

Then v = yu satisfies
0w — Av = Oyxu — Axyu —2Vx - Vu — xVp in Q.

We apply the Carleman inequality for parabolic equations on the domain Dy (see Theorem 3.2 in [27])
with the weight (: for all fixed A large enough, there exist a constant sg > 0 and a constant C' such that,
for all s > s

// (s|Vo|? + s*v]?) e**?dxdt

Do

<C / / |0 xu—Axu—2V x-Vu|2e**?dxdt+C / \Vp|2e**¢dadt+C / / e?%? 5|V o[> 45 |v|*)dodt
D2 D3 8D2

Let us mention that the constants C' and sg do not depend on ¢y since, if we look at the dependence of
the domain Dy with respect to tg, we see that the domains Ds are in translation with each other with
respect to tg.

By the definition of x (24), the first term in the right hand-side of this inequality is in fact an integral
on {(t,z) € Q/ps < p(t,z) < pa}. Thus, using (26), we get the existence of a constant C' > 0 such that:

//D |0xu — Axu — 2V x - Vu|*e**?drdt < C’e2s”4|\u||%11,0@).
2

Moreover, for the boundary integral in the right hand-side, we use Lemma 1 (iii) for ¢ = 2. We obtain
that there exists a constant C' > 0 such that:

T
// 2% (5|V 1 00| + 83|v|?)dodt < C’eCOS/ / |0wul? + |Vu|? + |u|?dodt
aD; oJr

where Cy does not depend on . Then, since by Lemma 1 (i), (to — %,to + ;N) X Qo C D5 C Do,

we obtain:

tot+—=
628“5/ ﬁ/ s|Vul? + 53 |u|?dzdt
to——7 7
T
< CeQS“4||u||§p,0(Q) + C’// |Vp|2e®*? dadt + CeCOS/ / 10;ul? + |Vul? + |u|®dodt.  (27)
Dy 0JT

Let us now obtain estimates on the pressure p to estimate the second term in the right hand-side.
According to Lemma 1 (ii), we have

to+v/2e
// (s|Vp|* + s%|p|?)e** ¥ dadt < / /~ (s|Vp|* + s%|p|?)e? ¥ dadt. (28)
D3 t Do

0—V2e

We introduce a cut-off function ¥ in C?(Q) such that 0 < y < 1 and

2
=0
g s (29)



As previously for y, this function can be defined explicitly with the help of :

) =x (5 (a0) - 530} ).

We have the following estimate: for all 1 <i,5 < 3, for all z € §,
10:x ()| + 195 x(x)| < C. (30)
Let us define 7 = ¥ p. Using that Dy C Dy and ¥ = 1 on Ds, inequality (28) becomes
to+v2e
// (5|Vp[? + s*|p|?)e**Pdrdt < / / (s|Vr|? + s*|7|?)e** P dxdt. (31)
D3 to—v2e JDy
By taking the divergence of the first equation of (1), we obtain that Ap = 0 in Q. Thus, 7 is solution of
A =pAx+2Vp-Vx in Q.

We apply to m the classical Carleman inequality for elliptic equations (which can be proved as in [15])
on D; with ¢ = e*: for all fixed X large enough, there exist constants 59, C' and C; such that, for all
S > 8¢,

/ VA + ) ede < C [ |pA>z+2vp-v;z|2‘e25<ﬁdgc+c/~ GV + B2 Pde (32)
0D

D1 Dl

By using Lemma 1 (iv), there exists C' > 0 such that
| 1vaf itdo <c [ 1 + |VoPdo.
oD r

Thus, if we take § = se=*#(=10)" and if we integrate inequality (32) over (to — v/2¢, to + v/2¢), thanks to
the properties (29) and (30) satisfied by x, we deduce from inequality (31) that there exist a constant sq
and a constant C' such that, for all s > s,

T T
// (s|Vpl? + $*[p[2)e>* dadt < C / / (Ipl? + [VpP)e2edadt + CCro / / D2 + |Vpl2dodt  (33)
D3 0.JB 0oJr

where B := {z € Q/;%6 <d(z) < £6}. Let us remark that, thanks to inequality (16), we have for
(t,z) € (0,T) x B:
2 3 Be?
2
= — — — < —) — —
Y(t,x) = d(@) = Bt —t0)” < 0 < 0 — =7,
which implies that ¢ < p3 on (0,7) x B. Thus, inequality (33) implies that:
T
// (s|Vpl* + s°|p|?) e**?dxdt < Ce**He Hp||§{1,0((07T)XB) + C’ecls/ / Ip|? + |Vp|dodt. (34)
Ds oJr

We sum up inequalities (27) and (34). The second term in the right hand-side of inequality (27) with
the gradient of p is absorbed by the left hand-side of inequality (34), for s large enough. Then, since by

19 13
777t +7
VN UN

to+ %
eZsrs / N / s|Vp|* + s%|p|? + s|Vul® + s*|ul*dzdt
t()—\/% Qo

T
< 0628”4 <||pH§{1,0(Q) + Hu”%{lO(Q)) + 06028/ / |8tu|2 + |V’LL|2 + |'LL|2 + |p|2 + |Vp|2dadt,
0Jr

Lemma 1 (i), | to ) x Qo C D5 C D3, we obtain that, for all s > s,
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for Cy = max(Cy, C1) which is independent of £. This implies that, for all s > sq:

2 2
||U||H1,0((t0—LN,to+ﬁ)xQo) + Hp||H1=0((to—ﬁ,to+ﬁ)XQO)

< 06_25(#5_‘u4) (||p||%11,0(Q) + ||U||%{1,0(Q)> + 06025F2
< Cem®* (Ipl3oq) + lullfiogg)) + Ce F? (35)

where C5 only depends on 4, N and A and where F is given by (9).

As already noticed, the constants in the right hand-side of (35) are independent of ¢y. Let us take the
following values for tg: .
je

to; = V2e+ itk

with 7 =0,...,m

where m € N is such that

+ 1)e
Vaet M o7 oo < aer MEDE g
€ N_ € X € N >~

If we sum up over j the estimates (35) obtained with ¢y = ¢ ; for 0 < j < m, we obtain estimates of u
and p in (v/2¢,T — /2¢) x Q. Thus, replacing v/2¢ by ¢, we obtain, for all s > sq:

1wl zro(e,r—eyxo) + Pl 10 (67— ) x20) < Clem3Ca/2 (IIpll o) + llull o)) + Ce*22F. (36)

Thus, thanks to Lemma 2, we have proved estimate (8). O

The proof of Proposition 3 follows exactly the same steps as the proof of Proposition 2, so we
will only explain the main arguments and stress the main differences with the previous proof.
We introduce a function dy which belongs to C?(Q) and which satisfies

do>01in Q, do=00n0dQ, |Vdo|>0inQ\ wp

where wy is a nonempty open subset of 2 such that wy C w. Next, we take N > 5 large enough so that

Qp C {x € Q/do(x) > ;5}

where § is now defined by § = ||do[|¢(q), and we choose 3 > 0 which satisfies (16). We keep the same
definitions (17), (18) and (19) for, respectively, ¥, ¢ and p,; with dy instead of d. Moreover, we define

D, = {x € Q/do(z) > szé}

and -
D; = {(t,z) e Rx Q/p(t, ) > p; } .
Points (i) and (ii) of Lemma 1 still hold with these new definitions.

Proof of Proposition 3. If we adapt the proof of Theorem 3.1 in [27] to our new weight ¢, we get the
following local Carleman estimate:

Let D C (0,T) xQ be a domain of class C? such that, for all ¢ € [0, 7], the boundary of the domain DN {t}
is composed of a finite number of smooth surfaces. For all fixed A large enough, there exist a constant
50 > 0 and a constant C such that, for all s > s¢, for all v in H°(Q) satisfying ;v — Av € L?(Q) and
suppv CC D

// (s|Vol* + s*v]*) e**?dadt < C// |0 — Av|*e**Pdxdt + C// s3|v|2e® P dadt.
D D ((0,T)x&)ND

11



Let us define x by (24) with the new definition of ¢ and take v = yu. Since the support of v is relatively
compact in Do, we can apply this inequality to v in Dy. This implies that

£

to+—=
623“5/ ﬁ/ s|Vul? + 53 |u|?dzdt
to— % /0

T
< Cezs“4||u||§{1,0(Q) + C’// |Vp|2e®? dxdt + C/ / s3|ul2e**?dxdt.
Dy 0Jo

To estimate the second term in the right hand-side, we notice that (31) still holds with 7 = yp where
X is defined by (29) with dy instead of d. Then, we apply to 7 the standard elliptic Carleman estimate

([15]) in Dy CC Q with our new weight ¢ = e*® for X fixed large enough. Arguing in a similar way as
in the proof of Proposition 2, we get that there exist a constant §; > 0 and a constant C' such that, for
all § > 3o,

T
//D (s|Vp|? + s*|p[*)e**?dadt < Ce* ||p||Fo0.myxp) + 083/0 / Ip|*e?s¢ dxdt
3 w

where B := {z € /550 < do(z) < 30} CC Q. Moreover, according to Cacciopoli inequality ([17]),
since Ap =0 in (0,7T) x €, we have

1pl17.00.7y%B) < CllPlZ2 (0.7 %02)-

We then proceed exactly as in the proof of Proposition 2 to conclude the proof. O

3.2 Estimates on the boundary of the domain: proof of Proposition 4

For any = € R, we use the following notation x = (z1,2’) where z; € R and 2’ € R?. Moreover, for all
R > 0, we denote by
B(0,R)t = {x = (z1,2") € B(0, R)/x1 > 0},

where B(0, R) is the open ball of center 0 and of radius R, and by
Dr ={x = (x1,2') € R®/0 < 1 < R and |2/| < R}.

Let (u, p) be a solution of (1). Thanks to a change of coordinates, we can straighten locally the boundary
of  and go back to the upper half-plane. For all P € 0f, let ¢p be such a change of variables in a
neighborhood of P. The function ¢p is a C2-diffeomorphism on B(0,rp) for some 7p > 0 and satisfies

op(0) =P, ¢p(B(0,rp)") =N ¢p(B(0,rp))

and
op({(x1,2") € B(0,rp),x1 = 0}) = dQ N ¢p(B(0,7p)).
Moreover, due to the regularity and compactness of €2, there exists R > 0 such that VP € 9Q, rp > 3R

and we can always assume that R < 1. Next, since 02 C U op(B(0,R/2)), by compactness of 012,

PeoQ
N

there exist N points (P;)1<;<n of 0 such that 0Q C U ¢p,(B(0,R/2)).
i=1
In the following, we fix 1 <14 < N and, to simplify the notations, we set ¢ = ¢p,. Let us define,
for all (t,z) € (0,T) x B(0,3R)*

o(t, @) = u(t,¢(x)), q(t,z) =p(t ¢(z)). (37)
These functions satisfy the following problem:

dv — div(Vudy) + ByVg = 0, in (0,T) x B(0,3R)*, (38)
div(A4Vq) = 0, in(0,7)xB(0,3R)T,

12



with
Ay = |det(Ve)|(Vo) (Vo) T,

and

By = |det(V9)|(Ve) ™"

Let us define the operator P, by:
Pyf = — div(44V ) (39)

for a regular scalar function f, and by
PyF = (PyF1, PyFs, PyFs),
for a regular vector-valued function F = (Fy, Fy, F3). We can rewrite system (38) as follows:

{ O+ Pyv+ ByVq = 0, in(0,7)x B(0,3R)",

Pyq = 0, in(0,7)xB(0,3R)*. (40)

Let € > 0 be given. We consider to € (¢,T — ) and z{, € R? such that |z{| < R. We choose 3 > 0 and
~v > 0 such that

R
R<B€2<2Rand%>1 (41)

and we define
d(x) = 21 —yla" — g,

Y(t,x) = d(z) — B(t — to)? (42)

and
Q(n) = {(t,r) € Rx R®/x; < R+n and ¥(t,z) > n}.

Lemma 3. For 0 <n < &, we have Q(n) C (to — £ty +€) X Dsr C (to —&,to +¢) x B(0,3R)™.
Proof of Lemma 3. Let (t,z) € Q(n). First, we have that 21 < R +n < 2£. Moreover, since ¢(t,z) > n
21 >+ la’ —agl? + Bt —to)®

This implies that 7 > 0 and that v|z’ — x{|? + 8(t —t9)?> < R. According to the conditions (41) satisfied
by 8 and v, we obtain the first inclusion. The second inclusion is readily proved. O

In order to apply local Carleman inequality, we need to introduce a cut-off function

R
Lemma 4. Let 0 <n < 5 be given. We can define a function x, € C*(R x R?) such that 0 < x, < 1,

. 1, fd’(ﬁ ) Z 3 ’
Xn(t, z) = { 0, ifw,i) < 227 w

and, for all (t,x) € (0,T) x Dz,

¢

10ixn (t, )| + |Oexn (t, )| < . 02y (t,2)| < =, for all1 <i,j <n,

3 Q

where C' > 0 is a constant which only depends on R, T, € and ~y.

To prove this lemma, we can define x thanks to the definition (25) of ¥ by x,(t,z) =
_ <¢(l‘,x) - 277>
X .

n
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Proof of Proposition 4. Let us define (v, ¢,;) = (xyv, X»¢). The function v, satisfies the following equa-
tion
vy + Pyvy = =Xy ByVq + Oixqv + [Py, xnlv, in (0,T) x B(0,2R)™,
where the operator [Py, x,] is defined by
[Pg, xnlv = — div(AgoVx}) — Ay VoV,

for all vector-valued function v. We denote by

ER{xeR3/R<x1<?f,|x’|<?f}.

In the following, we consider that n € (0, %) is given. We apply the Carleman estimate for parabolic

equations (Theorem 3.2 in [27]) in Q(n) with the weight p = e’ where 1 is given by (42): for all fixed
A large enough, there exists a constant sg > 0 and a constant C' such that, for all s > s,

1
// (|8tv,7|2 + 8|V, |* + 33|U,7|2> 2P dxdt < C’// | = X BsVq+ 0 xnv + [Py, xy|v|*€**? ddt
Qn) \'$ Q")
+ C’// (8| Vi pvy|? + 83 |vy|?)e*Pdadt.  (44)
9Q(n)

Notice that, since the domain Q(7n) is a translation of @Q(0) in the direction x; for any 7, the constants
so and C are independent of 7.
Let us first estimate the last term in this inequality. We remark that

Since x,, satisfies (43), v, = |Vv,| = 0 on {(t,z)/z1 < R+ n, ¢¥(t,x) = n}. Moreover, according to

Lemma 3, {(t,z)/z1 = R+n, ¥(t,z) > n} C {(t,z) € (0,T) x D%/ml = R+n}. Hence, there exists a
constant C' > 0 which does not depend on 7 such that

// (8| Vi zvg|* + 83|vy[2)e**Pdadt < Ce®* J}
9Q(n)

where

J1 = ||”||H1(0,T;H2(5R))' 42)

For the first term in the right hand-side of (44), we first notice that there exists C' > 0 such

// Xy B Va|?e**?dzdt < C// |Vq|?e?*¢ dx dt
Q) QMNAQ(2n)

according to (43) and that there exists C' > 0 such that

that

S C S
// 10X + [Ps, xn)v]?e**? da dt < —e** 0] F10((0.7)x D g )
Q(n) n 2

4Xn

)

where we have denoted a; = €3 and used Lemmas 3 and 4. By this way, if we denote ay = e
inequality (44) becomes

g5z // (s|Vv]* + s°|v|*) dadt
Q(MNQ(4n)

c
< C// |vq|2625¥} dx dt 4+ j@QSal||U||%11,0((0’T)><D3R) +C€CSJ12 (46)
QMNQ(2n) K B
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where the constants C' do not depend on 7. We now want to estimate the term with the pressure (first
term in the right hand-side). To do so, we will use the fact that ¢ satisfies an elliptic equation and apply
a Carleman estimate. First, we denote by

E(n) ={z € R*/d(z) >nand z; < R+n}.

Note that, according to (41), E(n) C Dsp and

Q(n) C (to — €,to +€) x E(n). (47)

In a similar way as in Lemma 4, let us introduce a cut-off function which satisfies the following properties:
For a given n > 0, there exists ¢, € C*(R®) such that 0 < (, <1 and

1, ifd(z) > 2n,
Gnl) = 0, ifd(x)g%n. (48)

Moreover, there exists a constant C' > 0 depending only on R and « such that, for all z € D 3R, We have

|0iCp ()] < % and |83]Cn(x)| < 77%7 forall 1 <i,j <3.

We denote by m,, = (,q. According to (47) and (48), we will thus be able to estimate the first term in
the right hand-side of (46) thanks to the following inequality

to+e

// (5|Vql? + 5°|q[2) e da dt < / (s|Vmy 2 + 8%y )2 dwdt.  (49)
Q(mMNQ(2n) to—e JE(n)

The function 7, is solution of
Pymy = [Py, (y)q in (0,T) x B(0,2R)™,
where the operator [Py, (,] is defined by

[Py, Cylg = —VCf]A¢Vq —div(qAs V()

for all scalar function g. We then apply the elliptic Carleman estimate to m, in E(n) with the weight
¢ = e for all fixed A > 0 large enough, there exists a constant 5y > 0 and a constant C' such that, for
all 5 > 3,

/ GV + 8l % de <O [ ([P ,Ja2 da+ c/ (3V |2 + 8| [2)eXdo. (50)
E(n) OE(n)

E(n)

The domain E(n) is a translation of E(0) in the direction z1, thus the constants §; and C do not depend
on 7. Moreover, we notice that

OE(n) ={z € R*/d(z) =nand 0 <2y < R+n}U{z € R’/d(z) >nand z; = R+n}

and, by construction, |m,| = |Vm,| = 0 on {z € R*/d(z) = nand 0 < 21 < R+ n}. Thus, if we set
§ = se~ (=1 in inequality (50) and if we integrate in time over (g — €t + €), we obtain that there
exists a constant sg > 0 and a constant C such that, for all s > sq,

to+e C
/ / (s1Vmg|* + 8%y |) €2 da dt < =€ |ql[ 1001y x D gy ) + CT 3
to—e JE(n) n g

where Jy is given by
Jo = ||Q||L2(0,T;H7/4(53))' o1
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Thus, inequality (49) becomes

C
/ /Q o AT+ a7t P oy + O
n n

2

If we add up this inequality with inequality (46), the left hand-side of this inequality allows to absorb the
first term in the right hand-side of (46) if we take s large enough. Since Q(n) N Q(4n) C Q(n) N Q(2n),
we obtain that, for all s > s,

C — 48 S
0l 0@uanmnam) + lallo@unnem) < ¢ 25Ch \12 4 CeC3(J2 + J2)

where C;) = ap — a; > 0 and M is given by (12). Since Q(4n) = (Q(4n) N Q(n)) U (Q(4n) N{R+n <

z1 < R+ 4n}) and since ||/U||§{1'O(Q(47])H{R+77<w1<R+4n}) + HqH%IlvO(Q(4n)ﬂ{R+n<m1<R+4n}) is bounded by
J? + J2, we can in fact estimate v and ¢ on the whole set Q(47n): for all s > s

C —48 S
HUH%{LU(Q(M])) + ||‘1||§11,0(Q(47,)) < Ee 2O M? + Ce“3(JF + J3).

Since C), = e _ e3dn — 63’\"(6’\" -1) > eM—1> An, we get the existence of sg, C' > 0 and C; > 0
which are independent of 7 such that, for all s > s,

C —S S
o]l 10 (@any) + lallzrro@ean) < ?e MM + CeCrs(Jy + Jo).

Note that the previous inequality is in fact valid for all s > 0 since [|v||g1.0(Qn)) + |l 510(Qan)) < M.
If J2 + J3 =0, letting s — +00, we see that v = 0 and ¢ = 0 in Q(4n). Assume now that JZ + J3 # 0
and choose s such that the first term in the right hand-side has the same value as the second term in the

right hand-side: we take s = Then we obtain that there exists a constant

o (s )
0 )
Citan B\ (T + o)
C > 0 such that, for all n € (0, %)

C1
M\ Ci+xn o C A
||U||H1'0(Q(4?7)) =+ ||qHH1‘O(Q(4n)) S C (T]2> (Jl + J2)C1+>\n S ﬁMclﬂn (Jl + J2)01+>\w . (52)

Moreover, this inequality still holds if J; + J> = 0. Now, let us introduce the following set
3 € ’ /2 2 R
Q1(4n):{(t,x)€[R><lR/|t—to<2,4n+'y|33—330| < a1 — B(t—to) <4n+2}.

Thanks to the property (41), for all n € (0, %), Q1(4n) C Q(4n). For all (t,z) € Q1(4n), let us set
iy = a1 — Bt —t)*

Then
(t,m) € Q1(4n) & tel, (71,2") € B(4n)

where

€ € N - R
L= (to— S.to+ 5 ) Bldn) = {(a:l,x’>/4n+v|x’ —zol* <1 <+ 2}-

Let us set, for all ¢ € I, and (21,2") € B(4n),
w(t, #1,a") = v(t, 71 + Bt — to)*, 2").
Then,

7 1
ol @ram) = 1Wlle (@waan) < Clvlm aame@any 101z am):
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Since the domain B(47) is the translation of B(0) in the direction x1, the constants in these inequalities
are independent of 7. Coming back to the function v in the right hand-side, we get that

< CMF|v

Il c(Qi(am) = C””HHl (0,T;H2(B(0,3R +>>””||L2(Q1<4n>> ||L2(Q(4n))'

The same inequalities hold for Vv and ¢. Consequently, thanks to (52), we have

1

8

I~

C 551 An
+ ”V ” ( < CMs ?Mcﬁrkn (Jl + J2) [TESY]

aram) T o (@rm) <
An
C J1 + Jo \ 8@+
R Y = . (53
S ( M ) (53)

il o (@)

An C
Since n € (O, %), we have that (%) 8O < (%) " where C > 0 is a constant which does not
depend on 7. Thus,

C (Tt R\
ol gy + 19y + 1) < 7 (P3r)

Qi) Qim) = pi M

Let ¢ = (&,&3) € R2. In particular, for all |¢/ — zf| < 0<n< 8, we have:

2'y’
v (to, 4n + 7€ — ()2, €)| + |V (to, 4n +~I¢ — 25, &)

C Ji 4 Jo\ "
+|q(tov4n+7|£’—x62,§’)|§M<1 2) . (54)

R R
Qré{xeﬂ?s/’y|x x0|2<x1<2,|x':c6|<”27}.

Thanks to the following change of variables:

(n,&) = (dn+~[¢ — x()?, &),

Let us define

we obtain:

Bl

8 4 2

[, wtompa=af p / [o(to. 4y + 1€’ — 2y, €))|” dnd’
@l '—zp|<y/ 55 JO

By performing the same calculation for Vv and ¢, we obtain thanks to (54),

Cn
St J2> dn. (55)

3
| 1otto, o) + [Velto,0) +latta, o) Pds < e n%< M
! O

According to the definitions (45), (51) and (12) of Ji, Jo and M, there exists a constant Cy > 0 such
that J; + Jo < CyM. We notice that

Cn +oo
/ 77_% (J1 + J2> dn < / n—%e—mog(i?rﬂfi)ndn
0 0

CoM
1 7% Foo M _% _ Co M
< T oM N / (C log ( Cs ) 77) e Clog( 7757, )ndn.
Clog(hﬁrh) 0 Ji+ Jo

R
8
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By performing the change of variables 1; = C'log (

/1; -1 (J1 + Jo
0 n CQM

Co M
Ji+J2

)
dn<C
(

) 71, we finally obtain that

r'(3)

where T is the gamma function. Thus, if we come back to (55), we obtain that, for all z{, € R? such that

7ol < R

[|v(to, ~)|\H1(Qx6) + llg(to, z2(q,,)

Then, by applying an interpolation inequality, we obtain

sup |v(to, )]
IGQr/O

<

CM

(1og (24))

7 1 7 1
< Cllolto, Mg 000, e,y < CME(to, M2,
0 0 0

where the constant C' > 0 does not depend on z{, since the domains Q. are in translation with each
other in the direction z’. Similar inequalities hold for Vv and gq.
Thus, for all ¢y € (6,7 — €), for all xf, such that |z{| < R

sup |’U(t071')‘ + |V’U(t0,fli)| + |Q(t07m)‘ <

wGQw{)

CM

-
CoM )\ 2?2
(1o (%))

Since B(0, R/2)* C {z € R3/0 < z; < R/2, |2'| < R} C U{x{)/lré\SR} Qo this implies that

sup
(to,xz)e(e,T—e)xB(0,R/2)t

‘We notice that

‘U(tOVT;)l + |Vv(t0,x)| + |Q(t07‘r)| S

CM

.
CoM )\ 32
(10g (Jl%‘r.h ))

1/
7/8
Ji+J2 < (||U||L2((0,T)xf)R) + Hq”Lz((O,T)XﬁR)) MY,

Thus,

||UHC'(E,T—E;01 (BO.R/2)T)) + ”quc((s,T—s)xB(O,R/2)+)

<

- 3
log
< <””|L2(<0,T>xfm> + ”q'm((o,T)foR)))

CM

L

¢

CM

The last step consists of coming back to an estimate on (g,7 — ¢) x ¢p,(B(0, R/2)") of u and p related
to v and ¢ by the change of variables (37). Then, if we sum up the obtained inequality for 1 < i < N, we

get estimate (11).

O

4 Stability estimate for the identification of the Robin coefficient

In this section, we come back to the inverse problem presented in the introduction. In particular, we
consider system (6) and we assume that 92 is the union of two disjoint pars I'y and T'.. We will prove
the stability result on the Robin coefficient g given by Theorem 2. Let us first state regularity results for

the following problem

uy — Au+ Vp
div u
Vu-n—pn

Vu-n—pn+qu

u(0, -)
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h,

Ug,

in (0,7) x Q,

on (0,T) x I, (56)
on (0,7T) x T,

in Q.



Using regularity results for the stationary Stokes problem with Neumann boundary conditions
[11] and the same kind of arguments as in the proof of Theorem 2.6 in [8], we can prove that the solution
of system (56) satisfies the two following propositions:

Proposition 5. Let Q be a bounded and connected open set in R3 of class C*' and let vy > 0, Ng > 0
be given. We assume that ug € V, g € H'(0,T; L*(T.)) N L*(0,T; H2(T',)), h € H(0,T; L)) N
L2(0,T; Hz (Ty)), g € Wh(0,T; L°(T)) N L2(0, T; H*(Ty)) with s > 1 and that

qg>wvo on (0,T)xTo, |lgllrzr;me(ro)) + llallwie1;L=1rg)) < No-

Then problem (56) admits a unique solution (u,p) € L*(0,T; H?(2)) N H(0,T; L?(Q)) N L*(0,T;V) x
L2(0,T; HY(Q)). Moreover, this solution satisfies:

l[ull 20,7 m2(9)) + lull 20,1522 0)) + llulloe 0,000 (2)) + [Pl 220,157 ()

< Clluollzr @y + glle o mizzway + 19l o g poprd .y T 1Bl 022000 + 1B Lo i3 (1))

where C depends on vy and Ny.

Proposition 6. Let  be a bounded and connected open set in R? of class C*' and let vy > 0, Ny > 0 be
given. We assume that ug € H*(Q)NV, g € H2(0,T; L2(T.))NHY(0,T; H2 (T.)), h € H2(0,T; L%(T'y)) N
H'(0,T; H? (L)), q € H*(0,T; H*(T)) and

q>wy on (0,T) x Lo, lgllzz0.m:m2(r0)) < No-

Then problem (56) admits a unique solution (u,p) € H?(0,T;H*(Q)) N W2>=(0,T;L*(Q)) N
HY(0,T; H3(Q)) x H?(0,T; L*(Q)) N H*(0,T; H*(2)). Moreover, this solution satisfies:

HU“H?(O,T;Hl(Q)) + ||U||H1(0,T;H3(sz)) + ||UHW2’°°(O,T;L2(Q)) + ||p||H2(O,T;L2(Q)) + Hp||H1(O,T;H2(Q))
= Clllwollrsoy + gl msezwoy + U9l s o 7,12 ) + 2022000 + W0l 130 11 1)

where C depends on vy and Ny.

We are now able to prove Theorem 2. Under the hypotheses made in the statement of this
theorem, according to Proposition 6, (u1,p1) and (uz, p2) belong to H2(0,T; HY(Q))N H(0,T; H3(2)) x
HY0,T; H*(Q)) and we have, for i =1, 2,

Nwill 20,700 @)y + [[will 1 (0,75 13 () + 1Pill 1 (0,75 12(02)) < C(v0, No)- (57)

The functions u = u; — us and p = p; — po are solutions of

u —Au+Vp = 0, in (0,7) x Q,
div u = 0, in (0,7) x Q,
Vu-n—pn = 0, on (0,T) x T, (58)
Vu-n—pn+qgu = ui(ge—q), on(0,T)xTg,
u(0, ) = 0, in Q.

Thus, on K C {(t,z) € (6,7 —e) x 'y /u1 # 0}, we have

mllgz — aillexy < C(No)(IVulle(e,r-eyxro) + 1Pl et r—eyxro) + [ullo(e,r—<)xro))-
Then, we can apply the first part of Theorem 1 and we get that there exists a > 0 and C' > 0

CM
milez — arlleqo < C(No) 2w
()

G
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where M is defined by (3) and G is defined by (4). According to Proposition 6, applied with ug = 0,
g=0and h =u1(g2 — ¢1), we have

< O(l/o,N()),

M < C([Jur(gz = q)ll2(0,m02(10)) + llua(gz — Q1)”H1(0,T;H%(r0))) >

according to (57). This proves Theorem 2.

Acknowledgments: The author wants to thank Masahiro Yamamoto who suggested to work on this
problem, Anne-Claire Egloffe who collaborated on this subject at the start and Céline Grandmont. The
author also thanks them for fruitful discussions on this subject.

References

[1] G. Alessandrini, E. Beretta, E. Rosset, and S. Vessella. Optimal stability for inverse elliptic boundary
value problems with unknown boundaries. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 29(4):755-806,
2000.

[2] G. Alessandrini, L. Rondi, E. Rosset, and S. Vessella. The stability for the Cauchy problem for
elliptic equations. Inverse Problems, 25(12):123004, 47, 2009.

[3] G. Alessandrini and E. Sincich. Detecting nonlinear corrosion by electrostatic measurements. Appl.
Anal., 85(1-3):107-128, 2006.

[4] L. Baffico, C. Grandmont, and B. Maury. Multiscale modeling of the respiratory tract. Math. Models
Methods Appl. Sci., 20(1):59-93, 2010.

[5] A. Ballerini. Stable determination of an immersed body in a stationary Stokes fluid. Inverse Problems,
26(12):125015, 25, 2010.

[6] M. Bellassoued, J. Cheng, and M. Choulli. Stability estimate for an inverse boundary coefficient
problem in thermal imaging. J. Math. Anal. Appl., 343(1):328-336, 2008.

[7] M. Bellassoued, M. Choulli, and A. Jbalia. Stability of the determination of the surface impedance
of an obstacle from the scattering amplitude. Math. Methods Appl. Sci., 36(18):2429-2448, 2013.

[8] M. Boulakia, A. Egloffe, and C. Grandmont. Stability estimates for a Robin coefficient in the
two-dimensional Stokes system. Math. Control Relat. Fields, 3(1):21-49, 2013.

[9] M. Boulakia, A. Egloffe, and C. Grandmont. Stability estimates for the unique continuation prop-
erty of the Stokes system and for an inverse boundary coefficient problem. Inverse Problems,
29(11):115001, 21, 2013.

[10] L. Bourgeois and J. Dardé. About stability and regularization of ill-posed elliptic Cauchy problems:
the case of Lipschitz domains. Appl. Anal., 89(11):1745-1768, 2010.

[11] F. Boyer and P. Fabrie. Eléments d’analyse pour 'étude de quelques modéles d’écoulements de
fluides visqueuz incompressibles, volume 52 of Mathématiques € Applications (Berlin) [Mathematics
& Applications]. Springer-Verlag, Berlin, 2006.

[12] S. Chaabane, I. Fellah, M. Jaoua, and J. Leblond. Logarithmic stability estimates for a Robin
coefficient in two-dimensional Laplace inverse problems. Inverse Problems, 20(1):47-59, 2004.

[13] A.-C. Egloffe. Etude de quelques problémes inverses pour le systéme de Stokes. Application aux
poumons. PhD thesis, Université Paris VI, 2012.

[14] C. Fabre and G. Lebeau. Prolongement unique des solutions de l'equation de Stokes. Comm. Partial
Differential Equations, 21(3-4):573-596, 1996.

20



[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

A. V. Fursikov and O. Yu. Imanuvilov. Controllability of evolution equations, volume 34 of Lecture
Notes Series. Seoul National University Research Institute of Mathematics Global Analysis Research
Center, Seoul, 1996.

D. Gilbarg and N. Trudinger. Flliptic partial differential equations of second order. Classics in
Mathematics. Springer-Verlag, Berlin, 2001. Reprint of the 1998 edition.

David Gilbarg and Neil S. Trudinger. FElliptic partial differential equations of second order, volume
224 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical
Sciences/. Springer-Verlag, Berlin, second edition, 1983.

L. Hérmander. The analysis of linear partial differential operators. III, volume 274 of Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-
Verlag, Berlin, 1985. Pseudodifferential operators.

M. Ignatova and I. Kukavica. Strong unique continuation for the Navier-Stokes equation with non-
analytic forcing. J. Dynam. Differential Equations, 25(1):1-15, 2013.

J. Le Rousseau and G. Lebeau. On Carleman estimates for elliptic and parabolic operators. Ap-
plications to unique continuation and control of parabolic equations. ESAIM Control Optim. Calc.
Var., 18(3):712-747, 2012.

G. Lebeau and L. Robbiano. Controle exact de ’équation de la chaleur. Comm. Partial Differential
Equations, 20(1-2):335-356, 1995.

C.-L. Lin, G. Uhlmann, and J.-N. Wang. Optimal three-ball inequalities and quantitative uniqueness
for the Stokes system. Discrete Contin. Dyn. Syst., 28(3):1273-1290, 2010.

K.-D. Phung. Remarques sur I'observabilité pour I’équation de laplace. ESAIM: Control, Optimisa-
tion and Calculus of Variations, 9:621-635, 2003.

A. Quarteroni and A. Veneziani. Analysis of a geometrical multiscale model based on the coupling
of ODEs and PDEs for blood flow simulations. Multiscale Model. Simul., 1(2):173-195 (electronic),
2003.

L. Robbiano. Théoréme d’unicité adapté au controle des solutions des problémes hyperboliques.
Comm. Partial Differential Equations, 16(4-5):789-800, 1991.

I. E. Vignon-Clementel, C. A. Figueroa, K. E. Jansen, and C. A. Taylor. Outflow boundary conditions
for three-dimensional finite element modeling of blood flow and pressure in arteries. Comput. Methods
Appl. Mech. Engrg., 195(29-32):3776-3796, 2006.

M. Yamamoto. Carleman estimates for parabolic equations and applications. Inverse Problems,
2009.

21



