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ERROR ESTIMATES FOR THE EULER DISCRETIZATION
OF AN OPTIMAL CONTROL PROBLEM
WITH FIRST-ORDER STATE CONSTRAINTS*

J. FREDERIC BONNANST AND ADRIANO FESTA#

Abstract. We study the error introduced in the solution of an optimal control problem with first
order state constraints, for which the trajectories are approximated with a classical Euler scheme.

We obtain order one approximation results in the L norm (as opposed to the order 2/3 obtained
in the literature). We assume either a strong second order optimality condition, or a weaker one in
the case where the state constraint is scalar, satisfies some hypotheses for junction points, and the
time step is constant.

Our technique is based on some homotopy path of discrete optimal control problems that we
study using perturbation analysis of nonlinear programming problems.

Key words. Optimal control, nonlinear systems, state constraints, Euler discretization, rate of
convergence.

AMS subject classifications. 49M25, 65110, 65170, 65K10.

1. Introduction, discussion of literature. Numerical methods for the reso-
lution of an optimal control problem are based on a finite dimensional approximation,
generally obtained through a discretization of the trajectory and a piecewise constant
or polynomial control. Obtaining error estimates for such approximations is obviously
an important issue.

The first works related appeared in the 1970s; they dealt with convergence of
a discrete optimal control solution (see e.g. [9], [I0], and [2T]). Other results of
convergence, provided with modern variational techniques, are also [25]; a survey of
the results in this area is [11].

In this paper we will focus on the case of pure state constraints, a case which
presents some special difficulties. In particular it is known that when the constraint
qualification (see [I4]) holds and the Lagrangian verifies a local condition of coerciv-
ity, the discrete problem obtained with an Euler scheme has a solution, for a suffi-
ciently fine mesh, and the corresponding Lagrange multipliers are at distance O(h),
in the L? norm, where h is the maximal discretization step, from the continuous
solution/multiplier. This important result is due to [13].

The choice of the norm is a delicate point: through the Legendre-Clebsch condi-
tion we can get typically an estimation for our variables in a L? norm which settles
badly with the pure state constrained problem. Such problem naturally requires esti-
mations in the L norm. This is the so called “two-norm discrepancy” [20].

Another sensible matter is that the cost function does not necessarily have deriva-
tives in L2. This suggests to work in a non linear space of Lipschitz continuous func-
tions with bounded Lipschitz constants. In this setting the L? convergence implies
L*>° convergence. This is the way proposed in [13] to obtain a convergence result
in the L™ norm. In such work the error bound, of order O(h?/?) (where h denotes
the largest time step), is as highlighted by the same authors through an empirical a
posteriori test not tight.
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We assume either a strong second order optimality condition, and a variable time
step (as it was done in [I3] with a constant time step), or a weaker request in the
case where the state constraint is scalar, the problem satisfies some hypotheses for
junction points and the time step is constant.

In this second case our hypotheses can be motivated in the following way. They
allow to obtain the stability of the extremals (of the continuous problem) under a
small perturbation, see [4]. We obtain a similar result for the discretized problem.
By contrast, for a vector state constraint we are not aware of such stability results,
even in the continuous case. This suggests that it might be not easy to obtain the
stability of the extremals after discretization without a strong second order optimality
condition. This is an interesting open question that we leave for future work, as well
as the case of higher order state constraints.

1.1. Structure of the paper. In Section [2| we introduce the problem and the
assumptions adopted in the paper, and we state our main result (Theorem [2.5), i.e.,
a O(h) error estimate for the control, state, costate and multiplier. The homotopy
path is introduced in Section [3] The path starts with 6 = 1, the associated solution
being provided by a sample of the continuous problem. It involves the control, state,
costate and multiplier denoted by X? := (u?, 4% p? n?), and by the definition is such
that || X% — X! <. For § = 0 we reach a local solution of the discretized problem.
The smoothness of its solution is established in Section @l In Section [l we check
that, under appropriate hypotheses, in a neighbourhood of X', X? has a directional
derivatives 6 X? whose L norm is of order h. More precisely, due to some coercivity
properties of the Hessian of the Lagrangian, we first obtain O(h) estimates in the L?
norm for the directional derivatives of u? and 7?, from which the O(h) estimates in
the L norm for y? and p? easily follow. Then using the fact that the state constraint
is of first order, we derive the O(h) estimates in the L> norm for u’ and n. Section
|§| is dedicated to a simple numerical test. The example, taken from [I5], was also
used in [I3]. The numerical results are in accordance with our theoretical result and
they confirms the tightness of the estimate. An appendix is devoted to the analysis
of hypothesis (A5).

2. The continuous problem and its discretization. We consider the follow-
ing pure state constrained optimal control problem

Minimize ¢(y(T)); subject to
) zgg))zégft(t),y(t)), for a.a. t € [0,T7; 2.1)
gi(y(t)) <0, tel0,T), i=1,..,r

where the control u(t) and the state y(t) belong to the spaces U := L*>°(0,T;R™) and
Y = Wh°(0,T;R"), resp., and g; is the ith component of the vector g. Moreover
we assume:

(A0) The mappings ¢ : R” - R, f:R™ x R® — R”, and ¢ : R® — R" are of class
C? with locally Lipschitz second order continuous derivatives. Additionally,
9i(yo) < 0 for every i =1, ...,7.

A trajectory of (P) is an element (u,y) of U x ) solution of the state equation
(2.1). We say that (@,7) is a local solution of (P), if it minimizes ¢(-) over the set of
feasible trajectories (u,y) satisfying ||u — 4|l < 0 for some § > 0. We assume that

(A1) The trajectory (u,y) is a local solution of (P) in U x Y, and @ is a continuous
function of time.



The first order time derivative of the state constraint is the function
gV R™ xR = R, (u,y) = ¢'(y) f(u, y). (2.2)

Note that g(* (i, %) is the time derivative of g(7) along a trajectory.

Denote by A(t) :=={i =1,...,7 ] g:(g(t)) = 0} the set of active constraints at time
t. We say that the trajectory (@,y) has regular first order state constraints if the
following holds:

(A2) There exists a > 0 such that, for any A € R"™ verifying A\; = 0 if ¢ & A(2),
the following holds:

N <ag| S AVaglV(@ )|, vtelo1].
1€A(t)

The Hamiltonian function H : R™ x R™ x R™ — R is defined by:

H[p](uv y) = pf(uv y)

With this classical notation we view the Hamiltonian as a function of (u,y), parame-
terized by p.
We define the contact set by

L= {te[0,T); g:(G(t) =0}, ie{l,...r}

We say also that the i-constraint is active at time t, if ¢ € I;; otherwise the constraint
will be inactive. A maximal open interval (a,b) of I; (resp. of [0,T]\ I;) is called
boundary arc (resp. interior arc). The left and right endpoints of a boundary arc are
called entry and exit points, respectively. We call junction points the union of entry
and exit points.

2.1. Optimality conditions. We identify the measure space M0, T'| with func-
tions of BV ([0,T]) with value 0 at time 7. We recall here the classical definition of
regular Pontryagin extremal.

DEFINITION 2.1. A trajectory (4,§) is a regular Pontryagin extremal of (P), if
there exist some measures dij; € M[0,T] and a costate p € BV ([0, T], R™), such that:

y(t) = f(u(t),y(t) a.e. on [0, T] y(0) = %o, (2.3)
—dp(t) = p(t) f, (u(t), y(1))dt + Zgz )dni(t), p(T) =¢'H(T)), (2.4)
u(t) € ag%glniln{p( ) (@, y(t ))} a.e. on [0,T], (2.5)

0>gi(y(t), dni=0, /OT gi(g(®)dmi(t) =0, i=1,...r (2.6)
Observe that condition is equivalent to the Hamiltonian inequality
Hp(®))(a(t),y(t)) < H[p(t)](u,g(t)), forallu e R™, a.e. on [0,T]. (2.7)
The linearized state equation at (u,y) is

() = f'(u(t), 5(1)(v(t), 2(t));  2(0) =0, (2.8)
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whose solution is denoted by z[v].
By (A2), (@, y) satisfies the following constraints qualification [23] (cf. also [2]): there
exists eg > 0 and v¥ € L™ such that 2% = z[v*] satisfies

9:(g(t)) +g§[t]zﬁ(t) <—eg<0, te€[0,T],i=1,..r (2.9)

Any qualified solution of (P) is a regular Pontryagin extremal, see e.g. [26]. But while
the above qualification condition only guarantees the fact that the set of Lagrange
multipliers is nonempty and bounded, (A2) implies the uniqueness of the Lagrange
multiplier, see [6].

A trajectory (u,y) is a stationary point of (P), if there exist 7 € MJ0,T] and

p € BV ([0, T]; R™) such that (2.3), (2.4), hold, as well as
0= H,[p(t)](u(t),y(t)) = p(t) fu(u(t),y(t)) for a.a. t € [0,T].

Obviously, a regular Pontryagin extremal is also a stationary point, and the converse
holds if the Hamiltonian H is a convex function of the control for a.a. time. It is
known [23] that qualified local solutions of (P) are stationary points.

2.2. A key result. The next assumption is quite common in these problems
and it plays a crucial role in the successive analysis. We assume that problem (P)
has a local solution (@, §), with associated multipliers p and 7 satisfying the following
condition

(A3) (Strengthened Legendre-Clebsch condition) There exists o > 0 such that

Houlp(®)](@(t), 5(t)) > a, for a.a. t € [0,T]. (2.10)

We recall that the continuity of the control was stated in (A1). A sufficient condition
for the continuity of the control, stronger than (A3), is (see [5, Thm. 2]) the uniform
strong convexity of the Hamiltonian w.r.t. the control variable, i.e. there exists a > 0,
such that

H,[p()](4(t),y(t)) > «, for a.a. 4 € R™ and for all ¢ € [0,7]. (2.11)

We recall also the following regularity result, due to [I4] (see the generalization in
[l):

LEMMA 2.2. Let (A0)-(A3) hold. Then both w and 7 are Lipschitz continuous.
In view of this Lemma, 7 has a density that we denote by v/(¢), the costate is Lipschitz,
and we may rewrite its dynamics as

—p(t) = p(t) £, (u(t), 5 (t)) + Z vi(t)gi(y(t)) a.e. on (0,T); p(t) = &' (y(T))-

(2.12)
In the rest of the paper we assume as standing hypothesis (A0)-(A3).

2.3. Second Order Conditions and Alternative Formulation. Let us first
recall some theoretical issues about second-order conditions. We introduce the lin-
earized control and state space V := L?(0,T) and Z := H*(0,T;R"), resp. We use
also the notations
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as well as for their partial derivatives, e.g. Hy[t] := H,[p(t)](a(t), §(t)), and other
functions. The quadratic form over ¥V x Z used in the second order conditions is, for
z = z[v]:

Q(v) ::/O (HyyH +Z% (t)) )dt+¢”( (T))(=(T))?,

(2.13)
and the set C(@) of critical directions is defined as those v € V such that, for z = z[v]:

zZ = fu(@,g)v+ fy(a,g)z on [0,T]; z(0) =0, (2.14)
g:()z(t) =0, tel; (2.15)
¢'(9(T))2(T) = (2.16)

Note that in the last relation we write an equality instead of an inequality since this
is known to be equivalent for qualified solutions, which will be the case thanks to
assumption (A2).

Let us next recall the alternative formulation of the optimality conditions, due
to [§] and [I7], and put on a sound mathematical basis by [19]. (See also [4]). The
alternative Hamiltonian H : R™ x R™ x R™ x R™ — R is defined by:

Hp' (), 7] (w, y) = p* fu,y) + 7' gD (u,y). (2.17)

Now define the alternative costate and multiplier of the state constraint:
p(t) + Y n(t)gi(y(t);  0'(1) == —n(t), te(0,T).
i=1

It is easily checked that

—p'(t) = Hy[p' (1), 7" (D))(a(t), 5(t)) ae. on (0,T); p'(T)=¢'(5(T)). (2.18)

At the same time, for any v € R, we have that

Hip' (), 7" (8)] (u, 5(t) = (0" (t) + 7" (0)g" G)) f (w, 5(1)) = H[B(t)] (u, (1))

Consequently the property of stationarity or minimization of the Hamiltonian w.r.t.
the control holds for the original Hamiltonian H if and only if it holds for the alter-
native Hamiltonian H.

The corresponding alternative quadratic form, where z = z[v], has the following
expression:

T
Q(v) ::/0 Hyy[t)(v(t), 2(1))*dt + ¢" (5(T)) (2(T)).
The form above involves the expression of D2g(!) [t], which is easily checked to be

ng(l)[t}(vv Z)2 = 9(3) [t](f[t]v Z, Z) + gl[t]fyy [t] (Uv 2)2 + 29//[t](za fy [t] ('Ua Z)) (219)

The next Lemma is a variant of some results by Bonnans and Hermant [4], Malanowski
and Maurer [I8]. We give a short, direct proof in the case of a single constraint for
convenience.

LEMMA 2.3. We have that Q(v) = Q(v), for all v € U.



Proof. Using ([2.19)), we get that

T " _ r " _ o T a 1" _
/ 0 0P = | acwrann = [ 6@ neo) o

| (@GN 1.20.20) + 2071010 20) 7' ()
= [ (P00 200 = g1 00 0).2(0)7) 7 0.

Eliminating p(t) = p'(¢) + 7' ¢'[t] in the expression of {(-), we obtain that

OT (00 + ")/ 1) £ 11(0(0), 2(0)° + v(2)g " F(=(1))?) it

0 (D)D)

= [ (POl + 7 OD* V(). 20)?) d
9 (G AT)P,

as which was to be proved. O

Q(v)

2.4. Discrete version. We introduce now the Euler discretization of the opti-
mal control problem ([2.1). Given some non zero N € N and a collection of positive
time steps hi, k =0 to N — 1, such that ZkN:_Ol hi =T, we set

k—1

tk::;hi, k=0,...,N; h:kzor./r}%%_lhk,

and we consider the discretized problem
Minimize ¢(yn); subject to
=yr + hif(ug,yg), fork=0,...,N—1;
(Pa) d Vet = Yk kS (ks Yr) (2.20)

Yo = Yo,
g(yk) <0 fork=1,...,N.

The associated Lagrangian function (with a proper scaling of the state constraint) is

N-1 N
SUn) + > Prar Wk + b f (s i) — Yrrr) + O havieg(yn),
k=0 k=1

where v,9(yx) = >oi_y Vk,i9i(yx). The first-order optimality conditions (in qualified
form), for this finite dimensional optimization problem with finitely many equalities
and inequalities, are

Dk = Drt1 + hprtr fy(ur, yr) + hevig' (yr), k=0,...,N -1,
PN = ¢ (yn) + havng' (yn), (2.21)
0 = Hy[pry1](ur,yx), k=0,...,N—1, :

gilyr) <0, vg; >0; vpigi(ye) =0, i=1,..,7, k=0,...,N.

Analogously to the continuous case we define also the “integrated” multiplier of the
normal and the alternative formulation

N
N = — Z hpvg, n:=-n, (222)
=k



so that hxvg = M1 — Mk = Tk — Qr+1, for k=0,..., N.

DEFINITION 2.4. We say that the discretization step is constant if

h(] = h1 == hN71~ (223)

2.5. Main result. As mentioned before, our results hold in two different cases.
We need to preserve the coercivity of the Hessian of the Lagrangian over some sub-
space; this can be stated as hypothesis, as in [I3] or obtained under structure hy-
potheses for a scalar state constraints. So we will assume that one of the following
assumptions hold:
(A4) There exists a constant o > 0 such that

T
Qv) > a/ v(t)?dt, forallv €V
0

and all discrete steps are of the same order, i.e.

max (hg/hg—1 + hg—1/hi) = O(1). (2.24)

(A5) (scalar constraint and finite structure) Assume that r = 1, the discretization
step is constant, the set [ is a finite union of boundary arcs, the density v is
uniformly positive over the boundary arcs, and there exists a constant a > 0
such that

T
Qv) > a/ v(t)?dt, whenever v € C (). (2.25)
0

Note that (A5) excludes touch points, i.e., isolated elements of I;, fori =1,...,r.
We denote by Z° the union of boundary arcs, of the form Z? := U;V:bl [T", 7] where
we have ordered the set of entry points 7" := {T;"" < --- < T}, and similarly for
the set T°* of exit points.

In the rest of the paper the results presented are valid for the choice of a fixed
e > 0 sufficiently small and a successive choice of a h := maxy, hj, enough small in
relation with €.

THEOREM 2.5. Let assumptions (A0)-(A3) hold as well as either (A4) or (A5).
Then the discrete optimal control problem (Py) has a local solution (u",y") with as-
sociated multipliers (p",n"), such that

" = Flloo + 0" = @lloo + [IP" = Bllos + 11" = 7l = O(R). (2.26)

The rest of the paper will be dedicated to the proof of this result; for that purpose
we need to introduce a special auxiliary problem.

3. Homotopy path. We consider a family (P?) of perturbed discrete optimiza-
tion problems, parametrized by 6 € [0, 1]. The definition is done such that for 6 = 0,
the problem reduces to (P;). As we will see in the next Section, a certain sampling
of the solution of the continuous problem (P) happens to be a solution of (P!). The



perturbed optimal control problem is, for some perturbations terms 67, 6%, 0¥, 69,
defined such that [|¢||cc = O(1),

Mmlmlze o(ys) + 0 ZN ! h2 2(0hyY + 6tul);  subject to

0 yk+1 yk+hkf(uk,yk)+9h25 fork=0,...,N —1; 1
(7) 9i(y}) < 0hZoY, fork=1,...,N, (3.1)
yg = Yo, t=1,..,r

The corresponding optimality system is

pg 1 + hkpk+1fy(u 97 Yk ) =+ hkyzg/(yZ) =+ 0]7'%52’
PN ¢ (yN) + hNVNgI(yN> (3.2)
0 =H, [pk+1](ukayk)+9hk6ka

for k=1 to N — 1, with the complementarity conditions, i =1, ..., 7,
gi(yd) — Oh267 <0, V,gi >0, Vg’i(gi(yz) —0h3é)) =0, k=1,...,N. (3.3)
Let us set
Foo= (ulvl)s HY = Hpjya](uf, ) (3.4)

For future reference we note that the linearization of the costate equation is, denoting
by (v?, 29, 4%, 6v9) the linearizations of (uf, 3%, p?, 1?) when the state constraint is not
active at the final time:

@ =l +hal  fE+ hk(vk)THk + hy(2))THE,
+hk1/k (zZ)Tg”(yk) + hkél/kg (yk) Qhkéz, (3.5)
g = )T (W) + bl (2307 9" (W) + hnovdg (YR)-

The corresponding approximation of 7 is: (see (2.22))
m=—Y hp!, k=0,...,N. (3.6)

The sampling of the continuous solution and the associated multipliers of the original

problem (2.1)) are defined by

’ELk :’a(tk)7 Z?k :g(tk)v k:O7 7N_15

o (3.7)
e =pte), Dk = v(t)dt, k=1,...,N,

tr

and accordingly we can define
Mk = n(tkt1) thl/k, k=1,...,N.

We next define the perturbation terms (6}, 47,05, 07) in such a way that the above
sampling is solution of the discretized problem for 6§ = 1.
LEmMA 3.1. If we define 6%, §Y, 6P, &9 such that for 8 = 1:

ul = g, y9 = ik, 0% = pr, 0y =k, fork=1,..,N. (3.8)



Then we have that
[109[|oc + [[6%[loc + (|67 [loo + [67[|cc = O(1). (3.9)

Proof. Since u is Lipschitz continuous by lemmal[2.2] ¢ — g(y;) has a.e. a bounded
second derivative. Therefore, if v}, # 0 there exists some ¢ > 0 such that g(y;) > —ch?
for all ¢ € [tg, tk+1], so that ||09]. = O(1).

Next, if w : [0,7] — R is C* with a Lipschitz continuous derivative of constant
L, then by a first order Taylor expansion, we have that

lw(t+ h) —w(t) —w'(t)h| < LA
By Lemmal[2.2} the control is Lipschitz. As well as §(t); we deduce that |||/ = O(1).
For the costate equation, we have that
tht1 tht+1
Pt =p(t) ~ [ pOfHA - [ vyt
tr tr
Now since u, ¥, and p are Lipschitz,

/tk+1 pt) £, (a(t), y(t))dt — /

tr tr

th+1

p(tkmfy(u(tk»y(tk»dt\ — 0(2),

and (in the parenthesis below we recognize the expression of vy):

/ml v(t)g'[t]dt — ( /:“ V(t)dt> g’(y(tk))‘ = O(h2).

ty

It follows that ||07]|s = O(1). Since p is Lipschitz and H,[p(tx)](a(tr), 7(tr)) = 0 we
easily deduce that [|6"]|c = O(1). The conclusion follows. O

Given ¢ > 0 and 6 € [0,1], we say that a solution X? := (u? % 4% n%) of the
optimality system (3.2) is an e-neighbouring solution if we have that

Il = @lloe + [ly” = Flloo + 12" = Blle + IIn° — lloc <, (3.10)
and we define
O = inf{0 € [0, 1]; (3.2) has an e-neighbouring solution}.

When 6 = 1, the Lh.s. of (3.10) has value 0, and therefore 6,, is well-defined with
value in [0, 1].

Through the auxiliary structure of the homotopy path problem we are now able
to prove the bounds shown in Theorem Afterwards some technical points will be
reprised and clarified. In particular we will use the fact that the solution of (P?) is
uniformly Lipschitz continuous (the result is contained in Section |4)) and that such
solution is in a e-neighbourhood of the solution of (P), X' = (u,%,p,7); this point
will be discussed in Section [l

Proof. [of Th. ] We prove in Sectionthat, if h is small enough, for 6 € [0,,,, 1],
then (u?,y?) is uniquely defined, has unique associated multipliers (p?,7?), and setting
X9 = (u?,9y% p? 1), (see Section [5) # — X? has Lipschitz constant of order h. It
follows that || X% — X!||., < ¢ when h is small enough, which gives a contradiction
if 6,, > 0. Therefore, X is well-defined and || X! — X°||.. = O(h), which had to be
shown. O
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4. Regularity of the solutions. In this Section we present some regularity
results for the solutions of the Homotopy path problem.
Given an e—neighbouring solution X? of (P?), we will prove the uniqueness and the
uniform Lipschitz continuity of X?. In the following, when there is no possibility of
confusion, we drop 6 as upper index in the notation for a better readability. We need
to define

Cp = % (fulvwr—1,y%) — fu(up—1,y6-1)),

Cr = prarSy(un, k) fulur, yr),

AY = Ry — 18, (4.1)
= Pk — Dr1) fu (Ui, ) — (Pr—1 — Pr) fu (-1, Ur—1)-

Cg’ = C% — Cg — Hhkéfc’fu(uk,yk) + OA}g/hk

Observe that, since yz is uniformly Lipschitz we have that:

() C = "=ty o)) S n 1) + OB (i) 1GE = 0(1). (42

LEMMA 4.1. (i) Let X? be an e-neighbouring solution of (P?). If e > 0 and h
are small enough, then

~ 4 1)/ 0 0 p(uf —uf 1) .
Z Vk;,j vug] (ukyyk) = HkT + Ck? (43)
Jj=1
where HY is such that
|HZ — Hyulpr)(uk, yi)| = O(e). (4.4)

(ii) Let &' > 0. If in addition, the time step is constant, ty belongs to a boundary
arc (ta,tp), and ty, +€' < ty—1 < ty < ty, — &', then the variation of C} along the
homotopy path is of order O(h).

Proof. (i) Note that hid} = (Pr — Pr+1)fu(lk, Jx). By the optimality condition

(3-2), we have that

0 = Hulprer](ur,yr) — Hulpr](ur—1,yp—1) + 0A}
= Prt1fultn, Yu) — Prfu(up—1, yp—1) + OA}
= (Prt1 — ) fu(ur, yk) + pr [fu(ur, yr) — fu(up—1, yp—1)] + OA}
= (Prt1 — o) fu (i, Yr) + i [fu (i, Yi) — fu(uk—1,yx)] + hiCL + 0AL.
(4.5)

By the mean-value Theorem, we deduce that

P (fu(ur, yr) — fu(up—1,yx)) = Hi(up — up—1),

where
1
Hy = pk/ Ju(ug—1 + o (up—1 — ur), Y& ) (up—1 — ug)do,
0

so that (4.4]) holds. We conclude by combining (4.5)) and the discrete costate equation
in " ) where vugz(l) (uk7 yk) = g: (yk)fu (ulm yk:)
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(ii) It is easily checked that C} and C? satisfy this property, as well as (it is of
order of h) Ohy 6}, fu(uk,yx). Since the time step is constant, we have that by
A} /hy = 6} —d}_, is of order of h over the interior of a boundary arc. The conclusion
follows. O

Set

Ak . 9iWk+1) = 9i(yk)  9i(yk) = gi(yr—1)
g

. 4.6
hi hi—1 (4.6)

LEMMA 4.2. We have that:
a) the following relation holds

AR = gl () Fu (s yi) (ure — we—1) + g5 (W) (F (ur—1,9) = F(ure—1,Yr—1))
+ 09;(yr) (6}, — hie—167_1) + 5hwegi! (i) f (ur, yx)?
+ shi1g () f(un—1,y6-1)* + O(elur — up—1[) + O(R®), (4.7)

b) If in addition the time step is constant, then

AS = gi(yn) fu (Y ur) (ug — up—1) + hE}
+ O(HQ) + O(eluk — uk-1]), (4.8)

where 2 is such that |2 — Z1| = O(e).
Proof. Use

9i(yks1) — 9i(ye) = 9L(ye) Wes1 — v) + 397 () (W1 — y)> + O(h3),
= hrgi(yr)f(ur, yr)
+3h3 (209" (y)6Y + g} (i) f (uk, yi)?) + O(h3),
9i (k) (Yk—1 — k) + %ggl(yk)(yk—l - yk)2 + O(hi),
= —hi—19;(yr) f(ur—1,Yr-1)
+3hi_1 (=209} (yr)0)_y + g7 (ye) f(ur—1,yr-1)?)
+O(h3_,).

9i(Yr—1) — 9i(yx)

We obtain a) by dividing these relations by hy and hy_1 respectively, adding them
and observing

fluk,ye) = flug—1,yk-1) = flur, yi) — f(ur—1,96) + flug—1,9%) — f(ub—1, Y1)
= fulur, yr)(up — ur—1) + (f (ue—1, ) — fur—1,yx-1)) + O(e|lur — up—1l)-

Since |yx — yr—1| = O(hx—1), point (b) follows using that hj, = hy_1 and |67 —
6, ,|=0(h). 0

Now we are ready to show the regularity of the variables of the perturbed problem.
A similar result, in the continuous case has been formulated in [I2]. Let us set

wi = ve Vg™ (up, yr) = ZVk,ivuggl)(Ukwyk)- (4.9)
i=1
LEMMA 4.3. We have that

1
wi Hy wy, = h—kwk (up — ug—1) +wTHTCR, (4.10)
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as well as

Lip(u®) + Lip(p®) + ||| = O(1).

Proof. By the Legendre-Clebsch condition (A3), for small enough & > 0, Hy, is
uniformly invertible. Computing the scalar product of both sides of (4.3]) by wkT’H,,:l,

we obtain (4.10]).

When v ; # 0 we have that gz’i = gi(yr) — 0h§5,‘ii reaches a local maximum and
therefore

0 0 0 0
Ik+1s ~ ki ki T k-1,

0> ,
= hi: hg—1
which amounts to
) h2, .69 . —h289.  h3§Y . —hZ 69 . _
A§7Z < 0 k+1Yk+1,4 kVk,i - kYk,i k—1"k—1,3 < O(h) (411)
hk; hlcfl

Since |C3| = O(1) as already noticed, it follows from (4.3)) that |ugp — ug—1|/hx =
O(Jvk| 4+ 1). Now putting it together with (4.7) and (4.11)), it follows that

1 1 & ,
Atk (ur, —up_1) +wTHICE < W > u AR+ 0(1) + O(|ukl), (4.12)
=1

then for the linear independence of the constraints w.r.t. the control (Assumption
(A2),ie. |wg| > a|lvg|l), in the Lh.s. of (4.10]), we have

alvel® < O(lwll) + 0(1). (4.13)

By the above display, ||vg|| = O(1), and by (4.3), ug is uniformly Lipschitz. By (3.2,
also py is uniformly Lipschitz continuous. ]

5. Sensitivity analysis.

5.1. Characterization of directional derivatives. In this Section we com-
plete the proof of Theorem showing that a solution (u’,y?) of the perturbed
problem (P?) is in a L° neighbourhood of (@, ), local solution of the problem (P).
The strategy consists in establishing that the path X? := (u?,4?,p? %) is Lipschitz,
and then to show that it has directional derivatives X% := (v%, 2%, ¢%, 6n) satisfying
6X%||c = O(h). This will imply that the Lipschitz constant of X? (in the L> norm)
is of order O(h).

The fact that X? is Lipschitz is a consequence of Robinson’s theory for strong
regularity [24] and its application to nonlinear programming see e.g. [3, Sec. 5.1].
This theory gives a sufficient condition for Lipschitz stability of the local solution and
associated multiplier, provided that we have the (i) linear independence of gradients of
active constraints, which by (A2) always holds, and (ii) positivity of the Hessian of the
Lagrangian over an extended critical cone, obtained by removing inequality constraints
associated with zero components of the multiplier, as well as the condition on the
linearization of the cost function. In addition, under these conditions, Jittorntrum’s
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result [22] states that directional derivatives exist and that they are solution of the
following quadratic programming problem

N-1
Min 399 (v) — 6 Z hi (02 + 6fv) st z=2%[v] and
@P)¢ ° k=0 . (5.1)
9i(yx)zr = —Oh;}0; kell’ st #0,
9i(yr) 2k < —0h}6] kel sty =0,

Here v € VN, 2v] € ZV is defined as the unique solution of the linearized state
equation

ZZ_H =20+ hify (ug, yr) (vr, 20) — OR26Y, k=0,...,N—1, i=1,..,r, (5.2)

and the set of constraints Ii’e and Ié’e are defined as the inequality constraints of
problem (P?) that are active at 37, i.e.:

{H;" ={k=0,...,N; v/ >0}, (5.3)

1% ={k=0,...,N; vf = gi(y) = 0}.

Finally, the Hessian of Lagrangian of the discretized problem is, with obvious nota-

tions, setting HY :=p{_, f(ul,y?), and for 2% = 2°[v]:
N-1 N
P(0,2) = 3 DB (v, 22 + 3 hane D202 + "G (5.4)
k=0 k=0

Given v € VN, we denote by © the associated corresponding piecewise constant
element defined by

o(t) =vg, t€ (th,try1), forallk=0to N —1.

Note that v and @ have the same L®, s € [1,00] norm. Setting Z := z[?] (solution
of the linearized state equation (2.8)) for the original (continuous time) problem, we
easily check that

127 = Zlloc = 00 O(z + ). (5:5)
We anticipate a result that will be shown in details later (Corollary about the
existence and uniqueness of the solution of (QP):

PROPOSITION 5.1. Let (A0)—(A3) and, either (A4) or (A5) hold. Then problem
(QP) has a unique solution X% := (v?,29,4%,6n0).

Let us introduce the following alternative formulation: we underline the analogy
with the alternative formulation recalled in Section 2.3l We first define the set of
inequality constraints that are active at the solution of (QP):

1 =1 Uk € 1" gluf)=f =0}, (5.6)

Fori=1,...,7, set kjo := 0, denote by k; 1 < --- < ki,M." the elements of Ii’e, and
set and for j =0,..., MJ —1:

AtiJ = tki,j+1 — tk’i,j’
bfj = 79(hi 59 — hi”‘slg)/Atm

i1 Kijt1

(5.7)
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Set
9 Wkt1) — 9 () ’ / y
Gr(vk, 2x) == I 2 + 9" (Yr+1) f (uk, ye) (Vks 26) — Ohidy. (5.8)
If z = 2%[v], then
’ 2 o p
(v, ) = & (Yr+1) k-;;l 9'(yr)zk (5.9)
k
Since zg = 0, it follows that:
g/(yz)zk = thGk(vk,zk). (510)

i<k

So the solution of (QP) satisfies the following equality constraints, called G, the
i—component of Gy:

> mGin(vr, z) = —0h36%, i=1,...,r, j=0,...M] 1. (5.11)
j<k

An equivalent set of equality constraints is

ki jr1
1 ,
by, — A § hGig(vg) =0, i=1,....r, j=0,...M! 1. (5.12)
v k‘:k‘i‘j—‘rl

The corresponding quadratic problem is
N—1
M})n 10%(v) -0 Z R (7 2 + Sfvg)
k=0
s.t. 2z = 2] and (5.12).

We call 67 the multiplier associated with constraints (5.12)) and ¢ the costate. The
Lagrangian of (QPg) is by the definition

(QPg) (5.13)

O0(v,2)  + Sy Gert (hiefh (ks 24) + 2k — 2541)

+ 2255 Ati 07 (bfj - Zﬁljkfjﬂ hi. G (vx, Zk)/Ati,j) : (5:14)
Given k < Mig, set,
j(i k) == min{j € I*%; j>k+1}. (5.15)
and also set
hidDy = 01 (i k—1) — OTi ;- (5.16)

The optimality conditions of (QPg) have the following form. The costate equation is
Qg = Qi+l S )T HE, + hi(2)THE, + v (20)T 9" (ur)
T
= 00 siwy (9 Whr1) — 9 (i) + hig’ () £y (un i) — OBZSY:  (5.17)
i=1

i = )T W)+ hnvn (279" (yn).
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Expressing the stationarity of the Lagrangian w.r.t. v we get that

(i) (ve)"H, + (z)" Hypy + (Cizﬂ =0 a1y 9 (i yk)) fa=0,
I = (5.18)

D> hGik(vg) =bij

BT g=k; 41

(i) —

The first row suggests to define

(jz-‘rl = (jg-i-l - Z::1 6ﬁi0,j(i,k)g,(yk+1)7 k= 07 RS N — 17

- i _ 5.19
vl = 5772'9,3'(2',1@) — 577f’j(i’k71), k=0,..., ( )

We observe that ¢? is solution of
= Gt hqu+1f’“ + hk(%)TH’“ + i (20) T Hy, + hae(20)" 9" (yn)
+hi6v2 gl (yr) — Oh3dr, (5.20)
Bo= AT (%) + A () Tg" (W) + hvdrhyg (450
In addition, we observe that if §v¢ # 0, this means that (577;,9],(1, Ky > 5771'9,1'(1,1@—1)7 and
therefore that the i-th state constraint is active at step k. Since (QP) has a unique

multiplier, we deduce that ¢ = ¢? and §7? = (577Z (k1) and

ST = Vs O ik = On g (5.21)

5.2. Uniform surjectivity. We write here the linear mappings involved in the
tangent quadratic problem, starting with

Ziy1 = 2k 4 b fy(ur, ye) (ks 28),  k=0,--- N —1; z{ =0. (5.22)

For any v in the space V¥, (5.22) has a unique solution denoted by z%[v]. Let & be
solution of £, = 0 and

Chvr =&+ M fl &k — ORSE, k=0,... N -1 (5.23)
We have that
=2 + & €l = O(R). (5.24)
We set
Gl;(v) = (gé(yki,w)zzi,m[ ] gl(ym) /At

2
j=0,...,M!—-1;, i=1,. (5.25)

The linear (homogeneous) equations corresponding to those of (QPg) are therefore
_QL (v) = 0. Cousider the following perturbation of the r.h.s. of these equations, where
b is an arbitrary r.h.s.:

Gl (v) =b. (5.26)
We use the following norm, for s € [1, 00):

r MO—1

ol =" > Atiylbigl. (5:27)

=1 4=0
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These norms can be identified with the usual L* norms on [0, T'] for piecewise constant
functions and therefore we have the usual Cauchy-Schwarz and Holder inequalities,
in particular

1Bl < v/rT|[b]| o (5.28)

PROPOSITION 5.2. There exist constants Cs, s € [1,00], such that the linear
equation G*(v) = b has, for small enough h, a solution v verifying

llvlls < Cs|lblls, for each s € [1,00]. (5.29)

Before proving the Proposition we introduce some notations. For ¢ € [0, 7], and
g0 > 0, we define the set of g9 active constraints as

Ao, () :={1<i<r; |t —t] <eg, for some t' such that i € A(t')}. (5.30)

Since the control is continuous by (A1), and the first order state constraint satisfies
(A2), we have that, for g > 0 small enough:

S VM@ y)| > salr, Ve o, T]. (5.31)
1€AL(t)
For i € {1,...,r} we denote the set of £y active constraints by Jgo, i=1,...,r. This

is a union of closed balls (in [0,77]) of radius gy. Since every connected component
has lenght at least 2¢¢, J{  is a finite union of closed intervals.
We next define the one-time-step analogue of GgL.

gg(ykJrl)Zlgﬁ-l[v] — Gi (yk)Z;f [v]
hi
9i(Yr+1) — 9i(yk) 1

= I 28 0] + g (1) (f (ur, yi) (vg, 27 [0])).

Proof. [Proof of Proposition The idea is to compute, for each k, v, as the
minimum norm solution of the linear equations

Gzl: (’Uk) =
(5.32)

Glu(vk) = bi, i € Ac(ty), (5.33)
the above r.h.s. being defined later, and then to set
Bi,k = Gﬁk(vk), for i & Ac(tg). (5.34)

Thanks to (5.31) and the expression of Gé, setting 2% = 2%[v], we have that

okl <en {1201+ D bk
1€AL ()

(5.35)

Here the ¢; are positive constants not depending on v or k. It follows with ([5.32)) that

il < co (Jorl + 26 [0]]) < es [ |61+ D Ibil |- (5.36)
€A (tr)
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So, by (5:22):

2E 1] < (14 cabi) 28| + cshulor] < (1+ cohi)|2f |+ crhe Y |bisl- (5.37)
i€ A (ty)

By the discrete Gronwall’s Lemma it follows that

N-1
12l < es Z by Z 1bi x|, (5.38)

k=0 €A (t)

and therefore, with and (5.35):

N-1
[vlls <o D b Y bkl (5.39)

k=0 €A, (tk)

and in the r.h.s. we recognize the L® norm of the g¢ active components of b. We next
end the proof by fixing the by in such a way that

Ghe(v) = biws [IBlls = O(Ibls)- (5.40)

We will obtain the second relation by induction over k, i.e. we wil prove that there

exists ¢ > 0 such that
STlbelr<e Yo [bil (5.41)
1<k iske <k

We distinguish two cases.
a) If {tp, ;s th 0} € JE,, then take

bix = by, k=kij+1,... ki (5.42)

i,+17

b) If [tg, , th, 1) € JE,, let k' be the smallest index in {k;;,... ks 41} such that

[t th, ;1] € JL,. For small enough h and e, we must have dist(tki’Hl,Jé) < %50,
and therefore
ter + 360 < thy oy (5.43)
We choose
k=" k=k+1. . ki, (5.44)
for some ~y such that
K ) .
Z ik + (kg0 = th) = (B jin = o DOk 40 (5.45)
k=k; j+1

so that the first relation in (5.40) holds. At the same time, since 3o < #
we have that

i1 T Uk

k/
2 - ~ 2 - ~

v < ; (tqu,j+1 - tki,j)bkt,J+1 - § hkbi»k < ; T|bki,j+1| + § hk|bi,k
0 k=k; 41 0 K<k’

i

(5.46)
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and we use the induction hypothesis (5.41)) in order to estimate ), ., hi|bik|. The
conclusion follows. O B

From the same argument of the previous result we can deduce also an estimate
for the control of a feasible trajectory.
Note that

Gi,k(vk, Zk) = Gf:k(’l)k) + O(h)7 1=1,...,7. (547)

COROLLARY 5.3. Problem (QPg) has a feasible point ¥, such that ||7||so = O(h).
Proof. In view of the Proposition above, it is enough to check that we can write
the active constraints of (QPg) in the form

G (v) =bis [Ibllee = O(h). (5.48)
Remember that z[v] = 2E[v] + &[v], with [|£[v]]|ec = O(||v]|1), and therefore
T g;(yki,j+1) - g’g(yki,j) ’ ’
bz,j = —0 Ati,j + gi(yki,jJrl)fy(uki,jayki,j) €ki,j (549)
_a(h‘i+15g+l - hié,ﬂ)/hk,

which is of the desired form. O

We recall a classical consequence of the coercivity of the cost function of an
equality constrained quadratic problem over its feasible set. To keep the notation as
simple as it possible, we formulate the problem in an abstract way. The result will
be stated with the current notation as corollary. Given two Hilbert spaces X and Y,
identified with their dual, consider the optimization problem

1
Mi}r{l(c, x)x + §(Hac,33)x subject to Ax=b inT, (5.50)
Te
where (-,-)x denotes the scalar product in X (et || - | := (-, )x) with a similar

convention for Y, H : X — X is symmetric, A € L(X,Y), c€ X and b € Y. The
Lagrangian of the problem is

1
(¢,x)x + i(Hx,x)X + (A Az — b)y. (5.51)
The associated optimality conditions are
c+Hr+ATA=0; Az =0 (5.52)

LEMMA 5.4. Let a > 0 and c4 > 0 be such that
e Coercivity: o||z||* < (Hx,z)x, for all z € Ker A,
o Strong surjectivity: For any b’ €Y, there exists x' € A~V such that
RN
Then there exists k > 0, function of a and ca, such that has a unique solution
T and associated Lagrange multiplier A such that

2]+ A< w(llol] + llell)- (5.53)

Proof. That (5.50)) has a unique solution Z is an easy consequence of the coercivity
(which in the case of a quadratic cost implies the strong convexity over the feasible
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set since the latter is a vector subspace). The uniqueness of the Lagrange multiplier
A is consequence of the surjectivity of A, implied by hypothesis (ii).
The latter also implies the existence of #° such that Az% = b and ||2°|| < cal|b]|.
Then §z := Z — 2V is solution of
Héx + ATXN = —c— H2; Adz =0. (5.54)
Therefore, since dx € Ker A:
al|oz||? < 6z Héx = —(0x,c + Ha®) x + (Adz, \),

so that ||dz|| < (||c|| + [[Hz"|))/a. Since ||2°|] < cal|b||, we deduce that
_ 1
1zl < llo2]l + [l < callb] + = (llell + |1 callbll) - (5.55)
By the surjectivity hypothesis
1, 7 1
AP < —[ATAl < —(llell + [ HHz1]), (5.56)
A cA

The conclusion follows. O
We apply the previous result to (QPg) using the following Lemma, where v := v':
LEMMA 5.5. We have that

|2°(v) = Q(©)| = O(ellv]))?.

Proof. Since for definition (2.22)) hxvg = ik — fg+1 it follows that, using the fact
that vy = vy =0:

N N
A =" D2gR(z)? =Y (i — Tike1) D2l (1)
k=0 k=0
N—-1
=D (D’gi(2)* = D*g_1(21-1)%) = A1 + Ay,
k=1

where by a Taylor expansion of D?g?, for some 9 € [yr_1,ys):

=

-1
Ar =) i(DgR(ar)? — D2 g1 (2)?)

=
=

=

= hi D29 (9) (FE_1, 21y 28

b
=

using the identity A(b,b) — A(a,a) = A(a + b,a — b) for any symmetric bilinear form
A, and the linearized state equation

N-—-1
Ay =" (D?gly(2k)%) — D2gl_y(24-1)%)

=1
1

2o

hi—1mD2gh_ 1 (zk + 2k—1, D fo_1 (Vk—1, 25—1))-

>
Il
—



20

We deduce that, for i small enough,

T
A1:/ 9@ (@) (F[1], 2(2), 2(t))7(t)dt + O(e| o))

0

and
T
80 =2 [ g GONE. £ E. OO + Ol o)

Using the identity we can claim that |Q%(v) — Q(7)| = O(e||9])?. We conclude
with Lemma 2.3 O

COROLLARY 5.6. Let assumptions (A0)-(A3) hold as well as either (A4) or
(A5). We have that (QPg) has a unique solution v® associated with a unique alter-
native multiplier 61°, and they satisfy

1?13 + ll67° 13 = O(h). (5.57)

Proof. The surjectivity of the constraint condition was proved in Proposition
If (A4) holds, then the coercivity property is an easy consequence of the stability
after discretization of the Hessian of the Lagrangian (Lemma above) and of the
solution of the linearized state equation. If (A5) holds, the coercivity property is
derived in Appendix [A] O

5.3. Estimate of the directional derivative. We arrive, finally, to the main
result of the Section. We recall that §X? := (v?, 2%, ¢%,0n?) is the directional deriva-
tive (on the left) of X? := (u?,4?, p? 7).

PRrROPOSITION 5.7. We have, for a fixed C' > 0

[0 ]loo + 112°lloo + 1” loo + 167”00 < Ch.
Proof. (a) Applying Lemma to (QPg), where X and Y have norms defined

by (5.29) (where s = 2) and (5.27)), having in mind that, by the definition of the
Lagrangian, we have identified the image space (of b¥) with its dual, we get that that

0]z + > At 5

,J

517 ;1> < erh. (5.58)

Fix €, > 0, not depending on h. Then
If At;; > ey, then |77 | < c1e, /?h. (5.59)

So, as far as 57?9 is concerned, it remains to obtain a uniform estimate when At; ; < e,,.
It easily follows from (5.58)), the linearized state equation (5.2)), and the linearized

costate equations ((5.17)) that

12°]loc + g% oo < 2. (5.60)
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b) By (5.7] ., i.j| = O(h). Evaluating the contribution of the term containing 2y,
observmg Zkl Yol o1 he = Aty ; and then

1+1

S mVuglon = O(h). (5.61)
Aty k=ki+1

Eliminating vy in (5.18)(i), we get

ki j+1 r

Z hkvug,L k ) ! Z(VUQZ/ k) 6771 j(l/ k) O(ﬁ). (562)

At k=k; j+1 i'=1

Multiplying by 577?]'(2' k) on the left, summing over ¢ and j € I ;; and setting

T

wi =3 (Vudi) 0 00 (5.63)
i=1
we get
1 ki ,i+1 B
> mwi (HE,)wp = O(R)[67°]. (5.64)

M 1 k=k; j+1

Denote by 7 the vector of components 677%@ k) for ¢ = 1 to r. For small enough ¢
depending on 7}, by (A2)-(A3), we have that

[* < aglwil® < o™ agui (H,) ™ wi (5.65)
and therefore, since At; ; = Zk’ Jtlj 1 h
a—la2 ki j+1 B
i <z >0 wi(Hi) ™ we = Ol (5.66)
BT =k 41

Therefore, we get with (5.21]) that
1677 ;5.1 < O(R). (5.67)

The corresponding estimate for v* and 67 follow from (5.18) and (5.21)). O

6. Example. We will present here an easy example taken from [I5]. Let us
consider the following optimal control problem, where g := 9.8:

Min [ (3u®(t) + gy(t)) dt
st y(t) =u(t), y0)=y(1)=1, y) >0,

The solution of this problem can be seen as the minimum energy state of a system
composed by a rope of uniformly distributed mass in a constant gravity field, with
the presence of a lower constraint (for example a table). We may apply our results
by viewing ¢ as a component of the state.
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TABLE 6.1
Experimental error.

h | " —gllee Ord(L>) |lu" —lloc  Ord(L>)
0.05 0.2909 1.1704

0.025 0.16131  0.8506 0.6254 0.8776
0.0125 0.08313  0.9564 0.3304 0.9205
0.0063 0.04125  1.0109 0.1654 0.9982
0.0031 0.02059  1.0024 0.0829 0.9965
0.0016 0.01022  1.0105 0.0441 0.9106
0.0008 0.005187  0.9784 0.0222 0.9902
0.0004 0.002285  1.1827 0.0101 1.1362

Fic. 6.1. Test with various discrete steps.

We solved the discrete solution using a shooting method; in Figure [6] and Table
[6] are shown the results at various constant discrete steps h. This test confirms the
convergence results stated before.

Appendix A. Analysis of assumption (A5).

As shown before, a key point of the theory is the coercivity of the (QP). Under the
assumptions (A5), we can obtain it directly showing the stability of the boundary arcs.
This will be sufficient to guarantee the coercivity of the Hessian of the Lagrangian.
A main point is contained in the following Lemma:

LEMMA A.1. Let (AO) — (A3) and (A5) hold. Given a boundary arc (tq,tp), let
ko and ky be defined as

ko (resp. ky): first index (resp. last index) for which ti > t, (resp. tp <tp). (A.1)

Let ¢/ > 0. Reducing € > 0 small enough, we have that when h is small enough, the
following holds:

g(y?) =0, for all 0 < k < N such that ty, +&' <ty <tp, —¢.
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Proof. (a) By the definition ||’ — 7. < &, and by (A5), 7 has a uniformly
positive derivative over (t, + ¢’ <ty < ty, — ') minorized by ¢; > 0. We have that
for k, < k < ky:

mh > 0(te) — & > 0te,) + c1(te — tr,) — € >, + calty — tr,) — 2, (A.2)
that is,
c1(ty — t,) — 28 < — 11}, (A.3)

Therefore, if ¢, — tx, > 2¢/c1, the above r.h.s. must be positive, proving that the
constraint is active for some k such that ¢, < tx, + 2¢/c;.

(b) If the conclusion does not hold, by step (a), it suffices to prove that g(y?) cannot
have a negative local minimum for some k, < k < k. We give a proof by contradic-
tion. If this was the case, then A’; > 0, defined in , and v, = 0. Multiplying

{-3) by Vg™ (ug, yx)TH; ' on the left and using Lemma ii) and (4.8)), we get
AF

_Tj + yk<vug(1)(Uk7yk))Tlelvug(l)(ukvyk) = éz7 (A4)

where Z¢ is such that |2 — 2|, = O(e). We have that the Lh.s. of (A.4) is greater
than a positive constant independent on h, since, for § = 1, for some K > 0, A’; =0,

v > K and |Vg£1)| > K, ie.,

Ak
_th + (Vg™ (ur, yr)) H ' Vg™ (ug, yr) > C. (A.5)
This relation is still valid for ¢ and h small enough, for all § € [0,,,1], in view of
the continuity of the r.h.s. of (A.4). However, if a negative minimum of the state
constraint is attained at index k, then v, = 0 and A’g“ > 0, contradicting (A.5]). ]

Here we prove the coercivity of Qf over the feasible domain of (QP). Note that
such a property is naturally preserved passing to the alternative formulation Qf as
shown, for the continuous case in Section

LEMMA A.2. Let (A5) hold. Then Qf is uniformly coercive over the feasible
domain of (QP).

Proof. (a) We first examine the continuous problem and prove that Q is, for € > 0
small enough, coercive over the following enlargement of the critical cone:

C.:={veV]|g,=0, forall 0 < k < N such that ¢, +¢ <tr <tg, —c}. (A.6)

Indeed, otherwise we would have a sequence ¢, | 0 and v? in C., such that Q(v?) <
o(1). Extracting if necessary a subsequence, assume that v? weakly converges to o in
V. Thanks to the Legendre condition we have that €2 is a Legendre form and therefore

Q(7) < liminf Q(v?) < 0. (A.7)
q—0

At the same time; by standard compactness arguments ¢’ (7)z = 0 when the constraint
is active (where z is the linearized state associated with o), and so, ¥ is a critical
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direction. So, Q(7) < 0 implies that o = 0. But then Q(v) = lim, Q(v?), so that v?
(of unit norm) strongly converges to o, which gives the desired contradiction.

(b) Now let v belong to the feasible domain of (QP). By Lemma we know that
v belongs to the set

{ve VN |¢'(y)z] < e, 0 <k < N such that ty, +¢ <t < tg, —¢.}. (A.8)

Let v be the associated element of V and 2 the corresponding linearized state. Given
e > 0, it is easily checked that ¥ € C. when h is small enough, and so, by step (a),
Q(v) > Lal|v||*>. We conclude with Lemma |
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