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Introduction
@0

Framework
Input space X of any kind:

@ Scalars or vectors,
@ Structured objects (strings, graphs, trees, ...),

@ Functional space, ...
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Introduction
oe

Working in kernel space
@ Xi,...,.XpeXiid.
@ Positive semi-definite kernel k: X x X — R
e Mappings Yi = k(Xj,.) € H(k)

Definition (RKHS)

e H(k) = Span{k(x,.)|x e X}
@ Reproducing property:

Vx,y € X, < k(Xa')’k(Ya') ZH(K)= k(Xa}/)
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Introduction
[ J

Gaussian process in RKHS

Gaussian assumption in high-dimensional /kernel spaces
@ Mean equality test in a high-dimensional space (Srivastava et al.,
2013)

@ Supervised/unsupervised classification using Gaussian mixtures in
kernel space (Bouveyron et al., 2012)
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Gaussian process

Z ~GP(u,X) iff Yhe H(k), <Z,h>~N(<p,h>,<Ehh>)

Jérémie Kellner Ph.D Student University LiIIe Rennes - June 5th, 2014 4/15



Introduction
[ J

Gaussian process in RKHS

Gaussian assumption in high-dimensional /kernel spaces
@ Mean equality test in a high-dimensional space (Srivastava et al.,
2013)
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Gaussian process
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v

Goal
Test Ho : P = Py vs Ha: P # Py, where Py = GP(u, X)
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Laplace-MMD

Outline

© Laplace-MMD
@ Distinguishing between distributions with MMD

@ Removing the characteristic kernel assumption
o L-MMD test
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Laplace-MMD
[

Distinguishing between distributions with MMD

Distinguishing distributions with MMD

MMD (Gretton et al., 2007)
Y,Z two r.v. in any set X.

MMD(Y,Z)=  sup |Eyf(Y)—Ezf(2)|
FEH(K),|IflI<1

@ Advantage: MMD can be computed as a distance between two
elements of H(k) (easy calculation),

@ Problem: MMD is a metric on distributions only for some k
(characteristic kernels).

Jérémie Kellner Ph.D Student University LiIIe Rennes - June 5th, 2014 6 /15



Laplace-MMD
[ Jele}

Removing the characteristic kernel assumption

Consider Laplace transforms of P and Py on H(k)

Lp(f) £ Eype<V10 | Lp(f) & Ez. pe<? 10
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[ Jele}

Removing the characteristic kernel assumption

Consider Laplace transforms of P and Py on H(k)
Lp(f) £ Eype<V10 | Lp(f) & Ez. pe<? 10
Compare Lp with Lp,

A(P,Po) 2 sup |Lp(F) — Lp,y(F)]
IflI<1
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Laplace-MMD
[ Jele}

Removing the characteristic kernel assumption

Consider Laplace transforms of P and Py on H(k)

Lp(f) £ Eype<V10 | Lp(f) & Ez. pe<? 10

Compare Lp with Lp,

A

A(P, Py) = sup |Lp(f) — Lp,(f)]

[IflI<1
We get the desired property
A(P,Py)) =0 = P=F

without requiring that k is characteristic.
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Laplace-MMD
[o] le}

Removing the characteristic kernel assumption

Introducing a second RKHS

Get a computable expression for

AP, Po) = sup [EvK(Y, ) —EZk(Z,f)|
IflI<1

via kernel k = exp(< .,. > H(k))

H(k)

X (input space) ’[‘ H(k) (RKHS)
("Second-level" RKHS)

1

— 4 — (
7 7

i k(Yi..)

. e =Ey.pk(Y,.)
(Hilbert space embedding)

L

(distribution)
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Laplace-MMD
[e]e] }

Removing the characteristic kernel assumption

A(P,Po)) = sup [Evk(Y,f)—Ezk(Z,f)|
[Ifl[<1
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Laplace-MMD
[e]e] }

Removing the characteristic kernel assumption

A(P,Po)) = sup [Evk(Y,f)—Ezk(Z,f)|
[Ifl[<1

= sup [Ep < k(Y,.),k(f,.) > —Ep, < k(Z,.),k(f,.) > |
lIFl1<1

(from reproducing property)
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Laplace-MMD
[e]e] }

Removing the characteristic kernel assumption
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1/2
et/

IN

[P — [po |1k
(from Cauchy-Schwarz)
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Laplace-MMD
[e]e] }

Removing the characteristic kernel assumption

A(P,Po) = sup [Evk(Y,f)—Ezk(Z,f)|
lIFlI<1

= sup [Ep < k(Y,.),k(f,.) > —Ep, < k(Z,.),k(f,.) > |
lIFl1<1

(from reproducing property)

= sup | < fip — fipy, }(fa ) > H(k) ‘
[Ifll<1

1/2
et/

IN

[P — [po |1k
(from Cauchy-Schwarz)
Definition (Laplace-MMD)

Assume max(]Epe”Y||2/2,]Epoe”z”zﬂ) < +o00.

L2 ||fip — firy|| =0 & P = Po

= L is an easy-to-handle quantity:
@ [ip estimated by fip (sample mean)
@ Expand the (squared) norm
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Laplace-MMD
[ J
L-MMD test

L-MMD test

Gram matrix: K = [k(X;, X;)]ij
Proposition (K., 2013)
Assume Py = GP(0,X) and p(X) < 1. Then,

A 1 < n —1/2
ni2 = — Z eKii QZ e[K2]i,i/(2n) +n [det(l . nfsz)} /
T i) i=1

is an unbiaised estimator of nl2.
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Laplace-MMD
[ J
L-MMD test

L-MMD test

Gram matrix: K = [k(X;, X;)]ij
Proposition (K., 2013)
Assume Py = GP(0,X) and p(X) < 1. Then,

A 1 < n —1/2
ni2 = — Z eKii QZ e[K2]i,i/(2n) +n [det(l . nfsz)} /
T i) i=1

is an unbiaised estimator of nl2.

Rejection region
72 72
@ Generate nL(l) <...< nL(B) under Hg
e Set Go,n = nZ%t) where t = t(«)

@ Reject Hy if nl2 > Qa,n, accept otherwise.

v
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Assessment

Outline

© Assessment
@ Theoretical assessment
@ Empirical assessment
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Assessment
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Theoretical assessment

Type-ll error: theoretical bound

m®
Theorem (K., 2014): If ||Y|| < M P-a.s. Then for n > = "+

72 n{L B 'El}
Py, (nL° < §o,n) < [1 + oB(l/\/E)} exp | — A
where
U= Ga,n + ms)z)

A=2m? ¢ ? m@ 12 exp(M?/2) + 0n(1)

mE) = By pllR(Y. ) — el = EIRCY. ) ~E [K(Y.)] g
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Assessment
[ Je]

Empirical assessment

Synthetic data (finite d):
e X =RY k=< .,. >pa: L-MMD used as a multivariate normality test
@ Common multivariate normality tests lose power when d large
1 Henze-Zirkler (characteristic functions, L, distance)
2 Energy distance (pairwise distance)
e Alternative: mixture of two Gaussians NV (u1,X) and N (p2, )
@ Two cases: low dimension (d = 2), larger dimension (d = 50)

d=50
d=2 d =50
®
° o Ig r S 7 x  EnergyDistance A L-MMD
n Energy Distance = x ~———g——0——0 O Henze-Zirkler alpha
° Henze-Zirkl T~x
A enze-Zirkler | \x X, g
i L-MMD E \ = Ve
5 © g yd
2 24 c 53
2 3 oS
< =3
= R S =
8
- o S
] . \ 7 <
2 x X S — 24 'A——A— A a s A——_A
T T T T T T T T T T <
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n n n
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Assessment
(o] J

Empirical assessment
Real data (d = +00):
e USPS236 dataset = input space X = R%*
o Gaussian kernel k(x,y) = exp(—(202)71||x — y||?)
@ Compare L-MMD with Random Projection method
= Kolmogorov-Smirnov (univariate) test on p random projections

usps236 dataset

; L-MMD
e 4 Rand cti =1
usps236 dalaset - 7% o ¢ EE”;QE'“JE on(p=1)
4 - p=
] o _| :0.‘"“'--.._____0
é =1 o °\ ‘\0-——______
5 ] & &
§ b ngJ g - L \ \0
4 = —_—
B » € ©
E o o
] [ g — \°
E . “\o
< o~
o o
1st Principal Component g 4 ———— ° o
T T
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Conclusion

Summary:

@ High-dimensional test for normality

@ Bypassed characteristic assumption

o Mild sensitivity to high-dimensionality
Further works:

@ In practice, i and X unknown

— How does parameters estimations affect Type-1/Il errors?
— Type-l adjustement method within this framework?

@ Extension to two-sample homogeneity test

Jérémie Kellner Ph.D Student University LiIIe Rennes - June 5th, 2014 15 / 15



Conclusion

Summary:

@ High-dimensional test for normality

@ Bypassed characteristic assumption

o Mild sensitivity to high-dimensionality
Further works:

@ In practice, i and X unknown

— How does parameters estimations affect Type-1/Il errors?
— Type-l adjustement method within this framework?

@ Extension to two-sample homogeneity test

Merci pour votre attention.
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