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Abstract

We compute the Hausdorfl multifractal spectrum of two versions of multistable
Lévy motions. These processes extend classical Lévy motion by letting the stability
exponent « evolve in time. The spectra provide a decomposition of [0, 1] into an
uncountable disjoint union of sets with Hausdorff dimension one. We also compute
the increments-based large deviations multifractal spectrum of the independent in-
crements multistable Lévy motion. This spectrum turns out to be concave and thus
coincides with the Legendre multifractal spectrum, but it is different from the Haus-
dorff multifractal spectrum. The independent increments multistable Lévy motion
thus provides an example where the strong multifractal formalism does not hold.

1 Introduction and background

Multifractal analysis gives a fairly complete description of the singularity structure of
measures, functions or stochastic processes. Various versions of multifractal analysis exist,
which include the determinations of the so-called Hausdorff, large deviation, and Legendre
multifractal spectra [20]. Multifractal analysis has been performed for various measures
[1, 7], functions [15], and stochastic processes [4, 5, 8, 9, 16]. In the case of Lévy processes,
substantially finer results have been obtained in [3] using 2-microlocal analysis.

This article deals with the multifractal analysis of extensions of Lévy stable motions
known as multistable Lévy motions. Generally speaking, multistable processes extend
the well-known stable processes (see, e.g. [23]) by letting the stability index a evolve in
“time”. These processes have been introduced in [13] and have been studied for instance
in [2, 6, 14, 18, 19, 22|]. They provide useful models in various applications where the data
display jumps with varying intensity, such as financial records, EEG or natural terrains:
indeed, multistability is one practical way to deal with (increments-) non-stationarities



observed in various real-world phenomena, since a multistable process X is tangent, at
cach time u, to a stable process Z, in the following sense [11, 12]:

lim X(u+ 7“15])1 — X (u)
r—0 r

for a suitable A (the limit (1) is taken either in finite dimensional distributions or, when X
has a version with cadlag paths, in distribution - one then speaks of strong localisability).

Without loss of generality, we shall consider our processes on [0, 1]. We will need the
following ingredients:

e a:[0,1] — (1,2) is a C' function.

e (I';);>1 is a sequence of arrival times of a Poisson process with unit arrival time.
e (V;)i>1 is a sequence of i.i.d. random variables with uniform distribution on [0, 1].
e (7;)i>1 1s a sequence of i.i.d. random variables with distribution P(y; = 1) = P(y; =
—1) =1/2.
The three sequences (I';);>1, (V;)i>1, and (7;);>1 are independent. We denote ¢ = ir[lf ]oz(u),
= = = uel0,1
d= sup a(u),
u€(0,1]

We shall consider two versions of Lévy multistable processes: the first one has independent
but non stationary increments. It admits the following representation:

+oo
1/a(Vi)r—1/a(Vi
B(t) = Y %Copy Ty, (2)
i=1
while the second one has correlated non stationary increments and reads:

D(t) = Ci{f;(” Z%P;l/a(t)l[o,t}(vi)a (3)
i=1

where C, = ( fooo r “sinx dx)fl. Both processes are semi-martingales and are tangent,
at each time ¢, to «a(t)—stable Lévy motion. See [19] and the references therein for more
details on these processes.

We shall also denote:

V() =Yl 014V
i=1

2 Hausdorff multifractal spectra

Let hy(t) denote the pointwise Holder exponent of Y at . The Hausdorff multifractal
analysis of Y consists in measuring the Hausdorff dimension (denoted dimy) of the sets
F, = {t € [0,1] : hy(t) = h}. The Hausdorff multifractal spectrum is the function
h— fg(h) ;== dimy F},.

We will use the following notations: S = U{V;}, S = SN and R; = {(rp)nen €S : 1, —
t}. If (rn)n € Re, we put Vi) = . Finally, define the positive function d for t ¢ S,

1 .
6(t)= inf  liminf __logé(i)
(Vd,(n))nE'Rt 1—00 log ‘V¢(l) _ t|



2.1 Main result

The Hausdorff multifractal spectra of both B and D are described by the following theo-
rem:

Theorem 1. With probability one, the common Hausdorff multifractal spectrum fg of B
and D satisfies:

- for h < 0;
hd for h e [0, 1];
full) =41 for e (,2); a
dimy ({t € [0,1] 1 a(t) = ¢}) forh=1;
-0 for h > %

(
Theorem 1 follows from a series of lemmas that are proven in the next section:

Lemma 2. Almost surely, t — Y (t) is cadlag.

Lemma 3. Almost surely, ¥t € [0,1]\S, 6(t) <1

Lemma 4. Almost surely, ¥t € [0,1]\S, hy(t) < %.

Lemma 5. Let g : [0,1] — R be a cadlag function, and f be the function defined on [0, 1]
by f(t) fg Jdx. The pointwise Holder exponent hy of f verifies: Vt € (0, 1),

hy(t) > 1.

Lemma 6. Almost surely, ¥t € [0,1]\S, hy(t) > %.

Lemma 7. Almost surely, Yh <0, fg(h) = —oc.

Lemma 8. Almost surely, fy(0) = 0.

Lemma 9. Almost surely, Vh € (0, 3], fu(h) = hd.

Lemma 10. Almost surely, Vh € (3,2), fu(h) =

Lemma 11. Almost surely, fu(%) = dimy ({t € [0,1] : () = ¢}).

Lemma 12. Almost surely, Vh > 1, fy(h) = —oc.

2.2 Proofs of the lemmas

Proof of Lemma 2:
Set Yn(t) = Z% e ()1[ 4(Vi). Lemma 8 in [19] states that, amost surely, Yy

converges to Y (¢ ) unlformly on [0, 1].
Fix ¢ > 0 and choose Ny € N such that, VN > N,

sup V() =Y (t)| <
t€[0,1]

Wl M



1% case : t € S.
Let 79 € N be such that t =V}

109

and N; = max(ig, Ng). Then, for h € R,
Yt)=Y(t+h) =Y({t)—Yn, )+ YN, (t) = YN, (t + h) + YN, (t +h) =Y (t + h).

Since lim Yy, (t) — Yy, (t + h) = 0, there exists hy > 0 such that Vh € (0, hg),

h—0+
Yo (6) = Yo ¢+ )| < .
As a consequence, Yh € (0, hy), |Y (t) =Y (t+h)| < € and thus hlggl Y(t)-Y(t+h)=0.
lim Yy, (t) — Yn,(t+h) = lim E% _1/a(t)1(t+h q(V;) = %Ol"lol/a(v'o thus

h—0— h=0—

hm YN1< ) YNl (t —'— h) ,}/ZOFZOI/CM( ) — 0
h—0—

Choose hy < 0 such that Vh € (hg,0),

1/a(Vig)
Y (t) = Y(t+h) =L

<e.

Thus,

lim Y(£) = Y (t+h) =, /o).
h—0~

20 case : t ¢ S
Since ]llir% |Yn, (t + h) — Y, ()] = 0, there exists hy > 0 such that V|h| < hq,
_)

Yo () = Yo (8 + )| <

Wl ™

Using (5), one thus has, for |h| < hg, |Y(¢)=Y (t+h)| < £, and thus ]llirré Y (t+h)=Y(t)| =0
_)

n
Note 1. We have shown precisely that Y s cadlag with set of jump points exactly equal
to S. The jump at point V; is of size y;I'; 1/a(Vi)

Proof of Lemma 3:
For j >1,k=1,..,27, let E}; denote the interval

s [k 1 Fo1 1
BT T2 QD= 2 oG- )

27 2it1
Let us show that liminf (| J {V; € Ex;} C {Vt ¢ S,0(t) < 1} first, and then that

IO k=1 =2i
27 201
P|liminf | U {Vi€ Ex;} | =1. We denote a; = ——L——.
R J J QU= 2=)

Assume that there exists J; € N such that for all j > J;, and all k = 1,...,27, we
can fix i(k,j) € [27,27t1 — 1] with Vi ;) € Ex;. Let t ¢ S. For all j > Jy, there exists
k(j) € [1,27] such that t € Eyj);, because 2a; > .

4



AS a consequence,

1 1
Ga-L) = T
2 it i(k(g), )V

it = Vikg)pl <

Hence - logi(k(4),5) S 11 . This entails lim inf_llogz(% S 1’ and7 since ‘/;(k;(]) 7)
Og‘tfvi(k(j)’jﬂ lfw j—o0 Og‘tivi(k(j)’j” ’

tends to t, 6(t) < 1.
Finally, distinguishing the cases k =1, k =2,...,2/ — 1 and k = 27, one estimates

9i 9i+1_q 27 27+l
PIU N VigBut| < D P () (Vig¢ B}
k=1 =2J k=1 =27
9 _ 1 271 N
< g+ (A== —a)+ > (P({Vi ¢ Ery}))
k=2
< 2a; + 21—J + (27 —2)(1 — 2a;)%.

+oo )
Since >~ (27 — 2)(1 — 2a;)* < +oc, Borel-Cantelli lemma allows us to conclude. m
j=1

Proof of Lemma 4:
Recall Note 1. Lemma 1 of [15] entails that, for all sequences Vj;) € Ry, and all t ¢ S,

1

)

log T, ., *

hy(t) < liminf %
i—+oo log |V¢(i) — t|

= liminf — 1 log |F¢(i)| )

i—+00 Oé(V¢(i)) log |V¢(i) — f}|

Since « is continuous, ¢(7) tends to infinity, the sequences (Vy(;)); converges to ¢, and
almost surely (1£); tends to 1 when i tends to infinity, one obtains

i

This inequality holds for all sequences V;) € Ry, and thus, Vt ¢ S, hy(t) < % ]

Proof of Lemma 5:

Since g is cadlag, hy is non negative for all ¢. Integration increases pointwise regularity
by at least one, and thus hg(t) > 1 for all £. An alternative direct proof goes as follows:
let t € (0,1), and h > 0. One computes

ft+ h})l —ft) g(tt) = 1 /t (g(x) — g(tT))dx

h
= [ o+ sty =gy



Vs € (0,1), lim (g(t + sh) — g(t")) = 0. Since g is cadlag, it is bounded and thus:

h—0t

f{t+h) - f(1)

hlir& h =),
Likewise, for h < 0,
PRI gy = [ tateos shy = ates
and Ft+h) — 1)
hli)rgl_ h =97

This entails hy(t) > 1 m

Proof of Lemma 6:
Theorem 7 of [19] states that:

D(t) = A(t) + B(t),

where
oM p=1/al)

At) = /Otfwd< S ><s>1[o,s><v,> ds.

, dt
=1

a0
In addition, Lemma 8 of [19]| entails that (Z Vi (C o >(s)1[0,3)(Vi)) con-
N

too a(cl/aOryew

verges to Y y; - ) (5)1[0,5)(V;) uniformly on [0,1] . The same proof as the one
i=1

/e p=1/a)

+oo
of Lemma 2 shows that s — Z Vi o(Cais - >(3)1[078)(VZ-) is cadlag. Lemma 5 then

entails that h(t) > 1. Since ¢ > 1, it is thus sufficient to show that hg(t) > ((?)
Write B(t) = W(t) + Z(t) where

Z C,1/oz(V < —1/a(V;) Z»—l/a(w)) 1,<0 (6)
and
= 1/a(Vi) —1/a(V;)
= > %Ch o, (7)
i=1
Set Iy = [Qim, %), Npjr = Card{V;,i =27, .., 27" — 1V, € L1}, dion = max au)
ue k,m

and Cy = max Cl/ )( Define
t€0,1]

2i+t1 1

m,j, 1/a(Vi) -—1/« f]

i=27

It is easily seen that
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sup | D wCofpy iV (V)] < 2 sup

(s)EIf t€[0,1]

m7j7k
MR

(8)

=27

For t € (0,1), let a,(t) = /n {% Yoly<t — t} denote the empirical process, and
i=1

wp(a) = sup |ap(t) —ay(s)| denote the oscillation modulus of a,,. We apply Lemma 2.4
[t—s|<a
of [25] with

m>3,a=2"s=m"*/jn=2,6= %
This yields that there exists My € N such that
YV m > My, 3 j(m) with m < j(m) < 2m such that V j > j(m) : m"/*\/j < V2i-m
and

m1/4\/j ivm
P su Qi () — g (8)] > ———== ] <256 x 2Me™ 61 . 9

0<|t—s|< 57
20+l
We need to estimate N, j , and  sup S w X‘O/‘ (Vi) *l/a(‘/i)l[&t)(l/;) fork=0,...,2m—
(s,t)efg’m 1=2J
1 and j > m.
e Study of Ny, for m < j < j(m)— 1:

Set X; =1 b cychi and n = 2/. (X;); is an i.i.d. sequence of Bernoulli random
variables with parameter p= 5. Form < j < j(m)—1, one has \/mj > 2/~™ = np, and
thus, for a > 0, using a Classmal bound on the sum of i.i.d. Bernoulli random variables,

27+1—1
P (Nm,j,k > (l\/ﬁ]) < P Z X, > a2j_m
1=2
29+l
= P Z X; > anp
=27
1
<
s
1
< —.
=
As a consequence,
j(m)=12m—1 2m 271
(U U s < 232
j=m k=0 j=m k=0

A
(\&)

3

I M
Q\

VAN

S

| |2

—_

VR

QN

~
3



Choosing a = 3, Borel Cantelli lemma entails that

jm)—12m—1
P | limsup U U {Nm]k>3\/_j} = 0.
m—-+o00 j=m k=0

e Study of N, ;x for j > j(m):

P(Npjp >22"") = P

k+1 k , ,
\/2_] (Ozgj (2%) — (Qgj (2—m)) + 2]—m Z 2.2j_m>

INA
-
e R R
S
w2
|~
V
02
|
3
~

< 256 x 2Me~ T

using (9). As a consequence,

+oo 2™M—1 +o00 ]
Pl U U Nasw>22" ] < 3 2m(256 x 2me )
j=j(m) k=0 j=m
_mym
m € 4
< 256.4™. —
1 —e o1
Borel Cantelli lemma yields
+oo 2M—-1
lim sup U U {Npj =227} | =0.
m——+oo
j=j(m) k=0
27+1—1
e Study of( s)us)2 22 Vi ;{‘CZVZ) fl/a(V)l[ »(Vi)| for m < j < j(m) - 1:
s,t)e kom | ©

Almost surely, there exists mg such that, for m > mgy and for m < j < j(m) — 1,
Vk=0,..,2" =1, Ny < 3y/myj, and V(s,t) € I}, Vi=27,..., 271 — 1,

. C
1/a(Vi) . —1/a(V; 0
%‘Ca{vi() L (V)] < o7
k,m
thus
2711 .
1/a(Vi) .—1/a(V; 3v/mjCy
sup | 3 oy T L (V)] < S
(CRIIS - Y 2 de,m



2i+t1_1

e Study of sup oy i{‘(z _1/0‘(‘/")1[57,5)(‘/2‘) for j > j(m):
(st)elf ,, | =27

We consider the events

Em,j,k - {Nm,j,k S 22]7m} 3

+1_ -
2 cjay JCp/2.2i-m

Fojr = sup Z SO )j—1/a(V; My (V) > j
: d
(s.0€l? . | o =
and
e 2.2 %,m

Relation (8) entails that P (Fy, jx N Enm k) < P (Gujk N Emjk) -

In the following computation, [ corresponds to the number of terms V; belonging to Ij, ,,
and n corresponds to the number of those V; among them that contribute to the supremum
of Gm,j,k-

2.27—m
Gm,j,kﬂEm,j,k C U U Gm,j,k N ﬂ V; € [k,m N ﬂ ‘/z ¢ [k,m
I=1" 1y, L)€[29,29+1 1] ic{ly,..l;} i¢{l1,...l;}

Using independence of the V;,

2.2—m

P (Gm,j,k N Em,j,k) < Z Z P Gm,j,k N ﬂ V; € Ik,m P ﬂ ‘/z ¢ Ik,m

=1 1y, L€[29,2i+1-1] i€{ly, 0y} ig{l1,. 0}

Now, P N Vi¢Lim| = (1 — 2%)2171- Let us fix an order on the V; belonging
¢{l1,..l;}
to I, there are [! possibilities, all equiprobable, and thus

k k+1
Pl Gk ﬂ Vi€ lym | = ()P <Gm,j7k N (2—m <V, <..<V < 2%)) :
Z'G{ll,...ll}

Let A}, denote the event {£ <V, <...<V, <EE}. Then

oMotV ~1/a(v)
ZW a(vi,) L

N jCO\/2.21m>

l
P (vajvk A Aéc,m) S Z P ( J
n=1 QQW
l
< ) / (Zv Qe 1ot jCO\F)dl Az,
n=1 k41 2.2dkm

2m <z <..<x< om

The probability inside the integral above may be estimated with the help of Lemma 1.5
in [17]:



One then computes

1 . 2
P(Gmjk N Emjr) < > > (1—2—m)2 (1)) 2e7% / dry..

=1 1,.,,€[29,29+1-1] n=1 <@y <..<m<EEL
2.27 .

(29)! Uy 1
< —_—t (1 — — N2le 8 — —
< 2 M@ —m T W2 oy

=1
L 227 (29! 1 1
< 2% [—— 2 (1 — —)P
< 2% ) DT
=1

5 22077 (29)! 1 1
< 4.2 Me s ot (11— )P
= e - ")

=1
. i2
< 4.29-me~ %
As a consequence,
+oo 2M-—1 +o0 A 9
P U U m]kmEm]k) S 422]6_%
j=j(m) k =m

AN
|'M
ml

j=m
for m > 100. Borel Cantelli lemma entails that
oo 2m—1
lim su F, =0.
m—>+o£)j EJ U ok

e Computation of the Holder exponent:
Let t € (0,1), t ¢ S and let U be an open interval of (0,1) containing ¢. Denote
dy = max a(t). If (t) = 0, then hy (t) = 0 and the formula holds. Suppose now () > 0
€

Let € > 0 be such that 6(t) > ¢ and L —1i>e There exists ig € N such that Vi > 1o,
it = Vil =

L. Choose m large enough so that 5 < min{|t — Vj|,7 = 1,...,7p}. Let
IOET

Jo = [m(d(t) — ¢)]. Increasing m if necessary, we may and will assume that i, < 270,
and Vj > jo, j < 2. Let s € (0,1) be such that s < |t — 5| < 5757. There exists
k € {0,...,2™ —1} such that (¢,s) € Ilim. Increasing again m if necessary, we may assume
that I, C U. Then dj,, < dy, and, for ¢ < 2Jo0 1[5,0(‘/@-) = 0. One computes:

10

.d!L‘l



+o00
2(t) = Z(s)| = |D_wCapl i e, (V)

+oo0 2911
1/a(Vi) -—1/a(V;
= 1D D Gy 1 (V)
J=jo i=2J
j(m) |29+1 -1 oo |2t
1/a(V;) .—1/a 1/a(Vi) - —1/a(V:
< D v e Wn (il + Y0 1Y w1, (vi)
Jj=jo | i=2J isiom) | i
< i)iﬁx/_y f jCV2T ™
j=jo 2%m  j=j(m) Qd’“m
“+oo .
\2i—m
< 23+ V20)Vm Y 2
j=jo 2%m
< (1+CO \/_22](54—2 dU
j=jo
_ 601+ Cy)ym gh(e+3—ay)
- VO B
< Kyecoym2™ m[-3+(6(0)- )(H%,%)]
< KU,@CO |10g|t_3|||t_8| o(t)—¢) i —e)+1—2(6(t)— a)

Since 1 —

(0(t) —¢) >0,

) £
Z(t) — Z(s)| < Kueop/|log [t — s|[[t — 5|

Let us now study W (recall (6)): there exists iy such that, for all i > i,

1
2 2

VeV _ -1V < Kea
7 — 1 +1
3 km 2

< Kc,d

One then computes:

11



+o00 29t -1

W =Wl = D0 D0 w0 =i, (V)

Jj=jo =29

J(m) . +o00 .
3K, ,Cov/m CCQQJ’”
Z a0 J+ Z abo

= (3+5) (3+a)
= 20w =iy 2 i

X K ¥ 4
< Kymy 2Cma) 4 =Ny

J=Jjo 2 Jj=Jjo

m(3(t)—e)(e= 53— g;;) m(3(t)—e)(3—g;)
< K+/|logl|t — s|| ———— + Kt — 4 T
1 _ 2 2 dy 1 _ 22 dyy

< Ky/|log|t —sl||t — 5|(5(t )5ty )+K|t_$|1+(5(t) 1)

Gathering our results, we have shown that:

|B(t) — B(s)| < K+/|log|t — s||[t — S|(6(t)_5)(%—5).

In other words, hg(t) > ‘;(—;) for any open interval U containing ¢. Letting the diameter
of U go to 0, one gets hp(t) > %. "
Proof of Lemma 7:

Lemma 2 entails that Y is almost surely a cadlag process. Thus, for all ¢t € (0,1),
hy(t) Z 0. m

Proof of Lemma 8:
We seek to compute the Hausdorff dimension of Fy = {t € [0,1]\S : §(t) =0} U S.

2711 1 1
Let E, =limsup |J [Vg — 1 )V + fwwi)] . Since E, C {t: hy(t) <7},

Jortoo  j=27

{te[0,1\S: (1) =0} C () B,

>0

Now, (U [V — fw_ld Vi+ led]) is a covering of E,, and thus dimy(E,) < vd. As
1>1

a Consequence dimpy ({t € [0,1]\S : 5( ) = 0}) = 0. Since dimg(S) = 0, we find that
fu(0) =

Proof of Lemma 9:
Following [4], set \; = 1+—F For the system of points P = {(Vi, \;) }i>1 and ¢ € [0, 1],
define the approximation rate of ¢ by P as

6:(P) = sup{d > 1 : t belongs to an infinite number of balls B(V;, \)}.
Let us show that §;,(P) = %

In that view, note first that, since lim

L
i——4o00 i

= 1 almost surely,

12



log |1+ Ty
O(t) = inf  liminf —M.
(Vo(m)In€R: 100 log [Vii) — t]

Let > 1 be such that ¢ belongs to an infinite number of balls B(V;, \?). There exists

. log |14T 45 |
(b : N — N such that (V¢(n)) € Rt and |t — V¢(l)‘ < )\¢(l), €. 710;‘@(1;)(;‘ ~ 6 As a
1

consequence 0(t) < 3. Taking the supremum over all admissible 6, one gets 6;(P) < Ok
For the reverse inequality, consider two cases:

e §(t) = 1: since 0;,(P) > 1, one gets 6,(P) > ﬁ;

e §(t) < 1: choose € > 0 such that 6(t) + & < 1. There exists ¢ : N — N such that

log |14+l @)| < §(t - 1
P L e te [t—Vyyl < ————. B
loglv() e 0= | o | C (4T4u ))NSTE Y

and finally 6;(P) > by letting € go to 0.

for all large enough ¢+ € N, —

definition, this entails &;(P) >

6(t)+6 g 6(t

We now apply Theorem 21 of [4]: since hd < 1, one has ha(t) < 1 for all ¢ € (0,1).

The function ¢ — " (t) is continuous and thus

dimy ({t € (0,1) : 6,(P) = %@)}) = sup{ha(t),t € (0,1)} = hd

ie. fg(h)="hdm

Proof of Lemma 10:
Since he < 1 < hd and « is C, there exist (tg,¢;) € (0,1)? such that ha(ty) = 1 and
h()é(t) <lforalltel:= (tl,t(]) or (to,tl)

Define g : ¢ = min(1, (t)) Theorem 21 in [4] yields:

dimg({t€l:6:(P)=9g(t)}) = sup{ﬁ,t el}

= sup{ha(t),t € I}
= ha(to)
= 1.

One gets that fg(h) > dimg({t € [ : 0(t) = ha(t)}) =1, i.e. fy(h)=1. =

Proof of Lemma 11:
By definition and Lemma 3,

Fije={te0,1]:5(t) = O‘Tt)} —{te[0,1]:a(t)=cin{te0,1]:8(t) =1},

Set E={te[0,1]:a(t)=c}, Eg ={t €1]0,1]: (¢ )< 1} and By = {t € [0,1] : §(¢t) = 1}.
Then [0,1] = Ey U Ey, Fye = EN Ey and thus fy(1) < dimy(E).

Now, if dimpy (E) = 0, the lemma holds true since Fl/c is not empty and thus fr(1/c) > 0.
Suppose then that dimy(E) > 0. Choose s < dimpy(FE). This implies that H*(E) = +oo,
and Theorem 4.10 in [10] entails that there exist a compact set E. C F such that 0 <
H*(E,) < +oo.

13



Set ps(.) = H*(E.N.). This is a finite and positive Borel measure on [0, 1]. Theorem
3.7 in [18], along with Lemmas 4 and 6, entail that for all ¢ € (0,1), P(t € E;) = 1 and
thus P(t € E. N E7) = 1yep,.

One computes:

EMﬂszEL[hm%uﬂ
E (L) ()

I
o~

= P<t S EO)Ns(dt)

Ec

|
e

Thus, us(Ep) is a positive random variable with vanishing expectation: almost surely,
ps(Eo) = 0. Since pg(E.:) = ps(Ee. N Ey) + p1s(Ee N Ey), one obtains that, almost surely,
ps(Ee) = ps(Ee N Ey).

Now, H*(E N Ey) > H*(E. N Ey) = H*(E.) > 0. Thus dimg(E N E;) > s, Vs <
dimg(F) and dimg(E N Ey) > dimg(F). =

Proof of Lemma 12:

For all ¢t € [0, 1], a(t) > ¢ and almost surely, for all ¢t € [0, 1], §(¢) < 1, thus, almost
surely, for all ¢ € [0, 1], hy (t) < L. As a consequence, for h > 1, F}, = @ and fy(h) = —oc.
n

3 Large deviation and Legendre multifractal spectra

We compute in this section the large deviation and Legendre multifractal spectra of the
process B on an interval. Recall that we consider the process on [0, 1], and that the
large deviation multifractal spectrum of a process X on [0, 1] is the (random) function f,

defined on R by
fo(B) = lim lim ing 128 Va (8)

e—0t n—+o0 logn

where, for a positive integer n and € > 0,

log | X(157) — X(2)|

n

N:(B)=#{j€{0,....n—1}:f—e < < B+e}.

—logn
Other large deviation multifractal spectra can be defined by replacing the increments
X (%) — X (%) by other measures of the variation of X, such as its oscillations, but we
will not consider these in this work. We do not recall the definition of the Legendre

multifractal spectrum, and refer the reader to [10, 20| instead.
We shall denote

o
P = P(ﬁ_gglogﬁf(]n) Y (4 §B+s>

I~
~—

—logn

IA

1 j+1 j 1
= P <Y Y (= .
(e = v )

14



Set also

Xj =L 1 qpitly pi)< L

nP—¢€

1
{mre

which follows a Bernoulli law with parameter PJ. Clearly,
NL(B) =) X;.
j=1

For U an open interval of (0,1), we write

J(U)=1{j: L eU).

n

There exists a constant Ky > 0 such that, for n large enough,

Finally, we will make use of the characteristic function of B, which reads [19]:

E (exp (iZ@B(Q))) = exp —/ Zﬁjl[o,tj}(s)

where m € N, (04,...,0,,) € R™ (t1,...,tn) € R™.

a(s)
ds | . (10)

3.1 Main result

The large deviation and Legendre multifractal spectra of B are described by the following
theorem:

Theorem 13. With probability one, the large deviation and Legendre multifractal spectra
of B satisfy:

(

—00 for B < 0;
pd for B €10, gl;
fo(B) = fi(B) = 1 for B € (g ¢k (11)
1+1—p forpe (i 141
| —o0 for B > %

The fact that f; = f; stems from the general result that f; is always the concave hull of f,
when the set {8 : f,(8) > 0} is bounded. The part concerning f, in Theorem 13 follows
from a series of lemmas that are proven in the next sections.

We note in passing that, comparing with Theorem 1, we see that the weak multifractal
formalism holds for B, but the strong one does not, that is, fy < f, and fg # f,. The
decreasing part with slope -1 for “large” exponents present in f, but not in fz is a common
phenomenon when variations are measured with increments.

In order to prove Theorem 13, we will first show in each case of (11) that the equality
holds true for any given 8 with probability one. Permuting “for all 57 and “almost surely”
will then often be achieved thanks to the two following general simple but useful lemmas
on the large deviation spectrum, which are of independent interest.

15



Lemma 14. The large deviation spectrum of any real function is an upper semicontinuous
function.

Proof. Let f, be the large deviation spectrum of a real function. Consider 8 € R, (z;);>1

a sequence such that lim z; = (3, and set ¢; = sup |5 — xy|.
J=too k>j

Note first that

lim lim inf M = lim liminf M.

=0 n—+oo  logn j=too n—too  logn

For all j > 1 and all [ > j, No77(8) > Ny’ (x;) > NEi(x;). As a consequence,

2¢e; € )
lim inf 7log N (B) > lim inf 710g N () )

n—+00 logn n—+oo  logn

2e;
IOgNn J(B) >
logn —

Letting [ tend to infinity, one gets lim inf

n—-+o0o

fo(x;) and letting j tend to infinity

one finally obtains

fo(B) > limsup f,(z;).

j—+o0
0
Lemma 15. Assume that there exist four functions h, h, g, with lin% g(u) = lin% g(u) =
- Uu—r - u—r

0 such that, for all 8 in some interval I and all sufficiently small € > 0, almost surely

h(B) + g(e) < timinf 2B22E0) i) 45y

- n—+00 logn
Then, almost surely, for all B in I, h(B) < f,(8) < h(B).
Proof. Define

log | X (25) — X (4)|

—logn

My (B, f2) = #{j €{0,....,n =1} : f1 < < Ba}.

Then, for g; < 8 < (s,

N£52*5)\/(5*51)<6> < Mn(/B17/82) < N£52*5)/\(5*51)<6)

and

log M, (51,
fg(ﬁ) — inf lim inf w_
(B1,82)€Q?,81<B< B2 n—+00 logn

The set
A= U M (B, B2)

(B1,82)€Q?

is countable, and, thus f, is obtained by a countable infimum for all 8 € I. This yields
the result.
O
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3.2 Preliminary lemmas
3.2.1 Statements
Define H(t) = Hy,(t) = At — log(1 — p + pet).

Lemma 16. If0 <p < A <1, then

t>0 p —D

Lemma 17. If0 < A <p <1, then

A 1—-A
sup H(t) = Aog(=) + (1 — A) log(=——).
t<0 p I—p
Lemma 18. If p = p(n) = Kn® and A = X\(n) = n%, where K > 0 and 0 > a > b, then
there exists ng € N such that, for all n > ny,

—b
sup H () > 20
>0 2

n®logn.

Lemma 19. If p = p(n) = Kin® and X = \(n) = Kyn®, where K; > 0, Ky > 0 and
0 > b > a, then there exists ng € N such that, for all n > ny,

K
sup H(t) > —tn’.
t<0 4

Lemma 20. If p = p(n) = Kn® and A = X\(n) = n%, where K > 0 and 0 > a > b, then
there exists ng € N such that, for all n > ny,

. - _fla=b) 14
inf e )\tn(l _p+pet)n <e 5N alogn.
t>0

Lemma 21. If p = p(n) = Kin® and X\ = \(n) = Kyn®, where K; > 0, Ky > 0 and
0 > b > a, then there exists ng € N such that, for all n > ny,

: —An(1 _ hKun SRS B/ R
%r<1(f] e "1 —p+ pe) <e 1 :
Lemma 22. Assume there exist b € (—1,0) and K > 0 such that, for all n > ng and for

all j € [1,n], P < Knb. Then, almost surely,

lim inf 7log Na(B)

<1+0.
n—+oo  logn

Lemma 23. Assume there exist an open interval U, a real b € (—1,0) and K > 0 such
that, for all n > ng and for all j € J,(U), P > Kn®. Then, almost surely,

log N¢
lim inf 208 Wa\7) w(8)

>1+b.
n—+00 log n

17



3.2.2 Proofs

=

Proof of Lemma 16. sup H(t) = H(to) where ty = log (/\(1*1’

).

>0 p(1=2)
]
Proof of Lemma 17. sup H(t) = H(to) where ty = log (;8:?;) :
t<0
]
Proof of Lemma 18. With ty = log (;‘8:&’;), one has, for n large enough,
H(to) log (2 b (1= n%)log =1
= nlo —n)log | ————
0 S\K S\1T—Kn

no=b Knb —no
= n'ﬂog( K )+(1—na)10g<1+1_7[(nb)

ne=? Knb —n®
- ”“1‘)%( K )*2“‘”“) (m)

Knb——1
1— Knb

= (a—0bn"logn+n" [2(1 —n?) —logK} :

Since lim 2(1-— n“)fi’f;;_l —log K = —2 —log K, there exists ny € N such that, for

n—+oo
all n > ny,
n~*H (to) 1 Knb=e —1 (a—0b)
—~>(a—0» 21 —n")————— —log K| > —.
logn z (a )+logn[( n) 1— Knb R ="

Proof of Lemma 19. With ty = log (H), one has, for n large enough,

a—b

K. Kn® — Kyn®
H(ty) = Kznalog< 2;; )+(1—K2n“)log <1+117L_—K1n2;7’)

Kon®™"\ 1 Kin® — Kon®
> KQnalog( 2 )+_<1_K2na> (—)

Ky 2 1 — Knb
Kono? 1 K, — Kon®®

b a—b 2 a 1 2
— K. 1 (1 - K e et A
" { 2n 8 < K ) 2( 2n”) 1 — Kinb }

which yields the result since nEToo Kon® log(%j_b) +1(1- Kw“)% =& 0

Proof of Lemma 20. One has

: —Atn (1 _ o s —nH(t)
ie e et = nfe
—nsup H(t)
— [ t>0

Lemma 18 then implies that, for n > ng,

. - _la=b) 1t
inf e )\tn(l _p+pet)n <e 5N alogn.
t>0

18



Proof of Lemma 21. Write

—Kynsup H(t)
inf e (1 — p o+ pet)on = ¢ T
<

where H(t) = KiUt —log(1 — p + pe'). Lemma 19 ensures that, for n > ny,

K1 K
%ng M (1 —p4pe)t <e T
<

Proof of Lemma 22. Fix a € (b,0). Then, for all ¢ > 0,

tin 14a
P (N;el(B) Z n1+a) - P (6 j=1 Z etn + )

< e ™E

where A = n? The X; are independent and E [e'*i] =1 — PJ + PJe’, thus
P(N:(B) > n't) <e ™ [[(1—P)+ Ple"), Vt>o.
=1

For ¢ > 0, the function p — 1 — p + pe’ is increasing and so, by assumption on P?,
P(N;(8) = n'™) <e ™ (1 —p+pe)",
where p = Kn®’. Minimizing over ¢t > 0 and using Lemma 20, one gets
¥n > ng, P (Nyi(ﬁ) > n1+a) < eJaT*b)nHa logn
and thus

P (NE() = 0 < +oc,

neN

The Borel-Cantelli lemma then ensures that, almost surely,
Jng € N, Vn > ng, N2(3) < n'te
or

lim inf Lg Na(B)
n—+oo ogn

<1l+a.

Since this inequality holds true for any a € (b,0) one has indeed that, almost surely,

lim inf 7log N.(B)
n—+o0o ogn

<1+0.
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Proof of Lemma 23. Fix a < b. For all ¢t <0,

P(N(B)<n'™) < P > X;<nl™

t Y X,
— P(e sednw) ’>6”‘Ha)

< e [ - Pl+Pieh.
JEIn(U)

When ¢t < 0, the function p — 1 — p + pe' is decreasing. As a consequence, by
assumption on PJ and with p = Kn®, A\ = n?, one has, for n large enough,

P(N:(B) <n'™) < e ™1 —p+pet)# /)
S efnt)\(]_ —p +p6t)KUn,

Minimizing over ¢ < 0 and using Lemma 21, one gets

KKy 146

Vn > ng, P (NZ(B) < nl—f—a) <e 4

and thus
Z P (N:(8) < n') < +oo.
neN
As in the proof of Lemma 22, this leads to
N7 (B)

3}
Va < b, almost surely, liminf 206 Tnl7)
n—+-00 log n

>14+a

and finally, almost surely,
lim inf log N (5) (8)
n—+oo ogn

>1+b.

3.3 Estimates of P’

For U an open interval, denote ¢y = infyepr a(t) and dyy = supyey ao(t). Set also t; = L.

3.3.1 Lemmas

Lemma 24. Assume [ < é. Then, 3K > 0, Ing € N such that ¥Yn > ng, ¥j € [1,n],
Pi; < Knotibtalt)e—1

Lemma 25. Assume 3 < %. Then, 3K >0, Ing € N such that Yn > ng, Vj € J,(U),
P,z > KpotiB-alte—1

Lemma 26. Assume 5 > % and € € (0,5 — %) Then, AK > 0, dng € N such that
Vn > ng, V5 € [1,n],

Pl < Knotp P,
Lemma 27. Assume [ > % and € € (0,5 — %) Then, 3K > 0, dng € N such that
Vn > ng, V5 € J,(U),

P!> Knaip 7,
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3.3.2 Proofs

Proof of Lemma 24. Set p; = a(t;)B + a(tj)e — 1. Using the truncation inequality [21,
Section 13, p. 209|, one computes

, 1 1
po=P (n5+€ <Y (tj) —Y(t)] < )

np—¢
1
< PV () —Y () 2 =
n
nBte
7 — [T gle@) de
< nBte / <1_6 K df
0
1
.
_ 7/ (1_e—ftjf“n<6+6>a<z>|v|a<z>daz) do
0
1 tj+1
< 7 / / p(F+0(E) 065 g iy
0 tj
tj+1
< 7/n(5+€)a(x)dx
tj
tjt1

_ i | Bt -alty) gy

tj

Since « is C, there exists a constant K such that, for all x € (¢;,¢;11),
K
18 +ella(z) —alty)] < Klo — ;] < —.

As a consequence,

tj+1
Pl < 7t [ n'tedr
tj
= Tnfinn
< Knh

for a constant Kj.

Proof of Lemma 25. Set p = 3 (3= + =) and 0 = 1 (7= — 7).

Choose a function ¢ that satisfies the following properties:

1. supp(y) C [—1,1].
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2. @ is even.
3. pis Ct
4. VzreR,0<¢(z) < 1.

5. ¢ is not identically 0.

These properties imply in particular that ¢ is real and even. In addition, for all z € R:
T+
(p —
o

Since the Fourier transform of ¢ (£) is o exp(—iué)p(o€), Parseval formula yields

ez

x J—
) + QO ( - IU/) S 1[_n75+g7_n7ﬁ75}(l‘) + 1[n7,87£’n76+6}(1‘).

g

Pz [ (T o ) P () - Vo) € o)

1 _ [FHL ga@) g
> o [ cos(ue)plogye i g
T
R
2
Iu R _ tj+1 i) gp
= 2 [ cosEmpme T ay,
T o
0
Now,
o I
Lt dn = () =
/COS(On)sO(n) n=e(-)=0
R
since it > 0. One may thus write:
2 t
. _ i+1 10 a(z -
Pz 2 [eosCapetme T - vy
T o
0
_. 2 att)s-alte-1y
T "

where I = I7 | + I] , + I ; with

—+00

. _ ti+1 na(x) -
Ly = / &(n) (cos(2n) = cos() ) nt ottt (6 . —1) dn,
’ o
i L+l n)a(z) tj+1
L, = /@(7)) cos(n)n!~et)rtealss) e sl +/ |Q|O‘(x)dx dn,
+oo
, ti+1 n
Iy = —/@(n) COS(ﬂ)nl_o‘(tﬂ'Wﬁa(m)/ | L1%@®) dadn.
k) t O'

0 J
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Let us show that there exists Ky > 0 such that, for all j € J,(U),

1—a(t;)B+ealt;) b M@ gy < Ko (0 + p
n |cr| r < Ky(n®+n°).
tj

Since % = 2’2‘f+i and, there exits K such that, for all x € (¢;,t;11), |a(z) — a(t;)| < %

one has |o*t)=2®@)| < K and

9

t —alt))B+ealty) [t
l-alt)Btealt)) / e gy — T / @ gatt)-aw gy
1 o oalt;) L
2eaf(t;) tj+1
at;) M c d a(t;)—a(z)
s 2 J<nze_1)a(tj)(77 +77)”/t. g dx
J
< K +n%.

As a consequence,

+00 _
I < S qii-atsreat) [ 1T 0@ g0
1Ll < [ lell> —1n |~ |* dwdn
t
0

J
H - c d
< K% 1| [ 16l +ntyin
0

One finally obtains that sup |I} |< K|=2=|and lim ( sup |I} |)
€I (U) N jedn(U)

Let us now deal with 13;72

2
2 < /Iso 6*8“2(/ |;\<>dx) i
t.

J
2
< K /‘ 1 a(ty)B+ea(t; )(n +1 )2 20t )57272€a(t]')d,r]
< K n a(t;)(B—e— a(t))
< Kyplvt-ei)

and thus lim ( sup |IZ,|) =
Fubini’s theorem implies that

) ti+1 pl-alt;)B+ea(t;) I . a(z)
i, - / - _/<p(n)cos(77)77 dn | dx
t; g 0
tit1 nl—a(tj)ﬁ'i‘??a(tj)
- /t oo L lal@)dr

J
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+oo
where F(8) = — [ ¢(n) cos(n)n’dn.
0

The appendix contains a proof that 6m[i161l] F(9) > 0. As a consequence,
€lc,

: n—olt;)Brealt;) tj+1
I’y > (min F(0))————n oot =@ gy
™ 5€[C,d] Ua(t]) t;

n2€ a(tj) ti+1
= (min F(0)) { } n/ elaltj)—a(z))loga 7.
t

5€le,d) n* —1 ;
n* | T (o) —a()]
a(tj)—a(x))logo
> KU[nQ‘f—l] n/t] (' l)dx + 1] .
Now lim n;‘—2_1 = 1and lim ( sup |n tt_j“(e(a(tf)’o‘(x))log" —1)dz|) = 0. As a
n—-+4oo n—-+4oo jGJn(U) J
consequence,
3Ky > 0,3n0 € N:Vn >ng, inf I}, > Ky >0
jeda(U) ™
and thus

inf (nl-o(t)Bteat) piy 5 (.
j€In(U) "

Proofs of Lemma 26 and Lemma 27. Parseval formula yields

pi—1
€

T
Set p1; = ﬁ +e—pwithe € (0,5 — %) Using the change of variable & = n'/*(ti)y,
J
one gets

. ¢ . ¢ v
1 / sin(—z==) — sm(m)e_ jon |§|a(ac)d$d§.
R

ti+1 —l(f((f.)
1 [ sin(ntv) —sin(n—2y) Rt de
P’ = —/ e dv.
T Jr v

Define

tit1 a(x)
-7 ‘U‘a(x)na(tj)dx
IfL:/e gl dv.
R

Since « is Lipschitz and ¢ < a(x) < d, one deduces that

3K, >0,3K% >0,3ng € N, K} < inf IZ < sup IZ < K3

JEI(U) jeIn(U)
Now,
ti1 . a(tac.))
, . 1 sin(n*iv) — sin(nt 2%y = J p*®n® de
PT'Z — n‘u][% 1 + - ( ( ) ( ) _ 1)6 tj dU
I Jr v

= nMI(1+L2).
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One computes:

1 a(x)

ti+
1 SlIl 'n,MJ’U Sln n“j_%v _ f |U|a(z)na(tj)d1-
/R {|¥ SR CaiiON P

L — e ' dv
Ll < K} ntiv ntiv
tit1 a(x)
1 1 1 - f |v|a(x)na(tj)d:r
< 2;,Lj 2 tj d
< F (677, (% +ﬁ)€ v
U JR
RIENEN
- S (|
S 1n (CU+E ﬁ) ,026 t; d'U—'— (2] —.
6K, R K n*

There exist K € R and ng € N such that, for all n > ny,
1 a(x)

t'+
— Jf |v|°‘(z)na(t1)dx
sup / vle U dv < K(?} < —+o00.
jeJ(U) JR

As a consequence, lim ( sup |LJ|) = 0.

O

3.4 Estimates for the number of increments and determination
of the spectrum

3.4.1 Lemmas

Lemma 28. Almost surely, V3 < 0, f,(8) = —o0.

Lemma 29. Almost surely, V3 € (0, 5), fo(B) = pd.

Lemma 30. Almost surely, f,(0) = 0.

Lemma 31. Almost surely, V3 € [%,1], f,(8) = 1.

Lemma 32. Almost surely, V8 € (1,1+ 1), f,(8)=1+1—8.
Lemma 33. Almost surely, f,(1+1)=0.

[

Lemma 34. Almost surely, V3 > 1+ %, fo(B) = —o0.

3.4.2 Proofs
Proof of Lemma 28. Fix f < 0. Denote Ez = (0,—0). If ¢ € Ejp, then

P(N,(B) =1) = 1-P(N(8)=0)

n
n

= 1-JJa-P).

Jj=1
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Lemma 24 implies that, for n large enough,

P(N:(B)>1) < 1-—(1— Knitd—tyn
< 1= 6—%Knd3+ds
< §Knd6+da’

and thus lirf P(N:(B) > 1) = 0. Since N:(f) tends to 0 in probability when n tends
n——+0o0

to infinity, there exists a subsequence o(n) such that N7, (53) tends to 0 almost surely.

log Ny (8)

This implies that, almost surely, lim Jinf = —o00. We have proved that:
n—-+0oo

logn

log N¢
VB3 < 0,Ve € Eg, almost surely, liminf M = —0o0. (12)

n—-+00 logn
Let Q5. = {w: (12) holds}, Qs = () Qs and Q= \  Qp. Note that € has

e€EgNQ BE(—00,0)NQ '
probability 1, and consider w € 2. Choose # < 0 and j € N. Set 8; = @ For j large
. . 2/3 (3.
enough, N7 (8) < N2/7(B;). In addition lim inf% = —o00. As a consequence,
n—oo
1/5
lim inf W = —oo and, almost surely, for all 5 < 0, f,(5) = —oc.

n—o0

O

Proof of Lemma 29. Fix B € (0,3). Denote Eg = {e € (0,min(5, 2 — 3)) such that (d —
e)(B—¢€) € (0,1)}. Choose € € E3. By Lemma 24, there exists K > 0 and ny € N such
that, for all n > ng and all j € [1,n],

PI < Knpdftde-t
Lemma 22 then implies that, almost surely,

lim inf 710g Na(8)
n—+00 log n

< dB + de. (13)

There exists an open interval U such that, for all ¢t € U, a(t) > d — . Using Lemma
25, there exist K > 0 and ny € N such that, for all n > ngy and all j € J,(U),

Pi > Knld-9)@-o-1

)

and Lemma 23 then implies that, almost surely,

lim inf Lg N (B)

n—r+00 log n

> (d—e)(B—e).
We thus have proved that, for all 3 € (0,%) and all ¢ € Ej3, almost surely,

(d—¢)(B —¢) < liminf log N(6)

< . 14
i inf = e <dB+de (14)

Then Lemma 15 ensures that almost surely, for all 8 € (0, 3), f,(8) = dB.
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Proof of Lemma 30. We obtain Inequality (13) for § = 0 by applying Lemma 24 and
Lemma 22. This yields that, almost surely,

lim inf M

< de.
n—+o0  logn

As a consequence, f,(0) < 0.
Then apply Lemma 14 and Lemma 29 to obtain

. 1
fe(0) = 11msupfg(7)
j—+o0 J
= limsup —

j—+oo ]

= 0.
0

Proof of Lemma 31. Let 3 € (£,2) and € € (0 1).
Choose an open interval U such that > =+ and 3 < g +25 Lemma 27 then ensures
that there exist K > 0 and ny € N such that “for all n > no and all j € J,(U),

1
Knet) ™7
1
Kniv e’
Kn™*.

P;

AVARAVARAY]

By Lemma 23, for all § € (%,1), almost surely,

lim inf Lg Na(B)

>1-—c.
n——+0o00 logn

We conclude by applying Lemma 15.
For 8 = =, we apply Lemma 14 to obtain

137]

f(@) = timsup f(20)

j—+o0

= limsup 1.
Jj——+o0o

For f = %, Lemma 14 and Lemma 29 lead to

fg(é) hfffip fg([%”)

= limsupd——= 157]
Jj—4oo ]

= 1.

v

27



Proof of Lemma 32. Let f € (1, 1+ 1). Denote Eg = (0,min(8 — 1,1+ 1 — f)). Fix
e € Ez. By Lemma 26, there exist K > 0 and ny € N such that, for all n > n, and all
j € [Ln],

Pl < Knpete P,

Lemma 22 then implies that, almost surely,

lim inf 0g N (5)
n—-+00 ogn

g1+3+e—ﬂ (15)

Choose an open interval U such that = —2e < 5= < 3 —¢. By Lemma 27, there exist
K > 0 and ny € N such that, for alln > no and all ] e J,(U),

. 1
P> Knit?

NE
lim inf 0g N (5) >

Lemma 23 then implies that, almost surely,
>1+ ! + B>1+ ! o]
nstoo  logn dy c - c T

We have proved that, for all 8 € (£,1+ 1) and all € € Ej, almost surely,

1 log N 1
1—|———5—B<hm1nfg7(m§1+—+e—ﬁ. (16)

n—+oo logn C
The result then follows from Lemma 15. O

Proof of Lemma 33. We obtain Inequality (15) for 3 =1+ 1 by applying Lemma 26 and
Lemma 22. This yields that, almost surely,

log N5(1+ 1)

lim inf < de.
n—+00 log n
As a consequence, fy(1+ 1) <O0.
Then, Lemma 14 and Lemma 32 lead to
1 . [(1+2)J]
fo(L+ =) > limsup f,(——=—)
c j—+oo J
1 [+
= limsup(1 +o - u)
J—+oo J

= 0.

Proof of Lemma 34. Let § > 1+ % and denote Eg = (0,5 —1 — —) For € € Ep,

n

P(N,(B) =1) = 1-P(N(8)=0)

n

= 1-JJa-P).

j=1
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Lemma 26 ensures that, for n large enough,

P(N:(B)>1) < 1—(1— Knet=h)n

< gKnlJrlJreﬁ.

Thus, hIJP P(N:(B) > 1) = 0, which implies that NZ(5) tends to 0 in probability when
n——+00

n tends to infinity. There exists a subsequence o(n) such that N7, (8) tends to 0 almost

surely. As a consequence, for all § > 1+ % and all € € Ejg, almost surely,

log N¢
lim inf log N (5) = —o0. (17)
n——+00 log n
We conclude as in the last part of the proof of Lemma 28. O
Appendix

The following result is due to R. Schelling [24]:
Lemma 35. For all > 0,

F(B) = / P cos(m)@(n)dn > 0. (18)

Proof. The Lévy—Khintchine formula yields

cgdy
ml? = [ (1= cos(yn)ws(dy) with vs(dy) =~
y#0 ‘y‘ a

By Fubini’s theorem,
| o costmzton dn
-/ B | tcosto) = costym) costa)) 3 sty
_ /7&0 / cos() — & cos(1 + y)n — L cos(1 — y)n) B(n) dnvs(dy)
= /7&0(@(1) 3o(1+y) — 501 —y)) vs(dy),

where ¢ is a positive constant. By definition, ¢ is smooth and supported on[—1, 1], thus
©(1) = 0. As a consequence, we find that

C

[ o in =5 [ o1+ 91460 - )t <o

This is inequality (18). O

It is easy to see that the function § +— F(f) is continuous. As a consequence,
minge[c,d} F((g) > 0.
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