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Abstract In this paper, we give the expression and the asymptotic behaviour
of the physical solution of a time harmonic wave equation set in a periodic
waveguide. This enables us to define a radiation condition and show well-
posedness of the Helmholtz equation set in a periodic waveguide.

1 Introduction

Periodic media play a major role in applications, in particular in optics for mi-
cro and nano-technology [19,20,24,39]. From the point of view of applications,
one of the main interesting features is the possibility offered by such media
of selecting ranges of frequencies for which waves can or cannot propagate.
Mathematically, this property is linked to the gap structure of the spectrum
of the underlying differential operator appearing in the model. For a complete,
mathematically oriented presentation, we refer the reader to [24,25].

This article is a contribution to the theory of time harmonic wave propa-
gation in closed periodic waveguides. We are more specifically interested on
the characterization of outgoing solutions via appropriate radiation conditions,
the outgoing solutions being defined a priori thanks to the limiting absorption
principle. The construction of these radiation conditions relies on the analysis
of the behaviour at infinity of the solution constructed by the limiting absorp-
tion process. One particular motivation was to provide preparatory material
for the development of the so-called factorization method for inverse scatter-
ing problems in locally perturbed periodic waveguides [6] which extensively
uses the asymptotic behaviour at infinity of the Green’s function associated to
the unperturbed periodic waveguide. We also expect that this article is a step
forward to the theory of the DtN method developed in [21,13]. This method
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Solutions of the Helmholtz equation in periodic waveguides 3

provides transparent boundary conditions for reducing numerical computa-
tions to a bounded domain, that has been justified in absorbing media. We
expect the extension of these absorbing boundary conditions in the case of
non dissipative media, already evoked in [21] to be equivalent to the radiation
conditions established in this paper.

Is is worthwhile that the russian school [30-32] has extensively contributed to
the theory of radiation condition for selfadjoint elliptic problems using Kon-
drat’ev’s weighted spaces. This approach which is a priori quite different from
the limiting absorption approach yields to radiation conditions in waveguides
[33] and more recently in periodic media [34]. The connection between their
approach and ours is most likely possible but not so obvious in our opinion.

The more classical approach to time harmonic solutions of wave propaga-
tion problems is the limiting absorption principle that aims at characterizing
the physical solution as the limit, when it exists, of the unique solution of
finite energy of the corresponding mathematical model with absorption, when
this absorption tends to 0. The corresponding mathematical theory has been
extensively developed in the literature in various situations such as locally
perturbed homogeneous media (see for instance [8,43,2]) or locally perturbed
stratified media (see for instance [44,7,42,5]). There are mush less results in
periodic media. In [14] , the authors use Mourre’s theory [29,18] to prove the
limiting absorption principle for analytically fibered operators, whose differ-
ential operators with periodic coefficients are a particular case. In [17], the
author uses the same theory to deal with the Laplace-Dirichlet operator in a
(n 4+1)-dimensional homogeneous layer with periodically shaped boundary. In
[26], a limiting absorption principle for a two-dimensional periodic layer with
perturbation is proven. In all these works, the authors are interested mainly
in the existence of the limit of the solution with absorption which amounts to
study the limit of the resolvent of the corresponding periodic differential oper-
ator, and in which sens this limit holds. Their approach is not constructive and
therefore cannot be used to study the asymptotic behavior at infinity of the
physical solution and construct corresponding radiation conditions at infinity
in order to characterize this solution. That is why we consider a more construc-
tive approach, using the Floquet-Bloch theory, that leads to a semi-analytical
expression of the limit, the physical solution, as in [16] for the periodic half-
waveguide and [37] more general infinite periodic media. In addition, we are
able to give a rate of convergence.

The main objective of this work is to use the semi-analytical expression of
the solution to deduce, from the analysis of its behavior at infinity, a radiation
condition that characterizes this solution, which means that we should be able
to show the uniqueness of a solution of the time harmonic wave equation set
in a periodic waveguide satisfying this radiation condition. This condition is
well-known in the case of a (locally perturbed) homogeneous medium occu-
pying the whole space : this is the so called Sommerfeld radiation condition
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that represents the fact that, at infinity, the solution looks like an outgoing
spherical wave which decays as |x|*% where d is the space dimension. In the
case of a homogeneous closed waveguide, i. e. when the domain of propagation
is an infinite cylinder with bounded cross section, the behavior at infinity of
the solution if quite different than in the homogeneous whole space : in par-
ticular, the solution does not decay any longer at infinity. As a consequence,
the radiation condition is of quite different nature and relies on the decompo-
sition of the solution as a infinite sum of evanescent modes and a finite sum
of (appropriately chosen) propagative modes : these are the so-called outgo-
ing modes. The situation for a periodic closed waveguide, that is considered
in this paper, is similar in nature to the case of the homogeneous waveguide.
However, the notion of outgoing modes is much more delicate ( we shall pay a
lot of attention to a precise definition and description of such modes) and the
analysis relies on quite different mathematical tools (Floquet-Bloch transform,
spectral theory of operators depending analytically on a parameter, complex
contour integral techniques,...).

2 The model problem

We consider in this paper the propagation of a time harmonic scalar wave in
a perfect periodic waveguide, 2 C R4+ (typically d = 1 or 2) due to a given
source f

—Au—n2wtu=f inf

2
3 (1)
Vu-n=0 on 012

n being the exterior normal of (2.

We shall assume that (see figure 1 for an example)

— The domain of propagation {2 is a connected open set of R*! which is
unbounded in one direction, let us set x;, bounded in the other ones

3S a compact region of R*, 2 CR xS,
and periodic with period L in the first direction in the sense that :
(r1,25) € 2 = (r1E£L,xs5) € 2.

The boundary 02 of {2 is supposed to be smooth enough in order that
{ue HY (A, 2), Vu- n|aQ:0}CHS(Q) for some s > % (2)

where HY(A, 2) = {u € HY(2), Au € L*(£2)}. This is true for instance if
092 is piecewise C! and globally lipschitz [15]. The unit periodicity cell is
defined by

C=0nNn(-L/2,L/2) xS
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and finally
2=J¢C, with C,=C+(pL,0),VpeZ
pEZL
Typically §2 could be a straight waveguide ({2 = S x R) minus a periodic
set of holes (see Figure 1).

— The material properties of the periodic medium, here the refractive index
ny, is characterized by a L>°({2) function, with n, > ¢ > 0 which is periodic
with the same period than the waveguide

V(z1,zs) € 2, np(zr+ L,xs) = np(z1, ).
Moreover we assume 7, positively bounded from below : n, > C' > 0.
— The source term represented by the function f is supposed to be L? with
a compact support.
Without loss of generality, we suppose in the following that the period L is 1.
Remark 1 (Extensions) Most of the results of this article can be extended to

— more general symmetric, second order elliptic differential operators with
real periodic coefficients (with the same period);

— other boundary conditions as soon as they satisfy the same periodicity
properties than the geometry and the coefficients.

000000000
[

Fig. 1 A periodic domain of propagation : the black lines represents the boundary of (2
and typically nyp = 1 in the white region, n, = 2 in the light grey regions.

The principal difficulty of the problem (1) lies in the definition of the notion of
”physical” or ”outgoing” solution. Indeed, if the frequency w is such that w? is
in the spectrum of the corresponding periodic differential operator —n,, 2A in
{2, waves can propagate in the periodic waveguide which allows non vanishing
solutions at infinity. In this case, the H' classical framework is not appro-
priate anymore : solutions cannot exist in this space. On the other hand, in
Hl = {u, VYo € DR) ¢(x1)u(z1,zs) € H'(£2)}, one can define several
solutions to the original problem. Additional conditions are required to define
the ”good” physical solution of (1). For example, if the waveguide is straight
and the refraction index is constant, the classical separation of variables can
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be used to show that at infinity any solution is exponentially close to a finite
superposition of propagative guided modes. It suffices then to impose that this
superposition is only made of the outgoing propagative modes on both sides
of the support to make the problem well posed : this corresponds to adding
a so-called radiation condition. Let us emphasize that the definition of the
outgoing modes is explicit in that case thanks to the separations of variables.

In the general periodic case, a classical and natural idea to define physical
solutions is to use the limiting absorption principle. This principle consists in
adding some absorption to the original problem (the presence of the damping
term € > 0 guaranteeing the well-posedness of this problem in H!(2))

—Aue —n2 (wW? +1e)ue = [ in Q2

(3)
Vu, - n=20 on 012,

and in studying the limit, when € goes to 0, of the family of solutions (ue)e>o-
If the limit exists in a certain sense, this limit is defined as the physical or out-
going solution of (1). One says that the limiting absorption principle holds.
Applied to the homogeneous waveguide, this approach leads to the outgoing
solution as defined in the previous paragraph.

Our main goal in this paper is to characterize the outgoing solution with
the help of radiation conditions at infinity, the construction of which relies on
the study of the asymptotic behavior of this outgoing solution when x; goes
to £oo.

The outline of the remainder of the paper is as follows : in Section 3, we
introduce useful mathematical tools and we recall and extend (for our pur-
pose) classical results about differential operators with periodic coefficients. in
Section 4, we briefly recall the construction and the semi-analytical expression
of the outgoing solution. In Section 5 which is the main section of the paper,
we investigate the asymptotic behavior of the outgoing solution when x; tends
to 00 and construct the radiation conditions. Finally, in Section 6, we show
that this radiation condition ensures the uniqueness of the outgoing solution.

Throughout the remainder of the paper, we will denote for any open set O C {2

v fag € L2(O)’ (f7 g)@ = /Ofgdxl dxsa (f7 g)n%,@ = /Ofgni dml dxs

and ||| |||,z o respectively, the corresponding norms.
2,
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3 Mathematical tools and results on differential operators with
periodic coefficients

3.1 The Floquet Bloch Transformation and properties

We recall the definition and more useful properties of the partial Floquet Bloch
Transform in the z;-direction, denoted FBT in the following (see [23] for a
more complete and general exposition). Most of the proofs of the forthcoming
results are straightforward and left to the reader (see also [23]).

Definition 1 The FBT with period 1 in {2 is defined by (see [23])
F . D) —  L2(Cx (-7
f(xl,l‘s) - .f 1‘1,.735, \/ Zf 1 +p7ms zpk7
pGZ

where D(12) is the set of C'*°-functions with compact support (note that the
sum in the definition of the FBT is then finite).

The FBT can be extended to L? functions thanks to the following Proposition.

Proposition 1 (Extension of the FBT to L?(2)) The FBT extends to an
isometry between L*(§2) and L*(C x (—m, 7)) :

Y f,g e L*(1), / fgdkdey deg = /fgd:cldxs
Cx(—m,m)
The second important formula for us is the inversion formula:

Proposition 2 The operator F is invertible and its inverse is given by
V feL?*C x (—mm), ae. (x1,75) €C, Vp € Z,

(F' ) (@1 +p,xs) = \/;/ flwy, 25 k) e* dk. (4)

We shall use in the sequel the following (obvious) properties of the FBT which
make the FBT a privileged tool for the analysis of linear PDEs with periodic
coefficients.

Proposition 3 The FBT has the following properties :

1. it commutes with the differential operators, in the sense that

Yu e HY(Q2), Vk € [—m, 1], f(aa;)(.;k)zaii(fu(-;k)); (5)

2. it diagonalizes the integer translation operators

V(l‘l,xé) €2, VpeZ, ( )(331,.1‘5) = u(xl +p7$s)

F(rpu)(z1, xs; k) = e PR Fp(xy, w5 k), (z1,24;k) €C X (=, m);
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3. it commutes with the multiplication by a periodic function: if n, is a 1-
periodic L -function for all (z1,x4;k) € C x (=7, )

]:(nf,u)(xl,xs;k) = nf,(xl,xs)]:u(xl,ws;k). (7)

For the sequel, it is essential to know how the Floquet Bloch Transform acts
in Sobolev spaces. We recall these results, a proof of which can be found in
[12,13], for instance.

We need first to introduce spaces of functions on the domain C of so-called &
quasi-periodic functions (k being a parameter in (—m, 7). To do so, we need
to introduce the k-quasiperiodic extension operator Ej, € L(L*(C),L3,.(12))
defined by (note that Ej f = f in C)

VfeL*(C), Vp€eZ, Y(x1,z,) €C, Epf(xy+p xs)=e®* fz1,25). (8)
For any k € (—m,n] and for any m € N, let H]”(C) be defined by
HM(C)={f e H™(C), Bxnf € Hjp(2)}

One easily shows that H}*(C) is a closed subspace of H™(C). Consequently,
H}(A,C)={ue€ H}C), Au e L?(C)} is a closed subspace of H(A,C).

Let us give another characterization of H}(C) and H}(A,C) which will be
more convenient in the sequel.

Proposition 4 For any k € (—m, 7], a function u belongs to H.(C) if and
only if it belongs to H'(C) and satisfies

u|11:1/2 :elku|x1:—1/2 9)

and it belongs to H} (A, C) if and only if it belongs to H'(A,C), satisfies (9)
and
(10)

awlu’ = e’kamlu’

r1=1/2 r1=—1/2

We can now state the main result for FBT in Sobolev spaces.

Theorem 1 For any m € N, F is an isometric isomorphism from H™(S2)
into

mo(Cx (—m,m))) = {u € L2 (—m,m H™(C))/ Yk € (—m,7), a(-; k) € H,gn(C)},

equipped with the norm of LQ( —m,m H™ (C)) :

i) = / a3 )2y b
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Remark 2 We can deduce easily that F is an isomorphism from H! (A, 2) into

HCSP(A,C X (—m,m)) = {ﬂ € L*(—mmH(A0)/

Vk € (=mm), 4 k) € HA(A,0) ),

equipped with the norm of L2( —m,m HY (A, C)):

Jall*s= [ [Nat- B ) + 1800 D)) d

—T

Finally, another important property concerns the relation between the decay
at infinity of functions in L?(£2) with the smoothness with respect to the dual
variable of their Floquet transform (it is an equivalent of the Paley-Wiener
theorem for the Fourier transform - see [23, Chapter 2]). We first introduce
the notion of exponentially decaying in Sobolev spaces as follows.

Definition 2 Let m > 0, a function u € H™({2) is exponentially decaying
with rate o > 0 in H™((2) if

3C > O0such that Vp € Z, ||uHHnL(Cp) < C el (11)

Analogously, we define the exponential decay with rate a > 0 in H*(A, £2).

Note that if u is exponentially decaying in H*(A\, §2) thanks to (2), u is expo-
nentially decaying in H*({2).

Proposition 5 Let us consider a function u of H™(§2) (resp. of HY(A, $2))
which is exponentially decaying with rate o > 0 then its Floquet-Bloch trans-
formation can be extended analytically in a neighborhood of the real axis,
{{Im(k)| < a}, as a 2m-periodic function with values in H™(C) (resp. in
HY(A,Q)).

Conversely, if a function @ is in Hyp(C x (—m,m)) (resp. in HéP(A,C X
(—m,m))) can be extended analytically as a function k — 4(-;k) € H™(C)
(resp. in HY(A,C)) in {|Im(k)| < a} which is 2m-periodic, then its Inverse
Floquet Bloch Transform, denoted u is exponentially decaying with rate o > 0.

In section 5.2, we shall also use unilateral version of exponential decay

Definition 3 Let m > 0, u € H{" ({2) is exponentially decaying with rate

loc

a>0in H" (§2) at +oo (resp. —o0)

loc

3C > 0such that  |[ufl e,y < Ce Pl Wp>0 (resp.Vp<0). (12)

Analogously, we define the exponential decay with rate a > 0 in H'(A, £2) at
+o00.



10 Sonia Fliss, Patrick Joly

3.2 Spectral properties of the operator

Let us introduce the unbounded operator in L?(§2) defined by

1
A,=——= A
P nf, (13)
with domain D(A,) = {u € HY(A, ), Vu - n|a_Q =0}

One of the main result of the Floquet-Bloch theory is (see [23] for more details)
that the spectrum of A,, 0(A,) is a pure essential spectrum given by

o(A4)= |J o(4k)

ke)—m, 7]

where, for all k € R, Ap(k) is the unbounded operator in L?(C,nZdzidx,)
defined by
Ay(k) = LA
PR n2 (14)
with domain D (A4,(k)) = {u € HL(A,C), Vu- n|a(zmac = 0}.

From the definition of H} (A, C), it is obvious that k — A, (k) is 2r—periodic.
For any k € R, the operator A,(k) is a self-adjoint positive operator with
compact resolvent so its spectrum is purely discrete. Let us introduce the
eigenvalues of the operators A, (k) ordered increasingly
0< (k) < (k) <...< (k) <..., with lim A,(k) =400
n——+oo

and a corresponding orthonormal basis of eigenvectors (gon( ; k))n N’ Implic-
itly, each eigenvalue A, (k) is repeated with its (finite) multiplicity. With this
choice, one easily checks that the A, (k)’s have the following property

VkeR, M(k+2m) =M (k) and A, (k) =\, (=k) (15)
and the associated eigenvectors can be chosen such that
VEER, @n(sk+2m) =¢n(-3k) and  on(-5—k) =en(-5k).  (16)

According to [22], the functions k — A, (k) and k — ¢, (-; k) are continuous
and piecewise differentiable functions, with values in R and L?(C) respectively.
They lose differentiability only at points k& when A, (k) is no longer a simple
eigenvalue. There is only a finite number of them and the reason is that these
functions are in fact piecewise analytic.

To be more precise, one has to adopt a slightly different point of view and
to refer to the perturbation theory of differential operators [22], more pre-
cisely to chapter 7. Obviously, the definition (14) of the operator A,(k) can
be extended to k € C and one easily shows that A, (k) depends analytically of
k in the sense of the definition of holomorphic non bounded operators, in $1,
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Chapter 7 of [22]. The key point is that these operators have compact resol-
vent for any k € C and are self-adjoint for & € R. As a consequence, we can
refer to the Theorem 1.8, Chapter 7 of [22] to claim that it exists a sequence
of neighborhoods of the real axis D,, := {|Im(k)| < «,}, analytic functions
pn(k) : D — C and analytic functions v, (-;k) : D,, — L?*(C) such that for
all k e R

%(»k) € D(Ap<k7))a A;D(k) wn(vk) = :un(k) %(»k)

and (Q/Jn( ik)s Ym (5 k>)ng,c = On,m- (17)

As a consequence, for real k, the sequence (un,(k))nen is simply a rearrange-
ment of the sequence (A, (k))nen:

VE eR, {un(k), ne N} ={\,(k), n e N}
Moreover, the eigenfunctions ¢, (-; k) can be chosen in such way that
VE e R, {¢Yn(-;k), ne N} ={p,(-;k), n € N}.

We shall call dispersion curves, the curves k € R — pu,(k). By analyticity
arguments, two dispersion curves either coincide along the real axis or meet
only a finite number of times inside [—m, 7]. As a consequence, going back
to the A\, (k)’s, their multiplicity is constant with respect to k except maybe
for a finite number of points and for each n > 1, the interval [—m, 7] can be
divided into finite numbers of subintervals inside each of which the function
An (k) (resp. ¢n(-;k)) coincides with some functions u,(k) (resp. ¥p(-;k)),
see Figure 2 for an example, which makes precise the definition of piecewise
analytic. This also implies that either the multiplicity of u,(k) is constant,
equal to M for k € [0, 27| in which case we repeat in the set {p,(k}, M times
the same functions, either multiplicity only increases at each crossing point
between different dispersion curves.

We shall use in Section 3.3 and 6, another important property of the functions
un(k). By analyticity arguments, we know that either p, (k) is constant in
[—7, 7] or its derivative p!, (k) vanishes a finite number of times inside [—, 7.
However, a recent non trivial result excludes the first possibility ([27,40]).

Proposition 6 ([27,40]) None of the constant p, (k) can be constant along
the interval [—m, .

In the most part of this paper, we shall work with (p,(k),¥n(-;k)) instead of

Remark 3 Let us point out the fact that contrary to the functions A, (k),
the functions p, (k) are not necessarily 2m-periodic nor even as illustrated in
Figure 3.



12 Sonia Fliss, Patrick Joly

ting (K)

t > k

| Apoia(k)
/\/\/\)\p“ (k)
t t } } } } t >k
- ™

Fig. 2 A picture of two dispersion curves (left) and corresponding A, (k) and Ap41(k) (right)

Fin, (K)

Hing (k)

t T > k
_r ™

Fig. 3 The dispersion curve k — (k) is not necessarily 27-periodic nor even

3.3 The propagating Floquet modes

In order to define the propagating Floquet modes at a given frequency w, let
us introduce the set

Iw)={neN, Ice]-mm], pn(§) =w} (18)

and for each n € I(w), the set

En(w) ={¢ €] - m, 7], pn(§) = w?}. (19)

We define the set of propagative waves numbers associated to w as (see Figure 4
for an example)

Ew = |J EZaw). (20)

nel(w)

where the union is understood in the sense that common elements are repeated
in the result, for example

{51752} U {51753} = {51752351753}' (21)

Proposition 7 The sets I(w) and =, (w) are finite.
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tn, (K)

Fig. 4 In this case, I(w) = {no,n1}, Eny(w) contains 2 points and =y, (w) 4 points.

Proof Using the min-max principle and the Weyl estimation (see [38]), it is
easy to show that

VTL,V/%'G}—’]T,W], Cln S)\n(k)g CZ'”/

where A, (k) are the eigenvalues of A(k), ordered increasingly, as defined in
Section 3.2 and Cy and Cy are related to the lower and the upper bounds of
n,. Using the relation between the A, (k)’s and the w,(k)’s, we can show by
contradiction that
li i n(k) =
nﬁlrfoo ker[rilfrl,w]ﬂ ( ) oo

and thus that I(w) is finite.

Next, let us consider n € I(w). By analyticity arguments, the function wu, (k)
is either constant or meets w? only a finite number of times. However, Propo-
sition 6 excludes the first possibility. Hence, each set =), (w) is finite.

O

On Figure 4, the sets =, (w) are symmetric, however this is not necessarily
the case in general, see Figure 5 for an example. Nevertheless, this symmetry
property is satisfied by the full set Z'(w).

Proposition 8 The set Z(w) is symmetric with respect to the origin in the
sense that

feFw) = —-€fe€eZFZ(w)

Proof Tt is sufficient to use the definition of the set =Z'(w) with the help of the
An’s. More precisely, we introduce

I(w) = {n eN, Jec]—m 7], M(é) =w?} (22)
and for all n € I(w)

En(w) ={€ €] —m 7l An(€) =’} (23)
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These two sets are finite for the same reasons than I(w) and =(w) and we
have even

Ew) = {€ € Euw), ne I}
Thanks to (15), we deduce that =), (w) is symmetric with respect to k = 0. 0O

................. < S

i >k
-7 T

Fig. 5 The sets =y, (w) and =y, (w) are not symmetric with respect to k = 0 but the set
E(w) is.

Foralln € I(w) and £ € =, (w), let us introduce the corresponding propagating
Floquet modes namely the functions in H}. (£2) which are the £ —quasiperiodic

extensions of the eigenvectors ¥, (-; &), that we still denote v,, for simplicity
Un(-5€) = Ee Yn(-;€) (abuse of notation) (24)

where the operator E¢ is defined in (8). One easily shows that ¢, (-;§) is an
element of the space

V(w) = {u € HL (92), —Au — n§w2u =0in {2 and Vu-n=0ondf}
(25)
Even more, V(w) is generated by these propagating Floquet modes :

V(w) = Span {d}n( ;f), §€ En(w)7 ne I(w)}

On the space V = {v e H. (), Ave H., and Vv-n=0ondN} which
contains V(w) for any w, we can define, setting I, = {zs, (x,zs) € 2} and
for  in R using trace theorems on I, in Hj (2) with s > 3/2 (see (2))

ﬁﬁ - %v) ds. (26)

v R, V : =
reR, Yo, w eV, q(z;v,w) /1“$(d301 d

Let x < y and £2, , = {(z1,2,) € 2, x < 1 < y}, we have by Green’s formula
/ [(—A - nf, wWwHow — (A — nf, w?)wv| daida,
o

= q(z;v,w) — q(y;v,w). (27)
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In particular,
Vo, we V(w), Ve eR, g¢(z;v,w) =q(v,w) (independent of ). (28)

Thus ¢(v,w) defines a sesquilinear form in V(w), already introduced in [32]
where the quadratic form g¢(v,v) is defined as the energy flux of v. One
main interest of this sesquilinear form is that it ”orthogonalizes” the basis
{n(-;€), €& € E,(w), n € I(w)}. This property will be useful to show the
uniqueness result of Theorem 4.

Proposition 9 Let n,m € I(w), £ € 5, (w), & € 5, (w), then

ifm#noré#€ qn(-36),9m(-:€)) =0
otherwise q(¢n(';f)a¢n(';f)) = 1 f1,(§).

Proof Writing that for any n,m € I(w) and (§,¢') € Ep(w) X Zp(w),
q (x50 (-58),%m(-5£")) is independent of z, we have in particular

8%(.;6)%_@ )
-/F L (dIl 1/Jm(,5) diy wn( ,5)) drs

Opn() ———  m(38) )
/Fl/2 <Cll‘1 ¢m(,£) dl‘l wn( ,f)) d:CS =0.

Since ¥y, (- ;&) (resp. ¥ (-5&')) is € (resp. &) quasi-periodic, this simply rewrites
(¢ = 1) a8, vm(3¢)) = 0.
This gives the result for £ # &'.

We consider now the case & = ¢’. Then let n,m € I(w) such that u,(§) =
tm (&) = w?. We shall use the derivative of 9, (- ; k) with respect to k, denoted

Okn (-5 k). The reader will easily shows that dy1, (- ;&) satisfies
(=2 =€) ) ) Otbn(-:€) = pn(§) np ¥n(-3€),  inf2 (29)
Hn (18|, , =€ On(59)] 1 a5, (30)
Ous Okt (58|, = €€ O [O60n (5 O] |+ Doy tin(56)], - (31)

If we use formula (27) with z = —=1/2, y = 1/2, v = Y (-;€) € V and
w =Y, (-;€) €V, we obtain

1~ 3 Okt 6 (56) a3, etrn(-), 6 (-56))
) [ 05O T o
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On the other hand, using the boundary conditions (30), (31) and the fact that
U (-3 &) is &-quasi-periodic, we obtain after some computations omitted here

0~ 5 06056, () — a3, Oetin(56), U (6))
=1 Q(wn( ;g)v'(/)m(' ag))
One concludes easily by the orthonormality (17) of the (¢, (- ;k))nen. O

Remark 4 (Physical interpretation) Introducing for all n € I(w) and for all
€ € En(w), wn(&) = v/ 1n(§), one can reinterpret the Floquet mode as the
time harmonic wave obeying the dispersion relation

w = wn(§)
and thus define the group velocity by

- dwn 1 71/2 ’

Val€) = GO = 5 ma(© 7 i (©)

According to the previous Proposition, the sign of the group velocity indicates
how the energy propagates in the waveguide.

The propagating Floquet modes can then be divided into those for which
(&) > 0 (they propagate from the left to the right), those for which p!, (¢) < 0
(they propagate from the right to the left) and those for which !, (§) = 0.

We can decompose the set =(w) of propagative wave numbers as
Ew)=5%w) U ET(w) U 5 (w)

where

Bw= J S, Sw={ecZw), =0}

nel(w)

the unions being again defined in the sense of (21). Let us remark that the
sets 5% (w) and 5°(w) are disjoints but =¥ (w) and 5~ (w) are not necessarily
disjoints in the case of multiple eigenvalues

In#m, 36 € [-mm, 1) = mm(€) =w? and () (€ < 0.

Proposition 10 The sets =1 (w) and Z~(w) are symmetric the one with re-
spect to the other in the sense that

EeEZt(w) & —¢teZ (w).



Solutions of the Helmholtz equation in periodic waveguides 17

Proof We first show the result for w ¢ o,,, where o,, is the set
om ={w, In#p, Ik € [-m, 7], pn(k) = pp(k) = w?}. (32)

Let £ € 2T (w) then it exists n € I(w) such that 1, (£) = w? and (&) > 0.
Because w ¢ oy, it exists a subinterval of (—m,7) containing ¢ in which
tn (k) coincides with some A,(k). Because A, is an even function, we have
w? = Ap(€) = Ap(—=€) and X, (=€) = =\, (€) < 0. Since (k) coincides with a
tq(k) in a subinterval of (—m, 7) containing —&, we deduce that —§ € =, (w) C
Z (w).

For w € o,,, we want to use the continuity of w + 5% (w) which is possi-
ble because o,, is a discrete set for similar reasons than the ones which will
be used in the proof on the next proposition. 0O

We now introduce a set of frequencies w for which the limiting absorption
principle will not hold

on={w e R, In, 3 € (), 1un(6) = w? and () = 0}
={weR, Z%w) #0}.

Physically, these are the frequencies for which it exists a Floquet modes whose
group velocity can vanish. This corresponds for instance to the cut-off fre-
quencies for the homogeneous waveguide for which we know that the limiting
absorption principle does not hold [28].

(33)

Proposition 11 The set og is countable set with at most one point of accu-
mulation +oc0.

Proof Let us suppose that there exists a non stationary sequence (wy, ), of og,
then

v n, 3 in, 3 gna M, (gn) = wp and :u;" (gn) =0
which converges towards ws, € RT. The sequence (wy), is in particular
bounded. Moreover, using that (see the proof of Proposition 7)
lim min k) =+
n—+0o ke[—m,n) /Jn( )
the set of indices (i), is necessarily finite. Leaves to extract a subsequence,
we can assume that the sequence (i, ), is constant and equal to g :

v n, 3 gn; Hig (gn) = Wn and /1“20 (fn) =0

The sequence (wy, ), is assumed to be non stationary, that implies that u; (£,) =
0 for a non stationary sequence (&, ),. The function y;, being analytic, this im-
plies that p;, is a constant which implies that the sequence (wy, ), is stationary,
which contradicts the initial assumption. 0O

Remark 5 In the Appendix B, we shall show by explicit calculations that, in
a straight homogeneous waveguide, the Floquet modes do coincide with the
standard guided modes.
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4 Limiting absorption principle in the periodic waveguide

There are some contributions in the study of limiting absorption principle for
periodic waveguide [26,13,16]. We remind in this section the main results and
the ideas of the proof of these works : using the Floquet-Bloch Transform, we
give a semi-analytical expression of the solution of the time-harmonic scalar
wave equation (3) with absorption, show that the family of solutions has a
limit in a certain sense when the absorption tends to 0 and finally deduce a
semi-analytical expression of the physical solution of (1).

Proposition 12 Suppose that f € L?(£2). The solution u. of (3) is given by

Ue = Zu?, in HY (N, 02) (34)
neN

where each u? is given by ¥(z1,x,) € C, Vp € Z,

ot pa) = o [T o 3s)
where
Pu(F)(5k) = (£ 3K),0n( 3K)) 1z ¢ Un(-3 ). (36)

Proof Applying the Floquet Bloch Transform to the equation (3), using its
properties detailed in Proposition 3, we see that the FBT of u., namely . (-; k),
belongs to D(Ap(k)) and satisfies

Ap(k) G (k) — (w? +12) G (5 k) =

After diagonalization of the above equation in the basis (1, (+; k))nen, we ob-
tain

N _ Pn(f)(7k)
UE(~’]€) - n;\] Mn(k) o (wg —|—Z€)

and finally by applying the inverse Floquet-Bloch Transform

1 7 P.(f)(z1,zs; k) &
V(x1,25) €C, Vp €Z, uc(x1+p,Ts5) =/ — / § - " dk.
27r_7r = tn (k) — (W2 +1€)

To conclude, the only difficulty is to justify the inversion between the integral
and the sum. The details use similar arguments than in the Step 1 of Appendix
A and are then left to the reader. O
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Remark 6 Using the same ideas, we can show that the definition of P,(f)
can be extended if the source term f € H"(f2) for any r > —s with s > 2
because ¥y, (- ; k) € H*(C) (see assumption (2)). Then the representation of the
solution holds in H"+2(C). In particular, we can deduce easily from this result
the expression of the Green function G(-;y) for which formally f = ¢, with
y= (1 +q,Ys), (y1,ys) €C and q € Z, ¥(x1,z5) € C, Vp € Z,

n\L 7:1757 n I Sak 1(p—
G (‘Tl +p7 Tsy Y1 +q ys = / w ! 15}2(%1—123) ) e (r—q)k dk.
neN

We can now establish the limiting absorption principle which will be proven
in Appendix B.

Theorem 2 (Limiting absorption principle) Suppose that w ¢ oy and f
is in L2(82) with a compact support. Then

vn € (0,1), 3C,(w), Yp € Z, |jue — u||H1(Cp) < Cy(w)et™ 11l 2 -
where u is solution of the Helmholtz equation (1) and is given by

Uevan = Z u" € Hl(A,Q)

U = Uepan + Uprop  With n¢l(w) (37)
o Uprop = Z u" € Hlloc(A’ ‘Q)
nel(w)

where each u™ is given by V(z1,z,) € C, Vp € Z,

xhxsak) k
I . e* dk
ng 1), o +p) \/%/ T

i pU/P"(f)(zla«Ts’k) ezpkdk

TLEI(O)), u (Jfl —|—p,x3) = o 1 (k)_w2

(38)

Pn(f)(xlaxsaf) 1p€
e D e

and where P, (f) is defined in (36) and

[ Py Tsi ke P, Tsi ke
p.’U./ (f)(l'] T ) ezpk dk = lim (f)(.’l?l T ) ezpk dk,
pin (k) — w? 6—=0F fin (k) — w?

- g

w,n

with Ifz n :] -, 7T'[\ Ugefn(w) [E - 57 f + 6]

Remark 7 When w? ¢ o(A,) (i.e. when I(w) = (), we show in Appendix A
that u € H(£2) and

ACW), Vp € Z, |ue —ullpgic,y < CW)ellfll2(a
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Remark 8 Suppose that w ¢ oo,
vy e 2, VpeZ, lm|Ge(5y) = G(;9)lpzc,) =0

where G is solution of the Helmholtz equation (1) with f = 4§,, v = (y1 +
q,Ys), (y1,ys) € C and ¢ € Z and is given by V(z1,z,) € C, Vp € Z,

! [ 0,2 By, 555 R) o
G(z1+p, i1+ ¢, Ys) = 5 Z Yn(21, Ts3 k) n (1, ¥ )ez(p Ok 1

nk — w?
Tl - pin (k) — w

1 n ) S n i S’k —
to pv/ili Ty, Ts; w_EJy;y ) =0k gp.

nEI(w)

o Z wn(xl,ws;é)mez@—q)s . (39)

/
o) IZAGS]

5 Asymptotic behaviour of the solution when z; tends to oo

We suppose now that w ¢ o¢ and f is in L?(§2) with a compact support then
Theorem 2 holds.

5.1 Case where w? ¢ o(A,)

The asymptotic behaviour at co in that case is in fact a well known property
of waves in periodic media. We describe this (simple) case just for pedagogical
purpose. Suppose that the spectrum of A, contains a gap and let w? lies in
this gap. Then, it has been established in [9-11] that the Green’s function
and then the solution of (1) are exponentially decreasing in the direction of
the waveguide with a rate which is proportionnal to the distance between w?
and the essential spectrum of A. Let us give simple arguments that we shall
extend in Section 5.2 which allow us to prove this decay - without estimating
the decay rate. These arguments are the analyticity with respect to the dual
variable of the FBT of the function and the equivalent of the Paley-Wiener
theorem for the FBT, given in Proposition 5.

Indeed, if w? ¢ o(A,), the set I(w) is empty, the problem (1) is well-posed, its
unique solution u given in (37-38) is in H!(A, 2) and can be written as

VpeZ, u( \/;/W (k) ek dk.

It suffices then to note that
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— From Section 3.2, we know that k — A, (k) is analytic in C. Moreover, for
allreal k, w? ¢ o(A,(k)), then (A4,(k)—w?) is invertible from H}(A,C) into
L?(C) with bounded inverse (A, (k) —w?)~! in L?(C). Using [22, Chapter
VII, Theorem 1.3], the function k — (Ay(k) — wz)fl can be extended
analytically in Dg = {|Im(k)| < 8} for some § ;

— fis in L2(£2) with compact support then its FBT f(-;k) is analytic with
respect to k with values in L?(C) (see Proposition 5);

Finally, since A,(k) and f(,k) are 2m-periodic, 4(-; k) is 2r—periodic. We
deduce that u is the FB inverse of an analytic function with respect to k with
values in H} (A, C) so, thanks to Proposition 5, u is exponentially decreasing
in HY(A, ) in the sense of Definition 2.

5.2 Case where w? € o(A,)

Let us remind that each function k — u, (k) (resp. k — 1, (+; k)) is analytic in
D,, .= {|Im(k)| < a,} (see Section 3.2), let us introduce the positive number
«a and the domain D,, that both depends on w,

a=min{a,, nel(w)} >0 and D, = {|Im(k)| < a}.
For each k € Dy, let us introduce P, (k) and Q (k) the bounded operators in
L?(C) defined by
VgeL*(C), Puk)g= Y (9:%n(-:k),0 c¥n(-;k) and Qu(k) =I-P, (k)
nel(w) v
Lemma 1 The operators P, (k) and Q, (k) have the following properties

1. for real k, they are orthogonal projectors in L?(C);
2. they depend analytically on k in D,;
3. they are 2mw-periodic in D, .

Proof Since the two first points are obvious, only the third point needs clarifi-
cations since the v, (-; k) are not necessarily periodic. Using the same notations
as in the proof of Proposition 8, we observe that, for all £ € R

VgeLC), Pu(k)g= D (5:9n(ik)),cnlik)
nel(w)

From the 27-periodicity of k — ¢, (-; k) (see (16)), we deduce that P, (k) =
P, (k + 27) for any real k. Finally the function k — Py, (k + 27) — Py, (k) is
analytic in D, and vanishes in the real axis so it vanishes in D,. O

To study the asymptotic behaviour at infinity of u, we shall analyze the se-
quence of functions p — u(-+(p,0)) € L?(C). We recall that u can be written
as

V(Jil, 'rs) S C, Vp € Z, u($1 + p, l‘s) = uevan(xl + p, 'rs) + uprop(xl + p, $s)
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where Uevan (the evanescent part of the solution) and upyop (the propagative
part) are given by

n xvxs;k 2
Uevan (T1 + P, T) \/ Z/ #n _1w2 erkar  (a0)

n¢[

/ S / Mf)(xl,xs; B) o
ro b) S +Ue. E dk
Up p(xl +px pv ,Un(k')—WQ €

nEI (w)

T Mewﬁ @)

TG

The behaviour of the evanescent part can be studied using as in the case where
w? ¢ o(A), analyticity arguments and Proposition 5:

Lemma 2 The funtion teypan is exponentially decaying in H' (A, £2).
Proof The idea is to check that the FBT of ueyan, denoted teyan, satisfies the
assumptions of Proposition 5.

It is obvious from (40) and the formula (4) of the inverse FBT that

P, yTsy k
ﬁcvan(';k) = Z m € Ime(k);
n¢l(w)

and satisfies the equation

(Ap(k) - w2) @w(k) ﬁevan(' ; k) = Qw(k) f( ; k)a
which is equivalent to

( ( ) Qu(k) —w ) Tovan (-3 k) = Qu (k) f(ak)

Moreover, it is easy to see that the spectrum of the operator A,(k) Q. (k) is
purely discrete and

o (Ap(k) Qu(k)) = {0} [ {pa(k), n & I(w)}.
We have then

U o(Auk) Quik) = {0} | o4

ke)—m,7)

where J is an open interval given by

J = U pn(]*ﬁ,’ﬁ[)-

nel(w)
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From Lemma 1, we know that k — A, (k) Q, (k) is analytic in D,,. Moreover by
definition of I(w), w? belongs to J. Therefore, for any real k, (A4, (k)Q, (k) —w?)
is invertible from H} (A, £2) into L?(C) with bounded inverse (A4, (k)Q, (k) —
wg)_l in L?(C). Using [22, Chapter VII, Theorem 1.3], the function k
(Ap(k)Qy (k) — wz)fl can be extended analytically in Dg = {|Im(k)| < £}
for some S < «. Since k +— f(, k) is an analytic function in C with values in
L?(C), the function fieyan(; k) can then be extended analytically for k € Dg
via the expression

Vk € Dg, dievan(- 1 k) = (Ap(R)Qu(k) —w?) " Qu(k) f(-; k).

Finally, since A,(k), Q. (k) and f(-; k) are 2m-periodic, fievan (-; k) is 27 —periodic.
One then concludes thanks to Proposition 5. 0O

We are now going to focus on the first term appearing in the expression (41)
of Uprop, namely V(z1,25) € C, Vp € Z,

. 1 Prn(f) (@1, 55k)
uprop(gjl +paxs): o Z p-U-/Mn(k)_wer dk.

Lemma 3 V(z1,25) €C, Vp € Z,

. 1 ]P)n(f)(xlvmsag) 3 +
uprop(x1+paxs): V% =y Z Z —€p€ tw (£E1+p,$s)

!
el e Ml

where wt (resp. w™) is exponentially decaying in H} (A, $2) at +0o (resp.
—00).

Proof By definition of the principal value, V(z1,z5) € C, Vp € Z

. L Pu(f)(@1, 255 k) ok
mepww—;%Em/zg S Ok

where

) =[-ma\ |J J6—6¢+0[

£€E(w)

when k belongs to Z2, w? belongs to the resolvent set of A(k) and we can write

vked, > W = (Ap(k) — w?) T Pu(k) f(-5R). (42)
nel(w) fn

Looking at the left hand side of (42) and using the analyticity property of
k — pn(k) and k — v,(-;k), we see that the function &k — F,(-;k) =

(Ap(k) — w2)_1 P, (k) f(-; k) can be extended analytically in Dg \ =(w), for
some (3 > 0. Moreover, this function is 2m-periodic thanks to Lemma 1.
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Now we want to analyze the behaviour when p tends to +oco. For this, let
us introduce a contour in the complexe plane, included in Dg :

Ls=150 8 us® usiu |J %

=)
where
S8 =] — &, w[+1p horizontal segment
SE = 47440, 4] vertical segment

75(€) = {€+ ¢, 6 €]0,7[}  semi circle of centre & and radius 7

are oriented according to the Figure 6. Writing that by Cauchy formula

Im(z)
€ 7 <
Y A
A A > Q > >/ N P~ Re(z)
-7 o - ™
0
Fig. 6 Oriented contour I, s
/ E,(-52)eP*dz =0
I'us
and by 2m—periodicity that
/ E (-1 k)e*dz =0
sfus?
we obtain
—pB mlaxs;k+lﬁ) 1pk
\/2 prop(frl +pax5 =e€ Z / i k—|—zﬁ)—w2 e dk

nel(w)

. I’l,l'g, ) 1pz
+lim > z/ i e S

nel(w) (€E, (w)

For the last term, we use a well-known generalization of the Residue Theorem
: for any function g meromorphic in the neighborhood of &, which is supposed
to be a simple pole, we have

lim dz = lim (z — z 43
i [ g(e)dz = el (o= 9)9(c) (43)
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Since w ¢ oy, for all £ € =, (w), u,(§) # 0 so £ is a simple pole of

fin(2) — w?

)

and we deduce that

- : Pu(f)(@1,2532) e o Pul(f)(@1,2518) e
Ve € B (w), %Er(l)[w(g)ﬂn(z)—WQ e'? dz—m—u%(f) e'P

So finally for all p € N, we have found V(z1,z5) € C, Vp € N,

U';rop(xl—’—p’xs):\/>7T wm Z Z x(lé)xwg) e +w+(x1+paxs)

nel(w) EEE,
where
/1 'k‘—i—lﬁ)
’LU+ T+ L) = 76 pBs / xlvxsy elpk dk
( 1 p ) ”E;w) Lin k—f—Zﬁ)

is easily shown to satisfy (the details are omitted)
VpeN, [wt|pae,) SC@e ISl

This completes the proof for uy, . (z1 + p, x,). The proof for uy, . (1 —p, z;)
is obtained by changing the contour I, , by its symmetric with respect to the
real axis, which in particular changes 7 into —em in the formula (43). O

Thanks to Lemmas 2 and 3, we deduce the asymptotic behaviour at +oo of
the solution of the Helmholtz equation (1) obtained by limiting absorption
principle and given by (37-38).

Theorem 3 (Asymptotic behaviour of the solution at +oo) For all
(x1,25) € C and for allp € Z

(FC50.u(:9)

L2(C) . 1p€
|/14,/n(€)| q/}n(f‘chl'saf)e

u(zy + p,xs) = 1v/21 Z Z

nel(w) ge=F (w)
+ wi(xl +p,xs) (44)

where wt (resp. w™) is exponentially decaying in H} (A, $2) at +oo (resp.
—00).
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Proof Thanks to Lemmas 2 and 3, the solution of the Helmholtz equation
(1) obtained by the limiting absorption principle and given by (37-38) can be
written as

) n

nel(w

Pu(f)(@1,25,8) ipe
e Y e

where u tends to the finite sum exponentially fast. When p tends to +oo, it
remains only the £ € 5, (w) such that g/ (§) > 0 and when p tends to —oo, it
remains only the £ € =, (w) such that p/,(§) <0. O

Remark 9 Suppose that w ¢ o, for all (z1,x5) €C, (y1,ys) €C, p, ¢EZ

Un (@1, 263 )0 (Y1, Y51 o
Gl +pasiyi+ap) =1 S 3 (1 u’)(§)|( 1 Ysi6) ap-ae
nel(w) e 2 (w) n

+wt(z1 +p,x)  (45)

where w' (resp. w™) is exponentially decaying in H (A, £2) at +oo (resp.
—00).

The solution u behaves when z; tends to +o00 (resp. to —o0) as a linear com-
bination of the Floquet modes ¥, (z,&), n € I(w), £ € Z;F (w) (resp. ¥, (x,§),
n € I(w), §{ € 5, (w)) which propagate to the right (resp. to the left) as
wh (&) > 0 (resp. pn(€) = w? and p/,(£) < 0). Similarly the solution u behaves
when 1 tends to —oo as a linear combination of the Floquet modes v, (x, ),

n € I(w), £ € 5, (w) which propagate to the left as u/, (£) <0 .

For the sequel and in order to simplify the expression of our result, let us
introduce a renumbering of the set =+ (w) defined in (20)

Et(w) = U Eyw)={ <. <& < S h
nel(w)

where N(w) = #Z7(w) is the number of Floquet modes propagating to the
right. Thanks to Proposition 10, we have

Ew= U Sw={->..2-¢>... 2.}
nel(w)

We renumber accordingly the set { 1, (;¢), ¢ € Ef(w),n € I(w)) } and

n
renormalize them for convenience of notation. More precisely we introduce

®1,- -+, ON(w) Tespectively ¢_1,...,9_n(.) defined as
Vi€ I(w), VE € SEW), E—%6h = bam— 2T g
Z4¢3]
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Then the asymptotic behaviour of Theorem 3 becomes for all (z1,z;) € C and
forallpe Z

N (w)
u(z1+p,xs) = V21 Z (f(';igﬁl),d&m)c gf)im(xl,:cs)ei”’s; +w* (z14p, z5)
m=1

where wT (resp. w™) is exponentially decaying in H (A, 2) at +oo (resp.
—00).

Remark 10 In the Appendix B, we compute the far field of the fundamental
solution in the special case of the straight homogeneous waveguide, that is
np = 11in 2 = S x R. In particular, we retrieve the expression obtained
by using directly the well-known fundamental solution for the homogeneous
waveguide.

6 Radiation condition and uniqueness of the solution

Thanks to the main result of the last section (see Theorem 3), we can define a
radiation condition and establish the well-posedness of the Helmholtz equation
set in a periodic waveguide.

Definition 4 (The outgoing radiation condition) We say that u satisfies
the outgoing radiation condition if and only if there exist (U;‘:)ne[[l, N(w)] such
that

N (w)
V(r, o) €C, u(@i4p,a) = 3 ub dam (@, 2,)eF P fwt(21+p, 1)
m=1

(47)
where wT (resp. w™) is exponentially decaying in H (A, 2) at +oo (resp.
—00).

Theorem 4 (Well-posedness of the problem) Suppose w? ¢ oq. It ex-
ists a unique solution of problem (1) which satisfies the outgoing radiation
condition.

Proof Thanks to theorems 2 and 3, we have shown that the function given by
(37-38) is a solution to problem (1) satisfying the outgoing radiation condition.
The difficulty is to show the uniqueness of such a solution. Let u be a solution
of

—Au—n2wiu=0 in{

2
' (48)
Vu-n=0 on 0f?2

which satisfies the outgoing radiation condition, i.e. it exists (u%)ne[l’N(w)]]
such that V(z1,z) € C, Vp € Z,

N (w)
u(wy +pag) = 3wk Gpo(rr,2)eF 0 +wt(zy +poay)  (ROF)

m=1
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where wT (resp. w™) is exponentially decaying in H{ (A, 2) at +oo (resp.
—00). Let us show that u = 0.

We first notice that v € V(w) defined in (25). By using the property (28)
for z = —N and z = N for some IV € N*

q(—=N,u,u) = q(N,u,u). (49)
We use now the formula (RC*) on I'yy = {z,, (£N,z,) € 2}

N(w)
Q(:l:Na u, u) = Z u;‘;ﬂi Q(Qbﬂ:n’ ¢:i:m)
n,m=1
N(w)
+ 3 [0 gV, fanw) + TE G(EN, 0, Gip) | + q(EN, 0, w)
n=1

N(w)
=40y ui”
n
N(w)
+ Y [Uf Q(EN, $in, w™) + UL q(£N, wi,cbin)} +q(£N, w*, w®)
n=1

thanks to Proposition 9 and Definition (46). Using the exponential decay prop-
erty of w®, we know in particular that

ow*

iHLQ(FiN) + H Ry < Ce N

L2(Ien)

e

for some « > 0 while by quasi-periodicity it is clear that

8¢:|:n
W € [N [osnlliaren +| <c
PN g L2(I'eN)
We deduce that
N (w) )
. _ +
NLHEOO q(£N,u,u) = +2 En |un

Taking the limit when N tends to o0 in the equality (49), we conclude that
Vn € [1,Nw)], ui=0.
The function w is then a solution of (48) which is exponentially decaying and

thus belongs to the domain of the operator A. The spectrum of A contains no
eigenvalue according to [27,40], in consequence u =0. O
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Remark 11 The reader will note that the existence and uniqueness result of
Theorem 4 remains valid under the weaker notion of radiation condition where
in the Definition 4 the exponential decay property of w* is simply replaced by

w*

+ _
Iz * Haxl =0

lim Hw
N—+o00

L2(I'tn)

The exponential decay of w® appears then as an additional property of the
outgoing solution.

A Proof of Theorem 2

1 — = £
Let us write ue = Ugyan + Uprop Where

1> — n £ — n
Ugyan = E uy and Uprop = E uy .
né¢l(w) nel(w)

We show separately that ug,,, tends to uevan in H(£2) (and implicitely that tevan is in

H'(£)) and that Uprop tends to uprop in Hlloc(Q) when e goes to 0 where Uevan and uprop

are defined in (37-38).

Step 1: ”Ugvan - UevanHHl(Q) < C(w)e HfHLQ(_Q)

We set
Vke[-mz], dl(k)=(un(k) = (@* +12)"" = (un(k) —w?)7"

that satisfies c

Vke[-ma], |dk)| < ———
: lpn (k) — w?|?

and by definition of the set I(w),

inf  inf n(k) —w?| >0
né¢l(w) kE[*Tr,Tr]“J/ ( ) }

from which we deduce that
VEke[-mmn], |dZ2(k)]<Co(w)e.

Using Proposition 1, we have

v
2 . . 2
lluevan — Ue"a“”nz%,n = / l2evan (5 k) — Gevan('; k)Hng,c dk
—

where each k € [—7, 7], 4., (- k) and 4S,,, (+; k) are given by

I P (f)(-, k) N Pr (£) (> k)
a k) = E ——————"——,  levan(;k) = E —
evan (13 F) i T(w) pn (k) — (w2 + ie) (sk) nEI(w) pn (k) — w?

From the orthogonality in L?(C,n2 dx) of the functions Py (f)(-, k), we deduce that

2
||ﬁ§van(-;k)*ﬁevan(-;k)lli;,c= > ldi (k)P (f(-;k)ﬂﬁn(-;k))ngﬁ < Co(w)’e® IIf(-;k)Hig,c

n¢l(w)

that is to say
l[uevan = vevanllnz @ < Co(w)e Iflln2 o



30 Sonia Fliss, Patrick Joly

In the same way,

T
[V uSan — Vitoanlly = [ 19000 58) = Vitevan (3 R)2 db

-7

and
5 . 2
I Vievan (k) = Vievan G RIE = D lun®)1d2E) | (£ ), ¥n(F)) 2 0
n¢l(w) !
One easily concludes after having noticed that
Vke[-mnl, |ua(k)| |2 (k)]* < C1(w)? e
Step 2: For all n € I(w), for all p € Z and for all n € (0,1)
lur —unllgre,) < Cop(@) e ™" (I £l 2 (50)

To prove the above equality, we shall use the following technical lemma which is obtained
by combining Sokhotski-Plemelj theorem [36,41] and the Sobolev continuous embedding
H™(] —a,b[) = COr=1/2(] — a,b]) for r €]1/2,3/2[ [1].

Lemma 4 Leta,b> 0, r €]1/2,3/2[ and X a Banach space. For any ¢y € H"(|—a,b[, X),
we define for any € > 0

b b
Sep = %dteX and S = p.v. @dtJrz/J(O) c X

then for € small enough, it exists a constant Cy such that
vy € H'(| = a,b[, X), [Se9—S¥lx < Cre™ 2 ¢l g _apy x)

Since w? ¢ oo, ph, (€) # 0 for all € € =, (w). Therefore one can fix a § > 0 small enough such
that pn (k) is monotonous in each of the (disjoint) intervals {]§ — §,& + d[, £ € Zn(w)}. Let
us set

o, =l-mal\ | E-6¢+4]

£EER (w)
With this notation, we have uf, = u%? + Z v59(&; ) and un = u, + Z oy (&;-)
£€En (w) £€En(w)

where
Pu(f) (w1, 763 )
Vor ug? (L) = / - 2 wk gk
T ug (x1 + P, Ts) 15 () — (P ) e

P sk
V2 ud (21 + pyxs) = / 7"(”(11’%; ) Pk dk;
S Hn(k) —w

€0 P (f) (21,255 k)
£,8 (¢ = TN 7 o9 .~
V2 v50 (621 + pyas) = /675 pn (k) — (W2 + 26w)

S (¢ _ &+ P (f)(z1, 255 k) Pr(f)(@1,25:€)
VEr W (621 + p,aa) = p-v/&_(S T —wz ¢k e

ek dk

Proceding along the same lines than in Step 1, it is immediate to prove that

It remains to estimate vi’a(f; ) — v8(&;-) for each € € Z,(w). Thanks to our choice of
§ and since pun(€) = w?, the function k ~ p,(k) is invertible from ]¢ — 6,& + & onto

£,0 5
05 =y S C@DE Wl
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] — an(€) + w?,bn (&) + w2g with an (), bp(€) > 0. We perform the change of variable k =
vn(t + w?) where v, = py, - and we obtain

Ve vs (&) = /bn(é) (i) g

—an(g) t—re
where

oPvn (tHw?)

V(z1,25) €EC, VP EZ, (w1 +p,2s;t) =Pul(f) (%1, 255 vn(t + w?)) m

In the same way, we can write

bn (£) .
VERute) =p [ 220 im0,
—an(€)

To conclude, we wish to apply the lemma 4 with X = H'(C). Then it suffices to remark
that
én € H™(] — an(€),bn(&)[, H*(C)) for any r > 0.

Indeed, since f is of compact support, we know that
1Bz = [ 17 e0P @ +a2) dorde, < +oo for any >0
i 22

so using the property of the Floquet Bloch Transform [23,13], we show that
fe H"(] — =, [, L2(C)) for any r > 0.

More precisely, exploiting the C>° regularity of vy, (t + w?), pl, (t) and ¢n (- v (t + w?)), it
is not difficult (the details are left to the reader) to show that

HC(W)v HTﬁnHHT (]—an(ﬁ),bn(ﬁ)[,Hl(C)) < C(w) ”fHL%(.Q)

where
120y < Ifll2()

because f is of compact support.

Remark 12 Let us remark, this is classical in scattering theory, that the result of the theorem
does not require that f has compact support but simply that f belongs to a L2 for r > 1/2.
If r > 3/2, then the result (50) holds and if 1/2 < r < 3/2, one has to replace 1 — 7 in the
estimation (50) by r» — 1/2.

B The homogeneous waveguide as a particular instance of periodic
waveguides

The homogeneous waveguide is obviously a particular case of periodic waveguides for which
np=1in 2=8 xR.
Firstly, let us see what are the propagating Floquet modes in that case. For this purpose we
introduce the so-called guided modes, which appear when we investigate the solutions of
{ —Au—w?u=0 in £ (51)
Vu-n=0 on 9.
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Indeed, these solutions are the linear combinations of the guided modes given by

u;tn(zl,zg) = Hm(acs)eiiﬁmxl, m>1, (52)

with
Bm =V w? — Qm,y Re(ﬁm)v Im(ﬁm) >0, (53)
where 0 = a1 < ... < am — +oo are the eigenvalues of the tranverse laplacian —Ag
with Neumann boundary conditions on 9S and 64,...,6,,... are associated eigenvectors

(forming an orthonormal basis of L2(S)). For example, if S = (0, 1)
oam = (m — 1)27r2 (54)

and
91($s) =1

{ Om (zs) = V2cos((m — )7wxs) (m > 2).

Among the guided modes, the propagating guided modes correspond to the purely real By, .
Because the sequence (aum)m tends to +oo, there is only a finite number of propagative
modes - for example for S = (0, 1), there are only 2P propagative modes with P := C(k/7),
where C' is the ceiling function. The other guided modes are either increasing or decreasing
exponentially with variable x1. Let us verify that the two notions, propagating Floquet
modes in the homogeneous case and propagating guided modes, do coincide. It is easy to
show that the eigenvalues and eigenfunctions of operator A, (k) for n, = 1 are given, for all
m >1and !l € Z, by

(55)

Hm,l(k) =am + (k + 27"'[)27 wm,l(fm k) = Gm(xs)el(k+2ﬁl)zl~ (56)

Hence the Ay (k) coincide with the i, ;(k), up to a change of numbering. The propagating
Floquet modes are then given, for z € (2, by

um,l($§§) = em(zs)ei<5+27rl)zlv (57)
for all £ € (—m,n], m > 1 and I € Z such that
am + (§+ 271'l)2 = w2 (58)

Let us consider a propagating Floquet mode w, (-, ). Since (58) is satisfied, then

E4 27l = £vVw? — am = £Bm

and therefore u,, ; = u?ﬁ given by (52), that is u,,; is a propagating guided mode. Con-
versely, let us consider a propagating guided mode u,in There is a unique pair (£,1) with
§ € (—m, ] and | € Z such that £8,, = £ + 27l (we denote & = £, mod 27). So that u?,:l
coincide with the propagating Floquet mode u,, ;(-,£) given by (57). This completes the
verification.

For some index n € I(w) and £ € Zj,(w), we associate the unique corresponding pair
(m, 1) such that the propagating Floquet mode un(-;&) = upm, i (-;&) coincides with a guided
mode u;t, or u;,. We have then, for n € I(w), Zn(w) = {#8m mod 27} and by using the
expression of fi,, ; in (56) we obtain that for £ € S, (w), A, (§) = £268m.

Besides the set og is simply given by

oo = {Vam, m > 1}.

Remark 13 One particular property of periodic waveguides is that there may have band
gaps in the spectrum, that is intervals of w for which no propagating Floquet mode exist, in
other words I(w) = (. More generally, the number of propagating Floquet modes does not
necessarily increase with w. This is in contrast with the case of the homogeneous waveguide
with Neumann boundary conditions, for which at least two propagating modes uit exist
whatever w is, and the number of propagating modes increases with w.
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Secondly, let us see what becomes the expression (45) of the far field of the fundamental
solution when the waveguide is homogeneous. By using the computations above we obtain
that such far field is given by

)

P + F
. U (21, Ts ) U (Y1, Ys)
Glovasiyiys) |~ i3 =" ;5mm s

oo
m=1

where the guided modes u?r:b are given by (52) and the f,, are given by (53), while P is
the number of propagating modes in each direction of propagation. Fortunately, we retrieve
such expression by considering directly the far field of the fundamental solution of the
homogeneous waveguide, that is:

eiBmlz1—y1|

—+o0
G(Z,y) =1 70m(ms)9m(y9),
X,

C Conclusion and Ongoing works

In this paper, we gave a somewhat complete theory for time harmonic wave propagation
in a periodic waveguide. Of course, this problem is quite academic but it opens the gate
to the analysis of more realistic (from the point of view of applications) situations. The
first and simplest extension is a case of a local perturbation of a periodic waveguide. Using
compact perturbation theory, it should be straightforward to show, using the same radiation
condition as in this paper, an existence and uniqueness result except maybe for a countable
set of frequencies located in the resolvent set of the unperturbed periodic operator and that
can accumulate only at the edges of the essential spectrum. Another extension, which is
slightly similar than the previous is the junction between two different periodic waveguides.
Amore intricate extension is the junction between an homogeneous and a periodic halfspaces.
This last situation seems really interesting for the application in photonics (see for instance
[35,4,3]).
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