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AN /;-ORACLE INEQUALITY FOR THE LASSO IN MULTIVARIATE FINITE
MIXTURE OF MULTIVARIATE GAUSSIAN REGRESSION MODELS

EMILIE DEVIJVER

ABSTRACT. We consider a multivariate finite mixture of Gaussian regression models for high-dimensional
data, where the number of covariates and the size of the response may be much larger than the sample size.
We provide an ¢1-oracle inequality satisfied by the Lasso estimator according to the Kullback-Leibler loss.
This result is an extension of the ¢1-oracle inequality established by Meynet in [8] in the multivariate case.
We focus on the Lasso for its ¢1-regularization properties rather than for the variable selection procedure,
as it was done in Stadler in [11].
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1. INTRODUCTION

Finite mixture regression models are useful for modeling the relationship between response and predictors,
arising from different subpopulations. Due to recent improvements, we are faced with high-dimensional data
where the number of covariables can be much larger than the sample size. We have to reduce the dimension
to avoid identifiability problems. Considering a mixture of linear models, an assumption widely used is to
say that only a few covariates explain the response. Among various methods, we focus on the ¢;-penalized
least squares estimator of parameters to lead to sparse regression matrix. Indeed, it is a convex surrogate for
the non-convex fy-penalization, and it produces sparse solutions. First introduced by Tibshirani in [12] in a
linear model Y = X3 + ¢, where X € RP, Y € R, and € ~ N(0,0?), the Lasso estimator is defined in the
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linear model by
Blasse(n) = argmin {[|Y' — X[3 + |11} A>0.
cRP

Many results have been proved to study the performance of this estimator. For example, cite [1] and [4],
for studying this estimator as a variable selection procedure in the linear model. Note that those results
need strong assumptions on the Gram matrix XX, as the restrictive eigenvalue condition, that can be not
fulfilled in practice. A summary of assumptions and results is given by Biithlmann and van de Geer in [13].
One can also cite van de Geer in [14] and discussions, who precises a chaining argument to perform rate,
even in a non linear case.

If we assume that (x;,y;)1<i<n arise from different subpopulations, we could work with finite mixture re-
gression models. Indeed, the homogeneity assumption of the linear model is often inadequate and restrictive.
This model was introduced by Stadler et al., in [10]. They assume that, for i € {1,...,n}, the observation y;,
conditionally to X; = x;, comes from a conditional density so(.|x;) which is a finite mixture of K Gaussian
conditional densities with proportion vector 7, where

K 0 0.2
4 (yi — Bpzi)
Yi|Xi = x5 ~ seo(yil|ri) = E b exp (—70 5
= V2ma) 2(0y)

for some parameters £° = (79, Y, 0V)1<k<x. They extend the Lasso estimator by

" K P
~Le : 1 n
(1) SLdsso()\) — argglln _E Z ]Qg(s?(ylmz)) + A Z Tk Z |0’k 1[6k]j| ’ A>0
s i=1 k=1 j=1

For this estimator, they provide an fy-oracle inequality satisfied by §%35°()\), according to the restricted
eigenvalue condition also, and margin conditions, which leads to link the Kullback-Leibler loss function to
the o-norm of the parameters.

Another way to study this estimator is to look after the Lasso for its ¢1-regularization properties. For example,
cite [6], [8], and [9]. Contrary to the fy-results, some £;-results are valid with no assumptions, neither on
the Gram matrix, nor on the margin. This can be achieved due to the fact that they are looking for rate
of convergence of order 1/4/n rather than 1/n. For finite mixture Gaussian regression models, we could cite
Meynet in [8] who gives an ¢;1-oracle inequality for another extension of the Lasso estimator, defined by

n K p
sL.asso : 1
(2) glasso()) — argmin § —— > log(s£ (wilzi) + A > Bkl ¢ A > 0.
¢ i=1 k=1j=1

In this article, we extend this result to finite mixture of multivariate Gaussian regression models. We will
work with random multivariate variables (X,Y) € R? x R?. As in [8], we shall restrict to the fixed design
case, that is to say non-random regressors. We observe (x;)1<;<n. Without any restriction, we could assume
that the regressors a; € [0,1]? for all ¢ € {1,...,n}. Under only bounded parameters assumption, we provide
a lower bound on the Lasso regularization parameter A which guarantees an oracle inequality.

This result is non-asymptotic: the number of observations is fixed, and the number p of covariates can grow.
Remark that the number K of clusters in the mixture is supposed to be known. Our result is deduced
from a finite mixture multivariate Gaussian regression model selection theorem for ¢;-penalized maximum
likelihood conditional density estimation. We establish the general theorem following the one of Meynet in
[8], which combines Vapnik’s structural risk minimization method (see Vapnik in [16]) and theory around
model selection (see Le Pennec and Cohen in [3] and Massart in [5]). As in Massart and Meynet in [6], our
oracle inequality is deduced from this general theorem, the Lasso estimator being viewed as the solution of
a penalized maximum likelihood model selection procedure over a countable collection of /1-ball models.
The article is organized as follows. The model and the framework are introduced in Section 2. In Section 3,
we state the main result of the article, which is an ¢1-oracle inequality satisfied by the Lasso in finite mixture
of multivariate Gaussian regression models. Section 4 is devoted to the proof of this result and of the general
theorem, deriving from two easier propositions. Those propositions are proved in Section 5, whereas details
of lemma states in Section 6.



2. NOTATIONS AND FRAMEWORK

2.1. Finite mixture regression model. We observe n independent couples (x,y) = (2, ¥i)1<i<n €
([0,1]7 x R?)™, with y; € R? a random observation, realization of variable Y;, and z; € [0,1]? fixed for all
i €{1,...,n}. We assume that, conditionally to the z;s, the Y;s are independent and identically distributed
with conditional density s¢o(.|x;), which is a finite mixture of K Gaussian regressions with unknown param-
eters &Y. In this article, K is fixed, then we do not precise it with unknown parameters. We will estimate
the unknown conditional density by a finite mixture of K Gaussian regressions. Each subpopulation is then
estimated by a multivariate linear model. Detail the conditional density s¢. For all y € R?, for all = € [0, 1]?,

ey (YA )

3 Ol7) = 2 Gryarde s ]

5: (ﬂ-la'"77TK5/317"'a/BK;Eh"'aEK)EE: (HK X (RQXP)K X (S;"F)K)

K
i = {(m,...,wK);m >0forallk€{l,...,K}and » m :1}
k=1

S;Hr is the set of symmetric positive definite matrices on RY.

We want to estimate £ from the observations. For all cluster k € {1,..., K}, Bk is the matrix of regression
coefficients, and Y is the covariance matrix in the mixture component k, whereas the m;s are the mixture
proportions. For x € [0, 1]7, we define the parameter £(z) of the conditional density s¢(.|z) by

g(l‘) = (7'('1,.. '77TK751567" '751(1';215' aEK) E]Oal[KX(Rq)K X (S;"F)K

For all k € {1,..., K}, for all z € [0,1]?, for all z € {1,...,q}, [Brz]. = le[ﬁk]zﬁj[z]j, and then Sz € R?
is the mean vector of the mixture component k for the conditional density s¢(.|x).

2.2. Boundedness assumption on the mixture and component parameters. Denote, for a matrix
A, m(A) the modulus of the smallest eigenvalue of A, and M(A) the modulus of the largest eigenvalue of
A. We shall restrict our study to bounded parameters vector £ = (m,3,X), where # = (7w1,...,7x),3 =
(B1y.. -, Br), 2 = (X1,...,XKk). Specifically, we assume that there exists deterministic positive constants
Ag, as, As, ar such that £ belongs to =, with

[1]:

(4) {EGE: forall k€ {1,..., K}, max sup |[[frx].| < Ag,

z€{1,...q} ze[0,1]P
s < m(Z;) < M(ZY) < Assor <7
Let S the set of conditional densities s¢,
S = {Sf,f S é} .

2.3. Maximum likelihood estimator and penalization. In a maximum likelihood approach, we consider
the Kullback-Leibler information as the loss function, which is defined for two densities s and t by

KL(s,t) = Jralog (ig;) s(y)dy if sdy << tdy;
7 +00 otherwise.

In a regression framework, we have to adapt this definition to take into account the structure of conditional

densities. For the fixed covariates (z1,...,x,), we consider the average loss function
Kls.) = = S KL o) = 23 [ 1o (242 ) sy
n bl n Pt v/ K2 n Pt Ra t(y|$1) 3

Using the maximum likelihood approach, we want to estimate s¢co by the conditional density s which
maximizes the likelihood conditionally to (z;)1<i<n. Nevertheless, because we work with high-dimensional
3



data, we have to regularize the maximum likelihood estimator. We consider the ¢;-regularization, and a
generalization of the estimator associated, the Lasso estimator, which we define by

n K q p
§Lasso()\) := argmin _% Zlog(sg(yi|$i)) + )\Z ZZ 1Bkl=41 ¢ 5
i=1

sg€S .
—(e8,3) k=12=1j=1

where A > 0 is a regularization parameter.
We define also, for s¢ defined as in (3), and with parameters £ = (7, 8, %),

p q

K
(5) NP (se) = 11811 = S-S 1Bu- -

k=1 j=1 2=1

3. ORACLE INEQUALITY

In this section, we provide an ¢i-oracle inequality satisfied by the Lasso estimator in finite mixture multi-
variate Gaussian regression models, which is the main result of this article.

Theorem 3.1. We observe n couples (x,y) = ((x1,41),- -, (@n,yn)) € ([0,1]7 x RY)™ coming from the
conditional density s¢o, where &9 ¢ 2, where

s-lees. forallke{l,...,K}, max sup |[[Brx]:] < Ag,
z€{1,...,q} z€[0,1]P

as < m(S7Y) € M(S7Y) < As,a < m} |

Denote by a V b = max(a,b).
We define the Lasso estimator, denoted by 3°2%5°()\), for A >0, by

AL.a8so : 1 -
(6) ghasso(x) = argnn <_5 > " log(se (yili)) + ANY (SQ) |
5¢€ i=1
with
S = {Sg,f S E}
and where, for & = (w,3,%),

K p

NP (se) = 11811 = S-S 11Bu- -

k=1 j=1 2=1

A> K (AZ v i) (1 +4(q+1)Ax (Af, + %)) \/g (1 + qlog(n) /K log(2p + 1))

with k an absolute positive constant, the estimator (6) satisfies the following ¢1-oracle inequality.

Then, if

BIKLa(seo, 8" ()] < (1487 inf (KLn(sgo, 56) + AN{(s¢) ) + A

n K'\/% <A2 V ai) (1 +4(q +1)Ax <A% + 1052”)))

™

where k' is a positive constant.



This theorem provides information about the performance of the Lasso as an ¢;-regularization algorithm.
If the regularization parameter A is properly chosen, the Lasso estimator, which is the solution of the ¢;-
penalized empirical risk minimization problem, behaves as well as the deterministic Lasso, which is the
solution of the ¢;-penalized true risk minimization problem, up to an error term of order .

Our result is non-asymptotic: the number n of observations is fixed while the number p of covariates and the
size q of the response can grow with respect to n and can be much larger than n. The number K of clusters
in the mixture is fixed.

There is no assumption neither on the Gram matrix, nor on the margin, which are classical assumptions for
oracle inequality for the Lasso estimator. Moreover, this kind of assumptions involve unknown constants,
whereas here, every constants are explicit. We could compare this result with the fyp-oracle inequality estab-
lished in [10], which needs those assumptions, and is therefore difficult to interpret. Nevertheless, they get
faster rate, the error term in the oracle inequality being of order 1/n rather than 1/+/n.

The main assumption we make to establish the Theorem 3.1 is the boundedness of the parameters, which is
also assumed in [10]. It is needed to tackle the problem of the unboundedness of the likelihood (see [7] for
example).

Moreover, we let regressors to belong to [0, 1]?. Because we work with fixed covariates, they are finite. To
simplify the reading, we choose to rescale x to get ||x||ooc < 1. Nevertheless, if we not rescale the covariates,
and the regularization parameter A bound and the error term of the oracle inequality depend linearly of
] oo-

The regularization parameter A bound is of order (¢% + q)/+/nlog(n)?+/log(2p + 1). For ¢ = 1, we recognize
the same order, as regards to the sample size n and the number of covariates p, to the ¢1- oracle inequality
in [8]. A great attention has been paid to get a lower bound of A with optimal dependence on p, which is the
number of regressors, but we are aware that dependences in ¢ and K may not be optimal. Indeed, even if
roles of p and ¢ are not symmetric, we can wonder if a dependence of order logarithm in ¢ could be expected,
which is not achieved here. For the number of components, a dependence in v K could be envisaged, see 8]
Those optimal rates are open problems.

log(p)

Van de Geer, in [14], gives some tools to improve the bound of the regularization parameter to -

Nevertheless, we have to control eigenvalues of the Gram matrix of some functions (¢;(x;))1<s<p, D being
1<i<n

the number of parameters to estimate, where ¢;(z;) satisfies

| log(se(yilai)) —log(sg(ysli) |<Z|§g &l ().

j=1

In our case of mixture of regression models, control eigenvalues of the Gram matrix of functions (¢;(;))1<;<p
1<i<n
corresponds to make some assumptions, as REC, to avoid dimension reliance on n, K and p. Without this kind

of assumptions, we could not guarantee that our bound is of order 4/ @, because we could not guarantee
that eigenvalues does not depend on dimensions. In order to get a result with smaller assumptions, we do
not use the chaining argument developed in [14]. Nevertheless, one can easily compute that, under restricted

eigenvalue condition, we could perform the order of the regularization parameter to A =< @ log(n).

4. PROOF OF THE ORACLE INEQUALITY

4.1. Main propositions used in this proof. The first result we will prove is the next theorem, which
is an f1-ball mixture multivariate regression model selection theorem for ¢;-penalized maximum likelihood
conditional density estimation in the Gaussian framework.

Theorem 4.1. We observe (x;,y;)1<i<n with unknown conditional Gaussian mizture density S¢0.
5



For all m € N*, we consider the £1-ball S, = {s¢ € S, N1[2] (s¢) < m} for S = {s¢,€ € 2}, and Z defined by

=_ €€Z: forallke{l,...,K}, max sup |[Brx].| < Ag,
ze{1,..., q}xE[O 1)»

as <m(||E) < M(EY) < Asyan < wk}.

For &= (m,3,%), let

p q

NP (se) = 11811 = S-S 1Bu- -

k=1 j=1 2=1

Let §,,, an 1y, -log-likelihood minimizer in Sy, for nm, > 0:

1 < Lo
o log(8m (yilz:)) < inf s 1 m\Yi|Ts m-
n ;:1 0g(8m (yilxi)) ,of ( - ; 0g(sm (yilz ))) +

Assume that for all m € N*, the penalty function satisfies pen(m) = Am with

N>k (Ag v ai> <1 +4(g+ 1)As (Ag + %)) \/g (1 + qlog(n)yK1os(@0 + 1))

T

for a constant k. Then, if m is such that

L S lo(anule) + penti) < int (%Zlog@m(yiwi))wen(m))+n

meN* :
i=1 i=1
for n >0, the estimator 35, satisfies

E(KLa(s¢0,3m)) (1 +57") inf ( inf KL, <sgo,sm>+pen<m>+nm) 1
meN* Sm

374/2
Jr’i Ke w4 \/—

n AQ/2

a2 (520 (2
(1+A5+E) ;

It is an ¢;-ball mixture regression model selection theorem for ¢;-penalized maximum likelihood conditional
density estimation in the Gaussian framework. Its proof could be deduced from the two following propositions,
which split the result if the variable Y is large enough or not.

’ . oy .
where k18 a positive constant.

Proposition 4.2. We observe (z;,yi)1<i<n, with unknown conditional density denoted by s¢o. Let M, > 0,
and consider the event

T::{ max max |[Yz]z|§Mn}

ie{l,...,n} ze{1,...,q}
For all m € N*, we consider the ¢1-ball

S = {s¢ € S, N[ (s¢) < m}

where S = {s¢, £ € E} and
K

q
NP (se) =118l = D33 (1841

k=1j=12=1

for &= (m,6,%).



Let §,,, an nm,-log-likelihood minimizer in Sy, for nmy, > 0:

> log(nuila) < inf (—%Zlog@m(yim») +

SmESm

Let Cy, = max (l% As 4+ 1(|M,| +Aﬂ)2A%,M). Assume that for all m € N*, the penalty

)
™

function satisfies pen(m) = Am with
4C
A> m%\/l( (1 + 9qlog(n)y/ K log(2p + 1))
n

for some absolute constant k. Then, any estimate Sz, with m such that

2> log(8(yikei)) + pen(in) < int (%Zlog(ém@im)) +pen<m>> +n

¢ meN* ¢
i=1 =1
for m > 0, satisfies

E(KLy (s¢0, 87)17) <(1 +x71) inlgI < infS’ KLn(55o,sm)+pen(m)+7}m>
meN* SmESm

R/K3/2qCM q 2
— (1 A — .
+ NG + ( g+ az) ;

ro, ..
where k is an absolute positive constant.

Proposition 4.3. Let s¢o, T and 3z defined as in the previous proposition. Then,
—1/2.q/2
e~ /274 \/me—l/4(]\/li—2Mn,Ag)az.

q/2
Ay
4.2. Notations. To prove those two propositions, and the theorem, begin with some notations.
For any measurable function g : R? — R , we consider the empirical norm

E(KLH(SEO, §m)]l7”c) S

n

1
200117
n Zg (y1|x1)a

i=1

)

3
I
|

its conditional expectation
E(g(YlX)):/ 9(ylz)seo (ylx)dy;
R4

its empirical process
n

1
Pu(g) =~ > gluili);
=1
and its normalized process
1 n
vn(9) == Pa(9) — Ex(Pn(9)) = ;Z 9(yilzi) — A 9(ylwi)seo (ylas)dy | -

i=1

For all m € N*, for all model S,,, we define F,,, by

F,, = {fmlog <S—m> , Sm, GSm}.
SEO

Let 61, > 0. For all m € N*| let n,, > 0. There exist two functions, denoted by §; and §,,, belonging to
Sm, such that

Py (—log(34)) < ing Py (—1og(sm)) + nm;
€

Sm m

(7) KLn(Sgo, =§m) < HelfS KLn(Sgo, Sm) + OkL-

7



Denote by f, := — log (S—’") and f,, := —log (f—"g) Let 7 > 0 and fix m € N*. We define the set M (m) by
¢

S¢0
(8) M(m) = {m' € N*|P,(~log(3,)) + pen(m’) < P,,(—log(5,n)) + pen(m) +n} .
4.3. Proof of the Theorem 4.1 thanks to the Propositions 4.2 and 4.3. Let M,, > 0 and x > 36. Let
Cp,, = max (i, As + (| M| + Ap)? A%, q(| M| + Ag)Ag/Q). Assume that, for all m € N* pen(m) = Am,
with

K
A > KkChr, A/ - (1 + qlog(n)/ K log(2p + 1)) .

We derive from the two propositions that there exists «’ such that, if 7 satisfies

— > log(sm (i) + pen(in) < iuf (% 3 10g(6n(3i[e)) +pen<m>> +

. meN* ‘
i=1 =1
then §,, satisfies
E(KLy, (s¢0, 3m)) = E(KLy (5¢0, 85)17) + E(KLy (s¢0, 8 ) L7 )

< I .
<(1++7") inf <5m1161fsm KLn (s¢0, $m) + pen(m) + nm>

Cu q
/ n K3/2 1 A 1 \2
+H—\/ﬁ q +(ﬁ+az) +7
/efl/z;;qh \/mefl/zl(zwisznAg)az_
Ay,

In order to optimize this equation with respect to M,,, we consider M,, the positive solution of the polynomial

+ K

1
log(n) — Z(XQ —2XAg)ax =0;
we obtain M,, = Ag + \/A% + 41“;’1;‘2(") and \/56—1/4(Mi—2MnAﬂ)az _ ﬁ
On the other hand,

1 1
Cu, < <A2 \ —) [1 + %Az(Mn + Ag)Q]

2
< (Az: % i) [1 +4(g+1)As (A% + M)] :
Qrn ay
We get
E(KLH(SEO, §m)) = E(KLn (SEO, §m)]l7*) + E(KLn(Sgo, §Th)]1TC)

< 71 . .
< (A+s7)  inf <s,j2§m KLn(s¢o, $m) + pen(m) + nm) +1

e~ 2 1/2

M,\/% (szai> <1+4(q+1)A2<A%+%)>

T

<K <1+ (Aﬁ%f).

4.4. Proof of the Theorem 3.1. We will show that there exists 7, > 0, and 7 > 0 such that §%255°()\)
satisfies the hypothesis of the Theorem 4.1, which will lead to Theorem 3.1.
First, let show that there exists m € N* and 7,,, > 0 such that the Lasso estimator is an 7,,-log-likelihood
minimizer in S,,.

8



For all A > 0, if my = [N (3(\))],

§Lass°(/\) = argmin (% Zlog(s(yA:m))) .

seS
NP () <my,

We could take 0, = 0.
Secondly, let show that there exists n > 0 such that

1 n
- ALasso < g - a e )
E log yz|zz)) + pen(mA) = rr“}lellg* < n ;71 log(sm(yz|xz)) =+ pen(m)) +n

Taking pen(m,\) = Amy,

—-= Zlog (8RS0 (X)) (y;|4)) + pen(my) = —— Zlog (88350 (N\) (yi|2:)) + Ay

— ZlOg ALasso yz|1'z)) + /\Nl[Q](éLaSSO(/\)) + A

IN

inf {—% > log(se(yilz:)) + ANY! <sg>} +A

SgES —1
i=

N

mEN* s¢ €S,

1 n
muellg <52é1£m {ﬁ ;IOg(Sf(yi|$i))} + Am) + A
1 n
= mens < nz 0g(Sm (yilz:)) + m) +

i=1

. . 1 2]
f f <¢—= 1 il AN A
< inf in { @ D oe(sclula) + 1<sg>}+

IN

AN

which is exactly the goal, with n = . Then, according to the Theorem 4.1, with 7 = my, and 8, = 8-85°()),

" A> K (Az: v i) (1 +4(q +1)As (A%f + %)) \/g (1 Falostn)viklos(zp+ 1)) |

we get the oracle inequality.

5. PROOF OF THE THEOREM ACCORDING TO 7 OR T°

5.1. Proof of the Proposition 4.2. This proposition corresponds to the main theorem according to the
event T. To prove it, we need some preliminary results.
From our notations, reminded in Section 4.2, we have, for all m € N* for all m’ € M (m),

Po(fmr) + pen(m’) < Pou(fm) + pen(m) + 1 < Pu(fm) + pen(m) + nm + n;
E(Pn(fm’)) =+ pen(m/) < E(Pn(f_m)) +pen(m) + nm +n+ Vn(f_m) - Vn(fm’)Q
(9)  KLp(s¢0, 8m) + pen(m’) < . Helg KL, (5¢0, $m) + Ok + pen(m) + ny + 1+ Un(fm) — un(fmr);
thanks to the inequality (7).

The goal is to bound —vy (f') = vn(— frnr)-
To control this term, we use the following lemma.

Lemme 5.1. Let M,, > 0. Let



Let Cyy, fmax< ,As + S(| M| + Ap)? A%, M) and

Ay = m'log(n)y/K log(2p + 1) +6(1+K(A5+—))

Then, on the event T, for all m' € N*, for all t > 0, with probability greater than 1 —e™t,

1 sl = 2 (oRad + A (1K (404 1))

Proof. Page 13 A

From (9), on the event T, for all m € N*, for all m’ € M(m), for all ¢ > 0, with probability greater than

—t
1—e™F,

KLy, (s¢0, 8mr) + pen(m’) < inf KL, (8¢0,8m) + dxL + pen(m) + l/n(fm)

SmESm

4CM <9\/_qA ,+\/_\/<1+K<Ag+—)>)+nm+77

\/_
< mkf9 KL, (sgu,sm)—l—pen(m)—i—un(fm)
Sm€E
4Gt IWEKqA,  + —— L <1+K<A +i)>2+\/ﬁt
o WK o ax
+77m+77+5KL3

the last inequality being true because 2ab < \ﬁa +VKb?. Let z > 0 such that ¢t = z +m +m/. On the
event T, for all m € N, for all m’ € M(m), with probability greater than 1 — e~ (z+m+m’)

KLy (s¢0, 8m/) + pen(m’) < infS KLy (s¢0, $m) + pen(m) + Un(fm)
5m€Sm

4(’:77_; (9\/?qu/ + % (1 +K (AB + %))2>

CMn ’
Jn (\/?(z-l—m-i-m))
+ N, + 0+ kL.

+

_ C
KLy (5¢0, 8m/) — Vn(fm) < Swiggm KLy (s¢0, $m) + pen(m) + 4 \}%’ VEKm

T {431‘_4" VEK(m' +9gA,,) — pen(m/)]
+ 4%"’ (2\}_ <1+K<Aﬁ+—z>> + VK-> ) +7m + 1 + OKkL.

Let k > 1, and assume that pen(m) = Am with

4Cy
> 2 ¥n,/
A n K (1 + 9qlog(n)y/ K log(2p + 1))

Then, as
Ay = m'log(n)/ K log(2p + 1) +6<1+K<Ag+—)>
with
1 _ ACu, gl - 1 |
vn A 7 1+ 9qlog(n)y/Klog(2p + 1)

we get that
10



KLn(Sgo, =§m’) — Vn(fm) < mg KLn(Sgo, Sm) —+ (1 —+ /1_1) pen(m)
SmEOm

et (e 2)
4 2w, (54¢Eq (1 + K (AB + %)) - \/Fz)

Vn

+ 1+ kL + m

< ing KL, (s¢0, 8m) + (1 + 1) pen(m)

SmESm
4Cy 3/2 27+1/2< ( q)>2

+ n T2+ R (1 K [ Ag+ — +VKz
vz ( VK 7 ay

+ N + 1+ 0KL-

Let /m such that

> log(s (i) + pen(in) < iuf (% 3 10g(6n(3i[e)) +pen<m>> +

- meN*
=1

and M (m) = {m’ € N*|P,(—log(5,n/)) + pen(m’) < P,(—log(5,)) + pen(m) + n} . By definition, 7 € M (m).
Because for all m € N*| for all m’ € M(m),

1_ Z e—(z+m+m') >1—e? Z e—m—m/ >1—e 7,

meEN* ’ *)2
m’eM(m) (m,m/)€(N*)

we could sum up over all models.
On the event T, for all z > 0, with probability greater than 1 — e™%,

KLy (s¢0, 8) — Vn(fm) < inf ( inf KLy (s¢0,8m) + (14 H—l) pen(m) + 77m)

meN* \ s, ESm

o (o (o))

+ = (27K L (1+ K (A + =) ) +VK=
NG < 2VEK * T ay

+ 1+ kL.

By integrating over z > 0, and noticing that E(v,(f,)) = 0 and that k1, can be chosen arbitrary small, we
get

E(KLH(SEO, §m)]l7*) < inf ( inf KLn(Sgo, Sm) + (1 + H_l) pen(m) + nm)

meN* \ s, €S,
0B (g (4 L)) VR )+
\/EQ ﬁ aZ 77

< i . -1

332K3/2¢4C), q\?
+ 7 + ( 5+ az) +7

5.2. Proof of the Proposition 4.3. We want an upper bound of E (KLn(Sfo,ém)]ch). Thanks to the
Cauchy-Schwarz inequality,

E (KLy, (g0, ) 17e) < \/E(KL2 (s¢0, 8)) v/ P(T).

11

4Cy 3
=M (o7 K3/2
+ NG ( +



However, for all s¢ € S,

KL (550, 5¢) = ~ Z / tog (22 ) sy
_1 Z ([ tostseswloscooles)ay ~ [ tostoctulan))ses vy

<1 Z | Toxtectlase (vl

Because parameters are assumed to be bounded, according to the set = defined in (4), we get, with
(B°,%2°,70) the parameters of sgo and (3, X, ) the parameters of s,

K

10g(55(y|$i))550 (ylzi) =log (Z Tk on) exp ( (y — Bri) 2212 (y — ﬁkxl)>>

= (2m)9/2\/det

K 0 0,. \t(30\—1 0
Tk o [ — (y — Bpxd)'(Z3) " (y — kaz))
. ,; (2m)4/2\/det(XY) P ( 2

ary/det(S71)

> log KW exp (—(y'S7 'y + 2L BIET Biy))

det((9)~1)
(2m)a/?

a,,aqzm t 2
> log K(%)W exp (—(y'y + A3)Ax)
a/2

ArQ
K Gmjorm o (=0 + 45)45).

Indeed, for u € RY, if we use the eigenvalue decomposition of ¥ = P!DP,
|u'Su| = [u' P! DPul| < ||Pulls||[DPU||2 < M(D)||Pull3
< M(D)|[ull3 < As|lul3.

Gr _ _
x K exp (—(ytE1 Ly + By 1ﬁ1xi))

To recognize the expectation of a Gaussian standardized variables, we put u = \/2Axy:

—utu

Kaﬂ—eiA?BAE aqE/Q KarqE/Q(lﬂ— ) Utu e 2
KL(S§0(-|$i)a85(-|$i))§—W/Rq log (2m)a/? —Apdn - - (27r)q/2du

Q/QK —A%Az K q/2 U2
I llog <a7 g O

- (2Ayx)a/2 (2m)a/2 B)
Kalage B | (Kaga®) 1
ST G [ e ) 43
qz/ are A%A5—1/2 /2 af2 log Kaze A2 Ax 1/2@(;2/
(2m)a/2 A (2m)4/2
5
o—1/2,00/2
— a2
AY
where U ~ N, (0,1). We have used that for all ¢ € R, tlog(t) > —e~!. Then, we get, for all s¢ € S,
1 n 671/271'(1/2
i=1 y

12



As it is true for all s¢ € S, it is true for 8y, then
o—1/214/2

E(KL2 (s¢0, 87)) < 7
>

For the last step, we need to bound P(7°)
(T°) = E(L7) = E(Ex(17¢)) = E(Px(T*)) <E (Z Px([|Yilloo > Mn)> :
i=1

Nevertheless, let Y, ~ Zle TNy (Brx, Xy ), then
(Welle > M) = [ 1 S N e E
00 n) = e {1V || oo > My, }k ‘ Tk 27r)‘1/2 dot(> ) Y
1 (_(y—ﬂkm"zz; 1<y—ﬁkz>>dy

w1 ‘
k/]Rq UlYelloo 2 Mn} (27)9/2\/det(g)

M= T 5

K g
WkPX(HszHOO > M,) < ZZFkPX(|[sz]Z| > M,)

k=12z=1

1

B
Il

with Ymk ~ N (Brz, X)) and [Ymk]z ~ N([Br]z, [Ek]z,z)-
| > M,), for all z € {1,...,q}.

We need to control Px (|[YF].| >

PX('[sz]Z| > Mn [Ymk PX([Ym,k]z < _Mn)
_Mn - z
_pe (v M WU + Py (U < ZMn 1Bk
V Zk]z z [Ek]z,z
Mn Mn z
_py (v M Bl | p (g s Mot [Betl
[Ek]z7z [Ek]z,z
l(Mn [Bmz>2 l(zwwwk.z]zy
2 VIZglz,z 2 VIEglz, 2
1 (Mn |[Bg = z\)
S 26 2 VIEglz, 2
1 M2 —2Mp |[B2]z|+][Bg ]z >
< 2¢ Eklz, 2 X
where U ~ N (0,1). Then,
([¥alloo > My) < 2K ge™3(Ma=2MnAp)ax,

n —
(]\/12_2M Aﬂ)aE) < 2Kna qe_%(MT%_QAJ"AB)aE. We have Obtained

and we get P(T¢) < E (2?21 2K qa,

the wanted bound for E(KLy,(s¢o, 3)17)
6. SOME DETAILS

6.1. Proof of the Lemma 5.1. First, give some tools to prove the Lemma 5.1
We define ||g]|, = \/% i1 92(yilx;) for any measurable function g.

We have
E(fm(Yilzi)))|-

Let m € N*.
1 n
s (—fn)l = s |23 (fonlaila) -
mELm i=1
13
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To control the deviation of such a quantity, we shall combine concentration with symmetrization arguments.
We first use the following concentration inequality which can be found in [2].

Lemme 6.1. Let (Z1,...,Z,) be independent random wvariables with values in some space Z and let T
be a class of real-valued functions on Z. Assume that there exists R, a non-random constant such that

sup,cr |[Ylln < Rpn. Then, for all t >0,
2 et
(Stég n27 Z))| > nZ’Y ))‘ +2V2R, \/>>

Proof. See [2]. A

sup
yer

Then, we propose to bound E [supwer ’% Yo v(Zi) - E(W(Zz))H thanks to the following symmetrization
argument. The proof of this result can be found in [15].

Lemme 6.2. Let (Z1,...,7Zy,) be independent random variables with values in some space Z and let T be a
class of real-valued functions on Z. Let (e1,...,€,) be a Rademacher sequence independent of (Z1,...,Zy).
Then,
B 1zn: (Z) — B(v(z)|| <2 1zn: (Z)

sup | — Y\4i) — B4 = sup | — €7y

Vel | Vel |
Proof. See [15]. A
Then, we have to control E(sup.cp | £ 37 €7(Zi)|).
Lemme 6.3. Let (Z1,...,2Z,) be independent random variables with values in some space Z and let T be a
class of real-valued functions on Z. Let (e1,...,€,) be a Rademacher sequence independent of (Z1,...,Zy).

Define R,, a non-random constant such that

sup ||’7||n < Ry
~yer

Then, for all S € N*,

S
lilélg Z ev(Zi)|| < Rn <% Sz:; 27° (\/10g(1 + N2 Ry, T[] ||n)) + 2_S)>

where N(0,T,||.||n) stands for the §-packing number of the set of functions T equipped with the metric induced
by the norm ||.||n-

Proof. See [5]. A

In our case, we get the following lemma.

Lemme 6.4. Let m € N*. Consider (e1,...,€,) a Rademacher sequence independent of (Y1,...,Yy). Then,
on the event T,

n

E| sup € fm (Yilzs)
(fmeFm ;

where Ay, := mlog(n)y/K log(2p+ 1) +61+KAB+QE))

Proof. Let m € N*. According to Lemma 6.5, we get that on the event T,

) < 18\/?0\]\/4%qu;

sup || frnlln < R = 2Cs, (1 + K (Ag + —2)).
fmeFm ay
14



Besides, on the event T, for all S € N*,

0

27°\/log[L + N(27*Rp, F, [[.]])] Z VI0g(2N (275 Ry, Fo, [[.[[))

M-

w
Il
-

25T Cyyp, K
27° (\/10g(2) +/log(2p + 1)%)

) 25430 g 25+3()
_5\/K log (1 + 7]\4,161) (1 + 7M”) according to Lemma 6.7

-

w
Il
—

Rnaz Rn

.-
M@“

25+l K
<27 (Vion) + Viog(ap - 1) et

S

, C ?
+ 2_5\/K log (1 + 25+3% max(1, qK/az))
s=1 m

28+1C]\/1n qu

WIS /BT DR ToRa/ |

S
<> 2 [\/log(2) +V/log(2p +1)

S
S%S\/Iog@zﬂr 1) + /log(2) <1 + g <\/6_K+ 222_5\@))

SWS\/IOQQP +1) + /log(2) (1 + VR + ﬁﬁ?ﬂ_e )
n “ . \/é

because 275/s < (%)5 for all s € N*. Then, thanks to the Lemma 6.3,

n S
1 6
E( sup |[=) efn(Yilz)| | < Ro | == 27%log[l + N(2=5Ry, Fpn, ||.|[n)] +27°
[ [pEemona) < (G
6 [2Cy, Kmqg
< R, |— - S+/log(2 1
< { = ( R og(2p+1)
2
+/10g(2) (1 + L V6K + LVrk— >) + 25} .
axn axn, 2 — \/E
Taking S = igi (Z)) to obtain the same order in the both terms depending on S, we could deduce that
E LS~ i fn(Yile)
sup |— € Jm (¥i|T4
fm€Fm | T ]

vn log(2) as vn —V2e

SMMi\/"EKW]\/Img(QTl)log(n)—FQ%CM (1+K(AB+_ )[\/K<1+\/_+ \/;_>+1
<18V, [may/Reap s estoy +6 (141 (434 L))

It completes the proof. A

120 Kma e B L oc, (HK(ANi))[ v <H\/_+ = >+1]

15



We are now able to prove the Lemma 5.1.

1 n
swwwﬁlzwp—ZﬁwmlEﬂmmmw
fm€Fm mE€Fm |V

¢
gE( sup >+2\/§Rn\/j
fWL WL n

with probability greater than 1 — e~ and where R,

Y fm(Yilw:) = E(fn(Yilz:))

=1

n

is a constant computed from the Lemma 6.5
Z €; fm (sz |xz)

) + 2\/51%\/z
i=1 n

with ¢; a Rademacher sequence,

<2E|[ sup
fm€Fm

independent of Z;

<2 (18\/?0\]\/41qu> + 2\/§Rn\/z

§4cMn< \/\;qu+f\f<1+K<Aﬁ+—>)>

6.2. Lemma 6.5 and Lemma 6.7.

Lemme 6.5. On the event

T:{ max max |D/7j]z|§Mn}’

ie{l,...,n} z€{1,....¢}

for all m € N*|

fm €Fm ay

Proof. Let m € N*. Because f,, € F,, = {fm = —log (j—"g) ,Sm € Sm}, there exists s,, € S,, such that
¢
fm = —log (j—mo) For all z € [0,1]7, denote &(z) = (m, f1z, ..., Brxx,X) the parameters of s, (.|x). For all
¢
1e{l,...,n},
| fon (il i) [ L7 = |1og(sm (yilwi)) — log(seo (yil2)) L

O1o8loeWilo)) | a,) - 0w 17

< sup sup D¢

z€[0,1]P £€E

thanks to the Taylor formula. Then, we need an upper bound of the partial derivate.
For all z € [0,1]7, for all y € R?, we could write

log(se(y|x)) = log <Z hi(x,y )

where, for all k € {1,..., K},

Tk
h S N—
k(xvy) (27‘(‘)‘1/2 det Ek
1 q q p p
X exXp _5 Z Z Yz — ij [ﬁk]zlaj Zk]21,22 Yzo — Z[ﬁk]zz,jxj
zo=1 z1=1 j=1 j=1

16



Then, for all l € {1,..., K}, for all z; € {1,...,¢}, for all z5 € {1,...,q}, for all y € R, for all x € [0, 1],

Dlog(scluln) || ) (IS g ) Ll Anas
‘ a([ﬁlw]zl) ‘ = ‘ 2521 hk(x, y) < ) Z;I[Zl]zhm([ﬂl ]z2 yzz)) < 9 )
sttty 1
a([El]Zl722) ZkK_l hk(x y)
—hiCof,, ., (%)) _ hi(2, Y)Yz — [Bi2]20) Yy — [BZ‘T]ZZ)[Zl]Z_l%ZZ
det(El) 2
_Csz1,z2 (El) (yzl - [ﬁl‘r]zl)(yzz - [ﬁl‘r]zz)[zl]z_fzz
- det(El) 2

<As + = (|y|+Aﬂ) A3,

where Cof,, .,(2x) is the (z1, 22)-cofactor of ). We also have, for all [ € {1,..., K}, for all z € [0,1]?, for
all y € RY,

hl(za y)
™ Zszl hk(l', y)

‘alog@g(y,x»‘ _ 1
T an

aﬂ'l

Thus, for all y € RY,

sup sup
z€l0,1]P ¢cZ

751%(22(9':”))‘ < max (_ As + 5 (Iyl T agypaz, Wit Ap)Ax +2AB)AE) —q,.

We have C,, < (Ag A i) [1+ %1/12(|y| + Ag)?]. For all m € N*,

| fon (yila) 117 < Cy [[€ () — €% (i)l 7

K
< Car, Y _(1Bkxs — Biailly + 112k — SRl + [me — mR).
k=1

Since fr, and fJ belong to 2, we obtain
| for (i) i) |17 < 2Cn, (K Ag + Kai +1)
)

and then
sup || finllnl7 < 2Cn, (KAp + K_ +1).

m€Llm

For the next results, we need the following lemma, proved in [§].

Lemme 6.6. Let § > 0 and (A;, )le{l -} € [O 1]”Xp There exists a family B of (2p+1)Y/%" vectors of RP
{1

2

Proof. See [8]. A

With this lemma, we can prove the following one:
17



Lemme 6.7. Let § > 0 and m € N*. On the event T, we have the upper bound of the §-packing number of
the set of functions F, equipped with the metric induced by the norm ||.||,:

2 22,72 /52 SCM qK SCMn K
NG Fos ) < @2+ 1)1 %000 (1. S0 > (1+55)

Proof. Let m € N* and f,, € F,. There exists s,, € Sy, such that f;,, = —log(sm/s¢0). Introduce s, in
S and put f;, = —log(s],/s¢0). Denote by (Bi, Lk, Tk)1<k<r and (8;, 3}, 7}, )i1<k<k the parameters of the
densities s,, and s, respectively. First, applying Taylor’s inequality, on the event

ie{l,...,n} 2€{1,....¢}

T:{ max max |D/7j]z|§Mn}’

we get, for all i € {1,...,n},

| fm (yil2s) — ffn(yz'|$z‘)|]17’ = [log(sm (yilx:)) — log( (yz|$z))|]17’

9log(se(yilr)) /
o | /6@) - E@lhir

IN

sup sup
z€[0,1]P 5€i

< Cwu, Z (Zlﬂszz [Brwile] + 115k — %IIlH?TkW;@I)-

Thanks to the Cauchy-Schwarz inequality, we get that

K gq 2
(Fm(yilai) = fr(yilza)* 17 < 203, (Z > 1Bk — ﬂ;’ml) + (12 = Z |l +]|m - a[])?

k=1 z=1
2
K q p p
<203, | Kad D [ D oBelaslad; = Y Bil-jlad; | + (12 =2l + ||w — ='|])?
k=12=1 \j=1 j=1
and
2
K q 1 & p
o — Frallalr <203, | Kg> > - > Z Brlzjlwly — ) _Brl=glwil;
k=1z=1 i=1 \j=1 j=1
+ (12 =2+ [|w — =)
Denote by
K q 13 P p 2
a:KqZZﬁZ Zﬂkzy-rz Zﬂkzgzz
k=1 z2=1 i=1 \j=1 j=1
Then, for all § > 0, if
a < 6°/(4C3;,)
12— X[ <6/(4Cwm,)
||m —m'|] < 6/(4C,,)
then || fm — f1,I|2 < 62. To bound a, we write
K q P ?
1 . [ﬂk]z,' [ﬂ/]z,'
a*KQWQZZnZ > - Ll = I;n * @il
=1 z=1 j=1 j=1
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and we apply Lemma 6.6 to [8;],,./m for all k € {1,..., K}, and for all z € {1,...,q}. Since s, € Sy, we

have >-7_, Z?:l ’%

< 1, thus there exists a family B of (2p+ 1)40?4#121{27712/52 vectors of RP such that

for all k € {1,..., K}, for all z € {1,...,q}, for all [B].., there exists [3,]... € B such that a < 6%/(4C3; ).

gK

Moreover, since ||| < L= and ||7r||; < 1, we get that, on the event T,

[1]
2]
3]

4
(5]

[6]

7]
(8]
(9]

(10]
(11]

(12]
(13]
14]

(15]

= ax

N(é,Fm,||.||n>Scard<B>N( 0 ,Bﬂ%,n.nl)N(L,Bm,n.nl)

4Cy, 4C)y,
s apa 2 8Chw. gk \ ¥ 8Cu. \ *
< (ap-+ 1)Koy (14 SO T (1 B )
A
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