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SOME SINGULAR SAMPLE PATH PROPERTIES OF A
MULTIPARAMETER FRACTIONAL BROWNIAN MOTION
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Ecole Centrale Paris-INRIA Regularity Team and Bar-Ilan University
Grande Voie des Vignes, 92295 Chdtenay-Malabry, France
e-mail: alexandre.richard@inria.fr

Abstract

We prove a Chung-type law of the iterated logarithm for a multiparameter extension of the frac-
tional Brownian motion which is not increment stationary. This multiparameter fractional Brow-
nian motion behaves very differently at the origin and away from the axes, which also appears
in the Hausdorff dimension of its range and in the measure of its pointwise Holder exponents. A
functional version of this Chung-type law is also provided.

AMS classification: 60F 17, 60 G 60, 60G 17, 60G 15, 60 G 22, 28 C 20.
Key words: Chung’s law of the iterated logarithm, fractional Brownian motion, Gaussian random
fields, Abstract Wiener Spaces, small deviations, Hausdorff dimension.

1 INTRODUCTION

In the 1920’s, Khinchine introduced for the first time a law of the iterated logarithm for sums of
independent and identically distributed random variables. Thereafter, many works extended this
result and in particular Chung [5] presented a new law of the iterated logarithm for Brownian motion
of the lim inf type, thus capturing the slowest local oscillations. This law was generalized over
the last few decades in numerous ways to Gaussian [20, 28, 35] and non-Gaussian processes [3,
18, 19], Gaussian samples [23] and empirical processes [8], and Gaussian random fields [25, 26,
32], for a non-exhaustive list of works. A key step in establishing Chung-type laws of the iterated
logarithm (abbreviated as LIL) is usually to determine the small ball probabilities, together with a
good decomposition of the process into independent processes. Finding a Chung-type law seems
generally more difficult than finding a standard LIL, as can be seen from the case of the fractional
Brownian sheet, for which a LIL is given in [36], but a Chung-type law is far from clear, except in
special cases [26, 32].

We propose to determine a Chung-type law of the iterated logarithm for a multiparameter exten-
sion of the fractional Brownian motion (multiparameter fBm for short), which is neither increment
stationary (see Monrad and Rootzén [28], Talagrand [33], Xiao [37] and for a more general theory,
Luan and Xiao [25] where this is an assumption) nor has an immediate decomposition as a sum of
independent processes (as for the Brownian sheet [32]). This natural extension is a centred Gaussian
process on R, , v € N*, with covariance defined for any Hurst parameter h € (0,1/2] by:

1
k(s 6) = 5 (AL0,sD* + A([0, ()™ — A[0,s] A [0,])) , s, t €RY,, (1.1)
where A denotes the Lebesgue measure in R", [0, t] is the rectangle with vertices at 0 and t, and A
is the symmetric difference of sets. This is a special case of a family of covariance on sets introduced
by Herbin and Merzbach [15] to define the set-indexed fractional Brownian motion, and extended in
[29] to its most general expression as a covariance on L2(T,m). This process differs from the other
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extensions that are the Lévy fractional Brownian motion, and the fractional Brownian sheet, although
it shares several properties with them (see [29] for a more thorough discussion on the links between
these processes). Besides, h = 1/2 in (1.1) yields the usual Brownian sheet. However, our results
hold for h < 1/2 and cannot be extended to h = 1/2.

The distance induced by the Lévy fBm X" and the multiparameter fBm B", which are defined
respectively as dyi(s, t) = y/E(X! —XM)? = ||s — ¢||" and dgi(s, ) = A([0,s] A [0,¢])", are in fact
equivalent on a domain of R’ that does not approach the axes. Thus, it is expected that these
processes will share certain sample path properties, at least away from the axes. This is the purpose
of the work of Herbin and Xiao [16], where the authors propose a modulus of continuity, laws of the
iterated logarithm and the Hausdorff dimension of the level sets of B". These results coincide with
their analogue for the Lévy fractional Brownian motion, but for the law of the iterated logarithm,
which is a local result, this is only true away from the axes. The lack of stationarity forbids here to
conclude that these modulus are the same whatever the point we choose. Note here that the same
happens for the fractional Brownian sheet: its LIL is known away from O (see [27]), but not in the
neighbourhood of the origin (except for particular increments as in [36]). If ¢, is not on the axes, the
Chung-type law of the iterated logarithm given in [16] for the multiparameter fBm reads:

h h
h/v SUPj¢<r |B —B"|
liminf(loglog(rfl)) o leli=r ;"H UM a.s.,
r—0* r

for some deterministic ¢ that may depend on t,. Near 0, we will show that the local modulus is in
fact of order r'" W,(r), where W, is a logarithmic correcting term, which differs significantly from r"
(as soon as v > 2) and justifies this notion of singularity at the origin. The main new ingredients are
a sharp estimate of the small ball probabilities, and a spectral representation of the multiparameter
fBm, in an abstract Wiener space. Besides this singularity, the aforementioned techniques apply to
the more general class of L2-indexed fractional Brownian motion (which includes e.g. the Lévy fBm
[29]), and could yield more general results.

Statement of the main results. The spectral representation we obtain is related to stable measures
in Banach spaces: we prove that for H the reproducing kernel Hilbert space (RKHS, see definition
below) of the v-dimensional Brownian sheet, there exists an abstract Wiener space (H, E, u) such that
for any h € (0,1/2), there is a strictly stable measure I'"" on E whose characteristic function is given
by exp{—||S& ||I‘f1h /2}, & € E*. This measure has a Lévy-Khintchine decomposition, with Lévy measure
A", We let .# denote the Paley-Wiener map (defined further), and let B" be the white noise on the
Borel sets of E with control measure A", Then, letting ¢,(-) = A(1[o,") € H, the multiparameter
fractional Brownian motion has the following representation (Proposition 2.4):

B! ZJ (1 _ ei<ﬂ(¢[),X>) dB", tef[o0,1]".
E

Using this representation and the sharp estimate of the small deviations given in Proposition 2.9, we
will provide a lower and an upper bound in Chung-type law. The lower bound is given by

\Il(hé)(r) =rh \T/;l)(r) =r"" (loglogr=1)™"" ,

and the modulus for the upper bound is \1151“) =rvh \TJ,E{”), where \TJ;”) is an increasing function started
at 0 and such that \ngl“) > \Tlg), so that in particular, \Tlg‘)(r)‘l = o(r~"") as r — 0. The existence of

fflgl“) is proven in Section 3, and related implicitely to the following decay function of A":

F(x) = sup J (1 —cos(-#(¢p),x)) AMdx), (1.2)
PEA(L) [lxllg <x

2
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where A(1) is a compact subset of H, defined in the sequel. Note that F depends a priori on v, hence
so does Cﬁs‘). For every h € (0,1/2), let us finally define M"(r) = sup,(o,1- IB, r € [0,1].

Theorem 1.1. Let h € (0,1/2) and let M", \Ifg) and \Il;l“) be as above. Then we have almost surely:

Mh(r Mh(r
liminf% > K};/v and liminf% <&M,
r—0* th\Ilh () r—0* r"h‘llhu (r)

where 0 < k; < Kk, < 00 are the constants appearing in the small deviations (see Equation (2.8)).

This result is not sharp a priori, and depends on the rate of decay of F. We discuss how this gap could
be filled at the end of Section 3.

In Strassen [30], while looking for an invariance principle for scaled random walks, the author
obtained the fact that the same scaling on a Brownian motion gives a family of processes which is
almost surely relatively compact in the unit ball of Hé, the Sobolev space of continuous functions
started at 0 with square-integrable weak derivative. Functional laws of the iterated logarithm have
now been widely studied in the literature: Csédki [6] was the first to get a rate of convergence for
certain functions in this unit ball, and this result was extended by de Acosta [7] to scaled random
walks, for any function of the unit ball of the RKHS (with radius strictly smaller than 1). Then, we
can mention the contributions to this problem of Goodman and Kuelbs [11], Grill [12] and finally
Kuelbs et al. [23], where the authors bring a new understanding of the rate of convergence towards
the unit sphere in the general frame of Gaussian samples in Banach spaces. Similarly to the standard
LIL, the functional result for fractional Brownian motion was also given by Monrad and Rootzén [28].
So for the multiparameter fBm, let us define, for r € (0,1),

B'(rt
n"0(0) = U9 veepor

rvIy/loglog(r—1)
B'(rt)

_ —v/2h
rvh (\Ilgl”)(r))

the lower and upper rescaled multiparameter fBm for which we seek an invariance principle.

and

n®™(e) = Vte[0,1]

Theorem 1.2. Let h € (0,1/2) and let H; denote the reproducing kernel Hilbert space of k,(lv). Let
¢ € H} having norm strictly smaller than 1. Then, there exist two positive and finite constants rYO(p)
and yW(p) such that, almost surely,

liminf T7(r) 77 sup [n®0(e) - o(6)] = YO (p)

r—0* te[0,1]
liminf T (r) 7 sup () — 9(0l < 7).
r—0 te[0,1]

As usual, taking ¢ = 0 yields the standard law of the iterated logarithm.

Finally, observing the techniques of [33, 37], it appears that for the Lévy fBm and similar pro-
cesses, the same estimates usually allow to obtain both a Chung-type law and the exact Hausdorff
measure of the range of these processes. However, we will prove that the Hausdorff dimension does
not grasp the slow oscillations of the multiparameter fBm at the origin (Proposition 5.1). The cause
is again the non-increment stationarity. Since this result is related to the values of the pointwise and
local Holder exponents of the multiparameter fBm, these exponents are computed and appear to be-
have differently: the pointwise exponent has a different value at the origin, while the local exponent
is the same at any point.



Singularities of multiparameter fBm / 2 Preliminaries

Organisation of the paper. In section 2, we prove some preliminary results. The main new tools
and ideas essentially lie in this section. They concern the small deviations around the origin 0, which
are obtained using the local nondeterminism of [29], and a spectral representation on the Wiener
space of this process. We prove Theorem 1.1 in Section 3 and Theorem 1.2 in Section 4. Finally,
the Hausdorff dimension of the graph is computed in Section 5, where a remark on the local Holder
regularity at the origin of the multiparameter fBm is also formulated.

2 PRELIMINARIES

We recall a few notions about Gaussian measures on Banach spaces and abstract Wiener spaces (see
also [22, Lemma 2.1]). Let E be a separable Banach space and u a Gaussian measure on E. Let H be
the completion of E* by the action of the covariance operator S of u, defined by:

S€=J x (&, x) p(dx) ,E€E",
E

which maps E* into a subspace of E, and the completion is with respect to the scalar product:

(8€,88)y = f (&,x) (&, x) p(dx) .
E

This permits to define a sequence {£,,n € N} in E*, such that {S&,,,n € N} is a complete orthonormal
system (CONS) in H. We recall that the Paley-Wiener map .# is defined as the isometric extension
of the map £ € E* — (£,-) to a map from H to L?(u). Conversely, it is also possible to start from a
separable Hilbert space and to construct an embedding into a larger Banach space, on which there
exists a Gaussian measure whose covariance will be related to the inner product on H. This is the
abstract Wiener space (AWS) approach [13, 31].

Definition 2.1 (Reproducing Kernel Hilbert Space). Let (T,m) be a separable and complete metric
space and R a continuous covariance function on T x T. R determines a unique Hilbert space H(R)
satisfying the following properties: i) H(R) is a space of functions mapping T to R; ii) forall t € T,
R(,t) € H(R); iii) forall t € T, Vf € HR), (f,R(,t)) yery = £ (£

In [29], starting from the reproducing kernel Hilbert space (RKHS) of the L2([0,1]", A)-indexed
fBm, denoted by H(k;,) and built upon the kernel k,(f,g) =1/2 (A(fz)zh + (g% - AM(f - g)Z)Zh)
for f,g € L2([0,1]", 1), the following integral representation for the multiparameter fBm was ob-
tained:

Wi = f (# (110,07, )), x) AW, 2.1
E

where W" is a white noise on some Gaussian measure space (Ej, u;,) with RKHS H(k;,). Note the link
with kglv) defined in the introduction, as for any s, t € [0,1]", kz(1(0, 1jo.1)) = k,(lv)(s, t).

In general, the embedding between H and E is continuous. We will need it to be Hilbert-Schmidt
for an extension of Bochner’s theorem to be valid. The following lemma states that starting from a
separable Hilbert space H, it is possible to find E and u satisfying this property and such that (H, E, u)
is an AWS.

Lemma 2.2. Let H be a separable Hilbert space. There is a separable Hilbert space (E,|| - ||) and a
Gaussian measure u on E such that (H,E, u) is an abstract Wiener space and the embedding H C E is
Hilbert-Schmidt.
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Proof. Let us assume that there exists separable Hilbert spaces H, and E, such that H, is densely
embedded into E, by an operator R which is Hilbert-Schmidt, and that there exists a Gaussian measure
o such that (Hy, Ey, u,) is an abstract Wiener space. In that case, R is the covariance operator. Let u
be any linear isometry between H, and H, and denote by (H, E, u) the AWS given by E = {i(E,) and
u = i, g, where i is the isometric extension of u (see [31, p.317]). Since E, is a Hilbert space, E is
also a Hilbert space and the operator R' ={ioRou™" is the natural embedding from H into E, and is
of Hilbert-Schmidt type.

The existence of such a (Hy, E,, Ug) triple follows either from examples as in sections 6 and 7 of [23],
or by the construction of the next paragraph. O

Let us detail the Wiener space structure of (H, E, u) when E is a Hilbert space. Let {x,,n € N} be a
complete orthonormal system of (E,(,-)z). For each n, let li be the variance of (x,, )y € E* under
u. Note that Y ., A2 < oo, which follows from the fact that:

D122=>" | (x,x)2 u(dx)

neN neNJE
=f [ES[FATICEIR
E

and this quantity is finite (we know from Fernique [10] that u has exponential moments). Then H is

given by:
H—{er'i(M)2<oo} 2.2)
= : " . .

n=1

{h, = A,x,,, n € N} defines a CONS of H for the scalar product given by (x,h,)y = A;l(x,xn)E, for
any x € H, and any n € N. Then, one can check that H is densely and continuously embedded into E.

2.1 Spectral representation of the multiparameter fBm

The multiparameter fBm does not have independent increments, hence there is no spectral measure
in the sense of Yaglom [38]. Such a situation already appeared for the bifractional Brownian motion
[35], but the difficulty was overcome due to the equivalence of the distance induced by the bifrac-
tional Brownian motion with the Euclidean distance, even near 0. This could not work here. We shall
use instead the L2-increment stationarity in the Wiener space, to produce independent processes.

Now, we address the spectral decomposition itself. For any a € (0,2], the application £ € E* —
ISEI|F; is continuous (because of the inequality || - || < C || - [|z-) and negative definite (by an argu-
ment on Bernstein functions, see for instance the introduction of [29]). Thus, according to Schoen-
berg’s theorem, & — exp(—t[|SE||f;) is positive definite for any t € R’. It follows from Lemma
2.2 and Sazonov’s theorem, according to which a Hilbert-Schmidt map is y-radonifying!, that since
& exp(—%lIS &|l%;) is continuous on H, it is the Fourier transform of a measure I', on E, i.e:

o~ SlsEll :J HED 4T (x) .
E

The measure T, is a strictly stable and symmetric measure on E of index a, since it satisfies (we
denote by I', the Fourier transform of '), for any integer k, and any & € E*:

(Fu(®) =To(k°8) and To(~&)=T,(&).

Isee for instance [39] for Sazonov’s theorem, and [4] for its use in a similar context, as well as the references therein.




Singularities of multiparameter fBm / 2 Preliminaries

In particular, we see that I", is infinitely divisible. Kuelbs [21] extended the spectral decomposition
of a-stable measures on R to the Hilbert space setting. Thus, when a € (0,2), T', has a Lévy measure
A, and can be written:

i{€,x) — Ex) _q ;=271
Le dr,(x) =exp {L (e 1 11 i ”E) Aa(dx)} S

with A, satisfying fE(l A ||x||%) A,(dx) < oo and A,({0}) = 0. That a is strictly smaller than 2 is
essential, and this will be assumed implicitly throughout the rest of this article. It follows, cancelling
the imaginary part (by symmetry of A,), that:

VE€E,  —[ISElly = ZJ (cos(E,x) —1) A,(dx) (2.3)
E

In the finite-dimensional setup, A, is known explicitely and appears in the spectral representation
of the Lévy fractional Brownian motion, as in [33]. In fact, Lemma 2.1 and 2.2 of [21] give a
radial decomposition of A, in terms of a finite measure o, defined on the Borel sets of the unit ball
& ={x € E : ||x||g = 1}, such that for any borel set B of E:

*d
Aa(B) = f TJ%JA 1B(r.y) Ua(dy) . (24)
0 4

Besides, 0,(dy) = A, ({x €E:||x|l > 1 and x/||x||z €dy}). The previous discussion is summa-
rized in the following proposition.

Proposition 2.3. Let (H,E,u) be any abstract Wiener space such that E is a Hilbert space and the
embedding H C E is Hilbert-Schmidt. Let a € (0,2). Then there exists a non-trivial Lévy measure A, on
E such that Equation (2.3) is satisfied, and that can be radially decomposed as in (2.4).

In the sequel, H will be specifically the RKHS of the Brownian sheet in R", that is, the Hilbert space
with kernel {A(g-), g € L%([0,1]")}, where A is the Lebesgue measure of R* and for g € L2([0,1]"),
A(g-) is the mapping:

feL*([0,1]")— fgda.
[0,1]"

H is a separable Hilbert space and we endow it with E and u chosen as in Lemma 2.2 to get an
AWS. For coherence with the definition of the multiparameter fBm, we now use the notations A" =
Ay, he(0,1/2), for the measures defined in the previous paragraph.

Proposition 2.4 (Spectral representation of the multiparameter fBm). Let B" be the (Gaussian) white
noise on E with control measure A", and define the stochastic process { B"(&), & € E*} by:

B"(£) = f (1- i) aBt.
E
Then the domain of definition of 9 extends to H, and the following process is a multiparameter fBm:

{#" (M), tel0,1]"} @ pn
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Proof. The variance of the increments of 8" reads ( (+) denotes complex conjugation):
h R _ h h h h
var (B! - Bl ) =E (B! - B} - BL))
- f (e164) — gif€") (ilEx) _ =it} Al(dx)
E
= ZJ (1—cos(& — &', x)) A(dx) =IS(&E = ENIIF .
E

Hence this process has the following covariance:

E (2t Bl) = % (ISENR +11SE" I8 ~ NS = ENEY -
By analogy with the Paley-Wiener map .# that maps H to L?(u), let .%, be the mapping from E* to
L?(AM) such that .%,(&) = 1—¢!®) | and extend it to H using .# by simply putting .%,(¢) = 1—e!#(¥))
for any ¢ € H. Similarly to . in L*(u), .4, is a well-defined isometry from (H, ||-||?") to L>(A"). Thus,
A" is a well-defined process on H.
For any f, g € L?([0,1]"), A(f-) and A(g-) are in H, which yields:

E(#"(A(f) B"(Mg) = % (AP + A = A — D)

and for f = 1o and g = 1j¢,, this is a multiparameter fBm of index h, as defined in equation
(1.1D. O

Remark 2.5. W" defined by (2.1) on H(k,) and B" on H are different processes: they are not defined
on the same spaces, and the first one is a linear application for fixed w, which is not true for the

second. Nevertheless, we have just seen in the previous example that {th( £y f € L%([0,1]")} and

{B}}\(ﬁ)’ f € L?([0,1]")} are equal in distribution. This implies that they have the same RKHS. In
particular, we will be interested only in the multiparameter process, which means that the RKHS is given

by

Hy = Span {K0(¢,), t € [0,11°},

where k,(lv)(t, ) = kn(1[0,¢1> 110,7) and the completion is with respect to the scalar product given by:
(K762 069), =k(es)

To conclude this section, we present inequalities on A" that will be useful in the proof of the LIL.
These are extensions of the truncation inequalities of Loéve [24, p.209]. For any r € [0,1], let us
define the subset A(r) of H:

Alr) = {aps’t ; s, t€[0, r]v} s (2.5)
where p, , = A (I[O,t]A[O,s]')' Note that A(r) is a subset of H.

Lemma 2.6. For any a > 0 and ¢ € A(1), we have:

J (1 = cos(#(p),x)) AMdx) < [lpllif F(a®), (2.6)
lixllz<a
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where F is the function defined in Equation (1.2), and F continuously decreases to 0. Besides, there is a
constant C(h) > 0 such that for any b > 0 and ¢ € H,

J (1 - cos(#(¢p),x)) Al(dx) < c(h)b™*". 2.7)
Ilx|lz>b

Proof. We start with the first inequality, that we prove by approximation of ¢ by elements of E*. Let
® denote the norm of ¢. Let (¢! ),en = {(2/,)s, n € N} be a sequence of E* such that S¢/ belongs
to the H-sphere of radius ¢ and converges to ¢ in H. For all n, let {,, and 2, be the associated
normalized (in E* and E) vectors and (1! ),y be the family of norms in H: A/ = IS¢, || Note that if
¢ € H\S(E*), A\, — 0 as n — oo. By construction, A/ = t1>||§;1||g} > 0. Then, the radial decomposition
(2.4) of o" yields:

J (1 —cos(¢’,x)) A(dx) = J i:h J (1 — cos {g(zn,y)E}) o"(dy)
llxll<a o’ & A

ad
ot | (1 eosd By b ) ofdy)
o u1+4h P )L;l n:y E y >

where we applied the change of variable u = ®r. The last integral converges in L2(o"), so this reads:

* du
J (1—cos(HF(¢),x)) Ah(dX)=<I>4hf uthJ (1 —cos(ug(¢/llelly), ¥)) o"(dy)
lxllg<a 0 4

< ®*"F(ad),

which gives (2.6). Finally, F decreases continuously to 0 since the mapping:
(p,x) €A(1) x [0,1] — f (1 —cos(#(¢/lllly), x)) AM(dx)
lIxlle<x
is continuous on a compact (being the image of [0,1]" x [0,1]" by ¢.., A(1) is compact).
To show (2.7) holds, we use a simple inequality on the cosine function:
f (1—cos(&,x)) At(dx) <2 f AM(dx)
[lx|lz>b lIxllz>b
< dr L
b
- 20() pdh
T 2—4h )

This concludes the proof of this lemma.

2.2 Small deviations of the multiparameter fBm

Let us state the following observation on the metric induced by the multiparameter fBm:

Lemma 2.7. For any a € (0,1), any b > a, there exist m,;, depending on a and b and M), depending
on b only, such that for any s,t € [a, b]",

Maplls — ¢l < A ([0,s] A [0,t]) < Mylls — ¢l
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In particular, the upper bound holds even if s, t € [0, b]. However, for any given a € (0, 1), we have that
for all € > 0, there exist s, t € [0,1]" such that A ([0,s] A [0,t]) <& but[ls—t| > a.

Proof. The upper and lower bounds on A ([0,s] A[0,t]) are stated in Lemma 3.1 of [17] (up to
equivalence of [! and [* distances with the Euclidean distance), except that there, the constant in the
upper bound is said to depend also on a. From the proof of [17], it is clear that this is not necessary.
To prove the last statement, let s, = (27", b,...,b) € [0,b]" and t,, = (b,27",b,...,b) € [0,b]". It
appears that 2 ([0,s,] A [0,t,]) — 0 as n — oo, while [|s, — t,|| increases to v2b. O

Concerning notations, we will have to compare several distances, so dy will denote the Euclidean
distance in R", and for any h € (0, 1], d, is the following distance:

fors,t €[0,1]%, dy(s,t)=A([0,s] A[0,£])" .

When h = 1, we will prefer the notation d,. Note that we will only consider results for h < 1/2
because of the definition of B", but d, is still a distance for h € (1/2,1] (but no longer negative
definite which prevents the definition of a multiparameter fBm for such values). Accordingly, B, (t,r)
is the ball of dj-radius r centred at t. If no subscript is written, this will be the Euclidean ball.
The notation < between two functions f and g means that near a point a, f(x) = O0(g(x)) and
g(x) = 0(f (x)). We recall that on a (pre-)compact metric space (T, d), the metric entropy N(T,d, )
gives, for any € > 0, the minimal number of balls of radius ¢ that are necessary to cover T.

Lemma 2.8. Let v € N, then the d,-metric entropy of [0,1]" is, for € small enough:
N([0,1]%,d;,e)<e™™.

Proof. Let us remark that due to Lemma 2.7, d;(s,t) < M;dg(s,t), for any s, t € [0,1]". Thus, for
any ball one has B, (t,, 1) 2 B(to, M; 'r). We can assert that:

N ([0,1)",d;,¢) <N ([0,1)",de, M; e) = (M 'e)
as ¢ — 0. Conversely,
N ([0,1]",d;,¢) > N ([1/2,1]",d;,¢€)
>N ([1/2,11,dg,mi}y ¢
= (2m;/12,1s) o,
so both inequalities give the expected result. O

Proposition 2.9. For h < 1/2, there are constants k; > 0 and k5 > 0 such that for any fixed r € (0,1)
and any € small enough (compared to r),

2 2

rY r¥
expy —K <P sup |B" <e| <exp{-—x;— 2.8
p{ ng/h} — ([E[OEJV| t| —= ) — p{ 1€V/h} ( )

Proof. First, notice the isometry between the metric space ([0, 1]", d;,) and the subset of H(k;) defined
by {ky(1[o,,-), t € [0,1]"} with the metric induced by the fBm indexed on L?([0,1]", 1) (see Eq.
(2.1)). Hence, we can apply Theorem 4.6 of [29], which states that (for h < 1/2), there are positive
constants k; < k, such that for any € > 0,

ki N([0,1]",dp, ) < —logP ( sup |B}| < 8) <k, N([0,1]",dp,€) .

te[0,1]”
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For any £ > 0, any t € [0,1]", the ball B,(t, ¢) is the same as B, (t,e/"). A direct consequence is
that N([0,1]",d,, €) = N([0,1]%,d,, e/"). Hence it suffices to calculate the d,-entropy to obtain the
result for any h. Besides, B" satisfies the subsequent self-similarity property: for any r > 0,

(Bl te[0,1]} € {r"B" ,t[0,1]} .

rt’

Therefore, P (sup,cfo, 1+ [B| < &) =P (sup,cfo1 |B!| < r*"¢) and so:

ki N ([0,1]v’dl,r—v51/h) < —logP ( sup |B}t’| < s) <k, N ([O,l]v’dk,r—ngl/h) .

te[0,r]Y

Lemma 2.8 permits to conclude, with x; < k, derived from k,, k, and the approximation on the
metric entropy. O

Remark 2.10. This is different from the Lévy fBm X", for which the above log-probability is of the order
rVe v/ (see [33]). In fact, the small deviations of the multiparameter fBm away from the axes are also
different of those at 0, and similar to the Lévy fBm. Indeed, if t is not on the axes and r is such that
B(ty,r) € (0,00)", the equivalence between distances d, and dj yields, as € — O:

r v
—logP| sup |Bf|<e xN(B(tO,r),dE,el/h)x(l—) .
gl/h

teB(ty,r)

3 A CHUNG-TYPE LAW OF THE ITERATED LOGARITHM

In this section, we prove Theorem 1.1. The abstract Wiener space is the same as in Proposition 2.4
and below. We fix h and simply write A for A" in the sequel.

Remark 3.1. The case h = 1/2 is special since it corresponds to the Brownian sheet. Its behaviour differs
very much from the h-multiparameter fBm, h < 1/2, although we recall that the 1/2-multiparameter
fBm is the Brownian sheet. This difference is due to the loss of the property of local nondeterminism,
which the multiparameter fBm possesses when h < 1/2 only. For more information on small deviations
and Chung-type law of the iterated logarithm of the Brownian sheet, we refer to [32].

Proof of Theorem 1.1. The proof will be carried out in three steps. In the first, we obtain the lower
bound for some constant ;. In the second and third steps, we follow the scheme proposed in [28],
but with the addition of methods related to the infinite dimensional setting described above.

Diety>1,r=y%and B = (x,/(1+ e))h/v, where x is the constant in the upper bound of
the small deviation probability of B". The upper bound in the small deviations (2.8) implies:

o0

iﬂ” (Mh(rk) < ﬁl\llg)(rk)) < Zexp {—Klﬁl_v/h loglog(rk’l)}

[e¢]
< (ogy*) "+ < o0,

where the sums start at k large enough (i.e. so that 8, (loglog y*)~" is small enough, as in Proposition
2.9). Then, the Borel-Cantelli lemma gives:

li{ninth(rk)/\IJ,(f)(rk) >p; as.
—00
Sofor r <1 <1y

{
\I’;)(rkﬂ) >

: >
vO(r)

3O
h/v  —vh \Dh (rk+1)

M)/ 90(r) = M (e )/ 9,0 (m0) = By (k1 /(A + )y —
\Ijh (rk)

10



Singularities of multiparameter fBm /3 A Chung-type law of the iterated logarithm

This is true for any € > 0,y > 1, hence we get the following lower bound:

Mh
liminf M(r) K’;/V =1. 3.1
r—0 ‘I‘(‘Z)(r)

2) Now, recall that x, is the constant in the lower bound of the small balls, and define 3, = KZ/ Y.

For some small (fixed) 1 > 0, we define the sequence (€ )ren: DY:
e =F ' ((logk)~2"/v=21) (3.2)

By Lemma 2.6, F is a continuous increasing function on any interval [0, T] such that F(0) = 0. Thus,
€y is a well-defined sequence which converges to 0 and satisfies:

(log k)"

\/ —F(e) logF(ey)

Let’s define another sequence (1 )ien+ by the following induction:

— 00 ask—o0.

r=1 and Vk>2, rpyy=rFe)V®M . (3.3)

One can now choose \TI;”) to be any increasing continuous function on [0, 1], satisfying the following
set of conditions: for any k € N*,

T () = (logk) ™" . (3.4)

We recall that for a given EI;“), chosen as above, \Ilgl”) is defined by \I/Elu)(r) =rh \i%u)(r) , re[o,1].
For these parameters, the lower bound in the small deviations of B" implies:

ZP( sup BN W) < /52) > Zexp{—Kz(/sﬁ/;“)(rk))—”h}

te[0,ry
jtll k > .

where the sums start at k large enough (i.e. so the hypothesis of Proposition 2.9 is satisfied). This
is not enough to prove the expected result, because these events are not independent. We will fix
this using an idea that appeared in [33] and [28], to create independence by means of increment
stationarity. Since this last property is not satisfied by the multiparameter fractional Brownian motion,
we shall rely instead on the spectral representation obtained in the previous section.

We recall that ¢, = A(1o,-),t € [0,1]" is an element of H. For a family of disjoint intervals
{I = (ay, ag41], k € N}, where (a; )rey is an increasing sequence of R, such that a; — oo (a; will be
specified later), we define the following processes:

Bl = f (1- et dBS | t e [0,1]" (3.6)
x|l €Ik
B =B - B =J (1@ dB2 | te[0,1]" . (3.7)
x|z &L

Let = denote the covariance operator of B" and ¥, denote the covariance operator of B, It is clear
that ¥ — ¥ is a positive semi-definite operator. Hence, Anderson’s correlation inequality [2] applies
and we get, for all k € N:

P( sup |B?’k|/w;“>(rk>5ﬁz) zp( sup |BM/9(r,) 5/52) :
te

[0.r]" te0,rg]”

11
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As a consequence of Equation (3.5), we see that:

ZP ( sup |B}tl’k|/‘1’;(1u)(rk) =< /32) =00.
>1

te0,r]"
Since the events {Supte[o,rk]" IB};’k|/\If§lu)(rk) < /52} , k € N, are independent, the reciprocal of Borel-
Cantelli lemma yields that almost surely,

liminf sup |Bhk|/\11(u)(rk) <PBy. (3.8)

k=00 tef0, re”
3) For any k € N*, let aq;, = r{v/zek. Note that (3.3) implies that:
ak+1”:/2 = 111 F(e) /4 kl > Fe,) /4. (3.9

. e . . ~hk
In particular, a7, 12 goes to infinity. Now, Lemma 2.6 acts on the incremental variance of B as
follows: for any s, t € [0,r]", letting ¢, , = ¢, — ¢,

Var( Mk _ hk) Var(B%)

= J (1 — cos{I(¢;,(), x)) A(dx) + J (1 - cos(ﬂ(gas,t),x)) A(dx)
[lx ]l <ax

[Ix]|g = a1
< C (Ils eIl F (@ llseller) +aicfh) (3.10)
<o (" rart o)

< Crf"h (F(ek) + (a4q rv/z) 4h)

for some positive constant C, where ||gos,t||12{ = M[0,s] A [0,t]) < A([0,r]") = r{. Thus, for this
choice of r, and qy, letting Di denote this incremental variance, the previous equation and (3.9) give:

Df= sup Var (B B )
s,te[0,r 1"

<2C r"" F(e) ,

which decreases faster than sup, .o, v Var (B? - Bi‘) (as k — o00). By a Gaussian concentration

. . . . L ~ bk
result, we will see that D, will permit us to obtain an upper bound for the large deviations of B
Let dj,, be the distance induced by this process. We have just seen that d; ; < d),. Thus, the metric
entropy of a set computed with d, is smaller than the one computed with d,.

Dy Dy
f JI0gN ([0, 7,17 dypo ) de < f VIogN (0,7, 1", dyy &) de
0 0

where the upper bound on N([0,7,]",dy, €) is due to the link with the small balls of B" as in Propo-
sition 2.9, with some x > 0 that comes from the asymptotics of N([0,1]",d,, ¢) in Lemma 2.8.

Dy _ V2Ck ™" 4 [F(e;)
J \/logN([O, eV, dpk, €) de < \/7 hiv VhJ V1ogx~! dx
0

< Cyr}"y/—F(e;) log(CyF(ey))

12
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where we made the change of variable x = & k=" e vk and C; and C, are given by:

Cv
€= M Cy =2CK ™21V,

By Talagrand’s lemma [33], if u > uy(k) :=C; r{h\/—F(ek) log(C,F(e)),

_ 2
IE”( sup IB};’klzu) <exp (—M) .

te[0,r ] D;
Let € > 0. In order to replace u by eﬁZ\D,(l”)(rk), one notices that:

\y;“)(rk) _ ff/ﬁ“)(rk)
(k) ¢, \/—F(ey) 10g(CoF(ey))

and this quantity goes to infinity, by definition of €, in (3.2) and @;:0 in (3.4). Thus, replacing u with
eﬁzllll(lu)(rk) for k big enough, reads:

@y )
P( sup |l~3};’k| > eﬁz\Pgl“)(rk)) <exp (_ (eB2 ¥, () — uo(k)) )

[0.r]" D}
ug(k)? W - 2
<exp (— D? (e/a’zllfh (re) ug(k) ™ — 1)

<exp (—Cl _lozgé.CZF(ek)) (eﬂzwﬁu)(rk) up(k) ™ — 1)2) ,

whose sum is finite, since \If,(lu)(rk)uo(k)_1 diverges and F(e;) goes to 0. Hence, applying once again
the Borel-Cantelli lemma, we have almost surely,

liminf sup ' |1~3T’k|/\llgu)(rk) <ep,.

k=00 tefo,r ]

Therefore, combining this with (3.8), we see that almost surely:

liminf sup |B’t’|/\IJ§l”)(rk) <(1+e€)B,.

k=00 tefo,r”
Since this is true for any € > 0, we obtain the expected upper bound:

Mh
P (liminf (r) < KZ/V) =1. (3.11)

0w

O
Remark 3.2. Let (ri)ren be defined as in (3.3) and 3, = (x1/(1+ e))h/v. Using also the relation (3.4)

and proceding as in 1), we obtain:
M"(r
P(liminf (i) >Kh/v) =1,

oo () T

but note that this is not sufficient to conclude that \P)(Llu) is the good modulus.

13
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We end this part with a discussion on the consequences of the rate of decay of F. To make this lim
inf result precise, one would need to find \TJ;”) explicitely, which depends only on the rate of decay of
F near 0. For instance, if we were able to prove that F(x) < x” for some y > 0, as x — 0, then some

computations lead to the conclusion that \Tlflu)(r) = (loglog(rc)) 7h/v, where C = —v~2(1+4h/y), is
a function for which (3.4) holds. Since in that case lflgu)(r) ~ \Tlg)(r) as r — 0, we would get

Mh
liminf (r) e KM =1.
r—0 rVh(loglog(r—1))~"/v

Note that in this situation, a 0 — 1 law (which is explained in Remark 3.3 below) implies that the
above limit is constant almost surely. A faster rate would yield the same conlusion, while a slower
rate for F would certainly mean that \TJ,E“ converges to 0 too quickly.

Remark 3.3. (0 — 1 law of the multiparameter fBm if F(x) < x".) The following is very similar to
the 0 — 1 law presented in [25]. Let &, be the o-algebra generated by the process Zio:n Bk and let
F*° = Ny>1F, be the tail o-algebra. According to Kolmogorov’s 0 — 1 law, any event Ain > is trivial,
i.e. P(A) =0 or 1. Thus, if the event:

A= {lim iglth(r)/\I/h(r) = constant}

belongs to F*°, we will have found an exact modulus in the Chung-type law.
Fix n € N*. We know from Lemma 2.6 and the first part of Equation (3.10) that

1 1
sup Var (ZBhk ZBhk> < Kd, (s, )*" F(a,d, (s, t)"/?)

S tE[O 1]” k=1 k=1
<Ka d;(s, )77

Thus, Kolmogorov’s continuity criterion for multiparameter Gaussian processes implies that Zz;i Bk is
almost surely (d,-)Holder-continuous of order h+v/4 — €, for any € € (0,1). For € < y/4, this implies
that almost surely:

hk h+y/4—e
A0, r]V )Y
liminf sup |Z } <liminf % =
r—0 te[0,r]¥ \Ilh(r) r—0 rv \Ilh(r)

Here ¥, = \IJ( ), since we have seen that if F(x) < x', we would obtain the same upper and lower
modulus. As a consequence, we have almost surely that:

(09)
liminf M"(r)/ W, (r) = liminf sup {ZB’;’I‘V\IJ,I(;‘) ,
r—0 r—0 te[0,r]” —n

which is a &,-measurable random variable. Hence A is a tail event.

4 FUNCTIONAL LAW OF THE ITERATED LOGARITHM

We prove Theorem 1.2. As in the previous part, we also have values for y©(¢) and y®(¢):

rO(p) = —= f k(1= Nlell2, )™ and y<“>(so)—7:<’;”(1 lpliz )7

With the preliminary results of Section 2, almost all the ingredients are available to follow the proofs
of [7, 28], and the following technical lemma is adapted from these papers. The norm of H; (see
Remark 2.5) is denoted by || - ||, and we will also abbreviate sup,c(q 13v [f ()| = || f |-

14
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Lemma 4.1. ForO<s<r<u<e 'and ¢ €HY,

sloglogu™!

hv
_1\h/v+1/2
uloglogs_l) (loglogs 1) IO — @1l

h
o Nhjv+1j2 (U=
— M, (loglogu™) (—;;—) el

2vh Joglogs™!
— (loglogu_l)h/wrl/2 \/(1 - (i) lglil) lellos »
u oglogu

where M is the constant in Lemma 2.7 which corresponds to b = 1.

_1\h/v+1/2
(loglogr™) nﬂ“—wuz(

For the proof of this lemma, one can refer to appendix A .
We recall the following nice proposition from [28], concerning the Gaussian measure of shifted
convex sets?:

Proposition 4.2. Let u be a Gaussian measure on a separable Banach space E. For any convex, sym-
metric, bounded and measurable subset V of E of positive measure, if ¢ belongs to the RKHS of u,
then

lim t72 (logu(V + ty) —logu(V)) = —lll 12

Am g ¥ g S NPl -
Proof of Theorem 1.2. This proof is divided into two parts: the first one to give the lower bound on
r(p), and the second one for the upper bound.

I) Proof of the lower bound
Let € > 0 and y; defined by:

K1 h/v ) "
- 1- -
n=(geg) Q-lik)

Recall that @;e)(r) = (loglogr~')™"", so that the following events, defined for k € N by:

0
A= {qfﬁl )P0 — gl < Y1}

for some decreasing sequence r; (explicited later), will be written:

Ay = { rk‘VhBh(rk-) - w/Zloglogrk’lcpr < )fl(loglogrk‘l)‘h/”} .

Let 5§ >0and 6 <e(1—||p ||ﬁ ,)- By Proposition 4.2, and then by the small deviations of B", we have
for k large enough (depending on 6),

log P(A;) < logP ( sup |B"(ryt)| < y,ri (loglog rkl)h/v) — (loglogry D(llell2, — &)
te[0,1]¥ ’

< —(1+e)1 - llgll;,)(oglogr, ) — (loglogr, (ll¢ll, — &) .

This implies that
P(A) < exp{— (1+e(1—lol7,)— &) loglogr; ') .

21t existed before in the literature, in a more general form. See the references therein.
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Now put:
re =exp{—ky(k)},

where

loglogk

7O g

Since & was chosen appropriately, e(1 — ||g0||§ ) — 0 is positive, and

o0
Z P(Ay) <00,
where the sum is over k large enough, according to the previous remarks. Therefore, almost surely,

.. _1\h/v+1/2 1
liminf (loglogr* su )=o) = —r; .
minf (loglogr;* ) wp 10, (0= (012 =0

tel

To obtain the result for r — 0, we use Lemma 4.1 with u = ry, s = r,,; and r in between. Then

hv
o NR/vH1)2 ret1loglogr, ! 1 \R/v+1/2
(loglogr™) In, — @l > (—_'{ (loglogr ) [l )
riloglogr,
h
_\/v+1/2 [ T = Tigr
— M, (loglogr,") (—*) Il )
Tk
2vh 1og ] -1
_1\A/v+1/2 sl oglogr
— (loglogr;*) 1- (—*) —— ¢l -
Tk loglogr,
(* % %)

Note that by the inequality e™ > 1 — x, and the decrease of y (k) (for k large),

B 2 1 fy (ke Dlog (y(k-+ 1) -y log (v(1)}

>1—y(k+1).

Thus, the ratio in Equation (x) converges to 1. Likewise, the ratio in (x%) is smaller than y(k + 1)h,
so that:

_ h
(P ) ogtogr )" < y(ker 17 (log (ky (1)
Tk

- (loglog(k + 1))"
" (log(k + 1))

logy(k))h/erl/Z

(logk)M/v*1/2 [ 1 4
logk
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which clearly goes to 0. For the last term (x x %),

v r 2vh Joglogr !
(loglogrk’l)zh/ +1 1_( k+1) glog k_+11
" loglogr,

< (loglogry®)™"” { log(ky(k)) — log ((k + 1)y (k + 1))
+log ((k+ Dy(k+1) [1- (1= y(k+1)*"] }
< (loglogrg®)™" { log(ky(k)) — log ((k + 1)y (k + 1))
+2vh y(k+1) log ((k+ 1y (k + 1)) } .
One can show that log (ky(k)) —log ((k + 1)y (k +1)) ~ —k™%, thus

—1\2h/
(loglogr*) ™" {log(ky(k)) — log ((k + )y (k + 1))}
converges to 0, and so does the remaining term, since:
(loglogre )™ y(k+1) log ((k + Dy (k + 1)) ~ (logk)** "1 loglog(k + 1)

and the sum of the exponents 1 + 2h/v — h™' —1 is strictly negative (v > 1 and h < 1/2).
II) Proof of the upper bound
The proof of Theorem 1.1 and Proposition 4.2 allow to make a quick proof for this bound. Let
us define y, = Kg/v (1 - ||4p||iv)_h/v, and put r, and a; as in steps 2) and 3) of the proof of the

LIL. Again, let B"k and Bh’k be the processes defined by (3.6) and (3.7). As in [28], we define the
following events, for any € > 0:

Ai(e) = { re B () — V2 (\Il;“)(rk))_w% SOHOO <7,(1+e) ‘T’;(Iu)(rk)}

o) = { Jrc o) - V2 (#700) | <m0 #0200

Cle) = { o ()

) = Vo€ \AI}EIU)(rk)} .

This time, apply Proposition 2.9 and Proposition 4.2 to deduce the existence of a small 6 > 0 such
that for k large enough, the following lower bound on the probability of the event A;(e) holds:

~ ~ —v/h
log P(A(€)) = 1ogIP’( sup |B (1)) < y2(1+e)r£wg“)(rk)) — (@) T (el +6)
te[0,1]¥

>+ (1-lel,) (3900) " = (3960) " (e, +5)
> —logk ((L+e)™" (1=llel2,) = (llel2, +5)) -

Therefore, choosing & small enough to ensure that —(1 + ¢)~*/" (1 — ||<p||iv) — (Ilgoll}zw +5) is
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greater than —1 implies that:

S B 2 3 K0 (1ot ) - (191, +0)
k=1 k=1
=00.
All that remains to notice is that:
Ai(e) C B(2€) U Cile) Cc Ax(3e) U Ci(e),

and that the choice of a; and r; implies that Y. P(C,(€)) < oo (as in the proof of Theorem 1.1). The
rest follows strictly the proof of [28]. O

As in Remark 3.3, if F were proven to have fast decay, the same 0 — 1 law that we used for the
Chung law would give the same conclusion, i.e. that there is a constant between y)(¢) and y®)(¢)
such that almost surely:

lim inf (loglog(r~ )" *1/2 sup [n®O() — ()l =y(p).
r—0o* 1]

te[0,1]"

We end this part on laws of the iterated logarithm with a remark concerning the previous re-
sult when ||¢|l,, = 1. This case was studied a lot in the literature, as it yields a different rate of
convergence. In fact, for ||¢]l,, = 1, part I) of the previous proof can be directly adapted to give:

_1))h/v+1/2 sup |77r(t) — tp(t)I =00 a.s..

liminf (loglog(r
r—0* tef0,1]”

The exact rate was computed in many situations and it is likely that standard techniques (as in
[7, 28]) and the present spectral representation and small deviations will permit to compute the
exact rate in the functional law of the iterated logarithm on the unit sphere for the multiparameter
fBm.

5 HAUSDORFF DIMENSION OF THE RANGE OF THE MULTIPARAMETER FBM

Let us first recall the definition of a Hausdorff measure and of Hausdorff dimension. Following [9],
let ® : R, — R, be a continuous and increasing function, which we call gauge function. Let the
diameter be the set function defined by diam(A) = sup{||s — t|| : s, t € A} for any subset A of R". For
any 6 > 0, we call 6—cover of A a family {A;} of subsets of R* of diameter smaller than § and such
that AC U;A;. Then for any A C RY,

Ue(A) = éirr(l) inf{z ®(diam(4;)) : {A;} is a & — covering ofA}

defines the Hausdorff measure on R” with gauge function ®. A case of special interest is when the
gauge function is ®(x) = x°, and we denote by u, the Hausdorff measure. Then the Hausdorff
dimension of a set A C RY is:

dimy(A) =inf{s > 0: u(A) =0} =sup {s > 0: u,(A) = oo} .

In general, it can happen that a set A has Hausdorff dimension s but that u,(A) is either 0 or co. So
choosing a special gauge function such that u4(A) € (0, 00) gives more information on A. A measure
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having this property will be called an exact Hausdorff measure on A. For more on Hausdorff measure
of random fractals, one can refer for instance to the survey [34].

The method to prove a Chung-type LIL often relies on the same estimates than the method to
compute the exact Hausdorff measure of the range of a Gaussian process with stationary increments.
We refer to [37, Prop. 3.1], which extends the work of [33, Prop. 4.1] on the Lévy fractional
Brownian motion. Let d be an integer and assume in the sequel that v < hd. Taking d independent
copies of the multiparameter fBm, we still let B" be the R%-valued process with one of these copies
for each coordinate. Hence, if B" was increment stationary, we would obtain the following, almost
surely:

pao (B"([0,1])) >0 and  pgw (B*([0,1])) < oo,
where
~ -1/h
dW(x) = x"loglog(x7!)" and &W = x!/t (\I’;u)(x)) )

This would then imply that the Hausdorff dimension of B"([0,1]") is equal to 1/h. However, this is
not the case, as seen in the following result: in some sense, the Hausdorff measure of the range of
the multiparameter fBm on a rectangle containing O does not “see” the singularity.

Proposition 5.1. Let B" be a d-dimensional multiparameter fBm and assume that v < hd. Then,
dim; (B"([0,1])) = = a.s.
h

Proof. Let I be a subset of [0,1]" that does not intersect the axis. The Hausdorff dimension of the
image of I by a multiparameter fBm has been computed in [17], and when v < hd, dimy(B"(I)) =
v /h. Since I is included in [0, 1]", this implies that:

dimy, (B"(1)) < dimy, (B"([0,1]")) ,

so it remains to prove the upper bound. A result of Adler [1] relates the Hausdorff dimension of
the range of an increment stationary Gaussian process to its Holder regularity. An adaptation of this
result (see [17, Corollary 2.7]) gives an upper bound for the Hausdorff dimension of the range of a
Gaussian process (not necessarily increment stationary), in terms of the infimum of its deterministic
local Holder exponent, defined at any point t, € RY by:

2
E (B"(t) — B"(s)
“gr(to) =supq a€(0,1): limsup sup ( ) <

. 5.1
p—0 s,teB(ty,p) ”t _5”2(1

where B(t,, p) refers to the Euclidean ball. If ¢, is not on the axes, the equivalence between the
Euclidean distance and d; (Lemma 2.7) implies that ~z:(t,) = h. Let us prove that the same happens
on the axes, and since this is enough to prove it at 0, let t; = 0. Let p > 0 and s,t € B, (0,p) =
B(0,p)NR’,. Lemma 2.7 implies:

A([O,t]A[O,s])2h< A ([0,t] A[0,5])*"
[t —s]|>* ~ M2e2 ([0, ] A [0,5])*

where M, is the constant of Lemma 2.7. The last expression is bounded on B_ (0, p) whenever a < h.
Therefore, “5:(0) > h. In the opposite situation, let u € B, (0, p/2) with positive coordinates and
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Spyt, € BL(0,p) such that s, = (u; +1/n,u,,...,u,) and t, = (u;,uy, + 1/n,us,...,u,) defined for
any n € N*, Then, for n large enough, s,, t, € B(0, p) and
2([0,£,] A[0,5,)*" Mgy tuy.u, )

”tn _sn”2a zan—Za

This is unbounded as n — oo (if @ > h), which proves that ~5:(0) < h.
Now, by Corollary 2.7 of [17],
% v
dimy (B"([0,1]")) < - — =— as.,
" ( ) mftoe[o,l]" gi(to) R

which completes the proof. O

Remark 5.2. For the local Holder exponent defined in (5.1), we have seen that ~z:(0) = h. Another
aspect of the singular behaviour of B" at 0 comes from the fact that the pointwise Holder exponent,

R\ _ ph 2
E (B (t)zaB (s)) e

gi(tg) =sup{ a€(0,1): limsup sup
p—0  s5,t€B, (tg,p) P

at to =0, is different from ~z:(0), since gr(0) = vh. Indeed,
sup A ([0,t]A[0,s]) <A([0,p]") =p"

s,teB,(0,p)
and
p’\/
sup  A([0,6]A[0s]) > sup  A([0,e]) =L,
5,6€B(0,p)N[0,1]" t€B(0,p)N[0,1]* vY
so that
(p")*"
Bh(0)=sup{a>0zlim 5 <oo}:vh.
p—0 p=®

For Gaussian processes, these exponents characterize the local and pointwise Holder regularity of the
sample paths [14]. Hence, on the sample paths of the multiparameter fBm, the local and pointwise
random exponent (computed without expectations) differ almost surely. For a similar behaviour on
functions, see the chirp function in [14].

However, these two exponents are equal when t is not on the axes (this is a simple consequence of Lemma
2.7). It is possible that the pointwise Holder exponent captures the local oscillations in Chung-type LILs,
while the local exponent cannot. This could provide a Chung-type law for a wide class of Gaussian
processes having the LND property and a spectral representation similar to the multiparameter fBm.

APPENDIX A PRroOOF OF LEMMA 4.1

For the original proof, see Lemma 5.3 of [7]. We make here the necessary modifications.

R/ (loglogr=1)"~ =
(loglogr 1) Y ™0 — flloo = — B"(r) — r*"y/loglogr 1fHoo

loglog r—h)/v s
> % B"(s:) — r*"y/loglogr=1f (;)

r

logl —1\h/v
> —( o8 Ogvl:l ) B'(s-) — r""y/loglogr=1f (i)
u r

o0

o0
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Now choosing a = s""y/loglogs~! and b = u""y/loglogu™1,
B"'(s-) — r""y/loglogr—1f (i) H > HBh(S') - afHOO —b Hf - f (i)
r e r

and we find a bound for each of the last two terms (the first one is exactly the one given in the
Lemma). We need the following inequality for f € HY,s,t € [0,1]":

£ () = F(OP < Mylls = elIPIFI7,

which follows from approximation of f by linear combinations of simple functions of the form
A(1[o,11[0,.7) and the upper bound in Lemma 2.7 (where the constant M; comes from). Thus,

()

For the last term, we use the fact that:

—(b-allflle

(loglogu=")M¥
—b vh

s h
1——) 1l -
u

> M, (1oglogu_1)

e}

h/v+1/2 (
u

b—a<u?"loglogu ! —s?loglogs! ,

which ends the proof of this lemma.
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