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Abstract

We propose a classification of measures enabling to compare fuzzy characterizations of objects, according to their properties
and the purpose of their utilization. We establish the difference between measures of satisfiability, resemblance, inclusion
and dissimilarity. We base our study on concepts analogous to those developed by A. Tversky for his general work on

similarities.
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1. Imtroduction

The comparison of descriptions of objects is a
usual operation in many domains: psychology, anal-
ogy, physical sciences, image processing, clustering,
deductive reasoning, case-based reasoning. This
comparison is frequently achieved through a measure
intended to determine to which extent the descrip-
tions have common points or differ from each other.
The measures of comparison have various forms
{30, 8, 6], depending on the purpose of their utiliza-
tion. In this paper, we address four kinds of measures
of comparison: measures of satisfiability, resemblance
and inclusion which can be regarded as measures of
similitude, and measures of dissimilarity. It is, for
instance, possible to use measures of similitude in
deductive reasoning to evaluate to which extent an
observation satisfies a given rule or in case-based
reasoning to measure the resemblance between the
characteristics of a known case and a new one.

* Corresponding author. E-mail: bouchon@laforia.ibp.fr.

The satisfiability corresponds to a situation in which
we consider a reference object or class and we decide
if a new object is compatible with it or satisfies the
reference. This situation is typical in prototype-based
reasoning, where the references are prototypes and a
new object must be associated with one of them.

The inclusion also concerns a situation with a ref-
erence object and measures if the points common to
A and B are important with regard to 4. It can be used
in database management systems to decide if a class
is included in another one [19, 14].

The resemblance is used for a comparison between
the descriptions of two objects, of the same level
of generality, to decide if they have many common
characteristics. This situation occurs naturally in a
case-based reasoning system. It is also the basis of
similarity logic [20, 9].

The dissimilarity between objects evaluates to
which extent they are different. This quantity may
be useful when, in the retrieval step of a case-based
reasoning system, no case is sufficiently similar to the
new case. It is then interesting to be able to establish
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comparison with respect to differences between de-
scriptions, and to choose the least different case from
the new one.

Many measures of comparison have been proposed
and studied, generally in a given framework of appli-
cation. We propose a general form for measures of
comparison, enabling us to classify the main existing
ones with respect to their properties and utilizations,
and to suggest new quantities.

2. Comparison of fuzzy sets

We consider objects with imperfect descriptions, af-
fected with imprecisions and inaccuracies. We use the
framework of fuzzy sets to represent such descriptions.
Crisp sets representing precise and certain descriptions
of objects will be regarded as particular cases of fuzzy
sets.

2.1. Basic notions

For any set 2 of elements, let 7(£2) denote the set
of fuzzy subsets of Q, f4 the membership function
of any description 4 in F(2) and supp(4) = {x €
Q| f4(x) # 0} its support. The comparison of two
fuzzy sets 4 and B defined on a given universe takes
into account the elements of the universe which be-
long, at least partly, to each of them. Depending on
the situation, we prefer to consider the elements which
belong to 4 and not to B, to B and not to 4, or to both
of them. We take also into account the degree of mem-
bership of these elements to 4 and B and, finally, the
weight of the part of the universe common to 4 and B
or relevant to only one of them. We use the classical
definition of intersection: f~p = min(fy, f3) to de-
scribe the elements belonging to 4 and B. We suppose
that we are given a means of evaluating the weight of
the elements of the universe [10] characterized by a
fuzzy set through a fuzzy set measure.

Definition 2.1. A fuzzy set measure M is a mapping:
F(Q) — R such that, for every 4 and B in F(Q):
AM1: M($) =0,
AM2: if BC 4, then M(B)< M(4).

If the values of M are restricted to [0,1], M is a
fuzzy set measure.

The following examples of fuzzy set measures will
be used in measures of comparison:

Ml(A)=/fA(x)dx, 2.1)
Q
My(A4) = sup fa(x),
XEQ
M;(4) = Zt(A) (22)
= > fu(x) if Q is finite [5], (2.3)
xEQ

M4(A) = |Supp(4)| if | .| denotes a metrics on £2,
(2.4)
Ms(A)=>"f4(x)" if Q is finite and r is an integer.
Q

(2.5)

A fuzzy set measure enables us to evaluate the
weight of the part of the universe common to 4 and
B if we consider M (4 N B), for instance. The identifi-
cation of elements of the universe which belong to 4
and not to B, or conversely, is achieved by means of
an operation called difference.

Definition 2.2. An operation on F() is called a dif-
ference and denoted by —, if it satisfies for every 4
and B in F(£2):

Dl: if ACB,thend — B =0,

D2: B— A is monotonous with regardto B : BC B’
entails B— ACRHB — 4.

This definition is slightly different from the defi-
nition of difference given by Kaufmann [11], or by
Roberts [18] or also Dubois and Prade [7], but it is
compatible with the definition of a difference in the
case of crisp subsets of 2, where 4 — B can be defined
as the complement of 4 N B in A or, equivalently
to the intersection of 4 with the complement of B
in Q.

Examples of differences are the following:

Sa—p(x) =max(0, f4(x) — f3(x)) [29], (2.6)

fimato) = { 1 RO @)
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Fig. 1. Difference between a measure of comparison and an M-measure of comparison.

2.2. Measure of comparison

The simplest form of measure of comparison be-
tween A and B takes into account A N B, B — 4 and
A—B.

Definition 2.3. A measure of comparison on Q is
a mapping S: F(Q) x F(2) — [0, 1] such that S(4,B)
= Gs(AN B,B — A,A — B), for a given mapping
Gs : F(Q2) x F(Q) x F(2) — [0,1].

Depending on the properties of Gs, we obtain vari-
ous measures of the proximity of two fuzzy sets. Since
the order on F() induced by the inclusion of fuzzy
sets is not total, a measure of similitude is insufficient
to compare any pair of fuzzy sets 4 and B. Further,
it can be useful to compare two fuzzy sets 4 and B
more globally than by means of this order only. We
introduce a less restrictive measure of comparison.

Definition 2.4. An M-measure of comparison on Q
is a mapping S:F(Q) x F(2) — [0,1] such that
S(4,B) = Fs(M(A N B),M(B — 4),M(4A — B)), for
a given mapping Fs : R™ x Rt x R* — [0,1] and a
fuzzy measure M on Q.

We can sce the difference between a measure of
comparison and an M-measure of comparison on
the example given in Fig. 1, where:ANB =4NC
and A —1 B=4—; C, M(4 ND)=M(ANB) =
MANC)y, Mi(A—1D)=M(A—1B)butAND #
AﬂBandA—1D¢A—1 B.

It is obvious that any measure of comparison is
an M-measure of comparison. For instance, we can
consider only crisp subsets of 2 and M, M3, M, or
M; are equivalent.

The same kind of question has been addressed
by Tversky who has given an axiomatic theory of
similarity [25] on a set of features Q. It is com-
patible with our definition of a measure of com-
parison since he defines the similarity of B to A4
as:S(4,B) = f(ANB,B— A,A — B) (Example 1).
The only difference lies in the fact that his measures
take values in R* instead of [0, 1]. Implicitly, f takes
into account a kind of measure of subsets, since he
considers that V' ~ W if they are the intersection
or the difference between two features providing the
same value of similarity. In that, we can consider
that he uses M-measures of comparison for a given
measure M, for instance, M3. He further proves [23]
that f is necessarily increasing in B — 4 and 4 — B,
which provides a particular class of M-measures
of comparison, which we shall address in the next
section.

In this paper, we shall restrict ourselves to the study
of M-measures of comparison.

3. Similitude of fuzzy sets

For two fuzzy subsets 4 and B of Q, either we want
to have a look at the resemblance between them or we
are interested in their differences. First of all, let us
focus on the first case.

Definition 3.1. An M-measure of similitude on & is
an M -measure of comparison S satisfying

AF1: Fg(u,0,w) is non-decreasing in u, non-
increasing in v and w.

This definition is justified by the following propo-
sition which corresponds to natural requirements for
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a quantity evaluating to which extent 4 and B are
similar.

Proposition 3.1. An M-measure of similitude S sat-
isfies the following properties:

P1: M-monotonicity. If M(ANB)= M(ANB') and
M(B—A)<M(B' — A) and M(A — BY< M(4 - B'),
then S(4,B) > S(4, B).

P2: Monotonicity. fANB2OANB and B—-AC
B ~Aand A—BCA~— B, then S(4,B)> S(4,B").

Obviously, P1 and P2 are consequences of AFI.
The “if” part of P2 is a particular case of the “if” part
of P1. Their interest lies in the fact that this property
of monotonicity is coherent with the monotonicity of
the contrast model given by Tversky [25].

The following properties are also direct conse-
quences of axiom AF1; we mention them because
they express the influence of the three elements
M(ANB), M(A — B) and M(B — A4) in a clearer way
which can be visualized in Fig. 1, for instance.

Proposition 3.2. An M-measure of similitude S sat-
isfies the following additional properties:

P3: M-elementary left internal information. If
M(ANB)=M(ANBYand M(4A—B) = M(4—-B'),
then M(B — AYSM(B' — A) entails S(4,B) >
S(4,B").

P4: M-elementary right internal information.
If M(ANB) = M(AN B'Y and M(B — A) =
M(B’" — A), then M(4 — B)SM(A — B') entails
S(4,B)=S(4,B").

P5: M-elementary external information. If
M(A—-B)=M(A-B)Yand M(B—A) = M(B' — 4),
then M(A N BY=M(A N B') entails S(4,B)>
S(4,B8").

These three properties can be interpreted as
follows:

— For a given amount of information common to the
descriptions 4 and B and a given amount of infor-
mation contained in 4 and not in B, the smaller the
information contained in B and not in 4, the more
A and B are alike.

— For a given amount of information contained in A
and not in B and a given amount of information
contained in B and not in 4, the smaller the infor-
mation common to the descriptions 4 and B, the
more 4 and B are alike.

The relation given by Tversky [25]: S(4,B) =
SANBY(f(ANB)+ af(4 — B)+ Bf(B — 4))
o, f=0 (Example 2) is an f-measure of similitude if
f is a fuzzy set measure.

Another very particular case of M-measure of
similitude is the well-known quantity (the possibil-
ity of B with respect to 4) introduced by Dubois
and Prade [8]: S(4,B) = sup, min(f4(x), fz(x))
(Example 3) for normalized fuzzy sets, with the
fuzzy set measure M,, whatever the difference
may be.

Measures of similitude are still very general and we
can identify three important classes of such measures.
In the two first ones, 4 is considered as a reference
and B is compared to 4. Thus, these measures are not
symmetrical. In the third one, 4 and B have the same
kind of status and none of them is a reference. Thus,
this measure is symmetrical.

3.1. Measures of satisfiability

The first family of measures of similitude we con-
sider evaluates the satisfiability of a reference descrip-
tion 4 of F(Q) by a new description B defined as a
fuzzy subset of Q [3].

Definition 3.2. An M-measure of satisfiability on
is an M-measure of similitude S such that:
AF2: Fs(0,v,w) = 0 whatever v and w may be,
AF3: Fs(u,v,w) is independent of w,
AF4: Fg(u,0,.) = 1 whatever u # ( may be.

Properties given in Proposition 3.1 are still valid for
M -measures of satisfiability which also satisfy addi-
tional properties taking into account their specificity.
Most of them are extended versions of the properties
required by Tversky from his notion of similarity.

Proposition 3.3. Based on the order of descriptions
deduced from the inclusion of fuzzy sets, the following
properties hold for an M-measure of satisfiability:

P6: Exclusiveness. If AN B = 0 then S(4,B) =
S(B,A) = 0.

P7: Containment. If BC A, B # 0, then 5(4,B)
=1

P8: Independence. If ANB = CND,ANB =
C'ND'\B—A=B —A'"andD—-C=D" -, then
S(A4,B)=S(A',B") if and only if S(C,D)=S(C',D").
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P9: Relative independence. If ANB = AN D,
ANB' =AND',B—A=B —AandD - A=D" — 4,
then S(A,B)>S(A4,B")Y if and only if S(4,D)
=>S8(4,D")

Proof.

e Obviously, P6 is a direct consequence of AF2.
e P7 is a consequence of AF4.

o Let us prove property PS.

S(4,B)=S(4',B') < Fs(M(A N B),M(B — 4))
2Fs(M(A'NB),M(B' - 4))
& Fs(M(CND),M(B' - 4'))
>Fs(M(C'ND'),M(B — 4))
& M(CND)=M(C' ND)),

further M(D — C) = M(D' — C’); hence, because of
AF1, S(C, D)= S(C', D)
e P9 is easily inferred from P8.

The independence property can be interpreted as
follows: it is equivalent to compare the resemblance
of a first pair (4, B) to the resemblance of a second
pair (4’,B") with the same difference, or to compare
the resemblance of any other first pair (C,D) to the
resemblance of any other second one (C’,D’), also
with the same difference, as soon as the information
common to the first pair is preserved, the information
common to the second pair is preserved.

The relative independence is a particular case of the
independence, in the case where C, 4’, C’ are replaced
by A. It means that, for a given reference object A4, it is
equivalent to compare the resemblance of any object
B with it to the resemblance of any object B’ having
the same difference with 4, for a given information
common to 4 and B, to 4 and B’.

We notice that the model given by Tversky as
S(4,B)=f(ANB,B—A,A— B) can be regarded as an
M -measure of satisfiability S, provided that f(u, v, w)
is independent of w and, again, increasing in # and
decreasing in v. The properties of independence and
relative independence of § are compatible with the
independence defined by Tversky. For instance, our
second example (Example 2) with o = 0 is an M-
measure of satisfiability if / is a fuzzy set measure.

Obviously, the property of containment entails a
reflexivity property: S(4,4) = 1.

Proposition 3.4. An M-measure of satisfiability S
has the following properties:

P10: Exemplarity. If M(B— A)> M(A — B), then
S(4,B)< S(B,A4).

P11: M-elementary internal information. If
M(ANB) =M(ANB"), then M(B— A)<M(B' — A4)
entails S(4,B)=>5(4,B").

P12: M-elementary external information. If
M(B—A)=M(B' — A4), then M(ANB)=M(ANB")
entails S(4,B)>= S(A4,B’).

P13: Solvability. For any A,B,B’ such that
M(ANB)>M(ANB') and M(B — 4) < M(B' — A),
there exists a pair (P,Q) such that M(P N Q) =
M(ANB), M(Q — P) = M(B' — A) and S(4,B) >
S(P,Q) > S(A4,B') if Fs(u,v,.) is strictly increasing
in u and strictly decreasing in v.

Proof.
e Let us prove the exemplarity property. Assume that:
M(B—-A4)=2M(A - B).

S(A4,B) = Fs(M(A N B),M(B — 4))
< Fs(M(A N B),M(4 - B))
= S(B,A).

e Properties P11 and P12 are simplified versions of
properties P3 and PS5, due to the independence of F
with regard to w.

e Let us prove the solvability property.

Assume that M(ANB) > M(ANB') and M(B — 4)
< M(B' — A). If there exist P and Q such that
M(PNQ)=M(ANB)and M(Q — P) = M(B' - A4),
then we have

S(P,Q) = Fs(M(PNQ),M(Q — P))
= Fs(M(ANB),M(B' — 4)),
S(P,0) < Fs(M(AN B),M(B — A)) = S(4,B)

and
S(P,0) > Fs(M(ANB),M(B — 4))=S(4,B").

Let us now prove that there exists such a pair (P, Q).
We can consider P = 4 and Q with a membership
function fp(x) equal to fz(x) for all x such that
fB(x)< fa(x) and fo(x")> fa(x’) for all x’ such that
f8(xX")= f4(x"). We get M(QNP) = M(ANB)and
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we can choose Q such that M(Q —P) = M(Q —A4) =
M(B' — A) because of D2.

The solvability property means that if B resembles
A more than B’, there exist two objects P and O, with
the same common information as 4 and B, with the
same difference as B’ and 4, providing a measure of
resemblance in the interval 1S(4,B"), S(4, B)[.

This last property is, again, a property which can
be linked to the notion of solvability introduced by
Tversky.

Usually, M-measures of satisfiability are not sym-
metrical, which means that, for most of the fuzzy sub-
sets 4 and B, S(4,B) # S(B,A), because A4 is taken
as a reference and, further, S depends on B — 4 and
not on 4 — B. Let us remark that Tversky also states
that measures of similarity must not be symmetrical.

Examples of M-measures of satisfiability are the
following:

- S(4,B)=1- SUP /,(v)—0 J8(x) = 1 — Mx(B —2 A4)
[2] (Example 4) for normalized fuzzy sets, with M,
and the difference defined by —,.

- 8(4,B) = inf, min(1 — fp(x) + fy(x),1) =1 —
M>(B — A) [4] (Example 5) for normalized fuzzy
sets, with A/, and the difference defined by —;.

- S(4,B) =M(ANB)/M(B) = M(ANB)/(M(ANB)
+ M(B — 4)) (Example 6), with the fuzzy set
measure M; or Mz and the difference defined
by —1.

3.2. Measures of inclusion

The second family of measures of similitude we
consider takes into account the notion of inclusion.
Many applications need the use of measures of inclu-
sion, which consider again a reference object A4 and
looks at the characteristics of B which are common
to A.

Definition 3.3. An M-measure of inclusion S on Q is
an M-measure of similitude such that
AF2: Fs(0,v,w) = 0 whatever v and w may be,
AFS5: § is reflexive,
AF6: Fg(u,v,w) is independent of v.

This definition is more flexible than most of
the definitions of degree of inclusion in the liter-
ature [1, 19]. If B is included in 4 with a degree
D(A4,B), most of the degrees are based on fuzzy

implications: D(4,B) is null for all the descrip-
tions A and B such that the support of B (with
Godel implication for instance) or the kernel of
B (with Lukasiewicz implication for instance) is
not included in the support of 4, depending on the
chosen implication. This constraint is very strong
and does not enable us to evaluate the degree of
inclusion of many descriptions B which are rea-
sonably comparable with 4. We further assume
that reflexivity is a necessary property of a de-
gree of inclusion, since it evaluates to which extent
the part of B common to A fills up 4 and in the
particular case where B = A, it reaches its maxi-
mum. Nevertheless, the reflexivity property is not
always required (see Kleene—Dienes implication, for
instance).

Propesition 3.5. An M-measure of inclusion satisfies
the following property:

P6: Exclusiveness.

Pl4: Set-inclusion. If M is such that M(4) =
M(ANB)+ M(A — B) for any A and B, then any
M -measure of inclusion is monotonous with respect
to M(AN B) and, as a consequence, it is monotonous
with respect to B for a fixed A:
—ifM(ANBYSM(ANB') then S(4,B)< S(4,B'),
— if BC B’ then S(4,B)< S(4,B’).

Proof.

e P6 is, as it was noticed for satisfiability measures,
a direct consequence of AF2.

e Suppose that M(4) = M(ANB)+ M(4 - B) =
M4 N By + M(A — B') for every B’; hence, if
M(4A N BysM(4 N B'), we obtain M(4 — B)=
M(A — B’). Then, because of AF1, S(4,B)<S(4,B’).
e Moreover, if BC B, we have also M(4 N B)
<M(4 N B) and M(4 — B)>M(4 — B') AFl
entails the same result as the previous one: S(4,B)
<8(4,B").

Properties of M-elementary internal and external
information analogous to P11 and P12 are satisfied by
M-measures of inclusion.

Examples of M-measures of inclusion are the
following:

— S(4,B) = |[AN B|/|A| = M3(4 N B)/(M3(A N B) +

M;(4 — B)) [21] (Example 10), with the fuzzy set

measure M3 and the difference defined by —;.
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Fig. 2. Fuzzy partition in a fuzzy control.

— S(4,B) = inf, min(l — f4(x) + fa(x),1) =1—
M,(4—, B) [6] (Example 11) for normalized fuzzy
sets.

The classical degree of inclusion (Zadeh’s inclusion)

S(4,B) = |glg—lzmin(l, 1= fu() + f3(x))

1

=1
|

M3(4 - B)
is an M-measure of comparison satisfying all the re-

quirements of an M-measure of inclusion, except the
fact that S(4, B) # 0 for A and B such that AN B = ().

3.3. Measures of resemblance

The last family of measures of similitude we con-
sider takes into account two objects and looks at the
characteristics they have in common, without regard-
ing one of them as a reference.

Definition 3.4. An M-measure of resemblance on
2 is an M-measure of similitude S which satisfies
properties of

AF5: Reflexivity. S(4,4) = 1.

AF7: Symmetry. S(4,B) = S(B,4).

These properties have been pointed out by
Kaufmann as describing resemblances [11].

M -measures of resemblance S which satisfy an ad-
ditional property of T-transitivity, for a t-norm 7,
S(4,B)=T(S(4,C),S(C,B)), VA,B,C € F(Q), are
known as indistinguishability relations [26, 24]. In the
case where T is the minimum, we obtain well-known
measures of similarity [28].

The property of symmetry of M -measures of resem-
blance entails that F'(u, v, w) is symmetrical in v and w:

F(u,v,w) = F(u,w,v). In the particular case where all

the descriptions are such that M (4 — B) = M(B — 4),

any M-measure of satisfiability S is a measure of

resemblance since it is already reflexive. Further, S

becomes symmetrical because of this special con-

dition. It is, for instance, the case if we consider
descriptions defined as classes of a fuzzy partition
commonly used in fuzzy control with symmetrical
shapes of membership functions, identical for all the
classes located at regular intervals as indicated in

Fig. 2.

Examples of M-measures of resemblance are the
following:

~ 8(4,B) = exp(—p|d.(4,B)|) [15] (Example 7)
where > 0 and d,(4,B) = (3_ | f4 — f3|)V", for
r =1, the generalized geometric distance for fuzzy
sets. This quantity is a product-transitive indistin-
guishability relation; hence it is an M-measure of
resemblance, with the fuzzy set measure Ms and
the difference defined by —.

— 8(4,B) = M(ANB)/M(AUB) [6] (Example 8) for
M such that M(AUB) = M(ANB)+ M(4 - B)
+ M(B — A), for instance, M, or M; and with the
difference defined by —.

= S(4,8) = 1 (/|Q) X, | fatx) = fo(x)] = 1 =
(1/1Q ) M3(4 — B) + M3(B — A4)) [6] (Example 9)
with the fuzzy set measure M; and the differ-
ence —.

4. Measures of dissimilarity

Many measures of comparison of fuzzy sets in the
literature are based on a kind of distance between their
membership functions [12, 16, 13, 11]. We give the
requirements necessary to their introduction in the
general framework.
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Definition 4.1. An M-measure of dissimilarity S on
@ is an M-measure of comparison satisfying the
following requirements:

AF8: Minimality. S(4,4) = 0.

AF9: Fg(u,v,w)is independent of u and increasing
in v and w.

Clearly, a distance is a measure of dissimilar-
ity which is symmetrical and satisfies the triangular
inequality.

Examples of M-measures of dissimilarity are the
following:

- S(,B) = |[A0B| = (@, fus@x) +
> f—a(x)) (Example 12) where ALIB defines
the fuzzy subset of elements that approximately
belong to 4 and not to B or conversely, is an M-
measure of dissimilarity with the fuzzy set measure
M; and the difference —;.

— the normalized generalized geometric distance:
S(4,8)=((1/|QD X | f4 = f31)", (Example 13)
for =1, with the fuzzy set measure Ms and the
difference —;.

~ S(4,B) = duo(d.B) = sup |f4(x) ~ f(x)| [13]
(Example 14), with the fuzzy set measure Ms and
the difference —.

5. Aggregation of measures of similitude

The chosen approach consists in establishing a com-
parison attribute by attribute (thus, a measure of com-
parison can correspond to each pair of attributes). We
obtain as many values of comparison as there exists at-
tributes. The step of aggregation of those values is then
necessary. This approach is not Tversky’s approach.
Indeed, he suggests to compare objects globally even
if he considers all the features of an object. A mea-
sure of similarity, in Tversky’s axiomatic, should take
features of objects into account once for all. Thus, a
comparison of objects entails one value: the step of
aggregation does not exist.

We suppose that a fuzzy measure M’ and a dif-
ference — are defined on every Q;, i € [1,n]. We
consider an M'-measure of similitude S; on Q;, i €
[1,n].

Let 2 be a set of objects described by means of
attributes defined on sets £, €2,,...,9,. An object
O is associated with values 4,,4,,...,4, of the at-

tributes, respectively, defined as fuzzy subsets of

Q,2,,...,2,. Let us consider another object O’

associated with By, B,,...,B,. We say that

— an object O is included in an object O’ if and only
if 4; is included in B; for every i,

— the intersection of O and O’ is defined as the object
O N O’ with values of attributes 4; N B;,

— the difference between objects O and O is de-
fined as the object O — O’ with values of attributes
Ai - Bi.

— the measure of information .# is a mapping de-
fined on £ and lying in R*" such that, for every O
in Q

M(O) = (MY (4)),M*(43),...,.M™(4,)). (5.8)

As a consequence, .# is monotonous: if O C ¢ then
M (4;)<MY(B;) Vi € [1,n] and we write .#(0) =
A (0') with minimal element ()= (0,...,0).

We need to give a general degree of similitude §
defined on the set of objects (2, satisfying properties
analogous to those required from each S;, since they
are natural characterizations for the evaluation of
resemblances [17]. We prove the following.

Proposition 5.1. Let S; be an M'-measure of simili-
tude on Q;, for 1 < i< n. For any triangular norm T,
the measure defined for any pair (O, 0") of objects of
Q by S(0,0) = T(S1(4,,B)),...,S:(A4n,By))) sat-
isfies axiom AF1 and can be regarded as an -
measure of similitude.

This property is obvious because of the monotonic-
ity of triangular norms.

Let us now consider the OWA operators [27] de-
fined by W = {wy,...,w,} such that w; € [0,1] Vi,
Sh wi=1and

hW: [0’ l]n - [09 1]:

hw(x1,....x0) = 3 wib;, (5.9)
=1

where b; is the ith largest value among xi,...,X,.
They can be used to aggregate measures of resem-
blance.

Proposition 5.2. Let S; be an M'-measure of simil-
itude on Q;, for 1<i<n. For any OWA-operator
hw, the measure defined for any pair (0,0") of
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M, fuzzy mcasure
S, satisfiability
S resemblance
S3 inclusion

Sy dissimilarity

S1(A,C) < 51(A,B) < 1
$2(4,C) < S2(A, B)
S3(A,C) = S53(4, B)
54[A1C) 2 S4(A, B)

Si(A,D) =1 > 51(A, B)
1> Sa(A, D) 2 S2(A, B)
S3(A, D) = Sa(A, B)
S4(A, D) < Su(A, B)

Si1(A E) > 51(4, B)
SZ(A| E) 2 S2(Av B)
S3(A, E) > S3(A, B)
S4(A, E) < 544, B)

Fig. 3. The behaviour of different M-measures of comparison.

M-measures of comparison

Fs(M{AN B), M(B - A}, M(A - B))

GO

151

M-measures of similitude

Fs AvandN\vandw

M-measures of dissimilarity

Fs ind:rendent of u,” v and w
minimality

M

res of i

lusion M-measures of resemblance

M-measures of satisfiability

Fs(0,v,w)=0Vvand w
Fg¢ independent of w
Fo(u,0,.)=1Vu#p

reflexivity

Fs(0,v,w)=0Vvand w

Fg independent of v

reflexivity

symmetry

Fig. 4. Classification of M-measures of comparison.

objects of Q by

5(0,0') = i w;b; (5.10)

i=1
with b; the ith largest value of S;(4;,B;), satisfies
axioms AF1 and it can be regarded as an M -measure
of similitude.

This result follows from the monotonicity of OWA
operators.

Proposition 5.3. Let S; be an M'-measure of satis-
fiability on Q;, for 1<i<n. The aggregation of S;
for 1< i< n by means of a triangular norm or an
OWA-operator provides measures satisfying axioms
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AF2, AF3 and AF4, which can be regarded as ¥ -
measures of satisfiability.

The same kind of study can be extended to measures
of resemblance, inclusion and dissimilarity.

6. Conclusion

We can see in Fig. 3 the differences existing among
M -measures of comparison because of their multiple
aspects.

The classification we propose (Fig. 4) covers most
of degrees of comparison of fuzzy sets used in the lit-
erature. Some of them are excluded from this frame-
work, because they have properties which do not seem
natural, from our point of view.

New quantities can be easily deduced by replacing
the difference —; by another one, for instance —;,
and the currently used fuzzy measure by another one,
already proposed or not.

Many extensions or utilizations of our work can
be studied. For instance, properties of similarity
together with dissimilarity can be used to obtain
interval-valued comparison measures. Applications in
database retrieval, analogical reasoning, case-based
reasoning sytems or image processing prove that
some measures of comparison must be preferred
to other ones for reasons specific to the field of
utilization.
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