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Abstract

Aggregating estimators using exponential weights depending on their
risk performs well in expectation, but sadly not in probability. Consider-
ing exponential weights of a penalized risk is a way to overcome this issue.
We focus on the fixed design regression framework with sub-Gaussian noise
and provide penalties allowing to obtain oracle inequalities in deviation for
the aggregation of affine estimators. Sharp oracle inequalities are provided
by a condition using the regression function’s norm.
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1 Introduction

We consider here a classical fixed design regression model
Vie{l,...,n},Y; = folx))+ W,

with fy an unknown function, x; the fixed design points and W = (W;),<, a centered
sub-Gaussian noise. Our aim is to estimate the function fy at the grid points.

Many regression estimators are available in the literature. For non parametric
estimation, Nadaraya-Watson estimator [37, |50] and its fixed design counterpart
[25] are widely used, just like projection estimators using trigonometric, wavelet
[23]] or spline [49] basis for example. In the parametric framework, least squares
or maximum likelihood estimators are commonly employed, sometimes with min-
imization constraints, leading to LASSO [45]], ridge [31], elastic net [38]], AIC [1]
or BIC [43]] estimates.

Facing this variety, the statistician may wonder which procedure provides the
best estimation. Unfortunately, the answer depends on the data. For instance, a
rectangular function is well approximated by wavelets but not by trigonometric
functions. Since the best estimator is not known in advance, our aim is to mimic
its performances in term of risk. This is theoretically guaranteed by an oracle
inequality:

R(anf) < Cnti6n§R(f0)ﬁ) + &

comparing the risk of the constructed estimator £ to the risk of the best available
procedure in the collection { fite T }. Our strategy is based on convex combi-
nation of these preliminary estimators and relies on PAC-Bayesian aggregation to
obtain a single adaptive estimator. We focus on a wide family, commonly used in
practice : affine estimators {f;(Y) = A,Y +b,|A; € .77 (R),b; e R",t € T}.

Aggregation procedures have been introduced by Vovk [48]], Littlestone and
Warmuth [35]], Cesa-Bianchi et al. [14]], Cesa-Bianchi and Lugosi [13]]. They are
a central ingredient of bagging [9], boosting [24} 142]] or random forest (Amit and
Geman [3] or Breiman [10]]; or more recently Biau et al. [8], Biau and Devroye
[Z]], Biau [6], Genuer [26]).

The general aggregation framework is detailed in Nemirovski [38] and studied
in Catoni [11} [12] through a PAC-Bayesian framework as well as in Yang [51}
52, 153, 154, 1551 156, I577]. See for instance Tsybakov [47] for a survey. Optimal
rates of aggregation in regression and density estimation are studied by Tsybakov
[46]], Lounici [36], Rigollet and Tsybakov [40], Rigollet [39] and Lecué [33]].

A way to translate the confidence of each preliminary estimate is to aggre-
gate according to a measure exponentially decreasing when the estimate’s risk
rises. This widely used strategy is called exponentially weighted aggregation.



More precisely, the weight of each element f; in the collection is proportional to
exp (—%) () where 7; is a, possibly penalized, estimate of the risk of f;, B is a
positive parameter, called the temperature, that has to be calibrated and 7 is a prior
measure over .7. The main interest of exponential weights resides in Lemma
[12] since they explicitly minimize the aggregated risk penalized by the Kullback-
Leibler divergence to the prior measure 7. Our aim is to give sufficient conditions
on the risk estimate 7, and the temperature 3 to obtain an oracle inequality for the
risk of the aggregate. Note that when the family .7 is countable, the exponentially
weighted aggregate is a weighted sum of the preliminary estimates.

This procedure has shown its efficiency, offering lower risk than model selec-
tion because we bet on several estimators. Aggregation of projections has already
been addressed by Leung and Barron [34]. They have proved by the mean of an
oracle inequality, that in expectation, the aggregate performs almost as well as the
best projection in the collection. Those results have been extended to several set-
tings and noise conditions [19} 20, 21}, 128} 22} 15} [17} [29} 44| 41]] under a frozen
estimator assumption: they should not depend on the observed sample. This re-
striction, not present in the work by Leung and Barron [34]], has been removed
by Dalalyan and Salmon [[18]] within the context of affine estimator and exponen-
tially weighted aggregation. Nevertheless, they make additional assumptions on
the matrices A; and the Gaussian noise to obtain an optimal oracle inequality in
expectation for affine estimates.

However, Dai et al. [[15] have shown the sub-optimality in deviation of expo-
nential weighting, not allowing to obtain a sharp oracle inequality in probability.
Nevertheless, with Gaussian white noise, penalizing the risk in the weights and
taking a temperature at least 20 times greater than the noise variance allows to
upper bound the risk of the aggregate, based on affine estimators, in probability
[L6]]. Furthermore, the corresponding oracle inequality is not sharp. Another work,
by Gerchinovitz [27] , provides weak oracle inequality with high probability for
projection estimates on non linear models. Alquier and Lounici [2] consider frozen
and bounded preliminary estimators and obtain a sharp oracle inequality in devi-
ation for the excess risk under a sparsity assumption, if the regression function is
bounded, with a modified version of exponential weights. Under strong assump-
tions and independent noise, Bellec [4] provides a sharp oracle inequality with
optimal rate for an other aggregation procedure called Q-aggregation. It is similar
to exponential weights but the criterion to minimize is modified and the weights no
longer are explicit.

In this article, we obtain an oracle inequality under a general sub-Gaussian
noise assumption that does not require a coordinate independent setting. We also
conduct an analysis of the relationship between the choice of the penalty and the



temperature. In particular, we show that there is a continuum between the sup norm
type penalty and the noise based one.

2 Framework and estimate
Recall that we observe
Vie{l,...,n},Yi= fo(x))+W,

with fo an unknown function and x; the fixed grid points. Our only assumption
will be on the noise. We do not assume any independence between the coordinates
W; but only that W = (W;);<, € R" is a centered sub-Gaussian variable. More
precisely, we assume that E(W) = 0 and there exists 6> € R™ such that

2
(e
vae 202 [oxp (o W) <exp (S al3).

where ||.||2 is the usual euclidean norm in R”". If W is a centered Gaussian vector
with covariance matrix ¥ then 62 is nothing but the largest eigenvalue of X.

The quality of our estimate will be measured through its error at the design
points. More precisely, we will consider the classical euclidean loss, related to the
squared norm

n
lgl3 =Y g(x:)*.
i=1

Thus, our unknown is the vector (fy(x;))"_, rather than the function fp.
As announced, we will consider affine estimators f;(Y) = A,Y + b, correspond-
ing to affine smoothed projection. We will assume that

n
1Y) =AY +b, = pr,i<Yagt,i>gt,i+bt

i=1

where (g; ;)" is an orthonormal basis, (p;;)!_; a sequence of non-negative real
numbers and b, € R". By construction, 4, is thus a symmetric positive semi-definite
real matrix. We assume furthermore that the matrix collection {A; },c 7 is such that
there exists a finite V > 0 for which sup,. 5 [|A¢||2 < V. For sake of simplicity, we
only use the notation f;(Y) = A,Y + b, in the following.

To define our estimate from the collection { £, (Y) = A,Y +b;|A, € .77 (R), b, €
R",t € .7}, we specify the estimate 7; of the (penalized) risk of the estimator f;(Y),
choose a prior probability measure 7 over .7 and a temperature 3 > 0. We define



the exponentially weighted measure pgwa, a probability measure over .7, by

oo (47)

Jexp (—%ﬁ) dn(t')

dpEWA(t) = dTC(l‘)

and the exponentially weighted aggregate fzwa by fewa = [ fidpepwa(t). If T is
countable then

A

e 1/Pr,
fewa =Y, g
te T Zz’eye IE Ty

This construction naturally favors low risk estimates. When the temperature
goes to zero this estimator becomes very similar to the one minimizing the risk
estimate while it becomes an indiscriminate average when f3 grows to infinity. The
choice of the temperature appears thus to be crucial and a low temperature seems
to be desirable.

Our choice for the risk estimate r; is to use the classical Stein unbiased estimate,
which is sufficient to obtain optimal oracle inequalities in expectation,

r= HY—ﬁ(Y)H% +262Tr(A,) —no?

and add a penalty pen(z). We will consider simultaneously the case of a penalty
independent of f and the one where the penalty may depend on an upper bound
of (kind of) sup norm.

__More precisely, we allow the use, at least in the analysis, of an upper bound
|| foll., which can be thought as the supremum of the sup norm of the coefficients
of fp in any basis appearing in .7. Indeed, we define || fy||., as the smallest non-
negative real number C such that for any r € .7,

1A foll3 < C*Te(A7).

By construction, ||/];(ﬂ|oo is smaller than the sup norm of any coefficients of fj in any
basis appearing in the collection of estimators. Note that || fy||.. can also be upper
bounded by || fol|1, || foll2 or v/nl| fol| Where the ¢} and sup norm can be taken in
any basis.

Our aim is to obtain sufficient conditions on the penalty pen(z) and the temper-
ature f3 so that an oracle inequality of type

Ifo—fewalp < int (1+e) [I1fo— ldn)
ned ()

A

+H(14€) </price(t)d,u(t)+2ﬁKL(/.L,7r) +ﬁln:,>



holds either in probability or in expectation. Here, € and €' are some small non-
negative numbers possibly equal to 0 and price(#) a loss depending on the choice
of pen(z) and B. When .7 is countable, such an oracle proves that the risk of
our aggregate estimate is of the same order as the one of the best estimate in the
collection as it implies

o~ fewal} < i { (410~ £+ (1) (price(r) + B ) .

Before stating our more general result, which is in Section 4, we provide a
comparison with some similar results in the literature.

3 Penalization strategies and preliminary results

The most similar result in the literature is the one from Dai et al. [16]] which holds
under a Gaussian white noise assumption and uses a penalty proportional to the
known variance 62

Proposition 1 (Dai et al. [16]). If pen(t) = 262 Tr(A,), and B > 46* max(16,5V),
then for all n > 0, with probability at least 1 — 1,

12802
3B

o= fewalP < min{ (14 55 ) o 1P+ 80T

1 1
+3BIn—+3 ln}.
pin - +3pin,
Our result generalizes this result to the non necessarily independent sub-Gaussian
noise. We obtain, under the mild assumption that V > 1/2,
Proposition 2. If B > 2062V, there exists y > 0, such that if
pen(z) > 40 Tr(A?)6?, for any ) > 0, with probability at least 1 — 1,

B—40%V

Il fo— fewall* < irtlf{(l +e)lfo— Al

+H(1+¢) (pen(t) +262Tr(A) + 2B ln; +B ln:,> } |

4v2y , 2Vy

with € = avV_1){1-2vy) and €' = —avy

The parameter ¥ is explicit and satisfies € = 0(%2). We recover thus a simi-
lar weak oracle inequality under a weaker assumption on the noise. It should be



noted that [4] obtains a sharp oracle inequality for a slightly different aggregation
procedure but only under the very strong assumption that Tr(A;) < In %

Following Gued;j and Alquier [30], a lower bound on the penalty, that involves
the sup norm of fy, can be given. In that case, the oracle inequality is sharp as
€ = £ = 0. Furthermore, the parameter ¥ is not necessary and the minimum tem-
perature is lower.

Proposition 3. If B > 46%V, and

402

= B 457V <02TY<A?) +2 [miTr(A3> + ||bt||%D :

pen(t)
then for any 1 > 0, with probability at least 1 — 1,

fo = fewall® < inf { |l fo— fil|* +207 Tr(A))

852

—2
T8 4oy [!fo!wTr(A?H IIbIII%}

1 1
+ t)+2pIn—+fIn— ;.
penit) 2810 -+ Bn |

The two results can be combined in a single one. Indeed, to obtain the first
oracle inequality, we rely in the proof on bounds of type

1(Ar —Au) fo+ b —bu|3 < Ci||fi — fol3 +Cal| fu— fol3,

with some constants C; and C, depending on y which allows to link ||A; fo + b; —
Aufo+bu5 to ||AY +b, — fol|3 and ||A,Y + b, — fo||5. Whereas, for the second
inequality we rely on bounds of type

1(As = Au) fo + by = bull3 < 4(|Acfoll3 + [ Aufoll3 + 116113 + [[bul]3)
—2
< 4| foll.o(Tr(A7) +Tr(AZ)) + 1613 + [1ull3 |
Combining these two upper bounds produce weak oracle inequalities for a wider

range of temperatures than Proposition [2} drawing a continuum between Proposi-
tion [2|and Proposition [3} More precisely, one obtains

Proposition 4. Forany § € [0,1), if B > 462V (1+48) and B > 462V, there exists
Y > 0, such that if

2 —
pentt) > 50 (P T2) 201 - 8)(1+2)? [T + 03] )

7



then for any 1 > 0, with probability at least 1 — 1,

.fo— fewall* < iftlf{(l +é)|lfo— Al
. 1 1
+(1+¢€") (pnce(t)%—Zﬁlnn_t +Blnn> }

4v2y , 2Vy

av_n—2vy' & = 1=avy

with € =

80%(1—8)(1+2V)?

price(t) = pen(t) + 202 Tr(A;) + B —4c2V

[miﬁm?) T Hbzué] .

The convex combination parameter 0 measures the account for signal to noise
ratio in the penalty. We are now ready to state the central result of this paper, which
gives an explicit expression for ¥ and introduce an optimization parameter v > 0.

4 A general oracle inequality

We consider now the general case for which .7 is not necessarily countable. Re-
call that we have defined the exponentially weighted measure pgw4, a probability
measure over .7, by
1 ~
exp (— Br,)

Jexp (—%ﬁ) dn(t')

dppwa(t) = dn(r)

and the exponentially weighted aggregate frwa by fewa = | firdpEwa (t). We will
directly consider a lower bound on the penalty of the same type than in Proposi-
tion 4| and propositions similar to Propositions [2|and |3| will be obtained as straight-
forward corollaries.

Our main result is the following:

Theorem 4.1. Forany § € [0,1), if B > 462V (1 +48), and B > 4672V, let

B —402V(1+28) — /B —402V\/B —402V(1+4§)
r= 16625V?2 Ls=0.

Ifforanyt € 7,
62

_ 9 62Tr(A2 _ 2[5 Tr(A2 2
> ey (Tl +20 - 8) 1+ 22 (R ToD)+ 3] ).

pen(t)

then



e forany n € (0, 1], with probability at least 1 — 7,

Ifo— fewalB < inf inf  (14+e(v)) [ lIfo~ Fl3dn()
VeN e\ (7)

/ . ! 1
F(lte (v))/prlce(t)d/.t(t) LB(14+€ () <2KL(/.L,7r) +lnn> .
e Furthermore

Elfo~ fowal} < inf inf  (1+e(v)) [ Blfo - fldu()
VEN pe.a}(7)

+(1+€(v)) /Price(t)du(t) +2B(1+¢€'(v))KL(u, m),

with €(v) = ! tv . EI(TJt)\E;y’ gv)=

vy
1—(1+v)Y

802(1—9)

+m(1+2W) 1 foll Tr(A7) + 1¢I5

price(t) = pen(t) 4+ 262 Tr(A,)

and N ={v >0|(1+Vv)y<1}.

When 7 is discrete, one can replace the minimization over all the probabil-
ity measure .2 (.7) by the minimization overall Dirac measure 8y, with t € 7.
Propositions [2] 3] and [] are then straightforward corollaries corresponding to the
allowed choice v =2V — 1 when V > 1/2, and  equals respectively to 1, 0 and
anything between O and 1. Note that the result in expectation requires the same
penalty, which is known not to be necessary, at least in the Gaussian case, as shown
by Dalalyan and Salmon [18§]].

The parameter v is a technical parameter that can be optimized, provided N is
non empty. If § > 0, then for any B > 462V (1+48),0 < 2yV < 1. Thus (0,2V —
1) C NassoonasV > 1/2 with 2V — 1 € N if we assume that § > 462V (1 +46).
If we assume V € (0, 1/2), we have to impose 8 > 462V +26%8(1 +2V)? in order
to have a non empty N. Finally, if § =0 then y =0 and €'(v) = 0,&(v) =0, and
no optimization is required.

We can specialize the results for § = 1 and 6 = 0: we obtain a weak oracle
inequality

Corollary 1. Under the assumptions of Theorem if B >20062%V, let

B — 1202V — /B — 402V /B — 2002V
16052V2 '

9



Ifforanyt € 7,
S 40t
~ B—40?V

then the oracle inequalities of Theorem .1 hold with

pen(t) Tr(A7),

price(r) = pen(z) 4+ 26> Tr(A,).

and an oracle inequality with leading constant 1 if we assume we know an

— 2
upper bound of || fol|..
Corollary 2. Under the assumptions of Theorem if B > 402V, ifforanyt € 7,

2

>__ 7
pen(t) = 555y

<02Tr<Az> 2 [mim?) n ||bt||%D ,

then the oracle inequalities of Theorem[.1| hold with € = €' = 0 and

802

price(t) = pen(t) + 262 Tr(At) + m

PN 2 2
[1folleo Te(A7) + (163 ] -
If we assume the penalty is given
pen(t) = kK Tr(A?)c?,

one can give rewrite the assumption in term of k. The weak oracle inequality holds
2 402 :

for any temperature greater than 200-V as soon as K > IHLGzV' while an exact

oracle inequality holds for any vector f; and any temperature 3 greater than 462V

as soon as

— 40?2
B GVK_

—2
2l foll
407 o>

—1>(1+2yV)

—2
For fixed x and B, this corresponds to a low peak signal to noise ratio % The-
orem [4.1] shows that there is a continuum between those two cases as weak oracle
inequalities, with smaller leading constant than the one of Corollary|1} hold as soon

as there exists § € [0, 1] such that 8 > 40%(1+48)V and

B —40c%V

— 2
2 I folles
402 o2’

K—1>(1-8)(14+29V)

where the signal to noise ratio guides the transition. The temperature required
remains nevertheless always above 462V,

10



Finally, the minimal temperature of 462V (1 4-48) can be replaced by some
smaller values if one further restrict the smoothed projections used. As it appears
in the proof, the temperature can be replaced by 46%(1 4 &) or even 2062(2 + 8)
when the smoothed projections are respectively classical projections (see Theo-
rem[5.1)) and projections in the same basis. The question of the minimality of such
temperature is still open. Note that in this proof, there is no loss due to the sub-
Gaussianity assumption, since the same upper bound on the exponential moment
of the deviation as in the Gaussian case are found, providing the same penalty and
bound on temperature.

The proof of this result is quite long and thus postponed in Appendix [f] We
provide first the generic proof of the oracle inequalities, highlighting the role of
Gibbs measure and of some control in deviation. Then, we focus on the aggregation
of projection estimators in the Gaussian model. This example already conveys all
the ideas used in the complete proof of the deviation lemma : exponential moments
inequalities for Gaussian quadratic form and the control of the bias || fo — A, f||3 by

1.fo ||i on the one hand, to obtain an exact oracle inequality, and by || fo —A/Y||3 on
the other hand, giving a weak inequality.

The extension to the general case is obtained by showing that similar expo-
nential moments inequalities can be obtained for quadratic form of sub-Gaussian
random variables, working along the fact that the systematic bias || fo — A, f||3 is no
longer always smaller than || fo — A,Y||3 and providing a fine tuning optimization
allowing the equality in the constraint on 8 and an optimization on the parameters
€.

We provide in the next section the sketch of proof of Theorem[4.1] as well as a
proof in the simple case of orthogonal projection with Gaussian noise, meant to be
compared with the one of [[16].

S Sketch of proof of the oracle inequalities

5.1 General sketch of proof

Theorem relies on the characterization of Gibbs measure (Lemma [1)) and a
control of deviation of the empirical risk of any aggregate around its true risk,
allowed by Lemma 2| or Lemma

p is a Gibbs measure. Therefore it maximizes the entropy for a given expected
energy. That is the subject of Lemma 1.1.3 in Catoni [[12]:

Lemma 1. For any bounded measurable function h: 7 — R, and any probability

11



distribution p € .M} () such that KL(p, ) <

g ( [ exp(hax ) = [ hdp ~KL(p. ) + KL(p, o)

where by definition dﬂ;‘f‘;"’) = fi);];%gz}n‘ Consequently,

log (/exp(h)dn’) = sup hdp —KL(p, 7).
peML(T)

With h(t) = —é [r; + pen(z)], this lemma states that for any probability distri-
bution u € /| (7) such that KL(u, ) < oo,

/hdp—KL(p,n) > /hdu—KL(u,n).

Equivalently,
[ Uo= Flidp@)+ [ (5~ 1150~ 415 +pen(0)) dp(1) + BKL(p, )
< [ 10— AlBan)+ [ (= I1so— I3+ peno)) dpa(r) + BRL (1, )
& [1fo—AlBdpt)— [ 1fo— Al < [ (1o = FI3—n)dp(t)
~BKL(p.m) ~ [ (Ifo~ A3~ ) dule) ~ [ pen(t)dp(r

—i—/pen(z)du(t)—s—ﬂKL(u,n).

The key is to upper bound the right-hand side with terms that may depend on
p, but only through [||fo — fi||3dp(t) and Kullback-Leibler distance. This is the
purpose of Lemma [2]in the case of Gaussian noise with projections estimators and
Lemma [3|in the sub-Gaussian case. Under mild assumptions, they provide upper
bounds in probability (and in expectation) of type:

[ ==y ap()— [ (1ol —r) dunto
<G '/HfO—ftH%dp(t)+C2/Hf0_qu%d‘u(u)
+ [ (@) + ) dpto)
+Cs ./Tr(Au)d.u(M)—F./ (Cs Tr(A2) +C1|bu||3) d i (u)

+pB <KL(p,7r) +KL(u, ) +ln71]>

12



where C; to C7 are known functions. Combining with the previous inequality and
taking pen(t) > C3 Tr(A?) + Cy||b, |5 gives
(1=C1) [ o= Bdp() = (1 +C2) [ Ifo= Fill3du(r)
< Cs [ el )dutu) + [ (CoTr(a) +Clbul3) du(w) + [ pen(udu )

+p <2KL(u,n) +1n117> .

The additional condition C; < 1 allows to conclude. It is now clear that the whole
work lies in the obtention of the lemma.

5.2 The expository case of Gaussian noise and projection estimates

In this subsection, to provide a simplified proof, we assume that A, are the matrices
of orthogonal projections, b, = 0, and the noise W is a centered Gaussian random
variable with variance 6%1. The previous theorem becomes:

Theorem 5.1. Let w be an arbitrary prior measure over 7. For any 8§ € [0, 1], any
B > 402(8 + 1), the aggregate estimator fgwa defined with

—2
20° /01l
pen(r) > re 142(1-9) -2 Tr(A;)
satisfies the oracle inequalities of TheoremWd. I\with € = 2¢' = ﬂ and
1 ‘ T T B 402(5 1 1)
2(1-8)0” [/l
price(t) =pen(t)+2 | 1+ 0l Tr(A,)c?

B—40% o?

Note that the result may be further simplified using price(r) <2 (pen(r) + 6> Tr(4;)).

As announced in the scheme of proof of the oracle inequalities (section [3)), the
key is a control of the deviation of the empirical risk of any aggregate around its
true risk. It is allowed by Lemma[2]in this case.

Lemma 2. For any prior probability distribution 1, any 6 € [0,1] and any B >
462, for any probability distributions p and L,

13



o Foranyn > 0, with probability at least 1 —1,
/ (IIfrﬁll%*rr)dP(t)* [ (o= Al =)
< 52 ([15-iiBap0)+ [ 16— AlBanco)
+ 52 (o7 + -8RI ) [Titasap)

+202(1+ i 46];0°°)/Tr WA (u

+B <KL(p,7r)+KL(u,7r)+1n117>

e Moreover,

B [/(Hfo_ﬁ‘%_rt)dp(t)—/(ufo—fu’%_ru)du(”)}

4802 2 ?
<[ ( [ 10— ilBdp() + [ 1o~ Fulfanto))

2 —
* B i(zdz (GZJF (1- 5)||f0||i> /Tr(A,)dp(t)

+20° (1+ = 40];000) /T

+ﬁ<KL<p,n>+KL<u,n>>}.

We follow the scheme of proof given in section[5]and use Lemma 2] leading to
the following result: for any 11 > 0, any prior probability distribution 7, any 6 €
[0,1] and any B > 402(1+ &), with probability at least 1 — 7, for any probability

14



distribution u,

[fo=FiBap) = [1fo~ ilBau(r)

46 .
< (f15-iBap 0+ [ 10~ flBau)

2 —
* ﬁiczaz (62+(1 _5>Hf0Hi> /TF(Az)dp(t) —/pen(t)dp(z)

— 2
+20°? (1 —i—W) /Tr(At)d.u(t) -l-/pen(t)du(t)

+B <2KL(,u,7r)+ln117>.

—2
With pen(t) > ﬁ4° ( o2+ (1-9)| f0||m> Tr(A;), the previous inequality becomes

- 4802 4802
[3 4o
<20

402
B —40?
2 (1 s 4O_J;O°°) /T Hdu(t +/pen )du(r)

+B <2KL(/.L,7r)+ln117>.

o= Fap )~ (145252 ) [l FlBauco)

Furthermore, using

0 fewall < [ 1lfo=FilBdp(e),

if B > 40%(8 +1), we obtain

. 80268
HfO‘fEWAH%Sue/l;lf <1+ﬁ 4625 41) >/||f0 Jilladu(r)

MUT)

4628 20-8)[foll.. | [
(oo )2 (” B——4020 ) [ Taaute

(140 4628 /
B_acio 1))/ Pl

+B (1 + %) <2KL(u,7r) +1n117> .
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In addition, taking € = %, gives

Ifo—fowal3 < int (1+2€) [ o~ FilBan()
ueAL(T)

+ (e

+20%(1+¢) [ 1+ (/3 4!!20”00 /T du(t)

+(1+¢) (/pen(t)du(t)—l—ZﬁKL(y,ﬁ) —i—Bln;) :

We focus now on the proof of Lemma [2] mixing control of exponential mo-
ments of a quadratic form of a Gaussian random variable with basic inequalities
like Jensen, Fubini, and the important link between || fo — A, fo||3 and || fo — A, Y ||3.
Note that this link is obvious in the case of orthogonal projections and need to be
established differently in the general case, leading to technicalities (the introduc-
tion of 7).

Proof. For the sake of clarity, for any t,u € 7, let
A= 1 fo = fill3 = re = Il fo = full3 +ra
A simple calculation yields
Au=2 (WT(A AW AW (A — A fo— G2 Tr(A, AM)) .
Since (A,);c 7 are positive semi-definite matrices, W (A, — A, )W < WTA,W, and

there exist an orthogonal matrix U and a diagonal matrix D such that A, = U ' DU.
For any 8 > 0,

A
E [exp L

5 ] <E [expf3 ((UW)TD(UW) +(UW)'U(A —A)f

—0”Tr(A, —Ay))] -
Following lemma 2.4 of Hsu et al. [32], if B > 4072,

2 2Tr t t — Ay 3
] < exp 2; <Tr(Au)+26 Tri4 )I;L_Hifyz A )fob)_

E [exp AB 5.1

Note that
1A =AW foll3 <2 ([l fo—Acfoll3 + [ fo — Aufol3) <2 (Il fo —AY 5+ [| fo — AuY]]3)
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and

(A = A follz < 2 (IAcfollz + lAufoll2) < 2ol (Tr(Ar) + Tr(AL))

Thus, for any 8 > 462, for any & € [0,1],

ex Aru _ 207 r 207 Tr(A,;)
E p[ﬁ 7 (T(A) - 42>
2
3 (o= A1+ o~ A1)
402 — 2
_m(l—S)Hfon(Tr(Az)+Tr(Au)) <1.

Along the same lines as Alquier and Lounici [2], we first integrate according
to the prior 7 and use Fubini’s theorem,

E//exp {A,u 202 (T (Au) + 2;”5&”)

4626 R R
e (1A= A1+ 15— £B)

2
—3262( 8)ollo (Tr(A;) +Tr(4 ))]dn( Ydr(u) <1,

then introduce the probability distributions p and y, and n > 0

E//exp {A,u 202 <T (Ay) + 2;”;3:?)

4 26 n N
fﬁfﬂ;mmfﬁM+wmfnﬁ)
_40*(1-9)

B0t
B (mdn(z)ﬂn‘;‘r(u) +1n11,>} dp ()dp () <1,

1ol (Tr(Ar) + Tr(A,))
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before applying Jensen’s inequality

Eexp —~ [//A,udp
48 . A
_[3—7262 ( / | fo—Fill3dp(r) + / Hfo—qu%du(u)>

2 __
5o (1= BIAIL) [Ta)ap(e)

1
-pB <KL(p,7t) +KL(u,m) +lnn)

_20? (1 5o 46120”) /T u] <n. (5.2

Finally, using the basic inequality exp(x) > 1g, (x),

[ [ [auapant < 520 ( [1n-itiap -+ [ 16— Allduto)
40 2
g (U= BIAIL) [Taap()
+B <KL(p m)+KL(u, n)+ln1>
20° S)nllfoll-
+ - (1+ B” 102 /Tr wWdu(u)| >1-—n.
The result in expectation is obtained by Equation (5.2)) with n = 1:

Eexp - [//A,udp

‘ﬁf@(/ Ifo— Fl3ap(e)+ [ 1fo~ Fll3an(u >)
(62+<1 —6>||3§||i) [ Tea)dp ()~ B (KL(p.7) + KL(i, )

202 (1 = 46J;om) /T ]

combined with the inequality 7 < exp(z) — 1. O

402
B — 40?2
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6 Appendix : Proofs in the sub-Gaussian case

6.1 Proof of Theorem 4.1]

The proof follows from the scheme described in section[5] The main point is still
to control

/(Hfo—sz%—Vt)dP(f)—/(Hfo—sz%—"z)du(f)-

We recall that A; is a symmetric positive semi-definite matrix, there exists V > 0
such that sup,c #||A;][2 <V and W is a centered sub-Gaussian noise. For any
t,ue T, westill denote Ay, = || fo— fill3 — e — || fo = full3 + 7

Lemma 3. Let © be an arbitrary prior probability. For any § € [0,1], any B >
46%V and B > 462V (1 +48), let

<[3 46%V(1428) — /B — 402V \//3 462V(1 +45))]15>0

Then, for any probability distributions p and U, for any v > 0,

r= 16025v2

e forany n € (0, 1], with probability at least 1 — 7,

| [ sudp@ant) < (1+vyy [17 - fldp()

2
+ gy (=02 [ (RT3 + 1] ap o)
M/Tr (A})dp (1) + 20> /Tr w)du(u)
807
B4

(1=8)(1-+29 [ [IRILTE) + 043 o
)

(14 )7 V= ol -+ (KLp.m) + KL m
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o Moreover,

B| [ [ suapiauto| <E[-+v)y [ 1.~ flfap)

L 8o
B—4c 2V

B 1 2V/TrA2 dp (1) +20? /Tr Ldu(u)

(=829 [ [IRILTH2) + 1] ap o)

L 80
B — 402V

—i—( )y/Hfu fond.U(”)‘*‘ﬁ(KL(Paﬂ)—i—KL(u,n))}.

(1=8)(1-4 2w [ [IRILTE) + 04l o

Under the assumptions of the previous lemma, with probability at least 1 — 7,

[1fo=FlBapte) = [ 1o~ FlBau(e) < (1+v)y [ 1~ folBdp(0)

*w/ (o) 200 - 8)(1 + 202 [ [HILTe7) + 03] ) apo)

— 2 o
+20° (/Tr(A,)du(z)+4(1 ﬁa_)&l;éw) /[||fo||iTr(A,2)+||b,Hg] du(t))

- [venttnap () + [peniautoy+ (14 )y [ 17~ lfanco

+p <2KL(u,7t) +1n11?> .

Taking

2 —
pentt) > 0 (PT2) 201 - 8)(1+2)? [T + 03] )

and v e N = {v > 0|(1+ v)y < 1}, such that the inequality stays informative,

(= [ 1 Flde(o < (1+ (14 ) 7) [ 1o~ AlBauco)

_ 2 -
+20° (/Tr(At)d.u(t)—F 4(1 ﬁS_)grl;éW) / [HfOHiTr(A,Z)—&— Hb,y\g] du(l))

+/pen(t)du(t)+ﬁ <2KL(u,7r)+ln1l7> )
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Finally, since || fo — fewall3 < [1fo— fi|3dp (1),

2
o= sovalt < (14 550 [ Bt
202

4(1—8)(1+2yV)?
+ B —40%V

i 1_(11% ( [ pen(tyan+p <2KL<“7”> ““117» |

The result in expectation is obtained in the same fashion.

| IR+ 1613 auio)

6.2 Proof of Lemma

The exponential moment of A, , is easily controlled by a term involving ||A;fy +
b, — fol3 (see Equation (5.1)). Since A, are not projections, ||A,fy+ b: — fol|3 <
|A;Y — fo|3 does not hold any more. The presence of ||A,Y — fo|/3 allows us to
obtain a weak oracle inequality. To overcome this difficulty, ||(A; —A,)Y||3 is in-
troduced and for an arbitrary y > 0, we try to control A, , — ||(A; —A,)Y||3.

Proof. A simple calculation yields
A=Y i = Full3 = W' (21 = ¥(A = A) ) (A — AW
tu— 7Y ft fu 2 YA u t u

+2W T (1= (A — A) ) [(A — Au) fo + by — b
- 20'2Tr(A, —Ay) = YI|(Ar = A) fo+ b, — bu”%'
Noting that W (21 — y(A, —A,) ") (A; —A, )W <2W T (A, —A,)W and since (A, );c 7

are positive semi-definite matrices, 2W " (A, — A, )W < 2W "A,W. Thus, for any
B >0, any y=>0,

Ar n n
Eexp (“ —7||ﬁ—fuu%>

BB
<E [expé (WTAIW +W (1= y(A —A)) [(A — A fo+ b — bu])]

-1
X expF (262 Tr(Ar — Au) + Y| (Ar — Au) fo +br — bu||3) -
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The first step is to bring us back to the Gaussian case, using W’s sub-Gaussianity

and an idea of Hsu et al. [32]]. Let Z be a standard Gaussian random variable, inde-
pendent of W. Then,

Eexp <\/2BWT \/A>IZ+ EWT(I - 'Y(At —A,)) [(At —Ay) fo+bi— bu])

exp <\/2BWT\/A>ZZ+ ;WT(I— V(A _Au)) [(A[ _Au)fO +b — bu]) ‘W]]

exp (\;BWT\/X,Z) \W]

=E|E

=E|E

X exp <§WT(1— Y(A; —A) [(Ar — Ay) fo+ by — bu]>]
_ Eexp; (WTA,W FWT (= YA —A) [(Ar — A fo -+ by — bu]> .

On the other hand,

E [exp 123 (WTAIW + W= 1A —A)) [(A — Au) fo+ by — bu])]

=E E

exp (;EW@m;wW—y(A,—Am [(Af—Au>fo+bt—bu1> !Z]

Since W is sub-Gaussian with parameter o,

E [exp; (WTAIW +W (I —y(A —A) [(Ar — Au) fo + b — bu])]

2
<Eexp (c;

jg (ﬁzu \}B(I—Y(At—Au)) [(Af—Au>fo+bz—buJ>

)
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Hence,

A 2 A
s (52117 i)

SElexpzﬁz (zTAz+\;BZTf1 (A ))[(A,A,,)foer,bu])]

2 2 2 2
< exp (l; H(I—y(At—Am[(Az—Au>fo+bt—bu]||§—;’Tr(Az—Au))

X exp (—E\(At —A)fo+ b —lmH%) :

The expectation is similar to the one obtained in the Gaussian case: the exponential
of some quadratic form. The same recipe is applied. Since A; is positive semi-
definite, there exist an orthogonal matrix U and a diagonal matrix D such that
A, =U'DU. Note that UZ is a standard Gaussian variable. This diagonalization
step and the non-negativity of the eigenvalues allow to apply Lemma 2.4 of Hsu
et al. [32]. Then, for any B > 462V, any 7> 0,

2 464

At’u—z fr— Full3 ex zir - _Tr(A?
Bexp (5~ H1i - 1) < p(ﬁ T(A,)+ﬁ(ﬁ_462V)T(A,)>

X exp ([32[342‘/ H\F (I —Y(Ar —Aw)) [(Ar — Au) fo + by — b z>
207

< exp (2[3 12— 7(A— A) [(Ar — A fo b — b3~ ﬁTr<A,—Au>)

x exp (—gqu Ao+ b —mu%) .

Consequently,

A o
Eexp(ﬁ’ +g(\(Az—Au)foerz—buH%—Hﬁ—qu%))

2

20 20 )
< - ==
<exp B <Tr(Au) + =T Tr(A,))
202 ([ 40V
X exp < B2 (ﬁ 402V (1 +27V)2 +(1 +27/V)2> [(Ar —Au) fo + b _bu”%>
20° 20° 2, (L+2yv)? 2
<exp—— = - .
> exp B (Tr<Au) + B 402V Tr(AD) + 2> B 402V [(Ar —Au) fo + by bqu)

If an exact oracle inequality is wished, || (A; —Ay) fo+b; — by||3 should be upper
bounded by some constant and 7y should be set to zero. Else, 7y is used to replace
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the terms in ||(A; — A,) fo+ b, — bu||3 by ||(A; —A,)Y + b, — b, ||3. Thus, the terms
depending on fj will be upper bounded in two ways:

2
e on the one hand, using || fo|..

1(As = Au) fo +br = bull3 < 4 (1A foll3 + [Aufoll3 + 11613 + [14]13)

< ((1ea?)+ D) LRI+ 3+

For any 6 € [0, 1],

A o
Eexp([; +g(ll(At—Au)fo+b,—bu||%—Hﬁ—qu%))

202 202
<exp e (Tr(Au) + B4V Tr(Atz)>

2 201 _
<o (26, a5l
262(1+2yV)28
Xexp( B(B—402V)

207 207 (1+29V)%6
<exp B (Tr(Au) + B_d0%V Tr(A?) + “BoactV
862(142yV)?(1—-9)

e ( B(B—402V)

H(A,—Au>fo+bt—bur%)

||<A,—Au>fo+b,—bu||%)

[(Tr(A?) FTR(A) (ol 2+ HbuH%D |

e on the other hand, introducing || ; — fy||3 to obtain a weak oracle inequality:
conditions should be found on ¥ such that

20%(142yV)%§
B —402v

1(Ar —Au) fo+ b — bulf3

— (A = Au) fo+ b — b3 — |1 /i — £ull3)
<Gllfi— hlE+Callfu—foll3

for some non-negative constants C; and C, and with 6 > 0. Since for any
v >0, [lfi = full3 < (L)1 = foll3 + (14 5) 1/ = foll3 it suffices that

202(1+2yV)%6
B —4c%V

1(Ar —Au) fo+ b — b5 — VII(Ar — Au) fo+ b — by |5 < 0.
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This condition may be fulfilled if B > 462V (1 4-48). The smallest y > 0
among all the possible ones is chosen :

Y= ! <[3 46°V(1428) — /B — 402V \/[3 40'2V1+48)>]15>0.

16025V2

This leads to the following inequality : for any & € [0,1], for any B > 462V
and B > 462V (1 +48), with y previously defined, for any v > 0,

Atu A 1 A
po (%2 =% (0 vli- i+ (14 ) 15 5l2) )

2 201 _ ——
<exp (P e | (1)) I + 1o+l

20° 207
— ([ Tr(A — _ Tr(A?

5 (T + gy D).
The rest of the proof follows the same steps as in the Gaussian case: we first

integrate according to the prior 7, use Fubini’s theorem, introduce the probability
measures p and u and apply Jensen’s inequality to obtain that for any ) € (0, 1],

X exXp

Eexp g 5[ [ Aot - +v)y [ 1= flladoto)
e 4ozv/ (o) + 200 - 8)(1 + 202 [ [HILTe47) + 0] ) ap )

_ 2 .
~26” </ Tr(a)dp )+ 21 BS_);l o) /[H fOHiTr(Aﬁ)—&-Hbu‘%] d‘u(u))

- (1+i) v [ 1.~ folBdu() - p <KL<p,n>+KL<u,n>+1nf7)} <.
(6.1)

Finally, using exp(x) > 1g, (x), forany § € [0, 1], any  >40%V and > 402V (1+
448), with y previously defined, for any 1 € (0, 1], for any v > 0,

P[//Az.udprd 0 < 4y [~ foldoto)
by [ (o) +20 -8y 2 ) G Tea8) + 03] ) apte)

+20° ( [tanganuo+ D0 TG 1)+ ] duto

+ (Hi) Y/Hfu—foH%du(uHﬁ (KL(p,ﬂ)+KL(u,7r)+1n;>] >1-n.
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The result in expectation comes from Equation (6.1) with n = 1, combined with
the inequality r < exp(z) — 1. O
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