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PAC-Bayesian aggregation of linear estimators

L. Montuelle (Université Paris Sud) and E. Le Pennec (Ecole polytechnique)
October 2, 2014

Abstract : We consider the aggregation of linear estimator in regresison
with a sub-Gaussian noise assumption. Aggregating estimators using exponen-
tial weights depending on their risk performs well in expectation, but sadly not
in probability. A way to overcome this issue is considering exponential weights
of a penalized risk. In this case, an oracle inequality can be obtained in proba-
bility, but is not sharp. Taking into account the estimated function’s norm in
the penalty offers a sharp inequality.

Keywords : Exponentially weighted aggregation, Regression, Oracle in-
equality

1 Introduction
We consider here a classical fixed design regression model

with fo an unknown function, z; the fixed design points and W a centered
sub-Gaussian noise. Our aim is to estimate the function fy at the grid points.
We study a strategy in which a collection of smoothed projection {f;(Y) =
PY|P, € SF(R),t € T} is aggregated into a single adaptive estimator using a
PAC-Bayesian aggregation.

Aggregation procedures have been introduced by Vovk [1990)], [Littlestone and Warmuth
11994, [Cesa-Bianchi et all [1997], [Cesa-Bianchi and Lugosi [1999]. They are a
core ingredient of bagging m, M], boosting [Freund, 1995, ire,
m or random forest (Amit_and Geman [1997] or Breimanl [2001]; or more re-
cently Biau et all [2008], Biau and Devroyd [2010], Biau [2012], (Genuer [2011]).

The general aggregation framework is detailed in [Nemirovski [2000] and
studied in , through a PAC-Baysian framework as well as
in [Yang ﬂZ_QO_O_dJHH, 12001, 12003, DDDA;JJH] See for instance m m for
a survey. Optimal rates of aggregation in regression and density estimation
are studied by [Tsybakoy [2003], [Lounici [2007], Rigollet and Tsybakoyl [2007],
Rigollefl [2006] and [Lecud [2007)]

We follow the exponentially weighted aggregation strategy, in which the

weight of each element in the collection is proportional to exp (%) m(t) where



7 is a, possibly penalized, estimate of the risk of ft , B is a positive parameter,
called the temperature, that has to be calibrated and 7 is a prior measure over
7. Our aim is to give sufficient conditions on the penalized risk estimate and
the temperature to obtain an oracle inequality for the risk of our estimate.

This scheme here has been used first by [Leung and Barron [2006] that have
obtained the first exact oracle inequality in this setting by aggregation pro-
jection with exponential weights in a Gaussian regression framework. Those
results have been extended to several setting [Dalalyan and Tsybakov [2007,
2008, 2012], |Giraud [2008], |Dalalvan et alJ llzmﬂ,lmmill [2011], Dalalyaxl
2019], |Giraud et all [2012], Dalal [2012],/Sun and Zhangd [2012),
ngllgj_a.nd_’fs;dmjm_d ﬂZQ]_ﬂ under a fmzen estlmator assumption: they should
not depend on the observed sample. This restriction, not present in the work
by Leung and Barronl [2006], has been removed by Dalalyan and Salmon [2012]
within the context of affine estimator and exponentially weighted aggregation.
However, m have shown the sub-optimality in deviation of expo-
nential weighting, not allowing to obtain a sharp oracle inequality in probability.
Nevertheless, penalizing the risk in the weights and taking a temperature at
least 20 times greater than the noise variance allows to upper bound the risk of
the aggregate in probability , ] Furthermore, the corresponding
oracle inequality is not sharp.

Our contribution is twofold. First, we propose the first extension to general
sub-Gaussian noise. Second, we conduct a fine analysis of the relationship be-
tween the choice of the penalty and the temperature. In particular, we are able
to take into account the signal to noise ratio to provide sharp oracle inequalities
for bounded functions.

Not that our results are similar to the one obtained for a slightly different
aggregation scheme bym M] in a preprint written while the authors were
working independently on this one.

2 Framework and estimate
Recall that we observe
Vi € {1,...,7’L}, Y, = f()(IEZ) + W;

with fy an unknown function and x; the fixed grid points. Our main assumption
on the noise is that W € R™ is a centered sub-Gaussian variable, i.e. E(W) =0
and there exists 02 € R such that

2
vo € BB foxp (2 W)] < o0 (el

where ||.||2 is the usual euclidean norm in R™. If W is a centered Gaussian
vector with covariance matrix ¥ then o2 is nothing but the largest eigenvalue
of .



The quality of our estimate will be measured through its error at the design
point points. More precisely, we will consider the classical euclidean loss, related
to the squared norm

n
lgll3 = > g(x:)?.
=1

Thus, our unknown is the vector (fo(x;))? , rather than the function fo.
Assume that we have at hand a collection of data dependent smoothed pro-
jection estimates

ft(Y) = Z pt,i{Y, bei)bs s
i=1

where (b;;)?"_; is an orthonormal basis and (p; ;)" a sequence of non-negative
real numbers. For such an estimate, it exists a symmetric positive semi-definite
real matrix of size n, P; such that ft(Y) = P,Y. For the sake of simplicity,
we use this representation of our estimators. Note that we depart from the
affine estimator studied by [Dalalyan and Salmon [2012] and [Dai et all [2014]
because we consider only linear estimate. This choice was made to simplify our
exposition but similar results as the one we obtain for linear estimates hold for
affine ones.

To define our estimate from the collection { f;(Y) = P,Y|P, € S} (R),t € T},
we specify the estimate 7; of the risk of the estimator ft(Y), choose a prior
probability measure 7 over 7 and a temperature 8 > 0. We define fgwa by

fewa = [ fidp(t), with

oo (4R)
dp(t) [ exp (_%;tv) dm(t')

a probability measure over 7. The intuition behind this construction to favor
low risk estimates. When the temperature goes to 0 this estimator becomes
very similar to the one minimizing the risk estimates while it becomes an in-
discriminate average when (8 grows to infinity. The choice of the temperature
appears thus to be crucial and a low temperature seems to be desirable.

Our choice for the risk estimate 7; is to use the classical Stein unbiased
estimate

dm(t)

re=||Y — fi(Y)|]2 + 20°%tr(P) — no?

to which a penalty pen(t) is added. We will consider simultaneously the case of
a penalty that depends on fy through an upper bound of a kind of sup norm
and the case of a penalty that does not depend on fj.

More precisely, we allow the use, at least in the analysis, of an upper bound

I folloo which can be thought as the supremum of the sup norm of the coefficients

of fo in any basis appearing in 7. Indeed, we define || fy||co as the smallest non
negative real number C such that for any t € T,

1Pcfoll3 < C*tr(PP).



—_~

By construction, || fo||o is indeed smaller than the sup norm of any coefficients

of fo in any basis appearing in the 7. Note that | fo|lcc can also be upper
bounded by || foll1, [ follz or v/n]| follooc Where the ¢; and sup norm can be taken
in any basis.

Our aim is to obtain sufficient conditions on the penalty pen(t) and the
temperature § so that an oracle inequality of type

Ifo-fewalp < _inf (1) [ llfofilBdutey+(1+¢) [ ente)sprice(t))du(t

L (148 (QKL(M,W) +In %)

holds, with € and €’ small non-negative numbers possibly equal to 0 and price(t)
a loss depending on the choice of pen(t) and 8. Such an oracle proves that
the risk of our aggregate estimate is of the same order as the one of the best
estimate in the collection up to some controlled cost.

3 A general oracle inequality

Our main result is the following:

Theorem 1. Assume W is a centered sub-Gaussian noise with parameter o2.

Assume {f;(Y) = P,Y|P; € S (R),t € T} are such that there exists V > 0
satisfying sup,cs || Pill2 < V.

Let 7 be a arbitrary prior measure on 7, 8 > 402V an arbitrary temperature
and pen(t) a penalty so that fewa = [ f; dp(t) with

exp (—% [ + pen(t)])
dp(t) = ;
Jexp (=L v + pen(t))) dn(¥)
For any § € [0,1], if 8 > 402V (1 + 49), let

_ B=402V(1+26) — /B — 402V /B — 402V (1 + 49)
7= 1602512 o>0-

dm(t)

If for any t € T,
402

>__ 7
pen(t) 2 775y

<1 +(1-6)(1+ 27V)2—|f§|230> tr(P?)o?,

then
e for any 7 € (0, 1], with probability at least 1 — 1,

Vo= fowall< inf  inf  (1+€()) / 1o — Ful2dutt)

VEN peM (T)

+(14€'(v)) / (pen(t) + price(t)) du(t)+B(1+¢€ (v)) (2KL(/J,, ) +1In %)



e Furthermore

2 _ . . 22
Blfo — fewal} < it int (1 +cw) [ By ~ Flfntt)

+ (1+€(v)) / (pen(t) + price(t)) du(t) + 268(1 + €' (v)) K L(p, )

with

price(t) — 20,2 <t7’(Pt) + 20’2(1 — 5)(1 + 27‘/)2 ||f0|gotT(Pt2)>

B — 402V 02
oo 1
S e
_ 4wy Aw?
e(v) = A=t » Y1 +€(v))

and N = {v > 0|(1+v)y < 1}.

This theorem is similar to the one obtained by [Dai et all [2014]. It yields a
sufficient condition on the penalty for oracle inequalities to hold both in prob-
ability and in expectation. It holds however under a milder sub-Gaussianity
assumption on the noise and allows to take into account a sup norm informa-
tion in the penalty as used for instance in|Guedj and Alquiey [2013] . Note that
the result in expectation requires a penalty that is not necessary, at least in the
Gaussian case, as shown by [Dalalyan and Salmon [2012].

If we are authorized to use the upper bound of the sup norm, we may ensure
that the penalty satisfies the lower bound condition with 6 = 0. In that case,
v = 0 and €(v) = 0,e(v) = 0. Thus, there is no need to optimize v and it
suffices to notice that N = (0, +00) to obtain that

Corollary 1. Under the assumptions of Theorem [ if 3 > 402V, if for any
teT,

do* H/f_o\H7 2
> o0
pen(t) > R <1 + 2 tr(Py),

then

e for any 7 € (0, 1], with probability at least 1 — 1,
- 2< inf / — fill2dpu(t
o= fowall < e [ 150 = Fllan()

+ / (pen(t) + price(t)) du(t) + 8 (QKL(M, ) +In %)



e Furthermore

2 . £ 2
Blfo— fewal} < _inf [ Ellfo— Flfdu)

b

+ / (pen(t) + price(t)) du(t) + 28K L, )

with
2

price(t) = 20° (tr(Pt) + 510V

[Flatr(r2)).

As soon as d > 0, a simple calculation yields that for any 8 > 402V (1 +44),
0 < 29V < 1. As a result, if V > 0.5, (0,2V — 1) C N. Furthermore if
B> 40%V (14+46) and V > 0.5, then 2V —1 € N. Else, if 6 > 0and 0 < V < 0.5,
N is non-empty if and only if 3 > 402V + 2026(1 + 2V)?, which is a stronger
condition than 3 > 462V (1 +44). Since V is an upper bound, it may be chosen
greater than 0.5.

If § = 1, we obtain weak oracle inequalities that do not require the use of
any side information:

Corollary 2. Under the assumptions of Theorem [, if 3 > 2002V, let

B —120%V — /B — 402V /B — 2002V
1602V2 '

If for any t € T,

404

> _—tr(P?
> gy T

pen(t)

then

e for any 7 € (0, 1], with probability at least 1 — 7,

Vo= fowall < inf  inf  (1+€¢()) / 1o — Ful2dutt)

veN MEM#(T)

’ . / 1
+(1+€ (v)) / (pen(t) + price(t)) du(t)+B(1+¢€ (v)) (2KL(/J,,7T) +In ;)
e Furthermore

E|l fo — 2< inf  inf (1+ /E — fllPdu(t
Il fo fEWAHz_VlgNMEX/rll#(T)( e()) [ Ellfo— filladu(t)

+(1+€(v)) / (pen(t) + price(t)) du(t) + 268(1 + €' (v)) K L(p, )



with

price(t) = 20%tr(P;)

ron 1
R (e

_ 4wy A
W =g qg = )

and N = {v > 0|(1 +v)y < 1}.

Note that the parameter v allows us to obtain a weak oracle inequality. It
links [|(P, — P.)fol3 to || (P — P)Y |3
Finally, assume that we let

pen(t) > wtr(P?)o?.

The previous corollary implies that a weak oracle inequality holds for any tem-
perature greater than 2002V as soon as k > 6—44%' Corollary [l implies that
an exact oracle inequality holds for any vector fy and any temperature 8 greater
than 402V as soon as

B —40%V [fol2
402 "

oll%
o2

—12(1+27V)2|

For fixed k and (3, this corresponds to a low peak signal to noise ratio
Theorem [0 shows that there is a continuum between those two cases as weak
oracle inequalities, with smaller leading constant than the one of Corollary 2]
hold as soon as there exists § € [0, 1] such that 8 > 46%(1 + 46)V and

—
llfoll%
o2

B —40%V LfolZ,

where the signal to noise ratio guides the transition. The temperature required
remains nevertheless always above 402V .

The minimal temperature of 402V (1 + 44) can be replaced by some smaller
values if one further restrict the smoothed projections used. As it appears in the
proof, the temperature can be replaced by 402(1 + d) or even 202(2 + §) when
the smoothed projections are respectively classical projections (see Theorem [2])
and projections in the same basis. The question of the minimality of such
temperature is still open. Note that in this proof, there is no loss due to the
sub-Gaussianity assumption, since the same upper bound on the exponential
moment of the deviation as in the Gaussian case are found, providing the same
penalty and bound on temperature.

The proof of this result is quite long and thus postponed in Appendix
We provide first the generic proof of the oracle inequalities, highlighting the
role of Gibbs measure and of some control in deviation. Then, we focus on
the aggregation of projection estimators in the Gaussian model. This example



already conveys all the ideas used in the complete proof of the deviation lemma :
exponential moments inequalities for Gaussian quadratic form and the control

of the bias ||fo — P.f||3 by ||fo||?> on the one hand, to obtain an exact oracle
inequality, and by ||fo — P;Y||3 on the other hand, giving a weak inequality.

The extension to the general case is obtained by showing that similar expo-
nential moments inequalities can be obtained for quadratic form of sub-Gaussian
random variables, working along the fact that the systematic bias | fo — P.f]|3
is no longer always smaller than ||fo — P,Y||3 and providing a fine tuning op-
timization allowing the equality in the constraint on 8 and an optimization on
the parameters e.

4 Proof of the oracle inequalities

Theorem [l relies on the characterization of Gibbs measure (Lemma [I]) and a
control of deviation of the empirical risk of any aggregate around its true risk,
allowed by Lemma 2] or Lemma 3]

p is a Gibbs measure. Therefore it maximizes the entropy for a given ex-
pected energy. That is the subject of Lemma 1.1.3 in [Catoni [2007]:

Lemma 1. For any bounded measurable function h : 7 — R, and any proba-
bility distribution p € MY (T) such that K L(p,m) < oo,

log (/ exp(h)dw) = /hdp — KL(p,7) + KL(p, Texp(n))

where by definition dw“;‘;“) = fCXPVg}(f)B
exp s

. Consequently,

log </ exp(h)dﬂ') = sup /hdp— KL(p, ).

peEML(T)

With h(t) = —%[rt + pen(t)], this lemma states that for any probability

distribution g € MY (T) such that K L(u,7) < oo,
/hdp — KL(p,m) > /hd,u — KL(u, 7).
Equivalently,
150 oty + [ (o= 1o = £l + pent)) do(t) + BE Lo,
< [150 = F3du®)+ [ (v = 150 = 21 + pen(t)) du(t) + BK L1 7)
& [ 150 FlBdo®) ~ [ 150~ F3dn(o) < [ (1o~ I = o) dott) - SKLip. )
= [ (160 713 = re) dutt) ~ [ pentiap(t) + [ pen(t)du(t) + PKL(u. ).



The key is to upper bound the right-hand side with terms that may depend
on p, but only through [ || fo — ftll2dp(t) and Kullback-Leibler distance. This is
the purpose of Lemmaf2lin the case of Gaussian noise with projections estimators
and Lemma [B]in the sub-Gaussian case. Under mild assumptions, they provide
upper bounds in probability (and in expectation) of type:

[ (10 =) dote) = [ (1fo = £l = )
<1 [ 50— Fli3de®) + Co [ 1fo = FulBdtw)
+C; / tr(P2)dp(t) + Cy / tr(P,)du(u) + Cs / tr(P?)du(u)
+ <KL(p, )+ KL(u,w) + In %)

where C to Cg are known functions. Combining with the previous inequality
and taking pen(t) > C3tr(P?) gives

(1= ) [ 50— FlBdo(®) — 1+ Co) [ 150~ FulBdute)
< C4/tr(Pu)du(u) +C5/tr(P3)du(u) —l—/pen(t)du(t)
+ 5 <2KL(,u, ) +1n %) .

The additional condition Cy < 1 allows to conclude. It is now clear that the
whole work lies in the obtention of the lemma.

5 The expository case of (Gaussian noise and
projection estimates

In this section, to provide a simplified proof, we assume that P, are the matri-
ces of orthogonal projections and the noise W is a centered Gaussian random
variable with variance 02I. The previous theorem becomes:

Theorem 2. Let m be an arbitrary prior measure over 7. For any § € [0, 1],
any 3 > 402(0 + 1), the aggregate estimator fmyw 4 defined with

pen(t) > 53;':02 (1 +2(1-9) |f2|2%°> tr(P;)

satisfies



e for any 7 € (0, 1], with probability at least 1 — 7,

o= Fowald < _inf (20) [ o~ Flln()
+(1+e¢) / (pen(t) + price(t)) du(t) + B(1 +¢€) (2KL(M, ) +1n %) :
e Furthermore,

E|l fo — 2 < 'f12/E — fllRdu(t
Il fo fEWAH2_H6/gl11+(T)( +2¢) [ Ellfo — felladu(t)

+(1+e) / (pen(t) + price(t)) du(t) +26(1 + €)2K L(p, m),

with
o g (1. 20=80 ol ’ 0%
prlce(t) = 2 <1 + f)’ — 40_2 02 t’f'(Pt)O' and € = m

Note that pen(t) > price(t) + 20 (Bf—:ﬁ - 1) tr(P;), and the result may be

further simplified using pen(t) + price(t) < 2 (pen(t) + o%tr(P,)).

As announced in the scheme of proof of the oracle inequalities (section H),
the key is a control of the deviation of the empirical risk of any aggregate around
its true risk. It is allowed by Lemma [2]in this case.

Lemma 2. For any prior probability distribution 7, any § € [0,1] and any
B > 402, for any probability distributions p and ,

e For any n > 0, with probability at least 1 — 7,

[ (0= £ =) doto) ~ [ (10— Flly = ) it
< 00 ([ 1= dtgantor+ [ 1so - Rt

0'2 —~
+3 i 152 (02 +(1- 5)Hfo||§o) /tr(Pt)dp(t)

+ 202 (1 + %) /tT(Pu)d,u(U)

+p (KL(p, m)+ KL(p,7)+In %)

10



e Moreover,

E[/(||f0—ft|§—rt) dp(t)—/(nfo—fulli—m) du(u)}

4602 2 n
<& |20 ([ 1o = FiBane)+ [ 1o~ FulBdn(o)

402

+ B — 402 (02 +(1- 5)|‘Tf;\|_|§o) /tT(Pt)dp(t)

+ 202 (1 + %> /tr(Pu)du(u)

B — 402

+ B(KL(p,m) + KL(u,m)) |-

The use of this lemma is detailed in section We focus now on its proof
mixing control of exponential moments of a quadratic form of a Gaussian ran-
dom variable with basic inequalities like Jensen, Fubini, and the important link
between || fo — P; fol|3 and || fo— P;Y||3. Note that this link is obvious in the case
of orthogonal projections and need to be established differently in the general
case, leading to technicalities (the introduction of 7).

5.1 Proof of Lemma

Démonstration. For the sake of clarity, for any t,u € T, let
Avu = |Ifo = fell3 =re = Il fo = Full3 + 7.
A simple calculation yields
Apy =2(WTH (P, — PO)W + W' (P, — P,)fo — o*tr(P, — P,)) .

Since (P;)ie7 are positive semi-definite matrices, W T (P, — P,)W < W T RW,
and there exist an orthogonal matrix U and a diagonal matrix D such that
P, =U"DU.

For any 8 > 0,

Ay

6’“] <E {exp% (W) DUW) + (UW)TU(P, = P) f — o*tr(P; - PM :

E [exp
Following lemma 2.4 of [Hsu et all [2012], if 8 > 402,

202tr(Pt)+ ”(Pt _Pu)f0|%) (1)
8 — 402 '

E [exp %] < exp 2%52 (tr(Pu) +

Note that

[(Pe=Pu) foll3 <2 (I fo = Pefoll3 + 1 fo— Pufoll3) <2 (Ifo — PY5 + || fo— P.Y|3)

11



and
(P = P)foll2 < 2 (1P Soll2 + | Pufoll3) < 20 foll2 (tr(P) + tr(Pu)) -

Thus, for any 3 > 402, for any 6 € [0, 1],

Ay 202 202%tr(P, 4025 . .
Bexp | 252 = 2 (ar(p + ) T (10 B+ o Au1B)
40

=gy (L~ Ol r(P) + tr(Pu))} <1

Along the same lines as [Alquier and Lounici [2011], we first integrate ac-
cording to the prior m and use Fubini’s theorem,

1 20%tr(P, 4025 A A
B[ [ews [Am—zg? (tr<pu)+ ;_tri(j;)) ~ 5oz (o= Rl + 1160 — £ul)

402

—m(l )l follZ (tr(Py) + tT(Pu)):| dr(t)dm(u) < 1,

then introduce the probability distributions p and p, and n > 0

o2 o2 ~ ~
B [ [ew [au - 20t (rr) + 22500 ) - 20 (1o - B+ 10 - ulf)

B—402 ) B—40?
40%(1 = 8) —~—= d d 1
AT rp) +or(R) = 5 (10 520 410 92 )+ 10 ) | ap(tautu) <

before applying Jensen’s inequality

o2 ~ ~
Bow s | [ [ dwsantvaut - 2% ([150- fano) + [ 1o~ fulfauto) )

(- DN JEGORE (Kw, )+ KL(u7) +In 1)

B — 402 N
s
—202 (1 + %) /tr(Pu)du(u)

<n. (2)

Finally, using the basic inequality exp(z) > 1r_ (),

P|[ [ dwdntaut < 520 ([ 1= Flidote) + [ 150 Fulfdnto))

I e CRBITEY [ tr@sdot 5 <KL<p, )+ KL(t,7) +In %)

5_
o2 TIPS
+27 <1+ %) /tT(Pu)du(w] >1-n.

12



The result in expectation is obtained by Equation () with n = 1:

do? R "
Bop | [ [ Avadotrdute) = 2% ([ 1o~ Fiante) + [ 150~ FulBdn(o)

U2 —~
Y i 102 (0'2 +(- 5)||f0|\§o) /tT(Pt)dp(t) — B(KL(p,7) + KL(p, 7))
—202 <1 + %) /tr(Pu)du(u)] <1,

combined with the inequality ¢t < exp(t) — 1. O

5.2 Proof of Theorem

We follow the scheme of proof given in section ] and use Lemma [2] leading to
the following result: for any n > 0, any prior probability distribution 7, any
§ € [0,1] and any 8 > 40%(1 + §), with probability at least 1 — ), for any
probability distribution u,

/Hfo—ftszP /||fo—ft|\§du()

< (/|f0—ft|§dp + [ 10 - Bt

s (o2 + = 0)fl) [ er(Podott) - [ penttnte
rar (1 " %) /tT‘(Pt)d,“(t) +/pen(t)du(t)

+ <2KL(M,7T) +1In %) .

With pen(t) > ﬁffgz (02 +(1 - 5)Hf0||§0) tr(P;), the previous inequality be-
comes

(1= 525 [ 15— ot - (14525 ) [ 10— Flianco

< 207 (1 + W) /tr(Pt)d,u(t) + /pen(t)d,u(t) +7 (QKL(M, 7) +1n %) :

Furthermore, using

o — fawall < / 1o — full2dp(t).

13



if 3> 402(0 + 1), we obtain

802§ R
I fo— fewalls < inf )<l+m>/|fo—ft||§du(t)

peMI(T
o) NPT
i <1 i 6—44—(6+1)> 2 (1 * %) [ Rt
4023 402§ 1
+ (1 + B_TM) /pen(t)dli(t)—i-ﬂ (1 + m) (2KL(/L, 7'() +In ;) .

In addition, taking € = ﬁfﬁ“’fi‘;m, gives

2 . £ 2
o= fowalE < _inf (1+20) [ 1o = FulBdtt)

+

+20% (1 +¢) <1 + %) /tr(Pt)du(t)

+(1+e¢) (/ pen(t)du(t) + 28K L(p, m) + f1ln %) :

6 Appendix : Proofs in the sub-Gaussian case

6.1 Proof of Theorem (I

The proof follows from the scheme described in section [4 The main point is
still to control

[ (150 =) do®) = [ (10~ 13 = ) o

We recall that P; is a symmetric positive semi-definite matrix, there exists V"> 0
such that sup,ey || Pl <V and W is a centered sub-Gaussian noise. For any

t,u € T, we still denote Ay, = || fo — ftH% —re—|fo— fu||§ + 7y

Lemma 3. Let 7 be an arbitrary prior probability. For any ¢ € [0,1], any
B> 40%V and B > 40%V (1 + 49), let

1

~ 1602572 (ﬂ —40*V(1+26) — /B — 402V /B — 452V (1 + 45)) Ts-0.

v

Then, for any probability distributions p and p, for any v > 0,
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e for any 7 € (0, 1], with probability at least 1 — 7,
/ / Arudplt)dutu) < (14 )y [ IPY = folBdp(t

m (U +(1=6)1+ 27V)2|\Tf;H/2) /tr(Pf)dp(t)

+ 20 ( / (P dpu(u) + 2 ;)(i + ‘2/w) e / () dm))

1
#(142) 7 [ 1P~ olBant) + 5 (KL, + KL +1a 1 )
e Moreover,

B | [ [ sudstuto)] <Elaon [ 177 - flidste

O'2 —~
* [3—{TQV (02 +(1=8)(1+29V)*[ foll% ) /tr(zﬂ)dp(t)
2
+ 202 ( / (P duu) + 21 B@(i + ‘2/7‘/) i /w ) dﬂ(u)>

+ (14 2) 7 [ IRY = plBduta) + 8 (K L(o,m) + K LG )]

Under the assumptions of the previous lemma, with probability at least 1—m,

/ 1o — F.12dp(0) / 1o — FlBdu(t) < (14 v)y / 1 — foll2dp()

402

b (o2 =01+ 2V PRI [ erP2)ante) — [ pento)dot

4207 ( / br(P)dp(t) + 24 _56)(1 + ‘2/7V) e / i (P?) du(t)) . / pen ()t

# (142 )7 [ 1= folaute) + 5 (2K LGum) + 10 ).

Taking pen(t) > [3744;%2‘/ (0‘2 +(1-0)(1+ 27V)2||f0|\go) tr(P?) and v € N =
{v > 0|(1 + v)y < 1}, such that the inequality stays informative,

(=) [ o= ftganto < (1+ (143 )7) [ o= Fllancy

2 _—~
w202 ([armpante) + 2RI [ ety

+/pen(t)du(t) +5 (2KL(“’”)+ID%>'

15



Finally, since || fo — fawall3 < [ |Ifo — f:l|3dp(t),

v)? .
1o = fewald < (14 o2 2) [ o= fllancy

20° 2(1 = 8)(1+29V)? —— i
ST (/tT(Pt)dM(f) iy Hfo”go/tr(Pt )d,u(t))

+ ﬁ (/pen(t)dﬂ(t) +6 (2KL(M’7T) +in %)> '

The result in expectation is obtained in the same fashion.

6.2 Proof of Lemma 3

The exponential moment of A, , is easily controlled by a term involving || P, fo —
foll3 (see Equation (). Since P; are not projections, || P, fo— foll3 < [|[PY — fol|3
does not hold any more. The presence of || P,Y — fo||3 allows us to obtain a weak
oracle inequality. To overcome this difficulty, ||(P;, — P,)Y||3 is introduced and
for an arbitrary v > 0, we try to control A;,, —v|(P: — P.,)Y||3.

Démonstration. A simple calculation yields
At = (P = P)Y |3 =W (2L = 7(P, = P.) " )(P, = P)W
+2W (I = y(Pr = Pu) ") (P = Pu) fo — 20%tr(P, — Pu) = 4[|(P = Pu) foll3-

Noting that W' (21 —y(P; — P,)")(P; — P,)W < 2W (P, — P,)W and since
(Py)seT are positive semi-definite matrices, 2W T (P,—P, )W < 2W T B,W. Thus,
for any 8 > 0, any v > 0,

Bexp (242 - 27— PYI)

E [exp % (WTPW + W' (I —~(P, — P.)(P; — P.) fo)

IN

X exp _71 (202tr(Pt —P,)+9|(P: — Pu)fOH%) )

The first step is to bring us back to the Gaussian case, using W’s sub-
Gaussianity and an idea of [Hsu et all [2012]. Let Z be a standard Gaussian
random variable, independent of W. Then,

Eexp <iWT VP.Z + zWT(I —y(P, — P)))(P, — Pu)f0>

VB B
=E [IE {exp (%WT VP.Z + %WT(I — (P, — P))(P, — Pu)f0> \W”
=E [IE {exp (%WT PtZ> \W] exp <%WT(I — (P, — P,))(P; — Pu)foﬂ

- Eexp% (WTPW +W (I —~(P,— P,))(P; — Pu)fo) -

16



On the other hand,
2
E {exp 3 (WTPW +WT (I —~(P, — P,) (P, — Pu)fo)]

=E {E [exp <%WT\/EZ + %WT(I — (P, — P))(P — Pu)f0> \Z” .

Since W is sub-Gaussian with parameter o,

E {exp% (WTPW +W (I —~(P, — P.)) (P — Pu)fo)]

2 2

2
< Eexp (U—

2 2

N———

Eexp (Ag“ -2 - Pum%)

0.2
<E [exp 27 (ZTPtZ + \%ZR/&(I — (P, — P))(P; — Pu)foﬂ
0'2 0'2
Xexp (26_2 (T = ~(P, = P.))(P. = Pu) foll3 — %tr(Pt - Pu) - %H(Pt - Pu>fo|§) :

The expectation is similar to the one obtained in the Gaussian case: the expo-
nential of some quadratic form. The same recipe is applied. Since P; is positive
semi-definite, there exist an orthogonal matrix U and a diagonal matrix D such
that P, = UT DU. Note that UZ is a standard Gaussian variable. This diago-
nalization step and the non-negativity of the eigenvalues allow to apply Lemma
2.4 of Hsu et al. [2012]. Then, for any 8 > 402V, any v > 0,

Bexp (222 - 27— PYI)
2 2 2
<o 2 (0P + 552y (9082 + 2 [VEU = 2= PP - PR )

202 s 207 ol 5
X exp (F (I = ~v(Pr — Pu))(P: — Pu)folly — 7“‘(3 - Py) - EH(Pt - Pu)fo|2) :

17



Consequently,

At.u
Eexp < w2 (P = P fol3— 1 (Pr myn%))

B B
<o 2 (1r(R) + 720 tr(ED))
X exp <25L22 <%(1 +29V)2 +(1+ 2w)2> (P, — Pu)f0||§> .
<o 22 (1R + 0 red) + B2 B - ROl

If an exact oracle inequality is wished, ||(P; — P.)fol|3 should be upper
bounded by some constant and v should be set to zero. Else, v is used to replace
the terms in ||(P; — Py)fol|3 by ||(P: — P.)Y||3. Thus, the terms depending on
fo will be upper bounded in two ways:

e on the one hand, using || fo||%,

(P = P)foll2 < 2 (1P foll + | Pufoll3) < 2 (tr(P2) + tr(P2)) [ foll2

For any ¢ € [0, 1],

Eexp (Aﬂ (1P = Pl = 1P~ Pu>Y|§)>

202 202 14+29V)2(1 =6
< exp7 (tT(P )+ m r(P?) + ( 57_ 4)02(‘/ )”(Pt - Pu)f0|§)
202(1 + 2yV)25
X (W”(B —Pu)fo|721)

202 202 14 29V)25
<o 2 (i) + 5ot + ST r - Pl

402(1 + 29V)2(1 - 6) —
e (AT G0 ar(r2) + () TR ).

e on the other hand, introducing ||PY — fo||3 to obtain a weak oracle in-
equality: conditions should be found on 7 such that

202(1 4+ 29V)2§
2 I 0P = Pl = (17— P ol = P2 = PYB)

< CL|PY = foll3 + Co||P.Y — foll3

for some non-negative constants C7 and Cy and with § > 0. Since for any
v >0, (P = P)Y[3 < A+ 0)PY — foll3 + (1+3) [PY = foll3, it
suffices that

202(1 + 29V)26
WH(R& — P foll3 = II(Pe = Pu) foll3 < 0.

18



This condition may be fulfilled if 3 > 462V (1 + 46). The smallest v > 0
among all the possible ones is chosen :

1
T 16026V2

~ (5 — 46%V (1 +28) — /B — 402V /B — 402V (1 + 46)) Ls=o.

This leads to the following inequality : for any § € [0,1], for any 3 > 402V
and 8 > 402V (1 + 46), with v previously defined, for any v > 0,

Bew (222 - 2 (@ uipy - i+ (1+ 1) 127 - i) )
2

< exp 2% <tT(Pu)

The rest of the proof follows the same steps as in the Gaussian case: we
first integrate according to the prior 7w, use Fubini’s theorem, introduce the
probability measures p and p and apply Jensen’s inequality to obtain that for
any 1 € (0, 1],

202 2(1+29V)%(1 = 6)
20T (P2
e A et

(tr(P?) + tr(P2)) II/ngo> :

Eexp % [ / / Avudp()dp(u) — (1+ )y / IPY — fol3dp(t)

402

—20°  [rteaaut + LEDEEZVE R [ ireano)
- (1 + %) 7/ 1P.Y = folldpu(u)

-3 (KL(p,ﬂ') + KL(u,7) +1In %) } <n (3

Finally, using exp(z) > 1g, (), for any § € [0,1], any 8 > 40%V and 8 >
402V (1 + 46), with ~ previously defined, for any 1 € (0, 1], for any v > 0,

2 [ [ Audp®iute) < @+ v [IRY - folBdott)

0’2 —~
+ giTw (02 +([1=8)(1+ 27V)2Hf0||§o) /tr(Pf)dp(t)

+ 20 ( / tr(Py)dpu(u) + 2 _ﬁai(i U+2 éw) o / tr(Pf)du(u)>

+ (1+ %) W/HPuY—fOHSdM(“) +8 (KL(p,W)JrKL(WT)Hn %)} z1=n

The result in expectation comes from Equation [B) with n = 1, combined with
the inequality ¢ < exp(t) — 1. O
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