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MEAN-FIELD LIMIT OF A STOCHASTIC PARTICLE SYSTEM
SMOOTHLY INTERACTING THROUGH THRESHOLD
HITTING-TIMES AND APPLICATIONS TO NEURAL NETWORKS
WITH DENDRITIC COMPONENT.

J. INGLIS AND D. TALAY

ABSTRACT. In this article we study the convergence of a stochastic particle system
that interacts through threshold hitting times towards a novel equation of McKean-
Vlasov type. The particle system is motivated by an original model for the behavior
of a network of neurons, in which a classical noisy integrate-and-fire model is coupled
with a cable equation to describe the dendritic structure of each neuron.

KeEyworDs: McKean-Vlasov equation; cable equation; noisy integrate-and-fire model;
mean-field limit; non-constant synaptic weights; dendritic structure; neuroscience.

1. INTRODUCTION

Particle systems that interact through hitting/exit times are receiving an increasing
amount of attention in diverse areas. For some recent references and a discussion of
computational models in fluid and population dynamics, see [19, Sec.5|. Other examples
can be found in financial mathematics: in [11] such a system is used to model portfolio
default rates. In this article our motivation comes principally from neuroscience, though
the new model we propose may have different applications (see Section 6 below). The
specific nature of the interactions in the model requires the development of some new
analytical techniques in order to study the mean-field limit.

Recently, several works have been concerned with a particular model of neuronal activ-
ity that consists of a network of /N neurons each evolving according to the so-called noisy
integrate-and-fire model, and interacting though an empirical average of jump terms. To
be more precise, the framework introduced in [15] modeled the electrical potential U}
across the soma of neuron i at time ¢ as a stochastic process U’ = (U})¢>0 with the
following two key properties:

(i) whenever U/ reaches a constant threshold, it is instantaneously reset to some value
below the threshold (at such times the neuron instigates an action potential and
is said to have ‘spiked’);

(ii) at spike times all the other neurons instantaneously receive a ‘kick’ of size pro-
portional to 1/N, which may in turn cause them to spike if they are close enough
to the threshold.

This work was partially supported by the European Union Seventh Framework Programme (FP7)
under grant agreement no. 269921 (BrainScaleS), no. 318723 (Mathemacs) and the Human Brain Project
(HBP).
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2 J. INGLIS AND D. TALAY

The idea is then to approximate the interaction described by (ii) by an average when N
becomes large i.e. to take the mean-field limit. The resulting non-standard equation of
McKean-Vlasov type is the subject of [7] from a stochastic process point of view, and
[4, 5] from a PDE perspective. In particular, it was shown in these works that for certain
choices of parameters the limit equation has a unique global-in-time solution, while for
others it exhibits a blow-up phenomenon in finite time (where the effect of a single neuron
spiking causes an instantaneous cascade during which a macroscopic proportion of other
neurons all spike at exactly the same time). This causes serious problems when trying
to approximate the behavior of the finite system by the limit equation after a blow-up
(though this problem has been partially resolved in [8]).

A major criticism of the afore mentioned model is the instantaneous transmission of
the effect of a spiking neuron to all points in the network. This is because in reality it
takes time for the arrival of an action potential at a synapse to be felt at the soma, as it is
transmitted along the dendritic tree. The first purpose of this article is thus to introduce
a new model that takes into account this effect, by describing how the transmission occurs
through the use of the cable equation.

It turns out that by doing this, we have a rare example whereby an attempt to derive
a model that better reflects reality in fact helps with the analysis in some places, and
allows us to make significant generalizations. The two key generalizations we make here
in comparison with previous setups are that we allow for non-constant synaptic weights
(so that the effect of neuron 7 on neuron j is not necessarily the same as the effect
of i on k), and that in place of a constant diffusion coefficient we work with a much
more general (elliptic and bounded) one. Both these generalizations are important from
the modeling point of view, since non-constant synaptic weights and general noise are
important features in neural networks.

The advantage of introducing the cable equation as a transmission mechanism is that
the dynamics at the soma are smoothed. As we will see, this eliminates the possibility
of a blow-up cascade, which is an artifact of the instantaneous transmission of action
potentials in previous models. Nevertheless, the resulting McKean-Vlasov equation and
associated nonlinear martingale problem is of a new type, and the analysis of its solution
requires arguments which are not available in the literature.

The main results (Theorem 2.3 and Theorem 2.4) of the current article are that in the
limit as the size of the network becomes infinite, our new model can indeed be approxi-
mated by the unique solution to the associated McKean-Vlasov type limit equation. The
general proof strategy of these two results takes inspiration from that presented in [7]
and [8], though it has to be significantly adapted to the new situation. Indeed we develop
new arguments that both reduce the complexity of the proofs found in these previous
works by taking advantage of the smoothing effect of the transmission mechanism, and
allow us to handle the non-constant synaptic weights and general diffusion term.

The layout of the paper is as follows. In Section 2, we present the particle system
and nonlinear McKean-Vlasov equation under study, together with the main results.
In Section 3 we derive the model from biological considerations. In Section 4 the first
main result (Theorem 2.3) of the existence and uniqueness of a solution to the nonlinear
McKean-Vlasov equation is proved. In Section 5 the convergence of the particle system
(Theorem 2.4) is proved, and we finish with a conclusion in Section 6.
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General notation: For a topological space T, we will denote by C(7T) the space of all con-
tinuous functions : 7 — R, equipped with the usual uniform norm || f||o := sup,c7 | f ()]
for f € C(T). Where necessary we will write C(7) for the space of all bounded continuous
functions on 7. Forn € {1,...,00}, C"(T) will denote the space of n times continuously
differentiable functions : 7 — R, equipped with the norm || f|len(7) := D21t 1FD|oo for
f € C™(T), where fU) indicates the ith derivative of f. Similarly, C}'(T) will denote
the subspace of bounded functions in C"(7). For f € C([0,00)) we will sometimes write
| flloo,r = supsefo,ry | f(t)] for T > 0. Moreover, for T' > 0, we will use D([0,77) to denote
the Skorohod space of cadlag functions, equipped with the usual Skorohod topology. We
will also write P(7) for the space of probability measures on (7,B(T)), where B(T) is
the set of Borel sets of 7. Finally, we use the notation |x] to represent the integer part
of x > 0, and include a nomenclature table in the Appendix (Section 7.3) to help the
reader keep track of the more specific definitions.

2. MAIN RESULTS

The central object of study in this article will be an N-particle system interacting
through threshold hitting times. The motivation for studying this particular particle
system will be described in detail in the next section. In short, the system models
the behavior of the electrical potential (U});>o across the soma of neuron i in a neural
network of size N. Each time this potential reaches the threshold 1 (at times (7{)x>1)
the potential is instantaneously reset to 0. At such a time the neuron is said to ‘spike’.
The neurons in the network interact through a term that describes the effect of a spiking
neuron on the rest of the network, with the coefficients J;; representing the connection
strengths, and the kernel G modeling the mechanism whereby a spike is transmitted from
a synapse (where it is received) along the dendritic tree to the soma.

Precisely, the system is given by
(2.1)

Ui = Ui+ H(t) + [ b( Ust+2§V1;3¢f0 (t — s)Mids — M} + [l o(UDdW,

S?N: ZN JZ]u Mj =332, Ot(Tk) A
=inf{t >7(_, : U/ >1}, ke N\{0}, 74=0,

for t > 0 and i € {1,...,N}. Here (W});>0 are independent standard one-dimensional
Brownian motions and the weights J;; are non-negative constants. The integer-valued
processes (M});>o count the number of times the potential U’ has reached the threshold
before t. From a biological point of view, they count the number of times the neuron has
‘spiked’ before t.

To understand the system (2.1), note that in between system spiking times, all the
potentials (U?);¢ {1,...N} simply follow an SDE, independent of the behavior of the other
neurons. Then, when the system spikes i.e. when one of the potentials U’ reaches the
threshold, the SDEs are all updated by setting M} = M}_+1. The process (M} );>o (and
hence (U})¢>0) is cadlag, so that U < 1 almost surely.
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The central goal is the study of the convergence of the particle system (2.1) as N — oo
towards the limit equation

Uy =Uo+H(t)+ [3b(Us)ds + [y G(t — s)E(Ms)ds — My + [} o(Us)dWs,
(22) My =370 Lo (),

T,  =:inf{t > 711 : U= > 1}, k€ N\{0}, 79=0.
This is a non-trivial equation of McKean-Vlasov type, since the right-hand side depends
on the distribution of the solution. However, it is non-standard since it in fact depends
on the distribution of the hitting times of the threshold by the solution, rather than the
solution itself.

Throughout the article, we will impose the following conditions on the coefficients
H,b,0,G and the initial condition Uy:

Assumptions 2.1. Assume that

H :[0,00) — R is bounded and twice differentiable, with bounded derivatives;
b€ CY(R) and there erists a constant Ay, > 0 such that

V(@) < Ao, [b(2)] < Ap(1+ [2]), = €R;
o € C2(R) and there exists a constant A, > 0 such that

A <o(x) <Ay, o' (@)]|0"(@)] < Ay, zER;

e (G:[0,00) — R is bounded and twice differentiable, with bounded derivatives, such
that

G(0) = G'(0) = 0;

o Uy € (—R,1) almost surely for some R > 1, and is such that
1 3 _ (1-2)?
(2.3) sup / (1 —2)t 2e Aot P(Up € dx) < 00
te(0,7] J —o0
for all T > 0.

Remark 2.2 (The initial condition). The condition (2.3) on Uy ensures that the density
of the first hitting time 11 in (2.2) does not explode as t — 0 (see Lemma 4.1). It is
natural, since the same condition is necessary to ensure that the first hitting time of 1 by
a standard Brownian motion starting from Uy has a bounded density as t — 0.

One can also note that, for example, (2.3) is certainly satisfied if Uy = xzq for some
xo < 1, orif Uy has a density with respect to the Lebesque measure that is bounded and
such that

P(Uy € dx) < B(1 — z)dz, xz€[l—¢1),
for some B >0 and € > 0.

The fact that we require the density of Uy to have compact support is for convenience,
and is not necessary for our results in some cases of interest. For example if b(x) = — Az
forx, A € R, then it could be replaced by requiring all moments to be finite. The difficulty
for general b satisfying the above conditions is to arrive at a satisfactory estimate of the
density of the first hitting time of the threshold 1 by a stochastic process with drift b (see
the Appendiz). The reason we choose to use work with Uy in a compact set is to avoid
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diverting attention away from the core features of the model, as highlighted in Remark
2.5. We instead include further discussion of this issue in the Appendiz (Section 7.2).

The first main result is an existence and uniqueness result for a solution to the nonlinear
equation (2.2).

Theorem 2.3. Under the Assumptions 2.1 there exists a pathwise unique solution U =
(Ut)tejo,r) to the equation (2.2), for any T > 0.

The second result is that, under some conditions on the weights J;;, we have the
convergence of the weighted empirical measure towards the limit equation.

Theorem 2.4. Let (U})i>1 be a family of independent identically distributed random

variables with the same law as Uy, and let (U',... , UN) be the solution to the particle
system (2.1) on [0,T], T > 0. Moreover, suppose that for all i € N

N 2

Vg2
(2.4) @%O as N — oo.

(S )?
Then, under the Assumptions 2.1, for every i € N,

N

1

Law (S—N Z JZJ5UJ> = 5Law((Ut)te[0’T])7
ig=1

in the space P(P(D([0,T]))), where (Ut)iecpo,1] s the unique solution to the limit equation

(2.2) on [0,T]. Here D(]0,T]) denotes the Skorohod space on [0,T], and = indicates that

the convergence is in the weak sense.

Remark 2.5 (Comparison with previous models). The nonlinear equation (2.2) and
particle system (2.1) are similar to the ones studied in |7| and [8] respectively (and also
in [4] and [5] from a PDE viewpoint). Indeed, one could recover the equation and particle
system considered therein by formally taking G = 6y, H(t) =0, 0 =1 and J;; = 1 for
all 1,7. However, the conditions we here impose on G prevent this: the point is that
they ensure that the discontinuities of the counting processes M and M* are smoothed.
From a biological standpoint, the reason for the presence of the kernel G is described in
more detail in Section 3, but loosely it describes the fact that an arriving spike from a
presynaptic neuron should be smoothly transferred from the synapse to the soma, and
that there are no synapses on the soma itself (so that there is no instantaneous spike
transmission). In this respect our model is in fact more biologically realistic than the
previously considered one.

Mathematically, the extra reqularity due to the smoothing effect of G renders our anal-
ysis more tractable, and allows us to make two tmportant generalizations in comparison
with the previously studied model: 1) we can include non-constant synaptic weights J;j,
and 2) we treat the case of a general non-constant diffusion coefficient o.

A final remark is that by Theorem 2.3, we see that the limit equation (2.2) does not
exhibit the blow-up phenomenon observed for the previous model in [4].

The strategy to prove these two results is actually quite standard, though the details
are not. For Theorem 2.3 we develop a fixed point argument taking inspiration from the
classical notes of Sznitman [18|, which concern particle systems with regular drift and
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diffusion terms. The difficulty in our case stems from the fact that the interactions we
consider are very singular: the particles in (2.1) interact only through their hitting times
of the threshold 1. The proof of Theorem 2.4 then proceeds in two steps: we first show
that the family of laws of the weighted empirical measures is tight, and then prove that
the law under any limit point of this tight sequence must be the law of a solution to
the limit equation. Since such a law is unique by Theorem 2.3, the result follows. Once
again this step is significantly complicated in comparison with the classical case due to
the singular nature of the interactions.

Example 2.6. The condition (2.4) on the J;js is both satisfied in the classical case where
Jij =1 foralli,j € {1,...,N}, as well as in more interesting cases such as

1 .
Jij:f’.]#l’ JZZZO’
]
fori,j € {l,...,N}. The latter case describes a situation where one has a decay in the
synaptic strength between neurons that are far away from each other.

We finally mention a corollary to Theorem 2.4, which applies in the particular case
when the system is exchangeable. This is the standard propagation of chaos property,
which follows by slightly adapting [18, Proposition 2.2].

Corollary 2.7. Suppose that we are in the situation of Theorem 2.4, but that in addition
we have that J;; does not depend on i, for alli,j € {1,...,N}. Then for any ¢1,..., ¢ €
Co(D([0,T7)) it holds that

k

E (¢1(U1) . ¢k(Uk)) = [[E@W), as N = .

=1
3. DERIVATION OF THE PARTICLE SYSTEM (2.1)

In this section we motivate the study of the system (2.1) as a model for the behavior
of a network of N neurons, labelled i € {1,..., N} (though as mentioned in Section 6,
there may exist other applications motivating similar models). We suppose that each
neuron consists of a soma and a dendritic tree (ignoring the role of the axon).

The dendritic tree: We model the dendritic tree of each neuron by a uniform infinite
one-dimensional cable R, with the soma located a position 0. Let V/(¢),& € R be the
membrane potential at £ € R on the dendritic tree of the ith neuron at time ¢t > 0. We
then model the behavior of V}/(¢) by the cable equation

(31) V(€)= SORVI(O) ~ Q) + finlt.©), 1> 0.6€R,

for some v > 0, where fI ,(t,€) is the applied current density at time ¢ and position &
(the applied current per unit length). This is quite a standard model for the membrane
potential across a one-dimensional neuron (see [10] Section 2.5.1 or [20], Chapter 4).

The soma: This is the processing unit of the neuron that decides whether or not to
instigate an action potential. We use the noisy integrate-and-fire model to describe
the behavior. In this model the electrical potential across the soma evolves continuously
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according to a stochastic differential equation until it hits a threshold (which for simplicity
we take to be 1), at which point it responds by instigating an action potential. After
action potential initiation the electrical potential across the soma is instantaneously reset
to 0.

Precisely, let U} be the potential across the ith soma at time ¢ > 0, which evolves
according to

t t ) )
(3.2) U;:U5+/ b(U;)derIi(t)—MtZ—ir/ o(UDAWE, >0,
0 0

where U¢ < 1 almost surely, (W});>0 is a Brownian motion, assumed independent from
neuron to neuron, and [;(¢) is the input current into the ith soma at time ¢. Moreover,
the instantaneous resets of the process (Uf);>q from the threshold 1 to 0 are described
by the process (M});>¢ defined by

[ee]
M = Z 1[07t](’7']i), =inf{t>7_,:U_>1}, 70=0.
k=1
Hence Tli is the kth spiking time of neuron 4, and it is clear that whenever U/ = 1 then

Ul =0.

The coupling: The point is that in order to describe the network effect on the system,
equations (3.1) and (3.2) should be coupled. In particular, fi,,(¢,¢) in (3.1) should
depend on the spike trains of all the presynaptic neurons connected to neuron ¢, while
I;(t) in (3.2) should depend on the potential across the dendritic tree of neuron i.

The latter coupling is easier to describe. Indeed, we simply impose that

(3.3) I;(t) = V;i(0), Vt>0,

which models the fact that the input current to the soma is proportional to the value of
the potential across the dendritic tree at position 0 (where the soma is located).

Remark 3.1. Let us note that up until this point our model is similar to the one proposed
in [3]. We have however added a noise term, and our purpose is very different.

For the other coupling, for full generality we would like to take

o
. N ,
(34) €)= AN Gt — 7)),  Wt>06€R,
Jiji k=1
where the function pyi)l- describes the density of synapses on the dendritic tree of neuron

i coming from presynaptic neuron j, and ), do(t — Tg) is the spike train of neuron j
(recall that T,i is the time of the kth spike of neuron j). Here 4y is the Dirac distribution
at zero.

However, in a first instance we make the following simplification. In fact we take

' 1 N o) '
(3.5) far(t,6) = o D Jp(©) Y bt =), VE>0,EER,
=1 k=1
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where J;; > 0 for all i,j € {1,...,N}, SN := ZjV:1 Jij and p : R — R is smooth and
bounded.

Remark 3.2. The interpretation of this simplification is that we are supposing that the
shape of the distribution of synapses on the dendritic tree of a neuron is homogeneous
throughout the network. However, we do not suppose that the strengths of the connections
are homogeneous (they are given by J;j).

Summary: Combining (3.1), (3.2), (3.3) and (3.5), we arrive at the following coupled
system

N o)
BVAE) = STRVE) — O+ TS gy dult — )
(3.6) b=t k=l

t . t . .
Ui =0, +/ b(Ug)ds + Vi (0) — M{ + / o(UY)dwy,
0 0

fort >0and i€ {1,...,N}. We would like to use this to derive a self-contained system
for the potentials (Ui)i€{17...7N} across each soma in the network, since it is the potential
across the soma that determines the behavior of each neuron. To this end we can in fact
solve the first equation in (3.6) with the help of Green’s function, which we define by

1
gt ¢ =
This is the fundamental solution to the cable equation. Indeed, then for each 7 €
{1,...,N},t>0and ¢ e R

Vi) =g e+ [ [T e, Z%Z%s—mdws
=1

where we have used the standard * notation to denote convolutlon Moreover, we have
that, in the sense of distributions, », do(s— Tk) [d/ds|M forall s >0, j € {1,...,N}.
Thus, by evaluating V;' at & = 0, we can write

e 7 exp(—£2/2t), t>0,§ R

4 4 t d 1 N .
8D Vi) =000 + [ 10— s+ A0 | g 3o | ds
ioj=1

Assumption of no synapses on the soma: Since the integral on the right-hand side
of (3.7) involves a smooth function multiplied by a distribution, we must understand
it with the help of an integration by parts. In order to avoid boundary terms (which
would significantly complicate matters since then ¢ — V;*(0) would be discontinuous —
see |7, 8]), we make the biologically plausible assumption that there are no synapses on
the soma itself. Mathematically we translate this into the assumption that p: R — R is
such that

(3.8) p(0) = p"(0) = p")(0) = 0.
Such an assumption is not uncommon in the biological literature (see for example [3]).
The intuition is that there will be no instantaneous transmission of a presynaptic action



SYSTEMS SMOOTHLY INTERACTING THROUGH HITTING TIMES 9

potential to the soma, and that the input current to ith the soma, which is given by
V/*(0), is continuous in time.
Anyway, under this assumption, after an integration by parts, (3.7) becomes

N

(3.9) Vi) = [6(4) = V5)0) + 3

N
j=1 it Jo

.. t )
2 [ i s, pl0) M s

By substituting this into the second equation in (3.6), we derive the desired self-contained
system for (U");ieq1,.. Ny

t N t t
(3.10) UZ:U5+HV(§(75)+/O b(U;)dﬁ—Z Kf/o Gp(t—s)Mgds—MZ+/O o(Uz)dWe,
J

— 5,

where we have used the notation G,(t — s) := (d/dt)[G(t — s,-) * p](0) and Hy; (t) ==
[G(t,) * V§](0). We thus see that (3.10) is exactly of the form (2.1) with H = Hy;i and
G = G,. The behavior of such interacting particle systems in the limit as N — oo is of
great interest, since there are typically very large numbers of neurons in neural networks.

We must finally check that HVOi and G, satisfy the conditions stated in Assumptions
2.1,i.e. that G, and H v are twice continuously differentiable and bounded with bounded
derivatives, and that G,(0) = G},(0) = 0. This is clearly true for Hy;: whenever Vi is
bounded on R. For G, note that by definition

Gyt =2 (3—; B e—§§p<§¢i>ds) - 3; [ e~ atevD) e

so that G,(0) = 0 by (3.8), and ||G)||sc < 00 since HpHcg(R) < 00. Moreover

d e e g 2 Z (iv)

GO == | 7T [0evh) - 206V + o (V) de
so that G,(0) = 0 by (3.8) again, and (7, is bounded. By taking another derivative, one
can also see that the second derivative of GG, exists and is continuous and bounded.

4. PROOF OF THEOREM 2.3: WELL-POSEDNESS OF LIMIT EQUATION (2.2)

The aim of this section is to prove Theorem 2.3, i.e the existence and uniqueness of a
solution to the nonlinear equation (2.2). Due to the discontinuous nature of any solution
to (2.2) (the potential U jumps to 0 whenever it reaches 1), it is convenient to reformulate
the system as a continuous one, by instead looking at the dynamics of Z; := Uy + M;.
By (2.2), it is straightforward to check that Z must then satisfy
(4.1)

Zy  =Ug+H(t)+ [y b(Zs — My)ds + [ G(t — $)E(My)ds + [3 0(Zs — My)dWy
M, = L(SUPsgt Zs)+],
7,  =inf{t >0: 2, >k}, ke N\{0}, 70 =0,
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where |z| and (z)4 indicate the integer part of x and max{z,0} respectively, for any
x € R. Indeed, since U; < 1 it is clear that for a given k > 0 such that 7, <t < Tp41,

(sup Zs)+ | < [(supUs)s ] +k = k = My,
s<t s<t

Conversely, My = [(M; + Up)y| < supg<i|(Zs)+] = [(Sups<; Zs)+] so that the second
equality in (4.1) holds. The point is that any solution (Z;);>¢ to (4.1) now has continuous
paths, and moreover a unique solution to (4.1) will yield a unique solution to the original
limit equation (2.2) (one can recover a solution to (2.2) by setting Uy = Z; — M,).

As is usual in the study of McKean-Vlasov equations, to prove the existence and
uniqueness of a solution to (4.1) we look for a fixed point of an associated map. To this
end, let T > 0, and for a function h € C'([0, 7)) define

(4.2) O(h)(t) :=E(M}), tel0,T),

where M} := | (sups<; ZM), | and (Z#)te[O,T] is the strong solution to

(4.3) ZP = Uy + falt) + /t b(zh — MM)ds + /ta(zg — MMaw;,.
0 0
with
(4.4) Fult) = H(t) + / G(t — s)h(s)ds.
0

Define also 7! := inf{t > 0 : Z > k}, for all integers k > 1, and 7} := 0. We note
that (4.3) does indeed have a strong solution, since we can construct it pathwise on
each [r)', 7/ ,), using the fact that M}* = k for ¢ € [r}',7]',;). Moreover, ®(h)(t) is
well defined, since by the linear growth condition on b and fact that |Up| < R a.s. (see
Assumptions 2.1), we can see that

S
| otz = aiyaw,
0

)

t
(4.5) sup |Z"| < R+ || fulloos + Apt + 2Ab/ sup | Z"|ds + sup
s<t 0

r<s s<t

where we have also used the fact that M) < SUPg<y |Z!| for all t € [0,T]. By the
Burkhélder-Davis-Gundy inequality and the boundedness of o we then see that

t
(4.6) E(sup|22]) < R+ Hfhuoo,ﬁAbHcA(,\/erzAb/ E(sup|27)ds,
s<t 0 r<s

for t € [0,T7], where ¢ is the constant appearing in the Burkholder-Davis-Gundy inequal-
ity. An application of Gronwall’s lemma yields the fact that E(sup,<, |Z/'|) is finite, for
all t € [0,7]. Hence so is ®(h)(t) = E(M]).

4.1. The fixed points of ® correspond to the solutions of (4.1). In this subsection,
we prove that finding a unique solution to (4.1) is equivalent to finding a unique fixed
point of ®. This is the object of the following lemma. It should be noted that in the
proof of this lemma we use the assumption on the initial condition Uy in Assumptions
2.1.
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Lemma 4.1. Suppose h € C1([0,T]) is a fived point of ®. Then a solution (Zgl)te[o,T} to
(4.3) is a solution to the nonlinear equation (4.1). Conversely, if (Zi)iejo,r) i5 a solution
to the nonlinear equation (4.1), then h(t) = E(My), t € [0,T] is a fized point of ® in
([0, 77).

Before giving the proof of this result, we first establish a useful representation of ® in

terms of the cumulative distribution functions of first hitting times. Indeed, note that
we can write

O(h)(t) =Y P(rf <t), te[0,T].
k>1

We use the notation Py to indicate the conditional probability given the process starts
at 0, and define

(4.7) () = falr+8) = fa(s), 0<s<t<T, rel0,t—s],

where f}, is given by (4.4). Then, by the strong Markov property, we see that

t
d(h)(t) =P(rh <t)+ Z / P(rf <t|rf | € ds)P(r]_, € ds)
E>270

t
(4.8) =P(r <t)+ ) / Po(r% <t — $)P(r}_, € ds),
E>270

where for s <t, Tf * is the first time the process (Xff ’ﬁs)re[()’t,s} reaches the level 1, and

(X ’ﬁs)re[o,t—s] is given by
(4.9) Xhbs = x[ots o phs () 4 /0 b(X85) du + /0 o (XY aw,,

for r € [0,¢ — s].

The usefulness of the representation (4.8) is that we have some nice bounds on the
densities of the hitting times of the threshold 1 for general non-homogeneous processes of
the form (4.9), which are detailed in the Appendix. It should be noted that the bounds
in the Appendix are obtained using purely probabilistic arguments (in contrast to the
related small time bounds used in [7] and proved in [6]).

Proof of Lemma 4.1. The first claim is straightforward. For the second suppose that
(Zt)iejo,r) s a solution to (4.1), and let h(t) = E(M;). Then, by a standard pathwise
uniqueness argument, (Z).ejo,7) = (Zth)te[O,T}? so that

®(h)(t) = E(M]") = E(M,) = h(t), te[0,T].

To complete the proof, we have to check that h € C1([0,T]), i.e. that h is in the domain
of ®. To this end, first note that since ®(h) = h, it suffices to show that ®(h) is
continuously differentiable. By the representation (4.8), ®(h) is clearly differentiable if

both P(r{* < t) and ]P’Q(T{l # <t — g) are continuously differentiable in ¢. For the latter,
7’{1 # is the first time that X/ given by (4.9) and started at 0 reaches 1. In addition
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the non-homogeneous function f,gs driving X" is C? by definition (4.4), since
d2

d2 r+s
(4.10) ﬁfhs(r) = fil(r+s) = H”(r—i—s)—i—/ WG(r—i-s—u)h(u)du, re0,t—s],
T 0 T

where we have used the fact that G(0) = G’(0) = 0. This is finite for all r € [t — 5]
since h is non-decreasing (and measurable), together with the assumptions stated in
Assumptions 2.1 on H and G. Thus the equation for X# is of the form (7.1) studied
in the Appendix, so that we can apply Proposition 7.1 to see that

[A/diPo( <t = 5) = Dt = ).

using the notation of the Appendix, which exists, is continuous in ¢, and is bounded
thanks to Proposition 7.2.
For the former term, note that

1

P(rf <t) = / P, (1" < t)P(Uy € dx).
—00

By Proposition 7.2 of the Appendix (which is again applicable since the non-homogeneous

function fflo driving X0 is C? exactly as above) we deduce that there exists a constant

Cr (depending on the bounds stated in Assumptions 2.1, and in particular on R) such

that

d h 1 _3 7(1_50)2
—P(r <t) < Cp (1 —2x)t"2e Aot P(Up € dx).
dt .
By condition (2.3) of Assumptions 2.1, this is uniformly bounded for ¢ € (0, 7. O

It is worth noting that exactly the same argument used at the end of the above proof
yields the following corollary.

Corollary 4.2. The map ® is such that ® : C1([0,T]) — C*([0,T)).

4.2. Proof of Theorem 2.3: Uniqueness. The purpose of this section is to prove the
uniqueness statement in Theorem 2.3. The proof is based on the following key lemma,
which holds thanks to the regularizing effect of the kernel G. In contrast to many
nonlinear problems (see in particular [7]), the presence of G means that we do not need
to split the proof of uniqueness into many small time steps.

Lemma 4.3. Let T > 0 and h, h € C*([0,T7]). Then there ezists a constant Cr, depend-
ing only on T and Ar = max{||h|leo, 7, [|A|lcc,7, ®(R)(T)} (as well the bounds stated in
Assumptions 2.1), such that

T
19(0) = @)l oy < Cr [ 1= Flea o s
In particular, ® : C1([0,T]) — C*([0,T)]) is continuous.

We postpone the proof of Lemma 4.3 to Section 4.3, and here proceed instead to the
proof of uniqueness in Theorem 2.3. As remarked above, it is equivalent to prove the
uniqueness of a solution to (4.1) on any interval [0, T]. To this end, suppose (Z;, My)efo,7)

and (Zy, Mt)te[O,T] are two solutions to (4.1). By Lemma 4.1 we have that h(t) = E(M;)
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and h(t) = E(M;) are fixed points of ® in C'([0,T]). Moreover, by that result (Z,M) =
(Z", M"), where (Z", M") is the solution to (4.3). Similarly (Z,M) = (Z", M").
We then apply Lemma 4.3 to h and h. This yields

T
Hﬂm—¢wmmwmsc&41m—mw@wm

for some constant Cr depending on 7' and max{||h||co.7; ||Allso.r, ®(h)(T)} (as well the
bounds stated in Assumptions 2.1). However, since h and h are fixed points of ®, this
yields

T
A — hller o)) < CT/ A — hllex(o,mydr

By Gronwall’s lemma we conclude that h = h. By the pathwise uniqueness of a solution
to the SDE (4.3), we have (2", M") = (Zh Mh) almost surely. Hence (Z, M) = (Z, M)
almost surely. O

4.3. Proof of Lemma 4.3. Let t € [0,T] and h,h € C([0,T]). Then, using the repre-
sentation (4.8), we can see that

(4.11) O(h)(t) =P(r} < t) + / t Po ("% < t — 5)®(h)'(s)ds,
0

where we recall that T{l % is the first time X/ reaches the level 1, and X" is given by
(4.9). We note that (4.11) is valid since ®(h) is continuously differentiable by Corollary
4.2. By differentiating (4.11) with respect to ¢, we see that

(Y (1)~ B (1)] < | TR < 1) - SR <)
+/t iPO(T’%ﬁS <t—s) ‘fb(h)/(s)—q)(ﬁ)'(s) ds
o |dt”

tld
4.12
(112) [ 1gR

where we have used the fact that ®(h)(s) is non-decreasing. The first thing to note is
that by Proposition 7.2 of the Appendix, there exists a constant Cp that only depends
on T, A7 and the bounds of Assumptions 2.1 such that

d
—IP’O(Tlh’ﬁs <t-—s)

(4.13) p

<Cp, YO<s<t<T.

R85 is the first time

This follows because, exactly as noted in the proof of Lemma 4.1, 7
that X" reaches 1, and the non-homogeneous drift fh driving X"# is bounded in the
C2%([0,T — s]) norm by a constant depending only on 7" and the bounds of Assumptions
2.1. This can be seen directly from (4.10). Thus, in the notation introduced in the
Appendix,

SPo(r <t—s)=p%(t—s), YO<s<t<T,
dt fh

which is indeed bounded by Proposition 7.2.
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Using (4.13) in (4.12) we see that

@(0Y (1)~ 2V ()] < | TP < 1)~ SR(ef < t)' +Cr [ [0y () — oy )] as
(4.14) + Cr Ss?t) %PO(T{L’ﬁS <t—s)— %PO(vaﬁs <t—s)

for some C7p that again depends only on T, Ap and the bounds in Assumptions 2.1. Note

that it is at this point that the constant C7 may depend through Az on ®(h)(7"). The
above dependencies will be true for all constants Cr below in the proof, though it will
be allowed to increase from line to line. By introducing the notation

7 d
Dby . | 4
@)= |5

s,t ’

d -
P (ri* <t —s) — E]P’x(r{““s <t-—s)

for 0 < s <t <T and x < 1, we continue (4.14) (by conditioning on the initial condition
in the first term) as

~ 1 - t -
B0 () = 20O < [ D@ € dn)+Cr [ o) ()~ 2(h(5) ds

—00

(4.15) + Crsup D2(0).

s<t

The point is that we can use Proposition 7.3 of the Appendix (which is applicable for
the same reasons discussed above) to deduce that

h,h 2 1—2  (1—a)?
D) < Crer f = ¥ leaoea) g 07
t ~ 1— _ (1—:0)2
< CTGCTzQ/ |h(r) — h(?“)\drixe Aoli—e) |
0 27(t — s)3

for all 0 < s <t < T and z < 1, where we have used the definition of f*, fgs and the

boundedness of G to pass from the first to the second line. Using this in (4.15) then
yields (thanks to the assumptions on Up)

B(0) ()= 90 (0] < Or [ [0 (s) = 9 (9)] s +Cr [ |hir) = ey

for all ¢ € [0,7]. An application of Gronwall’s lemma yields

~ t ~
(4.16) |®(h) (t) — ®(h) (t)| < CT/ |h(r) — h(r)|dr, te€][0,T].
0
To complete the proof we finally remark that this implies

[@(R) — @(h) o)) < 21P(R) — B(R) ||oor

T _ T _
<or / I = Rllsopdr < Cr / 1 = Rller o,y dr
0 0

where we have used the fact that ®(h)(0) = ®(h)(0) = 0. O
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4.4. Proof of Theorem 2.3: Existence. The purpose of this section is to prove the
existence statement in Theorem 2.3. We use an iterative scheme. Indeed, fix T > 0,
define hg = 0, and let

(4.17) ha(t) == ®(hn_1)(t), te[0,T], n>1.

The idea is to apply Lemma 4.3 repeatedly to show that (hy,),>1 forms a convergent
sequence in C1([0,77). In order to do this we need the following stability result.

Lemma 4.4. There exists a non-decreasing function g : [0,00) — [0,00) such that if
h € CL([0,T)) is non-decreasing and such that h(0) = 0 and h(t) < g(t) for all t € [0,T],
then ®(h)(t) < g(t), for all t € [0,T).

We again postpone the proof of this technical lemma to the next section, and first show
how it can be used to deduce the existence statement in Theorem 2.3. By definition, we
have

hn:<I>oo<I>(h0)
N——

n times

In particular, h,, is well-defined in C*([0,T]) ¥ n > 0 thanks to Corollary 4.2. Moreover
(by the definition of ® in (4.2)) h,, is non-decreasing and h,,(0) = 0 for all n > 0.

Let g : [0,00) — [0,00) be as in Lemma 4.4. Since ho(t) < g(t) Vt € [0,T] (recall
ho = 0 by definition), by Lemma 4.4 it holds that hy(t) = ®(ho)(t) < g(t) Vt € [0,T].
By repeating this argument, we see that for any n > 0

hin(t) = ®(hn—1)(t) < g(t), te[0,77],

where we emphasize that the right-hand side is independent of n. Thus by Lemma 4.3,
we have for any n > 1

T
(4.18) An+1 = hallerqo,ry) < CT/o An — hn—1ller o,y drs

where the constant Cp is also independent of n (it depends only on 7" and ¢(7T'), as well

the on the bounds stated in Assumptions 2.1). By iterating inequality (4.18) n times,

we then see that

crrm
n!

Hence (hy,)n>1 is a Cauchy sequence in C1([0,T]). Therefore it has a limit in C1([0, T]),

which we denote by hs. By Lemma 4.3, we see that

[hnt1 = Bnller o) < Ihller o,17)-

) = fim () = i s =

so that hs is a fixed point of ®. By Lemma 4.1, this yields a solution to (4.1), and hence
to (2.2) as required. O

4.5. Proof of Lemma 4.4. We will in fact show that there exists a non-decreasing
function g : [0,00) — [0,00) such that if h € C*([0,T]) is such that h(0) = 0 and h is
non-decreasing then

(4.19) h(t) < g(t), ¥t € [0,T] = E( sup yzgy) < g(t),Vt € [0,T],
s€l0,t
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where (Z?)tE[O,T] is given by (4.3). This clearly implies the result, since ®(h)(t) <
E(supseo g |Z!|) for all t € [0,T]. The proof will be in two steps.

Step 1: Small time. We will first show (4.19) holds for T" = Tj for some small T and
g = go to be chosen below. To this end, let (Zth)te[ojo] be the solution to (4.3) on [0, Tp],

and F(t) := E(sup,cpo g |Z%]). By (4.6), we have that

t
(4.20) F(t) < R+ | falloost + Apt + cApvVE+ 2Ab/ F(s)ds, te€]0,Tp).
0
By definition of f;, in (4.4),
1
Ihlloc,t < 1 Hlloo + tGlloch(t) < [[H oo + 5h(),

for all ¢ € [0, Tp], where we have now chosen Ty = (2||G||oo) . Hence, if we assume that
h(t) < go(t) for t € [0,Tp], it follows from (4.20) that

t
1
(4.21)  F(t) < R+ At + AoVt + 2Ab/ F(s)ds + || H||oo + §go(t), t €10, Tp).
0

The point is that we have assumed T to be small enough so that the coefficient of
go(t) in the above is < 1, which allows us to apply a Gronwall type argument. Indeed,
defining Q(s) := exp(—2Aps) [ 20, F (r)dr for s € [0, Tp] yields

Q6= (Fis) 280 [ Far ) e
0
1
< (R us s+ (o) + [l ) 220
by (4.21). This implies

t t 1
2Ab/ F(s)ds < eQAbt/ (R + Aps + cAg/s + 590(3) + HHHOO> 2Ape 203 s
0 0

1 t
422 < (B4 Mt edaVE+ [ ) (2N = 1) 4 562! / go(s)2Ape20%ds,
0

Define now gy by
(4.23) go(t) := 2(R + Ayt + cAgVt + || H||oo)e* ™, t € [0,Ty)].
Then, we have that
1 t
§€2Abt/ 90(8)20pe ™2 05ds < (R + Apt + cAp Vi + || H]oo) (e — e27) |
0
so that by (4.22)

t
2Ab/ F(s)ds < (R + Ayt + AoVt + || H||s0) (e*™F —1).
0
Finally, using this in (4.21), we have thus shown that

1
F(t) < (R + Apt + cAgVt + || H|oo ) et + ggo(t) =go(t), te[0,Tyl,
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where Ty = (2||G||o0) ™! and go is given by (4.23). In other words (4.19) holds on [0, Tp)
for the stated Ty and go.

| with g = g for

Step 2: Long time. Suppose now that (4.19) holds on some interval [0
0,T + To), where Ty

some function g : [0, 7] — [0,00). We aim to show that it holds on [
is as in Step 1.

To this end, suppose h € CL([0,T + Tp]) is non-decreasing and such that h(0) = 0
and h(t) < g(t) for t € [0,T + Tp), where g(t) = g(t) for t < T and g will be defined
for t € (T,T + Tp) below. Define Z"" := Z?JrT for all s € [0,7p]. Then, by the Markov

property, the dynamics of Z" are given by

T
T

20 = 2h+ £ )+ [ 0(Zh - Ntydr+ [ o(2E - Niai,
0 0

where (W,)4>0 is a Brownian motion, M" = D k>t Lo,¢(71), and 7 = inf{s > 0: Zh >
k}, k > 1 with 7 = 0. Here, as in (4.7),

() = fuls +T) — fu(T), s €0,Th).

Now, proceeding as in Step 1, if we define F'(s) := E(sup,¢o,5] |Z")), by the Burkholder-
Davis-Gundy inequality,

F(5) < EIZH+ 1 o+ Aus + o5+ 280 [ Pl
0

Moreover, again by (4.4), using the facts that h is non-decreasing, h(0) = 0 and G(0) = 0,
£ low,s < 201 Hlloo + sup

we have for s € [0, Tp]
r+T d u
/ — [/ G(u — v)h(v)dv] du
rel0,s] [/ T du |.Jo

5+T U
< 2[|H||0o —i—/ / |G(u — v)|h (v)dvdu
T 0

_ 1 _
< 2||H||oo + 8/|Glloch(r + T) < 2||H||oo + §h(s +7),

for all s € [0, Ty], recalling that Ty = (2[|G||)*. Since we have assumed that h(t) < g(t)
for t € [0, T + Tp|, we then have

A

S
N 1 _
F(s) <E|ZE| + Aps + chov/5 + 2Ab/ F(u)du+ 2| Hlloo + 59(s + 1),
0
for s € [0,Tp]. Now, by assumption, (4.19) is true on [0,7T] with g = g, and h(t) < g(t)
on [0,T]. Thus E[Z2] < g(T), so that

A

_ s 1 _
F(s) < g(T) 4 Aps + cAy/5 + 27, / F(u)du + 2| H||oo + 59(5 +1T),
0

for s € [0,Tp]. Arguing in exactly the same way as at the end of Step 1, we can then
deduce that if

(4.24) g(t) = 2(g(T) + Mp(t — T) + chgV/t — T + 2| H]|oo ) 2T,
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for t € (T, T + Tp], then

F(s) < g(s +T),
for s € [0,Tp]. Thus, we have found g (given by g on [0,7] and (4.24) on (T, T + To])
such that (4.19) holds on [0, T + Tp]. The claim (4.19) then clearly holds on any interval,
since we can iterate this second step. O

5. PROOF OF THEOREM 2.4: CONVERGENCE OF THE PARTICLE SYSTEM

The purpose of this section is to complete our study, and prove the second main result,
namely Theorem 2.4. In a similar way to Section 4, it is convenient to reformulate the
particle system (2.1) in terms of the processes (Z})i>0 := (Ui + M} )¢>o fori € {1,...,N}.
This is because for each i € {1,..., N}, the dynamics of Z* are given by
. 1>

= Ui+ H(t)+ [ b(Zi — Mi)ds + N 2% [T G(t — s)Mds + [ o(Z — Mi)dW!,
Mtz = L(Supse[o,t] Zs)+Ja A
7, =1inf{t > 0: Z} > k}, k € N\{0}, 7§ =0,

where as above |z| and (z)4 indicate the integer part of z and max{z,0} respectively,
for any € R. This reformulation is seen in exactly the same way as the reformulation
of the limit equation in (4.1). As there, again the point is that each Z? has a continuous
path, but the system is equivalent to the original one (2.1). This will eliminate the need
to work with Skorohod topologies (at least until the very end of the proof).

5.1. Notation. Fix T > 0 and let (Zg)te[O,T],ie{l,...,N} be the solution to the system
(5.1). Define the weighted empirical measure

(52) :u'l . SN ZJZ](SZM

which is a random probability measure on C([O,T]) ie. pY € P(C([0,T])) for every
ie€{l,...,N}. We also define

(5.3) Y .= Law(i), i€{l,...,N},

which is now a probability measure on the space of probability measures P (C([0
view of the statement of Theorem 2.4, the aim is to study the convergence of
for each ¢ € N.

Throughout this section we will denote by 2z = (2¢)ic[o,7] the canonical process on
C([0,T]) equipped with the usual uniform topology. For ¢ € [0,7] we moreover define

(5.4) my = my(z) := K sup ZS)+J’ / G(t — s)mgs(2)ds,

s€[0,t]

1)) 1
(fV)N>z

for any z € C ([0 T]). With this notation in place we can re-write (5.1) as
= Ui+ H(t) + [y b(Z — Mi)ds + (@) ,ne) + [y o(ZL — ME)dW,
(5.5) MZ me(ZY),
Tk, =inf{t > 0: Zti >k}, ke N\{0}, 7—8 =0,
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for t € [0,7) and i € {1,...,N}. Here (iil¥,n;) stands for the expectation of n; given by
(5.4) under the measure i i.e. (i), n;) = fC([O ) ne(2) Y (dz).

5.2. Tightness of the law of the weighted empirical measure. In this section we
show that for each i € N, the family of measures (IIV)y>; is tight. The first result we
need is a bound on the moments of the solution to the system (5.1).

Lemma 5.1. Let p > 1. Then under the conditions of Theorem 2.4, for any T > 0
there exists a constant C (mdependent of N ) such that for any i € {1,... N}

E([m]") <E([ swp 12]]") <P

te[0,T)

Proof. Let i € {1,...,N}, and T > 0. By (5.1) and the Lipschitz property of b we have

T
sup (2] < U3+ | Hl + AT + 2, | sup |2i] ds
0

te[0,T] r€l0,s]
T 1 N 3 . . .
(5.6) +HGHOO/ JiMids + sup / o(ZF — MW .
o SN < Z ! t€[0,T]

Now let p > 1. Raising both sides of (5.6) to the power p and using Jensen’s inequality
(p) (

yields the existence of a constant C
Assumptions 2.1) such that

[ ) = 0 o [ g Vo [ o>, ey

te[0,T] rel0,s]
)

depending only on T, p, and the bounds in

(5.7) + sup ‘/ ZZ MZ)sz
t€[0,7]

almost surely. Thus, by the Burkhélder-Davies-Gundy inequality,

s ([ ") <o (1 [7 s, ([ o 121] )as)

where we have increased the constant C:(Fp ) (so that it now depends on A,) and used the
fact that M¢ < SUP,¢[0,4] |Zi| for any s > 0 and i € {1,..., N}. Gronwall’s lemma then
yields the result. O

Proposition 5.2. Under the conditions of Theorem 2.4, for each i € N the family
(IIV) >, is tight in P(P(C([0,T)))).

Proof. Due to the non-exchangeability of the particle system, we need to be a little
careful. Let i € N. Then according to [14, Proposition 4.6], the family (IIY)y>; is tight
if and only if the sequence of intensity measures (I(IIV))n>; C P(C([0,T])) is tight,
where for N > i, I(IIY) is defined by

1 & A
HA) = [T () = g Y P (27 € 4)
=1
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for any A € B(C([0,TY)). It thus suffices to show that (I(II)V))y>; is tight in P (C([0,T7)).
By [13, Theorem 4.10], this in turn is equivalent to showing that

Jimsup IIY) {z € C([0,T)) : |2(0)] > K} =0,
—00 N>i

and

lim sup I(ITV) { 2 € C([0,T]) : sup |z(t) —2(s)| >ep =0, Ve>O0.
=0 N>; |s—t| <6
0<s,t<T
The first condition is clearly satisfied under our assumptions on US. By the definition of
I(ITV), the second condition reads

N
1 : ,
5.8 lim sup —= > Ji;P{ sup |Z) —ZI|>e} =0, Ve > 0.
( ) 550 N>i SZN ]Z:; ) \sft|§5 ’ t s‘
0<s,t<T

To check this holds, let € > 0. Then we have

N N
1 o 1 1 o
5.9 — J;: P su 7! — 7 >ep < — Jii—E su 7 — 77
(5.9) SzN Z; ij \s—t|p§5 1 Z; 2 > SzN Z; i |s—t\p§5 1 Z; 2
J 0<s,t<T J= 0<s,t<T

To complete the proof, we can deduce by standard arguments (and using the Assumptions
2.1) that

(5.10) IE( sup  |Zi— Z§|) < OpVs

[s—t]<d, 0<s,t<T
for all N > i and 6 € (0,1), where Cp is some constant (independent of i, N and ¢).
Using this in (5.9), (5.8) certainly holds, and the lemma is proved. O

5.3. Proof of Theorem 2.4. By Proposition 5.2 we now know that, for each i € N, the
family (TIY)x>; has a subsequence (which we also denote by (IIV)y>;) that is weakly
convergent to some

I* e P (P(C([0,T1))),
as N — oo.

First step: We aim to show that, under the stated conditions of Theorem 2.4, for every
1eN
(5.11) I = Oraw((Zo)regom)»

where (Zi).e(o,) is the unique solution to the limit equation (4.1), which is guaranteed
to exist by Theorem 2.3.

We in fact show that for almost all p under II3°, i solves the nonlinear martingale
problem associated to the unique solution of (4.1). To this end, we introduce the following
operator. For t € [0,T], u € P (C([0,T])), and ¢ € CZ(R) define, for z € C([0,T7),

(5.12)
1

50’

d

Copi2) 1= 501 = ml) )+ o) (B4 6 = () + 5 () )
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where my(z) and n.(z) are defined by (5.4). We will say that p € P (C([0,T7])) solves the

nonlinear martingale problem associated with (4.1) if

519 (v - [ Eton)

is a martingale under u, whenever ¢ € Cb (R). By pathwise uniqueness for the solution

(Zt)iejo,r) to (4.1) (Theorem 2.3), the unique solution to the nonlinear martingale must

be the law of (Z;),c(0,7] (see for example [1, Theorem 1.1]). Thus if we can show that for

almost all p under II°, 41 solves the nonlinear martingale problem, (5.11) must hold.
To proceed, for a fixed ¢ € Cg (R) and 0 < s <t < T, define the functional

Pl o= (g () = pten) - | t Lol ) (e 20) )

for u € P(C([0,T))). Here k € N, 1) € Co(RF) and 0 < 51 < -+~ < 5, < s <t <T. We
then have by Itd’s formula that for i € {1,..., N}

2 (170) =2 (3. (0~ 0~ [ Bt o )

2

1 < b
=E S_NZ‘]U (/ @’(Zﬁ)a(Zﬂ—Mﬂ)dW,?>w( 1,728

7 j=1

< [WILE %i ([ o@otz - apawt)

Now, by the independence of (W) je{1,...,n} (and the progressive measurability of ZI—MI
for all j € {1,...,N}), we have that

N
1 t . ) ) )
JIE ([ oz - spaw;)

S~ 22J2E<</ (Zg)a(zg—Mg)de>2>.

2

2

Thus
B ([F(E)°) < DI I A2~ 5) g zﬁﬁo,

where we use assumption (2.4). We have thus shown that

(5.14) lim [ [F(p))*1N (dp) =0, VieN.

N—oo

In order to proceed, we need the following crucial lemma.
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Lemma 5.3 (Crucial lemma). For every i € N, p € C2(R), 1 € Co(RF) and 0 < s1 <
o< s < s <t <T, the functional on P (C([0,T])) given by

s (o (0~ - [ t Lrpip e )i ) Ul 20) )

is 1I9°-almost everywhere continuous.

We delay the proof of this result until the next section, and devote the rest of this
section to completing the proof of Theorem 2.4. Given Lemma 5.3, it then follows from
(5.14) and the continuous mapping theorem (see for example [2, Theorem 2.7]) that for
each 1 € N

[ 1EGPnE a = o

We can then conclude that

P = (i (i) = plen) - | t Lonlen)dr ) e 120) ) =0

for almost all p under II$°. In other words, for almost all p under II9°, u solves the
nonlinear martingale problem (5.13), which as observed above, has Law((Z;).cjo,r)) as
its unique solution. We have thus shown that, given Lemma 5.3, (5.11) does indeed hold.

Second step: To complete the proof of Theorem 2.4, it remains to deduce from the above
that

N
1
(5.15) Law @ Zl Jij(SUj = 5LaW((Ut)t€[07T])7
J:
as N — oo for all i € N, where the convergence is now in the weak sense in the space
P(P(D([0,77))), and (Ut)sejo,r is the unique solution to the original limit equation

(2.2). To this end, the weak convergence of IV to II$° = OLaw((Z:) says that (by

tef0,7])
the portmanteau theorem)

/ (s OYTIY (dpr) — / (0, DI (dp) = E(T(Z)),

for all bounded ¥ : C(]0,7]) — R that are almost surely continuous on
supp(Law ((Zt)se(0,71)). Now suppose that ¥ : D([0,T]) — R is bounded and almost
surely continuous on supp(Law((Ut)icfo,17)), Where Uy := Z; — M;. Then the map
U :C([0,T]) — R defined by

U(z):=¥(z —m(2)), z € C([0,T]),

where m(z) is given by (5.4), is bounded and almost surely continuous under
supp(Law ((Z;)e[o,77)). This is because ¥ — z in C([0, T') implies z* —m(2¥) — z—m(z)
in D([0,T7) for all 2z € supp(Law((Z;)efo,7])), thanks to Lemma 5.4 below (see for ex-
ample [9, Proposition 6.5]). Thus

N N
E S%Zjij\if(Zj—Mj) - LZ(Jijxif(Uj) —>E<¢1(U))
tog=1 S
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as N — oo for all bounded ¥ : D([0,7]) — R that are almost surely continuous on
supp(Law ((Ut)sejo,77)). This completes the proof of the claim (5.15), and hence Theorem
2.4.

5.4. Proof of crucial Lemma 5.3. The proof of Lemma 5.3 follows [8, Lemma 5.10],
but we must adjust for the fact that here we are working with a general diffusion coeffi-
cient, rather than a constant. In counterpart, the proof in our case simplifies in places
due to the fact we work on the space of continuous functions with the usual topology
(rather than on the Skorohod space).

Fix i € N. Let (u!);>1 C supp(II3°) be a sequence converging to u € supp(II°) in the
weak sense. The lemma will be proved if we can show that

i (i (iten) = e = [ Loyl ) vl
_ <M, <¢(zt) —o(z) - /: Er,ﬂgp(zr)dr> Dz .,zsk)> .

By the definition of L, ,,, since ¢ € Cg(R), Y € Cp(RF) and by Assumptions 2.1, one can
see that it suffices to show that

(5.16) pi (o, | t me(@)ir) = (i [ t mo(2)dr ).

where m, is defined by (5.4). We need the following lemma:

Lemma 5.4. Let i € N. For every p € supp(II2°) € P(C([0,TY)), the following crossing
property is satisfied: for every integer k > 1 and every € > 0

(5.17) i {z € C([0, 7)) : 7k(2) < T, sup (2t — k) = 0} =0,
t€lmk(2), (T (2)+e)AT)

where Ti(z) = inf{t € [0,T] : zx > k} (inf0 =T).

We prove this lemma in the next section, but first show that it is enough to complete
the proof of Lemma 5.3. Indeed, let z € supp(u), and let (z%).>; C C([0,T]) be a
sequence converging to z in C(]0,77). Thanks to Lemma 5.4, we have that there exists
a countable set I C [0,T] (consisting of all times at which z crosses a new integer and
possibly T') such that

me(2%) = m,(2),  rel0, T\,

almost surely. Thus, the application z fst m,(z)dr is continuous almost surely for all
z in the support of p. Therefore, by the continuous mapping theorem |2, Theorem 2.7],
(5.16) holds.

O

5.5. Proof of Lemma 5.4. Let i € N. The proof is again adapted from [§8|, though we
again must generalize it for a general diffusion coefficient o. To proceed, we introduce
the coupled weighted empirical measure

N
_ 1
HZN = S—N E Jijé(Zj,fda(ngMg)de) € P(C([OaT]) X C([O,T])),
=1
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where (Zj)j€{17...7N} is the solution to the system (5.1) as usual and (Wj)j€{17...7N} are
the corresponding independent Brownian motions driving the system. Note that the
marginal of 8 on the first coordinate space of C([0,7]) x C([0,T]) is ¥ given by (5.2).
We also define
=V i=Law(6)), ie{l,...,N},
so that ZY € P[P (C([0,T]) x C([0,T]))]. In a very similar way to Lemma 5.2, one can
see that (Efv )n>i is tight, for any ¢ € N. We can thus extract a weakly convergent
subsequence, still denoted by (Z)x>; which converges to some Z5°.

Step 1: By definition of the particle system (5.1), for any 0 < s <¢ < T and N > i we
have
. . . t . . .
Z{—Z;>—cr(t—s) [ 1+ max sup|Z]] +/ o(Z; — M})dW;
]E{lvyN} T’ST S

almost surely, for a constant ¢ > 0 that depends only on 7" and the bounds in Assump-
tions 2.1. Thus

N N t
1 . . 1 . . .
S—N E Jij (th — Zg) Z —CT(t — S) (1 + ZT) + S—N E Jij / O'(Z,J, — Mﬂ)der,
=1 =1 s

almost surely, where for convenience we have used the notation Z7 := max; sup,<p |Z7|.
Hence

N N
J;i , . Jii (1 . . .
1=P (Y (Z - 2) > ) ;V/a(zg_Mg)dwg—cT(t—s)(HzT)

<P(> Ty <Zg - Zg) >y Jiy / o(Z) — M)dW? — cp(t — s)(1 + K)

for any K > 0. By Lemma 5.1, we have that

1 . Cr
PZr>K)<— max E/|supl|Zl|]| <—
(Zr 2 K) < je{l,...N} (gg‘ T’) - K
for a constant Cr independent of N. Thus for any ¢ € N and N > ¢ we have shown that

for almost all @ under Efv it holds that

C
(5.18) 0{z —zs > wy —ws —ep(t —s)(1 + K), VOSSStST}zl—%

for all K > 0, where now (z,w) is the canonical process on C([0,7]) x C([0,7]). We then
claim that the same must also be true for all § under Z9°. Indeed, (5.18) reads

C
Ef{@:@{zt—zsZwt—ws—cT(t—s)(l—i—K), VOgsgth}Zl—?T}:l.
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Since =V Z° in the weak sense, by the portmanteau theorem, limsupy ZN(A) <

=X(A) for all closed A. Choose A:={6:0(Bx)>1-— %} where
Bk :={(z,w) iz —2s > wy —ws —ep(t —s)(1+ K), VO< s <t <T}.

We claim that A is closed in P (C([0,T]) x C([0,T1)). Indeed, if (§%);>1 C Ais a sequence
converging in the weak sense to 6, since By is clearly a closed subset of C(]0, 7']) xC([0, T7),
it follows from the portmanteau theorem again that

C
1— % < limsup 0*(Bx) < 8(Bx) = 6 € Bg.
k
Thus A is indeed closed, so we can conclude that

1 =limsupZE) (A) < EP(A) = EX(A) = 1.
N

Step 2: By Step 1, we see that for almost all # under = and any € > 0, k > 1,
(5.19)

9{2 cTr(2) < T, sup (zt — k) :0}
telmy(2),(m (2)+e)AT)
Cr
<0qz:im(2) <T, sup [we = wr, (2) — er(t — (2)) (K +1)] =0p + —=,
1€ (2), (s (2)+)AT) K

for any K > 0. The aim of this step is to show that the first term in the right-hand side
of the above is zero.

We first claim that w is a continuous martingale under 6 for almost all # under =2°
(with respect to the canonical filtration (F3)¢>o generated by (z,w)). To this end, fix
s,t € [0,T] with s < ¢. Consider, for N > i,

QN = [ (6. (0~ ) w)) = (@0,

where ¢* : C([0,s]) x C([0,s]) — R is a bounded continuous function. Then by setting
Ys],t = fst o(Z} — M} )dW}, we have that

N 1 & iN (o (77 vi )
Qs,t - AL ZlJijE [(Y;,t) <<P <Z],YO,')> }
i j=

N N
1 ) . .
+ (SN )2 E , E JijJir IR {cps (ZJ’YOJJ o (Zk7YEJ]f-> E[n{ty;l?t’fs}] .
i) S k=R

By the independence of (W7) je{l,..,N} (and the progressive measurability of Z7 — M7 for
all j € {1,...,N}), the cross-terms are 0, so that

N

N,i s 1
Q' S IRt = ) oy D TG =0

7 j=1




26 J. INGLIS AND D. TALAY

as N — oo by assumption. Thus by the continuous mapping theorem [2, Theorem 2.7]

again, we see that (0, (w; — ws)p®(2,w)) = 0 almost surely, for almost all § under =2°.
This implies that w is indeed a continuous martingale under # for almost all # under Z¢°

.
The second claim is that

I

I

(5.20) tA;? < [w], <tA%, tel0,T],

almost surely under 6, for almost all # under =° (where [] indicates the quadratic
variation). To see this, let B := {w € C([0,T7]) : 3t € [0,T] s.t. [w] > AZt} and A =
{6 : 0(B) > 0}. The set A is open in P (C([0,7]) x C([0,T7])). Indeed, if (8%);>; C A°
is a sequence converging in the weak sense to 6, then since B is clearly an open set in
C([0,T])xC([0,T]), we have by the portmanteau theorem that 0 = lim infy 0¥(B) > 6(B),
so that (B) =0 = 6 € A°i.e. A is closed. Then, since A is open, by the portmanteau
theorem once again, we see that liminfy ZV(A) > Z%°(A). However, we know that for

almost all § under Efv ,

9(B) =0 {w e C([0,T]) : 3t € [0,T] s.t. [w]; > A2t}

N t
= SLN Z]P’ ({Ht € [0,T] s.t. / o?(Z3 — M?)ds > Ait}) = 0.
: 0

=1

Hence 0 = Z°(A) = E°{0 : (B) > 0}, which proves the right-hand side of (5.20). The
left-hand inequality follows similarly.

We can now use these two claims to conclude. The point is that, since w is a continuous
martingale, we know that w is in fact a time-changed Brownian motion under 6 for almost

all # under =2°. More precisely we have that under 6, for almost all § under =3,
wt:ﬁ)[w]t, t >0,

in law, where w is a standard Brownian motion under . Returning now to (5.19), we

then see that (since 7;(z) is a stopping time for the filtration generated by (z,w))

(we = wr, 2y = er(t = T(2)) (K + 1)) = @], —fu),, ., = et = 7%(2)) (K +1),

under 6, for almost all § under =Z°. Using the standard properties of Brownian motion,
it is then straightforward to see that, thanks to (5.20), the first term in the right-hand
side of (5.19) is indeed 0.

Step 3: In view of Step 2, by taking K — oo in (5.19) we see that

04 z:1e(2) <T, sup (2t —k)=0p =0,
)+e)AT)

te[mx (2),(1r (2

for almost all # under =5°, for any ¢ € N. To complete the proof of the lemma, note that
Y = 7. (EN) where () is defined to be the marginal of 8 € P(C([0,T]) x C([0,T]))
on the first coordinate, and W*(Efv ) indicates the push-forward of Efv by m. Thus
by continuity, we have II® = m,(29°). Then, for any Borel subset A C C([0,T7),
[ 0{(z)eeory € AYER(D) = [ p{(2t)iciorsr) € AIP(dp). Choosing A = {7 <
T, suPseir, (ro+e)am) (2t — k) = 0} completes the proof. O
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6. CONCLUSION

In this paper we have developed an original self-contained analysis of the convergence
of a stochastic particle system that interacts through threshold hitting times, which is
motivated by a new model of a neural network that attempts to take into account the
dendritic structure of each neuron. However, we argue that in fact the model is quite
natural, and could be applied in other fields. Indeed, the basic idea is that particles
evolve independently in a very general way (they follow a stochastic differential equation
with Lipschitz drift and bounded diffusion terms) until one of them reaches a threshold,
at which point all the others feel the effect of this event. In our model the effect of the
hitting event on the other particles is smoothed by the kernel GG, and it could be argued
that this is natural in such physical systems, since typically the information about the
occurrence of a hitting event may take some time to be spread throughout the system.
One specific example of a field where such models may be particularly useful is the study
of the default rate of large portfolios (see also [11, 17]). In a large portfolio of assets, a
default event should quickly (though maybe not instantaneously) have an effect on all
other assets in the portfolio.

Finally we mention some of the open questions surrounding the model and the analysis
we perform. From a biological standpoint, the principal generalization we would like to
make is to treat the case where the coupling chosen in Section 3 is of the form (3.4),
whereby the distribution of synapses on the dendritic tree may be inhomogeneous. Such
a question may require a quite different approach. Another interesting direction would
be to include a spatio-temporal noise term in equation (3.1) modeling the transmission
of the spike along the dendritic tree. This would result in a stochastic partial differential
equation, and a second source of noise.

7. APPENDIX

7.1. Hitting time density bounds. Fix T > 0, and consider the stochastic differential
equation

(7.1) dxe = (b(xe) + f'(t))dt + o (xe)dWe,  t € [0,T],
where f is some function in C2([0,T]). We assume that
(1) b: R — Ris continuously differentiable and 3 Ay > 0 such that [b(2)| < Ap(1+4]z])
and |b/'(2)| < Ay for all 2z € R;
(2) 0 : R — R is twice continuously differentiable and 3 A, > 0 such that AJ! <
o(z) < Ay and |0/(2)], |6”(2)| < A, for all z € R.

Under such conditions, it is well known that (7.1) has a unique strong solution. We are
interested in

d
71 =inf{t > 0: xiar > 1}, (inf@ =o00) and p*(¢) := pr (1 <t).

for t € [0,7] and < 1. We will in fact write p®(t) = pj}(t) to emphasize the dependence
on the function f, since our goal is to derive bounds for pjﬁ(t) in terms of f.

The following lemma provides a formula for the density p%(t), t € [0,T], < 1. It
is a generalization of the formula presented in [12] for the Ornstein-Uhlenbeck process,
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and is obtained by the same calculation in our more general context. In particular it is
a slight simplification (as well as a generalization) of the main result in [16].

Proposition 7.1. Under the preceding hypotheses, fort € [0,T], and x < 1 we have that
p?(t) is well-defined and is given by

(72) p]:vc(t) _ 6hf(t,S(l))fhf (O,S(m))spi(m)ﬁs(l) (t) S(l) 2_ Z(x) e w ’
s

where S(z) == [J[o(y)]"'dy for z € R and
o hy(t,z) := [ By(t,y)dy fort €[0,T], z € R, where

t
SOSD 4) .= Eexp (_%/0 gf(u,rg(f)%(l))du);

PS@-SM) 2 g(1) - t_TuRS(U‘S(x) <tut > -
—Uu

rf(x)_)s(l) = S(1), where (RY(7))y>0 denotes a Bessel (3)-process started at

y > 0.
We first use Proposition 7.1 this to derive the following bound.

Proposition 7.2. For any f € C*([0,T)) there exists a constant C depending only on
T, Ay, Ny, and || fllc2(jo,my) such that

3 _ (-2

IpF(t)] < CreCTe* (1 — z)t 2 Aol
forallt € [0,T] and x < 1.

Proof (outline). The hypotheses on b, o and f can be used to see that there exists a
constant Cr depending only on T', Ay, A, and || f|¢2(jo,r)) such that

(7.3) s ES)=hs 05@) < CpeCre® 5 <1, te [0,T].

Thanks to (7.2), and the fact that S is Lipschitz, it thus suffices to bound Lp?(x)_)‘g(l)(t)

for z < 1 and ¢t € [0,T]. To this end there exists Cp depending only Ay, A,, T, and
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I fllc2(jo,r) that is allowed to change from line to line below such that

t
S0]5';(:1:)%57(1)@) < Eexp (_%/0 <26uhf(u’rg(m)ﬁs(l)) + azBf(u,Tf(:v)%S(l))) du)

¢
< CrEexp (C’T {/ |r5(m)ﬁs(1)|du}>
0

t fe—
< COrE exp (CT/ t uRS(l)*S(m) ( ut ) du>
0 t t—u

[e's) 1 —S(x
= CrEexp <CTt3 /0 T RSW=S@) () d’Y)

where v = ut/(t — u) so that du/dy = t*/(t +)? and (t — u)/t = t/(t + ). Thus

S(1)—S(x)
cp?(x)_)‘g(l)(t) < CrEexp (CT sup R_(v)) :

>0 VWVttt
Now RSMW=5@)(y) < v2(S(1) — S(z) + | B | + |B?| + |BY)) for all v > 0, where

BW B@ and B® are independent standard 1-dimensional Brownian motions, by the
definition of the Bessel 3-process (RS()=9®)(5)), <. Thus

3 (2)
. - B
S0 < e e cromp )
i=1 =

= CreCTU®Eexp (C’T sup B(la,) )

120
(7.4) = Cre“™" P Eexp | Cp sup B | < Cper077),
a€l0,1]
forall t € [0,7T], z < 1. O

We also have the following bound on the difference |p§ — p§~|:

Proposition 7.3. For any f,f € C2(~[0,T]) there exists a constant Cp depending only
on T, Ay, Ay and max{||fllczo.zp), I fllezo,my)} such that

7(1—:0)2

~ 3
p(t) — p3(t)| < Ore’t || f — fllezqoup (1 — @)t~ 2e™ Aot
forallt €[0,T] and z < 1.

Proof (outline). Throughout the proof Cr will be a constant depending only on 7', Ay, A,

and max{[| fllcz(jo,r)) HJFHC%[O,T])} that may change from line to line below. In view of
Proposition 7.1, we have

(7.5) [p5(6) = p2)| < Cr(h + 1)

where
I, = el (&S()=hy (0.5()) ‘ D= (1)

1 — xr (1—:0)2

e Aot
2mt3

)

z,f,f S(x)—S x
L DY) = 70 - 0
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and

I = 4p?($)—>5(1)(t) ‘Dg’f’f(t) 7 D;“’f’f(t) — hr(tS))=hs(0,5(x)) _ p(t,S(1)~hf(0,5())

Bound for I,: Without loss of generality, suppose that h¢(t,S(1)) — h¢(0,5(x)) >
hi(t,S(1)) = h#(0,5(z)). Then since 1 — e~ <z for x > 0,

D5t (@)| < s SaN=hsOS@D (e, S(1)) = hj(t, S(1)) = s (0, 5(2)) + h5(0, S(a)) ) -
By definition of hy,
hy(t,5(1)) — hi(t, S(1)) — hy(0,S(x)) + hj(0,S(x))

~ S(1) t - S(z)
SWW-FO) [ gyt [0 =P [ ey

< Cr(L+[eD)If = fllezqomy-
Thus, using (7.2) and (7.4)

(7.6) I < Cre®™ || f — flle2qoyys t€[0,T), = < 1.

Bound for I;: We have for ¢t € [0,T], z < 1,

‘Df’f’f(t)‘ < F et Jeorri® 7 O du _ 4 [ 95750 du
< lg [e% maxc{ fi |g (il @750 du, 19w 75D du}
=2

t
[ oS S0) g0

t
< 0re@r=0) (B[ [ oy u,r750) = gy, $S0)Pau] )
0

by using Cauchy-Schwarz and (7.4) to bound the first factor. Now by definition,

l95(u,2) = g(u,2)| < Cr(1+ 12DIF = Fllezqom,

for all u € [0,t], and z € R. Therefore, by (7.2),

1
t b) _
I, < Crefr®? (1 +E[/O (Tf(x)ﬁs(l))zduD If = fllezo,17)-

To complete the proof, it thus suffices to bound

E [/Ot(rf(m)ﬁs(l)fdu} =F [/Ot (S(l) - t_TuRS(l)’S(x) (%))2@]

<2(5(1))*t + 2/000 = :7)41[*3 [(RS(”S(”Y (7)} dy,
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where v = ut/(t — u) so that du/dy = t?/(t +~)? and (t —u)/t = t/(t + ~) as before.
Now using the simple bound E [(Rs(l)_s(“f))Q(v)] < 4((S(1) — S(x))? + v), we can

conclude. O

7.2. Improvements. It should be noted that the bounds in Propositions 7.2 and 7.3,
although good for small time, are a long way from being optimal. In particular the
factor of exp(Crz?) in both bounds is rather unsatisfactory, since for large time it is
not dominated by the term exp(—(1 — x)?/A,t). It is for this reason that in the above
work (see Assumptions 2.1), we have assumed that the initial condition Uy has compact
support. Although not critically important for the main thrust of this article, the prospect
of having a better density estimate is an interesting question.

Indeed, suppose that we are again in the situation of Proposition 7.2. Without loss of
generality we may suppose that o = 1 (otherwise we may use the Lamperti transform S
as above). We would in fact like to prove that
(7 7) x _ hs(t,1)=hs(0,2), x—1 -z _(a-=? _ -3 7%

) pf(t) =" 1% % (t) 27Tt3e % < Cp(l—z)t 2e ©r
for v < 1, t € (0,7] and some constant Cr. To this end, we look again at the left hand
side of (7.7). The hypotheses on b and f can be used to see that

e (6SW)=h(0,5() < o eCrlal+[; by)dy.

Moreover we have
1 t t
(7.8) go}'iﬁl(t) < CrEexp (—5/ b2 (rE Y du + CT/ |T£%1|du> :
0 0

Using these two estimates in (7.7) yields (after substituting in the definition of r
using the simple bound* R'=%(v) < /2(1 —z + R%(y)) for all # < 1 and v > 0)

1 r— (1—90)2 —u u
() < CreCrlelg <efx b(y)dy—3 fo b*(ri ™ Hdu— 5= +Cr [ ttRO(ttu)du> (1— x)t*%

rz—1

=% and

N

1
< Crerlel [E <e2 Sy vw)dy—[y bQ(Tﬁﬁl)duwﬂ 2 (-o) =

For the second inequality we have used the Cauchy-Schwarz inequality and the bound on
the expectation of the exponential of fg 2 RO()du proved at the end of Proposition
7.2. It is thus clear that if we can prove a bound of the form

(1-=2)?

—)?
(79 J(t,x) =E <e2 S by fg ¥ (i du— 5 > < CpeCrlEle™ o v e (0,1,

for some Cr, at least when x is sufficiently negative, then (7.7) will follow.
The hope is that the term 2 fxl b(y)dy in J(t, ), which is potentially of order 2, may
be compensated by a combination of — fg b (r2=1)du and —(1 — x)?/t. Whether or not

IRecall that the Bessel 3-process R* starting from z > 0 is defined as

R ()= V(4 B2+ (B2 + (B, 20,

where B(l), B(2), and B® are independent standard 1-dimensional Brownian motions.



32 J. INGLIS AND D. TALAY

this is true for all Lipschitz b is not clear to us. However, there are some examples when
(7.9) (and hence (7.7)) can be easily shown to hold:

(i) Suppose that b is bounded from above i.e. b(z) < K for all z <1 (note b is not
necessarily bounded from below). Then clearly we have that

_(1—:0)2
t

J(t,z) < Cperlele

for all ¢ € (0,7, where Cr depends on K.
(ii) Suppose that b(z) = —Az with A > 0 (the case A < 0 is covered by (i)). Then

J(t,z) = Eexp <—A(1 — %) = \? /Ot(rgﬂ)?du - @)

< Eexp <)\(1—m)2—)\2/0t [1_’5—7“31_96 (%)]%ﬁ@)

1—2)?[1
< COrelrlel exp (_(fx) [g)\Qtz — M+ 1}) .

Finally note that %wQ —w+1> % for all w € R. Therefore

2
J(t,x) < CpeCrllexp <—%> .

(iii) By combining the above two cases, we can see that (7.9) also holdswhen b(z) =
—Ax + h(z) where A € R and h is bounded from above on (—o0, 1].

7.3. Nomenclature.

Notation: Defined in:
Uf, My, i, S} (2.1)
Up, My, T, (2.2)
Z (4.1)

®(h), M, Zp, fu(t), T (4.2)-(4.4)
) (4.7)

ply, oy (5.2)-(5.3)
me, m(2), e, ne(2) (5.4)
L (5.12)
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