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Abstract

In this paper we consider a class of quasilinear elliptic systems of PDEs which
arise in the mean field games theory of J-M Lasry and P-L. Lions. We provide a wide
range of sufficient conditions for existence of solutions to these systems: on one hand
the Hamiltonians (first-order terms) need to be at most quadratic in the gradients,
on the other they can even grow arbitrarily provided that they do not “oscillate
extremely much in the space variable” (a conditions expressed rigorously by means
of certain inequalities that involve the space derivatives of the Hamiltonians). We
concentrate on periodic conditions, but the same techniques allow to handle Dirichlet,
Neumann...boundary conditions, or even the evolutive counterpart of these equations.

1 Introduction

The systems of equations we deal with in this paper are of the following type
Liv; + H'(z, Dv;) + X\; = V'm] in Q,
L7 m; — div (¢°(z, Dv;)m;) =0 in Q, (1)
de m;(z)de =1, m; >0, de vi(x)de =0, i=1,...,N,

where the unknowns are functions v = (vy, ..., vy), probability measures m = (my, ..., my)
defined on the d-dimensional torus ) (which turn out to be continuous functions too) and
constants A = (A, ..., A\y). Throughout the paper, the L' = —a’ - D? are always second-
order uniformly elliptic operators with Lipschitz coefficients in (). (We use the notations
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trb for the trace of a square matrix b, and a - b = trab’, |b| := (b-b)'/? for the Frobenius
matrix norm). Whereas £ = — 3", . D?, (at,v) is the formal adjoint of £!, which is to be
interpreted in the sense of distributions:

< LT, ¢ >= / vLodr Vo € C(Q).
Q

The Hamiltonians H' = H'(x,p) (z € Q, p € IR?) satisfy two kinds of conditions:

1. Either they are locally Lipschitz in both variables, superlinear in p uniformly in =z,
ie.,
inf [H'(z,p)l/Ip| = +00 as |p| = oo, (2)

and 30° € (0,1),C >0

tr(a")D,H" - p+ 0'(H")* > —C|p|* for |p|large, and for a.e. x € Q.  (3)

2. Or they are locally a-Holder continuous (0 < a < 1) and grow at most quadratically
|H’L(l,’p)|§01|p|2+02 V:ﬂEQ,pEZRd, Z:1a7N (4)
for some C7, Cy > 0, the so-called natural growth condition.

Let P(Q) be the set of probability measures on () (which is a convex subset of C'(Q)*, the
topological dual of C'(Q), and compact for the weak*-topology by Prokhorov’s theorem).
We assume that the operators

Vi P(Q)N = C(Q), m— V'm],

send C(Q)N N P(Q)N (the continuous functions of P(Q)Y) into a bounded set of Lipschitz
functions on @ if the first set of hypotheses for the Hamiltonians H® hold, and into a
bounded set of a-Hélder continuous functions on @ if the second set of hypotheses on H*
hold. Suppose also that the V', when restricted to C'(Q)™ N P(Q)" are continuous for the
uniform convergence topology.

Finally, we assume also that

¢ :Qx R*— RY are measurable and locally bounded.

Pay attention, the hypotheses on £, V% and ¢* are assumed to hold throughout the paper
and they will not be recalled anymore; unless explicitly stated otherwise, they are always
assumed to be in force.

Under the above conditions, we show the existence of a solution \; € IR, v; € C*%(Q), m; €
WP(Q), forall 1 < p < oo,i=1,...,N, to the system (1) ( is any number in (0, 1) for
the first set of assumptions on HY).

If the operators £! are assumed merely degenerate elliptic, under appropriate conditions
on H', we can only assert that the v; are Lipschitz on @ and they have to be interpreted
as vanishing viscosity solutions of the first equations in (1).
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If the Hamiltonians are merely measurable and continuous in p, under the second set of
assumptions (H*® with quadratic growth) we can conclude that v; € W2?(Q), 1 < p < oo
and that solve the first equations in (1) a.e. in Q.

As to the methods of proof, we owe our results to J. Serrin [31], [32], P L. Lions [27] and
P-L. Lions, P. E. Souganidis [28], for the first set of assumptions, and to A. Bensoussan,
J. Frehse[8] (see also [10]) for the second set of assumptions. Of course, results from
the classical books of D. Gilbarg, N. Trudinger [20], and O. A. Ladyzhenskaya and N. N.
Uraltseva [24] are used extensively. While most of the results of this paper are an adaptation
of what is known for scalar quasilinear equations to systems of the form (1), we wish to
point out that there are also some results that seem to be new even for the scalar case,
or that might have gone unnoticed. However, we have avoided making use of existence
results for scalar equations, and have only used local a priori estimates which simplify
things considerably because in the periodic setting “local is global”. Thus, the paper is
quite self-contained.

Most of these existence results extend (up to some slight modifications of course) also
to Dirichlet, Neumann... boundary conditions (think of @) as a (bounded) domain of the
space now and drop (some of) the conditions in the third line of (1)). The ideas contained
in [27] should be very useful in this respect. The same can be said also for the parabolic
counterparts of these equations.

These systems arise in the mean field games theory (MFG for short) of J-M. Lasry, P-L.
Lions [25, 26] in (at least) two ways. First, for N = 1 we recover the stationary MFG system
considered in [25, 26], and for N arbitrary, the stationary MFG system corresponding to
N groups or populations of large players mentioned in [26]. (FEach population consists
of a large number of identical players, but the characteristics of the players vary from
one population to the other. The aim of this part of MFGs is to model segregation or
repartition of population phenomena.)

Second, systems of the form (1) comprise also certain systems of PDEs associated with a
class of N-player ergodic stochastic differential games coupled only through the costs, which
were introduced in [25, 26] in order to derive the MFG system (for a single population)
from Nash equilibria as the number of the individuals/players N — oc.

Moreover, J-M. Lasry and P-L. Lions [25, 26] gave also a first existence result for a
system of the form (1) (with £' = —'A, v > 0, ¢* = D,H") assuming (2) and (3) with
C = 0. They indicate that their existence proof relies on a priori estimates for Dv; that
can be obtained by the Bernstein method (see also [1]). For our first set of assumptions
on H', i.e., (2) and (3), we follow this suggestion and we give the other necessary technical
details. It is also worth to note that these a priori estimates are independent of N, and
this allows to carry out the abovementioned limit procedure, for N — oo in the derivation
of the MFG equations.

The paper is organized as follows. Section 2 contains the statements and proofs of
the existence results for (1) and related systems arising from discounted infinite horizon
problems. As an application of these results, in Section 3 we show the existence of Nash
equilibria for a class of non-cooperative ergodic games where the players influence each
other only through the costs. We consider two types of costs: ergodic or long-time-average



costs and discounted infinite horizon costs. Finally, the Appendix contains the proofs of
some technical lemmas.

2 Main results

Theorem 2.1. Assume H' : R* x IR — IR are locally Lipschitz functions, Z%-periodic
in x, and satisfy (2) and (3). Then there exist \i,..., Ax € IR, v1,...,on € C?Y(Q),
my,...,my € WP(Q), for all0 < a <1, 1 < p < oo, which solve the system (1).

We need the following two lemmas for linear equations. We believe they are well-known,
but for lack of a precise reference we give their proofs in the Appendix.

Lemma 2.1. Let
/; = —(lhk(I)th —|— bh(I)Dh

be a second-order uniformly elliptic linear differential operator in the d-dimensional torus
Q with coefficients apg, by, € C*(Q), hk=1,...,d, 0 < a < 1.
Then, for any f € C*(Q), the problem

Lov+ XN = f .
fQ v(z)dr = 0 (5)
has a unique solution (v,\) € C**(Q) x IR. Moreover,
Al < 1 lloo (6)
[vllore@) < Cl flloos (7)
[v]lc2e@) < Cllfllea@) (8)

for some constant C > 0 which depends only on (the coefficients of ) L.

Lemma 2.2. Let
L= —ahk(x)th, qg: Q — Rd

be a (symmetric) second-order uniformly elliptic linear differential operator in the d-dimensional
torus Q with coefficients ap, € C*Y(Q), h,k = 1,...,d, and a bounded measurable vector
field, respectively. Then, the problem

Lm — div(g(z)m) = 0
{ me(x)gdx =1 (9)

has a unique solution m € WYP(Q) for all 1 < p < oco. Moreover, m is positive and

[mllwrr@) < Clllglleo); (10)

for some constant C(||g||oc) which depends (continuously) on g only through ||g||~ (and
also on p and the coefficients apy, in a way which we are not interested to clarify here).
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Proof of Theorem 2.1.

The proof is based on Schauder’s fixed point theorem (see for instance [33, Theo-
rem 4.1.1, p. 25] or [20, Corollary 11.2, p. 280]) and on a priori estimates for the gradients
of v; that are obtained by Bernstein’s method, as suggested in [25, 26].

We first assume, instead of (2) and (3), that the Hamiltonians are bounded, that is,

IM >0 such that |H'(z,p)| <M Vi, z, p.

B_{u_@hmﬂwmu@ﬂ@»N:Aum_o}

which, as a closed linear subspace of the Banach space C1%(Q)¥, is itself a Banach space.

We define an operator
T:B— B,

according to the scheme
u—m — (v,\) = v,

as follows. Given u = (uy,...,uy) € B, we plug it in place of v in the second N scalar linear
equations of the system (1) and solve them for the unknowns m = (my, ..., my), requiring
that these unknowns satisfy conditions in the third line of (1). That these {m;} exist, are
uniquely defined and have the required properties, is a consequence of Lemma 2.2. Then,
with these {m;}, we solve the N scalar linear equations obtained from the first equations
in (1) after plugging into the H* the u; place of v;, i.e.,

L'v; + H'(z, Du;) + A\ = V'[m)

for the unknowns v = (vy,...,vn), A = (A1,..., Ay) € IRN. And, if it is required in addi-
tion that the v; have zero mean, then v = (vy,...,vy) € C?*%(Q) and A = (\1,...,A\y) €
RN are uniquely defined. . This is a consequence of Lemma 2.1 of course. We set Tu = v.
By (6), (8), (10), and a standard embedding theorem, 7" is continuous and compact.
Moreover, the C'*-estimate (7) and the boundedness of H*, V* gives

lvllere@ <€

for some C' > 0 independent of v; thus T'B is bounded. Therefore, by Schauder’s fixed
point theorem, T" has a fixed point (in the convex hull of the closure of TB).

Now we turn to consider Hamiltonians H* that satisfy the assumptions of the theorem.
We introduce the modified Hamiltonians HY%, where the parameter R > 0 is to be fixed in
the sequel sufficiently large, defined as follows

H'(z,p), if [p| < R,

A cQ, pe R 11
H’(m,Rﬁ), it|p| >R, @p (1)

Hp(z,p) = {



Let Ry > 0 be such that (3) is verified for all z € Q, |p| > R;. Then

incg ((tra")D,Hy - p+6'(Hp)?) > —Clp|* forall [p|> Ry, R> Ry, (12)
xe
with the same 6°, C (i =1,..., N,) as in (3).
Clearly the H% are bounded and Lipschitz continuous. Solet A ... AR € R, vt ... vR €

C*(Q), mit, ... omik e Wh(Q) (0 < a < 1,1 < p< o0) be a solution of (1) with Hf in
place of H".

The crucial step of the proof is an a priori estimate for || DvF||o uniform in R, obtained
by Bernstein’s method. We drop the indices ¢ and R in the following estimates. Let
w = Dv and ¢ = (1/2)|w|*>. We have these identities

Dy = wD*v (13)
D% = w,D*wy, + (D*v)’ (14)
h
L = —a-D*p = — th(a - D*wy,) —a - (D*v)?. (15)
h

Let us apply to the first equations in (1) the operator! w - D and use (15), (13) to obtain
L+ a- (D*v)* —a-D*v+ D,H-w+ D,H-D =G - w, (16)

where

da = (6ahk)h,k:1,...7d with (5ahk = Z Diapiwy (17)
l

and G is a function whose L*°-norm does not exceed a universal constant which does not
depend on v (recall the assumptions on operators V*). We use the following inequalities
which are a simple consequence of Cauchy-Schwarz inequality: for any a, b symmetric
matrices with @ > 0 and ¢, e € M

(a-b)? < (a-b)tra and (tree'd)® < lef’ec’ - b2 (18)
Assume that .
a= Qaat, (19)

where the matrix o(x) is Lipschitz; such a decomposition is always possible for a(z) is Lip-
schitz and its smallest eigenvalue (which is positive) is bounded away from zero uniformly
inz € Q (e.g., let o be the square root of 2a). By (19) and (17) we have

da = (60)c.

! Actually, this requires u to be of class C? and api, H, F to be of class C'. However, under our
assumptions (a variant of) this equation holds a.e. (in IRY). This is so because u € WP, p > n (by
classical elliptic regularity theory for linear equations), hence u is three times differentiable in the usual
sense a.e. and also the coefficients, being Lipschitz continuous, are differentiable a.e. (see [17, Theorem 1,
p. 235] for instance). The application of the chain rule is actually problematic: one needs tor use a
sophisticated result in [4].



Using this identity, the second of inequalities (18) and (19), we obtain
ba- D% < |do| (00" - (D0)*)* = V20| (a- (D?0)*)'*
1
<ea- (D)’ + oo, (20)
5

for any 0 < ¢ < 1.0n the other hand, using the first of inequalities (18) and the first
equations in (1), we have

(a- (D*v)*)tra

wH? — ¢, (21)

for 0 < w < 1 and some constant ¢, independent of R, where F is the right hand side
of (?77). The last inequality is obtained by the boundedness of operators V' and constants
A. In fact, looking at the minima and maxima of v in the first equations of (1) we obtain

Al < ilelg(lf(xﬂ +Vm](2)).

Multypling (16) by tra, and using (20), (21), we get
1
(tra)(Ly + DyHDY + D, H - w) + (1 — e)wH? < (tra) (G Sw 2—6|5a\2> + ¢,

If we choose € and w such that (1 —¢)w > 6, where 6 is the constant appearing in (12),
using (12), we get

(tra)(LyY + DyHDY) + (1 — e)w — ) H? < (tra) (G cw 2—1€|5a|2> + Clw* + e, (22)

for |w| > Ry. At a maximum point of ¥, (now we reintroduce ¢ and R in order to avoid
any possible confusion), say z%, taking into account that |do’| is at most linear in w?, we
have?

(1 —ew' = 0")(Hp)* (2, wi(zR)) < C(|wi(zR)[* + 1) (23)
for some C' > 0 (independent of R) and |w{*(z)| > Ri. But by (2), the left-hand side
above is superlinear in |wf(z%)| and thus |wf(z%)| must be bounded.

Thus, we have shown that
[Duiloe < Ry

for some Ry > 0 independent of R > R;. So if take any R > max{R;, Ry} in (11), we
discover that A\f,... AR € R, of,... vk € C?*(Q), m¥,....mk e W'P(Q) (0 < a < 1,
1 < p < o0) is also a solution of the original system of PDEs (1). O

2In the general case
ess limsup LY >o0.

i
I*}IR

as shown in [13].



Remark 2.1. i) In dimension d = 1 condition (3) is not needed at all. Note that Cgﬁ is
bounded from below and - only that H® be bounded from below is needed, superlinearity
is unnecessarily too much - has zero mean in (0,1), hence it is bounded in L'—norm.
Therefore % is bounded.
ii) Condition (2) might be quite strong sometimes. It may happen that instead of (2)
we only know that .
lim inf e @D (24)
[pl—o0 |

A typical condition which guarantees this for Hamiltonians H?, as in the nest section,
defined by (37) is (using the notation of that section)

' > 0s.t. co{fi(z,a) : a€ Ay} D B(0,v") Vo e Q,

where Aj C A’ is some compact set. If we still want to guarantee the validity of Theo-
rem 2.1, we have to substitute (3) with the stronger condition: 3¢°, n* € (0,1) such that

1 . . L. . t % D 7|2
lim inf — inf (02(tr a)D,H" - p+(1—0)0n"(H")?* — |p\2M> >0, (25)
|p| =00 |p| z€Q 2
where @' = (1/2)o0', Do* = (Da},) is a matrix (whose entries are vectors) and |Do|* =
> nk 1Doj]?. To see this take e’ = 6" in (20), multiply (22) by 6 and choose w' in (21) so
that w® > n'. Let s > 0, R, > 0 be such that the quantity under the “liminf” sign in the
left-hand side of (25) is > —s for all |p| > R,. Noticing that |do?| < |Do'||wE|, we deduce
(W' = 1')(1 = 00" (Hp)* (g, wi(2%)) — slw (@) < C(lwfi(25) +1)
for some C' > 0 (independent of R and s) and |w/(z%)| > R,. Now if we choose s > 0 so
small that s < v/ (w' —7")(1 —0")0, by (24) we find that |wf(z%)| is bounded uniformly in
R.
iii) If inequality (25) with n° = 1 holds with sign “>” then (24) is superfluous.

These existence results for (1) may be interpreted as follows. The Hamiltonians H*
can grow arbitrarily provided that they “do not oscillate too much in x” which rigorously
means that they should satisfy certain technical conditions of the abovementioned kind.
On the other hand, if the Hamiltonians have at most quadratic growth (the so called
natural growth condition), that is, (4) hold, we do not need any additional condition of
the aforementioned type in order to ensure existence. Indeed, we have the following

Remark 2.2. An alternative existence result con be stated for Hamiltonians with (at
most) quadratic growth. Precisely, assume that the Hamiltonians H*, i = 1,..., N, are
a-Holder continuous, 0 < « < 1, and satisfy (4). Then the conclusion of Theorem 2.1
holds with this particular value of a.

The proof is based upon the “discounted case”, see Theorem 2.2 below. Let vf,... 0% €
C**(Q), my,...,m € WP(Q) (1 <p<oo,i=1,...,N) be a solution of (27) below
with p' = p > 0. Let < v >= [ o V/dz be the mean of v. The crucial observation is that

o= <) > |l <C
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for some C' > 0 independent of p, which can be shown by using the techniques of [8]. Then
we leave it as an exercise to the reader to finish the proof by showing that there exists a
sequence p, — 0 such that

(vfr— <ol > pof™, mim) — (v, A, my) in C%(Q) x C(Q) x C(Q),

where (v;, A;, m;), i =1,..., N, is a solution of (1).

Remark 2.3. Let us now drop the uniform ellipticity assumption on £ (i = 1,..., N) and
assume that £ are merely degenerate elliptic (even L' = 0 are allowed). Suppose that, for
some C' > 0,

|D,H| < C(|H'|+1) VreQ, pe R (26)

and, in addition, assume (25) holds with the sign “>" (even 7' = 1 is allowed, compare
with [28]). Under these conditions we can still conclude the existence of Aq,..., Ay € R,
v, .. on € CONQ), my, ..., my € WHP(Q) (for all 1 < p < oo) which solve (1), by which
we mean that the v; solve the first N equations in (1) in the sense of vanishing viscosity
solutions.

To see this let £ = L% —eA, ¢ > 0, which are of course uniformly elliptic, and let
AN, Ay € R VS, 05 € CHQ), ms, ... myy € WHP(Q) (for all 1 < p < 00) solve (1)
with £ instead of £. The point is that

|Dvf|l <C i=1,...,N,

for some C' > 0 independent of ¢ sufficiently small. Then, using also (10) and some
compactness argument, one concludes that Je, — 0, A\1,..., Ay € R vy,..., vy € C(Q),
my,...,my € WHP(Q) (1 < p < oo) such that

(A", o5, mg™) = (A, v, my) in IR < C(Q) x C(Q)
(actually, the convergence of the functions can be somewhat better, but we do not elaborate

further on this) where (\;, v;, m;), i =1,..., N solve (1) in the claimed sense.
Finally, observe also that together (26) and (2) imply (25).

Remark 2.4. With the same reasoning as in the proof of Theorem 2.1, with some obvious
modifications, we have also proved the solvability of the problem

{ Lv+ A+ H(x,Dv) =0
Jov(@)dz =0

for the unknowns v € C?(Q), A € IR, where the Hamiltonian H is locally Lipschitz
continuous and satisfies (2), (3), or, alternatively, any condition mentioned in the remarks
above and L, as usual, is a second-order uniformly elliptic linear differential operator
with Lipschitz continuous coefficients in the d-dimensional torus ¢). This result should
be known, and in fact Dirichlet and/or Neumann boundary value problems for quasilinear
elliptic PDEs with first-order terms (here called Hamiltonians) satisfying similar conditions
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have been studied in [32], [27]. However, to find its analog for the periodic setting in the
literature is not that easy, hence we prefer to bypass it in the proof of Theorem 2.1 (thus
doing, we actually reprove it).

If £ is degenerate elliptic, then, in the presence of (26) and if (25) holds with “>”
instead of “>” (even n = 1 is allowed), (of course, we mean that these conditions are
referred to H, a,... so the index i is to be ignored), we can only conclude the existence of
v € C%(Q) as a vanishing viscosity solution of the equation above. This result is contained
in [28].

Theorem 2.2. Assume that the Hamiltonians H' are locally o-Hélder continuous, 0 <
a < 1, and satisfy (4). Let p*, ..., pY be positive constants. Then there exist vy, ..., vy €
C?**(Q), my,...,my € WH(Q) (for all1 <p < oo, i=1,...,N) which solve

Liv; + H'(z, Dv;) + p'v; = V' im| in Q,
Lm; — div (¢'(z, Dv;)m;) =0 in Q, (27)
demi(:U)dx =1, m;>0, i=1,...,N,

For the proof we need the following lemma which is proved in the Appendix.

Lemma 2.3. Let
L= —ahk(x)th + bh(.’ll')Dh + c(x)

be a second-order uniformly elliptic linear differential operator in the d-dimensional torus
Q with coefficients apg, by, c € C*(Q), h,k=1,...,d, 0 < a < 1. Assume also that ¢ > 0.
Then, for any f € C*(Q), the equation

Lv=f (28)

has one and only one solution v € C%%(Q). Moreover, for some constant C' > 0 which
depends only on (the coefficients of) L,

[vlleze@) = Clifllea@- (29)

Proof of Theorem 2.2. We define an operator
T 0 Q)Y O (@),

u—m — v,

in the following way. Given u = (u1,...,uy), we solve the second N equations in (27)
with u; plugged into ¢¢ in place of v; and with the corresponding conditions, and find m =
(mq,...,my). With these m; and the u; plugged into the Hamiltonians H*, i =1,..., N,
in place of v; we solve the first N linear equations of (27), that is,

Llv; + pv; + H'(z, Du;) = V'[m], i=1,...,N (30)
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and find v = (vy,...,vy) € C?*(Q)Y. This is possible in virtue of Lemma 2.3. We set
Tu=v.
It is standard to verify that 7' : C*(Q) — C*(Q), u — T is continuous and compact.
By Schaefer’s version of Leray-Schauder theorem (see [33, Theorem 4.3.2, p 29| or [20,
Theorem 11.3, p. 280]), we need only prove that the set of the fixed points of the operators
sT, 0 <s <1, that is,

{u e C"(Q)N : sTu=u for some 0 < s <1} (31)

is bounded in C*(Q)N.
In fact, first note that if u = sT'u, for some o < s < 1, then, by looking at the extrema
of u; which satisfies equation (30) with u; = v; and H*, F" multiplied by s, we have

S . .
i = — H' (xz,0)] + |F" <C
luillo = 7 max(1H(z, 0)] + [F*(=)])

for some C' > 0 independent of u and s. Then, this together with a classical a priori
interior estimate for the gradients of solutions of elliptic quasilinear equations, that is® [24,
Theorem 3.1, p. 266] - and it here where growth assumption (4) is used - imply

luillcrg) < C

for some C' > 0 independent of w and s. This estimate combined with [20, Theorem 8.32,
p. 210] yields
[uillcra@) < C

for some C' > 0 again independent of u and s.
Thus T has at least one fixed point. O

Remark 2.5. An alternative existence result can be stated, that is, the conclusions of the
preceding theorem hold (with any 0 < a < 1), if we assume that the Hamiltonians H' are
locally Lipschitz continuous and, instead of (4), we assume (2), (3). To see this requires
only a slight modification of the proof of Theorem ?7?.

Moreover, the considerations made in Remark 2.1 continue to hold also for Theorem 2.2.
Actually, if we assume (24), then (25) can be improved a bit by requiring 3¢°, n* € (0, 1)
such that

i i[2
lim inf = inf (Gi(tr a)D,H" -p+ (16000 (H") — \p|2M> > —p,
|p| =00 ‘p’Q z€eQ 2
(32)
If the inequality above with " = 1, holds with the sign “>”, then (24) is not needed at all.

Of course the sense of these results is that we can allow for Hamiltonians with arbitrary

growth provided that some of the previous technical conditions are satisfied.

3This theorem assumes that the leading coefficients of the quasilinear equation are of class C'. We then
first prove our existence theorem with this additional assumption and then remove it by approximation;
we can do so because the resulting estimates depend only on the L°°-norm and not on the modulus of
continuity of the derivatives of the coefficients. The fact that the said theorem deals with equations in
divergence form is not a problem either because we can put our equations in divergence form by perturbing
the Hamiltonians with a term at most linear in the gradient.
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3 Applications to ergodic games

As an application of the previous results, in this section we show the existence of Nash
equilibria (under suitable assumptions of course) for a class of stochastic differential N-
player games with ergodic costs, which are such that the state of each player evolves
independently from the states of the other players, and the only coupling (i.e., reciprocal
influence of players on each-other) comes through the costs. These games were introduced
by J-M. Lasry and P-L. Lions [25, 26] in order to derive their stationary mean field game
equations, by letting the number of the players N — oo.

Now we describe these games in detail. Consider a control system driven by the stochas-
tic differential equations

dX! = (X}, ad)dt + o' (XDaW}!, Xi=2"c R i=1,...,N (33)
where: {W/} are N independent Brownian motions in IR?, d > 1, A’ is a metric space,
floRYx A" RY o' RT— R

are continuous, Z?-periodic and Lipschitz continuous in z uniformly in «, the matrix o(z)
is nonsingular for any value of x, a! is an admissible control of the i-th player, that is, a
stochastic process taking values in A* and adapted to W/.

In view of the assumed periodicity in x? of all data we will often consider functions as
defined on Q = [0,1]? instead of IR?. The i-th player seeks to minimize the long-time-
average or ergodic cost

4 1 v .
J{(Xo,at, ..., a) =liminf —F {/ LN(XE o))+ FY(X} ., XNt . (34)
0

T—+oo
On the cost of the i-th player (34) we assume
LI:QxA R (35)
are measurable and locally bounded whereas
Fi(a',...,2™): QY — IR Lipschitz continuous. (36)
Define

Hi(z", p,a) == —p- fi(2', a) — L'(2',a), H'(z",p):= sup H'(z",p,a), pE R?. (37)

€Al

Of course we assume that the supremum on the right side is finite for any choice of x € @,
p € IRY. This is certainly so if A’ is compact. If not, a sufficient condition is

lim H'(z',p,a) = —0c0 z€Q, pe R,

a— 00
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which in turn is implied by the following®

|fi(x,oz)| = O(Li(x,a)) as a— o0, x€Q,
liminf | f*(z, )| > 0.
a—r00

Note that under both of the above conditions, the supremum in (37) is indeed a maximum,
that it, it is achieved at some point @ (z, p) and this is of fundamental importance for the
construction of Nash feedbacks, see the following assumptions (38), (39).

In order to construct a Nash equilibrium in feedback form for the N-person stochastic
differential game described above we follow a standard procedure.

We assume there exist functions @ : IR? x IR* — A’ such that

@' is locally Lipschitz and Z¢ — periodic in z, (38)
@'(x,p) is a maximum point for o' — —f*(x,a) - p — L'(z,a"), Y, p. (39)
Define ' ' '
g'(z,p) = —f'(z,a'(z,p)), i=1,...N. (40)
Finally, let ' o ' '
a'=0'(0")"/2 and L'= —a'- D (41)

The system of Bellman equations of ergodic type introduced and studied by Bensoussan
and Frehse [9, 10] becomes in our case

N
Zﬁjvi + H'(z", Dyiv;) + Zgj(xj, Dgiv;) - Dyivi + Ny = FY(X) in R™, (42)
i=1 i#i
where the unknowns are the constants \; and the functions v;(X), X = (z1,...,2V) € R,
i=1,...,N. This is a system of nonlinear elliptic equations in diagonal form (only D, v,

appears in the i-th equation).

We want to derive from (42) another system of elliptic equations , hopefully simpler
(this part of the argument is heuristic) following an idea introduced by Lasry and Lions
in the seminal paper [25]. Assume that the data and solutions are not only Z%periodic in
the 2 variables but also smooth. An optimal diffusion process solves

AX] = (X}, @ (X[, Do X0))dt + o' (X)AW], Xi=a' € R, i=1,...,N. (43)

In [26] Lasry and Lions conjecture that, as the number of players N, increases each v;
behaves asymptotically as a function of only x’ (they expect that D, v; should be of order
1/N for j # 4). Let us assume that each v; depends only on z* outright (we repeat, this part
of the argument is only heuristics). Then each component X7 of the optimal diffusion above

4By the first in (3) we mean that for any € > 0 there is a compact set AL C A? such that |fi(z, )| <
eLi(z,a) Va ¢ AL.
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evolves independently from the other components and is ergodic: its invariant measure
solves the Fokker-Planck equation

Ej*mj — divy, (gj(xj, ijvj)mj) =0, (44)

where £7” is the formal adjoint of £7. Suppose these elliptic PDEs have positive solutions
m; = m;(2?) (depending only on ;) such that

/ m;(z)dx = 1. (45)
Q

Multiply the i-th equation in (42) by [],.;m;(2’) and integrate over QN1 with respect
to da’, j # i. Observe that, integrating by parts,

/ Z (Ljvi + gj(xj’ Docﬂ)j) ’ ijvi) Hmj(‘rj)dxj =0,
N j#i

hence we arrive at

Ll 4+ H'(x, Dv;) + N\ = Vi[m] in IR% (46)
with
Vim)(x) :/ Fi(xl,...,xi_l,x,xi“,...,xN)Hmj(xj)da:j. (47)
N-1
JF

One checks easily that the above operators V' satisfy the hypotheses of the Introduction.

Observe also that H'(z,p) is convex in p. Let us assume further that H*(z,p) satisfy
the assumptions mentioned in the Introduction, i.e., either they are locally a-Holder con-
tinuous, 0 < a < 1, in both variables and grow at most quadratically in p as in (4), or
they are locally Lipschitz in both variables and (2), (3) hold.

By Theorem 2.1 there exist Aj,..., Ay € R, vy,...,oxn € C*(Q), my,...,my €
Wr(Q), 1 < p < oo which solve (46), (44), (45).

Thus, with the above assumptions on f?, ¢!, F, H', we show the existence of Nash
equilibria for the above game be means of the following

Theorem 3.1. Let \y,..., Ay € R, vy,...,uvxy € C*(Q), my,...,my be a solution of the
system (46), (44), (45). Then

ai(z) =@ (z, Dui(x)), i=1,...,N (48)

define a feedback which is a Nash equilibrium for all initial positions X € QV of the control
system (33). In addition, for each X € QV,

. 1 T . _
)\Z-:JZ(X,al,...,aN):hminffE UO (X, @ (X)) + Fi(X,,...,X.)dt| ., (49)

T—+o00
where Yi is the optimal diffusion corresponding to the feedback @' obtained by solving (43).
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~Proof. It is a standard verification argument by Ito’s formula and the ergodicity of

X,. For the sake of completeness we provide the details. Consider the feedback law (48)
and let us check (49). By Ito’s formula,

doi(X;) = (=9(X0), Du(X)) - Dus(X) = £1(X)) dt + (... )aw.
Hence,

= (B(X)] - u (X))

:iEUOT(_g@) Dui(X1)) - Du(X) — £1(X))

N——

T

.

T . . . — ;
/ Li(Yi,ai(Yi))Jr/ Fi(:cl,...,xl1,Xt,a:”1,...,xN)Hdmj(xj)dt] :
0 N-1

J#

1
T

Letting T" — oo, we obtain (49) by applying [12, Theorem 3.2., p. 373] (note also that the
joint process X, is ergodic with invariant measure [, mq(z?)).

Next let us check that the feedback law (48) defines a Nash point. For any admissible
control a! we have

= (Bl (X)) - (%)

EMT ).af) - Du(Xy) — £1(X)) d ]

>\ — %E /0 LZ(Xt,a;')+/N_1 Fi(z',... 2, X, 2" o) [ dm;(27)dt
J#i
Again, by ergodicity we get
JiX,at, ..., a Lot att e > = (X ak . a)
for all X € Q. ]

Example 3.1. For Hamiltonians of the form

H'(z,p) := sup{—p- f'(z,a) - L'(z,a)}

acAl

assume A’ = IR? and the system affine in the control, i.e.,

fi(z, +Zakfk: (z) + @' (),
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where ® is a square matrix whose columns are the vector fields fi,k = 1,...,d, and
all vector fields are Lipschitz. Assume L! is Lipschitz in x, uniformly as « varies in any
bounded subset, and

lim inf L'(z,a)/|al = +oo.

a—00 zEQ

Then the sup in the definition of H' is attained and
H'(z,p) = L" (z,=®"(2)'p) —p- folx), L (z,q) = max{g-a— L'(z,a)},

aclR?

i.e., L (x,) is the convex conjugate of Li(x, -). Therefore H' is locally Lipschitz. Moreover,
since L' is superlinear in ¢, H' is superlinear in p if the matrix ®¢(z) is nonsingular. Now
the other conditions of the existence theorems for the elliptic system can be checked on
the last explicit expression of H'. For instance, if L*(z, a) = ¢(z)|a|" /7 for some Lipschitz
c¢>0and vy > 1, then L' (z,q) = ¢"/0=|q["/0~Y(y — 1) /7, so one can compute D, H’
and see (using again that ®’(x) is nonsingular) that (3) is satisfied for any choice of 6" > 0
(and therefore also (3) holds true).

Another example is L'(z,a) = o' B(z)a with a positive definite matrix B(z) Lipschitz
in z. Then L (x,q) = ¢'B(x)"'q/4, so H' grows at most quadratically in p, condition (4),
even at points where ®'(z) is singular.

Finally, a sufficient condition for (38) and (39) is that D,L'(z,-) be invertible (a fact
related to the strict convexity of L' in «). In fact, the sup in the definition of H* is attained
at a unique value a(z,p) = (DoL')™! (z, —®%(x)'p), which is a locally Lipschitz function
of z and p. This condition is easily checked in the two examples above. More precisely, for
L = cla|” we get

@ (z,p) = c(x) /0 |g| &GN g = —&'(2)'p,

whereas in the quadratic case, L' = a!Ba, the Nash equilibrium feedback is linear in p:

&' (r,p) = 5 Bx) ¥ (x)'p

Consider again the controlled stochastic dynamics (33) with the same assumptions on
the regularity and periodicity of the drifts f* and diffusions ¢%, i = 1,..., N. Fix a set of
controls (a)Y,. The corresponding solution processes X/, i = 1,..., N, are ergodic with
invariant measures m;(z) = m;(x;®;), * € @ . By this we mean that each X satisfies
the conclusions of [12, Theorem 3.2., p. 373]. The same is true for the joint process
X, = (X},..., X}Y) with invariant measure [[;_, m;(z?).

Each player 7 is interested in minimizing its own cost functional

Ji(a',... o) =E UOOO e (DX}, o) + Vim](X))) dt | . (50)

Here L', V' i =1,..., N, are the same as in (35), (47), respectively, and p’ > 0 is some
fixed constant called the discount rate of the ith player. In order to find Nash points we
are led to the following Hamilton-Jacobi-Bellman system of PDEs.

L'v; + p'v; + H'(z, Dv;) = V'[m) (51)
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L7m; — div ( o, Dvi)mi) =0 inQ, (52)
/mZ 1, mi>0, i=1,...N, (53)

where £, H', g* are the same as in (41), (37), (40), respectively.

By Theorem 2.2 there exists a solution vy, ...,vxy € C*(Q), mq,...,my € WHP(Q),
1 <p<ooto(51), (52) (53). Thus we may assert the existence of Nash equilibria for this
game by the following
Theorem 3.2. Let p',..., p" > 0 be given discount rates. For any solution Ufl, e ,UK,N €
C*Q), my,...,my € WH(Q), 1 < p < oo, of the system (51), (52), (51), the feedback
lawa?, i = 1,...,N, defined by (48), provides a Nash point for all X € Q. Moreover,
for each X = (z))Y, € QV,

o (2 = Ju(X, @, @) = E U et (LZ(X' a(X,)+ F(X,,... ,Yﬁv)) dt} ,
0
| (54)
where X, is the solution of (43).

We conclude with some bibliographical remarks. The connection between Nash feed-
back equilibria and systems of elliptic or parabolic equations was first observed by Fried-
man [18] and a systematic study of such systems began with [9]. More references can be
found in the book of Bensoussan and Frehse [10] and in their recent paper [11], where
they also weaken the standard quadratic growth condition on the Hamiltonians (although
their results do not apply to our system). The difficulties arising from constraints on the
controls and the appearence of discontinuous feedbacks were treated by Mannucci [29]
for parabolic equations. The existence of Nash equilibria for some stochastic N-person
differential games was also proved by probabilistic methods, see e.g. [14, 19] and the ref-
erences therein. Mean-Field Games were also studied independently by Huang, Caines,
and Malhamé using different methods, see, e.g., [22, 23]. For a general recent presenta-
tion of Mean-Field Games and their applications we refer to the lecture notes by Gueant,
Lasry, and Lions [21] and Cardaliaguet [16], and for numerical methods to Achdou, Camilli,
Capuzzo Dolcetta [2] and the references therein.

4 Appendix: proofs of some technical results

Proof of Lemma 2.1. For any solution (v,\) € C%%(Q) x IR of (5), we immediately
deduce (6) by looking at the extrema of v.

Uniqueness. Thus f = 0 implies A = 0. On the other hand v = 0 otherwise the strong
maximum principle (e.g., [20, Theorem 3.5, p. 35]) would be contradicted.

Existence. Consider (5) with £o = —A instead of £. It is clearly solvable for any
fe ™ with A = [ 0 fdxr and v that can be determined by Fourier series. Moreover, by
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Bessel’s identity one deduces® ||D°v||, < ||f]l, for all 2 < p < oo, |8] < 2. By letting
p — 00, this estimate holds also for p = co (by duality it holds also for 1 < p < 2, but we
do not need this here). Thus (5) with £y instead of L is solvable for any f € C(Q) and
the solution v € C?(Q). Actually, by Schauder interior estimates (see [20, Theorem 4.8,
p. 62]) f € C*(Q) implies v € C%%(Q).

In order to apply a continuity method, see [20, Theorem 5.2, p. 75|, and deduce the
solvability of (5), we introduce the operators

T,:C**(Q)/Rx R— C*(Q), i=0,1,
(u, N\) = Ti(u, A) = Liu+ A L, =L.

Remark that

DPv(x) — DPv
oo s 27D
2,9€Q, |8|=2 lz -yl

is a norm in C**(Q)/IR equivalent to the natural one.

Define also Ty = (1 — s)Ty + s11, 0 < s < 1. These operators are clearly linear and
bounded. Tj is also an isomorphism (of Banach spaces). We need only prove that they are
bounded from below in order to finish. This requires a careful look at Schauder interior
estimates, see [20, Theorem 6.2, p. 90]. Let Q@ D @ be an open set, a ball for instance.
We need some notation from [20]. For any function g (provided that it is differentiable
as many times as needed for the following to make sense), if we write d, = dist (x, 02),
dy , = min{d,, d,}, we set

G o= sup do |DPg(x) — Dﬁg(y)|7
o eyeq, B=2 7 |z —yle
9 = sup @i |DPg(x) — DPg(y)|
o« z,y€eq, |B|=2 oy |$ - y|a
9] = sup dHD7g(w)), 919 o =S l9l% + (97 o
TEL 1= =1

for any nonnegative integers 4, j, [. Let T,(v,\) = f. Then, by [20, Theorem 6.2, p. 90],

[0]3,0.0 < Cllvllow + 1f = Al o), (55)

where C' depends only on a constant of ellipticity of £; = (1 — s)Ly + s£; which clearly
can be taken to be independent of s, and at most linearly on

0 1 o
max{[1 — s + santlgn, 0. [sbalGn, o} < D max{llanlicw) Ioalles},

58 = (B1,...,0Bq) is a multiindex, |3| = B1 + - + B4 its length and DPv stands for #‘Mzd
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where D is the diameter of Q2 Therefore, taking also into account (6), by (55) we obtain

D1+a N
[v]2,0,0 < Cm (Ivlle@) + D** I fllce@)

for some C' independent of D. Now it is sufficient to take an €2 with a suitably large diameter
D in order to obtain (8). Finally, the C'*-estimate (7) follows from [20, Theorem 8.32,
p. 210]. This concludes the proof of this lemma.

An alternative proof of the existence relies on the “discounted case”. That is, for
p > 0 we consider the solution v” of Lv + pv = f, see Lemma 2.3. Then we prove that
(v — fQ vPdz, pvP) — (v, A) in C*(Q) x C(Q) as p — 0, where (v, A) is a solution of (5).
The reader can either fill in the details himself/herself as an exercise or see [5] and/or [§],
where more general nonlinear equations are treated. ]

Proof of Lemma 2.2. That m € W%(Q) exists, is unique and positive is proved e.g.,
in [12, Theorem 3.4, 378] or [6, Theorem 4.2, p. 133, Theorem 4.3, p. 136]. Actually, in [6]
only the case £ = —A is treated but the techniques used there adapt easily to our more
general operator.

The fact that m € W'?(Q) should also be well-known, but since we have difficulties in
providing a reference, we sketch a proof here based on ideas of [30].

Split the operator £ = Ly + R into a (formally) selfadjoint part Lo = —Dy(ank(z)Dp)
and a reminder R = Dypa,,Dy. We use the deep fact that

Lo W*(Q)/IR — L(Q)/IR, 1 <p<oo
is an isomorphism of Banach spaces. Then, by duality and interpolation,
Lo WH(Q)/IR— W (Q)/IR, l<p<oo

is also an isomorphism of Banach spaces. So we need only show that Lom € W1P(Q) in
order to conclude.

Note that, by Sobolev’s embedding lemma, m € LP(Q), where p > 2 is given by
1/p=1/2—1/dif d > 3, or, otherwise, for any 1 < p < co. By the equation (9), we have
Lom = —R*m + div(gm). Hence, for any ¢ € C*(Q),

| < Lom,p > | = ‘/ mDyan, Dppdx — / mg - Dodx
Q Q

< (lgllse + EOVNImllpll Dol

for some C' > 0 (independent of g), p’ = p/(p — 1). Therefore, Lom € W1P(Q) and
m € WP(Q). We are done if d < 2. Otherwise, again Sobolev’s lemma implies that
m € LP(Q), where p now is given by 1/p = 1/2 — 2/d if d > 5, or, otherwise, for any
1 < p < co. In the same manner we conclude that m € WHP(Q). Thus, by a bootstrap
argument, we deduce that m € WH(Q) for all 1 < p < oo.
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Moreover, by the estimates above and the fact that Lo : W'P(Q)/IR — W~1?(Q)/IR
is an isomorphism, we deduce that

lmllwrrq) < Crlllgllee + Co)lImllp.

for some Cy, Cy > 0 independent of g. Taking also into account [6, Theorem 4.3, p. 136]
which states that §; < m < do for some constants d;, d2 > 0 that depend only on ||g||e
(and in our case also on the coefficients ay, in a way which we do not specify because we
will not need it in the sequel) we obtain (10). O

Proof of Lemma 2.3. Uniqueness is easy. Indeed, consider the free term f = 0in (28).
A corresponding solution v needs to have a nonpositive maximum and a nonnegative
minimum. This is possible only if v = 0.

For the existence, we use a continuity method, e.g., [20, Theorem 5.2, p. 75|, and
Schauder a priori estimates to reduce to the equation corresponding to a simpler operator,
say

Lo=—-A+1.

That Lov = f has a solution v € C®(Q) for each f € C*(Q) can be shown, e.g., by

Fourier series. Moreover, by the equation, |[v|cwq) < || flle@)- Then, by a Schauder

estimate, see [20, Theorem 4.8, p. 62], [[v||c20@) < C| fllca(q). Now for an arbitrary

f € C*(Q) consider a sequence {f,} C C*(Q) such that f,, — f in C%(Q). The sequence

of the corresponding solutions {v,} is Cauchy in C**(Q) and its limit v verifies Lov = f.
Next, introduce the standard family of operators

L,:C™(Q) = CQ), 0<s<I,
u— Lou=(1—38)Lou+ sLu.
Given u € C**(Q), by looking at its extrema, we have
[ulle@) < max{1, |[1/cllci) I £sulle@)-

Combining this with the interior Schauder estimates, see [20, Theorem 6.2, p. 90|, we
obtain
[ullc2a(q) < CllLsullcxq)

for all u € C?%(Q), 0 < s < 1 and some C' > 0 independent of u and s. Since Ly is onto,
by the method of continuity [20, Theorem 5.2, p. 75|, £y is also onto, which is what we
wanted to prove. With these considerations we also proved (29). O
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