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Abstract: This paper focuses on the identification of nonlinear dynamic models for physical
systems such as Micro-Electro-Mechanical Systems (MEMS) from measurement data. The
proposed approach consists in transforming, by means of suitable global operations, the specific
input-output differential physical model of the system elaborated from physical analysis, in such
a way that we get a new equivalent model formulation specifically adapted to the identification
problem. Thanks to the equivalence of the dynamic model and the derived identification
problem, the so-identified model remains of continuous-time type, with a clear physical meaning
of any of its components, which is not the case when using, for example, black-boxes approaches.
The method is implemented on real measurement data from a physical system.
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identification.

1. INTRODUCTION

This paper focuses on the identification of nonlinear dy-
namic models for physical systems such as MEMS from
measurement data. Due to their very small size, many pa-
rameters of those systems cannot be accurately known; in
this case, identification process can be the only way to get
reliable models, useful for example for control (Zhu (2007);
Liao (2004); Sane (2005); Daqaq (2006); Bryzek (2003))
or even dimensioning purposes. Several informations and
techniques about identification of dynamic systems will be
found in Ljung (1999) and Garnier (2004).

In this paper, we identify parameters and functional com-
ponents of a nonlinear dynamic model presenting a bi-
furcation point. The proposed approach consists in trans-
forming, by means of suitable global operations, the spe-
cific input-output differential physical model of the system
elaborated from physical analysis, in such a way that we
get a new equivalent model formulation well adapted to the
identification problem. By using spline interpolations, we
establish a time-continuous identification problem which
will be solved by classical least-square methods, with the
only shortcoming of a small and easy to suppress identifi-
cation bias. Moreover, thanks to the equivalence of the
dynamic model and the derived identification problem,
the so-identified model remains of continuous-time type,
with a clear physical meaning of any of its components,
which is not the case when using, for example, black-boxes
approaches.

The paper is organized as follows. We present the physical
system and its dynamic model, and then state the asso-
ciated identification problem. After that we express the
solution of this problem in terms of operatorial pseudo-
inversion and describe how to solve the problem numeri-

cally from a discrete set of measurement data. Finally, we
implement the method on real measurement data.

2. THE PHYSICAL SYSTEM UNDER
CONSIDERATION

The system under consideration is an electrostatically
actuated micromirror! (cf. Fig. 1). It is composed in two
assembled parts. The upper one is a thin plate, the mirror,
linked to a thick external rigid frame by two thin and
narrow arms, the springs. This part is tailored in the
same microcrystalline silicon layer of a SOI (Silicon On
Insulator) wafer. The lower one comprises a balance-knife-
edge with two electrodes distributed on both sides of it.
The two parts are assembled in such a manner that the
axis of the springs and balance-knife-edge are identical. So
the electrodes are located underneath the mirror inducing
its rotation (left or right) when a voltage V' is applied.

The development of those micro-mirrors has been con-
ducted with Tronics Microsystems (France), a manufac-
turer of custom MEMS components. Several configurations
of the electrode can be envisaged, namely the case where
electrodes are flat or inclined (cf. Fig. 2 and 3 for flat
electrodes configuration). Due to the fabrication process,
essentially the gluing process of the two parts, it is realistic
to consider that the physical structure is significantly dif-
ferent from the ideal one, and so do the associated dynamic
model.

In the sequel the physical limit angle the mirror can reach
is denoted «, whereas 6(t) denotes the angle of the mirror
at a given time (see Fig. 3).

I The picture is published with courtesy of Tronics Microsystems
(France).



Fig. 1. View of the physical system
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Fig. 2. Schematic drawing of the MEMS with flat elec-
trodes
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Fig. 3. Cross section of the MEMS with flat electrodes

The dynamic model of the system is obtained by applica-
tion of the fundamental principle of dynamics:

IO+ (1o +v(0)) 0+ K 0 =V2k(0), (1)
with the constraint : 0] < |a], (2)

where I is the inertia moment of the system, V?2k(6) is
the electrostatic moment, K 6 the spring moment, and
(1o + v(0)) @ the viscous friction moment. The system
(1) of input V' and output 6, is completed by the initial
conditions: .

6(0) =0 and 6(0) = 0. (3)
Remark 1. In the model, 6 is a negative angle.

The expression of the terms v(f) and k(6) involved in
model (1) depends on the configuration of the physical
system (flat or inclined electrodes), its geometry, the
materials used etc. The analysis of this dynamic system
(Casenave (2008)) reveals the existence of a threshold

voltage denoted V&

ullins Pelow which the mirror stabilizes

to an angle Og.p(V) (see Fig. 4a), whereas beyond this
voltage the mirror switches (see Fig. 4b).

We focus in this paper on the problem of identification of
model (1) (namely identification of inertia moment I, elec-
trostatic moment function k, etc.) from real measurement
data. This problem is tricky for several reasons: the model
is nonlinear, and presents a bifurcation point that separate
two different dynamic behaviors of the system. Moreover,
inertia identification is difficult because its contribution is
often (but not always) dominated by viscosity terms.

3. FORMULATION AND RESOLUTION OF THE
IDENTIFICATION PROBLEM

In this section, we state and study the identification
problem under consideration, whose aim is to estimate
the parameters of model (1,3) from measurements of
trajectories 6.

8.1 Preliminaries for the identification problem

As said previously, the expression of electrostatic and
viscous friction moments functions k and v depends on the
physical system, and in general it may not be accurately
known. We identify the two functions under the form:

k(0) =" crki(0) (4)
l
v(0) =y vq(0), (5)

where the parameters to be identified are the real co-
efficients ¢; and p,. From the theoretical point of view,
these sums can be finite or not and we implicitly refer to
functional Hilbert spaces generated by k; and v, to which
belong k£ and v. In the sequel, we will use the notations:

ci=(c1, ea,.)T € 2, k(0) = (ki(0), ko(6), ...), (6)

o= (g, pig, )T €02, v(0) := (vi(0), v2(0),...). (7)
So we can write in a condensed form:
K(0) = K(B) ¢, v(8) = v(B) . (8)

Then, we consider the possibility of transforming the
model (1) in an equivalent manner by composition with
any causal convolution operator H := H(9;) with impulse
response h = L1 H:

(Hod?)0I + (Hody)b uy+ H(v(0)0:0) u+ (HO) K =

VZH(Kk(0)) c.

(9)
To avoid the amplification of noise measurement by oper-
ators 9; and 07, the operator H(d;) has to be chosen in
such a way that high frequencies are attenuated, that is

. 2 1 . . . . 2

|H (iw)] o2 without amplifying low ones H (iw) o
1: basically, it behaves like a second order low-pass filter.

Finally, it is obvious that, in model (9), the parameters can
only be identified up to a multiplicative constant. Then,
we consider that p, =1 and denote:

A= (I, p, K, ¢)F € E:=Rx(? x Rx/(? (10)



the vector of parameters to be identified. The exact (but
unknown) value of A is denoted Ag. We can then rewrite (9)
under the synthetic form, used for identification purposes:

Ag = by, (11)
where Hy := H o 0y, Hy := Ho 02, by := —Hi0 €
L2(0,T;R7) and Ay : E — L2(0,T;R’) is the matrix
operator defined by:

Ag = [Hgf) H(v(0)0,0) HO —V*H (k(@))} . (12)
Remark 1. In practice, we will manipulate multiple trajec-
tories 67, j = 1: J obtained with different input voltages
V7 (the associated initial conditions are all taken equal to
0). Then, model (9) can be extended to the general case
of multiple trajectories by considering'

0= (0",...,0")7, 0,0 = (9,0,...,0,0")"
[vi(0Y) vo(0') -]
v(f) = : : )
Lvi(07) va(67) -]
[ki(0") ko(60") -] (13)
k(0) = : : ;
(07) ka(67) - |
Vi 0
and V = )
0 1744

3.2 Formulation and resolution of the identification problem

The aim is to estimate A from experimental data of the
form: 0, = 6 + n, with n some additive measurement
noise such that, for simplicity, E(n) = 0. We then write
the identification problem under the following form, tak-
ing advantage from the linearity of (11) with respect to
parameter \:

. 2
it Ao, A — bo, 30720, (14)

Its solution \* is formally obtained by:
= A} by, (15)

where .AT designates the pseudo-inverse of operator Ay
defined by (Ben-Israel (2003)):

A}, = (A, Ao, )" AG
the adjoint operator of Ay, .

In particular, we have from (11): Ap A9 = bp; so, the
estimator \* is exact when the data are unoised:

Albg = Xo.

m)

(16)
with Aj

(17)

Because operator Ay depends on the measurement noise,
the solution A* of (14) will be a biased estimator of
Ao. However, an efficient iterative procedure can be used
to reduce the bias and thus increase the identification
accuracy (Casenave (2008)).

4. NUMERICAL FORMULATION

In this section, we show how to numerically solve the con-
tinuous time (infinite dimensional) identification problem
introduced above.

4.1 Discrete data interpolation

In practice we only have access to discrete trajectories,
that is several sets of data {Hfr’lk}k:hK, j =1:J, where
9{& is a measurement of O(ty,V;) with tp,11 = tp +
At. To go back to a continuous-time formulation, we
use cubic spline interpolations which allow the analytical
computation of the involved quantities (such as A,, and
by, introduced later).

In the sequel we will denote 9{;14: t — 67 (t) the cubic spline
interpolation of the set {(t,8:*)},. We have:

01, = 0"+,

m (18)
where 67 is the exact (unknown) trajectory solution of (9)
(with V' = V), and n is an additional noise resulting both
from measurement errors and interpolation ones. In the
same way, cubic spline interpolation will be made on the
sets {(tr, vq(02F)0,6025)V and {(t, ki (62F) 1k to get a
continuous-time identification problem of the form (14),
whose numerical solution is obtained as described here
after.

4.2 Numerical resolution of (14)

To numerically solve the minimisation problem (14) which

is a priori of infinite dimension, we first have to replace the

infinite sums ( ) by truncations at ﬁnite orders L and Q:
93 ) e~ chkl 93 and v(67)

Zuqvq (69).
=1

In the sequel, k(f) and v(f) will now designate the
respective finitedimensional matrices:

vi(0) - vo(6') ki (0%) -

(19)

k(64
and : : (20)
l(gJ) o kL(gJ

We then discretize the problem (14). Let {t,,}n—1.n & time
discretization. For any t,, we have:

(AgA)(tn) = bo(tn). (21)
Let Ay : R x R2xR x R® — (R”)" the block-matrix:

9,"( 1)

[(07) - vo(t”

A=
Agm(tN)
‘R x RxR x R® — RY is the matrix

(22)

where Ag_ (t,,)
defined by:

Ao, (tn) = [(H20m) (tn) (H(V(0m)0t0m)) (tr) (HOm) (n)
—V2(tn) (H(&(0m))) (tn)] -

Let also define:

(23)

— (H16m) (t1)

D 1= e R')" (24)

— (H10m) (tn)

Now, we can write the numerical formulation of the
identification problem (14) (with possible reconditioning
small parameter € > 0):

min { |AmA = bul 2 + ¢ 1A}, (25)



whose solution is classically given by:

M= (ALA, +el) PALDby,. (26)
Remark 2. The dimension of the square matrix AL A, +eI
is rather small (equals to the number of coefficients to be
identified).

5. APPLICATION TO REAL MEASUREMENT DATA

In Casenave (2008) the method was first validated on
simulated data. The results obtained were good: all pa-
rameters of the model (inertia, stiffness, electrostatic mo-
ment function etc.) were accurately identified (error less
than 1%), and identified curves perfectly fit the data. We
implement in this section the identification method on real
data, measured on a MEMS like described in section 2.

5.1 Physical system and measurement data

The MEMS under consideration has flat electrodes as
described in Fig. 3, with a = —0.0215rad, a; = 150 pum,
as = 280 pm and a3z = 300 um. The width of the mirror is
equal to 600 um and its thickness is equal to 10 pm (Camon
(2008)).

Data available for identification are composed of J =
36 sets of data {Hfr’lk}k:l;;( with K = 501, obtained
by sampling at frequency 200kHz during 10ms of 36
measured trajectories of §. The associated inputs voltages
are described here-after. During the first 5 ms, the voltage
between electrodes is fixed at a constant value Vj; thus, the
system either switches or stabilizes at 7 < a. During the
next 5 ms, the two electrodes are at the same potential: the
system then asymptotically returns to its rest position (say
6 =0, 6 = 0). The 36 voltage values V; are distributed
from 6.085V to 97.36 V, with V; < Vj41.

Two examples of data trajectories are given in Fig. 4a and
4b. Note, that only the parts of data which are compatible
with the model are used for identification. For example, in
Fig. 4b, the saturation zone [0.0045s, 0.005s] where § = «
is not relevant (saturation).

5.2 Identification model

The identification model considered in the sequel is of the

form (9) with:

» k(0) identified under the form (19) with L = 6 and:
k(0)=60""1=1:6. (27)

Indeed, we suppose the electrostatic moment can be accu-

rately described (in the domain [0, @] in which 6 evolves)
and identified by means of a fifth order polynomial.

Remark 3. In fact, a simplified physical analysis leads to
the expression: M, (0,V) oc V2 g(6) with (Camon (2000)):

1 1 1 1—2f
90) =25 |1 Py _a_12+1n<71_a_;ﬁ :
3 O a3 as «@

(28)
If this expression would be reliable, then we could identify
the electrostatic moment under this form by simply consid-
ering (19) with L = 1 and k; = ¢g. However, due to several
approximations in the physical analysis, the function (28)
in fact reveals itself ill adapted for large values of 6.
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Fig. 4. Data 62" for different values of Vj

» v(0) identified under the form (19) with @ =1 and:
vi(9) =6 (29)

Indeed, a linear viscosity term ,uoé is not sufficient to
correctly describe the viscous moment in its whole, namely

when both || and || become large.

» for the prefiltering operator H, a simple second order
low-pass filter with transfer function:

0.2

H(p)zm,

with 0 = 9.0 x 10® > 0 (the cutoff frequency) chosen in
such a way that ||.A4s, A — by 2 be ”small”. We so have:

m m

(30)

(H(8) u)(t) = o2 /0 (t—s)e o0 Du(s)ds,  (31)

5.8 Identification results

The algorithm described in section 4 has been imple-
mented on the sets of trajectories {#2F}, j = 8 : 20,
associated with V; € [18.25V,31.64V]: only significant
data of the first 5ms are considered. The system being
initially at rest, the initial conditions are equal to 0. We
obtain the following identified parameters:



I*=1.944 x 107°, K* = 3.874 x 10°,
0.0208
—1.0252
217.228
9.950 x 103
3.0043 x 10°
—4.2838 x 107

As said previously, the parameters are identified up to
the multiplicative constant p,. To deduce the physical
parameters from the identified quantities, we must know
(or compute) the value of one parameter, from which we
can deduce all the others. For example, we compute here
the physical value I of inertia moment from the dimensions
of the MEMS (see Fig. 3) and the density of silicon (2.33 x
10 kg/ m?), and then deduce other physical quantities:

(32)

Wi =—5.061 x 10°, ¢* = (33)

I=2.693 x 107 Nms?/rad, (computed) (34)

I
fio = Tt = 1.385 x 10~ N'ms/ rad, (35)

.7
K= I—*K* =5.366 x 10" Nm/rad, (36)

and the same for 7 and c*.

In order to globally estimate the identification quality, we
consider the quantity:

O S R B o S LA Xl

Sl SR )

where 67 is the trajectory of § obtained by simulation of
the identified model for an input voltage equal to V;. This
quantity represents the cumulated relative error on all the
trajectories used for the identification. In the same way,
we will denote Eg the cumulated relative error extended to
all the available measurement trajectories (thus including
prediction errors). We obtain:

E = 0.0071 and E, = 0.0095, (37)

which highlight the good precision of the identification
process. In Fig. 5 we can see some examples of trajectories
obtained with the identified model for V39 = 20.69V <

Vpdlﬂﬁn < Vig = 29.82V. Those trajectories fit well the

measured data. As a validation test, we show here after
the results obtained in predictive situation. We give in
Fig. 6 some data which has not been used for identification
and their associated trajectories predicted by the identified
model. Here again, all the trajectories fit measured data
with a high accuracy. Note that the voltage value Vijax =
V36 = 97.36 V we used for prediction results is far from the
ones used for identification (whose larger value is 31.64 V):
that means there is a ratio almost equal to 10 between the
input V2 of predicted curves and this of curves used for
identification. In such a situation, significant identification
errors on the system parameters would generate large
prediction errors; in our case, the predictive results remain
good and confirm the identification accuracy.

Finally, the identified electrostatic function k is given
in Fig. 7 and compared with physical approximation of
the form (28), which clearly reveals itself inadequate for
deviations of 6 close to a. As an illustration, we can see
in Fig. 8 an example of simulated trajectory when the
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*+ data
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Fig. 5. Measured trajectories and the associated 6 simu-
lated from the identified model for two values of V'

function k is under the form (28): the model does not fit
with the data, contrary to the the case when k is fully
identified (see Fig. 5(b)).

0.8 ‘
| — — — theoretical estimation
identified

function k
o o
IS o
; :

o
[N
T

-0.01 -0.005 0

angle (rad)

-0.02 -0.015

Fig. 7. The identified k(6) and its theoretical estimation
(28).

6. CONCLUSION

In this paper, we proposed an identification method for
a nonlinear dynamic model of electrostatically actuated
MEMS, using operatorial prefiltering to take advantage
from the linearity with respect to the parameters to be
identified. This method is applied to real measurement
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Fig. 8. Measured trajectory and the associated simulated 6
when k(6) is identified under the form (28) (V' = 29.82
V).

data, and the results are quite good: the identified model
is relevant and accurate, even in prediction situations.

The accuracy of the so-identified models suggests several
applications in the future. Namely, a high precision tension
reference can be built by controlling the micromirror
around its semi-stable bifurcation point.
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