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Abstract. The position of the DC motor is controlled by using a continuous 

sliding mode control (SMC), which is highly robust to the Coulomb friction 

torque and to high unknown payload variations, which involve changes in the 

rotational inertia of the motor shaft. The main contribution of the work is the 

experimentation of a SMC control which does not requires the knowledge of 

the payload variation range, i.e., the system is quite robust to any unknown 

change in the payload mass value.  
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1   Introduction 

Many of the developed controllers depend strongly on the exact modelling of the 

mechanical system. Any change in the plant parameters reduces the controller 

performance, making the system lose the desired specifications. The discrepancies 

between the actual plant and the mathematical model may be due to un-modelled 

dynamic, variation in system parameters or the approximation of complex plant 

behaviour by a straightforward model. We must ensure that the resulting controller 

has the ability to produce the required performance levels in practice despite such 

plant/model mismatches. This has led to an intense interest in the development of so-

called robust control methods which seek to solve this problem. One particular 

approach to robust controller design is sliding model control methodology. 

Several SMC approaches have been applied to different types of motors.  The 

authors in [1] apply discrete time sliding-mode methodology in order to develop an 

induction motor position controller. In [2] an adaptive observer and a higher order 

sliding-mode framework are combined to control induction motors without 

mechanical sensors. In [3] the sliding-mode approach is developed to control an 

induction motor fed by a three-level voltage source inverter. In the paper of [4] 

discuss current decoupling and controller design for sensorless vector-controlled 

induction motor drives. They present a method, which does not require speed 

estimation, for decoupled current control based on integral sliding mode. Another 

contribution concerned with electric drive control is the paper by [5], which presents a 
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cascade control scheme, based on multiple instances of a second-order SMC 

algorithm for the speed/position control of permanent-magnet motors. 

A (SMC) design methodology based on the control law described in [6] and [7] is 

applied here to a DC servo motor model. A rigorous interpretation of the relationship 

between the equivalent control law and the low frequency components of the 

discontinuous control action maintaining a sliding motion is described in [8].  

2   Contributions to Technological Innovation  

This work presents an easily implemented robust controller applied to DC motor 

model, since the motor is the basis of many applications in present-day industry, as is 

the case of manipulator robots. A simple demonstration of the control method’s 

robustness to variations in the inertia is provided. The analysis presented shows that 

the system correctly performs for any type of payload and for any variation in it. 

Unlike other existing control methods in which to define the range in which the inertia 

may vary is necessary, in this paper this is not, which permits greater versatility and 

security upon its implementation in any type of electro-mechanical systems. 

Moreover the control method is robust to Coulomb friction, one of the non-linear 

types of friction which is still of current scientific interest since it affects the control 

accuracy 

3   Modeling of the DC Motor Model and Problem Statement 

A common electromechanical actuator in many control systems is constituted by the 

DC motor [9]. We can write its dynamic equation by using Newton’s Second law: 

)ˆ(ˆˆˆ
mCoulmm vJkV θθθ
&&&&

Γ++=  (1) 

Where mθ is the angular position of the motor )(rad . mθ
&&̂

 stands for the accelera-

tion of the motor )/( 2srad  and mθ
&̂

is the velocity )/( srad  . J is the unknown 

inertia of the motor )( 2mkg ⋅  , v is the viscous friction coefficient )( smN ⋅⋅  and 

CoulΓ̂ is the unknown friction torque )( mN ⋅ . This nonlinear friction term is 

considered as a perturbation. When the motor rotates )0ˆ( ≠mθ
&

 this only depends on 

the sign of the angular velocity of the motor: )ˆ(ˆ
mCoul sign θξ
&

=Γ  with ξ an 

unknown constant value, denoted as Coulomb friction coefficient )( mN ⋅ . When the 

velocity is zero )0ˆ( =mθ
&

 the friction opposes to the torque produced by the input 
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voltage, depending on its sign: )(ˆ VsignCoul ξ=Γ . The parameter k is the 

electromechanical constant of the motor )/( VmN ⋅ . The constant factor n  is the 

reduction ratio of the motor gear; thus nmm /θ̂θ =  and nCoulCoul Γ=Γ ˆ , note that the 

magnitude seen from the motor side of the gear are written with an upper hat and the 

magnitude seen from the other side of the gear are written with standard letters.  V is 

the motor input voltage )(V  acting as the control variable for the system. This is the 

input to a servo-amplifier, which controls the input current to the motor by means of 

an internally PI current controller. The electrical dynamic can be neglected because 

this is much faster than the mechanical dynamic of the motor. 

The motor angle )(tmθ is measured by an incremental encoder and is used in this 

feedback control. The design requirement is to regulate the motor position )(tmθ to 

track a given smooth reference trajectory )(*
tmθ . The unmeasured state is estimated 

by computing a finite number of time derivatives of output signal.  

The nominal system equation of the motor dynamics (1) can be written in state-

space form as 
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Note that the uncertainty represented by )( msign θµ &  acts in the input channel (i.e. in 

the second of the pair of the differential equations). The variable structure control 

system with a sliding mode have the ability to completely reject the effect of the 

bounded uncertainty acting in the input channels which is referred to as matched 

uncertainty, (see [8]). 

4   Sliding Mode Control: State Feedback 

Consider the following state representation of an uncertain Linear Time Invariant 

(LTI) dynamic system 0≥∀t  

),,()()()( uxtftButAxtx m++=&  (3) 

 

)()( tCxty =  (4) 
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Where the state 
n

x ℜ∈ , 
nn

A
×ℜ∈ , 

mn
B

×ℜ∈ and 
mp

C
×ℜ∈  with 

nm ≤≤1 . The variables 
m

u ℜ∈ and 
py ℜ∈ will be refereed to as the input and 

output respectively. The matrices A , B , C will be termed the system, input and 

output distribution matrices respectively. The uncertain vector function 

),,( uxtfm represents the lumped sum of matched nonlinearities and/or uncertainties. 

In this paper, the following is assumed:  

A.1: The pair A, B is controllable.  

A.2: The input distribution matrix B is full rank. 

 As is well known, SMC design consists of a two-step procedure. The first one is 

the description of the control objective in terms of a space state surface (called the 

sliding surface). The surface choice is developed such that the system trajectories 

satisfy the performance specifications, when the sliding variable lies on the sliding 

surface. The second step (controller design) is represented by the definition of a 

control action which steers the state trajectories onto the sliding surface, after a finite 

transient.  

4.1   Sliding Surface Design 

By assumption mBrank =)( , then an orthogonal similarity transformation 

zxTx r =→ exists such that the state and input matrices have the following 

structure:  
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Where
)()(

11

mnmnA −×−ℜ∈ ,
mmnA ×−ℜ∈ )(

12 ,
)(

21

mnmA −×ℜ∈ , 
mmA ×ℜ∈22 and 

mmB ×ℜ∈2  are assumed to be known constant matrices. The square matrix 2B is 

non-singular because the input distribution matrix is assumed to be of full rank. The 

new coordinates are defined as [ ]Tzzz 21= , where 
mnz −ℜ∈1 and

mz ℜ∈2 . 

The sliding surface design σ  

 

0)()(:{ ==ℜ∈= tSxtsx nσ  (6) 

 

where 
mts ℜ∈)( is the switching function and 

mm
S

×ℜ∈ is the switching gain 

matrix to be designed. 

If 0)( =ts , and )(2 tz in term of )(1 tz  yields )()( 12 tMztz −= . Define the gain 

matrix M as  
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1

1

2 SSM
−

=  (7) 

where 
)(

1

mnmS −×ℜ∈  and 
mmS ×ℜ∈2 has the property 0)det( 2 ≠S . 

Hence, the reduced-order sliding mode dynamic is given by 

 

)()()( 112111 tzMAAtz −=&  (8) 

 

In the context of designing a regulator, the matrix governing the sliding motion 

)( 1211 MAA −  must have stable eigenvalues. The switching surface design problem 

can therefore be considered to be one of choosing a state feedback matrix M to 

stabilize the reduced order system ),( 1211 AA . Therefore, to find a gain matrix M by 

using any available linear state feedback method will always be possible, e.g. pole 

placement, quadratic minimization or direct eigenstructure assignment (more details 

of this approach can be found in [8]. 

4.2   Control Law Design 

A common control structure is divided into two parts: 

)()()( tututu nl +=  (9) 

where )(tul  is a state feedback control law, often the nominal equivalent control 

))(( tueq and )(tun is a discontinuous or switched component. 

The control signal is assumed to have the following form, [8]: 

)()()()( 1
tutSAxSBtu n+−= −

 (10) 

 

The nonlinear component is given by ))(()( tssigntun ρ= where the signum 

function exhibits the property that ssssign =)( . In order to smooth the control 

action, a small positive scalar, γ is added to the denominator of the control law to 

yield 

γ
ρ

+
=

s

s
tun )(  (11) 

The scalar function ρ , which depend only on the magnitude of the uncertainty and 

satisfies the η - reachability condition, [8].  
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5   Experiments 

The experimental platform consists of a three legged metallic chassis that supports an 

Harmonic Drive mini servo DC motor RH-8D-6006-E036AL-SP(N) which has a 

reduction relation 50=n , an electromechanical constant )/(21.0 VmNk ⋅= an 

inertia )m (kg10 6.87J 2-5 ⋅⋅= , viscous friction )(10041.1 3 smNv ⋅⋅⋅= −
and 

Coulomb friction coefficient )(119.0 mNnJ ⋅== µξ . The frame makes the 

stable and free rotation of the motor around the vertical axis of the platform possible. 

The motor shaft is capable of turning either right or left around the Z axis. 

Furthermore, a servo-amplifier is used to supply the DC motor. This amplifier accepts 

control inputs from the computer in the range [ ])](10,10 V− . Finally, the sensor 

system is integrated by an encoder embedded in the motor, which allows us to know 

the motor position with a precision of )(107 5 rad−⋅ . The sample interval in the 

signals processing support was set at )(101 3 sT −⋅= . The real time experiments are 

carried out under the Real Time Workshop®, which allows us to generate and execute 

C code from SIMULINK® models and embedded MATLAB® code. The controller is 

implemented in a PC with the real time software. A data acquisition card is used to 

establish the communication with the real platform: execution of the control law and 

reading of the sensorial system described above. 

5.1   Experimental Results 

The demonstration of the robustness with regard to payload changes is carried out 

by changing the ratio between the inertia value used to design the control algorithm, 

aJ , and the real value of the motor, J : JJa /=δ . The experiments are developed 

by changing this ratio from 20=δ to 20/1=δ . Fig. 1 depicts the results 

when 201 ≤≤ δ . The signals mθ to 7mθ correspond to the different values of 

δ ,(see first and second column of Table 1; the third column represents the 

percentage of J  whit regard to aJ ). Note that the control the control is robust with 

regard to the inertia change: the controller never becomes unstable and the steady 

state error is null. Nevertheless, the trajectory tracking error increases when the inertia 

of the motor decreases with regard to that used to design the control. Observe that 

when 1=δ , i.e. JJa = the delay of the trajectory mθ with regard to the reference 

*

mθ  is insignificant, and when that ratio increases from 2  to 20 , the delay is more 

notorious. Nevertheless, the system is always stable and the steady state error is null, 

which demonstrates the robustness of the control law. 
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 The maximum trajectory tracking errors in each trajectory 

( mθ to 7mθ ) )(%
*

Θ

−
= mm θθ

ε , where Θ  represents the amplitude of the signal 

*

mθ ( in this case )(1 rad=Θ ), are represented in the fourth column of Table 1. Note 

that the error %ε  increases if δ increases. Such values vary from %25.2 , for mθ , 

to %84.80 , for 7mθ . Note that the steady state error is null in both cases, although 

the maximum trajectory tracking error %ε  increases with the δ  value. 

 

 

Fig. 1. Results when 1 20δ≤ ≤ . 

Table 1. Result 1. 

Signal δ  aJJ %=  %ε  

mθ  1 %100  25.2  

2mθ  2  %50  92.2  

3mθ  3  %33.33  13.18  

4mθ  5  %25  78.51  

5mθ  10  %10  20.69  

6mθ  15  %67.6  74.76  

7mθ  20  %5  84.80  

 

Fig. 2 shows the experimental results obtained when 120/1 ≤≤ δ . In this case, 

the signals 8mθ  to 13mθ  correspond to those experiments carried out with δ varying 

between the values of 1 and 20/1 .  This signifies that in the following experiments 

the real inertia of the motor is from 1 to 20  times greater than the controller design 

inertia, or that it is the same to increase the inertia of the motor shaft. The first and 
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second column of Table 2 depicts the correspondence between the signals mθ  to 

13mθ  with regard to the ratioδ . The third column of this table shows the 

percentage 100⋅
aJ

J
. Note that the most unfavourable case 20/1=δ  corresponds to 

inertia of the motor which is 20 times greater than the controller design inertia. 

Observe that the trajectories mθ  to 13mθ are superimposed on the reference trajectory 

*

mθ  . All the trajectories have null steady state error and the trajectory tracking errors 

%ε  do not increase (see fourth column of  Table 2).  

These results permit us to affirm that the trajectory tracking error is almost the 

same for all cases in which aJJ ≥ , and these errors correspond to that obtained 

when aJJ = . 

This demonstrates the good performance of the presented method, which can be 

used in experimental platforms for trajectory tracking tasks in which the payload may 

change. Such a robustness is obtained in these experiments for very extreme 

cases aa JJJ ≥≥ , which means that there is no boundary in the δ  value, with the 

exception of physical limitations such as the saturation of the servo-amplifier, i.e. the 

maximum and minimum δ values are given by the maximum voltage value supported 

by the servo-amplifier (in these experiments )(10 V which is delimited for every 

application.  

The authors want to highlight that due to the (SMC) nature is that of a switch 

changing from one state to the other, the control action signals has not been included, 

because the control action presents a high frequency chattering effect which makes 

quite difficult the visualization. Since the nature of this paper is wanted to be 

maintained essentially practical and experimental by the authors, theoretical analysis 

of the system under the effect of the different types of noise has not been included. 

Nevertheless, notice that the results are obtained from a real platform, means that the 

sensors measurement and the system dynamics are affected by unstructured noise. 

Even in presence of these types of noise the control system works properly with high 

accuracy as shown with these experimental results, which demonstrate a high 

robustness to unstructured measurement and system noises.  
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Fig. 2. Results when 1 / 20 1δ≤ ≤  

Table 2.  Result 2. 

Signal δ  
aJJ %=  %ε  

mθ  1 %100  25.2  

8mθ
2mθ

 2/1  %200  18.2  

9mθ  3/1  %300  24.2  

10mθ  5/1  %500  21.2  

11mθ  10/1  %1000  21.2  

12mθ  15/1  %1500  18.2  

13mθ  20/1  %2000  15.2  

6   Conclusion 

A SMC based on the equivalent control approach has been presented and designed for 

the DC motor model. This approach allows matched uncertainties in DC motor model 

to be dealt with. These results advise the use of a control scheme insensitive to 

payload variations, to fulfil the requirements imposed to the system for the whole 

range of inertias due to the controller design does not require bounded uncertainties. 

Further computer simulations and experiments were carried out to test the robustness 

property of the SMC, considering different combination of uncertain parameters. The 

experimental results demonstrate the good performance of the method: the responses 

of the control system in trajectory tracking tasks are quite fast and the steady state 

errors are null. Therefore, in light of the experimental results obtained, we 

demonstrate that the SMC control method proposed in this paper solves the problem 

of high payload changes in DC motors and electromechanical actuators, since the 

control design is robust with regard to the friction in the motor dynamics and high 
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varying payloads with no restriction in the variation, i.e. this method does not requires 

the a priori knowledge of the varying range of the load, being this, the main 

contribution of this work. Furthermore, the control law is very well suited for 

trajectory tracking tasks with. This characteristic makes the control here designed able 

to control robot manipulators, in which the trajectory tracking is an essential problem 

since the accelerations must be slow enough not to damage the electrical actuators nor 

the mechanical structure and joints. 

On the other hand, a chattering reduction technique is part of the future research to 

be done and also the design and development of a sliding mode controller to solve the 

tracking problem of an uncertain very lightweight single-link flexible arm with high 

varying payload 
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