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Abstract

In this work, we present a numerical analysis of a probabilistic approach
to quantify the migration of a contaminant, under the presence of uncertainty
on the permeability of the porous medium. More precisely, we consider the
flow problem in a random porous medium coupled with the advection-diffusion
equation and we are interested in the approximation of the mean spread and
the mean dispersion of the solute. The conductivity field is represented by a
Karhunen-Loéve (K-L) decomposition of its logarithm. The flow model is solved
using a mixed finite element method in the physical space. The advection-
diffusion equation is computed thanks to a probabilistic particular method,
where the concentration of the solute is the density function of a stochastic
process. This process is solution of a stochastic differential equation (SDE),
which is discretized using an Euler scheme. Then, the mean of the spread
and of the dispersion are expressed as functions of the approximate stochastic
process. A priori error estimates are established on the mean of the spread and
of the dispersion. Numerical examples show the effectiveness of the approach.

key words: Elliptic and parabolic PDE with random coefficients, Karhunen-Loéve
expansion, Monte-Carlo method, Stochastic differential equation, Euler scheme.

Introduction

Mathematical modeling and numerical simulation are important tools in the pre-
diction of pollutant transport in groundwater. In order to take into account the
limited knowledge of the geological characteristics, the uncertainty and the lack of
measures, the permeability coefficient is modeled as a random field. Then, a stochas-
tic model allows to obtain numerical predictions describing closely the behavior of
the real system.

Numerical models with random input data have been extensively studied recently.
Classical Monte Carlo methods converge very slowly in general. Stochastic Galerkin
methods as well as a stochastic collocation methods (see |1, 2, 12, 20, 26, 32, 33|)
based on sparse tensor products have gained much attention since they are very
effective and accurate for computing statistics from solutions of PDEs with random
input data. In most of these methods, the conductivity field is first discretized in the
probability space, usually with a truncated Karhunen-Loéve (K-L) expansion to deal
with finite dimension and a classical approximation in the physical space. However,



these approaches suffer from a curse of dimensionality, especially when the number
of variables in the (K-L) expansion (stochastic dimension) is very large. Recently,
a similar approach using a Quasi Monte Carlo method to solve a flow problem was
proposed in |21, 25]. This method converges with the order O(%), where M
is the number of simulations and the coefficient » > 0 increases with the dimension
[31]. It seems theoretically that Quasi Monte Carlo also suffers from a curse of
dimensionality, in particular for large scale problem.

Our objective is to study and to quantify the migration of a contaminant, by com-
puting statistics of interest which are mean values of physical quantities [3, 4, 10, 9].
The stochastic model includes a flow problem coupled with an advection-diffusion
equation. A log-normal random conductivity field a with a smooth correlation func-
tion is considered: a = e, where G is a Gaussian random field with a piecewise
smooth covariance function.

The physical space is first discretized, then a discrete random conductivity field
is generated as a piecewise and finite random variables (see [3, 4, 34, 35, 21, 13]).
In [3, 4, 10, 9|, a standard finite element method is used for the flow equation,
yielding the random velocity field required in the transport model. The transport
equation describes the concentration of the solute, and can be seen as a Fokker-Planck
equation if the domain is infinite. It is related to a stochastic process which admits
the concentration as a density function. This process is simulated with a random
walk, which approximates the trajectories of particles thanks to a time discretization
using an Euler scheme. The first quantity of interest here is the spreading, which
is a function of the stochastic process. The second quantity of interest is the macro
dispersion, defined as the temporal derivative of the spreading. Thanks to Itd’s
formula, the macro dispersion is also a function of the stochastic process [33, 7].
A classical Monte Carlo method is then used to estimate the mean values of the
spreading and the macro dispersion.

Convergence of numerical results is analyzed in [3, 4, 9|, showing the efficiency
of the approach. A numerical analysis of this numerical model is proposed in [6] and
[7], giving error bounds for the mean values of the quantities of interest.

In this paper, we also derive error bounds for the velocity field and for the mean
values of quantities of interest, but with a different numerical model. In order to work
with a velocity having regular trajectories, we choose to discretize the permeability
field in the stochastic space through a truncated Karhunen-Loéve (K-L) expansion.
We then discretize the flow equation with a mixed finite element method rather than
a classical finite element method, because it is well suited to flow equations thanks
to nice properties. Indeed, it approximates both head and velocity with the same
accuracy, and it ensures a local and a global mass conservation [23]. Error bounds
are also studied for the flow equation with a log-normal random permeability field
and a mixed finite element method in [22], but without a truncated (K-L) expansion.

In this paper, the transport equation is still solved with a random walk. Thanks
to the regular trajectories of the velocity field, we obtain an accurate approximation
of the stochastic transport process with respect to time discretization. Mean values
of the spreading and the macro dispersion are still estimated by a classical Monte
Carlo method.

As in [6] and [7], we propose a numerical analysis of this model with a (K-L)



expansion and a mixed finite element method. In order to establish error bound of
the quantities of interest, we consider general test functions, namely the functions
having a polynomial growth with its derivatives.

The paper is organized as follows. In section 1, we describe the physical model
and the main quantities of interest. In section 2, the different steps of the numeri-
cal model are explained: the Karhunen-Loéve (K-L) truncation of the permeability
parameter, the mixed finite element method and the probabilistic particular method
(random walk). In section 3, an error analysis of the approach is established. The
first estimate gives error bounds for the outputs of the model, due to the (K-L)
truncation. The second estimate gives a weak error for the random walk simulating
the transport stochastic process, taking into account the time and space steps. Then
the total error on the quantities of interest is established, taking into account all the
numerical parameters, namely the time and space steps, the order of truncation of
the permeability, the total number of simulations and the number of particles in the
random walk. Finally, in section 4, we present a numerical bi-dimensional exam-
ple, where the log-permeability has an exponential covariance in a square domain.
Results illustrate the convergence and the efficiency of the approach.

1 Problem setting

1.1 Steady flow equation

The porous medium is assumed isotropic and the porosity is supposed constant,
equal to 1. The Domain D is a bounded box in R?, (d = 1,2,3). The permeability
field a is modeled as a stochastic function to take into account the heterogeneity of
the medium and the lack of data. Let (€2, F,dP) be a complete probability space.
We consider the steady flow in a porous medium without source:

v(w,z) = —a(w,z)Vp(w,x), in QxD,
div(v)(w,z) =0 in QxD, (1)
Boundary conditions,

where v is the velocity and p is the hydraulic head, both on € x D. The boundary
conditions can be for example mixed or periodic boundary conditions, and imposed
for almost all w. The permeability field a follows a log-normal law and is given by
the following transformation:

a(w,z) = @ on Qx D, (2)

where G is a Gaussian field characterized by its covariance function

cov[G](z,y) = 0® eXp{_ (w>5}

where |.| denotes the euclidian norm, § > 0, o2 is the variance of G and . is the
correlation length. The field G is an infinite dimensional noise, hence for a numerical
approximation, we choose a Karhunen-Loéve (K-L) truncation to represent a in a
finite dimensional space with regular trajectories.



1.2 Transport equation

An inert solute is injected into the porous medium. The migration of the so-
lute is governed by convection, molecular diffusion and kinematic dispersion. Here,
kinematic dispersion is neglected, molecular diffusion is assumed homogeneous and
isotropic. Then, the migration of the solute is described by the following advection-
diffusion equation:

Oc(w, t, ) + v(w, z)Ve(w, t,z) — Dy Ac(w, t,z) =0 in Q x [0,T] x D,
c(w,0,2) =co(x) x €D, (3)

Boundary conditions,

where c is the concentration of the solute, D, is the diffusion coefficient and c¢q is
the initial condition at ¢ = 0. For an injection of the solute, ¢y = %3' where B is a
box with volume |B| included in D. Equation (3) can be completed with Dirichlet,
mixed or periodic boundary conditions on 9D.

1.3 Quantities of interest

The main objective of our study is to compute the mean of the spread S(t) and the
mean of the dispersion coefficient D; (see [19]). First, let I'(w,t) = / c(w,t,z)xdx

D
be the center of mass of the solute distribution. Then we define S(w,t) the spread
of the solute around I' and D(w,t) the dispersion coefficient as:

S(w,t) = /D c(w,t,z)|z —D(w,t)|?dz  and D(w,t) = %%S(w,t). (4)

Then we are interested by the mean of the quantities (4):
S(t) =Eu[S(¢)]  and  D(t) = E,[D(-,1)]. (5)

In practice, the domain D is chosen very big versus the box of injection B and a
very small amount of the solute gets at the boundary 0D(cgp = 0). It is harmless
to replace (3) by:
Orc(w, t,z) + v(w, 2)Ve(w, t,2) — DpAc(w,t,2) =0 in Q x [0,T] x R? (6)
c(w,0,z) = co(x) x € RY,

where the velocity v is extended continuously by zero outside a neighborhood of the
domain D where the extension is smooth. We can also extend equation (3) on RY
when the boundary conditions are periodic and we have div(v) = 0 on R

The quantities of interest (4, 5) are given by an integral of ¢. Hence a proba-
bilistic particle method is preferred to a deterministic method because it avoids to
approximate the concentration ¢ at each point in D. The method consists in sim-
ulating a cloud of particles throughout the physical domain. In equation (6), the
concentration c is a law of a stochastic process which describes the movement of
the particles. Another reason to choose a probabilistic particle approach is to avoid
numerical diffusion [37].



In order to describe the probabilistic particular method, we introduce another
probability space (©,%2(,P) which is independent of (2, F,P). We consider a d-
dimensional Brownian Motion (W:)¢>0 on © and a random variable ¢ which is W;-
independent and admits ¢y as a density.

For each w € Q, the function ¢(w, -, -) is the unique solution of (6) as a probability
function of X¢(w,-) solution of the following SDE (see [17]):

{ dX(w,0) = v(w, X;)dt + /2D, dW;(0) (7)
Xo = ¢(0).

Not that because the drift v is not Lipschitz continuous (see [6]), the SDE (7)
has not strong uniqueness, but only weak uniqueness, i.e the law of each solution X,
is unique. Since we are interested in quantities given by a functional of ¢, only weak
uniqueness of (7) is needed. Therefore, the mean spread can be given by a variance
of X; as follows:

S(0) =B, B 1%, - Bl | ®)

The dispersion D(t) as a derivative of S(t) is estimated by Finite differences approx-
imation in [6, 10, 18, 29|, the result is very sensitive to the step taken [6]. Here we
propose as in [7, 33| an explicit formula using It6’s formula:

D(t) = E, |Eg[< Xt, v(Xy) >]— < Eg[X¢], Eg[v(Xy)] >] + trace(Dyy,). (9)

where we note by < .,. >, the scalar product in R%.

The quantities of interest studied here are the mean of the spread and the macro
spreading given in (5). It follows that these quantities are given as the mean of some
functions of the process X;. Thus, for some vector valued and measurable functions
f and g, we define the following quantity of interest

o) =&, | (Ealsx01 )| (10)

In practice, we are interested by the asymptotic behavior of the quantity (10). There-
fore, we describe a numerical approach to approximate (10) and we establish an a
priori error estimate on the proposed approximation at the final time.

2  Numerical approach

2.1 Stochastic approximation of the permeability

The spread S(.,.) and dispersion D(.,.) defined in (4) are both an infinite dimen-
sional noise, since they depend on v which depends on the field G which is infinite
dimensional noise. The first step consists of choosing a suitable discretization for
G. The most widely used representation of a second order random field G(-, ) is the
Karhunen-Loéve expansion (K-L) [27, 1, 11]. This decomposition is truncated up
to an order N, to deal with a finite dimensional noise parameterized by N random



variables. The K-L expansion consists at decomposing G in the series of products of
deterministic functions and random variables as follows:

G(w,7) = Bo[G( )] + Y vV Aaba(2)Ya(w), (11)
n=1

where A\; > Ag,... > 0 and {b,}5°; are respectively the eigenvalues and the eigen-
functions solutions of the following eigenvalue problem:

| el by = Nbio), (12)

where the random variables {Y,,}°° ; are determined by:

1
VAn

Since, the permeability field follows a log-normal law, G is a Gaussian field, hence
the set of the random variables {Y,,}2_, are independent Gaussian random variables
with mean zero and unit variance.

In general, the eigenvalue problem (12) for the (K-L) expansion has to be solved
numerically, but in some particular cases, it can be solved analytically for a square
or cubic box as the tensor product of one dimensional analytic solution.

For each N > 1, we assume that the eigenvalues (An);&l and eigenfunctions

Y, (w) = /D(G(w,:c) —E,[G(-, x)])bp(x)dx.

(bn)fz\[21 satisfy the following assumptions:

Assumptions 2.1
e The eigenfunctions (b,)N_; are twice continuously differentiable.
e The series 22[21 Anllbnll, s convergent.

Not that such assumptions are fulfilled in the case § = 1 for an exponential covariance
on a square or cubic domain or § = 2 for a Gaussian covariance, and more generally
if the covariance function is an analytic function on D x D (see [1, 11]).

The first assumption is usually verified by a continuous covariance function and
implies that the trajectories of a are sufficiently smooth. The second assumption is
verified by a piecewise analytic covariance function and is necessary for the conver-
gence truncated head py solution of (15) to a continuous head p (see [8]).

We define the truncated Karhunen-Loéve expansion Gy as a truncation of the
series (11) up to a suitable order N:

N
Gn(w o) = Eo[G(,2)] + D vV Anba(2)Ya(w) (13)
n=1

The decomposition given in (13) is an optimal decomposition of G, with respect to
the norm of L?(Q; L2(D)). We then approximate the permeability field a by ay:

N
an(w,z) := OV @) — oxp <EM[G(~,x)] + Z \/Ebn(x)Yn(w)> (14)
n=1

6



Then, we replace the flow equation (1) by one associated with ay:

vy (w, ) = —an(w,z)Vpy(w,x), in Qx D,
div(vy)(w,xz) =0 in Qx D, (15)
Boundary conditions.

The transport equation with a velocity field vy of finite dimensional noise is given
by:

dien (w, t,x) + vy (w, 2)Vey(w, t, ) — DypAen(w, t,z) =0 in Q x [0,7] x RY,
{ en(w,0,2) = co(z) = € RY

(16)
where vy is extended to R? as the velocity v. With periodic boundary conditions,
div(vy) = 0 in R%.

The concentration ¢y solution of (16) is an approximation of the concentration
¢ solution of (6). For each w € Q, ¢x(w, -, -) is the probability density of the process
Xn(w,-,-), solution of the following SDE on ©:

{ dXn(w,t,-) = on(w, XN (w,t,-))dt + /2D, dWy, (17)
Xn(w,0,-) =C.

Note that since the trajectories of the drift vy are Lipschitz continuous, the SDE
(17) has a strong uniqueness.
Using the law of Xy (w,t,-) (a.e) for each w € €2, we can approximate (10) by:

Qu(t) = B[ (Bals @) )] (18)

2.2 Monte-Carlo simulations

Monte-Carlo sampling is used to approximate the mean on €2 of the quantities
of interest. We consider M realizations of the parameter ay(w1,-),...,an(war, ) of
the permeability field. For each realization w;, we solve the flow equation (15) and
the SDE (17). We approximate the quantity Qn(t) in (18) by:

M
1
On(t) = i ; Qn(wi, 1),
where each realization of the quantity Qy(w;,t) is computed by
Qneint) = £ (Bala ()] ). (19)

2.3 Space discretization of the flow problem

For each realization w;, we have to solve the flow problem (15). We propose to
use a mixed finite element method, which has several nice properties. Indeed, it
approximates both py and vy with the same accuracy and ensures local and global
mass conservation.



With both Dirichlet and Neumann boundary conditions, the solution is not regu-
lar at the points where the Dirichlet and Neumann boundaries meet. These difficul-
ties can be avoided by regularizing the solution at the critical points. The solution
is regular with periodic or non-homogeneous Dirichlet regular boundary conditions.
Here, to simplify the presentation, we consider a non-homogeneous Dirichlet bound-
ary condition v and assumed to be smooth on 0D.

For (a.e) each w; € Q, a mixed formulation of (15) is given by the weak formula-
tion (20):

Find (py(wi,.), vn(wi,.)) € L2(D) x H(div, D) such that

/ ayvywdzs —/ pn div(w)dx = —/ yw.7dl Vw € H(div, D),
D oD

(20)
fdiv(vN)udx =0 Yu € L*(D).
D
We consider {7p,}n~0, a regular triangulation of the domain D. Let My be the
subspace of piecewise constants in L?(£2) and RTy(7) be the 0-order Raviart-Thomas
subspace in H(div, D). For each w;, we define the approximate problem (21):
Find (pnp(wi,.), vnn(wi,.)) € My x RTo(Tp) such that

/ alethwhdx / pn,pdiv(wy) = / ~wp,.fidl Ywy, € RTo(Th)
D oD

/gdiv(ijh),uh =0, Yup € Mp.
D

(21)
Problem (21) is well-posed [5] for each (a.s) w; € Q and vy, € LP(2; L>°(D)). In the
reference [22], an error analysis of the Mixed finite element is presented where the
parameter a is not truncated. Thanks to the truncated K-L expansion, the solution
(pn,vN) is smooth with respect to z. By using the error estimate for lowest order
Raviart-Thomas interpolation [5, 22|, there exists a constant C' independent of h, vy
and pp, such that

lpn =Pl Lo @;z2(D)) Hllvn—vN pl Le (1 (div,0)) < Ch (”'UN | r (2. (DY) F PN L (s 171 (DY)
(22)

2.4 Discrete transport equation

In order to discretize the advection-diffusion equation (16), we use a probabilistic particle
method to avoid numerical diffusion. For each realization w;, vy n(w;,.) is the solution of
(21) obtained with ay(w;,.). We use an Euler scheme to discretize the equation (17) where
vy is replaced by vy ;. For each i =1,..., M the approximation Xy, n(ws,t,0) is given by
the following scheme:

{ XN,n,h(wia tit1, 9) = XN,n,h(wia tr, 0) + UN,h(wia XN,n,h(th wi, 9))dt =+ v/ QDmdtfH_l(G)
XN ph(wi,0,0) =((9),

(23)
where dt = % is a uniform step, ¢; = ldt, l = 0,...,nand {§}]_ is asequence of independent

gaussian variables with zero mean and unit variance. We choose P realizations {X;\}Jn h}le

8



(the index i refers to the dependence of Xy ;5 on w; and j refers to the dependance on 6;).
For each w; we approximate Qn(w;,t) given in (19) by:

Qﬁ,n,h(wh = ( Zg N'r] h )

Thus, the quantity of interest Qx(¢) is approximated by oM N-7n- , given by:

QN0 = 37 3 (5 S0k, (24)

In the next section, we give an error analysis of the above algorithm, where we estimate
the total weak error |Q(T) — QJ\N{’ih(T)L

3 Error analysis of the approach

In this section we derive the error estimates of the approach. It includes all the numerical
parameters, namely the truncation error, temporal and spatial error and the statistical
one. In what follows, we consider C} (R?) the space of functions which have a polynomial
growth with their derivatives up to r and Cj (R%) the space of bounded functions and all
their derivatives up to r are bounded. We note that when we deal with a realization of the
random fields, the dependence with w is noted once time and and omitted in the rest as in
the notation of the random fields.

3.1 Truncation error

3.1.1 Convergence of ay to a

Here we give a bound of the truncation error resulting from the truncation of the pa-
rameter a ~ ay, where ay is given by a suitable order NV in the (K-L) expansion as in (14).
The truncation error v — vy is nonzero and contributes to the total error on the quantities
of interest. Then, it is necessary to study and take account this truncation error, to increase
the reliability of the approximations.

Now we establish the convergence of ax to a with respect to the norm of L4($2, L?(D)),
for ¢ > 1. We define (a.e) the following bounds of a as given in [2, §]:

Umaz (W) = maxa(w,z) and amin(w) = mina(w, ), (25)
zeD €D

Under assumption 2.1, amn € LY (Q) and amar € LI(Q). In [8], a bound of the error a —ay
is given in the space L9(Q;C°(D)), which depends on ||b, |, thus generally on \,. The
following proposition concerns a bound of the error |la — an||za(Q;z2(DY)-

Proposition 3.1 There exists a constant K > 0 independent of N such that:

lla —anllLa;z2(py) <

Proof: Thanks to the differentiability and the growth of the exponential function, the
following inequality holds

le* —eY] < max(e”,e¥)|r —y| Vz,y eR.



Applying this latter inequality with £ = G and y = G, we have

la(w,.) — an(w, Mrzpy < [[max(e? ) eV )Y Loy |Glw, ) — G (w, ))llz2(p)

I max(e“ ), eI | o ) [Glw, ) = G (w, ))llz2(p)

IN

amaw(w) Z AnYn(UJ)Q

n=N+1

IN

Taking the norm in L?(Q) and applying Cauchy-Schwarz inequality, we get

00 q ﬁ
HGJ—GNHLq(Q;Lz(D)) < ||amaz||L2q(Q) <E|:< Z )\an) :|> . (27)

n=N+1
J
We define v := Z An >0, with J > N + 1. We have by the convexity of the function ¢4,
n=N+1

J q J
( > )\an> <vIT YT ALY

n=N+1 n=N+1

Let m, = E[|Y1]??], which is finite. We take the expectation of this latter inequality to

obtain
J q J q
EK > Anyj) } <mq< > /\n> : (28)
n=N+1 n=N+1

When J tends to infinity in (28) we get by combining with the bound (27), the error bound
1

of the proposition, where the constant K is given by K = mg? ||amas| r24() ®

o0

Combining the bound (26) with the equality Z A\n = |D|o?, where | D| is the measure of
n=1

the physical domain D, allows for determining the appropriate number of random dimension

N. For example, with § ~ 1,

N+1

> An=4|Dlo>. (29)
n=1

In general, the stochastic dimension N depends on the regularity of the covariance function
(see [1, 15]) and the correlation length /. with respect to |D].

3.1.2 Convergence of py to p and vy to v

First, we recall the regularity properties of a and ay. Let ¢ > 1,0 < a < % and C%(D)
the space of Holder-Continuous functions.

Proposition 3.2 The trajectories of a are in C%*(D) and those of an are in C*(D).
The random variables apmqz, ﬁ are L1(Q)—integrable, a € LI(Q;CY*(D)) and an €
L1(Q;C%(D)).

Proof: The regularity of the trajectories of ay is satisfied by assumption 2.1. That of the
trajectories of a is shown in [8].

We recall regularity properties of problems (1) and (15). Thanks to the truncated K-L
expansion, problem (15) has more regularity than problem (1).

10



Proposition 3.3 Problem (1) is well posed, withp € L(Q;C»*(D)) andv € L1(Q;C%*(D)).
Problem (15) is well posed, with py € L($;C3(D)) and vy € L4(Q;C3(D)).

Proof: The regularity of the trajectories of py and vy is given by the elliptic regularity.
That of v and p is given in [8].H

The convergence of py to p and vy to v is given by the following proposition which
shows that the truncation errors ||p — pn||La(;m1 (D)), and ||v —vn||La(;r2(p)) are linked to
the error on the permeability ||a — an||La(;r2(D))-

Proposition 3.4 There exist positive constants K1 and Ko, independent of N, such that:
Ip = pnllLam (o)) < Killa — anllz2e@;z2(p)), (30)
v —onllLa;r2(p)) < Kalla — anl|L2e(0:22(D))- (31)

Proof: For each w € Q (a.e) and p € H}(D), p and py satisfy:

/ aVpV udz :/ anVpnVudr =0,
D D

therefore, we get

/aNV(p—pN)Vudx = /(aN—a)Vqudx+/
D D D

< |Ipllerpylla = anllzzoy IVl L2 (p)-

anV,uda:—/ anVpnVudx
D

N

Let an min(w) = min,cp an(w) and taking p = p — py, we get

Ipller(p
lp = ol o) < ———la — anllz2(p)- (32)
0 N,min
Taking the norm in L?(f2), we obtain
1
pllerp 7«
o= sty < (5| L2 e - avliom) )
Ipller(p
< ||N7(_)||LQG(Q)HG — an | z2a(0;22(Dy)
< Killa—an|z2e@;z2(py)
1
Where K1 = ||pHL4‘1(Q;C1(D)) ‘ .
AN min L44(Q)

Also, we have for each w € Q (a.e),
| —aVp+anVon|2(p)

[(an —a)VpllL2(p) + llanV(pn — p)llL2(D)
lan — allL2pylIpller(py + @mazl| V(PN — P)llL2(D)

. amal‘
wsing (32)) < (1222 Y s g o — o

N,min

[|v —UN||L2(D)

INIA A

Taking the norm in L(Q), we get
lv =N |lLe;n2(p)) < Kalla — an|z2a(0;22(DY)

a
where Ko = ||P||L4‘I(Q§CI(D))H1 * (11;”7&%
,mwn

]
L44(Q)

11



3.1.3 Convergence of cy to ¢

We suppose that the initial condition cq of (16) and (6) is in L*(R%) N L°(RY), with

co(t,x)dx = 1 and X admits ¢g as a probability density.

d

Proposition 3.5

Equation (6) has unique solution c in L1(Q;C(]0, T]; C?(R4))NCO([0, T]; L*(RY)NL>(RY))) .
Equation (16) has unique solution cy in LI(€2;C*(]0, T],C*RH)NCO([0, T], L?(R4))NL>(R9))).
For each w € Q, c(w,t,-) is the density of Xi(w,.) and cn(w,t,-) is the density of Xn(w,t,.)
Proof: For each w € Q, see [17] e.g. for the link with the SDE and for the regularity of
the trajectories of ¢ and cy see [28]. The L(Q)) integrability of ¢ and ¢y is satisfied since v

and vy are L7() integrable B
The proposition which follows gives the convergence of cy to c.

Proposition 3.6 There exists a positive constant K3 independent of N such that:
le = enllLaqco oz ey < Ksllv = onllzzair2@))- (33)

Proof:  With periodic boundary conditions, div(v) =div(vy) = 0 on R%. Let us first
consider this case. Setting ¥ (w,t,2) = ey (w,t,2) — ¢(w, t, z), the function ¥ is solution of
the following parabolic problem:

{ Opp +vn.Vip — Dy Ap = (v —wvy).Ve in Q x [0,T] x R?

Y(w,0,) =0 VY(w,z) € QxR (34)

Multiplying this equation by 1/ and integrate over R? to obtain:

/Rd w&twdx+/Rva.Vz/)wdx+Dm/Rd|V¢\2dx:/Rdi/)(v—vN).Vcdx, (35)

since div(vy) = 0, we have /
R
inequality 2ab < a? 4 b?, we obtain

/ (v—wvN).Veyde = / c(oy —v).Vipde
R R

vn.Vyipdr = 0. Using the integration by parts and the
d

1 c
< 5”\/?#7”(” —on)|Z2(ay + Dl VY [I72Ra)
1
S 1D el o gy | (v = 0N 17220y + Dl VT2 (may  (36)
m

1
Furthermore we have / YOppdr = 5@“1&”%2(]@), the bound (36) with equation (35) yields:
Rd

Ol Y72 (ray < STHCH%w(Rd)HU —on 12 (gay-

We integrate in time and use ¢(w,0,2) = 0 to obtain

e <y o lel lo = o]l
su el o o .
ogth L2RY) = 8D,, L ([0,T]xR%) Nl L2(R4)

Taking the norm in L?(2), we conclude the estimation
T
lle = exllza@coorramy) <\ gp—llellzn@i=oz1xray v = onll2a@ize @)
With other boundary conditions, we extended v and vy continuously by zeros on R<.

Then, div(v) # 0 and div(vy) # 0 on a small box O \ D and the term [|div(vy )|~ (0\D),
which is finite, can be put in the constant K3. B

12



3.1.4 Weak convergence of Xy(t) to X;

The next result concerns the convergence in the law of the process Xy (t) to X;. Let
p,q,r > 1, and k > 2. In what follows, we consider the functions test f in C, (R%) and g in

LP(Q;Ck,(RY)).

» ¥ pol
The following bound is useful, it shows that the mean of any function of X; with poly-
nomial growth is finite.
Lemma 3.1 There exists Cp g1 > 0 such that:
Eu[[Eo[| X:[*]|%] < Cp,q, 7o Xo["] (37)

t

Proof: it is straightforward, since X; = X0+/ v(., X )ds++/2D,,W;, and v € L1(Q; L>(RY)).
0

A similar bound holds for the process X and its approximation Xy, given in (23) re-
gardless of N, h and .1

The following result provides an estimate of the truncation error on the quantities of
interest.

Theorem 3.1 There exists C > 0, independent of N such that:
Eu [Bolg(X1) — 9(Xn(D))]] < Cllv = on|lz2(@;z2®e))- (38)

Proof: For each w € 2 (a.e), let u be the solution of the Kolmogorov backward equation
associated to (17):

{ Ou(w, t,z) + vy (w, 2).Vu(w, t, ) + Dy Au(w, t,z) =0 0<t < T,

w(w, T, z) = g(w, ). (39)

Since the trajectories of vy and g are given in Cgol(Rd)7 the trajectories of u belong to
ci([o,T[,ct ,(RY))ncCi([o,T),C%,;(RY)) [28] and are given by (Feynman-Kac formula, [24])

pol P

u(t, z) = Eg[g(Xn (T))|Xn () = ).
In particular u(0, X (0)) = u(0, Xo) = Eg[g(Xn(T))]. We define the following weak error:

er = Eolg(X1)] — Eo[g(Xn(T))] = Eo[u(T, X7)] — Eo[u(0, Xo)].
The It0’s formula applied to u(t, X;) gives
du(s, Xs) = dwu(s, Xs)ds + Vu(s, Xs)dXs + Dy Au(s, Xs)ds

where X, is given by (7). Integrate this from 0 to T, we get

T T
u(T, X7)—u(0,Xo) = / (Opu +v(Xs).Vu+ Dy Au) (s, Xs)ds—l—/ V2D Vu(s, Xs)dW's,
0 0

Using the equation (39) at (s, X,) and Taking the expectation on O, we obtain:

er

/OT Ey |:(U(Xs) - UN(XS))) Vu(s, XS)} ds

IN

T
sup ||Vu(t,Xt)||L2(g)/ [0(X.) — o (X2) |20 ds. (40)
0

0<t<T

13



For each w € Q, the solution ¢(w,t,.) of (6) is the probability density of the process X;(w,.)
on O, therefore:

lon (Xs) = v(Xo) 122 o) /Rd [v(@) — v (@) %e(, t, 2)dx

< supsup ot @)l — vn s
0<t<T zcRd

combining this latter bound with (40), we obtain:

er <T sup |[Vu(t,Xi)lz20) sup Vel t,2)[|v—on|r2me)- (41)
0<t<T 0<t<T, z€R4

Taking the expectation on 2 and using the Holder inequality, we get:

Euler] < TChllv — vnlz2(0,22®a))

where we set C; = || sup Vu(t,Yi)lls,20nll sup Vel t,2)||paq). Using (37),
<t<T 0<t<T, zeR?

the constant || bup ||Vu(t Yi)llz2e)llna(o;n2 o)) is finite. Also, since ¢ € L(§2; L ([0, T x

RY), || sup \/ t,x)||La(q) is finite. Thus C} is finite.m

0<t<T,zE€R

3.2 Temporal and spatial discretization error

Here, we give a bound of the weak error Ey,[Eg[g(Xn(T))] — Eo[g(Xnn.n(T))]]. It can
be divided into tow terms. The first one, related to time discretization, is classical when the
drift is C? |30]. The second term concerns the space error and we show that it is of order h.
Let Xn,(t) be an approximation by Euler scheme of the process Xy (t) and Xy, 5 (¢) its
perturbation as given in (23). The following proposition shows a bound of this error.

Proposition 3.7 There exists a constant C(T, g) > 0 independent of dt and h such that:
Eu [Eo[g(Xn (T))] — Eolg(Xnpn(T))]] < C(T',g) (dt + 1)

Proof: Let u solution of (39), then:
U

Eo [Eolg(X 0, (T))]—Eolg(Xn ()] = Ew[Eo[w(T, Xuv,n(T)) —u(0, Xo)]] = Y Eu[Egle]]
1=1

where we set e; = w(tj41, Xnpn(tit1)) — u(ts, X n.n(t)). Using Itd’s formula, we have:

tiy1 tiy1
el:/ (0w + v B (XN 0 (t)) Vu + Dy Au) (s, X v p,n(s))ds +/ V2D, Vu(s, Xy n(s))dWs,
i ty

ti41
we conclude that, Eg[e;] = / Eg [(Osu + vn p (XN 0 (t))Vu + Dy Au) (5, XN, n)] ds.
ty
Using (39) at point (s, Xn ., »(s)) and then taking the mean on 2, we obtain:

BulEafel]l = [ B (oxa (Ko at) = ow(Xovna(s) ) s, X)) s
= Eu[] + Ey[J2],

14



tiy1
where we define J; := / Eg [(UN’h(XNmyh(tl)) — UN(XN,n,h(tl))>Vu(s,XNm’h(s))] ds

t

ti41
and Jy = / Eg[(vN(XNmﬁ(tl)) oy (X (s )))VU(S,XN,,,,;I(S))} ds.
t

For eachl I =2,...,n, Let ¢, n(w,t;,z) the density of Xy, n(w,t;,.). It belongs to
C&°(R?), since it is given by the convolution of the density of the variable Xy, 1 (w,t,.) +

(X np,n(w, ty,.)dt with the density of \/2D,,dt&; 11, and by induction we get:

Cnn(w, 1, @) < Kleolloo (1 + [[v]|coldt), (42)
where K > 0 and independent of & and 7. The term J; satisfies:

ti+1
B [ o) — ox (X)) 12(0) | Tuls, X (5D 12(0)ds
ty
ti41 %
< / Vu(s, Xnnn(s)) | L20)ds (/d lon.p(z) — vN(a:)|2Cn,h(tz,fU)d$>
t; Rd
<

dt sup sup /cnn(ti, x)sup [Vu(t, Xpn(t))llr2e) llvn — vvnllpzge)
z€R I<n+1 t<T

Taking the mean on 2, we get:
E,[J1] < Ci(dt)|lvn — on ol L2002 r4)), (43)
where C) = K||co|loo(1 4 T|v]|00) sUp IVu(t, Xnm.n(t)l 220l 2 (o), which is finite thanks
t<T

to Lemma 3.1. To bound E,[J], let x(s,2) = (vn(Xy, n.h(t1)) — on(z))Vu(s,x). Since
vy € C2(RY) and u € CL5([0, T[xRY), x € CL2([0, T[xRY). By Ito’s formula, the derivative

of ¢(s) == Eg[x(s, Xn, np;:l( N]in (;t41] is gf\l/en by:
%(5) = Eg[0sx(s, Xnn.n(5)) + 0N (X0 (8)) VX (8, XN 0 (8)) + D Ax(8, X N0 (5))]-

Thanks to Lemma 3.1 the term E, [fis] is bounded in J¢;;t;41[. Moreover, ¢(t;) = 0, then,
there exists Cy > 0 such that E,[p(s)] < Ca(s —t;), for t; < s < t;41. Then, since

E,[J2] = /tl - E,lp(s)]ds, we get:
Eul] < Zar (4)

We obtain a bound of E,[Eg[e;]] by combining (43) with (44), and the total error by taking
the sum over [. W
3.3 Global error on the mean spread and the mean dispersion

Here we give the total weak error of the process X; on 2 x ©, where the mean on 2 and
O is computed by a Monte-Carlo sampling. This weak error is defined by the error at time
T of the quantity of interest (10) approximated by (24):

Er(T) = QT) = Qv (T):

Theorem 3.2 There exists a constant C, independent of M, N, h and the time step dt
such that the following estimation holds:

1
Er(T)] < C(f,9) <|U —on|L2@r2gey) +dt+h+ —= f \f)

15



Proof: We split naturally this error into four terms |Er(T)| < |Erq| + |Er2| + |Er3|+|Erd],
where we define:

en = om) .| f(BalsCn (] )|

err = B | F(EalaCon ()] )| - B £ (Bl )|

s = B (Balotran)| -1 (5 ot

j=1

el

- 1 P
Ery = E, f( g(XN,n,h(ejaT))] = QWi (T)-
L 1

Jj=

Using Taylor’s formula together with Cauchy-Schwarz inequality we have:

Er1] < IDFY) 220 [[Bolg(Xn (T))] = Eolg(Xnm.n(; T2 ()

where Y = sEo[g(Xn(T))] + (1 — $)Eo[g(Xn(T))] with 0 < s < 1. Therefore by Theorem
3.1 and the bound (37) the first error satisfies

|5’I“1| S Cl H’U — UN||L2(Q;L2(D))~
Similarly, by Taylor’s formula together with Cauchy-Schwarz inequality,

Er2| < IDF(2)]L2@) 1Eolg(Xn (T))] — Bolg(X N0 (T)]ll22()

such that Z = sEy[g(Xn(T))] + (1 — 5)Eg[g(Xn,yn(T))] with 0 < s < 1. Hence, using
Proposition 3.7, knowing that || Xn(T)||L«axe) < oo independently with N as in (37), we
obtain a bound of the second term:

|8T2| S Og(dt + h)

For each w € €, the set of the random variables {g(Xn . n(w,0;,T))}!_, being independent,
identically distributed in ©. Then, using the law of large numbers and Taylor’s formula, the
third term satisfies: )
VP’
where the constant Cs depends on the variance of g(Xn, ) which is finite and can be
bounded independently with N, n and h.

The forth term Er4 can be bounded by a similar way, let 1 defined by

|57‘3| S 03

P
0) = £ L o657

M
Since ¢ is a borelian function, the set {w(wi) = f(+ Zil g(X}anh))} being indepen-

i=1
dent, identically distributed in 2. By the law of large numbers the forth term satisfies:

1
Eryl < C .
[Eral < VM

we conclude the total error of the theorem by combining the estimate of all partial errors. B
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Corollary 3.1 There exists a constant K4 > 0 independent of N such that:

> (45)

n=N+1

v —vn 22 ray) < Ka

Proof: By combining the bound (26) with (31) the estimate is given in L?(Q; L?(D)). In
the case of periodic boundary conditions, we concluded by periodicity. With other boundary
conditions, both v and vy can be extended with the same manner outside of D. Thus,
v—ovy = 0 outside of D B

The spread and the dispersion coefficients are expressed as a function of the process X;.
Therefore, with a suitable choice of functions f and g, it is possible to apply Theorem 3.2.
We define S%;fh (t) and D%’fh (t) respectively the approximation of S(t) and D(¢):

2

M 1 P 1 P
M,P 2,
S0 = 5730 | 5 K0F |5 o xi0)] )
i=1
MP 1 3 2, 0
D M Z Z < XN]nh (XNJnh 2 Z < XNJnh (XNnh( )) >
J,l=1

+trace(Dm).

Proposition 3.8 There exists a constant Cy > 0 and Cy > 0, independent of M, h and the
time step dt such that the following estimation holds:

@
=
|
»
Z=
i
3
IA

Cl< n%;l)\ +dt+h+r \f)

’D(T)_D%’f(T)‘ < Cz( H;HA +dt+h+} })

Proof: The error at the final time of the spread can be easily concluded using the estimate
of Theorem 3.2 and Corollary 3.1 by taking g(.,2) = |x|? with f = x, and g(.,x) = z with

fla) = |z,

To bound the error at time 1" of the dispersion, let define:

E; E. {Eek Xr,on (., X7) } Z Z < XN, (@), o8 n(wi, X3, (1)) >

P
Enr = Ew{<E9[XT],E0[UN(wXT)] } PQZ Z Nnn( )7ZUN,h(wi>XJi\’]{n7h(T))>

The first term is split into two errors: EI < 61 + 62, where

er =E, {E9[< Xr,on(XT) > } - —= Z <X N,] w( UN(winfQ{n7h(T)) >,
1=1 j=1
ez = MP ZZ < X3 n(D), (on = vnn) (Wi, X3, (T) > -
1=1 j=1
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The error e; can be bounded using the estimate of Theorem 3.2 and Corollary 3.1 by
choosing f(z) =z and ¢(.,x) = vn(., ), we get:

61§C’< Z /\n+dt+h+\1ﬁ \;)

n=N+1

The second error ey is equivalent to e3 = E,, [E9[< Xnnn(T), (v —onp)(XNpn) >]

up (O (he Monle Carlo error O( + > . Le( CN h(w, T, I) be (he laW Of lhe prOCGSS
\/7 \/7 n
XNn h(W,T). we ha\/e.

e3 < Ew[”XN,n,h”Lz(@)||UN(XN,n,h)_UN,h(XNﬂ%h)”L?(@)}
< Ew{llXN,n,hHLz(@) sup CN,n,h(w>T733>||’UN_UN,hHL?(Rd)]
rER4
<

X502 0) sup eNah(Ts @) 2o lvn — v allzz (o, 2ayy < Ch
TE

where C' = O(| XNl Layer2@ vV ennn (T, )| L4(o)), which is finite and can be chosen
independently of N,n,h, by using (42) and Lemma 3.1. Therefore we deduce that Ej
satisfies:

E1:O( n%:HA +dt—|—h+\ﬁ \ﬁ)

The second term Ej; can be easily bounded in a similar way, side by side in the scalar
product, to obtain:

E,,:O( Z An +dt+h+\/L \})

n=N+1

We conclude the error on the final time of the mean dispersion since

|D(T> - D%ihm‘s \Et| + |Enl.

4 Numerical experiments

4.1 Test cases

This section illustrates the convergence of the proposed method to compute the quan-
tities of interest (5). In our example, the bi-dimensional domain is given by the box
D := [0,L]?. The conductivity is given by a random field a, which follows a log-normal
probability distribution G = log(a), where G is characterised by its mean E,[G] and its
exponential covariance function:

|z — y|

), Yo,y e D, (46)

Cov(z,y) = 0% exp(—
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where o2 is the variance, . is the correlation length.

In our experiments, L = 10, I, = TLO =1,02=1,2, or 3 and E,[G] = 0.

In the flow problem (1), boundary conditions are homogeneous Neumann on upper and
lower sides of the domain D, Dirichlet p = 4 on the left side, Dirichlet p = 0 on the right.

The transport equation (3) is completed by boundary conditions which are homogeneous
Neumann conditions on upper and lower sides and Dirichlet conditions ¢ = 0 on the left and
right sides. The diffusion coeflicient is fixed as D,, = 0.1 and the initial condition at t =0
is given by the window fﬁ where B = [2.85,3] x [5,5.15]. The final time is T' = 5.

L

We use a uniform triangular mesh of D, with h = &5

use a time step, dt = % =0.1.
With the covariance function (46), the Fredholm integral equation (12) can be solved

analytically [20, 36] using a simple one dimensional problem. We consider the charac-

= 0.2. In the random walker, we

teristic equation ([2w? — 1)sin(Lw) — 2l.wcos(Lw) = 0 and we denote by (wy)g>1 its
increasing positive roots. Then, the one dimensional eigenpairs are, A\p = % and
¢k
1
be(z1) = Br(sin(wixy) + lewy cos(wixy)), where By = Therefore,

V@wp 2+ L2+ 1,
the eigenpairs (b, A;) of the Fredholm integral (12) are given by the tensor product:

An =My Ak, and by (z) = by, (21)bg, (22), k1, ke > 1, with z = (21, 22).

and ordered in decreasing order. We developed a Matlab software to compute these eigen-
pairs.

an(w, 2, %)

Figure 1: A realization of the random field for ¢ = 1. Left: Gy, right: ay.

We use the bound (29) to truncate the field in the series (13). we get N = 2336 for
oc=1, N =3531 for c =2 and N = 5231 for ¢ = 3.

In Figure 1, we plot one realisation of the field Gy (on the left) and the field ay = e~
(on the right) with o = 1.

We use the Freefem++ software [16] to solve the flow equation with the mixed finite
element method defined in section 3. The discrete linear flow system is solved with the direct
algorithm implemented in the software UMFPACK. We implemented, also with Freefem-+
framework, the random walk of the transport equation.

4.2 Convergence analysis of the spread and dispersion

In Figures 2, 3, 4, we plot the approximation of the mean spread S(t) (left) and the mean
dispersion D(t) (right), using different numbers M of MC simulations in 2 and the variance
o =1,2,3. We fix P = 50000 and plot four approximations with M = 50, 300, 600, 1000.
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Figure 2: The mean spread and dispersion computed for various numbers of MC
simulations M and with fixed P = 50000 particles and a variance o = 1.
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Figure 3: The mean spread and dispersion computed for various numbers of MC
simulations M and with fixed P = 50000 particles and a variance o = 2.
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Figure 4: The mean spread and dispersion computed for various numbers of MC
simulations M and with fixed P = 50000 particles and a variance o = 3.

We observe that when we fix a large number of particles, both the mean of the spread and
the mean of the dispersion converge rapidly with respect to the number of the simulations
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M in the probability set 2. We also observe that the convergence rate depends slightly on
o of the field G. In all cases, with M = 600 we get a smooth spread and dispersion.

We assume that this efficiency is related to the small variance of S(.,t) and D(.,t) as a
random function in 2, since the Monte Carlo error is given by \/%, where G2 is the variance

of S(.,t) or D(.,1).

25 25
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Time Time

Figure 5: The mean spread and mean dispersion computed for various numbers
particles P and with fixed M = 600 MC simulations and a variance o = 1.
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Figure 6: The mean spread and mean dispersion computed for various numbers
particles P and with fixed M = 600 MC simulations and a variance o = 2.

In Figures 5, 6, 7, we plot the approximation of S(t) (left) and D(¢) (right), with different
numbers of particles P and variance o = 1,2,3. We fix M = 600 and plot five approximations
with P = 100, 1000, 10000, 50000, 100000.

The result of the simulation shows that the convergence with respect to the number of
particles is done with a large P compared with M the number of simulations. We observe
the presence of oscillations with small P (P = 100 or P = 1000) for both the mean spread
and dispersion, these oscillations are removed with a large P such that P = 50000.

In Figure 8 we plot the computed S(T') and D(T) at the final time T versus P the
number of particles with various MC' simulation. In Figure 9 we plot the computed S(T')
and D(T) at the final time T versus M the number of MC simulations with various number
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Figure 7: The mean spread and mean dispersion computed for various numbers
particles P and with fixed M = 600 MC simulations and a variance ¢ = 3.

P of particles. We observe that the convergence quite rapidly when we increase the number
of simulations M ~ 600, provided that the number of particles is large enough P = 50000.
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Figure 8: The mean spread and mean dispersion at the final time T versus the number
of particles P and computed with various MC simulations, in the case o = 1.
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Figure 9: The mean spread and mean dispersion at the final time T versus M the
numbers of MC simulations and computed with various particles P, in the case o = 1.
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4.3 Error analysis of the spread and dispersion

The trajectories of the truncated parameter ay have at least C? regularity. Therefore, the
space discretization error on the approximation of the quantities (24) is driven by the order
O(h), and the time discretization error is driven by the order O(dt), as shown in Proposition
4.5. These orders of the convergence are checked by taking various approximations of S(t)
and D(t) with different space steps h and different time steps dt, with fixed numbers M = 500
MC simulations and P = 50000 particles.

We define a reference solution S(t) of the spread and D(t) of the dispersion with a space
step h = 6—L0 and a time step dt = %

We fix dt = 6% and we vary the step h, by choosing h = % with n, = 8,16, 24, 32, 50, 60.
For each value of h, we define the relative errors es(h) and ep(h) using the reference solution

at the final t}ge)T; - BT )
_ 1S(M)=8Sn ()] _ DT =Du(T)|
es(h) = =gy and en(h) D7)

Then , we fix the step h = 6—L0 and vary the time step , by choosing §t = n% with
ns = 5,10, 20, 30, 40,50,60. For each value of dt, we define the relative errors es(dt) and
ep(dt) using the reference solution at the final time 7'. We observe that the two errors have
a linear behavior as in Proposition 4.5.
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—— error on Spread o.1|——error on spread
0.14) —e— error on Dispersion *' | =— error on Dispersion
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Figure 10: Left: Relative errors es(h), ep(h) of space discretization at T = 5. Right:
Relative errors es(dt) and ep(dt) of temporal discretization at 7" = 5.

4.4 Comparison with approximation by difference of the dispersion

The method proposed in [9] consists in using an approximation by finite differences to
compute the mean of dispersion. Another time step ds is introduced to compute D(t) by
the following approximation:

dS(t) _ S(t+ds) - S(t)

b(t) = 2dt 2ds (47)

With a finite element method, it leads under additional assumptions at the following error
bound (see [6] for more details),

1 1
Er(T)=0(dt+ds+ h|lnh ++>. 48
0 =o( N TN (48)
In order to compare the explicit formulation (9) with the approximation (47), we run test
cases , where we choose M = 200, h = % For the explicit formulation, we choose P = 10°
particles and the time step dt = %. For the approximation (47), we vary the numbers of
particles P and the time step dt = ds. Results are given in Figure 11.
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Figure 11: Dispersion computed with finite differences. Left: dt = ds = %. Right:
ds = % and ds = % with P = 10° particles. The black curve is the dispersion

computed with the explicit formulation, using dt = % and P = 10°.

We observe that the approximation (47) is very sensitive to the step ds and to the number of
particles P. This sensitivity is explained by the term \/% in the error bound (48). Indeed,
it is small for P vary large and ds not too small. Clearly, the explicit dispersion is more

accurate and removes oscillations.

5 Conclusion

This paper proposed and analyzed an efficient probabilistic approach to compute quan-
tities of interest quantifying the solute transport in random porous media. The permeability
field is modeled by a random log-normal law and characterized by a covariance function hav-
ing a piecewise regularity. The first step of the numerical approach consists to approximate
the permeability through a Karhunen-Loéve (K-L) truncation to deal with finite dimen-
sional noise. Monte Carlo simulations are used to estimate mean values of quantities of
interest. For each sample, a mixed finite element method is used to solve the flow problem
and a probabilistic particle method solves the transport equation. The error estimates de-
rived in this work predict the convergence rate. The behavior is illustrated numerically by
a bi-dimensional example, where the permeability field is characterized by an exponential
covariance function. We plan to further analyse in future work the truncation error and the
effect of ergodicity on the quality of the approximated quantities of interest.
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