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❛tt❛✐♥✳ ■♥st❡❛❞✱ ▼❇❆❈ ✉s❡s ♠❡❛s✉r❡♠❡♥ts t♦ ❝❛♣t✉r❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❡①✐st✐♥❣
✢♦✇s ❛♥❞ ✉s❡s t❤✐s ✐♥❢♦r♠❛t✐♦♥ t♦❣❡t❤❡r ✇✐t❤ s♦♠❡ ❝♦❛rs❡ ❦♥♦✇❧❡❞❣❡ ♦❢ ❛ ♥❡✇
✢♦✇✱ ✇❤❡♥ ♠❛❦✐♥❣ ❛♥ ❛❞♠✐ss✐♦♥ ❞❡❝✐s✐♦♥ ❢♦r t❤✐s r❡q✉❡st✐♥❣ ✢♦✇✳ ▼❡❛s✉r❡♠❡♥ts
❛r❡ ✉♥❛✈♦✐❞❛❜❧② ✐♥❛❝❝✉r❛t❡✳ ❚❤✐s ✐♠♣❡r❢❡❝t✐♦♥ ❝r❡❛t❡s ✉♥❝❡rt❛✐♥t✐❡s ✇❤✐❝❤ ❛✛❡❝t
t❤❡ ▼❇❆❈ ❞❡❝✐s✐♦♥ ♣r♦❝❡ss✳ ❚❤❡ ❞❡❣r❡❡ ♦❢ ✉♥❝❡rt❛✐♥t② ❞❡♣❡♥❞s ♦♥ ✢♦✇ ❝❤❛r❛❝✲
t❡r✐st✐❝s✱ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥ ✇✐♥❞♦✇ ❛♥❞ t❤❡ ✢♦✇ ❞②♥❛♠✐❝s✳ ❋❧♦✇s ✇✐❧❧
❜❡ ❛❝❝❡♣t❡❞ ✇❤❡♥ t❤❡② s❤♦✉❧❞ ❤❛✈❡ ❜❡❡♥ r❡❥❡❝t❡❞✱ ❢❛❧s❡ ❛❝❝❡♣t❛♥❝❡✱ ❛♥❞ r❡❥❡❝t❡❞
✇❤❡♥ t❤❡② s❤♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ❛❝❝❡♣t❡❞✱ ❢❛❧s❡ r❡❥❡❝t✐♦♥s✳ ❋♦r t❤❡ s❡r✈✐❝❡ ♣r♦✈✐❞❡r✱
❢❛❧s❡ r❡❥❡❝t✐♦♥s tr❛♥s❧❛t❡s ✐♥t♦ ❛ ❞❡❝r❡❛s❡ ✐♥ ✉t✐❧✐③❛t✐♦♥ ❛♥❞ ❢♦r t❤❡ ❡♥❞ ✉s❡r✱
❢❛❧s❡ ❛❞♠✐ss✐♦♥s ♠❡❛♥s t❤❛t t❤❡ ◗♦❙ ♦❢ t❤❡ ✢♦✇ ❝❛♥ ♥♦ ❧♦♥❣❡r ❜❡ ❣✉❛r❛♥t❡❡❞✳
❇❛s✐♥❣ ❛❞♠✐ss✐♦♥s ♦♥ ♠❡❛s✉r❡♠❡♥ts ❝❧❡❛r❧② r❡q✉✐r❡s t❤❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡
♠❡❛s✉r❡♠❡♥t ❡rr♦r ❛♥❞ ❤♦✇ t❤✐s ✐♠♣❛❝ts t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ▼❇❆❈✳
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❲✐t❤ ▼❇❆❈✱ ❝❛r❡ ♠✉st ❜❡ t❛❦❡♥✱ s✐♥❝❡ R̂ ✐s ♥♦t t❤❡ tr✉❡ ♠❡❛♥ r❛t❡ ❛♥❞
✐♥❝❧✉❞❡s ❛♥ ❡rr♦r✱ ✇❤✐❝❤ ✇✐❧❧ ❝❛✉s❡ ❢❛❧s❡ ❛❞♠✐ss✐♦♥s ❛♥❞ ❢❛❧s❡ r❡❥❡❝t✐♦♥s✳ ❚❤❡
♠❡❛s✉r❡♠❡♥ts ❛r❡ ✐♠♣r♦✈❡❞ ✇❤❡♥ t❤❡② ❛r❡ t❛❦❡♥ ♦✈❡r ❛ ❧♦♥❣❡r ♠❡❛s✉r❡♠❡♥t
✇✐♥❞♦✇✳ ❍♦✇❡✈❡r✱ ✢♦✇s ❧❡❛✈✐♥❣ ✇✐t❤✐♥ t❤❡ ✇✐♥❞♦✇ r❡s✉❧ts ✐♥ ✢❛✇❡❞ ❡st✐♠❛t❡s✱
t❤✉s t❤❡ ✢♦✇ ❧✐❢❡t✐♠❡s s❡t ❛♥ ✉♣♣❡r ❧✐♠✐t ❢♦r t❤❡ ✇✐♥❞♦✇ s✐③❡✳ ●✐✈❡♥ t❤✐s ✇✐♥❞♦✇
s✐③❡✱ ❤♦✇ ❝♦♥✜❞❡♥t ❝❛♥ ✇❡ ❜❡ t❤❛t t❤✐s ✐s ♥♦t ❛ ❢❛❧s❡ ❛❝❝❡♣t❛♥❝❡❄ ■s t❤✐s ❣♦♦❞
❡♥♦✉❣❤❄ ■❢ t❤❡ ❛♥s✇❡r ✐s ♥♦✱ t❤❡ r❡s❡r✈❡❞ ❜❛♥❞✇✐❞t❤ ❢♦r t❤❡ ✢♦✇s uc✱ ♠✉st ❜❡
r❡❞✉❝❡❞ ❜② s♦♠❡ s❧❛❝❦ t♦ ♠❛❦❡ ✉♣ ❢♦r t❤❡ ♠❡❛s✉r❡♠❡♥t ✉♥❝❡rt❛✐♥t②✳ ❇✉t ❤♦✇
❧❛r❣❡ s❤♦✉❧❞ t❤✐s s❧❛❝❦ ✐♥ ❜❛♥❞✇✐❞t❤ ❜❡❄

❚❤❡r❡ ✐s ❛ tr❛❞❡♦✛ ❜❡t✇❡❡♥ r❡❥❡❝t✐♥❣ t♦♦ ♠❛♥② ✢♦✇s t❤✉s ✇❛st✐♥❣ r❡s♦✉r❝❡s✱
❛♥❞ ❛❝❝❡♣t✐♥❣ t♦♦ ♠❛♥② ✢♦✇s r❡s✉❧t✐♥❣ ✐♥ ◗♦❙ ✈✐♦❧❛t✐♦♥s✳ ■♥ t❤✐s ✇♦r❦ ✇❡ st✉❞②
❤♦✇ t❤❡ ♠❡❛s✉r❡♠❡♥t ❡rr♦rs ❛♥❞ ✢♦✇ ❞②♥❛♠✐❝s ✐♠♣❛❝t t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢
▼❇❆❈ ✐♥ t❡r♠s ♦❢ ♣r♦♣❡r ♣❡r❢♦r♠❛♥❝❡s ♠❡❛s✉r❡s✳ ❆ s✐♠♣❧❡ ❡①❛♠♣❧❡ s❤♦✇s ❤♦✇
t❤❡ s②st❡♠ ❝❛♥ ❜❡ ♣r♦✈✐s✐♦♥❡❞ ✇✐t❤ ❛ ♣r❡❞❡✜♥❡❞ ♣❡r❢♦r♠❛♥❝❡ ❝r✐t❡r✐❛✳

❚❤❡ ❢♦❝✉s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❤❛s ❜❡❡♥ ♦♥ ✜♥❞✐♥❣ ▼❇❆❈ ❛❧❣♦r✐t❤♠s t❤❛t ♠❛①✲
✐♠✐③❡ ✉t✐❧✐③❛t✐♦♥ ✇❤✐❧❡ ♣r♦✈✐❞✐♥❣ ◗♦❙ ✇❤✐❝❤ ❜❛s✐❝❛❧❧② ✐♠♣❧✐❡s t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥
♦❢ uc ✭s❡❡ ❬✶❪ ❛♥❞ ❬✷❪ ❢♦r ❛♥ ♦✈❡r✈✐❡✇✮✳ ❆ ❞❡❡♣❡r ❛♥❛❧②t✐❝❛❧ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡
♠❡❛s✉r❡♠❡♥t ♣r♦❝❡ss ❛♥❞ ✐ts ❡rr♦r ❤❛s ❜❡❡♥ s♦✉❣❤t ✐♥ ❬✸❪ ❛♥❞ ❬✹❪✳ ❖✉r ✇♦r❦ ❞✐✛❡rs
s✐❣♥✐✜❝❛♥t❧② ❢r♦♠ ♣r❡✈✐♦✉s ✇♦r❦✱ ✐♥ t❤❛t ✇❡ ♣✉r❡❧② ❢♦❝✉s ♦♥ t❤❡ ✐♠♣❛❝t ✐♥❛❝❝✉r❛t❡
♠❡❛s✉r❡♠❡♥ts ❤❛✈❡ ♦♥ t❤❡ ▼❇❆❈ ❞❡❝✐s✐♦♥ ♣r♦❝❡ss✳ ❈♦rr❡❧❛t✐♦♥ ❝❤❛r❛❝t❡r✐st✐❝s
✇✐t❤✐♥ ✢♦✇s ❛r❡ ✐♥❝❧✉❞❡❞ ❛♥❞ ✇❡ ✜♥❞ ❤♦✇ t❤❡ ✉♥❝❡rt❛✐♥t② ✐♥ t❤❡ ♠❡❛s✉r❡♠❡♥ts
✈❛r② ✇✐t❤ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥ ✇✐♥❞♦✇✳ ❚❤✐s ✇♦r❦ ✐s ❜❛s❡❞ ♦♥ ♣r❡✈✐♦✉s
✇♦r❦ ❬✺❪ ❛♥❞ ✐s ♣❛rt ♦❢ ❛ ♠❡t❤♦❞♦❧♦❣② ❛♥❞ ❞❡s✐❣♥ ♦❢ ❛♥ ❛♥❛❧②t✐❝❛❧ ❢r❛♠❡✇♦r❦ ❢♦r
❛♥❛❧②③✐♥❣ ♠❡❛s✉r❡♠❡♥t ❡rr♦r✳

❚❤❡ r❡♠✐♥❞❡r ♦❢ t❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❋✐rst t❤❡ s②st❡♠ ♠♦❞❡❧ ✐s
✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳ ❙❡❝t✐♦♥ ✸ ❞❡t❛✐❧s t❤❡ r❛t❡ ❧❡✈❡❧ ♠❡❛s✉r❡♠❡♥ts ❛♥❞ ❙❡❝t✐♦♥
✹ ✐♥tr♦❞✉❝❡s t❤❡ ✢♦✇ ❧❡✈❡❧ ❢r❛♠❡✇♦r❦ ❛♥❞ ❞❡✜♥❡s t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s✳
Pr♦✈✐s✐♦♥✐♥❣ ✐s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✺ ❛♥❞ ❢♦❧❧♦✇s ✉♣ ✇✐t❤ ❛ ❝❛s❡ st✉❞② ✐♥ ❙❡❝t✐♦♥
✻✱ ❜❡❢♦r❡ t❤❡ ❝♦♥❝❧✉s✐♦♥ ✐s ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✼✳

✷ ❙②st❡♠ ▼♦❞❡❧

❋❧♦✇s ❝♦♠♣❡t❡ ❢♦r ❛ ❧✐♠✐t❡❞ r❡s♦✉r❝❡✱ ❛ ♥❡t✇♦r❦ ❧✐♥❦ ♦❢ ❝❛♣❛❝✐t② c✱ ❝♦♥tr♦❧❧❡❞ ❜②
▼❇❆❈✳ ❚❤❡ ✢♦✇✬s ◗♦❙ r❡q✉✐r❡♠❡♥t ❝❛♥ ❜❡ ❣✉❛r❛♥t❡❡❞ ❛s ❧♦♥❣ ❛s t❤❡ ❛✈❡r❛❣❡
❛❣❣r❡❣❛t❡ r❛t❡ ✐s ❛t ♦r ❜❡❧♦✇ uc✱ ✇❤❡r❡ u, 0 < u < 1 ✐s ❛ t✉♥✐♥❣ ♣❛r❛♠❡t❡r✳ ❆♥
♦♣t✐♠❛❧ ✈❛❧✉❡ ❢♦r u ❞❡♣❡♥❞s ♦♥ ✢♦✇ ❝❤❛r❛❝t❡r✐st✐❝s✳ ■♥ t❤✐s ✇♦r❦✱ u ✐s ❛ss✉♠❡❞
❛ ❣✐✈❡♥ ❝♦♥st❛♥t ❛♥❞ ❛ ❞✐s❝✉ss✐♦♥ ❛r♦✉♥❞ ✐ts ♦♣t✐♠❛❧ s❡tt✐♥❣s ✐s ♦✉t ♦❢ s❝♦♣❡✳
❚❤❡ ▼❇❆❈ ✇♦r❦s ❛s ❢♦❧❧♦✇s✿ ❚❤❡ ▼❇❆❈ ♠❡❛s✉r❡s t❤❡ ❛✈❡r❛❣❡ ❛❣❣r❡❣❛t❡ r❛t❡



▼❇❆❈✿ ■♠♣❛❝t ♦❢ t❤❡ ▼❡❛s✉r❡♠❡♥t ❊rr♦r ♦♥ ❑❡② P❡r❢♦r♠❛♥❝❡ ■ss✉❡s ✸

R̂ ❜❛s❡❞ ♦♥ ♦❜s❡r✈❛t✐♦♥s ♦❢ t❤❡ ❛❣❣r❡❣❛t❡ r❛t❡ R(t) ♦✈❡r ❛ ♠❡❛s✉r❡♠❡♥t ✇✐♥❞♦✇
♦❢ s✐③❡ w✳ ❚❤✐s ♠❡❛s✉r❡♠❡♥t r❡♣❧❛❝❡s t❤❡ ♠❡❛s✉r❡♠❡♥t t❛❦❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s
✇✐♥❞♦✇✳ ❲❤❡♥ ❛ ♥❡✇ ✢♦✇ ❛rr✐✈❡s✱ ✐t ✇✐❧❧ ❜❡ ❛❝❝❡♣t❡❞ ♦r r❡❥❡❝t❡❞ ❛❝❝♦r❞✐♥❣ t♦
✭✶✮✳ ❆❞❞✐t✐♦♥❛❧ ✢♦✇s ❛rr✐✈✐♥❣ ✇✐t❤✐♥ t❤❡ s❛♠❡ ✇✐♥❞♦✇ ✇✐❧❧ ❜❡ r❡❥❡❝t❡❞ ❛♥❞ ❧♦st✳

❊❛❝❤ ✢♦✇ i ✐s ❛ st❛t✐♦♥❛r② r❛t❡ ♣r♦❝❡ss✱ Xi(t) ✇✐t❤ ♠❡❛♥ ξ ❛♥❞ ❝♦✈❛r✐❛♥❝❡
ρ(τ)✳ ❆ ♠✐①✐♥❣ ♦❢ ❞✐✛❡r❡♥t ✢♦✇ t②♣❡s ✇✐❧❧ ❝❛✉s❡ ✐♥❝r❡❛s❡❞ ❝♦♠♣❧❡①✐t② ❢♦r t❤❡
▼❇❆❈ ❛❧❣♦r✐t❤♠ ❛♥❞ ❛❧s♦ t❤❡ ♠❡❛s✉r❡♠❡♥t ♣r♦❝❡ss✳ ❚♦ s✐♠♣❧✐❢②✱ ♦♥❧② t❤❡ ❤♦✲
♠♦❣❡♥♦✉s ❝❛s❡ ✇❤❡r❡ ✢♦✇s ❛r❡ ♦❢ t❤❡ s❛♠❡ t②♣❡✱ ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❲✐t❤ t❤✐s
❛ss✉♠♣t✐♦♥✱ t❤❡ s②st❡♠ st❛t❡ N ❝❛♥ ❜❡ s♣❡❝✐✜❡❞ ❜② t❤❡ ❝✉rr❡♥t ♥✉♠❜❡r ♦❢ ✢♦✇s✳
❚❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ✢♦✇s t❤❡ s②st❡♠ ❝❛♥ ❤❛♥❞❧❡ ✐s t❤✉s nmax = uc/ξ✳ ■t ✐s
♥❛t✉r❛❧ t♦ s❡♣❛r❛t❡ t❤❡ t✐♠❡s❝❛❧❡ ✐♥t♦ t❤❡ r❛t❡ ❧❡✈❡❧ ✇❤❡r❡ t❤❡ ♠❡❛s✉r❡♠❡♥ts ❛r❡
❞♦♥❡ ❛♥❞ t❤❡ ✢♦✇ ❧❡✈❡❧ ✇❤❡r❡ t❤❡ ❛❞♠✐ss✐♦♥ ❞❡❝✐s✐♦♥ ✐s ♠❛❞❡✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥ts
❛r❡ t❛❦❡♥ ❜② ♠❡❛♥s ♦❢ ❝♦♥t✐♥✉♦✉s ♦❜s❡r✈❛t✐♦♥ ❛♥❞ ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ♥❡①t✳

✸ ❘❛t❡ ▲❡✈❡❧✿ ▼❡❛s✉r❡♠❡♥ts ❛♥❞ ▼❡❛s✉r❡♠❡♥t ❊rr♦r

❚❤❡ ✢♦✇ r❛t❡ ♣r♦❝❡ss Xi(t) ✐s ♦❜s❡r✈❡❞ ❝♦♥t✐♥✉♦✉s❧② ♦✈❡r t❤❡ ✇✐♥❞♦✇ ❛♥❞ ❛♥
❡st✐♠❛t❡ ♦❢ t❤❡ ♠❡❛♥✱ X̂i ✐s t❤❡♥✿ ❬✺❪✿

X̂i =
1

w

∫ w

0

Xi(t)dt ✭✷✮

❚❤✐s ♠❡❛s✉r❡❞ st❛t✐st✐❝ ✈❛r✐❡s ✇✐t❤ t❤❡ ✇✐♥❞♦✇ s✐③❡ ❛❝❝♦r❞✐♥❣ t♦ ❬✺❪✿

ζ2(w) =
2

w2

∫ w

0

(w − t)ρ(t)dt ✭✸✮

❚❤❡ ❛❣❣r❡❣❛t❡ r❛t❡ ♣r♦❝❡ss ✐s ❛❧s♦ ❛ st❛t✐♦♥❛r② r❛t❡ ♣r♦❝❡ss✳ ❈♦♥❞✐t✐♦♥❡❞ ♦♥
❜❡✐♥❣ ✐♥ st❛t❡ n✱ t❤❡ ❛❣❣r❡❣❛t❡ ♠❡❛♥ ✐s nξ✳ ❆♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ❛❣❣r❡❣❛t❡ ♠❡❛♥
✐s ❣✐✈❡♥ ❜②✿

R̂ =

n
∑

i=1

1

w

∫ w

0

Xi(t)dt ✭✹✮

❲❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ✢♦✇s ✐s ✐♥ t❤❡ ♦r❞❡r ♦❢ ❛ ❢❡✇ t❡♥s ❬✻❪ ✭❡✳❣ ✸✵ ✢♦✇s✮✱ t❤❡ ❛❣✲
❣r❡❣❛t❡ r❛t❡ ✐s ❛♣♣r♦①✐♠❛t❡❧② ♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞✱ t❤✉s ❛❧s♦ R̂ ∼ N (nξ, nζ2(w))✳
❚❤✐s ❛ss✉♠♣t✐♦♥ ✇✐❧❧ ❜❡ ♠❛❞❡ ❤❡r❡✳ ❚❤❡ ❛❝❝✉r❛❝② ♦❢ t❤✐s ♠❡❛s✉r❡♠❡♥t ❝❛♥
t❤❡♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ 1 − ε ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧✿ R̂ − z ε

2

√
nζ(w) ≤ nξ <

R̂+ z ε
2

√
nζ(w)✱ ✇❤❡r❡ z ε

2
✐s t❤❡ (1− α/2) q✉❛♥t✐❧❡ ♦❢ t❤❡ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✳

■t ✐s ✐♥t✉✐t✐✈❡ t♦ t❤✐♥❦ t❤❛t ✐♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ ❛ ❝❡rt❛✐♥ ♠❡❛s✉r❡♠❡♥t ❛❝❝✉r❛❝②
❛❧❧ t❤❛t ✐s ♥❡❡❞❡❞ ✐s t♦ ✐♥❝r❡❛s❡ t❤❡ ✇✐♥❞♦✇ s✐③❡✳ ❍♦✇❡✈❡r ✐♥ ♦r❞❡r ❢♦r t❤❡ ❛❜♦✈❡
❡st✐♠❛t❡ t♦ ❤♦❧❞✱ t❤❡ r❡q✉✐r❡♠❡♥t ✐s t❤❛t ♥♦ ✢♦✇s ❧❡❛✈❡ ❞✉r✐♥❣ t❤❡ ✇✐♥❞♦✇✱ ✐✳❡✳
t❤❡ ❛❣❣r❡❣❛t❡ r❛t❡ ♣r♦❝❡ss ✐s st❛t✐♦♥❛r② ✇✐t❤ ❛ ❦♥♦✇♥ ❞✐str✐❜✉t✐♦♥✳ ❖t❤❡r✇✐s❡
t❤❡ ❛❝t✉❛❧ ❡st✐♠❛t❡ ❜❡❝♦♠❡s ✐♥❝♦rr❡❝t✳ ❚❤❡ ✢♦✇ ❧✐❢❡t✐♠❡ t❤❡r❡❢♦r❡ s❡ts ❛♥ ✉♣♣❡r
❧✐♠✐t ❢♦r t❤❡ ✇✐♥❞♦✇ s✐③❡✳ ❚❤❡ ✐♥❛❝❝✉r❛❝② ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t tr❛♥s❧❛t❡s ✐♥t♦
✉♥❝❡rt❛✐♥t② ✐♥ t❤❡ ❛❞♠✐ss✐♦♥ ❞❡❝✐s✐♦♥ ♣r♦❝❡ss ❞♦♥❡ ❛t t❤❡ ✢♦✇ ❧❡✈❡❧ ❛♥❞ ✇✐❧❧ ❜❡
❞❡s❝r✐❜❡❞ ♥❡①t✳



✹ ❆♥♥❡ ◆❡✈✐♥✱ P❡❞❡r ❏✳ ❊♠st❛❞✱ ❛♥❞ ❨✉♠✐♥❣ ❏✐❛♥❣

✹ ❋❧♦✇ ▲❡✈❡❧ ❛♥❞ P❡r❢♦r♠❛♥❝❡ ▼❡❛s✉r❡s

▲❡t ♥❡✇ ✢♦✇s ❛rr✐✈❡ ❢♦❧❧♦✇✐♥❣ ❛ P♦✐ss♦♥ ♣r♦❝❡ss ✇✐t❤ ♣❛r❛♠❡t❡r λ✳ ■❢ t❤❡ ✢♦✇
✐s ❛❝❝❡♣t❡❞ ✐t st❛②s ✐♥ t❤❡ s②st❡♠ ❢♦r ❛ ❧✐❢❡t✐♠❡ t❤❛t ✐s ♥❡❣❛t✐✈❡ ❡①♣♦♥❡♥t✐❛❧❧②
❞✐str✐❜✉t❡❞ ✇✐t❤ ♠❡❛♥ 1/µ✳ ❆ ✢♦✇ t❤❛t ✐s ♥♦t ❛❝❝❡♣t❡❞ ❜② t❤❡ ▼❇❆❈ ✐s ❧♦st✳
❚❤❡ ♦✛❡r❡❞ ✢♦✇ ❧♦❛❞ ✐s t❤❡ ❊r❧❛♥❣ ❧♦❛❞ ❬✼❪ ❞❡♥♦t❡❞ ❜② A✳ ❚❤✐s ✐s t❤❡ ❛✈❡r❛❣❡
♥✉♠❜❡r ♦❢ s✐♠✉❧t❛♥❡♦✉s ✢♦✇s ✐❢ t❤❡r❡ ✐s ♥♦ ❜❧♦❝❦✐♥❣ ❣✐✈❡♥ ❜②✿

A = λ · E(TL). ✭✺✮

❲✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t R̂ ∼ N (iξ, iζ2(w))✱ ✐❢ t❤❡r❡ ❛r❡ N = i ✢♦✇s ✐♥ t❤❡
s②st❡♠✱ ❛ ♥❡✇ ❛rr✐✈✐♥❣ ✢♦✇ ✇✐❧❧ ❜❡ ❛❝❝❡♣t❡❞ ✇✐t❤ ❛ ♣r♦❜❛❜✐❧✐t② qi = P (R̂+ ξ ≤
nmax | N = i)✳ ❲❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t t❤❡ ❛rr✐✈❛❧ r❛t❡ ✐s s✉❝❤ t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t②
♦❢ ♠♦r❡ t❤❛♥ ♦♥❡ ✢♦✇ ❛rr✐✈❛❧ ♣❡r ✇✐♥❞♦✇ ✐s ✈❡r② s♠❛❧❧✳ ❚❤❡ ❧♦st tr❛✣❝ ❞✉❡ t♦
♠✉❧t✐♣❧❡ ❛rr✐✈❛❧s ✇✐t❤✐♥ t❤❡ ✇✐♥❞♦✇ ✐s t❤✉s ✈❡r② s♠❛❧❧ ❛♥❞ ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞✳ ❆
✢♦✇ ✉♣♦♥ ❛rr✐✈❛❧ ✐s ♣r♦♠♣t❧② ❛❞♠✐tt❡❞ ♦r r❡❥❡❝t❡❞✱ ✇❤✐❝❤ ❥✉st✐✜❡s ♠♦❞❡❧✐♥❣ t❤❡
❛❞♠✐ss✐♦♥ ♣r♦❝❡ss ❛s ❛ ❧♦ss s②st❡♠✳

❚❤❡ ♥✉♠❜❡r ♦❢ ✢♦✇s ❝✉rr❡♥t❧② ❛❝❝❡♣t❡❞ ❜② t❤❡ ▼❇❆❈ t❤❡♥ ❢♦❧❧♦✇s ❛ ❝♦♥t✐♥✲
✉♦✉s t✐♠❡ ▼❛r❦♦✈ ❝❤❛✐♥✱ s❡❡ ❋✐❣✳ ✶ ❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡r❡ ❛r❡ i ✢♦✇s ✐♥
t❤❡ s②st❡♠ ✐s✿

P (i) =
Ai

i!

∏i−1
x=0 qx

∑

∞

j=0
Aj

j!

∏j−1
x=0 qx

✭✻✮

n

λqn-1 λqn

nmaxμnμ (n+1)μ

nmax

λqnmax

nmax-1 nmax+1

λqnmax+1

nmax+1μ nmax+2μ

λqnmax-1

Acceptance Region Rejection Region

❋✐❣✳ ✶✳ ❙t❛t❡ ❞✐❛❣r❛♠ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ s♦✉r❝❡s ❛❝❝❡♣t❡❞ ❜② t❤❡ ▼❇❆❈

■♥ ❬✽❪ ❛ s✐♠✐❧❛r ❢r❛♠❡✇♦r❦ ✐s ❞❡✜♥❡❞✱ ✇❤❡r❡ t❤❡ qis ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ♣r♦❜❛✲
❜✐❧✐t② t❤❛t t❤❡ ✐♥st❛♥t❛♥❡♦✉s r❛t❡ ♠❡❛s✉r❡♠❡♥ts ❛r❡ ❛❜♦✈❡ ❛ t❤r❡s❤♦❧❞✳ ❍♦✇❡✈❡r✱
t❤❡② ❞♦ ♥♦t s♣❡❝✐❢② ❤♦✇ t❤❡s❡ ♠❡❛s✉r❡♠❡♥ts s❤♦✉❧❞ ❜❡ t❛❦❡♥✳ ❙✐♥❝❡ t❤❡ ✐♥st❛♥✲
t❛♥❡♦✉s r❛t❡ ✐s ❛ r❛♥❞♦♠ q✉❛♥t✐t② ✇✐t❤♦✉t ❛ tr✉❡ ✈❛❧✉❡✱ ✐t ❝❛♥ ♥♦t ❜❡ ♠❡❛s✉r❡❞
❬✾❪✳ ❚❤✐s ✐s ✇❤❡r❡ ♦✉r ✇♦r❦ ❞❡✈✐❛t❡s s✐❣♥✐✜❝❛♥t❧② ❢r♦♠ ❬✽❪✳ ❲❡ st✉❞② t❤❡ ♠❡❛s✉r❡✲
♠❡♥t ❡rr♦r ✐♥ ✐s♦❧❛t✐♦♥ ❛♥❞ t❤❡ qis ❞❡♣❡♥❞ ♦♥ ❤♦✇ ❛❝❝✉r❛t❡ t❤❡ ♠❡❛s✉r❡♠❡♥ts
❛r❡✳

■♠♣❧✐❡❞ ❜② ✭✻✮ ❛♥❞ ❛s ❛❧s♦ ❞✐s❝✉ss❡❞ ✐♥ ❬✽❪✱ t❤❡ ❞✐str✐❜✉t✐♦♥ P (i) ✐s ✐♥❞❡❡❞ ✐♥✲
s❡♥s✐t✐✈❡ t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✢♦✇ ❧✐❢❡t✐♠❡ ❛♥❞ ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❡①♣❡❝t❡❞
✢♦✇ ❧✐❢❡t✐♠❡✳



▼❇❆❈✿ ■♠♣❛❝t ♦❢ t❤❡ ▼❡❛s✉r❡♠❡♥t ❊rr♦r ♦♥ ❑❡② P❡r❢♦r♠❛♥❝❡ ■ss✉❡s ✺

❚❤❡ s②st❡♠ st❛t❡ s♣❛❝❡ ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ r❡❣✐♦♥s❀ t❤❡ ❛❝❝❡♣t❛♥❝❡ r❡❣✐♦♥✱
N < nmax ❛♥❞ t❤❡ r❡❥❡❝t✐♦♥ r❡❣✐♦♥✱ N ≥ nmax s❡❡ ❋✐❣✳ ✶✳

❘❡❥❡❝t✐♥❣ ❛ ✢♦✇ ✇❤❡♥ t❤❡ s②st❡♠ ✐s ✐♥ t❤❡ ❛❝❝❡♣t❛♥❝❡ r❡❣✐♦♥ ✐s ❛ ❋❛❧s❡ r❡❥❡❝✲

t✐♦♥ ❛♥❞ ❛❝❝❡♣t✐♥❣ ❛ ✢♦✇ ✇❤❡♥ t❤❡ s②st❡♠ ✐s ✐♥ t❤❡ r❡❥❡❝t✐♦♥ r❡❣✐♦♥ ✐s ❛ ❋❛❧s❡

❛❝❝❡♣t❛♥❝❡✳
❋♦r ❛ss❡ss✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❛♥❞ ♣r♦✈✐s✐♦♥✐♥❣ ♣✉r♣♦s❡s✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧✲

❧♦✇✐♥❣ ✢♦✇ ❧❡✈❡❧ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s✿

✕ Pr♦❜❛❜✐❧✐t② ♦❢ ❋❛❧s❡ ❛❝❝❡♣t❛♥❝❡✱ PFAcc✱ ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛♥ ❛rr✐✈✲
✐♥❣ ✢♦✇ ✐s ❛❝❝❡♣t❡❞ ✐♥ t❤❡ r❡❥❡❝t✐♦♥ r❡❣✐♦♥

PFAcc =

∞
∑

i=nmax

P (i) · qi ✭✼✮

✕ Pr♦❜❛❜✐❧✐t② ♦❢ ❋❛❧s❡ r❡❥❡❝t✐♦♥✱ PFRej ✱ ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛♥ ❛rr✐✈✐♥❣
✢♦✇ ✐s r❡❥❡❝t❡❞ ✐♥ t❤❡ ❛❝❝❡♣t❛♥❝❡ r❡❣✐♦♥

PFRej =

nmax−1
∑

i=1

(1− qi)P (i) ✭✽✮

✕ ❇❧♦❝❦✐♥❣ ♣r♦❜❛❜✐❧✐t②✱ PB ✱ ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛♥ ❛rr✐✈✐♥❣ ✢♦✇ ✐s r❡✲
❥❡❝t❡❞✳

PB = PFRej + P (N ≥ nmax ∩ rejection) =

∞
∑

i=1

(1− qi)P (i) ✭✾✮

✕ ❈❛rr✐❡❞ ✉s❡❢✉❧ tr❛✣❝✱ Auseful ✱ ✐s t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ✢♦✇s ✐♥ t❤❡
❛❝❝❡♣t❛♥❝❡ r❡❣✐♦♥✳

Auseful =

nmax
∑

i=0

iP (i) ✭✶✵✮

✕ ❈❛rr✐❡❞ ✉s❡❧❡ss tr❛✣❝✱ Auseless ✱ ✐s t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ✢♦✇s ✐♥ t❤❡
r❡❥❡❝t✐♦♥ r❡❣✐♦♥✳

Auseless =

∞
∑

i=nmax+1

iP (i) ✭✶✶✮

✕ ▲♦st ❚r❛✣❝✱ Alost ✱ ✐s t❤❡ tr❛✣❝ t❤❛t ✐s ❜❧♦❝❦❡❞ ❢r♦♠ t❤❡ ♥❡t✇♦r❦

Alost = APB ✭✶✷✮

■❢ t❤❡r❡ ❛r❡ ♥♦ ♠❡❛s✉r❡♠❡♥t ❡rr♦rs✱ t❤❡ ❛❞♠✐ss✐♦♥ ❝♦♥tr♦❧❧❡r ❜❡❝♦♠❡s ideal✱
R̂ = R̄ ❛♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ✢♦✇s ✐s t❤❡♥ ❛s ❢♦r t❤❡ ❊r❧❛♥❣ ▲♦ss s②st❡♠✳ ❚❤✐s
s②st❡♠ ♦♥❧② ❝❛rr✐❡s ✉s❡❢✉❧ tr❛✣❝ ❛♥❞ ❛rr✐✈✐♥❣ ✢♦✇s ✇✐❧❧ ❡①♣❡r✐❡♥❝❡ ❛ ❜❧♦❝❦✐♥❣
♣r♦❜❛❜✐❧✐t② ❣✐✈❡♥ ❜② t❤❡ ❊r❧❛♥❣ ❇ ❢♦r♠✉❧❛✳



✻ ❆♥♥❡ ◆❡✈✐♥✱ P❡❞❡r ❏✳ ❊♠st❛❞✱ ❛♥❞ ❨✉♠✐♥❣ ❏✐❛♥❣

✹✳✶ ❋❧♦✇ ❧♦❛❞ ❛♥❞ ✇✐♥❞♦✇ s✐③❡ ❧✐♠✐t❛t✐♦♥s

■♥ t❤❡ ❛♥❛❧②t✐❝❛❧ ❢♦r♠✉❧❛s ✉s❡❞ ❢♦r t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❡✈❛❧✉❛t✐♦♥✱ ✇❤❡♥ ✐♥❝r❡❛s✐♥❣
A✱ ✐t ✐s ✐♥❞✐✛❡r❡♥t ✐❢ t❤✐s ✐s ❞♦♥❡ ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ ♠❡❛♥ ✢♦✇ ❧✐❢❡t✐♠❡ 1/µ ♦r
✐♥❝r❡❛s✐♥❣ t❤❡ ❛rr✐✈❛❧ r❛t❡ λ✳ ■♥ r❡❛❧✐t② t❤✐s ✐s ♥♦t tr✉❡✳ ▼❛♥② ❛rr✐✈❛❧s ✇✐t❤✐♥
❛ ♠❡❛s✉r❡♠❡♥t ✇✐♥❞♦✇ ✇✐❧❧ ✐♥❝r❡❛s❡ t❤❡ ❜❧♦❝❦✐♥❣ ♣r♦❜❛❜✐❧✐t② s✐♥❝❡ t❤❡ ▼❇❆❈
♦♥❧② ❛❞♠✐ts ❛t ♠♦st ♦♥❡ ✢♦✇ ❛❢t❡r ❛ ♠❡❛s✉r❡♠❡♥t ✉♣❞❛t❡✳ ❲❤❡♥ ♣r❡❞✐❝t✐♥❣ t❤❡
♣❡r❢♦r♠❛♥❝❡ ✉s✐♥❣ t❤❡ ❛♥❛❧②t✐❝❛❧ ❢♦r♠✉❧❛s✱ ✇❡ ❛❝❝❡♣t ❥✉st ♦♥❡ ❛rr✐✈❛❧ ✇✐t❤✐♥ ❛
✇✐♥❞♦✇✳ ■t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡ ❜❧♦❝❦✐♥❣ ♣r♦❜❛❜✐❧✐t② ❞✉❡ t♦ ♠✉❧t✐♣❧❡ ❛rr✐✈❛❧s ✐s
♥❡❣❧✐❣✐❜❧❡✳

❋♦r t❤❡ ❛❝❝❡♣t✐♥❣ ♣r♦❜❛❜✐❧✐t✐❡s ✭❄❄✮✱ t❤❡ ❛ss✉♠♣t✐♦♥ ✐s t❤❛t t❤❡ ♥✉♠❜❡r ♦❢
✢♦✇s ✐s ❝♦♥st❛♥t ❞✉r✐♥❣ ❛ ♠❡❛s✉r❡♠❡♥t ✇✐♥❞♦✇✳ ■❢ ✢♦✇s ❧❡❛✈❡ ❞✉r✐♥❣ t❤❡ ✇✐♥❞♦✇✱
t❤❡♥ t❤❡ t❤❡♦r❡t✐❝❛❧❧② ♣r❡❞✐❝t❡❞ ♣❡r❢♦r♠❛♥❝❡ ✇✐❧❧ ❜❡ ♦♣t✐♠✐st✐❝ ❝♦♠♣❛r❡❞ t♦
❛❝t✉❛❧ ♣❡r❢♦r♠❛♥❝❡ ✐♥ t❡r♠s ♦❢ s②st❡♠ ✉t✐❧✐③❛t✐♦♥✳ ●✐✈❡♥ ❛ ❝♦♥st❛♥t A✱ ❛ ❧♦♥❣❡r
♠❡❛s✉r❡♠❡♥t ✇✐♥❞♦✇ ✭t❤❡r❡❜② r❡❞✉❝✐♥❣ t❤❡ ♠❡❛s✉r❡♠❡♥t ❡rr♦r✮ ❝❛♥ ❜❡ ✉s❡❞
❢♦r ❧♦♥❣ ❧✐❢❡t✐♠❡s ✭✐♥❢r❡q✉❡♥t ❛rr✐✈❛❧s✮ ❛s ❝♦♠♣❛r❡❞ t♦ s❤♦rt ❧✐❢❡t✐♠❡s ✭❢r❡q✉❡♥t
❛rr✐✈❛❧s✮✳

❚❤❡ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s ❝❛♥ ❜❡ ❞✐r❡❝t❧② st❛t❡❞ ✉♣❢r♦♥t ✉s✐♥❣ t❤❡ ❞❡✜♥❡❞
❢♦r♠✉❧❛s ✐❢✿ ✶✮ ❚❤❡ ❧♦st tr❛✣❝ ❞✉❡ t♦ ♣r❡✈✐♦✉s ❛rr✐✈❛❧s ✇✐t❤✐♥ t❤❡ ✇✐♥❞♦✇ ❝❛♥
❜❡ ✐❣♥♦r❡❞ ✷✮ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ ✢♦✇ ❧❡❛✈✐♥❣ ✇✐t❤✐♥ ❛ ♠❡❛s✉r❡♠❡♥t ✇✐♥❞♦✇
✐s s♠❛❧❧ ❢♦r t❤❡ ❛❝t✉❛❧ ♣❛r❛♠❡t❡r ✈❛❧✉❡s µ ❛♥❞ n ✸✮ ■♥ ❛❞❞✐t✐♦♥ ✇❡ ❛ss✉♠❡ t❤❛t
t❤❡ ❝♦rr❡❧❛t✐♦♥ ❛t ❛rr✐✈❛❧ ♣♦✐♥ts ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞✳

✺ Pr♦✈✐s✐♦♥✐♥❣

❚❤❡ ◗♦❙ ♣r♦✈✐❞❡❞ t♦ t❤❡ ✢♦✇s ❝❛♥ ♦♥❧② ❜❡ ❣✉❛r❛♥t❡❡❞ ❛s ❧♦♥❣ ❛s t❤❡ ♥✉♠❜❡r
♦❢ ✢♦✇s ✐s ❛t ♦r ❜❡❧♦✇ nmax✱ t❤✉s ❛❞♠✐tt✐♥❣ ♠♦r❡ t❤❛♥ nmax ✢♦✇s s❤♦✉❧❞ ❜❡
❛✈♦✐❞❡❞✳ ■❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❢❛❧s❡ ❛❝❝❡♣t❛♥❝❡ ✐s t♦♦ ❤✐❣❤✱ ❛ s❛❢❡❣✉❛r❞ ✐♥ t❡r♠s
♦❢ ❛ s❧❛❝❦ ✐♥ ❜❛♥❞✇✐❞t❤ ❝❛♥ ❜❡ ❛❞❞❡❞ t♦ ♠❛❦❡ ✉♣ ❢♦r t❤❡ ♠❡❛s✉r❡♠❡♥t ❡rr♦rs✳

❆s ✐♥ P❛♣❡r ❬✺❪✱ ❧❡t t❤❡ s❛❢❡❣✉❛r❞ ❤❛✈❡ ✐♥❝r❡♠❡♥ts ♦❢ s✐③❡ s✐③❡ lξ, 0 < l < nmax

❛♥❞ t❤❡ r❡✜♥❡❞ ❛❞♠✐ss✐♦♥ ❝♦♥tr♦❧ ❛❧❣♦r✐t❤♠ ❜❡❝♦♠❡s✿

R̂+ ξ ≤ ξnmax − lξ ✭✶✸✮

❚❤❡ ❝r✐t✐❝❛❧ s✐t✉❛t✐♦♥ ❛r✐s❡s ❛s s♦♦♥ ❛s t❤❡ s②st❡♠ r❡❛❝❤❡s st❛t❡ nmax✱ ✇❤❡r❡
❛❝❝❡♣t✐♥❣ ❛ ✢♦✇ ✇✐❧❧ r❡s✉❧t ✐♥ t❤❡ ✜rst ❢❛❧s❡ ❛❞♠✐ss✐♦♥✳ ❲✐t❤ t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t
t❤❡ s②st❡♠ ✐s ✐♥ st❛t❡ nmax ✇❡ ❞❡✜♥❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣❡r❢♦r♠❛♥❝❡ r❡q✉✐r❡♠❡♥t✿

P (FAcc | N = nmax) = P (R̂+ ξ ≤ ξnmax | N = nmax) ≤ ǫ ✭✶✹✮

✇❤❡r❡ ǫ ✐s t❡r♠❡❞ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣❡r❢♦r♠❛♥❝❡ t❛r❣❡t✳
❋♦r ❛ ❣✐✈❡♥ q✉❛♥t✐❧❡ ❛♥❞ ♣r❡❞❡✜♥❡❞ ✇✐♥❞♦✇ s✐③❡✱ P (FAcc | N = nmax) ❝❛♥

❜❡ ❦❡♣t ❜❡❧♦✇ t❤❡ t❛r❣❡t ✐❢ t❤❡ ♥✉♠❜❡r ♦❢ ❧❡✈❡❧s ✐s ❬✺❪✿

l + 1 =

⌈√
nmaxζ(w)zε

ξ

⌉

. ✭✶✺✮



▼❇❆❈✿ ■♠♣❛❝t ♦❢ t❤❡ ▼❡❛s✉r❡♠❡♥t ❊rr♦r ♦♥ ❑❡② P❡r❢♦r♠❛♥❝❡ ■ss✉❡s ✼

❲❤❡r❡ zε ✐s t❤❡ ε✲ q✉❛♥t✐❧❡ ♦❢ t❤❡ st❛♥❞❛r❞ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ❚❤❡ r❡s✉❧t✐♥❣
l ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ♣r♦✈✐s✐♦♥✐♥❣ t❤❡ s②st❡♠✳

❙✐♥❝❡ t❤❡ ▼❇❆❈ s♦❧❡❧② ❡st✐♠❛t❡s t❤❡ ♥✉♠❜❡r ♦❢ ✢♦✇s t❤r♦✉❣❤ ♠❡❛s✉r❡♠❡♥ts✱
l ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ s②st❡♠ st❛t❡ ❛♥❞ ✇❤❡♥ t❤❡r❡ ❛r❡ i ✢♦✇s ✐♥ t❤❡ s②st❡♠✱
❛ ♥❡✇ ❛rr✐✈✐♥❣ ✢♦✇ ✇✐❧❧ ❜❡ ❛❝❝❡♣t❡❞ ❜② t❤❡ ▼❇❆❈✱ ✇✐t❤ ❛ ♣r♦❜❛❜✐❧✐t② qi =
P (R̂+ ξ ≤ nmax − l | N = i)✳

❚❤❡ s✐③❡ ♦❢ l ❝♦♥tr♦❧s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❡♥t❡r✐♥❣ t❤❡ r❡❥❡❝t✐♦♥ r❡❣✐♦♥ ❜② ❢♦r❝✐♥❣
t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ t♦✇❛r❞s ❧❡❢t ✭❋✐❣✳ ✶✮✳ ❖❜✈✐♦✉s❧②✱ ✐❢ t❤❡ s❧❛❝❦ ✐s t♦♦
❧❛r❣❡✱ t❤❡ ▼❇❆❈ ❜❡❝♦♠❡s t♦♦ ♣❡ss✐♠✐st✐❝ ❛♥❞ r❡s♦✉r❝❡s ❛r❡ ✇❛st❡❞ ✉♥♥❡❝❡ss❛r✐❧②✳
❚❤❡ ❛❝t✉❛❧ ♣❡r❢♦r♠❛♥❝❡ ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ❜② ♠❡❛♥s ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s
❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳ ❚♦ t❤❡ ❝✉st♦♠❡r✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s ♦❢ ✐♥t❡r❡st ❛r❡
t❤❡ ❜❧♦❝❦✐♥❣ ♣r♦❜❛❜✐❧✐t② ❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❢❛❧s❡ ❛❝❝❡♣t❛♥❝❡✳ ❚❤❡ s❡r✈✐❝❡
♣r♦✈✐❞❡r s❡❡❦s t♦ ❜❛❧❛♥❝❡ t❤❡ ❝❛rr✐❡❞ ✉s❡❧❡ss tr❛✣❝ ❛♥❞ ❝❛rr✐❡❞ ✉s❡❢✉❧ tr❛✣❝✳

❋♦r ❛ ❣✐✈❡♥ ✢♦✇ ❧♦❛❞ t❤❡ ♥❡t✇♦r❦ ❝❛♥ ❜❡ ♣r♦✈✐s✐♦♥❡❞ t♦ ♠❡❡t ❛ ❞❡s✐r❡❞
♣❡r❢♦r♠❛♥❝❡ t❛r❣❡t✳ ❇✉t ✇❤❛t ✢♦✇ ❧♦❛❞ s❤♦✉❧❞ ❜❡ ✉s❡❞❄

❚❤❡ ♥❡t✇♦r❦ s❤♦✉❧❞ ❜❡ ❞✐♠❡♥s✐♦♥❡❞ t♦ ❡♥s✉r❡ ❛ s♠❛❧❧ ❜❧♦❝❦✐♥❣ ♣r♦❜❛❜✐❧✐t②
✉♥❞❡r ♥♦r♠❛❧ ❧♦❛❞s✱ s❛② PB < 0.01✳ ❆t s✉❝❤ ❧♦✇ ❧♦❛❞s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❡♥t❡r✐♥❣
t❤❡ r❡❥❡❝t✐♦♥ r❡❣✐♦♥ ✐s ✈❡r② s♠❛❧❧ ❛♥❞ ❡①❝❡❧❧❡♥t ◗♦❙ ❝❛♥ ❜❡ ♣r♦✈✐❞❡❞ t♦ ❛❧❧ ✢♦✇s✳
❚❤❡ ♣r♦❜❧❡♠ ❛r✐s❡s ✐♥ t✐♠❡s ♦❢ ❡①❝❡ss✐✈❡ ❞❡♠❛♥❞✳ ❲✐t❤ ❛♥ ideal ❝♦♥tr♦❧❧❡r✱ ✇❤❡♥
t❤❡ ❧♦❛❞ ✐♥❝r❡❛s❡s ❛❜♦✈❡ ✇❤❛t ✐s ♣r❡❞✐❝t❡❞ t❤❡ ❜❧♦❝❦✐♥❣ ♣r♦❜❛❜✐❧✐t② ✐♥❝r❡❛s❡s t♦
✉♥❛❝❝❡♣t❛❜❧❡ ❤✐❣❤ ✈❛❧✉❡s✳ ❍♦✇❡✈❡r✱ t❤❡ ◗♦❙ t♦ t❤❡ ❛❧r❡❛❞② ❛❞♠✐tt❡❞ ✢♦✇s ✇✐❧❧
♥♦t ❜❡ ❤❛r♠❡❞✳ ❲✐t❤ ▼❇❆❈ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛❧s♦ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❢❛❧s❡
❛❝❝❡♣t❛♥❝❡ ❛♥❞ ✉s❡❧❡ss tr❛✣❝ ✐♥❝r❡❛s❡ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❧♦❛❞s✳ ❘❡✈✐❡✇✐♥❣ ✇♦r❦
✐♥ t❤❡ ▼❇❆❈ ❧✐t❡r❛t✉r❡✱ ✐t ✐s ❝♦♠♠♦♥ ♣r❛❝t✐s❡ t♦ t❡st t❤❡ ▼❇❆❈ ♣❡r❢♦r♠❛♥❝❡
✉♥❞❡r ❛ ❤❡❛✈② ✢♦✇ ❧♦❛❞✳ ❋♦r ❡①❛♠♣❧❡ ❛ ❧♦❛❞ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✺✵✪ ❜❧♦❝❦✐♥❣
♣r♦❜❛❜✐❧✐t② ✐s ✉s❡❞ ✐♥ ❬✶❪ ❛♥❞ ❛♥ ✐♥✜♥✐t❡ ❧♦❛❞ ✐s ✉s❡❞ ✐♥ ❬✸❪✳

❲❡ ❞♦ ♥♦t ❛tt❡♠♣t t♦ ❛♥s✇❡r✱ ❡①❛❝t❧② ✇❤❛t ❧♦❛❞ t♦ ✉s❡ ❢♦r ♣r♦✈✐s✐♦♥✐♥❣
♣✉r♣♦s❡s✳ ❚❤❡ ❧♦❛❞ ♠✉st ❜❡ r❡❧❛t✐✈❡❧② ❤✐❣❤✱ s✐♥❝❡ t❤❡ ♠❛✐♥ t❛s❦ ♦❢ ▼❇❆❈ ✐s t♦
♣r❡s❡r✈❡ ◗♦❙ t♦ ✐ts ✉s❡rs ✇❤❡♥ t❤❡ ❧♦❛❞ ❡①❝❡❡❞s ♥♦r♠❛❧ ✈❛❧✉❡s ❬✶✵❪✳ ❖❜✈✐♦✉s❧②
❛t s✉❝❤ ❧♦❛❞s✱ t❤❡ ♥♦r♠❛❧ ❜❧♦❝❦✐♥❣ ♣r♦❜❛❜✐❧✐t② ✭ ❡✳❣ PB = 0.01✮ ❝❛♥ ♥♦t ❜❡ ♠❡t✳

✻ ❈❛s❡ st✉❞② ✉s✐♥❣ ▼▼❘P s♦✉r❝❡ ♠♦❞❡❧s

■♥ t❤✐s s❡❝t✐♦♥ ♣r♦✈✐s✐♦♥✐♥❣ t♦ ❢✉❧✜❧❧ s♦♠❡ ♣r❡❞❡✜♥❡❞ ♣❡r❢♦r♠❛♥❝❡ ❝r✐t❡r✐❛ ✇✐❧❧
❜❡ ❞❡♠♦♥str❛t❡❞ ✇✐t❤ ❛♥ ❡①❛♠♣❧❡✳

▲❡t t❤❡ ✢♦✇s ❜❡ ♠♦❞❡❧❡❞ ❜② ❛ t✇♦✲st❛t❡ ▼❛r❦♦✈ ♠♦❞✉❧❛t❡❞ r❛t❡ ♣r♦❝❡ss
✭▼▼❘P✮ ✇❤✐❝❤ ✐s ❛ s✐♠♣❧❡✱ ②❡t r❡❛❧✐st✐❝ s♦✉r❝❡ ♠♦❞❡❧ ✉s❡❞ t♦ ♠♦❞❡❧ ❜♦t❤ s♣❡❡❝❤
s♦✉r❝❡s ❛♥❞ ✈✐❞❡♦ s♦✉r❝❡s ❬✶✶❪✳ ❚❤❡ ▼▼❘P ♣r♦❝❡ss✱ X(t) = rI(t) ✇❤❡r❡ I(t)✱
❛❧t❡r♥❛t❡s ❜❡t✇❡❡♥ st❛t❡s I = 0 ❛♥❞ I = 1 ✇❤❡r❡ r ✐s t❤❡ ♣❡❛❦ r❛t❡✳ ❚❤❡ ❞✉r❛t✐♦♥
♦❢ t❤❡ ✵ ❛♥❞ ✶ st❛t❡s ❢♦❧❧♦✇s ❛ ♥❡❣❛t✐✈❡ ❡①♣♦♥❡♥t✐❛❧ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♠❡❛♥ 1/α
❛♥❞ 1/β r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ t✐♠❡ ❛✈❡r❛❣❡ ♦❢ s✉❝❤ ❛ s♦✉r❝❡ ✐s ❬✺❪✿

ζ2(w) =
2r2αβ

w2(α+ β)3

(

w − 1

α+ β
(1− e−w(α+β))

)

✭✶✻✮



✽ ❆♥♥❡ ◆❡✈✐♥✱ P❡❞❡r ❏✳ ❊♠st❛❞✱ ❛♥❞ ❨✉♠✐♥❣ ❏✐❛♥❣

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ α = β = r = 2✱ ❛♥❞ ξ ✐s t❤❡♥ ✶✳ ❚❤❡ ✢♦✇s ❤❛✈❡ ❛ ◗♦❙
r❡q✉✐r❡♠❡♥t t❤❛t ❝❛♥ ♦♥❧② ❜❡ ❣✉❛r❛♥t❡❡❞ ❛s ❧♦♥❣ ❛s N ≤ nmax = 50✳

❋✐rst ✇❡ s❤❛❧❧ s❤♦✇ ❤♦✇ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s ❛r❡ ✐♠♣❛❝t❡❞ ✇❤❡♥ t❤❡
♦✛❡r❡❞ ✢♦✇ ❧♦❛❞✱ A ✐s ✈❛r✐❡❞✳ ❆t t❤✐s st❛❣❡ ✇❡ ✉s❡ ♥♦ s❧❛❝❦ ✐♥ t❤❡ ❜❛♥❞✇✐❞t❤
✭❡✳✐✳ l = 0✮ ❑❡❡♣✐♥❣ t❤❡ ✇✐♥❞♦✇ s✐③❡ ❝♦♥st❛♥t ❛t w = 1✱ ❋✐❣✳ ✷✭❛✮ s❤♦✇s ❤♦✇ t❤❡
♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s PFAcc✱ PFRej ❛♥❞ PB ❛r❡ ✐♠♣❛❝t❡❞ ✇❤❡♥ t❤❡ ✢♦✇ ❧♦❛❞
✐♥❝r❡❛s❡s✳ ▲♦✇ ❧♦❛❞s r❡s✉❧ts ✐♥ ♥❡❣❧✐❣✐❜❧❡ ❢❛❧s❡ ❛❝❝❡♣t❛♥❝❡✳ ■♥st❡❛❞ ❢❛❧s❡ r❡❥❡❝t✐♦♥s
❝❛✉s❡ ❛ s❧✐❣❤t ✐♥❝r❡❛s❡ ✐♥ ❜❧♦❝❦✐♥❣ ♣r♦❜❛❜✐❧✐t② ❛s ❝♦♠♣❛r❡❞ t♦ t❤❡ ideal✳ ❆t ❛
❧♦❛❞ ♦❢ ❛❜♦✉t A = 60✱ PFAcc = PFrej ❛♥❞ t❤❡♥ ❛s t❤❡ ❧♦❛❞ ✐♥❝r❡❛s❡s PFAcc

✐♥❝r❡❛s❡s r❡s✉❧t✐♥❣ ✐♥ ❛ s❧✐❣❤t❧② ❧♦✇❡r ❜❧♦❝❦✐♥❣ ♣r♦❜❛❜✐❧✐t② ❛s ❝♦♠♣❛r❡❞ t♦ t❤❡
ideal✳ ❆s t❤❡ ❧♦❛❞ ✐♥❝r❡❛s❡s t♦✇❛r❞s ✐♥✜♥✐t②✱ PFAcc ❜❡❝♦♠❡s ③❡r♦✳ ❚❤❡ r❡❛s♦♥ ❢♦r
t❤✐s ✐s t❤❛t t❤❡ s②st❡♠ ♠♦✈❡s ✐♥t♦ t❤❡ r❡❥❡❝t✐♦♥ r❡❣✐♦♥ ❛♥❞ ✇✐❧❧ ❡✈❡♥t✉❛❧❧② ♦♥❧②
❝❛rr② ✉s❡❧❡ss tr❛✣❝✳ ❚❤✐s ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✳ ✷✭❜✮ ✇❤✐❝❤ s❤♦✇s t❤❛t ❛s t❤❡ ❧♦❛❞
✐♥❝r❡❛s❡s t❤❡ ❝❛rr✐❡❞ ✉s❡❢✉❧ tr❛✣❝ ❛♣♣r♦❛❝❤❡s ③❡r♦✳ ❆❧s♦ s❤♦✇♥✱ ✐s t❤❛t ❢♦r ❧❛r❣❡r
✇✐♥❞♦✇ s✐③❡s✱ t❤❡ ▼❇❆❈ ❛♣♣r♦❛❝❤❡s t❤❡ ideal ❛♥❞ t❤❡ ❝❛rr✐❡❞ ✉s❡❢✉❧ tr❛✣❝ ❢❛❧❧s
♦✛ s❧♦✇❡r✳
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✭❜✮ ❈❛rr✐❡❞ ✉s❡❢✉❧ tr❛✣❝

❋✐❣✳ ✷✳ Pr♦❜❛❜✐❧✐t② ♦❢ ❢❛❧s❡ ❛❝❝❡♣t❛♥❝❡ ❛s t❤❡ ❧♦❛❞ ✐♥❝r❡❛s❡ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❈❛rr✐❡❞ ❯s❡❢✉❧ ❚r❛✣❝

❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❜❛❧❛♥❝✐♥❣ t❤❡ tr❛❞❡♦✛ ❜❡t✇❡❡♥ t❤❡ ♦✈❡r❛❧❧ ♣r♦❜❛❜✐❧✐t② ♦❢
❢❛❧s❡ r❡❥❡❝t✐♦♥ ❛♥❞ ♣r♦❜❛❜✐❧✐t② ♦❢ ❢❛❧s❡ ❛❝❝❡♣t❛♥❝❡✳ ❋♦r t❤❡ ✉s❡r✱ t❤❡ ♠❛✐♥ ❝♦♥❝❡r♥
✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❢❛❧s❡ ❛❝❝❡♣t❛♥❝❡ ❛♥❞ ✐♥ t❤✐s ❡①❛♠♣❧❡ t❤❡ r❡q✉✐r❡♠❡♥t ✐s
PFAcc < 0.01✳ ▲❡t t❤❡ ♦✛❡r❡❞ ✢♦✇ ❧♦❛❞ ❜❡ A = 100 ❛♥❞ ❧❡t t❤❡ ✇✐♥❞♦✇ s✐③❡ ❜❡
w = 1✳ ❚❤❡ ♣❡r❢♦r♠❛♥❝❡ ♣❧♦ts s❤♦✇♥ ✐♥ ❋✐❣✳ ✸✭❛✮✱ ✸✭❜✮✱ ✸✭❝✮✱ ❛♥❞ ✸✭❞✮ ✐❧❧✉str❛t❡
t❤❡ tr❛❞❡♦✛ ❜❡t✇❡❡♥ ❜❧♦❝❦✐♥❣ ❛♥❞ ❛❝❝❡♣t✐♥❣ ✢♦✇s ✇❤❡♥ P (FAcc | N = nmax) ✐s
✈❛r✐❡❞✳ ❈♦♥s✐❞❡r ✜rst t❤❡ ♣❡r❢♦r♠❛♥❝❡ ✐♥ t❤❡ ❧✐❣❤t ♦❢ t❤❡ ❝✉st♦♠❡r✳ ❚♦ ❢✉❧✜❧❧ t❤❡
r❡q✉✐r❡♠❡♥t ♦❢ PFAcc < 0.01✱ ❋✐❣✳✸✭❛✮✱ s❤♦✇s t❤❛t P (FAcc | N = nmax) < 0.17✳
❆t t❤✐s ✈❛❧✉❡ t❤❡ ❜❧♦❝❦✐♥❣ ♣r♦❜❛❜✐❧✐t② ✐s ❛❜♦✉t ✺✪ ❧❛r❣❡r t❤❛♥ ❢♦r t❤❡ ideal✳

❋♦r t❤❡ s❡r✈✐❝❡ ♣r♦✈✐❞❡r✱ t❤❡ ❝♦♥❝❡r♥ ✐s ❢❛❧s❡ r❡❥❡❝t✐♦♥s ❛♥❞ ✉s❡❧❡ss tr❛✣❝✳
❆s P (FAcc | N = nmax) ✐♥❝r❡❛s❡s✱ ❢❛❧s❡ r❡❥❡❝t✐♦♥s ❢❛❧❧ ♦✛ ✭ s❡❡ ❋✐❣✳ ✸✭❜✮✮
❛♥❞ t❤❡ ✉s❡❧❡ss tr❛✣❝ ✐♥❝r❡❛s❡s ✭s❡❡ ❋✐❣✳✸✭❝✮✮✳ ❖❜s❡r✈❡ ✐♥ ❋✐❣✳✸✭❞✮ t❤❛t ❛ ✈❛❧✉❡
P (FAcc | N = nmax) = 0.15 ♠❛①✐♠✐③❡s t❤❡ ❝❛rr✐❡❞ ✉s❡❢✉❧ tr❛✣❝✳ ❘❡❞✉❝✐♥❣
t❤❡ ✈❛❧✉❡ ❛♥❞ t❤❡ ❛❞♠✐ss✐♦♥ ❝♦♥tr♦❧❧❡r ❜❡❝♦♠❡s t♦♦ str✐❝t ❞✉❡ t♦ t❤❡ ✐♥❝r❡❛s❡



▼❇❆❈✿ ■♠♣❛❝t ♦❢ t❤❡ ▼❡❛s✉r❡♠❡♥t ❊rr♦r ♦♥ ❑❡② P❡r❢♦r♠❛♥❝❡ ■ss✉❡s ✾

✐♥ PFRej ✳ ■♥❝r❡❛s✐♥❣ t❤❡ ✈❛❧✉❡ ♣❛ss❡❞ t❤✐s ♣♦✐♥t ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❛♥❞ t❤❡
❛❞♠✐ss✐♦♥ ❝♦♥tr♦❧❧❡r ❛❝❝❡♣ts t♦♦ ♠✉❝❤ ✉s❡❧❡ss tr❛✣❝✳ ■♥ t❤✐s ❝❛s❡✱ ✉s✐♥❣ P (FAcc |
N = nmax) = 0.15✱ ❛❧s♦ ❡♥s✉r❡s t❤❛t PFAcc < 0.01✳

❚❤✐s ✐s ❛♥ ✐♥t❡r❡st✐♥❣ ❢❛❝t s✐♥❝❡ ✐t s❤♦✇s t❤❛t t❤❡ ❝❛rr✐❡❞ ✉s❡❢✉❧ tr❛✣❝ ❝❛♥ ❜❡
♠❛①✐♠✐③❡❞ ❜② ❝♦rr❡❝t❧② t✉♥✐♥❣ P (FAcc | N = nmax)✳ ❚❤✐s ✈❛❧✉❡ ♦❢ P (FAcc |
N = nmax) ❝❛♥ ❜❡ ❞✐r❡❝t❧② ♠❛♣♣❡❞ t♦ ❛ s❛❢❡❣✉❛r❞ ✐♥ t❡r♠s ♦❢ ❧❡✈❡❧s ✭✶✺✮✳ ❚❤❡
❝❛rr✐❡❞ ✉s❡❢✉❧ tr❛✣❝ ❝❛♥ t❤✉s ❜❡ ✐♥❝r❡❛s❡❞ ❜② ❛❞❞✐♥❣ ❛ s❛❢❡❣✉❛r❞✳ ❍♦✇❡✈❡r ✐❢ t❤❡
s❛❢❡❣✉❛r❞ ✐s t♦♦ ❧❛r❣❡✱ t❤❡ ❝❛rr✐❡❞ ✉s❡❢✉❧ tr❛✣❝ ✇✐❧❧ ❞❡❝r❡❛s❡ ❜❡❝❛✉s❡ t❤❡ ▼❇❆❈
❜❡❝♦♠❡s t♦♦ str✐❝t✳

❚❤❡ ✈❛❧✉❡ ♦❢ l ✇❤✐❝❤ ♠❛①✐♠✐③❡s t❤❡ ❝❛rr✐❡❞ ✉s❡❢✉❧ tr❛✣❝✱ ✇✐❧❧ ❞❡♣❡♥❞ ♦♥ t❤❡
✇✐♥❞♦✇ s✐③❡ ❛♥❞ t❤❡ ♦✛❡r❡❞ ✢♦✇ ❧♦❛❞✳ ❲✐t❤ ❛ ❤✐❣❤❡r ✢♦✇ ❧♦❛❞ A✱ t❤❡ ✈❛❧✉❡
♦❢ l ✇❤✐❝❤ ♠❛①✐♠✐③❡s t❤❡ ❝❛rr✐❡❞ ✉s❡❢✉❧ tr❛✣❝ ✇✐❧❧ ✐♥❝r❡❛s❡✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡
❡①tr❡♠❡ ❧♦❛❞ ♦❢ A = 1000 r❡s✉❧ts ✐♥ l = 9✳ ❉❡❝r❡❛s✐♥❣ t❤❡ ❧♦❛❞✱ ✇✐❧❧ ❤❛✈❡ t❤❡
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