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❉❙■❈✱ ❯♥✐✈❡rs✐❞❛❞ ❈♦♠♣❧✉t❡♥s❡ ❞❡ ▼❛❞r✐❞✱ ❙♣❛✐♥

❆❜str❛❝t✳ ❚✐♠❡❞ ❛✉t♦♠❛t❛ t❤❡♦r② ✐s ✇❡❧❧ ❞❡✈❡❧♦♣❡❞ ✐♥ ❧✐t❡r❛t✉r❡✳ ❚❤✐s
t❤❡♦r② ♣r♦✈✐❞❡s ❛ ❢♦r♠❛❧ ❢r❛♠❡✇♦r❦ t♦ ♠♦❞❡❧ ❛♥❞ t❡st r❡❛❧✲t✐♠❡ s②st❡♠s✳
❚❤✐s ❢♦r♠❛❧ ❢r❛♠❡✇♦r❦ s✉♣♣❧✐❡s ❛ ✇❛② t♦ ❞❡s❝r✐❜❡ tr❛♥s✐t✐♦♥s ❛♠♦♥❣
st❛t❡s ✇✐t❤ t✐♠✐♥❣ ❝♦♥str❛✐♥s✳ ❚❤❡s❡ ❝♦♥str❛✐♥ts ❛r❡ ✉s✉❛❧❧② ❡①♣r❡ss❡❞
✇✐t❤ ❧♦❣✐❝ ❢♦r♠✉❧❛s ✐♥✈♦❧✈✐♥❣ t❤❡ s②st❡♠ ❝❧♦❝❦s✳ ❚❤❡ t✐♠❡ ❞♦♠❛✐♥ ♦❢
t❤❡s❡ ❝❧♦❝❦s ✉s✉❛❧❧② ✐s ❝♦♥s✐❞❡r❡❞ ❞❡♥s❡✱ t❤❛t ✐s✱ t❤❡ ❝❧♦❝❦s t❛❦❡ ✈❛❧✉❡s
✐♥ t❤❡ r❡❛❧ ♦r r❛t✐♦♥❛❧ ♥✉♠❜❡rs✳ ❉❡❛❧✐♥❣ ✇✐t❤ ❛ ❞♦♠❛✐♥ ❧✐❦❡ t❤✐s ❝❛♥ ❜❡
❤❛r❞✱ s♣❡❝✐❛❧❧② ✐❢ ✇❡ ❝♦♥s✐❞❡r ❡♥❞ ♣♦✐♥ts ♦❢ ✐♥t❡r✈❛❧s✳
■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ♣r❡s❡♥t ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ t❤❛t ❛❧❧♦✇s t♦ ✉s❡
r❡❛❧ t✐♠❡ ✐♥ ❛♥ ❡❛s✐❡r✱ ♠♦r❡ ♣♦✇❡r❢✉❧ ❛♥❞ r❡❧✐❛❜❧❡ ❛♣♣r♦❛❝❤ ❢♦r ❝♦♠♣✉t✐♥❣
s②st❡♠s✳ ❖✉r ♣r♦♣♦s❡❞ ♠♦❞❡❧ ❡①♣❧♦✐ts t❤❡ ❝♦♥❝❡♣ts ♦❢ ❢✉③③② s❡t t❤❡♦r②
❛♥❞ r❡❧❛t❡❞ ♠❛t❤❡♠❛t✐❝❛❧ ❢r❛♠❡✇♦r❦s t♦ ❣❡t ❛ ♠♦r❡ ✢❡①✐❜❧❡ ❛♣♣r♦❛❝❤✳

❑❡②✇♦r❞s✿ ❈♦♥❢♦r♠❛♥❝❡ ❚❡st✐♥❣✱ ❚✐♠❡❞ ❆✉t♦♠❛t❛✱ ❋✉③③② ❙❡t ❚❤❡♦r②

✶ ■♥tr♦❞✉❝t✐♦♥

❖✈❡r t❤❡ ❧❛st ❞❡❝❛❞❡s ❋♦r♠❛❧ ▼❡t❤♦❞s ❤❛✈❡ ❛ttr❛❝t❡❞ t❤❡ ❛tt❡♥t✐♦♥ ♦❢ r❡s❡❛r❝❤❡s
❛❧❧ ♦✈❡r t❤❡ ✇♦r❧❞✳ ❖♥❡ ♦❢ t❤❡ ✜rst✱ ❛♥❞ ❛❧s♦ ♦♥❡ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t✱ ❡♥❤❛♥❝❡✲
♠❡♥ts t♦ ❢♦r♠❛❧ ♠❡t❤♦❞s ✇❛s t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ t❡♠♣♦r❛❧ ❢❡❛t✉r❡s✳ ❏✉st ❢r♦♠ t❤❡
❜❡❣✐♥♥✐♥❣✱ ♦♥❡ t❤❡ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ✐ss✉❡s ✇❛s t❤❡ ♥❛t✉r❡ ♦❢ t✐♠❡✿ ✇❤❡t❤❡r
t❤❡ t✐♠❡ ✐s ❛ ❞✐s❝r❡t❡ ❞♦♠❛✐♥ ❬✽✱✶✻✱✶✺❪ ♦r ❛ ❞❡♥s❡ ♦♥❡ ❬✶✾✱✸✱✺❪✳ ❚❤❡ ❛✉t❤♦rs ✐♥
❢❛✈♦r ♦❢ ❛ ❞❡♥s❡ t✐♠❡ ❞♦♠❛✐♥ ❛r❣✉❡❞ t❤❛t ✐ts ❡①♣r❡ss✐✈❡ ♣♦✇❡r ✐s ❣r❡❛t❡r t❤❛♥ t❤❡
♦♥❡ ♦❢ ❛ ❞✐s❝r❡t❡ t✐♠❡ ❞♦♠❛✐♥✳ ❚❤♦s❡ ✐♥ ❢❛✈♦r ♦❢ ❛ ❞✐s❝r❡t❡ t✐♠❡ ❞♦♠❛✐♥ ❛r❣✉❡❞
t❤❛t ✐t ✐s ♠♦r❡ r❡❛❧✐st✐❝ s✐♥❝❡✱ ❢♦r ✐♥st❛♥❝❡✱ ②♦✉ ❝❛♥✬t ♠❡❛s✉r❡

√
2 s❡❝♦♥❞s✳

❆s ❛❢♦r❡♠❡♥t✐♦♥❡❞✱ t✐♠❡ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❞✐s❝r❡t❡✳ ■♥ t❤✐s ❝❛s❡ ✐t ✐s ❝♦♠✲
♣♦s❡❞ ♦❢ s❡q✉❡♥t✐❛❧ ✐♥st❛♥ts✳ ▼❛t❤❡♠❛t✐❝❛❧❧② s♣❡❛❦✐♥❣ ❛ ❞✐s❝r❡t❡ t✐♠❡ ❞♦♠❛✐♥ ❤❛s
❛ ♦r❞❡r r❡❧❛t✐♦♥ t❤❛t ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ♦r❞❡r r❡❧❛t✐♦♥ ♦❢ t❤❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs✳
❚❤✐s ♠♦❞❡❧ ✐♠♣❧✐❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛❜r✉♣t ❥✉♠♣s✳ ❚❤❡r❡❢♦r❡✱ ❡✈❡♥ t❤❡ ❛❜s❡♥❝❡
♦❢ ✈❛❣✉❡♥❡ss✱ ❛ ❞✐s❝r❡t❡ t✐♠❡ ♠♦❞❡❧ ❜❡❝♦♠❡s ✐♠♣r❡❝✐s❡ ✐♥ t❤❡ r❡❛❧ ✇♦r❧❞✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t✐♠❡ ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ t♦ ❜❡ ❞❡♥s❡✳ ❆ ❞❡♥s❡ t✐♠❡ ❞♦♠❛✐♥
❤❛s ❛♥ ♦r❞❡r r❡❧❛t✐♦♥ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♦❢ t❤❡ r❡❛❧ ♥✉♠❜❡rs ♦r t❤❡ r❛t✐♦♥❛❧
♥✉♠❜❡rs✿ ❜❡t✇❡❡♥ t✇♦ t✐♠❡ ✐♥st❛♥ts t❤❡r❡ ✐s ❛❧✇❛②s ❛♥♦t❤❡r t✐♠❡ ✐♥st❛♥t✳ ■♥
♦t❤❡rs ✇♦r❞s✱ t❤❡r❡ ❛r❡ ♥♦t ❛♥② ❛❜r✉♣t ❥✉♠♣s✳ ❲❤❡♥ ✇♦r❦✐♥❣ ✇✐t❤ ❛ ❞❡♥s❡ t✐♠❡

⋆ ❘❡s❡❛r❝❤ ♣❛rt✐❛❧❧② s✉♣♣♦rt❡❞ ❜② t❤❡ ❙♣❛♥✐s❤ ▼❈❨❚ ♣r♦❥❡❝ts ❚■◆✷✵✵✻✲✶✺✺✼✽✲❈✵✷✲✵✶
❛♥❞ ❚■◆✷✵✵✾✲✶✹✸✶✷✲❈✵✷✲✵✶✳
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❋✐❣✳ ✶✳ ❋✉③③② ♥✉♠❜❡r ✷

❞♦♠❛✐♥ ✐t ✐s ✉s✉❛❧❧② ♥❡❝❡ss❛r② t♦ ❞✐s❝r❡t✐③❡ ✐t✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ ▲❛③② ❍②❜r✐❞ ❆✉✲
t♦♠❛t❛ ❬✶❪✱ t❤❡② ❝♦♥s✐❞❡r t❤❛t ✐♥✜♥✐t❡ ♣r❡❝✐s✐♦♥ ✐s ♥♦t ♣♦ss✐❜❧❡ s♦ t❤❡② ❞✐s❝r❡t✐③❡
t❤❡ ❝♦♥t✐♥✉♦✉s ✈❛❧✉❡s ❜② ❝♦♥s✐❞❡r✐♥❣ ✐♥t❡r✈❛❧s✳

◆❡✐t❤❡r t❤❡ ❞✐s❝r❡t❡ ♥♦r t❤❡ ❞❡♥s❡ ♠♦❞❡❧s ♦❢ t✐♠❡ ❛r❡ ❝❛♣❛❜❧❡ t♦ ♠♦❞❡❧ ♣r♦♣✲
❡r❧② t❤❡ ❝♦♥❝❡♣t ♦❢ t✐♠❡ t❤❛t ❤✉♠❛♥s ❜❡✐♥❣s ❤❛✈❡ ✇❤✐❝❤ ✐t ✐s ✐♥❤❡r❡♥t❧② ✈❛❣✉❡✳ ■♥
t❤✐s ♣❛♣❡r✱ ✇❡ ♣r♦♣♦s❡ t❤❡ ✉s❡ ♦❢ ❛ str✉❝t✉r❡ t❤❛t ✇r❛♣s t❤❡ ❝♦♥❝❡♣t ✐ts❡❧❢ ❛ss✉♠✲
✐♥❣ t❤❡ ✉♥❝❡rt❛✐♥t② ❛♥❞ ✈❛❣✉❡♥❡ss✳ ■♥ t❤✐s ❝♦♥t❡①t ✈❛❣✉❡♥❡ss ✐s ♥♦t ♥❡❝❡ss❛r✐❧②
❛ ❝r✐t✐❝✐s♠✱ ❜✉t ❥✉st ❛ ❢❛❝t✳ ❚❤❡ ♠♦st ♣♦♣✉❧❛r ❛♣♣r♦❛❝❤❡s t♦ ❤❛♥❞❧✐♥❣ ✈❛❣✉❡♥❡ss
❛♥❞ ✉♥❝❡rt❛✐♥t② ❛s ♣❛rt✐❛❧ ✐❣♥♦r❛♥❝❡ ❛r❡ ❇❛②❡s t❤❡♦r②✱ ❙❤❛❢❡r✬s ❡✈✐❞❡♥❝❡ t❤❡♦r②✱
t❤❡ tr❛♥s❢❡r❛❜❧❡ ❜❡❧✐❡❢ ♠♦❞❡❧✱ ❛♥❞ t❤❡ ♣♦ss✐❜✐❧✐t② t❤❡♦r② ✇❤✐❝❤ ❛r❡ ❝♦♠♣❧❡t❡❧②
r❡❧❛t❡❞ t♦ ❢✉③③② s❡ts✳

❋✉③③② s❡t t❤❡♦r② ❬✷✵✱✷✶✱✶✹❪ ♣r♦✈✐❞❡s ❛ ❢♦r♠❛❧ ❢r❛♠❡✇♦r❦ ❢♦r t❤❡ r❡♣r❡s❡♥t❛t✐♦♥
♦❢ ✈❛❣✉❡♥❡ss✳ ❖✉r ♣❡r❝❡♣t✐♦♥ ♦❢ r❡❛❧✐t② ✐s ♥♦t ♣❡r❢❡❝t✱ ❛❧t❤♦✉❣❤ t❤✐♥❣s ❝❛♥ ❜❡
tr✉❡ ♦r ❢❛❧s❡❀ ♦✉r ❡♥✈✐r♦♥♠❡♥t ❝❛♥ ♠❛❦❡ ✉s ❞♦✉❜t ❛❜♦✉t ❛ tr✉t❤ ❛ss❡ss♠❡♥t✳
❆❧❧ ♠❡❛s✉r❡♠❡♥t ❞❡✈✐❝❡s ❤❛✈❡ ❛♥ ✐♥tr✐♥s✐❝ ❡rr♦r✿ ✐❢ ❛ t❤❡r♠♦♠❡t❡r ✐♥❞✐❝❛t❡s t❤❛t
t❤❡ t❡♠♣❡r❛t✉r❡ ✐s ✸✺✳✹♦❈✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❛❝t✉❛❧ t❡♠♣❡r❛t✉r❡ ✐s ❛r♦✉♥❞ t❤❛t
♠❡❛s✉r❡♠❡♥t✳ ❙♦♠❡t❤✐♥❣ s✐♠✐❧❛r ❤❛♣♣❡♥s ✇✐t❤ t✐♠❡✳ ❲❡ ❝❛♥ ❝❧❛✐♠ t❤❛t ✐t t❛❦❡s
✉s ❛♥ ❤♦✉r t♦ ❣♦ t♦ ✇♦r❦ ❀ ✐❢ t❤❡ tr✐♣ t♦ ✇♦r❦ ❧❛sts ✺✼ ♠✐♥✉t❡s ✐♥ ❛ ♣❛rt✐❝✉❧❛r ❞❛②
✇❡ ❦♥♦✇ t❤❛t t❤❡ tr✐♣ ❤❛s ❧❛st❡❞ ❛s ✉s✉❛❧✱ ♦t❤❡r✇✐s❡ ✐❢ ✐t t❛❦❡s ✉s ✽✶ ♠✐♥✉t❡s ✇❡
❦♥♦✇ t❤❛t t❤❡ tr✐♣ ❤❛s ♥♦t ❧❛st❡❞ ❛s ✉s✉❛❧✳ ❲❡ ❝❛♥ ❛❧s♦ ❜❡ ♠♦r❡ ❛❝❝✉r❛t❡ ❛♥❞
❣✐✈❡ ❛ ❞❡❣r❡❡ ♦❢ ❝♦♥✜❞❡♥❝❡ ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t✱ ✇❤✐❝❤ ✐s ❛ ♥✉♠❜❡r ✐♥ t❤❡ ✐♥t❡r✈❛❧
[0, 1] ✇✐t❤ ❜❡✐♥❣ ✶ t❤❡ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ♦❢ ❝♦♥✜❞❡♥❝❡ ❛♥❞ ✵ t❤❡ ♠✐♥✐♠✉♠✳ ■♥
t❤✐s ✇❛②✱ ✇❡ ❝❛♥ ❛ss❡ss t❤❛t ✺✼ ♠✐♥✉t❡s ✐s ❡q✉❛❧ t♦ ✶ ❤♦✉r ✇✐t❤ ❛ ❝♦♥✜❞❡♥❝❡
❞❡❣r❡❡ ❝❧♦s❡ t♦ ✶✱ ✇❤✐❧❡ ✽✶ ♠✐♥✉t❡s ❤❛s ❛ ❝♦♥✜❞❡♥❝❡ ❞❡❣r❡❡ ❝❧♦s❡ t♦ 0✳

❚❤❡r❡❢♦r❡✱ ❛ ❢✉③③② ♥✉♠❜❡r ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ♠❛♣♣✐♥❣ ❢r♦♠ t❤❡ s❡t ♦❢ r❡❛❧
♥✉♠❜❡rs t♦ t❤❡ ✐♥t❡r✈❛❧ [0, 1]✳ ■♥ ❋✐❣✉r❡ ✶ ✇❡ ❤❛✈❡ ❞❡♣✐❝t❡❞ t❤❡ ❢✉③③② ♥✉♠❜❡r 2✱
❞❡♥♦t❡❞ ❜② 2✳ ■♥ t❤❡ ✜❣✉r❡ ✇❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t 1.95 ✐s r❡❧❛t✐✈❡❧② ❝❧♦s❡ t♦ 2 s♦ ✐t
❤❛s ❛ ❤✐❣❤ ❝♦♥✜❞❡♥❝❡ ❧❡✈❡❧ 0.83✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ 2.2 ✐s ❢✉rt❤❡r ❢r♦♠ 2 s♦ ✐t ❤❛s
❛ ❧♦✇❡r ❝♦♥✜❞❡♥❝❡ ❧❡✈❡❧ 0.3✱ ❛♥❞ 2.5✱ t❤❛t ✐s ❡✈❡♥ ❢✉rt❤❡r✱ ❤❛s ❛ ❝♦♥✜❞❡♥❝❡ ❧❡✈❡❧
♦❢ 0✳

❚✐♠❡❞ ❛✉t♦♠❛t❛ t❤❡♦r② ✐s ✇❡❧❧ ❞❡✈❡❧♦♣❡❞ ✐♥ ❧✐t❡r❛t✉r❡ ❬✷✱✸✱✼✱✶✼❪✳ ❚❤✐s t❤❡♦r②
♣r♦✈✐❞❡s ❛ ❢♦r♠❛❧ ❢r❛♠❡✇♦r❦ t♦ ♠♦❞❡❧ ❛♥❞ t❡st r❡❛❧✲t✐♠❡ s②st❡♠s✳ ❚❤✐s ❢♦r✲
♠❛❧ ❢r❛♠❡✇♦r❦ s✉♣♣❧✐❡s ❛ ✇❛② t♦ ❞❡s❝r✐❜❡ tr❛♥s✐t✐♦♥s ❛♠♦♥❣ st❛t❡s ✇✐t❤ t✐♠✐♥❣
❝♦♥str❛✐♥ts✳ ❚❤❡ t✐♠❡ ♠♦❞❡❧ ✉s✉❛❧❧② ❛❞♦♣t❡❞ ✐♥ t❤✐s t❤❡♦r② ✐s ❛ ❞❡♥s❡ ♦♥❡✳ ◆❡✈✲
❡rt❤❡❧❡ss✱ t❤❡ ♥✉♠❜❡rs ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ t✐♠❡ ❝♦♥str❛✐♥ts t❤❡② ✐♥tr♦❞✉❝❡❞ ❛❧✇❛②s



r❛♥❣❡ ♦✈❡r t❤❡ s❡t ♦❢ ♥❛t✉r❛❧ ♥✉♠❜❡rs ■◆✳ ❍❡♥❝❡✱ ✇❤❛t t❤❡② ❛r❡ r❡❛❧❧② ❞♦✐♥❣ ✐s ❛
❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t✐♠❡✳ ❆s ❛❢♦r❡♠❡♥t✐♦♥❡❞✱ ✇❡ ❞♦ ♥♦t t❤✐♥❦ t❤✐s ✐s t❤❡ ❜❡st ✇❛② t♦
♠♦❞❡❧ t✐♠❡✳ ❍❡♥❝❡✱ ✇❡ ❛❞❛♣t t❤✐s ❢r❛♠❡✇♦r❦ t♦ ✐♥❝❧✉❞❡ ❢✉③③② t✐♠❡ ❝♦♥str❛✐♥ts✳

❖♥❝❡ ✇❡ ❤❛✈❡ ❞❡✜♥❡❞ t❤❡ ❢✉③③②✲t✐♠❡❞ s♣❡❝✐✜❝❛t✐♦♥s✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❝❤❡❝❦
✐❢ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ♠❡❡t t❤❡♠✳ ❖♥❡ ♦❢ t❤❡ ❜❛s✐❝ r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ s♣❡❝✲
✐✜❝❛t✐♦♥s ❛♥❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ✐s tr❛❝❡ ❡q✉✐✈❛❧❡♥❝❡✳ ❇✉t ✐♥ t❤✐s ♣♦✐♥t t❤❡r❡ ✐s ❛
♣r♦❜❧❡♠✱ ❧❡t ✉s s✉♣♣♦s❡ t❤❛t ❛ s♣❡❝✐✜❝❛t✐♦♥ r❡q✉✐r❡s t❤❛t ❛♥ ❛❝t✐♦♥ a ♠✉st ❜❡
❡①❡❝✉t❡❞ ✐♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [1, 3]✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ s✐♥❝❡ ✇❡ ❛r❡ ✐♥ ❛ ❢✉③③②
❡♥✈✐r♦♥♠❡♥t✱ ✇❡ ❛❧❧♦✇ ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ t♦ ❡①❡❝✉t❡ ❛❝t✐♦♥ a ❛t ✐♥st❛♥t 3.0001❀
❜✉t✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❝❛♥♥♦t ❝♦♥s✐❞❡r ✐♥❝♦rr❡❝t ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ t❤❛t
❛❧✇❛②s ❡①❡❝✉t❡s t❤❡ ❛❝t✐♦♥ a ✇✐t❤✐♥ [1, 3]✳ ❚❤✐s ❝♦✉❧❞ ❜❡ s♦❧✈❡❞ ✐❢ t❤❡ ✐♠♣❧❡♠❡♥✲
t❛t✐♦♥ r❡❧❛t✐♦♥ ✇❡r❡ t❤❡ tr❛❝❡ ✐♥❝❧✉s✐♦♥✳ ❍♦✇❡✈❡r✱ t❤✐s r❡❧❛t✐♦♥ ✐s ♥♦t ❝♦♠♣❧❡t❡❧②
s❛t✐s❢❛❝t♦r② ❜❡❝❛✉s❡ ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ t❤❛t ❞♦❡s ♥♦t ♠❛❦❡ ❛♥② ❛❝t✐♦♥ ❛t ❛❧❧
✐s ❝♦♥s✐❞❡r❡❞ ❝♦rr❡❝t✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ r❡❧❛t✐♦♥ s❤♦✉❧❞ ❜❡ tr❛❝❡
❡q✉✐✈❛❧❡♥❝❡ ❢♦r t❤❡ ✐♥t❡r✈❛❧ [1, 3] ❛♥❞✱ ❛t t❤❡ s❛♠❡ t✐♠❡✱ ✐t s❤♦✉❧❞ ❤❛✈❡ s♦♠❡
t♦❧❡r❛♥❝❡ ♦✉ts✐❞❡ t❤❛t ✐♥t❡r✈❛❧✳

❆♥♦t❤❡r ✐♠♣♦rt❛♥t ❛s♣❡❝t ♦❢ ❛ t❤❡♦r② ✐s ❤❛✈✐♥❣ t❤❡ ♣r♦♣❡r s♦❢t✇❛r❡ t♦♦❧s✳ ❲❡
❤❛✈❡ ♥♦t ❞❡✈❡❧♦♣❡❞ ❛♥② t♦♦❧ ②❡t✱ ❜✉t ✇❡ ❤❛✈❡ ❡①♣r❡ss❡❞ ♦✉r ❢✉③③② ✐♠♣❧❡♠❡♥t❛t✐♦♥
r❡❧❛t✐♦♥s ✐♥ t❡r♠s ♦❢ ♦r❞✐♥❛r② t✐♠❡❞ ❛✉t♦♠❛t❛✳ ■♥ t❤✐s ✇❛② ✇❡ ❝❛♥ ✉s❡ t❤❡ ✇❡❧❧
❦♥♦✇♥ t♦♦❧s ❧✐❦❡ ❯♣♣❛❛❧ ❬✹❪✳

❚❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❢✉③③② s❡t t❤❡♦r② ❛♥❞ ❛✉t♦♠❛t❛ t❤❡♦r② ✐s ♥♦t ♥❡✇✳
❋✉③③② ❛✉t♦♠❛t❛ ❤❛✈❡ ❜❡❡♥ ✉s❡❞ t♦ ❞❡❛❧ ✇✐t❤ ❞✐✛❡r❡♥t s❝✐❡♥❝❡ ✜❡❧❞s✿ ✐♠♣r❡❝✐s❡
s♣❡❝✐✜❝❛t✐♦♥s ❬✶✶❪✱ ♠♦❞❡❧✐♥❣ ▲❡❛r♥✐♥❣ ❙②st❡♠s ❬✶✽❪ ❛♥❞ ♠❛♥② ♦t❤❡rs✳ ❋✉③③✐♥❡ss
❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❞✐✛❡r❡♥t ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❛✉t♦♠❛t❛✿ st❛t❡s✱ tr❛♥✲
s✐t✐♦♥s✱ ❛♥❞ ❛❝t✐♦♥s ❬✶✽✱✶✸✱✻❪✳ ❆ s✐♠✐❧❛r ✇♦r❦ ♦❢ ♦✉rs ❤❛s ❜❡❡♥ ♠❛❞❡ ✐♥ ❬✼❪✳ ❚❤❡②
✉s❡ ❛ ♠❛♥②✲✈❛❧✉❡❞ ❧♦❣✐❝ ✐♥ t❤❡ tr❛♥s✐t✐♦♥s ♦❢ t❤❡ ❛✉t♦♠❛t❛✱ ❛♥❞ ❛❧t❤♦✉❣❤ t❤❡②
❞♦ ♥♦t ✉s❡ ❢✉③③② ❧♦❣✐❝✱ t❤❡✐r ❛♣♣r♦❛❝❤ ❧♦❣✐❝ ✐s s✐♠✐❧❛r t♦ ♦✉rs✳

Pr♦❜❛❜✐❧✐st✐❝ ❛♥❞ st♦❝❤❛st✐❝ ♠♦❞❡❧s ❬✶✷✱✾❪ ♠✐❣❤t ❜❡ ❝♦♥s✐❞❡r❡❞ r❡❧❛t❡❞ t♦ t❤❡
❢✉③③② ♠♦❞❡❧ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r✳ ■♥ t❤❡s❡ ♠♦❞❡❧s✱ t❤❡ t✐♠❡ ✇❤❡♥ ❛♥ ❛❝t✐♦♥
✐s ♣❡r❢♦r♠❡❞ ❢♦❧❧♦✇s ❛ ❣✐✈❡♥ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳ ❇❡❢♦r❡ s❡tt✐♥❣ ❛ ♣r♦❜❛❜✐❧✐t② ♦r ❛
r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✐♥ ❛ ♠♦❞❡❧✱ ❛ t❤♦r♦✉❣❤ st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s s❤♦✉❧❞ ❜❡ ♣❡r❢♦r♠❡❞✳
❯♥❢♦rt✉♥❛t❡❧② t❤✐s r❡q✉✐r❡♠❡♥t ✐s ❞✐✣❝✉❧t✱ ✐❢ ♥♦t ✐♠♣♦ss✐❜❧❡✱ t♦ ❛❝❤✐❡✈❡✳ ❚❤✉s✱
t❤❡ s♣❡❝✐✜❡r ♠✉st ❝❤♦♦s❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦r ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❜❛s❡❞ ♦♥ ❤❡r ♦✇♥
❡①♣❡r✐❡♥❝❡✳ ❚❤✐s ❡①♣❡r✐❡♥❝❡ ✜ts ❜❡tt❡r ✐♥ ❛ ❢✉③③② ❡♥✈✐r♦♥♠❡♥t✳

❚❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ◆❡①t✱ ✐♥ ❙❡❝t✐♦♥ ✷ ✇❡ ✐♥tr♦✲
❞✉❝❡ s♦♠❡ ❝♦♥❝❡♣ts ♦❢ ❢✉③③② ❧♦❣✐❝ t❤❛t ❛r❡ ✉s❡❞ ❛❧♦♥❣ t❤❡ ♣❛♣❡r✳ ❆❢t❡r t❤❛t✱ ✐♥
❙❡❝t✐♦♥ ✸ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦♥❝❡♣t ♦❢ ❢✉③③② s♣❡❝✐✜❝❛t✐♦♥s✱ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ❛♥❞
❢✉③③② t✐♠❡ ❝♦♥❢♦r♠❛♥❝❡✳ ■♥ ❙❡❝t✐♦♥ ✹ ✇❡ ♣r❡s❡♥t ❛ ❝❛s❡ st✉❞② t♦ s❤♦✇ t❤❡ ♠❛✐♥
❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ♦✉r ♠♦❞❡❧✳ ◆❡①t✱ ✐♥ ❙❡❝t✐♦♥ ✺ ✇❡ s❤♦✇ ❤♦✇ t♦ ❝♦♠♣✉t❡ ♦✉r
❢✉③③② r❡❧❛t✐♦♥s ✐♥ t❡r♠s ♦❢ ♦r❞✐♥❛r② t✐♠❡❞ ❛✉t♦♠❛t❛✳ ❋✐♥❛❧❧② ✐♥ ❙❡❝t✐♦♥ ✻ ✇❡ ❣✐✈❡
s♦♠❡ ❝♦♥❝❧✉s✐♦♥s ❛♥❞ ❢✉t✉r❡ ✇♦r❦ ❣✉✐❞❡❧✐♥❡s✳



✷ Pr❡❧✐♠✐♥❛r✐❡s

■♥ t❤✐s ♣❛♣❡r ✇❡ ❞♦ ♥♦t ❛ss✉♠❡ t❤❛t t❤❡ r❡❛❞❡r ✐s ❢❛♠✐❧✐❛r ✇✐t❤ ❢✉③③② ❧♦❣✐❝
❝♦♥❝❡♣ts✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♣r❡s❡♥t s♦♠❡ ❜❛s✐❝ ❝♦♥❝❡♣ts ♦❢ ❢✉③③② ❧♦❣✐❝✳

✷✳✶ ❋✉③③② r❡❧❛t✐♦♥s

■♥ ♦r❞✐♥❛r② ❧♦❣✐❝✱ ❛ s❡t ♦r ❛ r❡❧❛t✐♦♥ ✐s ❞❡t❡r♠✐♥❡❞ ❜② ✐ts ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥✿
❛ ❢✉♥❝t✐♦♥ t❤❛t r❡t✉r♥s tr✉❡ ✐❢ t❤❡ ❡❧❡♠❡♥t ✐s ✐♥ t❤❡ s❡t ✭♦r ✐❢ s♦♠❡ ❡❧❡♠❡♥ts ❛
r❡❧❛t❡❞✮ ❛♥❞ ❢❛❧s❡ ♦t❤❡r✇✐s❡✳ ■♥ t❤❡ ❢✉③③② ❢r❛♠❡✇♦r❦ ✇❡ ❞♦ ♥♦t ❤❛✈❡ t❤❛t ❝❧❡❛r
❞✐st✐♥❝t✐♦♥ ❜❡t✇❡❡♥ tr✉t❤ ❛♥❞ ❢❛❧s❡❤♦♦❞❀ ✐♥st❡❛❞ ✇❡ ❤❛✈❡ ❛ ❝♦♠♣❧❡t❡ r❛♥❣❡ ♦❢
✈❛❧✉❡s ✐♥ t❤❡ ✐♥t❡r✈❛❧ [0, 1]❀ t❤❡ ❧❛r❣❡r ✐s t❤❡ ✈❛❧✉❡✱ t❤❡ ♠♦r❡ ❝♦♥✜❞❡♥❝❡ ✇❡ ❤❛✈❡
✐♥ t❤❡ ❛ss❡ss♠❡♥t✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ❝♦♥s✐❞❡r r❡❧❛t✐♦♥s ♦❢ r❡❛❧ ♥✉♠❜❡rs ■❘✳ ❙♦ ❛
❢✉③③② r❡❧❛t✐♦♥ ✐s ❛ ♠❛♣♣✐♥❣ ❢r♦♠ t❤❡ ❈❛rt❡s✐❛♥ ♣r♦❞✉❝t ■❘n ✐♥t♦ t❤❡ ✐♥t❡r✈❛❧ [0, 1]

❉❡✜♥✐t✐♦♥ ✶✳ ❆ ❢✉③③② r❡❧❛t✐♦♥ A ✐s ❛ ❢✉♥❝t✐♦♥ A : ■❘n 7→ [0, 1]✳ ▲❡t x ∈ ■❘n✱ ✇❡

s❛② t❤❛t x ✐s ♥♦t ✐♥❝❧✉❞❡❞ ✐♥ A ✐❢ A = 0❀ ✇❡ s❛② t❤❛t x ✐s ❢✉❧❧② ✐♥❝❧✉❞❡❞ ✐♥ A ✐❢

A = 1✳ ❚❤❡ ❦❡r♥❡❧ ♦❢ A ✐s t❤❡ s❡t ♦❢ ❡❧❡♠❡♥ts t❤❛t ❛r❡ ❢✉❧❧② ✐♥❝❧✉❞❡❞ ✐♥ A ⊓⊔
❚❤❡ ♥♦t✐♦♥ ♦❢ α✲❝✉t ✐s ✈❡r② ✐♠♣♦rt❛♥t ✐♥ ❢✉③③② ❧♦❣✐❝✳ ■♥t✉✐t✐✈❡❧② ✐t ❡st❛❜❧✐s❤❡s

❛ ❝r❡❞✐❜✐❧✐t② t❤r❡s❤♦❧❞✳ ■❢ ✇❡ ❤❛✈❡ ❛ ❢✉③③② r❡❧❛t✐♦♥ A✱ ✇❡ ❛❝❝❡♣t t❤❛t t❤❡ r❡❧❛t✐♦♥
✐s tr✉❡ ❢♦r x ✐❢ A(x) ✐s ❛❜♦✈❡ t❤❛t t❤r❡s❤♦❧❞✳

❉❡✜♥✐t✐♦♥ ✷✳ ▲❡t A : ■❘n 7→ [0, 1] ❜❡ ❛ ❢✉③③② r❡❧❛t✐♦♥ ❛♥❞ α ∈ [0, 1]✳ ❲❡ ❞❡✜♥❡

t❤❡ α✲❝✉t ♦❢ A✱ ✇r✐tt❡♥ cutα(A)✱ ❛s cutα(A) = {x ∈ ■❘n | A(x) ≥ α}✳ ⊓⊔

❊①❛♠♣❧❡ ✶✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉③③② r❡❧❛t✐♦♥s✳ ▲❡t ✉s ❝♦♥✲
s✐❞❡r ❛ ♥♦♥ ♥❡❣❛t✐✈❡ r❡❛❧ ♥✉♠❜❡r λ ≥ 0✱

x = yλ =







0 if x ≤ y − λ or x > y + λ
1 + x−y

λ
if y − λ < x ≤ y

1− x−y
λ

if y < x ≤ y + λ
0 1 2

1

x = 2
0.3

x ≤ y
λ
=







1 if x < y
0 if x > y + λ
1− x−y

λ
if y ≤ x ≤ y + λ

0 1 2

1

x ≤ 2
0.3

x ≥ y
λ
=







1 if x > y
0 if x ≤ y − λ
1 + x−y

λ
if y − λ < x ≤ y

0 1 2

1

x ≥ 1
0.3

◆♦t❡ t❤❛t t❤❡s❡ ❢✉③③② r❡❧❛t✐♦♥s ❛r❡ ♥♦t ♦r❞❡r r❡❧❛t✐♦♥s✳ ❲❡ ✉s❡ t❤❡s❡ ❢✉♥❝t✐♦♥s
t♦ ❞❡s❝r✐❜❡ ❢✉③③②✲t✐♠❡❞ ❛✉t♦♠❛t❛ t❤❛t ✇❡ ♣r❡s❡♥t ✐♥ ❙❡❝t✐♦♥ ✸✳ ❚❤❡ ♦♥❧② ♣r♦♣✲
❡rt② ✇❡ ✉s❡✱ ✇❤✐❝❤ s✐♠♣❧✐✜❡s t❤❡ ✇r✐t✐♥❣✱ ✐s t❤❡ ❝♦♠♠✉t❛t✐✈✐t② ♦❢ t❤❡ ❡q✉❛❧✐t②
x = yλ = y = xλ✱ ✈✐❡✇❡❞ ❛s ❜✐♥❛r② ♦♣❡r❛t✐♦♥ ♦✈❡r ■❘✳ ⊓⊔



✷✳✷ ❚r✐❛♥❣✉❧❛r ◆♦r♠s

❆ tr✐❛♥❣✉❧❛r ♥♦r♠ ✭❛❜❜r❡✈✐❛t❡❞ t✲♥♦r♠✮ ✐s ❛ ❜✐♥❛r② ♦♣❡r❛t✐♦♥ ✉s❡❞ ✐♥ ❢✉③③② ❧♦❣✐❝
t♦ ❣❡♥❡r❛❧✐③❡ t❤❡ ❝♦♥❥✉♥❝t✐♦♥ ✐♥ ♣r♦♣♦s✐t✐♦♥❛❧ ❧♦❣✐❝✳ ■♥ ♦r❞❡r t♦ ❜❡ ❛❜❧❡ t♦ ❣❡♥✲
❡r❛❧✐③❡ t❤❡ ❝♦♥❥✉♥❝t✐♦♥✱ ✇❡ ❤❛✈❡ t♦ ❛♥❛❧②③❡ ✐ts ❜❛s✐❝ ♣r♦♣❡rt✐❡s✿ ❝♦♠♠✉t❛t✐✈✐t②
p ∧ q = q ∧ p✱ ❛ss♦❝✐❛t✐✈✐t② (p ∧ q) ∧ r = p ∧ (q ∧ r)✱ ✐❞❡♥t✐t② true ∧ p = p✱ ❛♥❞
♥✐❧♣♦t❡♥❝② false ∧ p = false✳

❚❤❡r❡❢♦r❡✱ ✇❡ r❡q✉✐r❡ ❛ t✲♥♦r♠ t♦ s❛t✐s❢② s✐♠✐❧❛r ♣r♦♣❡rt✐❡s✳ ❲❡ ❛❧s♦ r❡q✉✐r❡
❛♥ ❡①tr❛ ♣r♦♣❡rt②✿ ♠♦♥♦t♦♥✐❝✐t②✳ ■♥t✉✐t✐✈❡❧②✱ t❤❡ r❡s✉❧t✐♥❣ tr✉t❤ ✈❛❧✉❡ ❞♦❡s ♥♦t
❞❡❝r❡❛s❡ ✐❢ t❤❡ tr✉t❤ ✈❛❧✉❡s ♦❢ t❤❡ ❛r❣✉♠❡♥ts ✐♥❝r❡❛s❡✳

❉❡✜♥✐t✐♦♥ ✸✳ ❆ t✲♥♦r♠ ✐s ❛ ❢✉♥❝t✐♦♥ T : [0, 1] × [0, 1] 7→ [0, 1] ✇❤✐❝❤ s❛t✐s✜❡s

t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✕ ❈♦♠♠✉t❛t✐✈✐t②✿ T (x, y) = T (y, x)✳
✕ ▼♦♥♦t♦♥✐❝✐t②✿ T (x, y) ≤ T (z, u) ✐❢ x ≤ z ❛♥❞ y ≤ u✳
✕ ❆ss♦❝✐❛t✐✈✐t②✿ T (x, T (y, z)) = T (T (x, y), z)✳
✕ ◆✉♠❜❡r ✶ ✐s t❤❡ ✐❞❡♥t✐t② ❡❧❡♠❡♥t✿ T (x, 1) = x✳
✕ ◆✉♠❜❡r ✵ ✐s ♥✐❧♣♦t❡♥t✿ T (x, 0) = 0✶✳

⊓⊔
❙✐♥❝❡ t✲♥♦r♠s ❛r❡ ❛ss♦❝✐❛t✐✈❡✱ ✇❡ ❝❛♥ ❣❡♥❡r❛❧✐③❡ t❤❡♠ t♦ ❧✐sts ♦❢ ♥✉♠❜❡rs✿

T (x1, x2, . . . , xn−1, xn) = T (x1, T (x2, . . . , T (xn−1, xn) . . .))

❊①❛♠♣❧❡ ✷✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t✲♥♦r♠s ❛r❡ ♦❢t❡♥ ✉s❡❞✿

❾✉❦❛s✐❡✇✐❝③ t✲♥♦r♠✿ T (x, y) = max(0, x + y − 1)✳ ❲❡ r❡♣r❡s❡♥t t❤✐s t✲♥♦r♠
✇✐t❤ t❤❡ s②♠❜♦❧ f✳

●ö❞❡❧ t✲♥♦r♠✿ T (x, y) = min(x, y)✳ ❲❡ r❡♣r❡s❡♥t t❤✐s t✲♥♦r♠ ✇✐t❤ t❤❡ s②♠✲
❜♦❧ ⊼✳

Pr♦❞✉❝t t✲♥♦r♠✿ T (x, y) = x · y ✭r❡❛❧ ♥✉♠❜❡r ♠✉❧t✐♣❧✐❝❛t✐♦♥✮✳ ❲❡ r❡♣r❡s❡♥t
t❤✐s t✲♥♦r♠ ✇✐t❤ t❤❡ s②♠❜♦❧ ⋆✳

❲❡ ❛ss✉♠❡ t❤❛t ❛♥② t✲♥♦r♠ ✉s❡❞ ❤❛s ❛ s②♠❜♦❧✱ ✇❡ ✉s❡ t❤❡ s②♠❜♦❧ △ t♦ r❡♣r❡s❡♥t
❛ ❣❡♥❡r✐❝ t✲♥♦r♠✳ ❲❡ ❞❡♥♦t❡ ❜② [[△]] t❤❡ ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ s②♠❜♦❧ △✳
❋♦r ✐♥st❛♥❝❡ [[⊼]] ✐s t❤❡ min ❢✉♥❝t✐♦♥✳ ⊓⊔

✸ ❋✉③③②✲❚✐♠❡❞ ❆✉t♦♠❛t❛

■♥ t❤✐s ❙❡❝t✐♦♥ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❜❛s✐❝ ♥♦t✐♦♥s ♦❢ ❢✉③③②✲t✐♠❡❞ ❛✉t♦♠❛t❛✳ ❇✉t ✜rst✱
✐♥ ♦r❞❡r t♦ ♠❛❦❡ t❤❡ ♣❛♣❡r s❡❧❢✲❝♦♥t❛✐♥❡❞✱ ✇❡ ✜rst r❡❝❛❧❧ s♦♠❡ ❝♦♠♠♦♥ ❞❡✜♥✐t✐♦♥s
♦❢ t✐♠❡❞ ❛✉t♦♠❛t❛✳ ▲❛t❡r ✇❡ ✉s❡ ❛♥❞ ❛❞❛♣t t❤❡s❡ ❞❡✜♥✐t✐♦♥s t♦ ❝♦♣❡ ✇✐t❤ ❢✉③③②✲
t✐♠❡❞ ❛✉t♦♠❛t❛✳ ❆♣❛rt ❢r♦♠ ✉s✐♥❣ t❤❡s❡ ❞❡✜♥✐t✐♦♥s ❧❛t❡r✱ ✇❡ ✉s❡ ♦r❞✐♥❛r② t✐♠❡❞
❛✉t♦♠❛t❛ t♦ r❡♣r❡s❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢ t❤❡ ❢✉③③② s♣❡❝✐✜❝❛t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✹✳ ❆❝t✐♦♥s✳ ❲❡ ❛ss✉♠❡ t❤❛t ✇❡ ❤❛✈❡ ❛ ✜♥✐t❡ ❛❧♣❤❛❜❡t ♦❢ ❛❝t✐♦♥s✳

❚❤❡ s❡t ♦❢ ❛❝t✐♦♥s ✐s ❞❡♥♦t❡❞ ❜② Acts✳ ❆❝t✐♦♥s ❛r❡ r❛♥❣❡❞ ♦✈❡r ❜② a, b, c, . . .

✶ ❆s ❛ ♠❛tt❡r ♦❢ ❢❛❝t✱ t❤✐s ♣r♦♣❡rt② ❝❛♥ ❜❡ ❡❛s✐❧② ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ♦t❤❡rs✳



❈❧♦❝❦s✳ ❆ ❝❧♦❝❦ ✐s ❛ r❡❛❧ ✈❛❧✉❡❞ ✈❛r✐❛❜❧❡✳ ❈❧♦❝❦s ❛r❡ r❛♥❣❡❞ ♦✈❡r ❜② x, y, z, . . .
❲❡ ❛ss✉♠❡ t❤❛t ✇❡ ❤❛✈❡ ❛ ✜♥✐t❡ s❡t ♦❢ ❝❧♦❝❦s ❞❡♥♦t❡❞ ❜② Clocks

❈❧♦❝❦ ✈❛❧✉❛t✐♦♥s✳ ❆ ❝❧♦❝❦ ✈❛❧✉❛t✐♦♥ u : Clocks 7→ ■❘+ ❛ss✐❣♥s ♥♦♥✲♥❡❣❛t✐✈❡

r❡❛❧ ✈❛❧✉❡s t♦ t❤❡ ❝❧♦❝❦s✳ ❚❤❡ ✈❛❧✉❛t✐♦♥s ♦❢ t❤❡ ❝❧♦❝❦s ❛r❡ ❞❡♥♦t❡❞ ❜② u, v, . . .
❲❡ ❞❡♥♦t❡ ❜② 0 t❤❡ ❝❧♦❝❦ ✈❛❧✉❛t✐♦♥ ✇❤❡r❡ ❛❧❧ ❝❧♦❝❦s ❛r❡ s❡t t♦ 0✳
❲❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥ ❢♦r ✈❛❧✉❛t✐♦♥s✳

✕ ▲❡t u ❜❡ ❛ ✈❛❧✉❛t✐♦♥ ❛♥❞ ❧❡t d ∈ ■❘+✳ ❚❤❡ ✈❛❧✉❛t✐♦♥ u + d ❞❡♥♦t❡s t❤❡

✈❛❧✉❛t✐♦♥ (u+ d)(x) = u(x) + d✳
✕ ▲❡t u ❜❡ ❛ ✈❛❧✉❛t✐♦♥ ❛♥❞ r ❛ s❡t ♦❢ ❝❧♦❝❦s✳ ❲❡ ❞❡♥♦t❡ t❤❡ r❡s❡t ♦❢ ❛❧❧

❝❧♦❝❦s ♦❢ r ✐♥ u✱ ✇r✐tt❡♥ ❛s u[r]✱ ❛s ❛ ✈❛❧✉❛t✐♦♥ t❤❛t ♠❛♣s ❛❧❧ ❝❧♦❝❦s ✐♥ r
t♦ 0 ❛♥❞ ❧❡❛✈❡s ✐♥✈❛r✐❛♥t t❤❡ r❡st ♦❢ ❝❧♦❝❦s✳

❈❧♦❝❦ ❝♦♥str❛✐♥ts✳ ❆ ❝❧♦❝❦ ❝♦♥str❛✐♥t ✐s ❛ ❢♦r♠✉❧❛ ❝♦♥s✐st✐♥❣ ♦❢ ❝♦♥❥✉♥❝t✐♦♥s

♦❢ ❛t♦♠✐❝ r❡❧❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠ x ⊲⊳ n ♦r x−y ⊲⊳ n ✇❤❡r❡ n ∈ ■◆✱ x, y ∈ Clocks

❛♥❞ ⊲⊳∈ {≤, <,=, >,≥}✳ ❲❡ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❝❧♦❝❦ ❝♦♥str❛✐♥ts ❜② C✳
▲❡t u ❜❡ ❛ ✈❛❧✉❛t✐♦♥ ❛♥❞ C ∈ C✱ ✇❡ ✇r✐t❡ u � C ✇❤❡♥ t❤❡ ✈❛❧✉❛t✐♦♥ u ♠❛❦❡s

t❤❡ ❝❧♦❝❦ ❝♦♥str❛✐♥t C tr✉❡✳

❚✐♠❡❞ ❆✉t♦♠❛t❛✳ ❆ t✐♠❡❞ ❛✉t♦♠❛t♦♥ ✐s ❛ t✉♣❧❡ (L, l0, E, I) ✇❤❡r❡✿

✕ L ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ❧♦❝❛t✐♦♥s✳

✕ l0 ∈ S ✐s t❤❡ ✐♥✐t✐❛❧ ❧♦❝❛t✐♦♥✳

✕ E ⊆ L× Acts× C × 2Clocks × L ✐s t❤❡ s❡t ♦❢ ❡❞❣❡s❀ ✇❡ ✇r✐t❡ l
a,C,r−−−−−→ l′

✇❤❡♥❡✈❡r (l, a, C, r, l′) ∈ E✳

✕ I : L 7→ C ✐s ❛ ❢✉♥❝t✐♦♥ t❤❛t ❛ss✐❣♥s ✐♥✈❛r✐❛♥ts t♦ ❧♦❝❛t✐♦♥s✳ ❆s ✐t ✐s

✉s✉❛❧✱ t❤❡ ✐♥✈❛r✐❛♥ts ♦❢ ❧♦❝❛t✐♦♥s ❝♦♥s✐st ♦❢ ❝♦♥❥✉♥❝t✐♦♥s ♦❢ ❛t♦♠s ♦❢ t❤❡

❢♦r♠ x ≤ n ✇❤❡r❡ n ∈ ■◆✳

❖♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s✳ ❚❤❡ ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ♦❢ ❛ t✐♠❡❞ ❛✉t♦♠❛t♦♥ ✐s

❛ t✐♠❡❞ ❧❛❜❡❧❡❞ tr❛♥s✐t✐♦♥ s②st❡♠ ✇❤♦s❡ st❛t❡s ❛r❡ ♣❛✐rs (l, u) ✇❤❡r❡ l ✐s ❛

❧♦❝❛t✐♦♥✱ u ✐s ❛ ✈❛❧✉❛t✐♦♥ ♦❢ ❝❧♦❝❦s✱ ❛♥❞ ✐ts tr❛♥s✐t✐♦♥s ❛r❡✿

✕ (l, u)
d−−→ (l, u+ d) ✐❢ d ∈ ■❘+ ❛♥❞ u+ d � I(l)✳

✕ (l, u)
a−−→ (l′, u[r]) ✐❢ l

a,C,r−−−−−→ l′ ❛♥❞ u � C ❛♥❞ u[r] � I(l′)✳

❆✉t♦♠❛t❛ tr❛❝❡s✳ ▲❡t A = (L, l0, E, I) ❜❡ ❛♥ ❛✉t♦♠❛t♦♥✳ ❆ tr❛❝❡ ✐s ❛ s❡q✉❡♥❝❡

t = (d1, a1)(d2, a2) . . . (dn, an) ∈ (■❘+ × Acts)∗✱ ✇r✐tt❡♥ ❛s t ∈ tr(A)✱ ✐❢ t❤❡r❡
✐s ❛ s❡q✉❡♥❝❡ ♦❢ tr❛♥s✐t✐♦♥s

(l0, 0)
d1−−→ a1−−→ (l1, u1)

d2−−→ a2−−→ (l2, u2) · · ·
dn−−→ an−−→ (ln, un)

❈♦♥❢♦r♠❛♥❝❡ r❡❧❛t✐♦♥✳ ❆♠♦♥❣ t❤❡ ❞✐✛❡r❡♥t ❝♦♥❢♦r♠❛♥❝❡ ♥♦t✐♦♥s ✐♥ t❤❡ t✐♠❡❞

❛✉t♦♠❛t❛ ❧✐t❡r❛t✉r❡ ✇❡ ✇❛♥t t♦ r❡❝❛❧❧ t❤❡ tr❛❝❡ ✐♥❝❧✉s✐♦♥ ❛♥❞ tr❛❝❡ ❡q✉✐✈❛❧❡♥❝❡

r❡❧❛t✐♦♥s✿ A1 ≤tr A2 ⇔ tr(A1) ⊆ tr(A2) ❛♥❞ A1 ≡tr A2 ⇔ tr(A1) = tr(A2) ⊓⊔
❆s ✇❡ ❤❛✈❡ ✐♥❞✐❝❛t❡❞✱ ♦✉r ♦❜❥❡❝t✐✈❡ ✐s t♦ ❞❡✜♥❡ ❢✉③③②✲t✐♠❡❞ ❛✉t♦♠❛t❛✳ ■♥

t✐♠❡❞ ❛✉t♦♠❛t❛ t❤❡♦r②✱ t✐♠❡ ✐s ❡①♣r❡ss❡❞ ✐♥ t❤❡ t✐♠❡ ❝♦♥str❛✐♥ts✳ ❍❡♥❝❡✱ ✇❡
♥❡❡❞ t♦ ♠♦❞✐❢② t❤❡s❡ ❝♦♥str❛✐♥ts ✐♥ ♦r❞❡r t♦ ❜❡ ❛❜❧❡ t♦ ✐♥tr♦❞✉❝❡ ❢✉③③✐♥❡ss✳ ■♥
♦r❞✐♥❛r② t✐♠❡❞ ❛✉t♦♠❛t❛ t❤❡♦r②✱ t❤❡ t✐♠❡ ❝♦♥str❛✐♥ts ❝♦♥s✐st ♦❢ ❝♦♥❥✉♥❝t✐♦♥s
♦❢ ✐♥❡q✉❛❧✐t✐❡s✳ ■♥st❡❛❞ ♦❢ t❤❡ ♦r❞✐♥❛r② ❝r✐s♣ ✐♥❡q✉❛❧✐t✐❡s ✐♥ ❉❡✜♥✐t✐♦♥ ✹✱ ✇❡ ✉s❡
t❤❡✐r ❢✉③③② ❝♦✉♥t❡r♣❛rts ❛♣♣❡❛r✐♥❣ ✐♥ ❊①❛♠♣❧❡ ✶✳ ❲❡ ❝♦✉❧❞ ❤❛✈❡ ♠♦r❡ ❢r❡❡❞♦♠ ✐♥



❛❧❧♦✇✐♥❣ ❣❡♥❡r❛❧ ❝♦♥✈❡① ❢✉③③② s❡ts✱ ❜✉t ✇❡ ❤❛✈❡ ♣r❡❢❡rr❡❞ t♦ ❦❡❡♣ ♦✉r ❝♦♥str❛✐♥ts
❝❧♦s❡ t♦ t❤❡ ♦r✐❣✐♥❛❧ ♦♥❡s s♦ ✇❡ ❝❛♥ ✉s❡ t❤❡ t❤❡♦r② ❞❡✈❡❧♦♣❡❞ ❢♦r t✐♠❡❞ ❛✉t♦♠❛t❛✳

❚❤❡ r♦❧❡ ♦❢ ❛ ❝♦♥❥✉♥❝t✐♦♥ ✐♥ ❋✉③③② ❚❤❡♦r② ✐s ♣❧❛②❡❞ ❜② t✲♥♦r♠s✳ ❚❤❡r❡ ✐s ♥♦t
❛ ❝❛♥♦♥✐❝❛❧ t✲♥♦r♠✱ ✐♥ ❊①❛♠♣❧❡ ✷ ✇❡ ❤❛✈❡ ✸ ♦❢ t❤❡ ♠♦r❡ ✉s❡❞ t✲♥♦r♠s✳ ❲❡ ❤❛✈❡
♣r❡❢❡rr❡❞ t♦ ❛❧❧♦✇ ❛♥② ♦❢ t❤❡ ❛✈❛✐❧❛❜❧❡ t✲♥♦r♠s✳

❚❤❡ t✐♠❡ ❝♦♥str❛✐♥ts ❜❡ ❞✐✈✐❞❡❞ ✐♥ t✇♦ ❣r♦✉♣s✿ ❚❤❡ ❣❡♥❡r❛❧ ❢✉③③② ❝♦♥str❛✐♥ts
t❤❛t ❛♣♣❡❛r ❛s t❤❡ ❝♦♥str❛✐♥ts ❛tt❛❝❤❡❞ t♦ t❤❡ ❛❝t✐♦♥s❀ ❛♥❞ t❤❡ s❡t ♦❢ r❡str✐❝t❡❞
❝♦♥str❛✐♥ts ❛tt❛❝❤❡❞ t♦ ❧♦❝❛t✐♦♥ ✐♥✈❛r✐❛♥ts ✇❤❡r❡ ♦♥❧② ✐♥❡q✉❛❧✐t✐❡s ♦❢ t❤❡ ❢♦r♠

x ≤ n
λ
❛r❡ ❛❧❧♦✇❡❞✳

❉❡✜♥✐t✐♦♥ ✺✳

✶✳ ❆ ❢✉③③② ❝♦♥str❛✐♥t ✐s ❛ ❢♦r♠✉❧❛ ❜✉✐❧t ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❇✳◆✳❋✳✿

C ::= True | C1 △ C2 | x ⊲⊳ nλ | x− y ⊲⊳ n
λ

✇❤❡r❡ △ ✐s ❛ t✲♥♦r♠✱ ⊲⊳∈ {≤,=,≥}✱ x, y ∈ Clocks✱ λ ∈ ■❘+✱ ❛♥❞ n ∈ ■◆✳ ❲❡

❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❢✉③③② ❝♦♥str❛✐♥ts ❜② FC✳
✷✳ ❆ ❢✉③③② r❡str✐❝t❡❞ ❝♦♥str❛♥✐♥t ✐s t❤❡ s✉❜s❡t ♦❢ ❢✉③③② ❝♦♥str❛✐♥ts ❞❡✜♥❡❞ ❜②

t❤❡ ❢♦❧❧♦✇✐♥❣ ❇✳◆✳❋✳✿

C ::= True | C1 △ C2 | x ≤ n
λ

✇❤❡r❡ △ ✐s ❛ t✲♥♦r♠✱ x ∈ Clocks✱ λ ∈ ■❘+✱ ❛♥❞ n ∈ ■◆✳ ❲❡ ❞❡♥♦t❡ t❤❡ s❡t ♦❢

r❡str✐❝t❡❞ ❢✉③③② ❝♦♥str❛✐♥ts ❜② RFC✳
⊓⊔

■♥ t✐♠❡❞ ❛✉t♦♠❛t❛ t❤❡♦r②✱ t❤❡ ❝♦♥str❛✐♥ts ❛r❡ ✉s❡❞ t♦ ❞❡❝✐❞❡ ✐❢ t❤❡ ❛✉t♦♠❛t❛
❝❛♥ st❛② ✐♥ ❛ ❧♦❝❛t✐♦♥ ❛♥❞ t♦ ❞❡❝✐❞❡ ✐❢ ❛ tr❛♥s✐t✐♦♥ ❝❛♥ ❜❡ ❡①❡❝✉t❡❞✳ ❆❧❧ t❤✐s ✐s
❞♦♥❡ ❜② ❝❤❡❝❦✐♥❣ ✐❢ ❛ ✈❛❧✉❛t✐♦♥ s❛t✐s✜❡s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥str❛✐♥t✳ ■♥ ❢✉③③②
t❤❡♦r② t❤❡ ♥♦t✐♦♥ ♦❢ s❛t✐s❢❛❝t✐♦♥ ✐s ♥♦t ❝r✐s♣✱ ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛ ❜♦♦❧❡❛♥ ❛♥s✇❡r
❜✉t ❛ r❛♥❣❡ ✐♥ t❤❡ ✐♥t❡r✈❛❧ [0, 1]✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❞♦ ♥♦t ❤❛✈❡ ✐❢ ❛ ❝♦♥str❛✐♥t ✐s tr✉❡
♦r ❢❛❧s❡ ❜✉t ❛ s❛t✐s❢❛❝t✐♦♥ ❣r❛❞❡ ♦❢ ❛ ❝♦♥str❛✐♥t✳

❉❡✜♥✐t✐♦♥ ✻✳ ▲❡t u ❜❡ ❛ ❝❧♦❝❦ ✈❛❧✉❛t✐♦♥ ❛♥❞ C ❜❡ ❛ ❢✉③③② ❝♦♥str❛✐♥t✱ ✇❡ ✐♥❞✉❝✲

t✐✈❡❧② ❞❡✜♥❡ t❤❡ s❛t✐s❢❛❝t✐♦♥ ❣r❛❞❡ ♦❢ C ✐♥ u✱ ✇r✐tt❡♥ µC(u)✱ ❛s

µC(u) =



















1 ✐❢ C = True

u(x) ⊲⊳ n
λ

✐❢ C = x ⊲⊳ nλ, ⊲⊳∈ {≤,=,≥}
u(x)− u(y) ≤ n

λ
✐❢ C = x− y ≤ n

λ
, ⊲⊳∈ {≤,=,≥}

[[△]](µC1
(u), µC2

(u)) ✐❢ C = C1 △ C2

▲❡t ✉s r❡♠❛r❦ t❤❛t µC(u) ∈ [0, 1]✳ ⊓⊔

❖♥❝❡ t❤❡ t✐♠❡ ❝♦♥str❛✐♥ts ❛r❡ ❞❡✜♥❡❞✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❢✉③③②✲t✐♠❡❞ ❛✉✲
t♦♠❛t❛ ✐s q✉✐t❡ str❛✐❣❤t❢♦r✇❛r❞✳ ■t ❝♦♥s✐sts ♦❢ r❡♣❧❛❝✐♥❣ t❤❡ ♦r❞✐♥❛r② t✐♠❡ ❝♦♥✲
str❛✐♥ts ❜② ❢✉③③② t✐♠❡ ❝♦♥str❛✐♥ts✳

❉❡✜♥✐t✐♦♥ ✼✳ ❆ ❢✉③③②✲t✐♠❡❞ ❛✉t♦♠❛t♦♥ ✐s ❛ t✉♣❧❡ (L, l0, E, I) ✇❤❡r❡✿



✕ L ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ❧♦❝❛t✐♦♥s✳

✕ l0 ∈ S ✐s t❤❡ ✐♥✐t✐❛❧ ❧♦❝❛t✐♦♥✳

✕ E ⊆ L × Acts × FC × 2Clocks × L ✐s t❤❡ s❡t ♦❢ ❡❞❣❡s❀ ✇❡ ✇r✐t❡ l
a,C,r−−−−−→ l′

✇❤❡♥❡✈❡r (l, a, C, r, l′) ∈ E✳

✕ I : L 7→ RFC ✐s ❛ ❢✉♥❝t✐♦♥ t❤❛t ❛ss✐❣♥s ✐♥✈❛r✐❛♥ts t♦ ❧♦❝❛t✐♦♥s✳

▲❡t ✉s ♥♦t❡ t❤❛t t❤❡ ❝❧♦❝❦ ❝♦♥str❛✐♥ts ✐♥ t❤❡ ❡❞❣❡s ❤❛✈❡ t❤❡ ❣❡♥❡r❛❧ ❢♦r♠ ❛s

✐♥❞✐❝❛t❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✺✲✶✱ ✇❤✐❧❡ t❤❡ ❧♦❝❛t✐♦♥ ✐♥✈❛r✐❛♥ts ❤❛✈❡ t❤❡ r❡str✐❝t❡❞ ❢♦r♠

❛s ✐♥❞✐❝❛t❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✺✲✷✳ ⊓⊔

◆❡①t ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❞❡✜♥❡ t❤❡ ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ♦❢ ❢✉③③②✲t✐♠❡❞ ❛✉✲
t♦♠❛t❛✳ ❲❡ ♥❡❡❞ ✐t t♦ ♦❜t❛✐♥ t❤❡ ❢✉③③② tr❛❝❡s t❤❛t ❛r❡ ✉s❡❞ ❢♦r t❤❡ ❝♦♥❢♦r♠❛♥❝❡
r❡❧❛t✐♦♥s✳ ❚❤✐s ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ✐s ❣✐✈❡♥ ✐♥ t❡r♠s ♦❢ tr❛♥s✐t✐♦♥s✱ ✇❤✐❝❤ ❛r❡
❡♥❛❜❧❡❞ ✇❤❡♥ t✐♠❡ ❝♦♥str❛✐♥ts ❤♦❧❞✳ ❙✐♥❝❡ ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❝r✐s♣ t✐♠❡ ❝♦♥str❛✐♥ts✱
t❤❡ tr❛♥s✐t✐♦♥s ♠✉st ❜❡ ❞❡❝♦r❛t❡❞ ✇✐t❤ ❛ r❡❛❧ ♥✉♠❜❡r α ∈ [0, 1]✳ ❚❤✐s ♥✉♠❜❡r
✐♥❞✐❝❛t❡s ✐ts ❝❡rt❛✐♥t②✳

■♥ ♦r❞❡r t♦ ❞❡✜♥❡ t❤❡ ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ✇❡ ♥❡❡❞ ❛ t✲♥♦r♠✳ ▲❡t ✉s ❡①♣❧❛✐♥
t❤❡ r❡❛s♦♥✳ ■♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ♦❢ ❛ ♦r❞✐♥❛r② t✐♠❡❞
❛✉t♦♠❛t♦♥✱ t❤❡ ❛❝t✐♦♥ tr❛♥s✐t✐♦♥s r❡q✉✐r❡s t❤❡ ❝♦♥❞✐t✐♦♥ ✏u � C ❛♥❞ u[r] � I(l′)✑✳
❚❤✐s ❝♦♥❥✉♥❝t✐♦♥ ♠✉st ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ✐ts ❢✉③③② ✈❡rs✐♦♥✿ ❛ t✲♥♦r♠✳

❉❡✜♥✐t✐♦♥ ✽✳ ▲❡t fA = (L, l0, E, I) ❜❡ ❛ ❢✉③③②✲t✐♠❡❞ ❛✉t♦♠❛t♦♥ ❛♥❞ △ ❜❡ ❛ t✲
♥♦r♠✳ ❚❤❡ △✲♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ♦❢ fA ✐s t❤❡ ❧❛❜❡❧❡❞ tr❛♥s✐t✐♦♥ s②st❡♠ ✇❤♦s❡

st❛t❡s ❛r❡ (l, u) ∈ L× Clocks✱ t❤❡ ✐♥✐t✐❛❧ st❛t❡ ✐s (l0, 0)✱ ❛♥❞ t❤❡ tr❛♥s✐t✐♦♥s ❛r❡✿

✶✳ (l, u)
d−−→ α (l, u+ d) ✇❤❡♥❡✈❡r µI(l)(u+ d) = α

✷✳ (l, u)
a−−→ α (l′, u[r]) ✇❤❡♥ ❡✈❡r l

a,C,r−−−−−→ l′✱ α1 = µI(l′)(u[r])✱ α2 = µC(u)
❛♥❞ α = [[△]](α1, α2)✳ ⊓⊔
❚❤✐s ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ✐s ♥♦t ❛ ♣✉r❡ t✐♠❡❞ tr❛♥s✐t✐♦♥ s②st❡♠ ❜❡❝❛✉s❡ t❤❡

tr❛♥s✐t✐♦♥s ❛r❡ ❞❡❝♦r❛t❡❞ ✇✐t❤ ❛ r❡❛❧ ♥✉♠❜❡r α ∈ [0, 1] ✐♥❞✐❝❛t✐♥❣ t❤❡ ❝❡rt❛✐♥t②
t♦ ❜❡ ❡①❡❝✉t❡❞✳ ❆♥②✇❛② ✐t ✐s ❞❡s✐r❛❜❧❡ t❤❛t ✐t ❤❛s t❤❡ ♠❛✐♥ ♣r♦♣❡rt✐❡s ♦❢ t✐♠❡❞
tr❛♥s✐t✐♦♥ s②st❡♠s✿ t✐♠❡ ❞❡t❡r♠✐♥✐s♠ ❛♥❞ t✐♠❡ ❛❞❞✐t✐✈✐t②✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ▲❡t fA = (L, l0, E, I) ❜❡ ❛ ❢✉③③②✲t✐♠❡❞ ❛✉t♦♠❛t♦♥ ❛♥❞ △ ❜❡ ❛

t✲♥♦r♠✱ t❤❡ △✲♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ♦❢ fA ❤♦❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

❉❡t❡r♠✐♥✐s♠✳ ■❢ (l, u)
d−−→ α1

(l1, u1) ❛♥❞ (l, u)
d−−→ α2

(l2, u2)✱ t❤❡♥ α1 = α2✱

l1 = l2 ❛♥❞ u1 = u2✳

❆❞❞✐t✐✈✐t②✳ ■❢ (l, u)
d1−−→ α1

(l1, u1)
d2−−→ α2

(l2, u2) t❤❡♥ (l, u)
d1+d2−−−−−→ α2

(l2, u2)

Pr♦♦❢✳ ❚♦ ♣r♦✈❡ t❤✐s ✐t ✐s ❡♥♦✉❣❤ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t t✐♠❡ tr❛♥s✐t✐♦♥s ❞♦
♥♦t ❝❤❛♥❣❡ ❧♦❝❛t✐♦♥ ❛♥❞ t❤❡ ❝❧♦❝❦ ✈❛❧✉❛t✐♦♥ ✐s ✐♥❝r❡❛s❡❞ ✇✐t❤ t❤❡ ♣❛ss✐♥❣ ♦❢ t✐♠❡✳

⊓⊔

❆s ❛ ❢✉rt❤❡r r❡♠❛r❦ ❧❡t ✉s ♦❜s❡r✈❡ t❤❡ α2 ♦❢ t❤❡ tr❛♥s✐t✐♦♥ (l, u)
d1+d2−−−−−→ α2

(l2, u2)
✐♥ t❤❡ t✐♠❡ ❛❞❞✐t✐✈✐t② ♣r♦♣❡rt②✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ❞♦ ♥♦t ❤❛✈❡ t♦ ❝♦♠❜✐♥❡ ✐t ✇✐t❤



α1 ❜❡❝❛✉s❡ t❤❡ ❝♦♥str❛✐♥ts ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❧♦❝❛t✐♦♥s ❤❛✈❡ t❤❡ ❢♦r♠ x ≤ n
λ
✱

t❤❡r❡❢♦r❡ α1 ≥ α2✳ ■♥t✉✐t✐✈❡❧② ✐❢ t❤❡ ❛✉t♦♠❛t♦♥ st❛②s ✐♥ ❛ ❧♦❝❛t✐♦♥✱ t❤❡ ❧✐❦❡❧✐❤♦♦❞
♦❢ r❡♠❛✐♥✐♥❣ ✐♥ ✐t ❝❛♥ ♦♥❧② ❞❡❝r❡❛s❡✳

❚❤✐s ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ❛❧❧♦✇s t♦ ❞❡✜♥❡ t❤❡ tr❛❝❡s ♦❢ ❛ ❢✉③③②✲t✐♠❡❞ ❛✉✲
t♦♠❛t♦♥✳ ❚❤❡ tr❛❝❡s ♦❢ ❛ t✐♠❡❞ ❛✉t♦♠❛t♦♥ ❝♦♥s✐st ♦❢ s❡q✉❡♥❝❡s ♦❢ ♣❛✐rs✱ t❤❡ ✜rst
❡❧❡♠❡♥t ♦❢ t❤❡ ♣❛✐r ❡①♣r❡ss❡s ❤♦✇ ❧♦♥❣ t❤❡ ❛✉t♦♠❛t♦♥ ❤❛s st❛②❡❞ ✐♥ ❛ ❧♦❝❛t✐♦♥
❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ t❤❡ ❛❝t✐♦♥ t❤❛t ❤❛s ♠❛❞❡ ❛ ❧♦❝❛t✐♦♥ ❝❤❛♥❣❡✳ ◆♦✇ ❛❧❧ t❤❡s❡
tr❛♥s✐t✐♦♥s ❛r❡ ❞❡❝♦r❛t❡❞ ✇✐t❤ t❤❡ ❝❡rt❛✐♥t② ♦❢ ❜❡✐♥❣ ♣❡r❢♦r♠❡❞✳ ❙♦ ✇❤❡♥❡✈❡r t❤❡
❛✉t♦♠❛t♦♥ st❛②s ✐♥ ❛ ❧♦❝❛t✐♦♥✱ ✇❡ ❤❛✈❡ ❛♥ α ∈ [0, 1] ✐♥❞✐❝❛t✐♥❣ t❤❡ ❝❡rt❛✐♥t② ♦❢
t❤❡ ❛✉t♦♠❛t♦♥ t♦ st❛② ✐♥ t❤❡ ❧♦❝❛t✐♦♥❀ ❛♥❞ ✇❤❡♥ ❛ ❛❝t✐♦♥ tr❛♥s✐t✐♦♥ ✐s ♣❡r❢♦r♠❡❞✱
✇❡ ♥❡❡❞ ❛ β ∈ [0, 1] ✐♥❞✐❝❛t✐♥❣ ✐ts ❝❡rt❛✐♥t②✳

❉❡✜♥✐t✐♦♥ ✾✳ ▲❡t fA = (L, l0, E, I) ❜❡ ❛ ❢✉③③②✲t✐♠❡❞ ❛✉t♦♠❛t♦♥ ❛♥❞ ❧❡t △ ❜❡

❛ t✲♥♦r♠✳ ❲❡ s❛② t❤❛t t = (d1, α1, a1, β1)(d2, α2, a2, β2) . . . (dn, αn, an, βn) ∈
(■❘+ × [0, 1] × Acts × [0, 1])∗ ✐s ❛ △✲❢✉③③② tr❛❝❡ ♦❢ fA✱ ✇r✐tt❡♥ t ∈ ftr△(fA)✱
✐❢ t❤❡r❡ ✐s ❛ s❡q✉❡♥❝❡ ♦❢ tr❛♥s✐t✐♦♥s

(l0, 0)
d1−−→ α1

• a1−−→ β1
(l1, u1)

d2−−→ α2
• a2−−→ β2

(l2, u2) · · ·
dn−−→ αn

• an−−→ βn
(ln, un)

✐♥ t❤❡ △✲♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ♦❢ fA✳ ■♥ t❤❡ ♣r❡✈✐♦✉s s❡q✉❡♥❝❡ ♦❢ tr❛♥s✐t✐♦♥s

✇❡ ❤❛✈❡ ♥♦t s♣❡❝✐✜❡❞ t❤❡ ❜✉❧❧❡t st❛t❡s • t♦ s✐♠♣❧✐❢② t❤❡ r❡❛❞✐♥❣❀ t❤❡② ❛r❡ ❛❧✇❛②s

❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♣r❡✈✐♦✉s st❛t❡✿ (li, ui)
di+1−−−−→ αi+1

(li, ui + di+1) ⊓⊔

❆s ❛❢♦r❡s❛✐❞✱ ✇❡ ❝♦♥s✐❞❡r ✐♠♣❧❡♠❡♥t❛t✐♦♥s ❛r❡ r❡❛❧✲t✐♠❡ s②st❡♠s✳ ❲❤❡♥ ✇❡
❝❤❡❝❦ t❤❡s❡ s②st❡♠s ✇❡ ♦❜t❛✐♥ r❡❛❧ t✐♠❡ ♠❡❛s✉r❡♠❡♥ts✳ ❲❡ ♥❡❡❞ t♦ ❝❤❡❝❦ ✐❢
t❤♦s❡ ♠❡❛s✉r❡♠❡♥ts ♠❡❡t t❤❡ ❢✉③③② ❝♦♥str❛✐♥ts ❣✐✈❡♥ ❜② t❤❡ ❢✉③③② s♣❡❝✐✜❝❛✲
t✐♦♥✳ ❚❤❡r❡❢♦r❡ ✇❡ ❛ss✉♠❡ t❤❛t ✇❡ ❤❛✈❡ tr❛❝❡s ❣❡♥❡r❛t❡❞ ❢r♦♠ ❛ ✭♥♦♥✲❢✉③③②✮
t✐♠❡❞ ❛✉t♦♠❛t♦♥✳ ❚❤❡s❡ tr❛❝❡s ❛r❡ ♦❢ t❤❡ ❢♦r♠ (d1, a1)(a2, d2) · · · (dn, an)✳ ❲❡
❤❛✈❡ t♦ ❝♦♠♣❛r❡ t❤❡♠ t♦ t❤❡ tr❛❝❡s ♦❢ t❤❡ ❢✉③③② ❛✉t♦♠❛t♦♥ t❤❛t ❤❛✈❡ t❤❡ ❢♦r♠
(d1, α1, a1, β1)(a2, αn, d2, β2) . . . (dn, αn, an, βn)✳ ■♥ ♦r❞❡r t♦ ❤❛✈❡ ❛ tr✉❡✴❢❛❧s❡ ❛s✲
s❡ss♠❡♥t✱ ✜rst ✇❡ ❤❛✈❡ t♦ ❝♦♠❜✐♥❡ t❤❡ ❝❡rt❛✐♥t② ✈❛❧✉❡s ✭α1, β1, α2, β2, . . . , αn, βn✮
✇✐t❤ ❛ t✲♥♦r♠ ❛♥❞ t♦ ❝♦♠♣❛r❡ t❤❡ r❡s✉❧t t♦ ❛ ❣✐✈❡♥ t❤r❡s❤♦❧❞ α ∈ [0, 1]✳

❚❤❡ ❝♦♥❢♦r♠❛♥❝❡ r❡❧❛t✐♦♥s ✇❡ ✇❛♥t t♦ ♠✐♠✐❝ ✐♥ ♦✉r ❢✉③③② ❢r❛♠❡✇♦r❦ ❛r❡ tr❛❝❡
✐♥❝❧✉s✐♦♥ ❛♥❞ tr❛❝❡ ❡q✉✐✈❛❧❡♥❝❡✳ ❚❤❡ ✜rst ♦♥❡ ✐s ❡❛s✐❡r ❛♥❞ ❝♦rr❡s♣♦♥❞s t♦ ♣❛rt ✶
♦❢ ❉❡✜♥✐t✐♦♥ ✶✵✳ ❚r❛❝❡ ✐♥❝❧✉s✐♦♥ r❡q✉✐r❡s t❤❛t ❛❧❧ tr❛❝❡s ✐♥ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥
❛r❡ tr❛❝❡s ♦❢ t❤❡ s♣❡❝✐✜❝❛t✐♦♥✳ ■♥ ♦✉r ❝❛s❡ ✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛ ❝r✐s♣ ♠❡♠❜❡rs❤✐♣
r❡❧❛t✐♦♥✱ ✐♥st❡❛❞ ✇❡ ❤❛✈❡ t❤❡ ❝❡rt❛✐♥t② ✈❛❧✉❡s✱ ❛ t✲♥♦r♠✱ ❛♥❞ ❛ t❤r❡s❤♦❧❞✳ ❍❡♥❝❡
✇❡ ❝♦♠♣♦✉♥❞ t❤❡ ✉♥❝❡rt❛✐♥t② ✈❛❧✉❡s ✇✐t❤ t❤❡ t✲♥♦r♠✱ ✇❡ ❛❝❝❡♣t t❤❡ tr❛❝❡ ✐❢ t❤❡
♦❜t❛✐♥❡❞ ✈❛❧✉❡ ✐s ❛❜♦✈❡ t❤❡ ❣✐✈❡♥ t❤r❡s❤♦❧❞✳

❚❤❡ r❡❧❛t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ tr❛❝❡ ❡q✉✐✈❛❧❡♥❝❡ ✐s ✐♥ ♣❛rt ✷ ♦❢ ❉❡✜♥✐t✐♦♥ ✶✵✳
■t ❝❛♥♥♦t ❜❡ ❥✉st tr❛❝❡ ❡q✉✐✈❛❧❡♥❝❡✳ ❚♦ ✉♥❞❡rst❛♥❞ t❤❡ r❡❛s♦♥ ❧❡t ✉s s✉♣♣♦s❡
t❤❛t t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ❛❧❧♦✇s t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ ❛❝t✐♦♥ a ✐♥ ❛ ❣✐✈❡♥ ❧♦❝❛t✐♦♥ ✇✐t❤

t❤❡ ❢✉③③② ❝♦♥str❛✐♥t x ≤ 3
0.2

❛♥❞ t❤❡ t❤r❡s❤♦❧❞ ✐s 0.9✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ❛❧❧♦✇ ❛♥
✐♠♣❧❡♠❡♥t❛t✐♦♥ t♦ ❡①❡❝✉t❡ t❤❡ ❛❝t✐♦♥ a ❛t t✐♠❡ 3.01✳ ❇✉t ✇❡ ❞♦ ♥♦t ✇❛♥t t♦
❢♦r❝❡ ❛ ❝♦rr❡❝t ✐♠♣❧❡♠❡♥t❛t✐♦♥ t♦ ❡①❡❝✉t❡ t❤❛t ❛❝t✐♦♥ ❛t t❤❛t t✐♠❡✳ ❚❤❛t ✐s✱ ❛♥
✐♠♣❧❡♠❡♥t❛t✐♦♥ t❤❛t ❛❧✇❛②s ❡①❡❝✉t❡s ❛❝t✐♦♥ a ✐♥ t❤❡ ✐♥t❡r✈❛❧ [0, 3] ❝❛♥♥♦t ❜❡



q0st❛rt

q1

q4

q3

q2

appr

y ≤ 100
10

x

leave

x ≥ 3
0.2

cross

x ≥ 10
0.2

x, y

stop

x ≤ 10
0.2

y

cross

x ≥ 7
0.2

x

go

True

x

q0✿ ❙❛❢❡

True

q1✿ ❆♣♣r♦❛❝❤✐♥❣

x ≤ 20
0.2

⋆y ≤ 100
5

q2✿ ❈r♦ss✐♥❣

x ≤ 5
0.2

q3✿ ❙t❛rt

x ≤ 15
0.2

q4 ❙t♦♣

True

❋✐❣✳ ✷✳ ❚❤❡ tr❛✐♥ ❛✉t♦♠❛t♦♥

❝♦♥s✐❞❡r❡❞ ✐♥❝♦rr❡❝t✳ ❚♦ ❛✈♦✐❞ t❤✐s ♣r♦❜❧❡♠ ✇❡ r❡q✉✐r❡ tr❛❝❡ ❡q✉✐✈❛❧❡♥❝❡ ❢♦r t❤❡
❦❡r♥❡❧ ✭❉❡✜♥✐t✐♦♥ ✶✮ ♦❢ t❤❡ ❝♦♥str❛✐♥ts ❛♥❞ ❥✉st tr❛❝❡ ✐♥❝❧✉s✐♦♥ ❢♦r t❤❡ r❡st ♦❢
❡❧❡♠❡♥ts✳

❉❡✜♥✐t✐♦♥ ✶✵✳ ▲❡t A ❜❡ ❛ t✐♠❡❞ ❛✉t♦♠❛t♦♥✱ fA ❜❡ ❛ ❢✉③③②✲t✐♠❡❞ ❛✉t♦♠❛t♦♥✱

△1 ❛♥❞ △2 ❜❡ t✲♥♦r♠s✱ ❛♥❞ α ∈ [0, 1]✳

✶✳ A ✐s △1✲❝♦♥❢♦r♠❛♥❝❡ ✇✐t❤ r❡s♣❡❝t t❤❡ △2✲♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ♦❢ fA ✇✐t❤
❛♥ ❛❧♣❤❛ ❝✉t ♦❢ α✱ A fconf

α
△1,△2

fA✱ ✐❢ ❢♦r ❛♥② tr❛❝❡ (d1, a1) . . . (dn, an) ∈
tr(A) t❤❡r❡ ❡①✐st ❛ tr❛❝❡ (d1, α1, a1, β1) . . . (dn, αn, an, βn) ∈ ftr△2

(fA) s✉❝❤

t❤❛t [[△1]](α1, β1, α2, β2, . . . , αn, βn) ≥ α✳
✷✳ A ✐s ♠❛①✐♠❛❧❧② △1✲❝♦♥❢♦r♠❛♥❝❡ ✇✐t❤ r❡s♣❡❝t t❤❡ △2✲♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s

♦❢ fA ✇✐t❤ ❛♥ ❛❧♣❤❛ ❝✉t ♦❢ α✱ ✇r✐tt❡♥ A fconfm
α
△1,△2

fA✱ ✐❢ A fconf
α
△1,△2

fA

❛♥❞ ❢♦r ❛♥② ❢✉③③② tr❛❝❡ (d1, 1, a1, 1)(d2, 1, a2, 1) · · · (dn, 1, an, 1) ∈ ftr△2
(fA)

✇❡ ❤❛✈❡ (d1, a1)(d2, a2)(dn, an) ∈ tr(A)
⊓⊔

✹ ❈❛s❡ st✉❞②

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t ❛ ❝❛s❡ st✉❞② ♦❢ ❛♥ ❛✉t♦♠❛t♦♥ ✇✐t❤ ✜✈❡ st❛t❡s✳ ❚❤✐s ❛✉✲
t♦♠❛t♦♥✱ ✇❤✐❝❤ ✐s ❛❞❛♣t❡❞ ❢r♦♠ t❤❡ ❯♣♣❛❛❧ ❞❡♠♦ ❞✐r❡❝t♦r②✱ ❛♣♣❡❛rs ✐♥ ❋✐❣✉r❡ ✷✳
■t r❡♣r❡s❡♥ts ❛ tr❛✐♥ ♣❛ss✐♥❣ t❤r♦✉❣❤ ❛ ❝r♦ss✐♥❣✳

❋✐rst ♦❢ ❛❧❧ ❧❡t ✉s s❤♦✇ t❤❡ ♥❡❡❞ ♦❢ ❛ t✲♥♦r♠ t♦ ❞❡✜♥❡ t❤❡ ♦♣❡r❛t✐♦♥❛❧ s❡✲
♠❛♥t✐❝s✳ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t ✇❡ ♠❡❛s✉r❡ t❤❛t ❛ tr❛✐♥ ❤❛s st❛②❡❞ ✐♥ st❛t❡ q0
❢♦r ✶✵✶ t✐♠❡ ✉♥✐ts✳ ❚❤❡ ❝r❡❞✐❜✐❧✐t② ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ tr❛♥s✐t✐♦♥ ♦❢ t❤❡ ❢✉③③②✲
t✐♠❡❞ ❛✉t♦♠❛t♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ✉s❡❞ t✲♥♦r♠✳ ❲❡ ❤❛✈❡ ❛ ✈❛❧✉❛t✐♦♥ u ✇❤❡r❡

t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❝❧♦❝❦ y ✐s 101✱ s♦ ✇❡ ❤❛✈❡ y ≤ 100
10

= 0.9 ✭t❤❡ ❝♦♥str❛✐♥t ✐♥

t❤❡ tr❛♥s✐t✐♦♥✮ ❛♥❞ y ≤ 100
5
= 0.8 ✭t❤❡ ❝♦♥str❛✐♥t ✐♥ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ st❛t❡ q2✮✳

❙♦ ✇❡ ❤❛✈❡ (101, 1, appr , 0.8) ∈ ftr⊼(train)✱ (101, 1, appr , 0.72) ∈ ftr⋆(train)✱



❛♥❞ (101, 1, appr , 0.7) ∈ ftrf(train) ❚❤✉s✱ ✐❢ ✇❡ ♦❜s❡r✈❡ t❤❛t ❛♥ ✐♠♣❧❡♠❡♥✲
t❛t✐♦♥ A1 ✈❡r✐✜❡s (101, appr) ∈ tr(A1)✱ ✇❡ ❝❛♥ s❛② A1 fconf/ 0.8

△,⋆ train ❛♥❞

A1 fconf/ 0.8
△,f train✱ ❜✉t ✐t ♠✐❣❤t A1 fconf

0.8
△,⊼ train✳

◆♦✇ ❧❡t ✉s ❢♦❝✉s ♦♥ t❤❡ ❧♦♦♣ ❛♠♦♥❣ t❤❡ st❛t❡s q0✱ q1✱ ❛♥❞ q2✳ ❙✐♥❝❡ t❤❡ ❝❧♦❝❦ x
✐s s❡t t♦ ✵ ✐♥ ❡❛❝❤ tr❛♥s✐t✐♦♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛❝❡s ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ ❛♥② ♣❛rt✐❝✉❧❛r
t✲♥♦r♠✱ t❤❛t ✐s✱ ❢♦r ❛♥② t✲♥♦r♠ △ ✇❡ ❤❛✈❡

(20, 1, appr , 1)(10.02, 1, cross, 0.9)(4, 1, cross, 1)
(20, 1, appr , 1)(10.01, 1, cross, 0.95)(2.98, 1, cross, 0.9) ∈ ftr△(train)

■❢ ✇❡ t❛❦❡ t❤❡ ❝❡rt❛✐♥t② ✈❛❧✉❡s ♦❢ t❤❡ tr❛❝❡ ❛♥❞ ✇❡ ❝♦♠♣♦✉♥❞ t❤❡♠ ✉♥❞❡r t❤❡
❞✐✛❡r❡♥t t✲♥♦r♠s✱ ✇❡ ❤❛✈❡

[[⊼]](1, 1, 1, 0.9, 1, 1, 1, 1, 1, 0.95, 1, 0.9) = 0.9
[[f]](1, 1, 1, 0.9, 1, 1, 1, 1, 1, 0.95, 1, 0.9) = 0.77
[[⋆]](1, 1, 1, 0.9, 1, 1, 1, 1, 1, 0.95, 1, 0.9) = 0.76

❚❤❡r❡❢♦r❡✱ ✐❢ ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ A2 ❡①❤✐❜✐t t❤❡ tr❛❝❡

(20, appr)(10.02, cross)(4, cross)(20, appr)(10.01, cross)(2.98, cross) ∈ tr(A2)

❲❡ ❝❛♥ s❛② t❤❛t A2 fconf/ 0.9
f,△ train ❛♥❞ A2 fconf/ 0.9

⋆,△ train❀ ❜✉t A2 ✐s st✐❧❧ ❛
❝❛♥❞✐❞❛t❡ t♦ ❝♦♥❢♦r♠s t❤❡ ❢✉③③② ❛✉t♦♠❛t♦♥ ✇✐t❤ r❡s♣❡❝t t❤❡ ●ö❞❡❧ t✲♥♦r♠✱ t❤❛t
✐s✱ ✐t ♠✐❣❤t A2 fconf

0.9
⊼,△ train✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢ t❤❡ ❧♦♦♣ ❝♦♥t✐♥✉❡s ✇✐t❤ t✐♠❡

♠❡❛s✉r❡♠❡♥ts ♦✉ts✐❞❡ t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡ ❝♦♥str❛✐♥ts✱ ❧✐❦❡ ✐♥ t❤❡ tr❛❝❡ ❛❜♦✈❡✱ t❤❡
❣❧♦❜❛❧ ❝r❡❞✐❜✐❧✐t② ❝♦♥t✐♥✉♦✉s❧② ❞❡❝r❡❛s❡s ✉♥❞❡r t❤❡ ❾✉❦❛s✐❡✇✐❝③ t✲♥♦r♠ ❛♥❞ t❤❡
♣r♦❞✉❝t t✲♥♦r♠ ❡✈❡♥ ✐❢ ❡❛❝❤ s✐♥❣❧❡ ❝r❡❞✐❜✐❧✐t② ✐s ❛❜♦✈❡ ❛♥② t❤r❡s❤♦❧❞✳ ❚❤✉s✱ t❤❡r❡
✇✐❧❧ ❜❡ ♥♦ α ∈ [0, 1] s✉❝❤ t❤❛t A2 fconf

α
f,△ train ♦r A2 fconf

α
⋆,△ train✳ ❖♥ t❤❡

❝♦♥tr❛r②✱ ✐❢ ❡❛❝❤ s✐♥❣❧❡ ❝r❡❞✐❜✐❧✐t② ✐s ❛❜♦✈❡ t❤❡ 0.9 t❤r❡s❤♦❧❞✱ ✇❡ ❝♦✉❧❞ ❤❛✈❡ t❤❛t
A2 fconf

0.9
⊼,△ train✳

✺ ❚r❛♥s❢♦r♠✐♥❣ ❢✉③③② ❛✉t♦♠❛t❛

■♥ t❤✐s ❙❡❝t✐♦♥ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ♣r❡s❡♥t ❛ tr❛♥s❢♦r♠❛t✐♦♥ ❢r♦♠ ❢✉③③②✲t✐♠❡❞ ❛✉✲
t♦♠❛t♦♥ ✐♥t♦ ♦r❞✐♥❛r② t✐♠❡❞ ❛✉t♦♠❛t♦♥✳ ❚❤✐s tr❛♥s❢♦r♠❛t✐♦♥ ✐s ✉s❡❞ t♦ ❝❤❛r❛❝✲
t❡r✐③❡ t❤❡ ❢✉③③② r❡❧❛t✐♦♥s ✐♥ t❡r♠s ♦❢ ♦r❞✐♥❛r② t✐♠❡❞ ❛✉t♦♠❛t❛✳ ❍❡♥❝❡✱ ✇❡ ❝❛♥
t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❛❧❧ t❤❡ t❤❡♦r② ❛♥❞ t♦♦❧s ❞❡✈❡❧♦♣❡❞ ✇✐t❤✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢
t✐♠❡❞ ❛✉t♦♠❛t❛✳ ❚❤❡ ❜❛s✐❝ ✐❞❡❛ ✐s t♦ ❛♣♣❧② ❛ s②♥t❛❝t✐❝❛❧ α✲❝✉t t♦ t❤❡ ❛✉t♦♠❛t♦♥
❝♦♥str❛✐♥ts✳ ▲❡t ✉s ✜rst r❡♠❛r❦ t❤❛t t❤✐s α✲❝✉t ❞♦❡s ♥♦t ✇♦r❦ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳
❚♦ ✉♥❞❡rst❛♥❞ t❤❡ r❡❛s♦♥ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✳

❊①❛♠♣❧❡ ✸✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢✉③③② r❡❧❛t✐♦♥ C = x ≤ 5
0.2

⋆y ≤ 7
0.4

✳ ❚❤❡♥ t❤❡
s❡t cut0.8(C) ❝❛♥♥♦t ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ ✐♥❡q✉❛❧✐t✐❡s✳ ❲❡ ❤❛✈❡

cut0.8(C) = {(a, b) | a ≤ 5 ∧ b ≤ 7} ∪
{(a, b) | a ≤ 5 ∧ 7 < b ≤ 7.32} ∪
{(a, b) | 5 < a ≤ 5.16 ∧ b ≤ 7} ∪
{(a, b) | 5.2 ≥ a > 5 ∧ 7.4 ≥ b > 7 ∧ (1− a−5

0.2 )(1− b−7
0.4 ) ≥ 0.8}



❚❤✐s s❡t ❝❛♥♥♦t ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ ❝♦♥❥✉♥❝t✐♦♥s ❛♥❞ ✐♥❡q✉❛❧✐t✐❡s s♦ ✐t
❝❛♥♥♦t ❜❡ ♣❛rt ♦❢ ❛ ❝♦♥str❛✐♥t ♦❢ ❛ t✐♠❡❞ ❛✉t♦♠❛t❛✳

❇✉t ■❢ ✇❡ t❛❦❡ t❤❡ ●ö❞❡❧ t✲♥♦r♠ ✐♥st❡❛❞ ♦❢ t❤❡ ♣r♦❞✉❝t t✲♥♦r♠ ✇❡ ❤❛✈❡

cut0.8(x ≤ 5
0.2

⊼ y ≤ 7
0.2

) = {(a, b) | a ≤ 5.12 ∧ b ≤ 7.32}

❚❤❛t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ ✐♥❡q✉❛❧✐t✐❡s ❛♥❞ ❝♦♥❥✉♥❝t✐♦♥s✿ x ≤ 5.16 ∧ y ≤
7.32✳ ❙tr✐❝t❧② s♣❡❛❦✐♥❣✱ t❤✐s ✐s ♥♦t ❛ t✐♠❡❞ ❝♦♥str❛✐♥t ❡①♣r❡ss✐♦♥ s✐♥❝❡ 5.32 ❛♥❞
7.36 ❛r❡ ♥♦t ✐♥t❡❣❡rs✳ ❚❤✐s ✐s ♥♦t ❛ r❡❛❧ ♣r♦❜❧❡♠ s✐♥❝❡ t❤❡ ❧♦❝❛t✐♦♥s ❛♥❞ ❛❝t✐♦♥s
❛r❡ ✜♥✐t❡ s❡ts✱ t❤❡r❡❢♦r❡ t❤❡ ❛♠♦✉♥t ♦❢ ♥✉♠❜❡rs ❧✐❦❡ t❤♦s❡ ✐s ✜♥✐t❡✳ ❍❡♥❝❡✱ ✐♥
♦r❞❡r t♦ ❝♦♥s✐❞❡r t❤❡♠ ✐♥t❡❣❡rs ✐t ✐s ❡♥♦✉❣❤ t♦ ❝♦♥s✐❞❡r ❛ t✐♠❡ ❝❤❛♥❣❡ ✉♥✐t✳ ⊓⊔

❚❤✐s ❡①❛♠♣❧❡ s❤♦✇s t❤❛t ✐❢ ✇❛♥t t♦ ♠❛❦❡ ❛ tr❛♥s❢♦r♠❛t✐♦♥ t❤❛t ❦❡❡♣s t❤❡ α✲
❝✉ts✱ ✇❡ ❤❛✈❡ t♦ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ ❢✉③③② ❝♦♥str❛✐♥ts ✇❤❡r❡ t❤❡ ♦♥❧② ❛♣♣❡❛r✐♥❣
t✲♥♦r♠ ✐s t❤❡ ●ö❞❡❧ ♦♥❡✳

❉❡✜♥✐t✐♦♥ ✶✶✳ ❆ ❢✉③③②✲●ö❞❡❧ ❝♦♥str❛✐♥t ✐s ❛ ❢♦r♠✉❧❛ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣

❇✳◆✳❋✳✿

C ::= True | C1 ⊼ C2 | x ⊲⊳ nλ | x− y ⊲⊳ n
λ

✇❤❡r❡ △ ✐s ❛ t✲♥♦r♠✱ ⊲⊳∈ {≤,=,≥}✱ x, y ∈ Clocks✱ λ ✐s ❛ ♥♦♥✲♥❡❣❛t✐✈❡ r❛t✐♦♥❛❧

♥✉♠❜❡r✱ ❛♥❞ n ∈ ■◆✳

▲❡t fA ❜❡ ❛ ❢✉③③②✲t✐♠❡❞ ❛✉t♦♠❛t♦♥✳ ❲❡ s❛② t❤❛t ✐s ❛ ●ö❞❡❧ ❢✉③③②✲t✐♠❡❞ ❛✉✲
t♦♠❛t♦♥ ✐❢ ❛❧❧ t❤❡ ❢✉③③② ❝♦♥str❛✐♥ts ❛r❡ ❢✉③③②✲●ö❞❡❧ ❝♦♥str❛✐♥ts✳ ⊓⊔

❋♦r ❢✉③③②✲●ö❞❡❧ ❝♦♥str❛✐♥ts ✇❡ ❝❛♥ ❣❡♥❡r❛❧✐③❡ ✇❤❛t ✇❡ ❤❛✈❡ ♦❜s❡r✈❡❞ ✐♥
❊①❛♠♣❧❡ ✸✳ ❲❡ ✜rst ❞❡✜♥❡ t❤❡ s②♥t❛❝t✐❝❛❧ α✲❝✉t ♦❢ s✉❝❤ ❝♦♥str❛✐♥ts

❉❡✜♥✐t✐♦♥ ✶✷✳ ▲❡t C ❜❡ ❛ ❢✉③③②✲●ö❞❡❧ ❝♦♥str❛✐♥t ❛♥❞ ❧❡t α ❜❡ ❛ r❛t✐♦♥❛❧ ♥✉♠❜❡r

✐♥ t❤❡ ✐♥t❡r✈❛❧ [0, 1]✱ t❤❡♥ ✇❡ ✐♥❞✉❝t✐✈❡❧② ❞❡✜♥❡ t❤❡ α✲❝✉t ♦❢ C ❛s✿

cutα(C) =















True ✐❢ C = True

x ⊲⊳ n+ α · λ ✐❢ C = x <= nλ, ⊲⊳∈ {≤,=,≥}
x− y ⊲⊳ n+ α · λ ✐❢ C = x− y <= n

λ
, ⊲⊳∈ {≤,=,≥}

C1 ∧ C2 ✐❢ C = C1 ⊼ C2

⊓⊔

◆♦✇ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t cutα(C) ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ α✲❝✉t ♦❢ t❤❡ ❢✉③③② ❝♦♥✲
tr❛✐♥t C✳ ❚❤❛t ✐s✱ t❤❡ s❡t ♦❢ ❝❧♦❝❦s t❤❛t ❣✐✈❡ ❛ s❛t✐s❢❛❝t✐♦♥ ❣r❛❞❡ ❣r❡❛t❡r t❤❛♥ α
✐s t❤❡ s❛♠❡ t❤❛t ♠❛❦❡s t❤❡ ❢♦r♠✉❧❛ cutα(C) tr✉❡✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ▲❡t C ❜❡ ❛ ❢✉③③②✲●ö❞❡❧ ❝♦♥str❛✐♥t ❛♥❞ ❧❡t α ❜❡ ❛ r❛t✐♦♥❛❧ ♥✉♠❜❡r

✐♥ t❤❡ ✐♥t❡r✈❛❧ [0, 1]✳ ❚❤❡♥ u � cutα(C) ✐❢ ❛♥❞ ♦♥❧② ✐❢ µC(u) ≥ α✳
Pr♦♦❢✳ ■t ✐s str❛✐❣❤t❢♦r✇❛r❞ ❜② str✉❝t✉r❛❧ ✐♥❞✉❝t✐♦♥ ♦❢ C✳ ⊓⊔

◆♦✇ t❤❛t ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ●ö❞❡❧✲❢✉③③② ❝♦♥str❛✐♥ts ❜❡❤❛✈❡ ♣r♦♣❡r❧②
✇❤❡♥ ❛♣♣❧②✐♥❣ t❤❡ α✲❝✉ts✱ ✇❡ ❝❛♥ ❡①t❡♥❞ t❤❡ ❝♦♥❝❡♣t t♦ ●ö❞❡❧ ❢✉③③② ❛✉t♦♠❛t❛✳



❉❡✜♥✐t✐♦♥ ✶✸✳ ▲❡t fA = (L, l0, E, I) ❜❡ ❛ ●ö❞❡❧ ❢✉③③②✲t✐♠❡❞ ❛✉t♦♠❛t♦♥ ❛♥❞ ❧❡t

α ❜❡ ❛ r❛t✐♦♥❛❧ ♥✉♠❜❡r ✐♥ t❤❡ ✐♥t❡r✈❛❧ [0, 1]✳ ❲❡ ❞❡✜♥❡ t❤❡ ❛✉t♦♠❛t♦♥ cutα(fA)
❛s t❤❡ ❛✉t♦♠❛t♦♥ (L, l0, Eα, Iα)✱ ✇❤❡r❡ Eα ❛♥❞ Iα ❛r❡ ❞❡✜♥❡❞ ❛s✿

✕ (l, a, cutα(C), r, l′) ∈ Eα ✐✛ (l, a, C, r, l′) ∈ E✳
✕ ■❢ Iα(l) = cutα(I(l))✳ ⊓⊔
❋✐rst ✇❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t t❤❡s❡ tr❛♥s❢♦r♠❛t✐♦♥s ❛r❡ ❝♦rr❡❝t✱ t❤❛t ✐s t❤❡

♦❜t❛✐♥❡❞ ❛✉t♦♠❛t♦♥ ❝♦♥❢♦r♠s t❤❡ ❢✉③③② s♣❡❝✐✜❝❛t✐♦♥✳ ❚❤❡ ❝♦♥❢♦r♠❛♥❝❡ r❡❧❛t✐♦♥s
✐♥ ❉❡✜♥✐t✐♦♥ ✶✵ ♥❡❡❞ t✇♦ t✲♥♦r♠s✱ ♦♥❡ t♦ ❞❡✜♥❡ t❤❡ ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ♦❢
❢✉③③②✲t✐♠❡❞ ❛✉t♦♠❛t❛✱ ❛♥❞ ❛♥♦t❤❡r ♦♥❡ t♦ ❝♦♠❜✐♥❡ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ♦♣❡r❛t✐♦♥❛❧
s❡♠❛♥t✐❝s✳ ❆❣❛✐♥✱ t❤❡ t✲♥♦r♠s ✇❡ ♥❡❡❞ ❛r❡ t❤❡ ●ö❞❡❧ t✲♥♦r♠✳ ❚♦ ♣r♦✈❡ ✐t ✇❡ ✜rst
♥❡❡❞ ❛♥ ❛✉①✐❧✐❛r② ❧❡♠♠❛ t❤❛t r❡❧❛t❡s t❤❡ tr❛♥s✐t✐♦♥s ♦❢ ❛ ❢✉③③②✲t✐♠❡❞ ❛✉t♦♠❛t❛
❛♥❞ t❤❡ ♦♥❡s ♦❢ ✐ts α✲❝✉t✳

Pr♦♣♦s✐t✐♦♥ ✸✳ ▲❡t fA = (L, l0, E, I) ❜❡ ❛ ●ö❞❡❧ ❢✉③③②✲t✐♠❡❞ ❛✉t♦♠❛t♦♥ ❛♥❞ ❧❡t

α ❜❡ ❛ r❛t✐♦♥❛❧ ♥✉♠❜❡r ✐♥ t❤❡ ✐♥t❡r✈❛❧ [0, 1]✳ ❚❤❡♥✿

✶✳ (l, u)
d−−→ (l, u+d) ✐s ❛ tr❛♥s✐t✐♦♥ ♦❢ t❤❡ ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ♦❢ cutα(fA) ✐❢

❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts α′ ≥ α s✉❝❤ t❤❛t (l, u)
d−−→ α′ (l, u+d) ✐s ❛ tr❛♥s✐t✐♦♥

♦❢ t❤❡ ⊼✲♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ♦❢ fA✳
✷✳ (l, u)

a−−→ (l′, u′) ✐s ❛ tr❛♥s✐t✐♦♥ ♦❢ t❤❡ ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ♦❢ cutα(fA) ✐❢

❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts α′ ≥ α s✉❝❤ t❤❛t (l, u)
a−−→ α′ (l′, u′) ✐s ❛ tr❛♥s✐t✐♦♥

♦❢ t❤❡ ⊼✲♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ♦❢ fA✳

Pr♦♦❢✳ ❚❤❡ ✜rst t❤✐♥❣ ✇❡ ❤❛✈❡ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ✐s t❤❛t t❤❡ t✐♠❡ ❝♦♥str❛✐♥ts ♦❢
cutα(fA) ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ t❤❡ α✲❝✉ts✳ ❍❡♥❝❡ t❤❡ ✐♥✈❛r✐❛♥t ♦❢ ❛ ❧♦❝❛t✐♦♥ l
✐♥ t❤❡ ❛✉t♦♠❛t♦♥ cutα(fA) ✐s Iα(l) = cutα(I(l))✳ ❆❧s♦✱ ❜② Pr♦♣♦s✐t✐♦♥ ✷ ✇❡ ❤❛✈❡
µI(l)(u) ≥ α ✐❢ ❛♥❞ ♦♥❧② ✐❢ u � Iα(l)✳ ❙♦ ✇❡ ❤❛✈❡ ♣❛rt ✶✳

❋♦r ♣❛rt ✷✱ ✇❡ ❛❧s♦ ❤❛✈❡ t♦ ❝♦♥s✐❞❡r t❤❛t t❤❡ tr❛♥s✐t✐♦♥s ♦❢ t❤❡ ❛✉t♦♠❛✲
t♦♥ cutα(fA) ❤❛✈❡ t❤❡ ❢♦r♠ (l, a, cutα(C), r, l′) ✇❤❡r❡ (l, a, C, r, l′) ✐s ❛ tr❛♥✲
s✐t✐♦♥ ♦❢ fA✳ ▲❡t ✉s r❡❝❛❧❧ t❤❛t ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r t❤❡ ●ö❞❡❧ t✲♥♦r♠ t♦ ❜✉✐❧❞
t❤❡ ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ♦❢ fA t❤❡r❡❢♦r❡ (l, u)

a−−→ α′ (l′, u′) ✐❢ ❛♥❞ ♦♥❧② ✐❢
α′ = min(µI(l′)(u[r]), µI(l)(u))✳ ❚❤❡r❡❢♦r❡ µI(l′)(u[r]) ≥ α′ ≥ α ❛♥❞ µI(l)(u) ≥
α′ ≥ α✳ ❆❣❛✐♥ ❜② Pr♦♣♦s✐t✐♦♥ ✷✱ t❤❛t ✐s tr✉❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ u[r] � cutα(I(l

′)) ❛♥❞
u � cutα(I(l))✳ ⊓⊔
Pr♦♣♦s✐t✐♦♥ ✹✳ ▲❡t fA ❜❡ ❛ ●ö❞❡❧ ❢✉③③②✲t✐♠❡❞ ❛✉t♦♠❛t♦♥ ❛♥❞ ❧❡t α ❜❡ ❛ r❛t✐♦♥❛❧

♥✉♠❜❡r ✐♥ t❤❡ ✐♥t❡r✈❛❧ [0, 1]✳ ❚❤❡♥ cutα(fA) fconfm
α
⊼,⊼ fA

Pr♦♦❢✳ ❋r♦♠ t❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥ ✇❡ ❤❛✈❡ (d1, a1) · · · (dn, an) ∈ tr(cutα(fA))
✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐st αi, βi ≥ α s✉❝❤ t❤❛t (d1, α1, a1, β1) · · · (dn, αn, an, βn) ∈
ftr⊼(fA)✳ ❋r♦♠ ✇❤✐❝❤ t❤❡ r❡s✉❧t ✐s ✐♠♠❡❞✐❛t❡✳ ⊓⊔

❋r♦♠ t❤✐s ♣r♦♣♦s✐t✐♦♥ ✇❡ ❣❡t t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ❙❡❝t✐♦♥✿ ✐♥ ♦r❞❡r t♦ ♣r♦✈❡
✐❢ s♦♠❡ ❛✉t♦♠❛t♦♥ ❝♦♥❢♦r♠s ❛ ❢✉③③② s♣❡❝✐✜❝❛t✐♦♥ ✐t ✐s ❡♥♦✉❣❤ t♦ ❝♦♥s✐❞❡r t❤❡
α✲❝✉t ♦❢ t❤❡ ❢✉③③② ❛✉t♦♠❛t♦♥✳

❚❤❡♦r❡♠ ✶✳ ▲❡t A ❜❡ ❛♥ t✐♠❡❞ ❛✉t♦♠❛t♦♥✱ fA ❜❡ ❛ ●ö❞❡❧ ❢✉③③②✲t✐♠❡❞ ❛✉t♦♠❛✲

t♦♥✱ ❛♥❞ α ∈ [0, 1]✳ ❚❤❡♥

✕ A fconf
α
⊼,⊼ fA ✐✛ A≤tr cutα(fA)

✕ A fconfm
α
⊼,⊼ fA ✐✛ A≤tr cutα(fA) ❛♥❞ cut1(fA)≤tr A✳ ⊓⊔



✻ ❈♦♥❝❧✉s✐♦♥s

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ ❛ ❢♦r♠❛❧✐s♠ t❤❛t ❞❡❛❧s ✇✐t❤ t✐♠❡ ❜② ✉s✐♥❣
❢✉③③② ❧♦❣✐❝✳ ■♥ ♦✉r ♦♣✐♥✐♦♥✱ t❤✐s ✐s ❛♥ ✐♠♣♦rt❛♥t ❢❡❛t✉r❡ s✐♥❝❡ ✐t ✐s ❞✐✣❝✉❧t ✭✐❢ ♥♦t
✐♠♣♦ss✐❜❧❡✮ t♦ ❤❛✈❡ ❛ ♣❡r❢❡❝t ❛♥❞ ❡①❛❝t ♠❡❛s✉r❡♠❡♥t ♦❢ t✐♠❡✳ ❚❤❡r❡ ❤❛✈❡ ❜❡❡♥
♠❛♥② ✐ss✉❡s ❛❜♦✉t t❤❡ ♥❛t✉r❡ ♦❢ t✐♠❡ ✐♥ ❢♦r♠❛❧ ♠❡t❤♦❞s✱ s♣❡❝✐❛❧❧② ✐❢ ✐t s❤♦✉❧❞
❜❡ ❝♦♥s✐❞❡r ❛ ❞✐s❝r❡t❡ ♦r ❞❡♥s❡ ❡♥t✐t②✳ ❚❤❡s❡ ✐ss✉❡s ❞♦ ♥♦t ❤❛✈❡ s❡♥s❡ ✐♥ ❛ ❢✉③③②
❢r❛♠❡✇♦r❦ ❜❡❝❛✉s❡ ✇❡ ❛r❡ ❛ss✉♠✐♥❣✱ s✐♥❝❡ t❤❡ ❜❡❣✐♥♥✐♥❣✱ t❤❛t ✇❡ ❞♦ ♥♦t ❤❛✈❡
❛♥ ❡①❛❝t ♠❡❛s✉r❡♠❡♥t ♦❢ t✐♠❡✳ ❆❧t❤♦✉❣❤ t❤❡s❡ ♠❡❛s✉r❡♠❡♥ts ❛r❡ ✐♠♣r❡❝✐s❡✱ t❤❡
❢✉③③② ❢r❛♠❡✇♦r❦ ♣r♦✈✐❞❡s ❛ ♣r❡❝✐s❡ ♠❡❛s✉r❡♠❡♥t ♦❢ t❤✐s ✐♠♣r❡❝✐s✐♦♥✳

❚❤✐s ✇♦r❦ ❤❛s ❜❡❡♥ ❢♦❝✉s❡❞ ✐♥ t❤❡ ❛✉t♦♠❛t❛ ❢r❛♠❡✇♦r❦✳ ❆s ✇❡ ❤❛✈❡ ♠❡♥✲
t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ t❤✐s ❢✉③③② ❧♦❣✐❝ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ s✉❝❝❡ss❢✉❧❧② ✐♥
t❤❡ ❧✐t❡r❛t✉r❡✳ ❍♦✇❡✈❡r✱ ❛s ❢❛r ❛s ✇❡ ❦♥♦✇ t❤✐s ✐s t❤❡ ✜rst t✐♠❡ ✇❤❡r❡ t❤❡ ❢✉③③✐✲
♥❡ss ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡ ✐♥ t❤❡ t✐♠❡ ❞♦♠❛✐♥ ♦❢ t❤❡ ❛✉t♦♠❛t❛✳ ❲❡ ❤❛✈❡ ❞❡✜♥❡❞
t❤❡ ❝♦♥❝❡♣t ❢✉③③②✲t✐♠❡❞ ❛✉t♦♠❛t❛ ❛♥❞ ❞❡✜♥❡❞ ❛ ❝♦♥❢♦r♠❛♥❝❡ r❡❧❛t✐♦♥✳ ❚❤❡ ❝♦♥✲
❝❡♣t ♦❢ t✲♥♦r♠ ♣❧❛②s ❛ ❝❡♥tr❛❧ r♦❧❡ ✐♥ ❜♦t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❛✉t♦♠❛t❛ ❛♥❞
t❤❡ ❝♦♥❢♦r♠❛♥❝❡ r❡❧❛t✐♦♥✳ ❆♠♦♥❣ t❤❡ ❞✐✛❡r❡♥t t✲♥♦r♠s ✇❡ ❤❛✈❡ ❞✐s❝♦✈❡r t❤❛t
t❤❡ ●ö❞❡❧ t✲♥♦r♠ ✐s s♣❡❝✐❛❧❧② ✐♠♣♦rt❛♥t✳ ❇② ✉s✐♥❣ ✐t✱ ✇❡ ❝❛♥ ❛♣♣❧② ❛ s②♥t❛❝t✐❝❛❧
α✲❝✉t t♦ t❤❡ ❢✉③③②✲t✐♠❡❞ ❛✉t♦♠❛t❛ ❛♥❞ r❡❞✉❝❡ t❤❡ ❢✉③③② ❝♦♥❢♦r♠❛♥❝❡ r❡❧❛t✐♦♥s
t♦ ❝♦♥❢♦r♠❛♥❝❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ♦r❞✐♥❛r② t✐♠❡❞✲❛✉t♦♠❛t❛✳

❚❤✐s ♣❛♣❡r ❤❛s ❛ ♥✉♠❜❡r ♦❢ ♦♣❡♥ ❧♦♦s❡ ❡♥❞s t❤❛t ✇❡ ♣❧❛♥ t♦ ❛❞❞r❡ss ✐♥ t❤❡
❢✉t✉r❡✳ ■♥ ✜rst ♣❧❛❝❡✱ t❤❡ ❝♦♥❢♦r♠❛♥❝❡ r❡❧❛t✐♦♥s ❛r❡ ♥♦t ❝♦♠♣❧❡t❡❧② s❛t✐s❢❛❝t♦r②✳
❲❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ t✇♦ ❝♦♥❢♦r♠❛♥❝❡ r❡❧❛t✐♦♥s✿ fconfα△1,△2

❛♥❞ fconfm
α
△1,△2

✳ ❚❤❡
✜rst ♦♥❡ ❝♦rr❡s♣♦♥❞s ❞✐r❡❝t❧② t♦ tr❛❝❡ ✐♥❝❧✉s✐♦♥ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ❝❧♦s❡r t♦
tr❛❝❡ ❡q✉✐✈❛❧❡♥❝❡✳ ❚❤❡ ✜rst ♦♥❡ ❤❛s t❤❡ s❛♠❡ ♣r♦❜❧❡♠s ❛s t❤❡ tr❛❝❡ ✐♥❝❧✉s✐♦♥❀
✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ♦♥❡ ❤❛s ❛ ❝♦♥❝❡♣t✉❛❧ ♣r♦❜❧❡♠ ❜❡❝❛✉s❡ ✇❡ r❡q✉✐r❡ t❤❛t ❝❡rt❛✐♥
❢✉③③② ❢♦r♠✉❧❛ ❤❛s ❛ s❛t✐s❢❛❝t✐♦♥ ❣r❛❞❡ ♦❢ 1✳ ❲❡ ❞♦ ♥♦t t❤✐♥❦ t❤✐s ✐s ✈❡r② ❛❞❡q✉❛t❡
✐♥ ❛ ❢✉③③② ❡♥✈✐r♦♥♠❡♥t ❛♥❞ ✇❡ ❛r❡ ✇♦r❦✐♥❣ ✐♥ ❛♥ ❛❧t❡r♥❛t❡ ♣♦ss✐❜✐❧✐t②✳

❆♥♦t❤❡r ✐♠♣♦rt❛♥t ✐ss✉❡ t♦ ❛❞❞r❡ss ✐s t♦ ✐♠♣❧❡♠❡♥t ❛ s♦❢t✇❛r❡ t♦♦❧✳ ■♥ ❙❡❝✲
t✐♦♥ ✺✱ ✇❡ ❤❛✈❡ r❡❞✉❝❡❞ t❤❡ ❢✉③③② r❡❧❛t✐♦♥s t♦ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ♦r❞✐♥❛r② ❛✉✲
t♦♠❛t❛✳ ❙♦✱ ✇❡ ❝❛♥ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❛❧r❡❛❞② ❡①✐st✐♥❣ s♦❢t✇❛r❡ t♦♦❧s t♦
✈❡r✐❢② t❤❡ ❢✉③③② r❡❧❛t✐♦♥s✱ ✇❡ ❛r❡ ❛❧r❡❛❞② ✇♦r❦✐♥❣ ✐♥ ❛ t♦♦❧ t❤❛t ♣❡r❢♦r♠s t❤✐s
t❛s❦✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s t❤❛t t♦ ♣❡r❢♦r♠ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ✇❡ ❝❛♥ ♦♥❧② ✇♦r❦ ✇✐t❤
●ö❞❡❧ t✲♥♦r♠s✳ ❆♣❛rt ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ✇♦r❦ ✇✐t❤ ❛♥♦t❤❡r
t✲♥♦r♠s✱ ✇❡ t❤✐♥❦ ✇❡ ❝❛♥ ❛❞❞r❡ss t❤✐s ♣r♦❜❧❡♠ ✐♥ ❛♥ ❛❧t❡r♥❛t✐✈❡ ✇❛②✳ ❚❤❡ ❡①✐st✲
✐♥❣ t♦♦❧s ❢♦r t✐♠❡❞ ❛✉t♦♠❛t❛ ❧✐❦❡ ❯♣♣❛❛❧ ❬✹❪ ♣❡r❢♦r♠ ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t✐♠❡ t♦
tr❛♥s❢♦r♠ ❛ t✐♠❡❞ ❛✉t♦♠❛t♦♥ ✐♥t♦ ❛ ♥♦♥✲t✐♠❡❞ ❛✉t♦♠❛t♦♥✳ ❲❤❛t ✇❡ ♣❧❛♥ ✐s t♦
t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❢✉③③✐♥❡ss t♦ tr② t♦ ❛✈♦✐❞ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t✐♠❡✳

❆❝❦♥♦✇❧❡❞❣♠❡♥ts✳ ❲❡ ❧✐❦❡ t♦ ❡①♣r❡ss ♦✉r ❣r❛t❡❢✉❧♥❡ss t♦ t❤❡ ❛♥♦♥②♠♦✉s
r❡✈✐❡✇❡rs ❢♦r t❤❡✐r ✈❛❧✉❛❜❧❡ ❝♦♠♠❡♥ts✳ ❲❡ ❛❧s♦ ✇❛♥t t♦ ❛♣♦❧♦❣✐③❡ t♦ t❤❡♠ ❢♦r
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