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DATA ASSIMILATION OF TIME UNDER-SAMPLED MEASUREMENTS USING
OBSERVERS, THE WAVE-LIKE EQUATION EXAMPLE

NicOLAE CINDEA!, ALEXANDRE IMPERIALE2 AND PHILIPPE MOIREAU?

Abstract. We propose a sequential data assimilation scheme using Luenberger type observers when
only some space restricted time under-sampled measurements are available. More precisely, we consider
a wave-like equation for which we assume known the restriction of the solution to an open non-empty
subset of the spatial domain and for some time samples (typically the sampling step in time is much
larger than the time discretization step). To assimilate the available data, two strategies are proposed
and analyzed. The first strategy consists in assimilating data only if they are available and the second
one in assimilating interpolation of the available data at all the discretization times. In order to tackle
the spurious high frequencies which appear when we discretize the wave equation, for both strategies,
we introduce a numerical viscous term. In this case, we prove some error estimates between the exact
solution and our observers. Numerical simulations illustrate the theoretical results in the case of the
one dimensional wave equation.
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1. INTRODUCTION

The discipline of data assimilation historically appeared in the context of meteorology and oceanography
— see for example the surveys [5,28] — but has also reached new fields of research for instance in life sciences [9].
The two main ingredients in a data assimilation formulation are the model and the data. On the one hand,
the model regroups physical information on the system under consideration encapsulated in a mathematical
dynamical system — mostly based on (nonlinear) evolution partial differential equations in the data assimilation
community — and allows after discretization to simulate various configurations of interest. However, the model
contains a various range of potential errors, for example: on the operator driving the dynamical system, on the
boundary conditions or on the initial conditions. On the other hand, the data bring complementary and valuable
information on the studied system but they are often partial — in space and time — and are likely to be corrupted
by the noise inherent to any measurement process. Data assimilation aims at providing a reconstruction of the
(observed) real trajectory by coupling the information contained in the model and in the data, hence filtering
their respective uncertainties.

To reach this goal several strategies have been considered which could be classified into two main families.
The two approaches can be considered in a stochastic or deterministic formalism but we will focus here on
the deterministic one. On the one hand, the variational approach popularized by the 4D-Var method [22],
consists, in essence, in minimizing a — usually least square based — cost function integrating during a period
of time a compromise between (1) some a priori on the model and initial conditions and (2) the observation
discrepancy between the actual measurements and the synthetic data produced by the model. This cost function
is minimized under the constraint of the model dynamics with, in most cases, the help of a descent algorithm
involving successive iterations of the model and the dynamics of the so-called adjoint variable. On the other
hand, there is the family of filtering methods, where the discrepancy between the simulated system and the
data at hand acts in time as a controlled correction of the dynamics of the simulated system to adjust its
trajectory to the pursued trajectory. The resulting system is often called an observer of the exact trajectory
in the deterministic context — more often referred to as an estimator in the stochastic context. The evolution
satisfied by this observer is written in a general form of a dynamical system with a feedback law based on
the discrepancy between the model and the data. The most popular observer is the Kalman filter formulated
by equivalence with an optimal criterion minimization for finite dimensional systems or infinite dimensional
systems [4, 20], hence applicable to any system. However it ultimately leads to operators which are after
discretization numerically intractable. As an alternative for this “curse of dimensionality”, numerous strategies
have been proposed for example the Ensemble Kalman Filter [15] or Reduced Order Kalman-like filters [34].
In the specific context of the conservative wave-like equation, however, several works [7,23,27,31] have rather
proposed simplified but effective feedback laws directly based on the physical properties of the system at hand
which stabilize at a certain rate — potentially sub-optimal — any errors. This idea follows the path proposed by
Luenberger’s work [25] for finite dimensional systems and is popularized for PDEs with the nudging appellation
as initiated in [1,19] — a complete historical perspective can be found in [21].

In general, these observers are defined in an abstract continuous-time framework assuming that the model
and the data are available at any time. This clearly represents the asymptotic of any real configuration where in
general the data are time-sampled. Eventually the model should be considered with its time-discretization which
has no reason to be dependent of the time-sampling of the data. Therefore, we must analyze the impact of the
data discretization in the observer definition. In particular, we are concerned by coarse data in time with respect
to the model discretization and we will specifically focus in this work on the specific but fundamental case where
the data have a constant time-sampling which is much larger than the model time-step. As an illustration, we
can cite the case of image sequences assimilation for cardiovascular systems — described e.g. in [6] — where the
time-sampling of the data is of one or two orders of magnitude larger than the model time-step discretization.
Facing this situation, we can think of two alternatives. The first one — considered for example in [27] — consists in
interpolating the data in time in order to regenerate a time-continuous sequence which can then be compatible
with any time discretization of the model. This approach is very attractive from an abstract standpoint, and,
therefore, can be directly analyzed in the light of the literature about the time-discretization of time-continuous
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observer — typically in our case following the works [2,12,13,16,30]. However it is at the price of an additional
time-interpolation error perturbing the observer dynamics as any other measurement noise. This perturbation
has the consistency of the data sampling period. Moreover, the resulting observer is non-causal and, therefore,
can not integrate the data in real-time. A second approach — often used in practice without even mentioning
it — is to compute the discrepancy only when the data are available. This intermittent correction is potentially
error free but may induce correction shocks which limit the stabilization of the error between the observer
trajectory and the pursued trajectory. We mention that the stability of some dissipative partial differential
evolution equations with intermittent damping was recently studied in [17].

In this paper, we address the issue of analyzing a data assimilation procedure where an intermittent feedback
law is defined and compared to a procedure where a time interpolation of the data is considered. The comparison
is carried out both theoretically — since convergence estimates are provided in both cases — and numerically
— using a simple one-dimensional wave equation model. Indeed, we restrict our analysis to the specific case of
a wave-like system and the Luenberger associated observer proposed in [27]. However, this work is intended to
illustrate how the data time-sampling influences the definition of any data assimilation sequential strategy.

The outline of the paper is as follows. In Section 2 we introduce the observer methodology in the case of
wave-like systems and we propose two types of time discretization presented in a general form. In Section 3
we provide convergence estimates of both observers. Section 4 and Section 4.2 are then devoted to numerical
illustrations where (1) we analyze the spectra of the stabilized operators appearing in the dynamical systems
satisfied by the estimation error in order to provide an optimal gain for both observers and (2) we provide time
simulations which illustrate the robustness of the two strategies in mainly two different contexts: a first one
with low data noise but high sampling period, and a second one with reasonable sampling period but noisy
data.

2. DISCRETE-TIME OBSERVER DESIGN

2.1. Nudging for wave-like systems

We consider in this work a general class of second order hyperbolic systems in bounded domain characteristic
of wave equations or elasticity systems. These models typically correspond to simplified situations of those
encountered in the cardiac modeling context, where a heart mechanical model is registered on coarse data
obtained from a sequence of few medical images [6]. Formally, we introduce a Hilbert space H endowed with
the inner product (-,-) and we denote by | - | the associated norm. Then, we define a self adjoint operator
Ao : D(Ag) — H, positive-definite with compact resolvent and we consider the general class of systems

(1) + Agw(t) = 0,
(1)
U)(O) :w0+C0, 'LU(O) = w1 +C1,

where & denotes the time derivative of any variable z, ({p,{;) represent some potential errors on the initial

conditions and (wg,w;) are some known a priori. We point out that (1) represents a conservative system and,
therefore, any errors on the initial conditions are conserved in time. Denoting by

(1) = (58) e X =D(AS) x H,

we can rewrite (1) as a first-order system
z(t) = Az (1), t>0

x(0) = 2 + ,
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T

where xg = (wo wl) , (= (Co Cl)T and A:D(A) —» X is defined by

L 0 1
D(A) =D(Ao) x D(Ag), A= (—Ao 0)~
On this system we consider a particular target system x, associated with a specific unknown (,. Moreover, we
assume that some measurements z — also called observations — are available and defined by

2(t) = Hao(t), t>0, (3)

where H € L(X, Z) is the so-called observation operator and Z is the Hilbert space associated with the obser-
vations endowed with its norm | - |z. For the sake of simplicity, we restrict ourselves to bounded observation
operators but a more general class of admissible observation operators can also be considered [35]. The obser-
vation operator can be applied to any solution of (2) and we assume that the pair (A, H) is exactly observable
in a time Typs > 0, i.e. there exists a constant Cops > 0 such that every solution of (2) satisfies

Tobs
[ 201 dt> Conslz (), a(0) € x. ()

In order to benefit from the available data z(t) and considering only the available a priori zy that we have
on the initial condition, we consider the Luenberger observer Z(t) [7] — see also similar formulations in [13,31]
— estimating x4 (t) from the dynamics

Z(t) = AZ(t) + vH* (2(t) - HZ(t)), t>0

(5)
7(0) = o,

where H* € L(Z,X) is the adjoint of the observation operator and v > 0 is a gain parameter. We justify the
use of this observer by noticing that the estimation error T(t) = z.(t) - Z(t) satisfies the — damped — dynamics

(t)=(A-yH*H)Z(t), t>0
(6)
#(0) = G-

Provided that H satisfies (4) it is well known — see e.g. [24] — that the error is exponentially stable, namely
there exist two constants M >0 and p > 0 such that

|Z(®)|x < Mexp(-pt)[Z(0)|x,  ¢>0. (7)

Remark 2.1. In the filtering strategy described by (5) we see that the initial dynamics (2) is modified by a
feedback law where the so-called gain operator is, here, simply given by G = yH*. In comparison, in the context
of Kalman filtering [4,32], the gain is given by G = P(t)H*, where P(t) € L(X, X)) satisfies the Riccati equation

P=AP+PA*-PH*HP, P(0)=DPy,

in the mild sense.

Remark 2.2. We may distinguish in the wave-like equation context two classes of observation operators. The
one corresponding to velocity observations, namely H = (0 Ho), and the one corresponding to the direct
observation of the field, i.e. H = (Ho O). It should be noted that in the context of poor time resolution of the
data the two cases are indeed two independent situations since the data cannot be differentiated with respect to
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time without dramatically amplifying the measurement noise. We point out that the exponential convergence
of these two classes of observers have been demonstrated. The first one is standard see [10,18,26]. The second
one is less classical since the adjoint H* induces a modification of the identity between the time-derivation of
the field and the velocity. This observer can therefore only be considered as a virtual system and has been
demonstrated to converge in [7,8]. Ultimately the exponential convergence of both observer systems requires
the geometric control conditions to be satisfied — see [3] for the wave equation and [11] for the elasticity system.

2.2. Discrete-time observer

In the first section, we have introduced an abstract observer which assumes that the data at hand are available
at any time. However in practice, they are time-sampled and we want to study the influence of their discretization
in the definition of the observer. In this respect, we decide to directly introduce the time-discretization avoiding
the technicalities induced by potential Dirac distributions associated with the data time-sampling. However,
we should consider an observer time-discretization which conserves at the time-discrete level — and uniformly
with respect to the time-discretization — the stability properties of the estimation error. Unfortunately, when
discretizing in time systems such as (6) spurious high-frequency modes may arise provoking the loss of the
uniform decay rate of the error —see e.g. [13,36,37]. These modes cannot be captured by the localized observation
operator, thus leading to a loss of uniform observability. In other words, a direct discretization of the observer
(5) for example using conservative mid-point rule

n+1

vl o7 :A(x +7 )+7H*(Z +z"_H(§jn+1+§5n)) .

2 2

may not satisfy at the discrete-level a time-discrete counterpart of the observation inequality (4) of the form

Nobs
> 1Al > Con (Junl? g +Junl?) o)
n=0 D(Ag)

2
0

Note that in (8) we still avoid to consider the time sampling of the data and denote by
2" = Hzo(nAt), (10)

a discrete (in time) observation potentially available at any model time-step.

To circumvent the loss of observability at a time-discrete level, authors in [13] propose two main options. The
first possibility is to impose a (restrictive) CFL condition that discards these undesired high frequency modes.
The second option consists in adding an artificial viscous term consistent with the order of the numerical scheme
and responsible for the dissipation of the spurious modes — see also [30,33] for a similar proposition. Note that it
is also possible to define specific compatible spaces and discretizations — with, for example a mixed formulation
for the space discretization — that offer uniform stabilization properties, see, for example [2] or [14] and reference
therein. However, these discretizations are less usual and thus more intricate to use in practical applications.
Among the various possibilities detailed in [13], we retain for instance the discretization

Zfi”l _:,Eq: quiwl +§;\7+L
At = A( 3 ), n>0
T’fn+1 _:,Lvn+1
L %+1H*(zn+1 - H’fij“) T A2 >0 (11)

w
~0 _ 0
Ty = s

w1
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where some numerical viscosity is introduced with the specific viscous operator (suggested by [13])

2 [-A 0
2 5) (12)

and 15, controls the amount of this numerical viscosity. In order to respect the order of consistency of this time
scheme — and as advised in [13] — we ought to set 14, = O(At?). This time discretization can be understood as
a prediction-correction scheme where the dynamics of the model leading to Z" is then corrected by computing
a model-data interaction to produce Z7.

Once the time discretization of the observer is chosen, we can go back to our considerations on the data time-
sampling. Here, we should first point out that the observation inequality (9) can be expected to be obtained
from its continuous counterpart (4) only with a time discretization step small enough so that there are several
time steps included in the characteristic time associated with the smallest frequency of the system. Otherwise,
we could imagine a degenerate situation where the measurements are considered at the exact same frequency
than a system mode making it unobservable, see also [17] about the observability of intermittent stabilized
systems. This condition on the data sampling will be assumed to be satisfied in the rest of the article. We
define (j,)ren € N as a strictly increasing sequence of natural numbers so that the available measurements are

2" = z(jrAt), reN. (13)

We then consider two strategies to introduce these time-sampled data in (11). The first one is to consider the
data only when they are available, hence in essence v, = 0 when the data 2™ is not available. The second one
consists in interpolating the data to generate an approximated 2™ for all n. We summarize these two strategies
by

=n+l _ =n =n+l | =n

" ZC+ T~ +.’I}+
- A , n>0
At ( 2 )
’a’?’”l _’j"+1
+ A - _ 5n+1,YH><- (dn+1 _ Ha,}.*:_z-%—l) + VAcA2f:—L+17 n>0 (14)
~0 _ Wo _=
Ty = (wl) Zo,

where (6™ )neny and (d”)peny will be referred to as the switching coefficients and the interpolated data respectively.
For the first idea — named on/off switch and where the correction term only appears when measurements are

available — we have
1 z" if3reN:n=y
n _ mn _ T
0" = { 0 "= { 0 otherwise. (15)
The second choice where we interpolate in time the data reads, in the particular case of linear interpolation,
=1 Vn, d"=MzT+1+(1—M)zT Jr <0< et (16)
Jr+1 = Jr Jr+1 = Jr

Then in the next sections, we propose to study the convergence of the time-discrete observer given by (14)-(15)
— see Theorem 3.2 — and given by (14)-(16) — see Theorem 3.6.

Remark 2.3. There is also an exact counterpart at the time-discrete level of the popular Kalman observer
mentioned in Remark 2.1. The resulting time-discrete observer for the system (2)-(3) — called Kalman-Bucy



TITLE WILL BE SET BY THE PUBLISHER 7

estimator [20] — is also based on a prediction-correction paradigm reading

’.f’,“—l = A +1| ’.f{n
Predicti . nnT 17
( redie lon) {Pf+1 = An+l\nPfA:L+1\na ( )
) forHl _ Zfi”l + AtPn+1H>¢-(Zn+1 _ HZUVLLJJ),
(Correction) {P}“ (P :H*H)‘l, (18)

where we denoted by A,,,1},, the state transition operator corresponding to a stable and consistent discretization
of the dynamical system (2) for instance in the case of a mid-point discretization

At (- At
Apiapn = (1= 54) (1 + 514).

One can prove — see e.g. [29] — that the time-discrete observer derives from seeking the minimum value of the
functional
J(@0) = LEol2a + LS |k - Hab A 19
(To) = STl p1 + |2" = Ha" |z A, (19)
2 °© 25

with z* subject to z* = Ak|k,1xk_1 and z° = xg + ¥. Hence, an on/off version of the Kalman-Bucy observer

corresponds to the minimum of the adequately adjusted functional

i 1 s 1 - s 1 . .
J@) = 1Tl + 5 3 12"~ Ha 3G ~3r) A, (20)
r=1
with
cnp=card{j, 1<j<n, §;=1}. (21)

We expect that the proof that we will present for the nudging observer can be directly adapted to the Kalman
approach, hence justifying in the general context of sequential data assimilation methods the choice of inter-
polating or intermittently filtering the under-sampled data or continuously filtering a reconstructed data by
interpolation.

3. CONVERGENCE ESTIMATE FOR THE ESTIMATION ERROR

3.1. Convergence estimate for the on/off switch

Let us define the corrected estimation error by
0 = ze(nAt) - T, (22)
and the corresponding predicted estimation error by
7" =z (nAt) -T", (23)

where z, is the exact solution of (2) and Z% and " satisfy (14)-(15). We start by giving the dynamical system
satisfied by this estimation error in the following proposition.
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Proposition 3.1. Assuming that xo € D(A3) x ’D(A ), the estimation errors defined by (22) and (23) satisfy
the following discrete dynamical system

S 2 ToTH Ty n+l
At = A( 5 ) +e™,
g’:zﬁrl "%’TL‘FI (24)

where the consistency terms are

n+1 AtZ

A3( o(t n)—%x.(rn)), with ty, 1, € [nAt; (n+ 1)At],
(25)

e =y Az, ((n+1)At).

Proof. Starting from the definition of the predicted estimation error and from the correction phase of the
observer (14) we obtain

T = o ((n+ DAY —Z + 5" A H (4™ - HEY) + 10, At A2
_ (]l + 6"+1At'yH H)~n+1 AtAtA2An+1
= (L+ 6" AtyH* H — 15, AtAH) T — Ate™!,

which is exactly the second equation in (24). Secondly, to obtain the remaining equation it suffices to notice
that
T -7 z.((n+1)At) —z.(nAt) T -7
At At At
Hence, using a first-order finite difference approximation of &.((n + 1)At), from the above equality — assuming
enough regularity on the initial condition — we can assure that there exist a time t,, and a time r,, € [nAt; (n +
1)At] such that

T T da((n+ 1)AL) + e (nAt) ’f?*l—’a?’j At?
A 5 TTAT ( To(tn) - (rn))

Therefore, from (2) and the first equation of (14) we conclude the proof. O

From this first result we can now give the convergence estimate for the on/off observer in the specific but
fundamental case where the data have a constant time-sampling which is much larger than the model time-step.

Theorem 3.2. Let A be a skew-adjoint operator with compact resolvent and H € L(X,Z) be a bounded linear
observation operator such that the observability inequality (4) holds. Assume that there exists a strictly positive
integer N such that

er2pr——n>07, = rNAt, neN, (26)
3
where (j)ren is the sequence appearing in (13). Then, for every xzo € D(A3) x D(AZ) there exist positive
constants My, po(N), Cy and Ca, independent of At € (0,1) and n, such that T} solution of (24) satisfies
At
1 - exp(-popAt)

|77 2 < Mo exp(—puocn At) | Fo x + (A*Cy +14.Co), (27)
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where ¢, is given by (21), and, using (26) is equal to lNJ, and p=—.
n

Proof. From the system (24) we can explicitly compute 7™ function of @7, ¢"*! and "' by the following
relation

T = P Q T + At(Prsre™ ! + Rypiel ™), (28)
where P,,, Q, R, € L(X) are given by

n . o1 At 7!
P = (1 + 8"V ACH H — Atig, A) (]l—?A) ,
Q:1+%A,

R = (1+6"yAtH H - Aty A%) ™

Note that since both semigroups generated by operators (1, A% —yH*H) and A respectively are semigroups of
contraction we have that P, and R,, are well defined and |P, | z(x) <1 and |R,|zcx) < 1. Hence, using this
notation we can write (24) as follows

n n-1 7
7 = (H ij) H+AtY (H P; Q) (Prie™™ + Romicl™). (29)
j=1

i=0 \j=1

Remark that if 6" = 0 then P,,Q is the operator driving the system

':E'erl_T‘z :A(T}+1+ﬁ)
At 2 ’

T (30)
At = At + )

~0 _ —~
T, =g~ To,

The product of non-commutative operators, involving or not the feedback, interferes with a direct use of the
exponential results obtained in [13]. However, the proof made in [13], where observations are available at
each time step can be directly adapted — using also [12] — with a similar decomposition between low and high
frequencies. The low frequencies can still be controlled by our intermittent feedback as soon as the frequency
cut-off is chosen with respect to the maximum data sampling time-step. Then, the resulting high frequencies
are handled by the numerical viscosity which acts at every time-step At. We refer to Appendix A for a complete
proof of the existence of the two positive constants My and pg, with pg depending on N, such that

< My exp(-pocn,At), neN. (31)
L(X)

f[l(Pj Q)

Combining (29), (31) and the fact that |Py|z(x) <1 and [Ry,|zcx) <1, we obtain the following estimate

n-1

|75 2 < Mo exp(-poca At) [Z9 2 + At 3 exp(-poci At) (" + e~ )

=0

At . .
max ([']x + [}, x).

< M, —pocn At) |7V | 2 +
0 exp(—pocn AL)[| Ty x 1 — exp(—popAt) 1<isn
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Finally, from (25) combined with the conservation of the energy associated with (2), we obtain the final esti-
mate (27) of Theorem 3.2 with

5
Cl = EHASI‘OH;\{ and 02 = ‘|A2$0Hx. (32)
U

The estimate (27) gives the convergence (in the energy norm) of the time semi-discrete observer (14) to the
solution of the continuous system (2) when n - oo and At — 0. Moreover, this estimate provides an explicit
dependence between the error and the ratio p associated with the sampling frequency. Considering (26) to be
satisfied the data time-sampling is a constant equal to AT = NAt, and

At
AT’

Therefore if AT is large with respect to At, then p is close to zero , the first term of the estimate (27) right-
hand side ¢, tends to 0, and the second term is O(AT(At? + 14,)). Therefore the overall asymptotic estimate
reads

|&7 2 = O(My + AT (At + Zﬂt ).

From this asymptotic estimate, we see in the estimate (27) that the numerical viscosity coeflicient appears as
a consistency term, which is consistent with the fact that this artificial term is in fact a perturbation of the
standard and consistent discretization of (2). For this reason we clearly understand why the viscosity coefficient
should be kept 15, = O(At?). Furthermore, the term My indicates that the initial condition error can not be
stabilized. Moreover even if My = 0 we see that the data time-sampling AT control the error estimate. If AT is
typically of the same order of magnitude as the global simulation time T, we retrieve the standard numerical error
estimate which deteriorates with the simulation time. We point out that when p = 1 we retrieve the estimate
in [8] which first exhibit the gain offered by data assimilation strategies in numerical analysis estimates. More
precisely, in this particular case, authors in [8] have shown that the numerical error between the exact solution
and the numerical solution is bounded and independent of the total simulation time. The input of data in the
observer dynamics balances the accumulation of numerical errors. When p # 1, this remark is still valid but the
time-sampling of the data also governed the estimation. We provide in Section 4.2 a numerical illustration of
this phenomenon.

The result obtained in Theorem 3.2 can be extended to take into account potential data noise. For instance,
let us consider the case of additive noise so that (10) becomes

2" = Hxe(nAt) + x(nAt), (33)
where x is a time dependent function belonging to Z. In the case of the intermittent observer, the second
equation of System (24) reads

am+l _ ~m+l
% = MUy HHF Y 4 A2 4 e 4 5 Ly (4 1) AG). (34)

The data noise directly enters as a source term in the estimation error dynamical system, hence the demonstra-

tion proposed in Theorem 3.2 directly applies, entailing the following estimate

At
1 - exp(—popAt)

1775 | 2 < Mo exp(—pocn At)|Zol a0 + (A?Cy +1a,Co +7C3  max  |x(iAt)]z), (35)
1 -1

m
<i<n|d?
where C; and Cy are as in Theorem 3.2 and Cj is given by

Cs=|H"|zczx) (36)
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Remark 3.3. Theorem 3.2 can be extended to obtain error estimates for a fully discrete observer, combining
(14) with Galerkin method. The idea is to adapt the proof of Theorem 3.2 using the method described in [8].

Remark 3.4. We believe that Theorem 3.2 could be extended in order to tackle non-constant time-sampling
rates, in particular as soon as the ratio between two measurements and the time discretization step is bounded
with respect to time. In any case we should carefully investigate what it is the “good” distribution of the
samples such that all the system frequencies are stabilized.

3.2. Convergence estimate using interpolated observations

Similarly to what we have proposed for the on/off strategy we analyze the time-discrete observer that assim-
ilates interpolated data — i.e. System (14)-(16). For the sake of clarity we will use the same notation for the
estimation error, namely

T4 = ze(nAt) - T (37)
for the corrected estimation error and
7" = x4 (nAt) - T" (38)

for the predicted estimation error.

3
Proposition 3.5. Assuming that xo € D(A}) x D(AZ) then the estimation error defined by (37) and (38)
satisfies the following discrete dynamical system

Lo 0 - — A( - 2+ Ty ) + €n+1,
firn+1 _:,im+1 (39)
+ A - — —’}/H*Ha,ﬂﬁ—l +Z/AtA2'j:L+1 +€'II’/L+1 +’)/H*€3+1,

~0 _ —
Ty =Ty — Xo,

n+1

where e"*' and e

are given by (25) and €4 is the interpolation error, namely
e = Hr,((n+1)At) —d™. (40)

Proof. From the definition of the predicted estimation error and from the correction phase of the observer (14)
we obtain

T = g ((n+ 1)AL) =2 + Aty H* (d™! - HT"M) + 1, At AT
= (1 + AtyH* H)TP + 5 AtAT 4 Aty H* (d" - Hzo((n + 1)At))
= (1+ AtyH*H — 15, AtA?)F — Ate™™ - AtyH* et

What remains of the proof follows the demonstration of Proposition 3.1. g

We can now give the convergence estimate in the case of interpolated data and, as a first step, we do not
make assumptions on the type of interpolation scheme.

Theorem 3.6. Making the same assumptions on A, H and x¢ than Theorem 3.2 and denoting by

eal = max =iz,

we can state that there exist positive constants My, pg, C1, Co and Cs, independent of At € (0,1) and n, such
that,
At

= 2
1 eXp(—,qut) (At Cl + VAtCQ + 703|Ed|). (41)

|78 [ 2 < Mo exp(-ponAt) [Fof x +
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Proof. From the discrete dynamical system (39) satisfied by the estimation error we can extract the explicit
relation

fvn+1 UVWI’ +At(UV5"+1 +u€n+1 +7H* n+1) (42)
where U, V, W e L(X) are given by
U=(1-Atn A% +yAtH H)
(11 - gA) ,

W = 1+§A

1%

Following the same arguments as for Theorem 3.2

At
[ < Mo exp(-ponAt) [ e + s (max il + max <) +9Ca max il z) . (43)
1 —exp(-poAt) \1<izn
Hence we obtain the desired results with C; and Cy expressed in (32) and C3 given by (36). O

Note that estimate (41) directly follows intuition since, as we could imagine, when only few data are available
the interpolation error naturally increases hence the right-hand side of (41) grows larger. Moreover, the gain ~
appears as a coefficient on this part of the upper-bound which clearly implies that the interpolation error enters
in the observer dynamical system as some additive noise on the data. To finally illustrate this phenomenon we
propose to give an a priori bound of the interpolation error in the case of linearly interpolated data.

Proposition 3.7. If we associate the sampling time (t.)ren € N to the sampling time steps (jr)ren € N, by
t, = j. At and if we denote by
AT oz = max{tr+l - tr}7
r>0
then there exists a constant Cy depending only on the observation operator H and the initial condition xo such
that
leal < Ca AT, (44)

Proof. To simplify the presentation we first focus our attention on the interval [to,¢1]. To start with we remark
that d* in (16) can be written as

dZ_H(ZAt to
t1—to

na(t2) + (1)) (15)
t
Furthermore, there exists rg € [to,iAt] and ry € [iAt,¢;] such that
. . . U (to —iAt)?
Zo(to) = e (1AL + tg — 1AL) = 24 (1AL) + (o — 1AL)de (1AL) + .
(t1 zAt)

Eo(r0),

x.(tl) = l‘.(iAt +t1 — ZAt) = JZ.(iAt) + (tl - zAt)x.(zAt) + (’/‘1)

Therefore, replacing xz4(tg) and x.(t1) in (45) we obtain
(tl - iAt)(to - ’LAt) + (ZAt - to)(tl ’LAt)

t1 —to

(1At ~to) (t1 —iAL)*
2(t1 —to) ! (rl))

d'=H (x.(iAt) + io(iAL)

(t1 —iAt) (to — iAL)? ..
211 —to) Zo(r0) +
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hence
; oon o [ (B —iA) (to — iAL)? (iAt —to)(t1 —iAt)?
d —Hx.(zAt)_H( 2tr 1) Fo(ro) + 2t —10) x.(m)).

Using now the conservation of the energy associated with (2) this leads to

(1At —t9)%(t1 —iAt) + (1At — to) (t; — iAt)?
2(t1 —to)

leglz < 1H | zx,2) | A% 20 2

and therefore

t1 —to)?
B0 g2 (46)

We conclude the demonstration by giving the expression of the constant, namely

lealz < 1Hl 2ex,2)

1
Cy= gHHHE(X,Z) |A%z0] x-

O

As previously presented for the intermittent observer, the convergence estimate in Theorem 3.6 can be
extended to take into account data noise of the form of (33). In this case, the second equation of the dynamical
system (39) verified by the estimation error of the observer using interpolated data becomes

'fn+1 _ 'i:n+1

“'Ait— _ _,)/H*Hfjﬂ;wl i VAtA2fi($+1 4 €Z+1 i ,YH*EZ)J;’ (47)
where
z-:sfxl = (1-T)Hz.((n+1)At) = Ix((n +1)At) =™ = Ix((n +1)At). (48)

In the previous equation we denoted by Z the interpolation operator which, in the case of linear interpolation, is
given by (16) and by EZ+1 the interpolation error of the observations without noise, as presented in Theorem 3.6.
In a general case, assuming that Z € £L(Z, Z) is a bounded linear operator, the proof of Theorem 3.6 remains
valid, so that the estimate (41) reads

|2 | 2 < Mo exp(-ponAt)[Fo x
+ - (AC1 + 1. Cp + 1Cled] + 15T max | x(iAt)]z). (49
T ——s 1+ C2 +7Csled| + 703 T 22,2y max [x(iA)[z ). (49)
In the light of Theorem 3.2 and Theorem 3.6 we understand that choosing a strategy — interpolated or on/off
— relies on a compromise between stability and consistency. On the one hand, the observer with intermittent
correction phases bear an exact consistency with respect to the data, however corrections shocks may occur
thus leading to potential instabilities. On the other hand, the observer fed with interpolated data admits a
correction phase at each model time-step — hence its greater stability — but artificially induces noise in the

observer dynamical system due to data interpolation error.

4. NUMERICAL ILLUSTRATIONS

We proceed in this section with the illustration of our theoretical results on a simple 1D wave model. Our
objective is to show how the two strategies can offer two different alternatives depending on the data sampling.
Namely, the on/off time discretization is a consistent formulation with respect to the data sampling whereas
the interpolated strategy ensures a stability at every time-step. We will proceed with two classes of numerical
results. First we will present a spectrum analysis to numerically demonstrate the stability properties of the
proposed feedback laws. This will in particular help us to fix the optimal gains of each method with respect
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to the other. Secondly, we will present time evolution of the estimation errors for various sources of initial
uncertainties in order to show the impact of the data time-sampling in practical data assimilation procedures.
The example of the one-dimensional wave equation reads

w(x,t) — wee(x,t) =0, (z,t) € (0,1) x (0,00)
wy(0,1) = w,(1,¢) =0, te(0,00) (50)
w(x,0) = wo(z) + (o), x€(0,1)
w(x,0) =wi(x) + (1 (), x€(0,1).
In this setting we have
H =L%*(0,1),

D(Ap) = {weH'(0,1) | wze € £7(0,1)},
Agw = —Wyy, w € D(Ayp).

It is easy to see that this particular case fits exactly in the abstract framework described in Section 2. Concerning
the observations, we follow the example presented in [8] and we assume that

28 = w(s By tE(0,00), (51)
with wp =]0.3,0.7[c (0,1) an open and non-empty interval. Hence, the observation space reads
Z = ’Hl(wo). (52)
Following [7] we endow Z with the inner-product
Vi, pa e H' (wo) (01,02) z = (Bxtu, (01), Extu (92)) 201 (0,1) - (53)
where the extension operator u = Ext,,, () € H'(0,1) is defined for all ¢ € H'(wp) as the solution of
~Upy =0, x € (0,1)\wo
U=, T €Wy
Uz (0) =ug(1) =0.

For the inner-products (-,-) z and (-,-)g1 (g 1), one can prove [7] that the adjoint of the observation operator is

. |Z2-#'(0,1)
O] oo Extu, (9),

-

and therefore the observer, decomposed into T = (117 v)T7 reads

W=7+ yExty, (2 = @y ),
TU.\: wxw;

Wy|z=0 = We|z=1 =0,

Wl¢=0 = wo,

mt:O =Wy
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FIGURE 1. Evolution with respect to the viscous coefficient vy, of the spectrum of the
operator driving the continuous-time dynamical system for a fixed value of the gain v =5 and
a space step of h = ﬁ. In (black O) the operator without numerical viscosity, and in (gray
¢ ) with numerical viscosity.

4.1. Spectral analysis

As the Luenberger filter aims at stabilizing the estimation error system it is natural to assess the quality of
the gain filter by evaluating its damping impact on the otherwise conservative system. Following [25], this can
be done after full discretization by observing the evolution of the poles of the stabilized operator in both cases,
namely using time interpolation or the on/off switch.

To start with, the most natural spectrum to analyze is certainly the spectrum associated with the time-
continuous observer formulation, namely with only its spatial discretization. Then, the numerical results can
be compared to the existing literature in particular with [8,27]. This case is the asymptotic limit of the time
discretization and should be considered as our ultimate goal when we expect to produce the most accurate
simulations. We will then see the impact of the time discretization in a second set of results. Note that we
must proceed with caution here since the on/off time discretization is in essence a time-discrete strategy where
we have to compose different operators over the sampling period.
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4.1.1. Spectral analysis of the continuous-time observer

Firstly, we comment the loss of uniform stability after discretization and our choice of an added numerical
viscosity to circumvent this limitation. In fact, after spatial discretization, the estimation error dynamical
system (6) reads

T (t) = (An = vHy Hp )T (1), (54)
where A, and H}, are consistent discretization — w.r.t a space step h — of the model and the observation operator.
In practice, for our numerical experiments we have chosen a reasonable space discretization of h = ﬁ. Even
though the observability inequality (4) is satisfied at a continuous level, this discretization procedure already
produces — similarly to what we have mentioned in the case of time discretization — some spurious modes
inducing the loss of the exponential stability of (54) — see [13]. To circumvent this difficulty we have introduced
some artificial viscosity for the time discretization which should also take into account the spatial discretization.
When At - 0 we obtain the time-continuous error dynamics studied in [13], namely

éh(t) = (Ah - ’}/H;;Hh + l/hAi):’fh(t). (55)

Therefore, we start our numerical investigations with Figure 1 where we plot the evolution of the spectrum of
the operator driving the dynamical system (55) w.r.t. various values of the artificial viscosity coefficient. These
spectra are compared with the spectrum of the operator without numerical viscosity. By these examples we
illustrate — in the particular case of the spatial discretization of 1D wave equation using first order finite element
method — the creation of spurious high-frequencies that cannot be stabilized by the feedback operator H; H},.
Hence, stabilizing the complete frequency range is then performed by decomposing the tasks. The feedback
operator manages the low frequencies whereas the high frequencies are controlled by the numerical viscosity.
It should be noted, however, that since this artificial viscosity corresponds to a perturbation of the standard
discretization of the problem it should be kept as low as possible. In practice the choice of the coefficient vy,
can be done with an a priori knowledge (or estimation) of the frequencies appearing in the specific problem of
interest. However, in the rest of our following investigation we will keep a numerical viscosity strong enough to
produce unclouded figures.

Secondly, we discuss the well known overdamping effect which constraints the optimal choice of the gain. We
plot in Figure 2 the spectra for various values of the gain parameter v — in (black O) the operator without
numerical viscosity and in (gray ¢) the operator with numerical viscosity. We fix in these examples v, = hZ.
As the gain increases, the frequencies, after being shifted towards the left half plane, start to go back to the
imaginary axis. This is particularly critical for the low frequencies. This effect is crucial when choosing an
adequate value of the gain with an order of magnitude of

")/"’\/5(,00

with wg the lower frequency of the system, see [27]. This indicates that, first, even in the unrealistic case of an
outstanding data-to-noise ratio, the gain cannot be chosen “as large as possible”. In other words, after some
particular value of the gain the ability of the observer to stabilize these low frequency modes looses its efficiency.
Hence, the choice of the gain is a compromise between the different range of frequencies we aim at stabilizing.
In our work we opt for a sort of “mean” strategy by choosing v such that a maximum of frequencies are shifted
significantly to the left half plane without compromising too much the low frequencies which are more present
in the potential errors in practice. As an example in Figure 2 we choose 7 = 9.

4.1.2. Spectral analysis of the discrete-time observers

Once we have understood the behaviour of the time-continuous observer and chosen a target optimal gain
we can now proceed to the numerical study of our different choices of time-discretization. Firstly, we evaluate
the relation between the optimal gain found in the time-continuous framework and the sampling period. In
this purpose, we need to define the two transition operators driving the homogeneous equivalent of system (39)
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FI1GURE 2. Evolution with respect to the gain v of the spectrum of the operator driving the
continuous-time dynamical system with h = ﬁ and vy, = h%. In (black 0O) the operator
without numerical viscosity, with numerical viscosity in (gray ¢).
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FIGURE 3. Comparison between the spectra of the continuous-time operator (in (black 0))
and the time-discrete observer using interpolated data (in (black O)) with time overkill. The

discretization parameters are h = ﬁ, At = h? and v = h2.

either with numerical viscosity or not, namely

A = (L+yAtH, Hy) (1 - %AtAh)’l(n + %AtAh),

n+lln

AT = (U= Dwd? aaem, 1) (1- 2Aed,) 7 (14 A4,

n+lln

where, if 7 is the solution of the system (39) with e =¢, = ¢4 =0, then

=AY, T
and, if 15, = 0 in (39), then
7 = A:Hunﬁ'
Note that in the definition of Azzlln, the parameter v aims at adjusting the amount of numerical viscosity

in order to discard spurious modes arising from the time discretization but also the space discretization —
see Section 4.1.1. Combining the necessary restrictions arising from both time and space discretization, we
understand that we need to choose here the global viscosity coefficient as

v = O(max{At? h?}).

We now link the eigenvalues o and «,, of the discrete-time observer to the one corresponding to the continuous-
time observer. Therefore, let us denote by A an eigenvalue of the operator A;, —vH; H} to be compared with
«. If we initialize the discrete-time and continuous-time system with the corresponding eigenvectors vy and uy
then (from the explicit form of the dynamics) we obtain that, at a given time nAt

va(nAL) = vy exp(AnAt)

n n
Uy; =UNC,
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1
hence seeking vy (nAt) ~ v}, induces A = n(a). To numerically validate these arguments we plot in Figure 3
the values | |
OgA(:é) (gray ¢) and % (black Q).

In order to be able to compare with the time-continous spectrum we set At = h? — this configuration can be
understood as an overkill in time — and we observe a perfect match between the two plots. In Figure 4 we

170007 T T od B ‘*1! T 0o
' 500

500

—1,000]

FIGURE 4. Comparison between the spectra of the continuous-time operator (in (black 0))
and the time-discrete observer using interpolated data (in (black Q)) with h = W%o’ At=h

and v = At2.

represent a configuration where At = h. Here the spectrum differs from the time-continuous analysis. We see
that additional spurious high frequencies are not controlled by the stabilization operator. This justifies even
more the use of numerical viscosity which allows to keep the gain chosen in the time-continuous setting. But
ultimately, the choice of the gain made with respect to the time-continuous case is very robust to all time-step
discretizations.

We can now move to the analysis of the on/off discrete operator in order to determine the associated optimal
gain. In this perspective it is convenient to seek for the time-continuous limit, therefore we consider a time
overkill situation by setting At = h2. Then, to fix the ideas, we consider the case where AT = 5At, namely

VreN  (Jry1-34r) =5.
We introduce the transition operators from time ¢,, to t,.5 as

1 -1 1 4 " -1 1 -1 1
B s = ((]l—§AtAh) (]1+§AtAh)) ((1+vAtH,"H,) (1-5At4y) (11+§AtAh)),

n+
v -1 1 -1 1 4
Bn15|n = ((]l_AtVAizL) (1_§AtAh) (]]-+§AtAh))

((1-AtwAZ +yatH, Hy,)  (1- %Amh)’l(n + %AtAh)),

and we denote by B and 3,, the corresponding eigenvalues. These operators should be compared to their
equivalent transition operators from time ¢, to t,.5 in the interpolated case, namely the simple composition

and A7

5 v
= (AZ+1|n) n+5n = (A,Y

5
Y
A n+1|n) ’

n+5n
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with corresponding eigenvalues @ and &,. Then, in Figure 5 we show

log(B) , log(5,) .
T(omy 0) and AT (black x),

compared with @ and @, in the time overkill configuration. We set the gain value for the on/off observer

1,000 1,000
500 500
= 0 0 =
E E
~500 ~500
—1000 ~1,000

FIGURE 5. Comparison between the time-discrete on/off observer (in (black x)) and the
time-discrete observer using interpolated data (in (black O)) to illustrate the relation
between the optimal gains in a time overkill context. The complete set of discretization
parameters is as follows: h = Tl)ov At = h?, v =h? and AT = 5At.

five times larger than in the interpolated case and we observe a perfect match. Consequently these numerical
arguments confirm the intuition that, in order to obtain similar damping rates between the two strategies, the
gain value vswitch for the on/off switch needs to be five times larger than the gain value i, for the interpolation
strategy. In a general context we can infer the empirical law

Vswitch _ g
Yint. At

(56)

and we point out that we do not face any overdamping phenomena which could have limited the increase of the
gain in the on/off switch which is an important contribution of our numerical investigations.

Once the optimal gain of each observer is carefully chosen, we can assess their stabilization properties. We
can now analyze a more intricate case where At = h. We continue to fix the ratio AT = 5At and the spectra of
both observers are presented in Figure 6. We observe that additionally to the peculiar form of the spectra more
spurious high frequencies appear, validating once again the use of numerical viscosity. Moreover, concerning
the on/off observer, we remark some high frequencies that are less stabilized. This can be interpreted as an
illustration of the fact that this observer may suffer from a decreased stability on some modes — corresponding
to these high frequencies. At last in Figure 7 we set At = h%2 and AT = 5h. This situation is relevant with
practical cases where the time-step of the numerical algorithm is much lower than the sampling time-step of the
data but more importantly that it is, in essence, meant to reach small values whereas the sampling rate is fixed.
The conclusion stated previously remains valid since we still observe a slight deterioration of the damping of
some high frequency modes for the on/off estimator.

To conclude with this section we can say that the time-continuous spectrum analysis remains a very useful
tool to fix the optimal gain. It is obvious for the time-interpolated configuration but in fact it is also the case
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FIGURE 6. Comparison between the time-discrete on/off observer (in (black x)) and the
time-discrete observer using interpolated data (in (black Q)) with h = 535, At = h, v = At?
and AT = 5At.

with the on/off switch. The only modification with the on/off switch configuration is that we have to multiply
the gain found during the time-continuous spectrum analysis by the ratio of the data time-step over the model
time-step. The stability property is preserved globally and we do not face any overdamping phenomena by
increasing the value of the gain in this case.

200

100

—100

FIGURE 7. Comparison between the time-discrete on/off observer (in (black x)) and the
time-discrete observer using interpolated data (in (black Q)) with h = Wlo’ At =h?, v =h>
and AT = 5h.
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4.2. Assessing robustness from numerical examples
We propose in this section to assess the effectiveness of the two observers using synthetic data. More precisely,

we consider the functions

35— 453 if s €(0,0.5),

453 —125% +9s if s € (0.5,1), (57)

wo(s) = 16s%(1 - 5)2, wi(s) = {

that we use to initiate a direct model of the form of (50). The solution of this direct model can be computed
analytically

w(z,t) =), \/§(ak cos(rkt) + by, sin(rkt) ) sin(rkz),
%
with

2¢/2(7% = 12)(cos(wk) - 1) d be o 48\/58111(%’“)
o kb an ko ik

from which we extract our synthetic observations. Then we simulate the observer where we artificially introduce
some errors by setting
= _ [wo- adw
0= wy )

where dw is a given perturbation of the initial condition (in displacement) and « is a scalar value representing
the perturbation amplitude. Hence, the estimation error dynamical system is initialized with

-l

In our numerical simulation, we set i, = 9, the optimal value discussed in Section 4 and Yswitcn 1S obtained
from the ratio (56).

ar =

N ————an A R L AT T, LN N S S

1072 / =

R PO M o A Pl

172 1%

time (s) time (s)

— On/Off Switch ~ ---- Interpolation Direct simulation

FI1GURE 8. Estimation error with A = ﬁ, At =h, v = At % =20 and a =0.
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Exact solution --- Linear interpolation
O Exact solution samples —-. Cubic interpolation

FI1GURE 9. Illustration of the impact of time interpolation.

4.2.1. Improving standard numerical convergence using observers

First, we propose to consider the case where a = 0, namely we initiate the numerical algorithm with the
exact — up to some projection errors — initial condition. It is well-known that standard numerical schemes lead
to an accumulation of numerical errors thus entailing a deterioration of the numerical solution as the global
simulation time grows larger. This phenomenon is illustrated in Figure 8 where we plot the evolution in time
of the estimation errors. Concerning the observer we set % = 20 and compare the results of both strategies.
We observe that the corresponding estimation errors clearly stabilize to a plateau — during the complete time
window and even for large total simulation time — which is a particular behavior already obtained in [8]. In
this configuration we observe that, due to the data interpolation error the on/off strategy provides a better

numerical solution than the observer using interpolated data.

4.2.2. Assessing robustness to low data availability

In our second numerical experiment, we set % =20, o = 1 and dw(z) = sin(nz) — the first eigenfunction

of the Laplacian operator in the domain. It should be noted that it is not a mode of the stabilized operator
driving the dynamics of the estimation error, hence there are multiple excited modes in this dynamical systems.
The corresponding results are presented in Figure 10 where we can distinguish several slopes — during early
stages of the simulation — in the decay of the estimation error. These slopes correspond to the time constant of
stabilization associated with the various modes initially introduced. In the remaining part of the time window
we observe that both observers reach a plateau — which is identical to the one observed in Figure 8.

In a third numerical experiment, we consider in Figure 11 the configuration where less data are available
on the system by setting % =200. It is striking to remark that the on/off observer clearly fulfills its task by
assimilating data only where they are available thus leading to a great efficiency in the case of highly coarse
time distribution of the observations. On the opposite, the other observer oscillates around a plateau due to
large interpolation errors. To underline the impact of interpolation error, we have eventually change the type
of interpolation by using a cubic interpolation of the data. The resulting sampling is presented in Figure 9.
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FIGURE 10. Numerical results with h = W%m At=h,v= AtQ,% =20, « =1 and &p(s) = sin(7s).
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FIGURE 12. Numerical results with h = ﬁ, At=h,v= Atz,% =20, a = 10? and &p(s) = sin(ms).
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FIGURE 14. Numerical results with h = ﬁ, At = h, v = At?, % =20, =1 and

dw(s) =sin(ws). The data are perturbed with noise as described in (58) with M =2,
{0745 = {55, a5} and {(1{,07) 3 = {(1, 55), (10, 55) }-

We understand that when the cubic reconstruction is better than the linear — here at the end of the time
window — then the final estimation error is lower. However at the beginning of the time window, we see that
the cubic interpolation error is larger than with a simple linear interpolation which is of dramatic consequence
on the estimation error. This also proves that without any idea on the model generating the data, a simple
interpolation scheme is sufficient.

Moreover, we are interested in the case where the ratio % is also set to 200 by decreasing the simulation
time-step and using the same sampling period as in Figure 12. This case is representative of the final goal in
a numerical procedure, namely for a given configuration we hope to increase the precision by diminishing the
model discretization steps. In that case, the results are almost exactly similar to the one presented in Figure 10,
namely the observer fed with interpolated data is less efficient due to large interpolation error — which is identical
to the one introduced in Figure 10 since it only depends on the sampling period as emphasized in Proposition 3.7.

4.2.3. Assessing robustness to data noise and large initial condition errors

In the following experiments we propose to illustrate the robustness of the proposed time-scheme when the
magnitude of initial error increases. In Figure 12, we propose to increase the £2-magnitude of the perturbation
by setting dw(s) = sin(7s) with o = 10? and a sampling ratio % =20. This results in an increase of the potential
high frequencies that are initially introduced in the estimation error dynamics. When looking at the snapshots,
we see that the on/off observer suffers from high frequency oscillations that do not appear in the observer with
the time interpolation scheme. We see here the main advantage of using time interpolation. Namely, since the
dissipation brought by the observation operator is present at every time steps, it benefits from a remarkable
robustness to initial errors. This feature of both observers can be pointed out more clearly when increasing the
H!-magnitude of the perturbation by setting dw(s) = sin(107s) with o = 1. The obtained results are presented



TITLE WILL BE SET BY THE PUBLISHER 29

in Figure 13 where we observe that the intermittent observer fails to fully stabilize the initially introduced high
frequencies in comparison with the observer using interpolated data.

Finally, our last numerical assessment is dedicated to illustrate the impact of additive noise in the data.
Taking into account the space regularity restriction that we have imposed on our measurements, for the analysis
we assume the data take the following form

M
2(x,t) = w(@, t)]w, + Y, Fisin(Kma)l|w,, te (0,00), (58)

=1

where M is a given integer, {Fl}f\fl are random variables following a normal distribution with zero mean and
standard variations of {o/ }M,, whereas {K;}}, are random variables following a normal distribution of mean
and standard variations of {(u, %)}, . In other words, we randomly add to the data some controlled space
high frequencies. The higher the maximum space high frequency M is, the closer we are from a space and time
white noise which limit, when the discretization steps goes to 0, remains very specific to study [4]. One typical
realization of this random experiment is presented in Figure 14. We can observe that both observers loose in
efficiency. The on/off observer has the particularity to present correction shocks, which can be explained by the
fact that its larger gain directly amplifies the weight of the noise in the estimation error dynamical system, as
presented at the end of Section 3.1. As the gain decreases, we observe that these shocks vanish, however the sta-
bilization properties of the estimation error naturally diminish. This phenomenon is also presented in Figure 14.

4.2.4. Conclusions from numerical assessment

Sampling

period On/Off

switch

Observer using
interpolated data

Data noise &
Initial errors

F1cURE 15. Illustration of the different regimes where both observers are more likely to be efficient.

From the various numerical experiments that we have carried out, we can derive general comments on the
estimation procedure and also on the particular observers that we have proposed. First of all, in each presented
case it is always preferable to use the available data. Secondly, we can not expect a precision improvement
better that the time-discretization step of the data, since any procedure designed to fill the gap between two
data steps would only create some noise in the estimation procedure. Concerning the differences between the
intermittent observer and the observer using interpolated data, these numerical experiments, oriented thanks to
the previously presented a priori estimates, enabled to characterize the regimes where both strategies should be
used. As a matter of fact, the on/off switch has shown an incredible robustness to large data time steps compared
to the second observer which efficiency, in that case, is deteriorated by a significant amount of interpolation
error. However, in the case of high initial errors or high data noise, it appears to be more efficient to interpolate
the data, since the subsequently obtained dynamical system will benefit from a stabilizing operator at each time
step. This trade-off is summarized in Figure 15.
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5. CONCLUSION

In t work we have addressed the issue of designing an observer for wave-like systems that is robust when the
data have a coarse distribution in time. To circumvent the data-sampling difficulty we have proposed an on/off
strategy that filters the observation only at the times when they are available. This strategy was theoretically
and numerically analyzed and compared to the case when the data are reconstructed using an interpolation
scheme.

The conclusions are twofold. First we have seen that the interpolation remains valid in the case of reasonable
repartition (in time) of the data and with potentially high levels of noise. This efficiency directly comes from
the presence, at each time step, of the stabilized operator. Secondly, in the case of poor data availability the
on/off switch appears to be quite robust since no interpolation error — otherwise entering as a source term in
the estimation error dynamical system — is introduced.

The authors would like to deeply thanks Dr. Dominique Chapelle for very useful comments on this work and the
reviewers for their careful reading which help us improve the theoretical background of this work.

APPENDIX A. EXPONENTIAL STABILITY RESULT FOR THE ON/OFF SWITCH.

We recall that we consider that there exists a constant ratio between the available data and the time dis-
cretization step AT = NAt. The general case can be deduced directly as soon as the ratio between two
measurements and the time discretization step is bounded with respect to time. For the sake of clarity, we then
denote by 7% = 3*N*k for n >0 and 0 < k < N — 1. We thus consider the following dynamical system

~n,k+1 _ ~nk ~n,k+1 | ~n,k

T T, T_ +T,
=A ., n>0, 0<k<N-1
oA
zfn k+1 %/n,kJrl (59)
* N T W AT 5 Ny HPHTPM Y om0, 0<k<N-1
~n+1,0 _ ~n,N ~n+1,0 _ =n,N
T, =z, , T_ =z,

where

s (1 k=)
k370, otherwise.

~ 1 2
We denote E™F = 3 HfﬁkH the energy associated to the state of system (59). First of all, we prove the

following energy identity.

Proposition A.1. Let ny <ny be two positive integers and let 0 < ky, ko <N —1 be two other integers. If At
is small enough, then the quantity E™* satisfies the following energy inequality

. n2 02 At ezl 2L
Bk pqnt S| HE) +Atum ZZ | Az | + S Aul || AT < Em R (60)

Jj=n1+0k, 0 1=[k1,n1] [i,5]=[k1,m1]
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~n,k+1  ~n,k

RS
Proof. Taking the inner product in X of the first line in (59) with Tt and the inner product of the
/i./n,kJrl 4 i/n,k”rl
second line in (59) with %7 we obtain
E’n,k:+1 _ E"n,k
T "% L0, n>0, 0<k<N-1
At
En,kJrl _ ’E."n,kJrl 5 B
Ly B W /iﬂ:,k+1+x Je+1 A2~nk+1) M(ﬂ7k+l+$ k+1HH~nk+1) n>0, 0<k<N-1
At 2 2
EnJrl,O _ ’E."n,N E’n+1,0 _ En,N
+ =L+ - =L .

If £ # N -1, the second relation in the above system reads as
En,k+1 _ En,k+1
v z

2
+
At

17N 1 1
?t(a:«”?v’“ , A2

1 1 1 .
Or, in this case, 7! = 77F _ Atig, A27F*1 | hence, we obtain

En,k+1 _ En,k+1 2 At 2 2
+T— =i A’i'/_r:’k+1 ’ _ % AZ'j/:-l,kJrl (61)
If kK = N -1, then the same relation becomes
E"n+1,0 _ E"n+1,0 1
+ N — VAt ||A~n+1 OH HHf:H—LO”Q + 5(57}+1’0, (VA¢A2 _ ,YH*H)»f’rJrl-f—l,O).
Or, in this case, 70 = /™10 - At (14,42 - vH*H)Z7°, hence, we obtain
EnJrl,O _ EnJrl,O 9
+ A - =i HAﬁJrl,OH ||HA/n+1 0912 _ ”(VAcAZ _ ’)’H H)A/:—L+1 0”
~n+1,0 ~n+1,0 At 2| A2+ At 2 1.0
<aa [ AT O - SRR A0 - SRR e O
At 2en 410/ | 77 7~n+1,0
+ 5 2w | ATE | HHE
2 At At
< -1 HA%JZ_H—LO” _ 7||H%JZ+1’O | 2 2 ||A2»~Jn+1 OH ’}/QHH*H%#_;H—LO |2
At 1 At
+ SR AT P e T HEO,
Choosing now ¢ = 2y and using the boundedness of the operator H the above inequality becomes
E’n+1,0 _ Ezﬁl,O At 2 2 At
+ ~ < -1 HA.r ~n+1, 0” ||H%JZ+1’O |2 _ 4Z/At AQﬁ’kH — (1 _ 7’7K}2LI*) HH%J:-L+1,0| 2 (62)

* 12:1*
[H* | zcz,x)- O

2
Combining (61) and (62) from [k1,n1] to [ka,n2] and taking At < ———, we obtain (60), with Kg« =
VK

In what follows we prove the following result.
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Theorem A.2. If v =1, =0, then for every § > 0 there exists T5 >0 and kr s > 0 such that, for every T > Ty,

the solution T, of system (59) satisfies

2 2
car 3 |Eef,

nATe[0,T]

ks |77 7" € Cs

where Csyar = span{®; such that |\;| < %} and (®;) is an orthonormal basis formed by the eigenfunctions of
the operator A corresponding to the eigenvalues (\;).

Proof. Here we want to verify that the conditions of Theorem 3.1 in [12] are fulfilled. We introduce
1 -1 1
An,k+1\k: = (]]. - §AtA) (]]. + §AtA),

the transition operator such that

A/n,k+l_A ~n.k
Ly = Ank+1)kT+ -

This transition operator is associated with a conservative system and there exists h : (-R,R) ~ [-7,7] a
smooth strictly increasing function, with R € (0, 00], i.e.

|h(n)|<m, and for every d< R, inf{|h'|(n), |n|<d}>0.

Moreover, @ — 1 and if, (uj,®;) are the eigenvalues and the corresponding eigenvectors of A, i.e. (AP, =

i P;), we have
Ay k1| ®j = exp(idj At At)®; with A\jar = éh(ujAt).
In fact, we have the following lemma.
Lemma A.3. The function h is defined by h(n) = 2arctan(3).
Proof of Lemma. We seek for A\j o4 such that

1+i8ty; ,
ﬁé’uﬁ = eXp(Z)\j7AtAt).
2 M

Hence by introducing the complex oo =1 — i%,uj, we look for

= exp(—iAj arAt) = Aj A = —arg(a) = —atan(

Qlle

We now introduce the conservative transition operator
1 -1 1 N
Apiipno = [(1- 5AtA) (1+ 5AtA) ,

such that
~n+1,0 _ A ~n,0
i = Aptln,0T+

which is the transition operator from one time-step where observations are available to the other. By introducing
this time hy : 1+ Nh(5), we have
1

Ani1n,0®j = exp(idj ar AT)®; with Ajar = )\j,AtEhN(/JjAT).
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h (1)
n

Therefore, hy is also a smooth strictly increasing function satisfying — 1. Hence, the hypotheses of

Theorem 3.1 in [12] are satisfied for the transition operator A, y),,,0, which implies that for every ¢ > 0 there
exist T5 > 0 and k7. 5 > 0 such that, for every T' > Tj, the solution T of system (59) satisfies

~n+1,0 | ~n,0 2

Jra +7,

0,0
9 ’ Ty eC(S/AT'

PP sar ¥
nATe[0,T]

Recalling that AT = NAt, there exists kr s > 0 such that

brs [0 <o Y |a
nATe[0,T]

~0,0
Ty € Cé/AT'

The main result of this appendix is the following theorem.

Theorem A.4. There exist two positive constants po and vy such that the energy associated to system (59)
satisfies _ _
E™F < jigE™0 exp(-vokAt),  n>0, 0<k<N.

Before we start the proof of Theorem A.4, we state the following lemma.

Lemma A.5. If v =0 and 1n, = At?, then there exist a time T > 0 and a positive constant cp such that the
solution T of (59) satisfies

2012 cont S IO 4 2Ats SSY ATk Av ) ’ 63
A EA RTINS W VVE AU LR TN 3y Sl il R ZZ g |4zt (63)
n=0 [n,k]=[0,0] =[0,0]

where ny = |T/AT| and k1 = |T/At| —niN.

Since our problem differs to the one considered in [13] only in the low frequency part and this part is handled
by Theorem A.2, the proof of the Lemma A.5 is identical to the one of Lemma 2.4 in [13] and it is omitted here.

Proof of Theorem A.J. We follow the ideas in [13]. Therefore, we write the solution Z* of (59) as the sum of
the solution z™* of system (59) with « = 0 and w™*, the solution of the following system:

wn,k:+1 _ wn,k wn,k+1 i wn,k
— s =A( — s ), n>0, 0<k<N-1
At 2
k+1 K1
u_,}/p n,k+1 — Op N1y H* HA/”’€+1 n>0 0<k<N-1
At 7\ 1 = == (64)
w0 = Y w0 = N n>0
w90 = 0.
Applying Lemma A5 to 2% = 7% — ™" with 290 = 729 we obtain
ny [n1,k1] L2 At [n1,k1] 2
er|Z0)2 < 2[ 248 S |HEO 2 + 200, 3 HA“’” H + = zz At H
n=0 [n,k]=[0,0]

ny [n1,k1] At [nl, 1]
2(2at Y [HWOP v 280s 3y [AwtH| - ZZ At

n=0 [n,k]=[0,0] 1=[0,0]

AQwZ”“HQ) . (65)
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We want now to bound the terms in w in the above inequality by some terms in Z. In order to do this, we
n,k+1 n,k+1 n,k+1

multiply the first relation in (64) by 3 (w™""" +w}" *) and by w**t 4" the second. We obtain
k &
w2 = i,
(66)
Hwn Jk+1 H2 wa,,kﬁl ” i AtVAt(U}n k+1 +w n, k+1 A2 n, k+1) At&k N 17( n,k+1 4 wil,k+1’ H*Hﬁ’k+l).
If K+ N -1, the second relation in the above system reads as in Proposition 3.7
2 At2 2
Hwn k+1 ”2 — Hwil,kJrl H2 _ Z/AtAt HAw:L,kJrl _ ZVAt (67)

Ifk=N-1, we get

n+1,0 n+1,0
2 =

||w |2 L WAN ||Awf+1’0|| 7A,E(mel 0 Hazn+1 o)

+At( n+1, O7 ALAQ n+1,0 ’)/H*H’ff-'—l’O)

with here
1 1 ~n+1 1
w0 At (i, A2y HE HETO) = 7O,

Therefore, we obtain

n+1,0

[ 02 = ™02 - 20 At | A 27At(wa+1 O HFI0) A2 1 A2 -y 02
< w02 - 24, At ”Ale’OH — 2y At(Hw 0 B0
AR A% 02 Z A HH HF 02 4 2A 6200y | A2 VR || T HE 0|
< Jw™ 02 - 24, At |Aw; 2’yAt(Hw”+1 O HFh0)

—At2 ZHAQ n+1, 0”2 AtQ'yQHH H~n+10

2 +At27g%2t|\A2wf”’°H + AtPye | H*HTTHO)2,

Choosing ¢ = 27 in the above Young inequality, we finally obtain

At?y,

2
wa+1’0|‘2+2l/AtAt HAU}:HI,O” +2’yAt(wa+1"0, Hﬁf“’o) At A2 n,k+1 S Hw?Jrl,OH2+At272”H*Hfifn+1,0
(68)
leading — since H is bounded — to
At2 2
||wf+1’0|2+2VAtAt || 2+ 2VAt HA2 n,k+1 < ”wf7NH2

+ AL Hw! 02 + Aty(1+ Aty K ) | HZ 0|2

)

where K« is the norm of the operator H*. Combining the above inequality and (67) for [n, k] from [0,0] to
[n1, k1], for At small enough, there exists a constant ¢ such that

[n1,k1] ny [n1,k1] At [n1,k1]

2
ZZ wa’k|2+27AtZHHU’f’ 2+ 2At, ZZ HAu) H +7 ZZ At

[n,k]=[0,0] n=0 [n.k]=[0,0

A2 nkH2

,0
21

<eyAt Z ()2 + | HE
n=0
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Following the same steps as in [13] — with Gronwall’s inequality — we get that there exists a constant ¢’ such
that

[n1,k1] [n1,k1] At [n1,k1]

S w "k\|2+27AtZHHw RPN %) S DUt H = ZZ At

[n,k]=[0,0] n=0 [n,k]=[0,0]

A2 nk”

ni

<c 3 |HTO),
n=0
which, applying (65), gives the existence of a positive constant ¢ such that
7117]? ] At nl,kl

1
O L T T B Pt
n=0

[n,k]=[0,0]

u

2
~n.k
2 | A% H

)

where we recall that 14, = At?. The last inequality, combined with the energy inequality (60), gives finally the
existence of a constant ¢’ € (0,1) such that

b | < 1

| 2

which allows us to conclude the proof as in [13].
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