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Abstract: The notion of Shared Risk Link Groups (SRLG) captures survivability issues when a
set of links of a network may fail simultaneously. The theory of survivable network design relies on
basic combinatorial objects that are rather easy to compute in the classical graph models: shortest
paths, minimum cuts, or pairs of disjoint paths. In the SRLG context, the optimization criterion
for these objects is no longer the number of edges they use, but the number of SRLGs involved.
Unfortunately, computing these combinatorial objects is NP-hard and hard to approximate with
this objective in general. Nevertheless some objects can be computed in polynomial time when the
SRLGs satisfy certain structural properties of locality which correspond to practical ones, namely
the star property (all links affected by a given SRLG are incident to a unique node) and the span
1 property (the links affected by a given SRLG form a connected component of the network). The
star property is defined in a multi-colored model where a link can be affected by several SRLGs
while the span property is defined only in a mono-colored model where a link can be affected by at
most one SRLG. In this paper, we extend these notions to characterize new cases in which these
optimization problems can be solved in polynomial time or are fixed parameter tractable. We also
investigate on the computational impact of the transformation from the multi-colored model to
the mono-colored one. Experimental results are presented to validate the proposed algorithms and
principles.
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Optimisation combinatoire dans les réseaux à groupes de

ressources partageant un risque

Résumé : La notion de groupe de ressources partageant un risque (Shared Risk Link Groups,
SRLG) capture l’ensemble des problèmes de tolérance aux pannes simultanées d’ensembles de
ressources. La théorie de la conception de réseaux tolérants aux pannes repose sur des objets
combinatoires de base qui sont assez faciles à calculer dans les modèles de graphes classiques: plus
courts chemins, coupes minimales, paires de chemins disjoints, etc. Dans le contexte des SRLGs,
le critère d’optimisation pour ces objets n’est plus le nombre d’arêtes qu’ils utilisent, mais le
nombre de SRLGs impliqués. Malheureusement, le calcul de ces objets combinatoires dans ce
contexte est NP-difficile et difficile à approcher en général. Néanmoins, certains objets peuvent
être calculé en temps polynomial lorsque les SRLGs satisfont certaines propriétés structurelles
de localité. Ces propriétés correspondent aux cas pratiques, à savoir la propriété d’étoile (tous
les liens touchés par un SRLG donné sont incidents à un même sommet) et la propriété de span 1
(les liens touchés par un SRLG donné forment un composante connexe du réseau). La propriété
d’étoiles est défini dans un modèle multi-coloré où un lien peut être affecté par plusieurs SRLGs,
tandis que la propriété de span 1 est définie uniquement dans un modèle mono-coloré où un lien
ne peut être affecté que par au plus un SRLG. Dans ce rapport, nous étendons ces notions pour
caractériser de nouveaux cas dans lesquels ces problèmes d’optimisation peuvent être résolus en
temps polynomial ou en temps dépendant d’un paramétre fixé. Nous étudions aussi l’impact de
la transformation du modèle multi-coloré vers le le modèle mono-coloré sur le temps de résolution
des problèmes. Les résultats expérimentaux sont présentés pour valider les algorithmes et les
principes proposés.

Mots-clés : Réseaux multi-couches, groupe de ressources partageant un risque, graphe coloré,
algorithmes.
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1 Introduction

The motivation of this work stems from the concept of Shared Risk Link Groups (SRLG) that
captures wide-spreading faults in networks. More precisely, SRLGs are sets of links that may
fail simultaneously if a given event (risk) occurs. The scope of this concept is very broad. For
instance, it can be a set of fiber links of an optical backbone network that are physically buried
at the same location and so that could be cut simultaneously, or cards failures arizing in router
nodes. It can also represent radio links in access and backhaul networks subject to environmental
conditions affecting signal transmission, or traffic jam in road networks.

Optimization problems under SRLG constraints have received a large attention in the recent
years. Most of the research effort was focussed on integrating SRLG constraints into classical
survivability problems such as shared or dedicated protection mechanisms. Several Integer Lin-
ear Program (ILP) formulations and heuristic algorithms for survivable routing under SRLG
constraints [17,18,21,27,32–34,37–40] or duct failures [41] (a particular kind of SRLG associat-
ing all fiber links laid down in the same duct with a failure) have been proposed. Other works
have focussed on optimizing the local and global [28], and average [9] reliability of connections,
or determining the best set of p-cycles [25].

All these studies rely on basic problems like path, cuts, or pairs of disjoint paths. But
their definitions have to be revisited in the SRLG context. Indeed, the reliability of a path is
measured by the number of SRLGs it contains since the failure of a single SRLG along that
path is sufficient to interrupt a connection. Similarly, a cut is expressed by the number of
SRLGs whose simultaneous failures disconnect the graph. All these basic problems are known
to be NP-hard in general (see e.g. [8, 12, 15, 21, 22, 26, 27, 40]). However, some problems can
be solved in polynomial time when the topological structure of the SRLGs satisfy particular
properties [1, 8, 11]. In particular, two notions have been introduced to characterize polynomial
cases: the span of a SRLG [8], counting the number of connected components induced by this
SRLG, and the star property [26], assessing whether all links impacted by a given SRLG are
incident to a unique node or not. Such failure scenario corresponds to risks like the cut of a
conduit containing links issued from a node, or card failures in a router node.

In this paper, we propose a deeper analysis of the impact of these topological properties on
the computational complexity of optimization problems in this context. This enable us to exhibit
more polynomial cases.

For that, we use the graph theoretic framework proposed in [8,11,12,15,26,40]. The network
is modeled by an undirected graph and each SRLG is modeled by a color assigned to the edges of
this graph. Such a model is called a multi-colored graph since several colors may be assigned to
a given edge, if the corresponding link of the network is subject to several SRLGs. The specific
case where each edge is assigned a unique color (that is, each link belongs to only one SRLG) is
strictly equivalent to the Labeled Graph model [3–7,10,19,20,22,23,31,36,42]. The term of label
is used in these papers instead of color, which was prefered in the context of SRLGs, hence the
two equivalent terminologies of labeled and colored graphs.

Our results In this paper, we establish the following results:

• The minimum colored path and the minimum colored cut problems are Fixed Parameter
Tractable1 (FPT) [13] in colored graphs when the parameter is the number of colors with
span larger than one.

1A problem is Fixed Parameter Tractable (FPT) when it can be optimally solved using an algorithm with
time complexity O(f(k)nO(1)), where k is a parameter of the problem and f(k) a function of this parameter [13].
When k is bounded, the problem can be solved in polynomial time.
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4 D. Coudert and S. Perennes and H. Rivano and M-E. Voge

• The problem of determining two color disjoint paths is NP-hard in colored graphs as soon
as one color has span larger than one.

• The minimum colored path problem is FPT in multi-colored graphs when the parameter
is the number of non-star colors.

• The minimum colored cut problem is NP-hard in multi-colored graphs with the star prop-
erty.

• The problem of deciding whether a multi-colored graph can be transformed into a colored
graph with at most k colors of span more than one is FPT with parameter k, while the
problem of maximizing the number of colors of span 1 in the transformation is NP-hard.

Notice that the parameterized complexity of various labeled (or colored) problems has been
investigated in [16]. In particular, it has been proved that the minimum colored path (resp. cut)
problem is W[1]-hard on graphs with pathwidth at most 2 (resp. 4), when parameterized by the
number of used labels (or colors). This highlights the fact that the number of colors of span more
than one and the number of non-star colors are relevant parameters to study the computational
complexity of colored problems.

Organization of the paper. We first present in Section 2 the network model and the opti-
mization problems studied in this paper. In Sections 3, 4, and 5 we prove our results mentionned
above. Section 6 is devoted to an experimental assessment of the algorithms and principles pre-
sented in this paper. In particular, we show that the exact transformation algorithm proposed
in Section 5 is fast in practice. Furthermore, our experiments shows that the FPT algorithms
proposed for minimum colored path and cut problems are competitive with respect to other exact
methods.

2 Preliminaries

In this section, we fix the notations that will be used throughout this paper. We also present
formally the models and the optimization problems under investigation.

2.1 Notation and definitions

The network is modeled by an undirected graph G = (V,E), where V is the set of vertices (one
vertex per node of the network) and E is the set of edges (one edge per link of the network). As
said in the introduction, we model a SRLG by a color. We denote by:

• C: set of colors (set of SRLGs).

• E(c): set of edges colored with color c ∈ C (set of links sharing risk c).

• C(e): set of colors assigned to edge e.

The formal definition of a (multi-)colored graph is as follows.

Definition 1 (Multi-colored graph). A multi-colored graph is a pair (G, C), where G = (V,E)
is an undirected graph and C is a coloring of E.

In the specific case where each edge has at most one color (each link is subject to a unique
risk of failure), we will use the terminology of mono-colored graph which is equivalent to that of
labeled graphs.

Inria



Combinatorial optimization in networks with SRLGs 5

Definition 2 (Mono-colored graph). A mono-colored graph is a pair (G, C) where each edge has
at most one color.

We will say that a color c is incident to a vertex u if that color is assigned to an edge incident
to vertex u, and we say that two colors are adjacent if they are incident to a same vertex. The
colored degree of a given vertex u, denoted δcol(u), is its number of incident colors. The maximum
colored degree of a (multi-)colored graph (G, C) is ∆col(G) = maxu∈VG

δcol(u).
Clearly, a multi-colored graph can be transformed into a mono-colored graph (replacing each

edge e with a path P of length |C(e)| and mapping the colors to the edges of P ), and conversely.
However, as will be explained in Section 5, such tranformations may change drastically the
computational complexity of the optimization problems.

2.2 Optimization problems

We now present the optimization problems studied in this paper.

2.2.1 Minimum colored st-path, MC-st-Path

As already said, in the SRLG context the reliability of a link is measured by the SRLGs it belongs
to, that is the number of colors associated to the edge representing the link. For example, in
Fig. 1, edge (u, v) is subject to both risks c3 and c5. By extension, one can define a colored
st-path as follows.

Definition 3 (Colored st-path). A colored st-path in a multi-colored graph (G, C), is a path P

between s and t in G. Its cost is the number of colors appearing in the path, that is | ∪e∈P C(e)|.

Finding the most reliable path from vertex s to vertex t corresponds to finding the colored
st-path of minimum cost.

Problem 1 (MC-st-Path). Given a multi-colored graph (G, C) and two vertices s and t in G,
the minimum-colored st-path problem consists in finding a colored st-path P with minimum cost.

In Fig. 1, we observe that the colored st-paths (s, w, x, t) and (s, u, v, t) have both 3 edges and
3 colors, and the colored st-path (s, y, w, x, v, t) has 5 edges and only 2 colors. This shows that a
shortest path in terms of colors is different from a shortest path in terms of edges. Furthermore,
we observe that the path from s to w followed by the minimum colored st-path is (s, y, w) and
has 2 colors, while the minimum colored sw-path is the edge (s, w) with color c3. This shows
that in a multi-colored graph, the sub-path of a (color wise) shortest path is not a (color wise)
shortest path itself, while this property is fundamental in (hop wise) shortest paths algorithms.
It is therefore not surprizing that the MC-st-Path problem has been proved NP-hard [2,27] and
hard to approximate [8, 19] in general.

2.2.2 Minimum colored st-cut, MC-st-Cut and MC-Cut

A link of the network may be broken by the failure of one of the SRLGs it belongs to. In the
example of Fig. 1, any of the risks c3 and c5 is sufficient to break link (u, v). A colored st-cut is
therefore defined as follows.

Definition 4 (Colored st-cut). A colored st-cut in a multi-colored graph (G, C), is a set C ⊆ C
of colors such that s and t are in distinct connected components of G \ S, where S = ∪c∈CE(c).

Finding the weakness of the network between vertices s and t hence corresponds to finding
the colored st-cut which contains the minimum number of SRLGs.

RR n° 8575
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Figure 1: The MC-sw-Path is not part of the MC-st-Path.

Problem 2 (MC-st-Cut). Given a multi-colored graph (G, C) and two vertices s and t, the
MC-st-Cut problem consists in finding a colored st-cut C such that |C| is minimized.

In Fig. 1, the set of colors {c1, c4} constitute a MC-st-Cut although it has 5 edges, and
the set {c1, c3} is a MC-st-Cut with only 3 edges. The MC-st-Cut problem has been proved
NP-complete and hard to approximate in general in [8, 22,31,42].

The reliability of a network is associated with its minimum cut. So we have:

Definition 5 (Colored cut). A colored cut in a multi-colored graph (G, C) is a set C ⊆ C of
colors such that G \ S, with S = ∪c∈CE(c), has at least two connected components.

Problem 3 (MC-Cut). Given a multi-colored graph (G, C), the MC-Cut problem consists in
finding a minimum size colored cut.

In other words, a MC-Cut is the minimum MC-st-Cut over all pairs of vertices s, t. In Fig. 1,
color c3 is a MC-Cut since it allows to disconnect vertex u from the rest of the graph. The MC-
Cut problem is NP-complete in general in multi-colored graphs [15]. However, the complexity of
the problem in colored graphs is still an open question.

2.2.3 Color disjoint paths problem, CDP

The most common mechanism to protect a connection against any single failure is to assign
to it a protection path that is disjoint from its working path. The diverse routing problem
is thus to determine (at least) two disjoint st-paths [30]. In the SRLG context, the working
and protection paths must not only be edge disjoint, but also SRLG disjoint. For stronger
survivability requirement (i.e. protection against multiple simultaneous failure events), more
than two SRLG disjoint paths may be required. It is thus important to determine the maximum
number of diversely routed colored st-paths. More formally, we have:

Definition 6 (Color disjoint st-paths). In a multi-colored graph (G, C), k colored st-paths
P1, P2, . . . , Pk are color disjoint if (∪e∈Pi

C(e)) ∩ (∪e∈Pj
C(e)) = ∅ for all 1 ≤ i < j ≤ k.

Problem 4 (k-CDP). Given a multi-colored graph (G, C), and two vertices s and t, do there
exist k color disjoint st-paths?

Problem 5 (Max diverse colored st-path). Given a multi-colored graph (G, C), and two vertices
s and t, find the maximum number k of color disjoint st-paths.

Problem 4 has been proved NP-complete for k ≥ 2 in [21] and later in [40]. Problem 5 has
also been proved NP-complete in [21].

Notice that in the SRLG context, the max flow - min cut relation (i.e., the maximum number
of edge disjoint st-paths equals the minimum st-cut) does not hold. To see that, take a graph

Inria
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with two vertices s and t and three parallel edges e1, e2, and e3, respectively colored with {c1, c2},
{c1, c3}, and {c2, c3}. The MC-st-Cut of this graph has two colors (e.g., c1 and c2), but it is not
possible to find two color disjoint st-paths. Therefore, it might be interesting to find a pair of
colored st-paths sharing the smallest possible number of colors or SRLGs.

Problem 6 (Least coupled colored st-path, LCCstP). Given a multi-colored graph (G, C), and
two vertices s and t, find two colored st-paths P1, P2 such that |(∪e∈P1

C(e)) ∩ (∪e∈P2
C(e))| is

minimized.

This problem has been proved NP-complete in [21].

3 Span in mono-colored graphs

In this section, we concentrate on optimization problems in mono-colored graphs (an edge has
a unique color or SRLG). In this context, an important notion for studying the complexity of
colored problems is the span of a color. This notion, introduced in [8], allows the characterization
of cases in which optimization problems in mono-colored graphs can be solved in polynomial time.

Definition 7 (Span of a color). In a mono-colored graph (G, C), the span of color c ∈ C, denoted
span(c), is the number of connected components generated by the edges with color c.

For example in Fig. 2 we have span(c1) = 2 and span(c2) = 1.
A thorough analysis of the complexity and hardness of the problems presented in Section 2.2

with respect to the maximum value of the span of the colors, that is maxc∈C span(c), has been
conducted in [8]. In particular, it has been proved that the MC-st-Path, MC-st-Cut, MC-Cut,
2-CDP, and LCCstP problems can be solved in polynomial time in colored graphs in which all
colors have span 1. However, except may be for the MC-Cut problem which is still open, all these
problems are NP-hard or NP-Complete to solve and difficult to approximate when the maximum
span of the colors is bounded by a constant k > 1, and becomes even harder to approximate
when there is no assumption on the maximum span of the colors.

In this section, we consider the number of colors of span greater than 1 instead of the maxi-
mum value of the span of the colors. This allows us to prove that the MC-st-Path, MC-st-Cut,
and MC-Cut problems are FPT when the parameter is the number of colors of span greater
than 1. Consequently, when the number of colors of span >1 is bounded by a constant, these
problems can be solved in polynomial time. Concerning the color disjoint paths problem, we
strengthen previous hardness results, proving that the 2-CDP problem is NP-hard when exactly
one color has span >1. We start in Section 3.1 by constructing an auxiliary graph that will be
used in the following subsections.

3.1 Auxiliary graph

Given a mono-colored graph (G, C) and two vertices s and t, let us construct the graph Hst =
(VHst

, EHst
) as follows. To each connected component of color c in G, we associate a vertex in

Hst, so span(c) vertices per color c ∈ C. Then we put an edge between two vertices of Hst, if
their associated components in G intersect. Finally, we add two vertices s and t and join s (resp.
t) in Hst to any vertex associated to a component containing s (resp. t) in G. Fig. 2 shows an
example where there are two connected components of color C1 and so two associated vertices
c1 and c′1 in Hst. Note that Hst can be constructed in polynomial time.

Now, let C>1 ⊆ C be the set of colors of span >1, and let
{

Ci
>1, 0 ≤ i ≤ 2|C>1| − 1

}

be the set

of subsets of C>1 (C0
>1 = ∅, and C2|C>1|−1

>1 = C>1). For each i, 0 ≤ i ≤ 2|C>1| − 1, let Hi
st be the

RR n° 8575
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Figure 2: Transformation from (G, C) to Hst.

weighted graph obtained from Hst by assigning weight 1 to the vertices associated to colors of
span 1, weight 0 to s, t, and vertices associated to connected components of colors c ∈ Ci

>1, and
weight +∞ otherwise (vertices of color not in Ci

>1). For the graph of Fig. 2, we have C>1 = {c1}
and we let C0

>1 = ∅ and C1
>1 = {c1}. Then, in H0

st and H1
st, c2, c3, and c4 have weight 1, s and t

have weight 0, but in H0
st c1 and c′1 have weight +∞ while in H1

st they have weight 0.

3.2 MC-st-Path

Theorem 1. The MC-st-Path problem (Problem 1) is Fixed Parameter Tractable in mono-
colored graphs when the parameter is the number of colors of span greater than 1.

Proof. Firstly, to a path P of (G, C) we can associate in Hst the path P ′ obtained as follows:
we decompose P into subpaths which belong to a connected component of a given color and
are maximal with this property; P ′ consists of the vertices associated to these components.
Conversely, to a path P ′ = s, c1, · · · , ci, · · · , t of Hst we can associated a path P in G as follows.
To each pair ci, ci+1 we associate a node xi in the intersection of the associated components, and
to each pair xi, xi+1 we associate a path xi = x1

i , x
2
i , · · · , x

j
i = xi+1 in the connected component

of color ci+1. Then, s = s1, · · · , sjs = x1
1, · · · , x

j1
1 = x1

2, · · · , x
ji
i , · · · , t is a path in G. In other

words, to a path P ′ in Hst we associate a path P in G by computing an st-path in the graph
(V,∪c∈P ′\{s,t}E(c)).

In the example of Fig. 2, to the path P = s, x, z, y, u, t of G is associated the path P ′ =
s, c1, c2, c3, c

′
1, t of Hst. To the path P ′ we can associate the path P if we choose y as node of

c2 ∩ c3, the vertex z being on the path between x and y in the component of color c2, but also
the path Q = s, x, z, u, t if we choose z as node of c2 ∩ c3.

Secondly, to a path P of G of cost γ (number of colors) using the colors of some subset Ci
>1 is

associated a path P ′ in Hi
st with weight γ − |Ci

>1|. Conversely, to a path P ′ of Hi
st with weight

w is associated in G a path P with cost at most w + |Ci
>1|.

Now, consider a MC-st-Path of minimum cost γ and suppose it uses the colors of some set
|Ci

>1|. Then the associated path P ′ in Hi
st is a path of minimum weight w = γ − |Ci

>1|. Indeed,
suppose there exists a path with weight w′ < w, then the associated path in G will have a weight
w′ + |Ci

>1| < γ, a contradiction.

Summarizing, the MC-st-Path is associated to a minimum weight path of some H
j
st. Com-

puting a minimum weight path in Hi
st can be done in time O(m + n log n) and there are 2|C>1|

graphs Hi
st. When |C>1| is bounded by a constant k, the overall computation time is O(2knO(1)),

which is the definition of a Fixed Parameter Tractable problem.

In the example of Fig. 2, we have C>1 = {c1}. Also, there is no path from s to t in H0
st, or

said equivalently, the minimum weight is +∞. In H1
st, the minimum weight path is s, c1, c4, c

′
1, t

of weight 1 to which we associate the path s, x, v, t in G of minimum cost 1 + 1 = 2.

Inria



Combinatorial optimization in networks with SRLGs 9

3.3 MC-st-Cut

Theorem 2. The MC-st-Cut problem (Problem 2) is Fixed Parameter Tractable in mono-colored
graphs when the parameter is the number of colors of span greater than 1.

Proof. The proof is similar to the proof of Theorem 1.
Firstly, remark that any st-cut S′ in Hst in terms of vertices induces a st-colored cut S in G.

Indeed, a trivial st-edge-cut in G can be obtained by choosing all edges belonging to the colors
associated to the vertices of S′. Otherwise, there would exist in G a st-colored path using only
edges which are not in ∪c∈SE(c), hence defining a st-path in Hst which would not be cut by S′.
Conversely, given a st-edge-cut S in G we can obtain a st-cut S′ in Hst as follows: if an edge
in S has color c, we put in S′ all the vertices of Hst associated to the connected components of
color c. Again, if s and t are not separated by S′ in Hst, then there exists a st-path P ′ in Hst

associated to a st-path P in G that is not cut by S, a contradiction.
Secondly, to a st-cut in G of cost γ (number of colors) and using the colors of some subset

Ci
>1, we associate a st-cut S′ in Hi

st with weight γ−|Ci
>1|. Conversely, to a st-cut S′ of Hi

st with
weight w is associated a st-cut S in G with cost at most w + |Ci

>1|.
Now consider a MC-st-Cut of cost γ using the colors of some subset Ci

>1. Then, the associated
st-cut S′ in Hi

st is a cut of minimum weight γ−|Ci
>1|. Indeed, suppose there exists a st-cut with

weight w′ < w, then the associated st-cut in G will have a weight w′+ |Ci
>1| < γ, a contradiction.

Summarizing, the MC-st-Cut is associated to a minimum weight st-cut of some H
j
st. Com-

puting a minimum weight st-cut in Hi
st can be done in polynomial time using, e.g., the Edmonds-

Karp’s algorithm [14], and there are 2|C>1| graphs Hi
st. When |C>1| is bounded by a constant k,

the overall computation time is O(2knO(1)), and so the MC-st-Cut problem is in FPT.

Remark that the cost of a cut is independent of the span (number of connected components)
of the colors. The same observation holds for MC-st-Path and MC-Cut.

In the example of Fig. 2, we have C>1 = {c1}. The aforesaid algorithm computes the minimum
weights st-cuts S0 and S1 respectively in H0

st and H1
st to determine the MC-st-Cut. The weight

of color c1 in H0
st is +∞, and the st-cut S0 has weight 2 and cost 2 (e.g., colors c2 and c4).

The weight of color c1 in H1
st is 0, and the st-cut S1 has weight 0 and cost 1 (color c1). The

MC-st-Cut is induced by color c1.

Corollary 1. The MC-Cut problem (Problem 3) is Fixed Parameter Tractable in mono-colored
graphs when the parameter is the number of colors of span greater than 1.

Proof. The MC-Cut is the minimum over all pairs of vertices {s, t} of the MC-st-Cut.

3.4 Color Disjoint Paths

From the construction of Hst described in Section 3.1 it is obvious that the 2-CDP problem can
be solved in polynomial time in colored graphs in which all colors have span 1 [8, 11]. However,
as soon as one color has span > 1, the 2-CDP problem is NP-hard.

Theorem 3. There is a polynomial time reduction from 3SAT to the 2-CDP problem (Problem 4
for k = 2) in mono-colored graphs with exactly one color of span>1. Consequently, finding two
color disjoint paths in such a colored graph is NP-hard.

Proof. Consider an instance of 3SAT with n variables xi, 1 ≤ i ≤ n, and m clauses Cj , 1 ≤ j ≤ m,
each being a disjunction of at most three literals. The 3SAT problem consists in finding a truth
assignment satisfying the m clauses.
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Figure 3: Reduction from 3SAT to 2-CDP. Only four crossing edges are represented (colors λ1
13,

λ1
31, λ

3
13 and λ3

31). All edges drawn with line style “ ” are assigned color c1.

From this instance we construct an instance of the 2-CDP problem as follows. Let us first
define the color set C. It contains a color c1, which will be the only one of span > 1 and two
colors, λi

jk and λi
kj , for each pair of clauses (Cj , Ck) such that xi belongs to Cj and xi belongs

to Ck. We will add some colors of less interest later.
The mono-colored graph (G, C) is divided into two parts, each one connecting the vertices s

and t of G. The first part represents the clauses and is thus divided into m sections delimited
by m+1 vertices u1 = s, u2, . . . , um+1 = t. For each j ∈ {1, . . . ,m} and for each literal xi (resp.
xi) belonging to Cj there is a path connecting uj to uj+1 containing one edge of each color λi

jk

(resp. λi
kj) such that Ck contains xi (resp. xi). We insert an edge of color c1 at the beginning

and end of each ujuj+1-paths, and between the consecutive edges of each color λi
jk (resp. λi

kj)
such that Ck contains xi (resp. xi), as shown on Fig. 3.

The second part of the graph is a kind of path composed of an alternating succession of simple
and multiple edges. This path is long enough to contain a multiple edge for each pair of clauses
(Cj , Ck) such that xi belongs to Cj and xi belongs to Ck, for each variable xi. Such a multiple
edge consists of two parallel edges of color respectively λi

jk and λi
kj . The simple edges have all a

distinct and new color reduced to one edge, and the path begins with a simple edge with color
denoted cs and ends with a simple edge with color denoted ct.

The two parts are connected in s and t but also through each color of the λi kind as follows.
Indeed, note that till now each of these colors has span 2 with exactly one edge in the first part
of the graph and one edge in the second. Since we want c1 to be the only color of span >1,
these colors have to be of span 1: we add an edge of color λi

jk between one extremity of the first

occurrence of the color λi
jk and one extremity of its second occurrence. In the following we refer

to such edges as crossing edges.
Let us now see how we can find two color disjoint st-paths. The first remark is that s and

t both have colored degree two with several edges of color c1 in the first part and one edge in
the second part of the graph with a color different from c1. Thus if there are two color disjoint
st-paths, there is necessarily one (the first path) that begins and ends with color c1 in the first
part of the graph, and an other one (the second path) which begins with the edge of color cs and
ends with the edge of color ct in the second part. Then, since the first path has to use color c1
and since each edge of the λi color kind is inserted between two edges of color c1, the second
path cannot use any crossing edge in order to go on in the first part as it will use as next edge
one of color c1 which is forbidden. Consequently, according to the topology of the second part,
the second path has to use all the simple edges of the second part of the graph and exactly one

Inria



Combinatorial optimization in networks with SRLGs 11

color from each pair (λi
jk, λ

i
kj). This also implies that the first path cannot use any crossing edge

because then it has to use either a simple edge of the second part or an other crossing edge of
color λi

jk associated to the color λi
kj of the crossing edge it has used to come in the second part.

Therefore, we have established that if two color disjoint st-paths exist in the graph we have
constructed, one of them is contained in the first part of the graph, and the other in the second
part. We now need to prove that if there are two color disjoint st-paths in the graph, there is a
truth assignment satisfying all clauses of the instance of 3SAT.

Assume that the first path uses the subpath corresponding to literal xi (resp. xi) between uj

and uj+1. Then it uses all the color λi
jk (resp. λi

kj) such that xi (resp. xi) belongs to Cj and

xi (resp. xi) belongs to Ck. This implies that the second path has to use all the color λi
kj (resp.

λi
jk) to reach t and be color disjoint from the first path. Consequently, the first path cannot use

these last colors and thus cannot use the subpath corresponding to xi (resp. xi) between uk and
uk+1 for all the k concerned.

Therefore, when there are two color disjoint st-paths in the graph we can deduce a truth
assignment by setting to true any literal corresponding to a subpath used by the first path
between s and t. From the preceding paragraph we are sure that no variable can be assigned
to true (literal xi true) and false (literal xi true) at the same time. In addition, since the first
path has to go through every section representing a clause, at least one literal per clause is set to
true, which means that all the clauses are satisfied. If some variables are not assigned any value,
then they are not necessary to satisfy any clause, and we can assign them any value without
changing the answer to the 3SAT instance. Consequently, if there are two color disjoint st-paths
connecting s and t, there is a truth assignment satisfying all the clauses of the 3SAT instance.

We now only need to prove that when there is a truth assignment satisfying all the clauses of
the 3SAT instance, there are also two color disjoint st-paths connecting s and t. So we consider a
truth assignment satisfying the instance of 3SAT. We define the first path to be composed of all
the subpaths associated to literal set to true by this assignment. Since the assignment satisfies
all clauses, the path connects s and t. In addition, by construction of the graph, the first path
can use only one color from each pair (λi

jk, λ
i
kj), the other color of each pair is then available for

the second path which thus exists and that concludes the proof.

Corollary 2. The k-CDP (Problem 4), LCCstP (Problem 6), and max diverse colored st-path
(Problem 5) problems are NP-hard in colored graphs with at least one color of span>1.

Indeed, in the parameterized complexity terminology, we have proved that all these problems
are W [1]-hard [13].

4 Star property

We now consider the case where all the links affected by a risk share an end-vertex. Such failure
scenario corresponds to risks like the cut of a conduit containing links issued from a node, or
card failures in a router node. It leads to optimization problems in multi-colored graphs with
a peculiar property called the star property [26]. In this section we show how to exploit this
locality property to solve some problems in polynomial time.

Definition 8 (Star color). In a multi-colored graph (G, C), a color c ∈ C is called a star color if
all edges of E(c) are incident to a same vertex, called the center of the color (i.e., they form a
star). When |E(c)| = 1, one can choose any of the end-vertices of edge e ∈ E(c) as the center of
color c. Other colors are called non star colors.
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12 D. Coudert and S. Perennes and H. Rivano and M-E. Voge

Definition 9 (Star property). A multi-colored graph has the star property if it has only star
colors.

The multi-colored graph of Fig. 4a has the star property, which is not the case for the example
of Fig. 1 where colors c1, c2, and c4 are not stars.

Notice that the star property in mono-colored graphs implies that all colors have span 1, but
the converse is false (see Section 5).

4.1 Graphs with the star property

It has been claimed in [26] that the 2-CDP problem can be solved in polynomial time in multi-
colored graphs with the star property. However, it has been proved in [1] that in fact the 2-CDP
problem is NP-Hard in this context. We now show that the star property can be exploited to
construct an auxilliary multi-colored graph in which shortest path algorithms such as Dijkstra
can be used without any modification as explained after.

Theorem 4. The MC-st-Path problem is polynomial in multi-colored graphs with the star prop-
erty.

Proof. We use an auxilliary multi-colored graph (Gst, Cst) that depends on the vertices s and t

needing to be connected by a minimum color path in the initial multi-colored graph (G, C). Each
st-path in the auxilliary graph Gst corresponds to an st-path of G of same cost. This auxilliary
graph is constructed as follows. We assume here that all colors have a center, even if they appear
on a single edge of G in which can we choose as center one of its end-vertices. We associate to
each edge {u, v} of G a vertex uv in Gst, and there is an edge {uv, vw} in Gst if G has both
edges {u, v} and {v, w}. Then we assign color c ∈ C to edge {uv, vw} if c ∈ C({u, v})∪C({v, w})
is centered in v. Next, we add vertex s to Gst, edges between s and su for all neighbors u of s in
G, and we assign color c to edge {s, su} if c ∈ C({s, u}) is centered in s. We also add a vertex t

to Gst, edges between t and tu for all neighbors u of t in G, and we assign color c to edge {t, tu}
if c ∈ C({t, u}) is centered in t. Finally, we set the weight of edge e in Gst to |Cst(e)| (edges such
that Cst(e) = ∅ have weight 0).

The next step is to prove that Dijkstra’s algorithm computes an optimal colored st-path in
Gst. To do so, observe that there exists a shortest path which do not use two edges of the form
{uv, vw} and {vw, vx} (i.e., three vertices with a common symbol v). Indeed, by construction
the edge costs satisfy the triangular inequality (colors of {u, v} and {v, x} centered in v appear
either on {uv, vw} or on {vw, vx}). Therefore, a path given by the algorithm uses at most one
edge containing a given color, and so the cost of a shortest path in Gst is exactly the number of
colors used by the corresponding path in (G, C) by construction.

In the example of Fig. 4, the path s, su, uv, tv, t is a shortest path in Gst between s and t and
it has cost 6. We deduce that the MC-st-Path uses in (G, C) the 6 colors c1, c2, c3, c4, c15, c16 and
follows the path s, u, v, t.

The complexity of the MC-st-Cut and MC-Cut problems have not yet been formally investi-
gated with the star property. However, it happens that the multi-colored graph constructed in
the NP-completeness proofs of the MC-Cut and MC-st-Cut problems given in [8, 15] have the
star property. More precisely, using these results we get:

Theorem 5. The MC-Cut problem (Problem 3) in multi-colored graphs with the star property
is NP-hard and hard to approximate within a factor (1− ε) lnm, ∀ε > 0, where m is the number
of edges of the multi-colored graph, unless NP ⊂ TIME(nO(log logn)).
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Figure 4: A a multi-colored graph with the star property and the auxilliary graph Gst as con-
structed in the proof of Theorem 4.

Theorem 6. The MC-st-Cut problem (Problem 2) in multi-colored graphs with the star property

is NP-hard and hard to approximate within a factor 2log
1−δ |C|

1

2 , where C is the set of colors and
δ = (log log |C

1

2 |)−ε for all ε < 1
2 , unless P = NP .

4.2 Graphs with a bounded number of non star colors

Theorem 7. The MC-st-Path problem (Problem 1) is Fixed Parameter Tractable in multi-colored
graphs when the parameter is the number of non star colors.

Proof. We use a similar auxiliary multi-colored graph as in the proof of Theorem 4. Let NS ⊆ C
be the set of non star colors of G. For each color c ∈ NS and for each edge {u, v} of G such
that c ∈ C({u, v}), we arbitrarily set the center of c on edge {u, v} to either u or v. Then, in
the construction of Gst, edge {uv, vw} is assigned the colors of C({u, v}) ∪ C({v, w}) that are
centered in v.

Now, for each subset S of the 2k subsets of NS we construct a new graph GS from Gst

as follows. All the edges containing the non star colors of NS \ S are removed and the cost
of the colors belonging to S is set to zero when computing the integer cost of an edge, unlike
other remaining colors whose cost is 1 on each edge where they appear. Then a shortest path is
computed in GS . We add |S| to the cost of the obtained path to account for the colors from S

whose cost was null and which have thus potentially been used freely by the path.

Note that only a subset of S might have been actually used by the path and thus the cost
that we associate to the path is not necessarily its real number of colors. However, since we
consider all subsets of non star colors, and then finally keep as solution the shortest path among
all the computed ones, it is of no consequence. The same reasoning as in the proof of Theorem 4
permits to check that the obtained path is optimal.

To conclude, this solving method consists in computing a classical shortest path 2k times,
where k = |NS|, on a graph obtained in polynomial time from the initial graph. Therefore the
time complexity of the algorithm is O(2knO(1)), and the MC-st-Path problem is FPT.

5 Transformations

In the previous sections, we have seen that some problems can be solved in polynomial time or
are fixed parameter tractable in either multi-colored graph with the star property or in mono-
colored graphs with colors of span 1. In this section we present the basic transformations from
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Figure 5: A multi-colored graph (Fig. 5a) and two possible Associated Colored Graphs. The
mono-colored graph of Fig. 5b has span 1 and the star property.

one of these representations to the other. The objective of these transformations is to use the
best combination of representations and algorithms to solve a given problem.

5.1 Associated colored graph

Definition 10 (and transformation and Associated Colored Graph). A and transformation
consists in replacing each edge e = {u, v} of the multi-colored graph (a multi-colored edge) by
a subpath of length k = |C(e)|, Pe = {ei = (ui, ui+1), 0 ≤ i ≤ k}, with u0 = u and uk = v, and
then mapping the k colors of C(e) on the k edges of Pe. The resulting graph is mono-colored and
called the Associated Colored Graph obtained by the and transformation.

It corresponds to the natural interpretation of the colors as SRLGs: the failure of a single
SRLG is sufficient to break a link. Since the mapping of colors to the edges is arbitrary, a
multi-colored graph has several distinct Associated Colored Graphs. For instance, a and trans-
formation applied to the multi-colored graphs of Fig. 5a may result in the colored graphs of
Fig. 5b with all colors of span 1, or in the colored graph of Fig. 5c with all colors of span> 1.
In view of the preceding sections it is interesting to do a and transformation which gives and
Associated Colored Graph of span 1 if possible or with the minimum number of colors with
span >1.

In a and transformation, when an edge {u, v} is replaced by a subpath, the color c which
appears on the first edge of the subpath will be said to be attached to u and the color c′ which
appears on the last edge attached to v. If the edge {u, v} is mono-colored with color c, color c

will be considered as attached to both end vertices.

5.2 Decision problem

We now show that deciding whether a multi-colored graph can be transformed into a colored
graph of span 1 or not can be done in polynomial time. Then we will extend the algorithm to
obtain an FPT algorithm finding whether, for a given k, a multi-colored graph can be transformed
into a colored graph with at most k colors of span > 1. Once a bound K on the number of colors
of span >1 is found with this FPT algorithm, it will be possible to determine by sequential or
binary search the maximum number of colors of span 1 in an associated colored graph of the
initial multi-colored graph.

To simplify the presentation, we consider that the graph has neither multiple edges nor loops,
but the result can easily be adapted to these cases. The algorithm proceeds in 3 steps that we
first describe informally while giving claims showing when a color cannot be of span 1.
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Step 1: This step consists in determining for each edge whether its color set contains colors
whose repartition in the graph implies that they cannot all be of span 1. We first split the colors
into 2 classes: U (like Unique), the set of colors c such that |E(c)| = 1; and Ū , the set of other
colors that is the colors c such that |E(c)| ≥ 2.

The colors of U are trivially of span 1 and can be put in a and transformation on any edge of
the subpath associated to the unique edge on which they appear. However we cannot completely
ignore them. As example suppose a color c appears on three consecutive edges {u, v}, {v, w} and
{w, x}; if there is no other color on {v, w}, then c is of span 1, by attaching c to v in the and

transformation of {u, v} and to w in the and transformation of {w, x}. But if there is another
color c′ in U on the edge {v, w}, c will no more be of span 1 in any and transformation.

If we want a color of Ū appearing on an edge {u, v} to be of span 1 after a and transformation,
then this color cannot be put in the middle of the subpath associated to the edge. Indeed it will
be disconnected from any other occurrence of the color. So it has necessarily to be attached to
u or v. As an edge has only two end vertices and at most one color can be attached to one end
vertex, we get the following claims

Claim 1. If there is an edge e with p ≥ 3 colors of Ū on it, then after any and transformation
at least p− 2 colors have span>1.

Claim 2. If there is an edge e with 2 colors of Ū on it, then there can exist a and transformation
where these two colors are of span 1 only if they can be attached to different end vertices of e.

So we could rule immediately the case where 3 or more colors of Ū appear on the same edge.
If we have 2 colors c and c′ of Ū appearing on an edge {u, v}, then they can be of span 1 only if
there exists a and transformation such that c is attached to an end vertex of {u, v} and c′ to the
other. In that case if there are other colors of U on this edge they will be put arbitrarily on the
intermediate edges of the associated subpath. If there is only one color c of Ū on an edge {u, v},
and if there are other colors of U appearing also on {u, v}, c will have to be attached to one
end vertex of {u, v} and the other colors of U will have to be put arbitrarily on the remaining
edges of the associated path. Otherwise if c is the unique color of Ū appearing on {u, v} (edge
mono-colored) nothing has to be done. These mono-colored edges will play a special role as we
will see in Claims 4 and 6. Finally if we have no color of Ū on the edge {u, v}, we can put the
colors of U on this edge in an arbitrary order on the subpath associated.

Step 2: The next step of the algorithm will consist in examining independently each color
of Ū . At the end of this step, we will have decided for each color either that the color considered
cannot be of span 1, or that the color has a given status relatively to each edge on which it
appears of one of the 3 kinds:

• c is the unique color appearing on the edge e.

• c is forced on the edge e to be attached to one specific end vertex of these edge.

• c is free on the edge e (i.e. it can be attached to any one of the end vertices).

Let c be a given color of Ū and let E(c) be the subgraph generated by the edges of color c.
We have the following immediate claim.

Claim 3. If E(c) is not connected, then color c cannot be of span 1.

So, in what follows, let us suppose that E(c) is connected. Let F (c) be the set of edges
mono-colored with color c.

Claim 4. If F (c) is not connected, then color c cannot be of span 1.
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Proof. Consider two connected components F1 and F2 of F (c). As E(c) is connected, they are
connected by a path between F1 and F2: e1, . . . , ei, . . . ek with ei = {ui, ui+1} and u1 ∈ F1,
uk+1 ∈ F2; the other vertices are neither in F1 nor in F2 and the edges are not mono-colored.
But if color c is of span 1, it should, in any and transformation, be attached on e1 to u1 and on
ek to uk; but that is impossible if k = 1 as e1 is not mono-colored and impossible if k > 1 as
color c on e1 will be disconnected from color c on ek.

Claim 5. If F (c) is empty, color c can be of span 1 only if it is a star color. In that case let u
be the central vertex of the star, then color c is forced to be attached to u on all its edges which
are of the form {u, vj}.

Proof. If c is not a star color there exists in E(c) a path of length 3: {u, v}, {v, w}, {w, x} (x can
be equal to u). As F (c) is empty, to ensure a span 1 after a and transformation color c should
be attached to v on {u, v} and {v, w} and to w on {v, w} and {w, x} a contradiction.

Claim 6. If F (c) is connected and not empty and color c is of span 1, then any edge e = {u, v}
of E(c)\F (c) has at least one end vertex in F (c). Furthermore, if the edge e has only the vertex u

(resp v) in common with F (c), then c is forced on e to be attached to u (resp v). If it has its two
end vertices in F (c) then c is free on e.

Proof. Suppose an edge e = {u, v} of E(c) \ F (c) containing c has no end vertices in F (c). As
E(c) is connected, there is a path joining a vertex u0 of F (c) to u consisting of edges not in F (c).
Then to be of span 1 c should be joined in any and transformation to u0 on the first edge of this
path, but it will be disconnected from the c on the edge e and so c cannot be of span 1. If e is
connected to F (c) only by the vertex u to be of span 1, it is forced to be attached to u.

Theorem 8. Deciding whether a and transformation on a multi-colored graph can result in a
colored graph of span 1 or not can be done in time O(|Em|), where Em is the set of edges of the
resulting mono-colored graph.

Proof. The proof follows from the complete description of the algorithm given in Algorithm 1.
In STEP 2 of Algorithm 1, we have to test for each color c if E(c) and F (c) are connected;

then to test when F (c) is empty if E(c) is a star; and finally to determine for each edge in
E(c) \ F (c) if its end vertices are in F (c). All these tests can be done in O(|E(c)|) operations.
Therefore STEP 2 can be done in at most O(|Em|), where Em is the set of edges of the resulting
colored graph. In STEP 3, we have to consider for each edge the status of the colors appearing
on it. That can be done in O(|C(e)|) operations and so again STEP 3 can be done with O(|Em|)
operations.

Note that in fact when Algorithm 1 reaches a STOP, we have more information than only
the fact that the graph cannot be transformed in a graph of span 1. Indeed the transformation
is not possible for different reasons.

If we stop in STEP 2, then we know that the color c cannot be of span 1 in any transformation.
So let us call REJ (like rejected) the set of colors which lead to a STOP in STEP 2. Then |REJ| is
a lower bound on the number of colors which cannot be of span> 1 in any and transformation.

If we stop in STEP 3, we know that some colors cannot be together of span 1, but we do not
know exactly what colors. If we stop because two colors c and c′ are forced to be attached to
the same end vertex of e we know that at least one cannot be of span 1 and we can decide to
sacrifice one of them by putting it in the middle of the subpath replacing the edge or attaching
it at the other end-vertex. If the algorithm stops because there are strictly p > 2 colors of Ū on
e, then we can decide to sacrifice p− 2 of them.

Inria



Combinatorial optimization in networks with SRLGs 17

Algorithm 1 From multi-colored to colored graph of span 1.

STEP 1: Split the colors in two classes U the set of color c such that |E(c)| = 1 and Ū the set
of other colors that is the colors c such that |E(c)| ≥ 2.

STEP 2: For each color c in Ū . Let E(c) be the subgraph generated by the edges of color c and
F (c) the subgraph consisting of the edges mono-colored with c.

• If E(c) is not connected or F (c) is not connected, STOP; color c cannot be of span 1 in
any and transformation by Claims 3 and 4.

• If E(c) is connected and F (c) is empty.

Case 1: If c is not a star color (E(c) not a star), STOP; color c cannot be of span 1 in any
and transformation by Claim 5.

Case 2: If c is a star color (E(c) is a star with central vertex u) then mark the color c as
forced to be attached to u on all the edges of this star.

• If E(c) is connected and F (c) 6= ∅ is connected.

If there exists an edge e of E(c) \F (c) having none of its end vertices in F (c), STOP; color
c cannot be of span 1 in any and transformation by Claim 6.

Otherwise, if e = {u, v} of E(c) \ F (c) intersects F (c) in exactly one end vertex, say u,
then mark c as forced on the edge e to be attached to u. If e of E(c) \F (c) has its two end
vertices in F (c), mark color c as free on e.

STEP 3: Examine the edges e of the graph in any order. Let e = {u, v} be one edge. One of the
following cases occur:

1) edge e contains two colors of Ū which are forced to be attached to the same end vertex.
By Claim 2, one of these two colors cannot be of span 1. STOP; G cannot be transformed
in a colored graph of span 1.

2) edge e contains p ≥ 3 colors of Ū and by Claim 1, p− 2 of these colors cannot be of span 1.
STOP; G cannot be transformed in a colored graph of span 1.

END: If we have not reached a STOP with the impossibility to transform the graph in a colored
graph of span 1, then we get a colored graph of span 1 by doing a and transformation of the
edges e as follows.

a) edge e contains two colors c and c′ of Ū which are forced to be attached to the different end
vertices of e (say c to u and c′ to v), or one at least of the colors say c is free and the other
c′ is forced to be attached to v, or both c and c′ are free. Then do a and transformation,
where c is put on the first edge of the subpath replacing e and c′ on the last edge of this
subpath and map the other colors of U appearing on e arbitrarily on the middle edges of
the path.

b) edge e contains one color c of Ū . If c is forced to be attached to u (resp v) or free then do
a and transformation which puts color c on the first (resp. last) edge of the path replacing
e and put the other colors of U if any on the remaining edges of the path.

c) edge e contains no color of Ū . Then do a and transformation putting the other colors of
U arbitrarily on the edges of the path.
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Algorithm 2 ALGO(S, Ū , k′)

STEP 3-1: split the edges in 3 categories

A: those containing two colors c and c′ of Ū which are forced to be attached to the same end
vertex and so one color has to be sacrificed;

B: those containing p ≥ 3 colors of Ū and so p− 2 colors have to be sacrificed;

C: the other edges.

STEP 3-2: If A is not empty, choose one edge e of category A and let c and c′ be the two colors
of Ū which are forced to be attached to the same end vertex of this edge. Then, branch on two
sub-cases. More precisely, apply ALGO(S ∪ {c} , Ū \ {c} , k′ − 1).

(i) If the answer for this algorithm is YES then return YES.

(ii) If the answer for this algorithm is NO, apply ALGO(S∪{c′} , Ū \{c′} , k′−1). If the answer
for this second algorithm is YES, then return YES. Otherwise, return NO.

STEP 3-3: If there is no edge of category A, but some edge e of category B. Let c1, c2, . . . , cp be
the p colors of Ū present on this edge.

• If k′ + p− 2 > k return NO.

• Otherwise branch on
(

p
2

)

sub-cases. More precisely, for each pair of color {ci, cj}, let Si,j

be the set of colors on the edge e different from ci and cj . Apply successively ALGO(S ∪
Si,j , Ū \Si,j , k

′ +2− p). If one of these algorithms return YES, then return YES. If all the
(

p
2

)

algorithms return NO, return NO.

With these remarks we can slightly modify the algorithm to decide if there are for a fixed
integer k at most k colors of span> 1.

Do firstly the preprocessing of STEPs 1 and 2 where U is the set of colors with |E(c)| = 1
and by replacing in STEP 2: “STOP; color c cannot be of span 1 in any and transformation”
with: “Put color c in a set REJ (like rejected)”.

At the end of STEP 2 add the line “if |REJ| > k then STOP; there are more than k colors of
span >1”.

Now in the new STEP 3, we will have 3 kind of colors: S (like Sacrificed) initialized to
S = REJ (where REJ is the set of rejected colors during STEP 2), U ′ = U ∪ S, and Ū = C \ U ′.
Intuitively colors of S will not be of span 1 and so can, like those of U , be mapped freely in a
and transformation. Colors of Ū are still candidate to be of span 1.

The new STEP 3 will depend on S, Ū , and k′ = k − |S| and is describe in Algorithm 2, that
we call ALGO(S, Ū , k′) and which returns one of the two answers:

YES: there exists a and transformation which creates at most k′ colors of span > 1 in Ū and so
at most k colors of span> 1 in the Associated Colored Graph, or

NO: in any and transformation there are more than k′ colors of span> 1 and so any Associated
Colored Graph has more than k colors of span> 1.

Note that ALGO(∅, Ū = C \ U, 0) corresponds exactly to the STEP 3 of Algorithm 1.

Theorem 9. Deciding whether a and transformation on a multi-colored graph can result in a

Inria



Combinatorial optimization in networks with SRLGs 19

colored graph with at most k colors of span>1 or not can be done in time O(3k|Em|), where Em

is the set of edges of the resulting mono-colored graph.

Proof. The complexity of the new STEP 3 for a given k′ is in STEP 3-2 at most twice the
complexity of the algorithm for k′ − 1. In STEP 3-3 it is at most

(

p
2

)

the complexity of the
algorithm for k′ + 2− p; that is either at most 3 times the complexity for k′ − 1 when p = 3 or
at most 3p−2 the complexity for k′ + 2− p when p > 3. Recall that 3p−2 >

(

p
2

)

as soon as p > 3,

so the complexity of the algorithm ALGO(S, Ū , k′) is at most 3k
′

times the complexity of the
algorithm for k′ = 0 which is O(|Em|). The worst case appears when there are exactly 3 colors
of Ū on each edge e.

Finally, if the number of colors of span >1 is bounded by some constant K with |REJ| ≤
K ≤ |C|, we can apply the algorithm for k = |REJ|, . . . ,K to determine in polynomial time the
minimum number of colors of span > 1 (the first value of k for which the answer YES is returned).

5.3 NP-hardness

The problem of maximizing the number of colors of span 1 in a and transformation takes its
interest from the results of Section 3: it comes down to minimizing the number of colors of
span >1. We use the analysis of the preceeding section to give two different ways to prove that
the problem is NP-Hard in general.

If we consider edges of category A (see step 3.1 of Algorithm 2) forced to be attached to the
central vertex of a star, we get the following reduction.

Proposition 1. The two following problems are equivalent:

• Vertex Cover: find a minimum vertex cover (of the edges) of a graph G with c vertices
and m edges;

• Find the minimum number of colors (among a set C of colors), with span>1 in a star with
m edges.

Proof. Associate to each vertex i of G a color ci and to each edge e = {i, j} of G an edge {x, ve}
of the star with the two colors ci and cj (the sacrificed colors will correspond to the vertices of
a vertex cover as the colors are all star colors forced in x and conflicting).

Similarly, considering the edges of category B gives the following reduction.

Proposition 2. The two following problems are equivalent:

• Set Cover: given a family of m triples on |C| elements find a minimum number of
elements covering the triples;

• Find the minimum number of colors with span>1 in the graph consisting of a star plus for
each edge e = {x, v} of the star we add 3 paths of length 2 between x and v.

Proof. Associate to each vertex i a color ci and to each triple T = {i, j, k} associate the edge of
the star {x, vT } with the 3 colors ci, cj , ck plus 3 paths between x and vT uniquely colored each
with color ci, resp. cj , resp. ck.

The set cover corresponds to the edges to be sacrificed (the 3 colors are free by construction,
the edge having its two end vertices in F (c).

Last we can use an approximability preserving reduction from Maximum Set Packing (MSP)
(a formal proof can be found in [35]) to establish inapproximability result.
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Theorem 10 ( [35]). The problem of maximizing the number of colors of span 1 (or minimizing
the number of colors of span>1) in a and transformation is NP-Hard and is not approximable

within a factor |C|
1

2
−ε, ∀ε > 0 unless P=NP.

6 Experimentations

This section is dedicated to an experimental assessment of the algorithms and principles presented
above. Our results are reported in Table 1 and discussed in Section 6.3.

For conducting these experiments, we have exploited a large set of instances presented in the
literature and detailed in Section 6.1. One subset is based on real-world instances, U.S., European
and Indian networks, while the other subset is a randomly generated benchmark which highlights
the influence of the different parameters (size of the network, number of colors, number of colors
of span more than 1) on the complexity of the problems.

We assess the performances of the algorithms by a comparison with the performances of Inte-
ger Linear Programming (ILP) formulations. It is important to stress that our implementations,
described in Section 6.2 are not thoroughly optimized and use the Sage open-source mathemat-
ical software system [29] for the sake of efficient development and interactions with ILP solvers
(we use IBM ILOG Cplex version 12.5). Nevertheless, the results highlight the exponential de-
pendency to the number of colors of span more than 1 while the actual size of the networks is of
lesser impact.

6.1 Instances

The benchmark instances used for testing our algorithms are based on instances proposed in [18,
24,27,43]. Their characteristics are reported in Table 1.

All the SRLGs used in [18] on the U.S. network and ARPANET topologies are stars, and
each edge is assigned a single SRLG. Furthermore, both instances have span 1.

The US-NET and Italia topologies used in [27] have both 11 SRLGs; among them 2 (resp.
3) have span >1, and 2 (resp. 3) are not stars. Since some edges were not assigned a SRLG, we
added 21 (resp. 17) SRLGs, each impacting a single edge.

In [24], two topologies (U.S. network and India) have been proposed. Nodes correspond
to major cities, and links were choosen using information about national highways and major
railway lines. Then SRLGs were specified using seismic (hazard) maps. Also, some links belong
to several SRLGs (up to 9 for U.S. network), each involving at least two edges, thus leading to
many SRLGs of span >1 after a and transformation. Since some links were not assigned SRLGs,
we also added 13 (resp. 1) SRLGs to the U.S. network (resp. India) topology.

In [43], a large set of benchmark instances were randomly generated (topology and SRLGs):
the topologies are random directed graphs; each arc is assigned a single SRLG; in these instances,
denoted T1−i, each SRLG corresponds to an adjacent subset of arcs (i.e. of span 1 if the directions
of arcs are not considered). Since our algorithms are designed for undirected graphs, we have
projected these instances on their underlying undirected graphs, each edge {u, v} being assigned
the union of the SRLGs of both arcs uv and vu. The resulting instances are reported as T ′

1 − i

in Table 1.

For some of these instances, we noted that some SRLGs involve the same sets of edges.
Since our algorithms can easily be adapted to weighted SRLGs, we decided to remove duplicated
SRLGs. Also, we first set the weight of each SRLG to one, and then, if E(c) = E(c′), we remove
SRLG c′ and increase the weight of c by one. The number of removed SRLGs is indicated in
column #SRLG of Table 1 with a -i.
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Instances non and transf. Aux. graph Running time (in sec.)

Name |V | |E| |C|
star span time

|Vst| |Est|
MC-st-Path 2-CDP MC-st-Cut

colors > 1 (in sec.) FPT ILP P ILP FPT ILP

U.S. network [18] 15 27 19 0 0 0.01 19 49 0.01 1.56 0.14 3.50 0.13 1.43

ARPANET [18] 20 32 18 0 0 0.01 18 38 0.01 3.24 0.23 6.40 0.20 2.94

Italia [27] 21 36 28 3 3 0.05 31 70 0.05 4.28 – 10.92 12.41 3.76

US-NET [27] 24 43 32 2 2 0.05 34 81 0.05 6.50 – 17.05 15.94 5.58

U.S. network [24] 26 42 40-8 2 5 0.40 45 81 0.15 8.79 – 32.07 11.77 6.81

India [24] 28 40 32 11 13 0.88 56 72 23.14 12.06 – 49.62 5.12 8.12

T ′
1 − 1 [43] 19 56 31-2 5 1 0.01 30 139 0.02 4.40 – 9.35 11.94 3.81

T ′
1 − 2 [43] 19 58 29 4 1 0.06 30 147 0.02 4.49 – 10.78 11.20 3.89

T ′
1 − 3 [43] 19 53 29-1 7 0 0.05 28 108 0.01 4.34 0.38 9.66 0.37 3.67

T ′
1 − 4 [43] 24 82 43-1 7 0 0.06 42 235 0.03 9.84 1.08 22.46 1.15 8.46

T ′
1 − 5 [43] 24 80 41-1 8 1 0.12 41 225 0.04 9.71 – 21.84 29.15 8.29

T ′
1 − 6 [43] 24 82 40-2 9 1 0.10 39 224 0.04 9.73 – 23.07 28.98 8.33

T ′
1 − 7 [43] 24 82 38 8 0 0.06 38 212 0.03 9.65 1.00 21.82 1.04 8.37

T ′
1 − 8 [43] 31 91 47 9 1 0.14 48 248 0.07 18.41 – 40.61 53.92 16.05

T ′
1 − 9 [43] 50 196 85 16 1 0.53 86 620 0.30 99.32 – 232.98 331.16 83.15

T ′
1 − 10 [43] 50 186 85-1 19 7 1.10 93 612 0.65 97.60 – 248.34 2486.36 80.22

T ′
1 − 11 [43] 50 191 85 19 4 0.88 89 621 0.44 100.96 – 260.17 724.66 81.71

T ′
1 − 12 [43] 60 198 90-1 18 0 0.24 89 568 0.21 148.18 15.52 370.93 16.23 124.78

T ′
1 − 13 [43] 65 197 100 18 0 0.42 100 586 0.25 177.77 19.00 438.95 19.87 150.61

T ′
1 − 14 [43] 65 197 100 18 0 0.35 100 588 0.24 176.47 19.10 437.52 19.94 150.50

T ′
1 − 15 [43] 100 335 150-1 28 1 1.39 150 1041 2.06 709.03 – 1925.99 2184.06 585.95

Table 1: Characteristics of benchmark instances and run time of experiments. Running times
are sums over all pairs of vertices.

Most of these instances, real-world or randomly generated, are multi-colored graphs. For
applying our algorithms, we need to transform them into associated colored graphs. Also, we
have used the exact algorithm presented in Section 5 to perform the and transformation of all
aforesaid multi-colored instances. The resulting associated colored graphs are those minimizing
the number of colors of span> 1.

6.2 Implementation

We have implemented the algorithms presented in this paper using the Sage open-source math-
ematical software system [29]. For the implementation of 2-CDP we have used the Suurballe-
Tarjan algorithm [30]. This implementation is used only on networks for which the and trans-
formation results in a graph of span 1. When no two SRLG disjoint paths exists between s and
t, we compute the pair of paths minimizing the number of common SRLGs (see e.g. [40]).

As explained before, we use weights to model duplicated SRLGs. We also use weights in the
FPT algorithms, as explained in the proof of Theorems 1 and 2: given the set C>1 of colors of
span >1, we assign weight 0 to all colors in the subset Ci

>1, and weight +∞ to all colors in the
subset C>1 \ C

i
>1.

For determining the MC-st-Cut when some colors have span> 1, we use a minimum weight
vertex st-cut that returns sets of vertices of minimum weight whose removal disconnects s from t.
We solve it in polynomial time using a standard linear programming formulation.

For the implementation of the FPT algorithms presented in Theorems 1, 2, and 7, we use a
branch-and-bound formulation to iterate over the subsets of non star colors or colors of span > 1.
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We thus avoid visiting branches that could not lead to better solutions than current bound. This
allows for significant reductions of the search space and running time.

6.3 Discussion

The results reported in Table 1 confirm several theoretical facts established in the first part of
this article and validate our approach. Indeed, a first look at the results shows that whenever the
Associated Colored Graph is of span 1 (all colors have span 1), our algorithms are very efficient,
despite the non-optimized code, beating the ILP formulations in all the cases. Moreover, except
for the India network which has a large number of colors of span >1 compared to the network
size, we are able to solve MC-st-Path much faster than using the ILP formulation. Observe
that the reported running times are the minimum between the FPT algorithm for graphs with
few colors of span> 1 presented in Theorem 1 and the FPT algorithm for graphs with few non
star colors presented in Theorem 7. In general, the FPT algorithm for graphs with few colors
of span > 1 is the fastest since the considered instances have more non star colors than colors
with span> 1. The FPT algorithm for graphs with few non star colors remains competitive with
respect to the ILP formulation as long as the number of non star colors is less than 15.

When the number of colors of span> 1 increases, the competitiveness of the algorithm pre-
sented in Theorem 2 for the MC-st-Cut problem drops. The comparison between the instances
T ′
1 − 9, 10 and 11 highlights the strong impact of the number of colors of span >1 for our FPT

algorithm. While the size of the initial networks, the number of initial SRLGs, and the size of the
auxiliary graphs are quite similar, the running time of the algorithm explodes when the number
of color of span >1 is 7 (instance T ′

1 − 10) and 4 (instance T ′
1 − 11) compared to the instance

T ′
1 − 9 with only 1 such color.

Conversely, comparing the running time of the algorithms among instances with span 1 (after
transformation) shows a polynomial dependency to the size of the instances, and more precisely
to the size of the auxiliary graphs. For example, instances T ′

1 − 5 and T ′
1 − 6 have similar size

of auxiliary graphs and running times, and T ′
1 − 8 which has a larger auxiliary graph has also

larger running time.

On the other hand, one can see that the strong dependency of the running time with the
number of color of span >1 does not apply to the ILP formulations. The same comparison as
above (instances T ′

1 − 9, 10 and 11) is, in contrast, very relevant, but the same phenomenon
appears all over the results.

Another experimental remark is that the 2-CDP is the most difficult problem to solve. It
is a known fact that for colored graph, the link between the st-Cut and the ability to find
“independent” paths is broken [8]. This result illustrates again that fault tolerant network design
is a major issue in these settings.

Last, observe that the running time of the exact algorithm presented in Section 5 to perform
the and transformation of all instances is quite small. As expected, it increases with the final
number of colors of span > 1, and also with the size of the input graph.

7 Conclusion

In this paper, we have pointed out the importance of the topological structure of the SRLGs to
solve the MC-st-Path and MC-st-Cut problems. In particular, we have designed FPT algorithms,
where the parameter is either the number of SRLGs of span >1 or the number of non-stars
SRLGs. Therefore, when all the SRLGs have span 1 or are stars, we get polynomial time
algorithms.
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Besides, we have assessed our approach through experiments on benchmark instances from
the literature, both built randomly or on the basis of real-world topologies. Our experimental
results show the exponential dependency on these two parameters on the computational time.
They also highlight again the difficulty of finding color disjoint paths, which is a major issue for
survivable network design. Indeed, the 2-CDP problem is NP-Complete as soon as one SRLG
has span > 1 (Theorem 3) or when all SRLGs are stars [1].
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