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Stochastic Calculus with respect to Gaussian processes

Joachim LEBOvITS*!

December 19, 2017

Abstract

Stochastic integration wrt Gaussian processes has raised strong interest in recent years, motivated in par-
ticular by its applications in Internet traffic modeling, biomedicine and finance. The aim of this work is to
define and develop a White Noise Theory-based anticipative stochastic calculus with respect to all Gaussian
processes that have an integral representation over a real (maybe infinite) interval. Very rich, this class of
Gaussian processes contains, among many others, Volterra processes (and thus fractional Brownian motion)
as well as processes the regularity of which varies along the time (such as multifractional Brownian motion). A
systematic comparison of the stochastic calculus (including It6 formula) we provide here, to the ones given by
Malliavin calculus in [AMNO1] [MV05], INT06} [KRT07, [KR10, [LN12l [SV14], [LN12], and by Itd stochastic cal-
culus is also made. Not only our stochastic calculus fully generalizes and extends the ones originally proposed
in [MVO05] and in [NT06] for Gaussian processes, but also the ones proposed in [EVdHO03|, BSOWO04, [Ben03al
for fractional Brownian motion (resp. in [LLV14] [Leb13| [LLVHI4] for multifractional Brownian motion).

Keywords: Stochastic Analysis, White Noise Theory, Gaussian processes, Wick-It integrals, It6 formula, varying
regularity processes.

AMS Subject Classification: 60G15; 60H40; 60H05; 60G22

1 Introduction

The purpose of this paper is to develop an anticipative stochastic calculus with respect to Gaussian
process G := (G¢),c, that can be written under the form:

where R denotes the set of real numbers, Z denotes a closed interval of R (that may be equal to
R), B := (By),cg is Brownian motion on R and (g¢),c, is a family of a square integrable functionsﬂ
on R. Denote ¢4 the set of Gaussian processes that can be written under the form . This class
of Gaussian processes contains, among many others, Volterra processes (and thus fractional Brownian
motion), Gaussian Fredholm processes as well as processes the regularity of which varies along the time
(such as multifractional Brownian motion). For every positive real T, the process (V3),¢(o 7y is said to be
a Volterra process on [0, 7] (resp. a Fredholm process), if it can be written under the form:

T
Vi = / K(t (resp. Fy ::/O Krp(t,s) dWs), Vtel0,T]. (1.2)

where (W) (o 7] is a Brownian motion and K belongs to L2([0,T)?,ds). Note moreover that ¢ also
contains the Gaussian processes that can be written under the form:

t
H, ;:/ K(t,s)dBs; VteR. (1.3)

Our main result is an Ito formula, that reads:
e for every T' > 0 and every C*2([0,T] x R) function f, with sub exponential growth:

T T T
f(T,GT):f(o,0)+/ A (t,Gy) dt+/ L (1, Gy) dGy + 1 / L, Gy) dRy,
0 0 0
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where the equality holds in L?(€) and almost surely, where ¢ — R; denotes the variance function of G,
which will be supposed to be a continuous function, of bounded variations; the meaning of the different
terms will be explained below. The It6 formula we provide here is, at our best knowledge, one of the
most general one for Gaussian processes that are not semimartingales. It6 stochastic calculus provides a
non-anticipative stochastic integral wrt semimartingales. However, It6’s theory does not apply anymore
when the Gaussian process considered is not a semimartingale. TW(E| main and parallel ways have been
developed over the years to build a stochastic calculus with respect to Gaussian processes; the Itd integral
wrt Brownian motion being at the intersection of all these approaches. Precisely, one has the:

- trajectorial or pathwise extensions,

- functional extensions.

The trajectorial approach, initiated by [You36], provides generalizations of the Riemann—Stieltjes integral
that are: the pathwise forward-type Riemann—Stieltjes integral (introduced in [FoI81]; see also [SV13]
and references therein) and the pathwise generalized Lebesgue—Stieltjes integrals (introduced in [Z&98]).
The reader interested in this approach, that also provides Ité formulas, will find in [FV10] a very com-
plete overview. Let us also mention the stochastic calculus via regularization (see [RV07] and references
therein), that is also a generalization of Itd integral. Since the pathwise extensions of 1t6 integral require,
by their very definition, that the stochastic integral is built w by w, it will clearly appear that they are of
a completely different nature from our definition of stochastic integral (that will be given in Definition
below). For this reason we will not compare, in this work, our approach to the pathwise ones.

Our main interest here consists in the functional approach. The functional extensions are rooted in the
extension of It integral wrt Brownian motion to anticipative integrands built by Hitsuda in [Hit72l [Hit78]
and Skorohod in [Sko75]. In [GT82] it was proved that the stochastic integral wrt Brownian motion and
the adjoint of the derivative operator, on the Wiener space, coincide. This result led to many developments
in (anticipative) stochastic calculus with respect to Gaussian processes, the most significant of which is
[AMNO1]. This latter article provides, using Malliavin calculus, not only a divergence type integral with
respect to continuous Volterra processes but also [t6 formulas. In fact, all the functional extensions of 1to6
integral developed to build a stochastic integral wrt Gaussian processes so far have been developed using
the divergence type integral. One can divide these functional extensions into two groups, depending
if the assumptions are made on the kernel K (first group) or on the covariance function R (second
group). The first group is composed of [AMNOI] and [MVO05], while the second one is composed of
INT06, KRT07, KR10, LN12| [SV14]. The stochastic calculus we propose in this work belongs to the first
group since the set of assumptions we make is about the kernel g; however it does not use the divergence
type integral.

The stochastic calculus we provide here allows us to develop a White Noise Theory-based anticipative
stochastic calculus with respect to all Gaussian processes that have an integral representation over a real
(maybe infinite) interval. As stated in the beginning of this section, this class of Gaussian processes is
very rich. Moreover, the stochastic calculus developed in the present work also allows us to get, not only
1t6 formulas but also Tanaka formulas, as well as occupation times formulas for local times of any G in
¢. While such results seem to be out of range for most of the intrinsic methods mentioned above, they
are easily obtained using the White Noise Theory-based anticipative stochastic calculus we present here
(note that all the results on Gaussian local times processes obtained using the present work are presented
in [Leb17]).

Outline of the paper

The remaining of this paper is organized as follows. In Section [2| we recall some basic facts about white
noise theory and about the family of operators (M) He@©,1) which is instrumental for our running
example, which is presented at the end of the section. In Section 3 we define the stochastic integral wrt
any G in 4. An Itd formula in L?() is established in the first part of Section 4. A complete comparison
of our Itd formula with all the Itd formulas for Gaussian processes, provided so far in the literature of
functional extensions of itd integral ends this section. In Section [5] we compare our stochastic integral
with respect to elements of ¢, to the divergence type integrals, provided in [AMNO1, MV05] and to It6
integral. In particular, we show therein how our integral fully generalizes the one built in [MV05].

2The enlargement of filtration technique is a third method to extend It6 integral for non semimartingale (see [MYQ6]
and references therein). However we will not discuss it in this paper since it is very rarely used in the literature.



2 Background on White noise theory & on operators (M) He(,1)

Introduced by T.Hida in [Hid75], White Noise Theory is, roughly speaking, the stochastic analogous
of deterministic generalized functions (also known as tempered distributions). The idea is to realize
nonlinear functional on a Hilbert space as functions of white noise (which is defined as being the time
derivative of Brownian motion). White Noise theory has now many application fields, such as quantum
dynamics, quantum field theory, molecular biology, mathematical finance(e.g. [CLV14]), among many
others (see [HS04] for more details). One can find very good introductions (and more!) to White Noise
Theory in [HKPS93, [Kuo96, [Si12] (see also references therein). One may also refer to [HOUZ10] for
the study, in the white noise theory’s framework, of stochastic differential equations as well as stochastic
partial differential equations. We recall in this section the standard set-up for classical white-noise theory.
Readers interested in more details about White Noise Theory may refer to [HKPS93, [Kuo96] and [Sil12].

2.1 The spaces of stochastic test functions and stochastic distributions

Define N (resp. N*) the set of non negative integers (resp. positive integers). Let .#(R) be the Schwartz
space endowed with its usual topology (i.e. a family of functions (f,,),cn of & (R)N is said to converge

to 0 if for all (p,q) in N? we have lirf sup{ |zP ,(Lq)(x)|, xz € R} = 0). Denote .#’(R) the space of
n—-+0oo

tempered distributions, which is the dual space of .(R), and F or F(F) the Fourier transform of any
element F of ./ (R). For every positive real p, denote LP(R) the set of measurable functions f such that
Jg |f(w)|” du < +00. When f belongs to L'(R), £ is defined on R by setting f(£) = Jre " f(x) da.
Define the measurable space (2, F) by setting Q := .#/(R) and F := B('(R)), where B denotes
the o-algebra of Borel sets. The Bochner-Minlos theorem ensures that there exists a unique probability
measure g on (2, F) such that, for every f in #(R), the map < ., f >: (2, F) — R defined by < ., f >
(w) =< w, f > (where < w, f > is by definition w(f), i.e. the action of w on f) is a centred Gaussian
random variable with variance equal to || f ||i2(R) under p. The map f —< ., f > being an isometry from
(L (R), <, >p2(w)) to (L*(Q, F, 1), <,>r2(0,7 ), it may be extended to L?(R)). One may thus consider
the centred Gaussian random variable < ., f >, for any f in L?(R). In particular, let ¢ be in R, the
indicator function 1}y is defined by setting: 1jg 4(s) := 1if 0 < s <t, 119 4(s) := —1if ¢ < s < 0 and
1j0,4)(s) := 0 otherwise. Then the process (Et)teR’ where By (w) := B(t,w) = < w, 1j0,s > is a standard
Brownian motion with respect to u. It then admits a continuous version which will be denoted B. Define,
for f in L*(R), I;(f)(w) := <w, f>. Then I(f)(w) = [g f(s) dBs(w) p — a.s., where [, f(s) dBs

denotes the Wiener integral of f. For every n in N, let e, (z) := (—1)" 7r*1/4(2"n!)_1/26z2/2;;—nn(e*ﬁ)
be the n-th Hermite function. It is well known (see [Tha93]) that (ex ), is a family of functions of .”(R.)
that forms an orthonormal basis of L?(R,, dt). The following properties about the Hermite functions (the

proof of which can be found in [Tha93]) will be useful.

Theorem 2.1. There exist positive constants C and -y such that, for every k in N,

—1/12 —yz?
lex(@)| < C ((k+1)7" Lpi<ovirny T €77 L useviTT))-

Let (| |p)pez be the family norms defined by |f|12) = S22k +2)% < fep >72(m), for all (p, f) in

Z x L*(R). The operator A, defined on .#(R), by setting A := —% + 22 + 1, admits the sequence
(en),en as eigenfunctions and the sequence (2n + 2),en as eigenvalues. Define, for p in N, the spaces
ZR) = {f € L*(R), |fl, < +oo} and Z,(R) as being the completion of L?(R) with respect to
the norm | |7p. We summarize here the minimum background on White Noise Theory, written e.g.
in [LLVHI4, p. 692-693]. More precisely, let (L?) denote the space L?(£2,G, i), where G is the o- field
generated by (< ., f >) FEL2(R) According to Wiener-Itd’s theorem, for every random variable ® in (L?)
there exists a unique sequence (fy),n of functions in L2(R") such that ® can be decomposed as

® = S I,(fy), where L2(R") denotes the set of all symmetric functions f in L2(R"™) and I,(f)
denotes the n—th multiple Wiener-Ité integral of f with the convention that Iy(fy) = fo for constants

fo. For any ® := ::5 I, (fn) satistying the condition Z::E) n! |A®”fn|(2) < 400, define the element
T(A)(®) of (L?) by T(A)(®) := 3.2 I,,(A®"f,), where A®™ denotes the n—th tensor power of the



operator A (see [Jan97, Appendix E] for more details about tensor products of operators). The operator
I'(A) is densely defined on (L?). It is invertible and its inverse I'(A) ™" is bounded. We note, for ¢ in
(L?), ||g0||g = H@H?LQ). For n in N, let Dom(I'(A)") be the domain of the n-th iteration of I'(4). Define
the family of norms (]| Hp)pGZ by:

1@, = [T(A)PP[ly = [T(A)"(P)[] (2, Vp€Z, VP e (L?)NDom(I(A)").

For p in N, define (S,) := {® € (L?) : I'(A)P(®) exists and belongs to (L?)} and define (S_,) as the
completion of the space (L?) with respect to the norm || [_,- As in [Kuo96], we let (S) denote the
projective limit of the sequence ((Sp)),cn and (8)* the inductive limit of the sequence ((S=p))pen-

This means in particular that (S) C (L)* C (S)" and that (S)" is the dual space of (S). Moreover,
(8) is called the space of stochastic test functions while (S)* the Hida distribution space. We will note
<, > the duality bracket between (S)* and (S). If ¢,® belong to (L?), then we have the equality
< P, >=< 0,0 > = E[® . Besides, denote <, > the duality bracket between .#’(R) and .7 (R
and recall that every tempered distribution F' can be written as F' = Z+ 0 < F,e, > e,, where the
convergence holds in .#/(R). The next proposition, that will be used extensively in the sequel, is a
consequence of the definition of (S) and (S)".

Proposition 2.2. Let F be inin 7' (R). Define < ., F >:= 3% < F e, > < .,e, >. Then there exists
po in N such that that < ., F > belongs to (S—p, ), and hence to (S)*. Moreover we have || < ., F > ||2_p0 =

|F|27 Conversely, define ® := 3725 b, < .,e, >, where (b, Jnen belongs to RN. Then @ belongs to
(S)” zf and only Zf there exists an mteger po in N such that 312 b2 (2n + 2)7*° < 4oo. In this
latter case F = Y %) bye, belongs to Ly, (R) and then to /' (R). It moreover verifies the equality

2
P2, = 0% bi(2n+2) = ®)2,,

2.2 (8S)*-process, (S)"-derivative and (S)"-integral

Let (R,B(R),m) be a sigma-finite measure space. Through this section, I denotes an element of B(R).
A measurable function ® : I —(S)" is called a stochastic distribution process, or an (S)"-process. An

(S)"-process @ is said to be differentiable at ¢y € I if lin'(l) r= 1 (@4, 4, — Py, exists in (S)*. We note ditt“
r—

the (S)* derivative at t of the stochastic distribution process ®. ® is said to be differentiable over I if
it is differentiable at every tq of I. It is also possible to define an (S)"-valued integral in the following
way (one may refer to [Kuo96, p.245-246] or [HP57, Def. 3.7.1 p.77] for more details).

Theorem-Definition 2.1 (integral in (S)*). Assume that ® : I — (S)* is weakly in L'(I,m), i.e.
assume that for all o in (S), the mapping u — < ®,, >, from I to R, belongs to L*(I,m). Then there
exists an unique element in (S)", noted [, ®, m(du), such that, for all ¢ in (S),

< /<I>(u) m(du),p > = / < By, 0 > m(du).
I I
We say in this case that @ is (S)"-integrable on I (with respect to the measure m), in the Pettis sense. In
the sequel, when we do not specify a name for the integral (resp. for the measure m) of an (S)*-integrable
process ® on I, we always refer to the integral in Pettis’ sense (resp. to the Lebesgue measure).

2.3 S-transform and Wick product

For f in L?(R), define the Wick exponential of < ., f >, noted : e<+/> :, as the (L?) random variable
equal to e<-/>=2l/15, The S-transform of an clement ® of (S*), noted S(®), is defined as the function
from .#(R) to R given by S(®)(n) := <®,:e<""> > foranynin.#(R). For any (®,¥) € (S)" x(S)",
there exists a unique element of (S)*, called the Wick product of ® and ¥, and noted ® ¢ ¥, such that
S(® o W)(n) = S(®)(n) S(¥)(n) for every n in .#(R). Note that, when ® belongs to (L?), S®(n) is
nothing but E[® : e<-"> :] = ¢~ 270 E[® ¢<-7>]. The following result will be intensively used in the
sequel.



Lemma 2.3. [LLV1], Lemma 2.3.] For any (p,q) in N? and (X,Y) in (S—,) x (S—,),
2
IS oY) < IXI1_, V], ehnsinar

Some useful properties of S transforms are listed in the proposition below. The proof of the results stated
in this proposition can be found in [Kuo96, Chap 5].

Proposition 2.4 (Some properties of S transforms). When ® is deterministic then oW = & ¥, for all
U in (S)*. Moreover, let ® = Zﬁi% ap<.,ex > and U = Z::a I,(fn) be in (S)*. Then their S-transform
is given, for everyn in . (R), by S(®)(n) = 55 a, < 1, ex >r2(r) and S(¥)(n) = SESS < @ >
Finally, for every (f,n,€) in L>(R) x Z(R) x R, we have the equality:

S(ei€<I>) () = o3 (Inlg+2i6<fm>—€*713) (2.1)

One may refer to [Jan97, Chap.3 and 16] for more details about Wick product. The following results on
the S-transform will be used extensively in the sequel. See [Kuo96, p.39] and [HKPS93| p.280-281] for
proofs. Denote F(A; B) the set of B-valued functions defined on A.

Lemma 2.5. The S-transform verifies the following properties:
(i) The map S : ® — S(®), from (S)"into F((R);R), is injective.

(i1) Let ® : I — (S)" be an (S)"process. If ® is (S)"-integrable over I wrt m, then one has, for all n
in S (R), S(f; ®(u) m(du))(n) = [; S(®(u))(n) m(du).

(i) Let ® : I — (S)™ be an (S)"-process differentiable at t € I. Then, for every n in (R) the map
u s [S®(u)](n) is differentiable at t and verifies S[%2(t)](n) = < [S[®(t)](n)]-

The next theorems provide a criterion for integrability in (S)*, in term of S-transform.

Theorem 2.6. [Ku096, Theorem 13.5] Let ® : I — (S)* be a stochastic distribution such that, for all n
in L (R), the real- valued map t — S[®(t)](n) is measurable and such that there exist a natural integer
p, a real a and a function L in L*(I,m) such that |S(®(t))(n)| < L(t) e“‘”‘i, for alln of Z(R) and for
almost every t of I. Then ® is (S)"- integrable over I, wrt to m.

We end this section with the following theorem that will be useful in the next section.

Theorem 2.7. [Ben03d, Theorem 2.17] For any differentiable map F : I — ' (R), the element <, F(t}>
is a differentiable stochastic distribution process which satisfies the equality:
4 < JF(t)>=<.%(t) >.

Gaussian Processes in ¢4 of “reference”

To see in what extent the stochastic calculus wrt Gaussian processes we present here generalizes the one
provided in the literature so far, we will consider, throughout this paper, a running example, made with
elements of 4 that are Brownian motion and Brownian bridge, fractional and multifractional Brownian
motions as well as ¥ - processes (the last three processes being defined below).

Fractional and Multifractional Brownian motions

Readers interested in an exhaustive presentation of fBm or mBm may refer to [Nua0O6] for fBm and
to [LLVHI4] for mBm, as well as to the references therein. Introduced in [Kol40] and popularized in
IMVNGS], fBm is a centered Gaussian process, the covariance function of which is denoted Ry and is
given by: 1
Ryt s) = §(It|2H + s = [t — s,

where H belongs to (0,1), and is usually called the Hurst exponent. When H = 1/2, fBm reduces to
standard Brownian motion. Among many other properties, fBm is able to match any prescribed constant
local regularity and to model phenomena that presents long range dependence. These properties made
this process very popular in many fields such as mathematical finance, Internet traffic modeling, image
analysis and synthesis, physics and more.



MBm, which is a Gaussian extension of fBm, was introduced in [PLV95] and in [BJR9I7] in order to match
any prescribed non-constant deterministic local regularity and to decouple this property from long range
dependence (this impossibility of doing so for fBm constitutes one of the most severe drawbacks of this
process). To obtain mBm, the idea is to replace the constant Hurst parameter H of fBm by a deterministic
function ¢ + h(t) ranging in (0,1). Several definitions of mBm exist and the reader interested in the
evolution of these definitions may refer to [LLVH14] and references therein. We will only give here the
definition of mBm given in [LLVHI14| Definition 1.2], which is not only the most recent but also includes
all previously known ones. A mBm on R, with functional parameter A : R — (0, 1), is a Gaussian
process B" := (B[), g defined, for all real ¢, by B := B(t, h(t)), where B := (B, H)) ¢ myerx(0,1)
is fractional Brownian field on R x (0,1) (which means that B is a Gaussian field, such that, for every
H in (0,1), the process (B(t,H)),cg is a fBm with Hurst parameter H). In other words, a mBm is
simply a “path” traced on a fractional Brownian field. Note also that when A is constant, mBm reduces
to fBm. The literature on Stochastic integration wrt fBm is extensive now. The reader interested in an
exhaustive overview of the subject may refer to [Nua06l [Cou07), [Mis08] for divergence type integral and
to [Ben03al, BSOWO04, [EVAHO3| [Nua05] for integral in the white noise theory framework. More recent,
the literature on Stochastic integration wrt mBm is less rich. Nevertheless, one may cite [BDMI0] for a
divergence type integral wrt to a Volterra-type mBm and [LLVI14] [Leb13] for a Wick-Ité multifractional
integral (7.e. an integral wrt to normalized mBm, in the White Noise theory framework). Note moreover
that [LLVHI14] provides a general method of integration wrt to all classes of mBm, that does not only
apply for divergence type integral and white noise theory integral but also for pathwise integral.

¥, - processes

[MV05] provides a stochastic calculus, wrt a particular class of Volterra processes, that we will denote
¥, - processes in the sequel. For any deterministic function v : Ry — R, ¥, - processes are defined in

[MV05, Proposition 1] as being the processes, denoted B := (B} )tejo,r)» Py setting:
s :
By = / (t—s)dWs Ve 0,T), (2.2)
0

with 7 : Ry — R such that 72 is of class C? everywhere in R except in 0; and such that (72)’ is non
increasing. The map € : R} — R is defined by setting ¢ := /(72)’. Subset of ¢, the set 7, contains
Gaussian processes, that can be more irregular than any fBm. However it does not contain fBm (nor
mBm) since ¥, only contains processes the regularity of which remains constant along the time). It will
be shown in Remark [11| that the stochastic integral built in [MV05] is a particular case of the stochastic
integral we build in this work. For notational simplicity we will refer to these processes as the Gaussian
processes of “reference”.

2.4 Operators (MH)He(o,l) and a classical set of Gaussian processes in ¢

The operator My will be useful in the sequel, not only to provide one with a representation of fBm and
of mBm under the form , but also to verify that Assumptions , we will make in Section |3} hold
for both fBm and mBm. Let H belongs to (0,1); following [EVAHO03|] and [LLV14l Section 2.2], define
the L?(R)-valued operator My, in the Fourier domain by:

My (u)(y) = 2= [y['/*~" G(y), VyeR",

N

where ¢, is defined, for every = in (0,1) by ¢, := (W’Lm(m)) . This operator is well defined on the
homogeneous Sobolev space L% (R) := {u € Y/ (R) : ©=1Ty; f € L},,(R) and |Jul|g < +00}, where
the norm || - || derives from the inner product denoted (-, -);, which is defined on L% (R) by:

1 - —
(000 = o /R €12 (€) TE) de.

My being an isometry from (L% (R), |- [|z) into (L*(R), ]| - ||L2(r)), it is clear that, for every (H,t,s) in
(0,1) x R?, < My (1y9,4), My (1p4)) >Ry = Ry (t,s). We will say that an mBm is normalized when
its covariance function, denoted Ry, verifies the equality:

2
_ Chi,s 1 (142ht,s 2hy,s 2hy .
Ri(t,s) = coea [ ([t s =t = s[7)], (2.3)

—

= W and ¢, has been above, right after My (u)(y).

where hy g :



Example 2.8 (Gaussian Processes in ¢ of “reference”). Let H be real in (0,1) and h : R — (0,1) be a
deterministic measurable function. Define the processes

B = {< ',l[O,t] >t e R}; E = {< ~71[0,t] —t- 1[071] >t e [0, 1]};
B = {<  My(1py) >; t € R} B" := {< ., My (1j4) >; t € R};
BY = {< 1y -e(t—.) > ift € R} & BY :=0}.

We know, thanks to Section that B is a Brownian motion on R. Moreover, since for any g: in
L*(R), < .,g: >= [ 9:(u) dBy, it is clear, in view of the definition of (,-);, that BH is a fBm of
Hurst index H, that B" is a normalized mBm of functional parameter h, that B is Brownian bridge on
[0,1] and that BY is a ¥4 - process (defined in (2.2))).

A word on notation: B or BM") will always denote an fBm with Hurst index H or h(t), while B" will
stand for an mBm. Throughout this paper, unless otherwise specify, we will neither specify the value of
H in (0,1), when we consider a fBm, nor the (0, 1)-valued function h when we consider a mBm, nor the
function «y of a ¥ - process.

3 Stochastic integral with respect to Gaussian process

The first part of this section is devoted to the definition of the time derivative, in the Stochastic distri-
bution sense, of any element G := (G})ies of 4. We then compute the S-transforms of processes G and
of its time derivative. The Wiener integral wrt G is presented in Subsection [3.4] whereas the stochastic
integral wrt G is built in Subsection We keep the same notations as in Section [2} In particular, the
probability space (Q, F, u), described in the previous section is now fixed. Denote G := (G})iex the
process defined, for every ¢ in Z, by Gy :=< ., g; >, where (gt),c, is a family of functions of L?(R). As
we saw in Example G is a Gaussian process which fulfills the equality Gy = fR g+(u) dB,,. Denote
(t,s) — Ry s the covariance function of G. We hence have R, s := E[G; Gs] = < ¢4, g5 > 2y for every
(s,t) in 2. We will note in the sequel R; instead of R; ;. For the sake of notational simplicity we assume
that Gy = 0. Moreover, when the Gaussian process G will admit a continuous modification, we will
systematically use it and still call it G.

3.1 White Noise derivative of GG

Define the map g : Z — ./ (R) by setting g(¢) := g:. When g is differentiable at point ¢, one denotes gj its
derivative. Denote A the Lebesgue measure on % and define Lll~, (%) :={f: % — R is measurable ; f €
L'((a,b)), for all finite interval (a,b) s.t. [a,b] C Z}. In this section and in the next one (namely in
Sections [3[ and , we will make the following assumption:

(i) The map g is continuous on %,
(ii) The map g is differentiable A — almost everywhere on %,
() (iii) There exists ¢ in N* such that ¢ — |g;| _, belongs to L;gc(%L
(iv) For every (a,b) in %2 such that a < b, one has, in .%/(R), the equality:

b
9o — Ga = / g, du. (Eap)

Proposition below will provide an easy way to check whether Assumption holds or not. Besides,
define the set Zp by setting Zp := {t € #; g is differentiable at point t}. Of course L;&(%) contains

in particular all measurable functions f : Zp — R such that f € L'((a,b) N %Zp) (that we will denote
L'((a,b)) in the sequel, by abuse of notation), for every finite interval (a,b) s.t. [a,b] C %. For the sake
of notational simplicity we will write |7;), (resp. |} [/)| or |7y, in the sequel, when one wants to
refer to statement (i) (resp. to (i), (iii) or (iv)) of Assumption []

Making Assumptions and seems reasonable since we want to “differentiate”, with respect to t,
the Gaussian process GG, which trajectories are, in general, not differentiable in the strong sense (e.g. the
Brownian motion). The interest of Assumptions and will be explained when it will be needed
(in Section right after Definition [I)).




Remark 1. 1. A first consequence of Assumption is that g is “weakly” locally absolutely continuous
on Z; that is that the map t —< g¢,n > is absolutely continuous on every finite interval [a,b] of Z, for
every n in Z(R).

2. If g would have been a real-valued function, Assumption would have been nothing but the local
absolute continuity of g on Z. However, g is /' (R)-valued. Thus, and even if a notion of absolute con-
tinuity exists for ' (R)-valued functions (see [HP57, Definitions 3.6.2 € 3.2.4]), the absolute continuity
of g on an interval [a,b] of # does not entail the differentiability of g in general (see an example that
illustrates this fact in [HP5T], right above Theorem 3.8.6).

An easy way to see if Assumptionholds is to check if the sufficient condition provided in the following
proposition, and that will be used a lot in the sequel, holds.

Proposition 3.1. A sufficient condition for Assumption to be verified is that:

(@) (i) The map g is continuous on % and differentiable on every finite interval (a,b) s.t. [a,b] C X,
(it) There exists q in N* such that t — |g£|_q belongs to Lllgc(%’).

Proof. Indeed, these two conditions obviously entail that Assumptions [@/;)] to hold. Moreover,
these two conditions also entail Equality (E. 4), for every [c,d] in Zp. % being a closed interval of R,
and in view of (i7) of Assumption , there can be 0,1 or 2 points, at the maximum, that belong to Z
but not to Zp. Let us treat this latter case only and denote a and b these two points. The continuity of
g at points a and b, from one hand, and the Lebesgue dominated convergence theorem, from the other
hand, give us the equality (Eq ). O

As previously, and for the sake of notational simplicity we will write |Z;)| (resp. ‘@012 ) when one wants

to refer to (i) or to (ii) of Assumption Assumption Proposition and Theorem lead to

the following definition of Gaussian white noise.

Theorem-Definition 3.1 (Gaussian White Noise). Define for every t in %p,
W =< . gl >, (3.3)

where the equality holds in (S)*. Then (Wt(G))teng is a (S)"-process and is the (S)*-derivative of the

process (Gt),cq,, - We will sometimes note dgt instead of Wt(G).

Using Proposition one easily sees that (3.3) also reads, for every ¢ in Zp:

+o0 too
G
Wt( ):Z < gy e >< e > = Z(% < grep>) <. ep>.
k=0 k=0

Proposition 3.2. The map t — ||Wt(G)||_p is continuous if and only if t — |g;|__ is continuous.

-
Proof. Thanks to Proposition one can write HWt(G) |, =lgl_,, ¥ (p,t) in N* x Zp. d

As the next example shows Assumptions |(Z)| (and therefore Assumption |(7)) holds in the case of all
Gaussian processes in ¢ of “reference”. Denote, for every n in (1/2, 4+00),
+oo
Roi=Y _ (2k+2)7"". (3.4)

k=0

Example 3.3. 1. (Brownian motion on R & Brownian bridge on [0,1]). For the Brownian motion on
R (resp. the Brownian bridge on [0,1]), one has Z = Zp = R, and, for every real t, g, = &; (resp.
X = Xp = [0,1] and g; = 0; — 1[g11). Both maps g clearly fulfills Asumption D). Moreover, for every
p in N*, the maps t — \gﬂfp are continuous and bounded on R, which shows that holds. Indeed,
using both: the relation e (z) = \/gek,l(x) — /5 ep11(2), valid for all positive integer k, and Theorem
we get the existence of a real C', independent of t and p, such that: ¥(p,t) € N* x R, |5£|2_p =
S () 2k+2)7F <O R,

2. (Fractional & Multifractional Brownian motions on R) In both these cases, one has Z = Zp = R.
Thanks to [LLV1j, Remark 4.8 and Proposition 4.10], we know that Asumption as well as the fact



that t — ||Wt(BH)||7p (resp. t — HWt(Bh)Hﬂ)) is continuous and bounded on any compact set of R, are
verified for every p > 2 and H in (0,1) (resp. h differentiable with locally bounded derivative).

3. (The process BY) In this case, # = Ry and #p = R’ := R\{0}. Moreover Assumption is also
fulfiled, as Theorem [3.4) below shows.

The following theorem, the proof of which can be found in Appendix shows that 7, - processes
fulfill Assumption |(Z)|. This will be crucial to show, in Section that the stochastic integral wrt
¥~ processes, developed in [MVO05], is a particular case of the one we build in this work. Let us first

define the two maps £ : Ry — R and & : Ry — R by setting:
. du, if z€R *
Blz) = { Jo s duw iz e RE, & &x) = / E(u) du.
0 if =0, 0
For every ¥ in .#’(R), ¥’ will denote the derivative of ¥, in the sense of tempered distribution&ﬂ

Theorem 3.4. The map ® : Ry — '(R) defined by setting:
Loy -e(t—-) if teRz,

P(t) : = P, :=
==, if t=0,
fulfill Assumption . More precisely, it is differentiable on R and, V t in R,
d
(1) = S[@0)] = Fr = (Go) + (H)", (3.5)

where Fy, Gy and Hy all belong to &'(R) and are defined by setting, ¥t in R :
L t— ) Blt—)—&t—-
o Fyi= 5 0 4 (2(0) = 52 do; = 2 ¢ E— Loy

. Gyi= (B(t) — £9) 5o +u (“ g(t_“)t_E(t_“)> 1.0y (u).

t

Furthermore, the map t — |®'(¢)|_, belongs to NN L2((0,b)), for every integer q > 3.
€R

3.2 Generalized functionals of G

In order to establish easily that the map t — f(G;) is (S)"-integrable and integrable with respect to
itself, when f is function of polynomial growth, we introduce here the generalized functionals of G,
using [Kuo96, Section 7.1]. We identify, here and in the sequel, any function f of L (R) with its
associated tempered distribution, denoted noted Ty, when it exists. In particular, one notes in this case:
< fip>= fR f(t) &(t) dt, for every ¢ in #(R). In this latter case we say that the tempered distribution

T := T} is of function type. Define the sets Zg := {t € Z; Ry =0} and Z§ := {t € Z; R; > 0}.
Theorem-Definition 3.2. Let F' be a tempered distribution. For every t in Z%, define

F(Gt) :

1 400 1 i
— E ®
- onR, k! Réc < Fa gt,k > Iy (gt ) ’
k=0

where, for every (x,k) in R x N, & p(x) := 771/4(k!)1/2Rf/2 exp{—ﬁ;f}ek(a:/(\/ZRt)). Then for all real
t, F(Gy) is a Hida distribution, called generalized functional of Gy.
Proof. This is an immediate consequence of [Kuo96l, p.61-64], by taking f := g;. O

Remark 2. As shown in [Ben03d], when F = f is of function type, F(Gt) coincides with f(Gy).
The following theorem yields an estimate of HF(Gt)H%p which will be useful in the sequel.
Theorem 3.5. Let p be in N. Then there is a constant Dy, such that:
VEeZ,R), Ve Zh |F(G), < max{R; ™ R} R,'* D, |F|*,. (3.6)
Proof. This is a simple consequence of the following more general result: let f be a nonzero function

in L>(R), p € N and F € .Z,(R). There exists a constant D,, independent of F' and f, such that
|1F(< ., f >)||27p < max{|f5*; |fI&"} 1flg" Dy |F|ip. The line of the proof is the same as in [Ben03al

)

Theorem 3.3] by replacing there 12 by |f|2. 0O
30ne therefore has < (Gt)’, ¢ >= — < Gy,¢’ >, for every (t,¢) in R} x (R).




3.3 S-Transform of G and W(©)

The following theorem makes explicit the S-transforms of G, of the Gaussian white noise W(%) and of
generalized functionals of G. Denote v the heat kernel density on Ry x R i.e.

~y(t,x) = ﬁexp{‘z—ﬁz} ift£A0and 0if ¢t =0. (3.7)
The results provided in Theorem [3.6] below will be used a lot in the sequel, and in Section [3:4]
Theorem 3.6. For every n in .7 (R) one has the following equalities:

(1) S(G)(n) = < gt.n >r2(w), for every t in %,

(ii) SO D)) = < ghn > = < 900> 12, Jor every tin R
(iii) Forpe N, F € Z,(R), and t in 25, S(F(Gy))(n) = (F,v(Ry,. — < g¢,m >)).

Furthermore, there exists a constant Dy, independent of F,t and 1, such that:
c - —-1/2
vt € Zg, [S(P(G)m)I* < max{R;*; "} R;'? D, [FI”,, exp{ln[}.

Proof. (i) Obvious in regard of Proposition Point (ii) is a straightforward consequence of (iii) in
Lemma [2.5] and of (3.3). The equality in (iii) results from [Kuo96, Theorem 7.3 p.63] with f = g;. The
inequality results from (3.6)) as in [Ben03al Theorem 3.8]. O

Before giving the general result on stochastic integral wrt G we deal, in the next subsection, with Wiener
integral wrt G.

3.4 Wiener integral with respect to G

In all this subsection one denotes I a Borel set of Z and f : #Z — R a deterministic and measurable
function We want to define the integral of f, on I, with respect to G. Since the map s — Gy is (weakly)
differentiable on I, one may think to define formally the Wiener integral wrt G, denoted | ; f(s8) d°Gs,
by setting:

s) d°Gy == s~dGS s = s) - WL ds
[ s a6, = [ 56T as= [ )W as 39

assuming s — f(s) - Wi is (S)*-integrable on I. More precisely we have the following definition.

Definition 1. (Wiener integral with respect to G)

For any Borel set I of #Z and any deterministic measurable function f : I — R such that s — f(s) WS(G)
is (S)"-integrable on I, one says that J; f(s) d°Gy, defined by , is the Wiener integral of f on I,
with respect to G, if [, f(s) d°G; belongs to (L?).

Even if, in practice, there will often exist an integer ¢ in N such that the map ¢ — |g;|_, is bounded
(as it was the case in Example , it seems more than reasonable to expect, even if ¢ — |gj|_ o 18 not
bounded, that, for any finite interval [a, b] of Z,

/ 1 d°G is well-defined and such that:/ 1d°Gs = Gy — Gq, in (S)". (%)
(a,b) (a,b)
Thanks to Equality (3.8)) and Theorem it is clear that entails, among other consequences, that:
e The map s —< g¢.,n > belongs to Lllgc(%), for every n in .7(R), (3.9)
0/ <gln> ds=<gpn>— <gen>, for every nin .#(R) and (a,b) in %>. (3.10)
(asb)

Besides, using Proposition [2.2] it is easy to establish that:

| <Fo>[<|Fl_ lel,s  Y(F.eq) € (R)x Z(R)xN. (3.11)
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In view of ( -, it appears that Assumption is almost necessary to get . if one deals with
Pettis integrals, and necessary if one deals with Bochner 1ntegraﬂ Moreover, and by the Very definition
of the space .#/(R) as the inductive limit of the sequence (.Z;(R)), ., Assumption )| entails that,
for every compact set K of Zp, there exists an integer ¢ in N such that |g;_, < +o0, for every t in K.
Thus appears to be only a slight reinforcement of Besides, it is clear that is nothing
but Assumption Thus, the simple considerations given in , as well as the ones given right above
Remark (abou & , entail that Assumption @I is almost minimal (i.e. necessary) to get a
reasonable notion of Wiener integral. We will show further that these assumptions are also sufficient to
provide us with a general non-anticipative stochastic integral. Denote £(Z) the set of step functions on
Z. We have the following property.

Proposition 3.7. For any f in E(# f% u) d°G,, is a Wiener integral with respect to G. Moreover,
let [a,b] be a finite interval of #, then fa d°G, = Gy — G, almost surely.

Proof. Fix 7 in .(R). From (i¢) of Theorem t— S(f(t) Wt(G))(n) is measurable on Z. Moreover
we have, thanks to Lemma |S(f(t) Wt(G))(n)\ < gi|_, sup|f(?)] el where g is the integer given by
teEZX

Assumption . Theorem [2.6 then applies and entails that f is dG- integrable on (a,b). Furthermore,

thanks to Lemma one has the equality: S f dG.,) f SWEN () du = [S(Gu))]" = S(Gy—
Go)(n). The equality, in (S§*), follows from the 1nJect1v1ty of the S- transform. Finally, since G —G, belongs
to (L?), the equality f; d°G.,, = G, — G, holds in (L?) and hence almost surely. O

The following theorem gives a sufficient condition for an integral, of the form (3.8)), to be a Wiener
integral. Denote ~» the equality in law.

Theorem 3.8. Assume that there exists qo in N such that the map s — f(s) - \gg\_qo belongs to L*(%).

Then Z = [, f(s) d°G is an element of (S)*, which verifies, Z = 3120 ([, f(s) < gl e > ds) < .,ej >
in (S)*. Moreover Z is a Gaussian random variable if and only zfz (f@ )< gL, er > ds) < 4o00.

In this latter case, on has:
+oo 2
ZwN(O,Z(/ f(s) < gl e > ds) >
k=0 R

Proof. In order to show that equality [, f(s) d°G 0 ([ f(s) < gh e >ds) <. e, > holds in
(S)", let us establish points a), b) and c) below

a) s f(s)- W i (S)*-integrable over Z. One can use Thm. [2.6{since one has, V(n, s) in . (R) x Zp
and using Lemmal2.3] |S< WD < 1F )W g0 < [£(5)] 193] g, €0

b) ¥, := Zk o (fj )< gL, er > ds) .,ex > belongs to (S_p, ), as soon as pg > go + 1. Let pg be in
N such that pg > go+ 1 Recall the deﬁn1t10n of R,, given in (3.4). Proposition [2.2] and entail that

2 2

H\Ilf”_p0 < HS = f(s) - |g./9|7q0||L1(j) Rpy—qo < +00.

c) @5 := [, f(s) d°G, is equal to ¥y in (S)”. Define the (S)*-process 7 and the family of (S)*-processes

(TN)NeN by settlng, for every real s, 7(s) 1= > 120 ( ) < gh,er > < . e >, and Tn(s) 5:*22;0 f(s) <

gh.ex > < ., er >. Obviously we have ®; = fj )ds, Uy = liril [ (s) ds in (S)*. It then re-
N—+oo

mains to show that ®; = Nl_lfﬂoo [z (s) ds in (S)". For this purpose, we use Theorem Let

(po,n) be a couple of integers with pg > go + 1. It is easily seen that 7y and 7 are weakly measur-
able on #Z (see Definition [3)) and, using the same upper-bound we used in b), that 7x(s) and 7(s)
belong to (S_,,) for every real s. Moreover, using Proposition and, again, the upper-bound we
used in b), it is clear that both functions s — [|7n(s)||_, and s — [|7(s)[|_, belong to LY (%, ds)

since ||7'N(s)||2_p0 < ||’7’(S)||2_p0 < f2(s) |gg|2_q0 Rpo—qo- We hence have shown that both functions 7x(.)
and 7(.) are Bochner integrable on Z. Besides, for every (n, m) in N2 with n > m, we have, thanks

to the previous upper bound, [, [|7a(s) = Tm(s)|_,,ds < [, | Z f(s) < gher >< .,ex >|—p, ds <
_mJ,-

4See Appendix for precisions about Bochner integrals.
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Rpo—qo - 15 = £(8)|gs]_4, ||L1(%). It is then clear that the left hand side of the previous inequality tends

to 0 as (n, m) tends to (400, +00). Theorem[A.2] (see Appendix[A.]) applies and establishes c). Finally, Z
is the (L?)-limit of a sequence of independent Gaussian variables if 3,29 o ([ f(s)< gl ex > ds) < 400.

The equality E[Z2] = Y70 ( [, f(s) < gb,ex > ds) then becomes obv1ous. O

Example 3.9. 1. If G is a Browman motion, point 1 of Ezample Theorem as well as the
equality Z o (Jg f(s) < b5, 5 > ds) = Hf||2Lg(R), allow us to define the Wiener integral of f, in sense
of Definition (1| l for any f in L?>(R). This shows that our definition of Wiener integral wrt Brownian

motion and the usual one both coincide exactly. Besides, it is clear that Iy := 1 f(s)o By ds is an (L?)
random wvariable if and only if f belongs to L?([0,1]). Therefore Theorem allows us to define the
Wiener integral of f wrt Brownian bridge, in sense of Deﬁm’tion if and only if f belongs to L?([0,1]).
2. The case of Wiener integral wrt fBm (resp. wrt mBm) has been treated in [LLV1], Section 4] (resp.
in [LLV14, Sections 2.3 €& J]). In view of, the previous point of this example, Example and Theo-
Tem one can extend [LLV1], Proposition 4.31] and claim that f f(s) d°BE is the Wiener integral

of f, wrt B for every function f in L*(R)N L% (R), where L% (R) has been defined in Subsection

. The fonctions for which one can defined a Wiener integral wrt mBm are included into E(R)<’>h,

where <, >, denotes the inner product, defined (in [LLV14, Sections 2.3 & Proposition 3.1.]) by setting

<1y, Ljo,e >, = Ry, (t,s), and where Ry, has been defined in .

3. In the case of V., - processes, one can improve Proposition 14 of [MV05]. Indeed, denote H the

set of all functions for which [MV05, Section 3] define a Wiener integral. For any n : [0,T] — Ry,

continuous and increasing in a neighborhood of 0 and such that limgLn = 0, define the set C"T :=

{f € L?([0,T]), sup |f( ) — f(r)|/n(s —r) < +o0}. In order to show that H contains C", [MV05,
0<

r<s<
Proposition 14] has to requzre an additional assumption on 1. No such assumption s required here.
Using only Theorem one easily sees that, for every T > 0, the process (Zt)te[O,T]’ defined by Z; :=

fg f(s) d°Gs, where f belongs to C", is a Gaussian process. One just needs to see that, |f(s)|-|®'(s)|_,, <
(M +[f(ro)]) (1 +|9"(s)[_g,), for every (f,s) in C" x [0,T], where M := sup n(u)- sup [f(s) —
0<u<T 0<r<s<T
f()|/n(s=r), ® and @' have been defined in Theorem[3.4] and rq is any real in (0,T) such that | f(ro)| <
+oo. Using Theorem one concludes that s — |f(s)] - |®(s) belongs to L*((0,T)) and one then

.,
uses Thm. ’

Remark 3. In fact one can extend the notion of Wiener integral wrt any G in 9 in two ways. The first
way, which is also the more general one, is given in Point 1. of Remark[10 The second way it is the
following: If the bilinear form <, >pg, defined on E(X) x E(X) by setting < L4, Ljo,s] >p = R(t,8) is an
inner product; assuming there exists an isometry, denoted M : (E(Z), <,>g) = (L*(R), <,>r2(R)), such

that g; == M(1j04)), then one can extend the notion of Wiener integral to any elements 0f€(%")<>R, This
latter space contains in general not only functions but also tempered distributions. This general method
applies to fBm and mBm (see [LLV1/]), Section 3]), as well as to Volterra processes.

Remark 4. As it is explained in [SV1], Example 3.5.] the Brownian bridge admits several representa-
tions, among which are the orthogonal one, the Fredholm one and the canonical one. It is clear that both
the orthogonal and the canonical representations of the Brownian bridge on [0, T fulfill Assumption
on # = [0,T] (since there exists q in N* such that t — |gi|_, belongs to L'([0,0],dt), for every b in
[0,T). This result can be extended to Gaussian bridges (see [GSVOH] for more details about this latter
notion), assuming the Gaussian process G := (Gt)te[O,T] fulfills Assumption .

3.5 The Wick-It6 integral with respect to Gaussian processes

We still assume in this section that Assumption holds. We are now able to define, and give the main
properties, of the Wick-It6 integral wrt G. We still denote I a Borel set of Z and let X := (X),.,, be
an (S)"-valued process Because the belonging to (S)" is not stable by ordinary product, one can not
generalize to any (S)*-valued process X, by simply setting:

/XdOG /X dGs /X W& ds.
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However, since the belonging to (S)” is stable by Wick product one may extend the integral (3.8) to
(S)*-valued processes X in the following manner.

Definition 2 (Wick-It6 integral wrt Gaussian process). Let X : Z — (S)" be a process such that the

process t — X, th(G) is (S)*-integrable on %Z. The process X is then said to be dG-integrable on # (or
integrable on Z), wrt the Gaussian process G. The Wick-Ité integral of X wrt G, on %, is defined by
setting:

/XS d°G, ;:/ X, o WL ds. (3.12)
K74 K74

For any Borel set I of #, define [; X, d°Gs := [, 11(s) X, d°G..

The Wick-It6 integral of an (S*)-valued process, wrt G is then an element of (S)". It is easy to see
that Wick-Itd integration wrt G, is linear and that Definition [2]is coherent with Definition |1, of Wiener
integral, we gave in the previous subsection. Moreover, and as it will be stated in Proposition below,
one of the advantages of Definition [2] is that our integral wrt G is centered, assuming it belongs to

(L?). Used a lot in the sequel of this paper, the following condition ensures the integrability, on I, of an
(S)*-valued process X, wrt G.

Let X : I — (S)" be an (S)"-valued process. Denote the following condition:

( (1) : t+— S(X¢)(n) is measurable on I, for all  in .7 (R)
(i1) : 3(p,q) € N? such that the map ¢ v || X||_, W || _, belongs to L' (1, dt).
When the processes X and G satisfy condition (Z)) on I, we will say that (X, G) satisfies (Z) or (Z,) ,

when we want to specify the value of p and ¢ in (i7) of Condition @ We will use the following theorem
a lot in the sequel.

Theorem 3.10. If (X,G) satisfies condition @ on I, then f[ X d°Gy is well-defined and belongs to
(S—;) for every r > 2 + max{p;q}. Moreover there exists a real constant C, independent of X and G ,
such that:

Vr > 2+ max{p;q}; H /Xt doGtH <C / ||Xtpr ||Wt(G)||7q dt
I —r I

Proof. Vn € .#(R), the measurability on I of ¢t — S(X; ¢ W( ))( ) is clear since S(X; ¢ W(G))(n) =
S(X¢)(n) < g;,n >. Condition (Z)) being verified, we use Lemma [2.3] to get, for all n in #(R), [S(X; ¢
Wt(G))( )| < el maxpia) Xl ||Wt(G || _,» where p and g are given by condition (Z]) . Theorem [2.6{ then

clearly applies. The upper- bound in the theorem, as well as the existence of r and C, results from [Ku096),
Thm. 13.5]. O

We can now give the first properties of the Wick-It6 integral wrt G.

Proposition 3.11.  (7) Let I be a Borel subset of Z and X :I —(S)" a dG-integrable process over I.
Assume that [, X, d°G belongs to (L?). Then B[, X, d°G,] = 0.

(ii) Let [a,b] C #. The (S*)-process ¥ defined by V(t) := fat X, d°Gs is continuous on [a,b], as soon
as (X, G) satisfies condition @ on [a,b].

Proof. (i) That S([, X, d°G,)(0) = [;S( SWiN(0) ds = 0 is clear since S(W{¥)(0) =
< ¢.,0 > = 0. Now, it sufﬁment to note that E[U} S(U)(0) for every r.v. U in (L?).
(ii) The integrability of X wrt G is proved by Theorem [3.10} Let ¢o be fixed in (a, b). In order to establish
the continuity of ¥ in ¢y we are going to use [Kuo96, Theorem 8.6]. By symmetry one may assume that
to > t. [Kuo96, Theorem 8.6] applies since we clearly have:

8) [S(T(t) = Wlto)) ()] < eMowsivar [ X, )|, [WED_, du — 03

b) IS(U()(n)] < elmosirr [ Xl W) 0

g du
Proposition 3.12. Let (X,G) be a couple of processes that satisfies condition @ on %Z. Define, for
every n in N, the process G(") = (ng))te% by setting ng) =< .,g,gn) >, where gtn) belongs to L?(R)

and let (X™), = {(X; )te%; n € N} denote a sequence of (S)"-valued processes. Let us write the
following condztzons
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@) (X,G™) satisfies condition (@) on I, um’forml in q.

az) 3 (r,m1) € Nx(0, +00] such that: |G — G || _,. mg@, where the convergence holds both pointwisely on I,
and in L™ (I),

a3) X is (S)"-differentiable on I and there exist (a,1) € N x R and a function L € L™(I,dt) s.t

[ ISX) M| < L(s) e,
for all  of Z(R) and for a.e. s of I, where ro € (0,+00] is such that ri* +ryt =1,
ah) I(r1,72) € (0, +00)® with 17t + 15t =1, such that:
(i) s = 198" = gl _glemny 20 i () s [ X, belongs to L™(1).

If conditions (a;);c 152,31 or both conditions (a1) and (ay) are fulfilled, then one has the convergence:

/IXS dOng) njm /IXS d°G,  in (S)".
Besides, denote the following conditions:
b)) (X, Q) satisfies condition @ on I, uniformly in p.
by) 37 €N such that: | X™ — X |, — 0 pointwise.
n—-+0oo

b3) Both X and (X)),  are (S)"-differentiable on I. Moreover, 3(1,a,m3) € N x R x (0,400] and
a function L in L™ (I,dt) such that, for every (n,n) in N x Z(R) and a.e. s € I,

LIS + 1 LIS ]| < Ls) e

b)) (i) 37 € N, st ||s = || L[Xs — XN lpra ) 0 and (i) s |gsl_, belongs to

L™ (I), where 1 € (0,+00] is such that r{ ' +ryt = 1.

by) 3A(ry,re) € (0,+00)® with rit 4+ 751 =1, such that:
(i) lls = 1Xs = Xy leea 9 toL(l)  (4) s+ gel-g € L (D).

If conditions (b;)ic{1:2;3,43 or both conditions (by) and (by) are fulfilled, then one has the convergence:

/X &G, —> XdGS, in (S)".
I

n—-+4o0o

Proof. The scheme of the proof is “symmetric in G(”) and X (")”: we will then only show the convergence
J; X doGgm WS J; Xs d°G,. Denote A, := [, X, d°G, — [, X, dong); let us show that assumptions
of [Kuo96l, Theorem 8.6] are fulfilled. The existence of all following integrals come form Theorem

o Case where al) & afy) are fulfilled:

r r Gc™ G r ™
IS = (1 f; S ) SOV Wiy dsl) < ( 1X17%, ds)([; 167 = g1l ds
e Case where (ai)ie{l.g.?,} are fulilled : Let us assume that I = [0,¢]. An integration by parts yields:
(n)
SN =1 [ SEC) SOV~ WO asl =] [ S < (&), =ain > ds

—< g™ g > S(X)() - / 6" — g > L1S(X.) ()] ds

< Mo (1] IGE = Gl + [ 167 = Gl L(s) ).

The Hoélder inequality then allows one to establish the two conditions of [Kuo96, Theorem 8.6] and
therefore achieves the proof. O

(G(n))H

5i.e. 3 (p,q) € N2, such that s — 1 Xl IWs o belongs to LY(I,ds), for every n in N.
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Remark 5. 1. The advantage of condition @ is that it allows us to make assumptions on both elements
of the couple (X, G) instead of making assumptions only on X or only on G. Thus, the more informations
on the “regularity” of X (resp. of G) one gets, the less informations one needs on the “regularity” of G

(resp. of X ).

2. It is clear, in ag) of (iit) of Proposition that one can also choose the pointwise convergence in
(L?) or in probability instead of convergence in (S—,).

3. When G is an fBm (resp. an mBm), the Wick-Ité integral wrt G given by Deﬁnition s nothing but
the fractional (resp. multifractional) Wick-1té integral defined in [EVAH0S,|BSOW04, [Ben03d] (resp. in
[LLVT), [LLVHT), [Leb1d)).

It is of interest to have also a criterion of integrability for generalized functionals of G. This will provide
a very simple proof of the fact that both ff f(Gy) dt and fj f(Gy)d°Gy exist in (S)”.

Theorem 3.13. Let p be in N, [a,b] be an interval of Z§, and let F' be in Z,(R). Ift — max{R;pAM; Rf71/4}
belongs to L([a,b]) (resp. there exists an integer q such that the map t — 9t] max{Rt_p_l/4; Rf_1/4}
belongs to L ([a,b]) ), then the stochastic distribution process F(G) is (S)*-integrable (resp. dG-integrable)

on [a,b] (resp. on (a,b)).

Proof. Lemma and Equality (3.6) both apply and allow us to use Theorem O

Remark 6. Of course conditions of Theorem|3.15 are obviously verified when the infimum of t — Ry on
[a, b] is positive and when its supremum is upper-bounded on [a,b]. Moreover, in the particular case where

these latter conditions hold, Theorem entails that both quantities f; f(Gy) dt and fab f(Gy) d°Gy
exist in (S)", as soon as f is a function of polynomial growth.

Example 3.14 (Computation of fOT G d°Gy). Let T > 0. Assume that [0,T] C # and that t — Ry is
upper-bounded on [0,T), then the following equality holds almost surely and in (L?).

T
/ Gy d°Gy = L (G5 — Ry). (3.14)
0
This result will be obtained as a direct consequence of It6 formulas provided in Section [l The direct

proof is therefore left to the reader.

Remark 7. In the previous example, we could have replaced the assumption t — R, is upper-bounded
on [0,T] by fOT Ry -|g;| _, dt < +o0.

To end this section, we present a simple but classical stochastic differential equation, driven by a Gaussian
process. We need first to generalize the definition of the Wick exponential, given at the beginning of
Subsection to the case where ® belongs to (S)*. For any ® in (S)"and k in N* let ®°* denotes the

Wick product of ®, taken k times. For any ® in (S)"such that the sum ;2% %k converges in (S)*,

define the Wick-exponential of ®, and denote exp® @, the element of (S)"defined by exp® ® := ;r:a ‘%k.
For f in L?(R) and ® :=< ., f >, it is easy to verify that exp® ® =: e<~/> :.

Example 3.15 (The Gaussian Wick exponential). Let Z = R, and let us consider the following

Gaussian SDE: . dX, = a(t) X, di + B(t) X, d°CG,
Xo € (S),
where o : Ry — R and B : Ry — R are two deterministic continuous functions. Of course (E) is a

shorthand notation for X; = X +f(f a(s) X ds+f0t B(s) Xs d°Gs. As in [HOUZI0], it is easy to guess
the solution. Let us define the process Z by setting:

t t
Zy = Xo o exp® </ a(s) ds +/ B(s) dOGS), teRy, (3.15)
0 0

Theorem 3.16. The process Z defined by (3.15)) is the unique solution, in (S)*, of (E).
Proof. This is a straightforward application of [HOUZI10, Theorem 3.1.2]. O
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4 Ito Formula

The main result of this section is Theorem which provides an It6 Formula in (L?), for C1? functions,
with sub-exponential growth. This latter result is given in Subsection while the end of this section is
devoted to a complete comparison between our It6 formula and all the Itd formulas for Gaussian processes
provided so far in the literature of functional extensions of it6 integral that are: [AMNOI, Thms 1 & 2],
[MV05, Thm 31], [NTO6, Thm 1], [KRT07, Cor. 8.13], [KRI0, Prop. 11.7], [LNI2, Thm. 3.2]. It will, in
particular, show the generality of the It6 formula for Gaussian processes of the form we establish
here.

Let us first recall a few basic facts about Lebesgue-Stieljes & Riemann-Stieljes integrals, that will be
used extensively in the remaining part of this work. Let [a,b] be an interval of R and j : [a,b] — R
be a function of bounded variation. Denote «; the signed measure such that j(t) = «;([a,t]), for every
t in [a,b]. For any function f : [a,b] — R, denote ff f(s) dj(s) or f f(s) da;(s) the Lebesgue-Stieljes
integral of f with respect to j, assuming it exists. In this latter case, we will write that f € L(I,dj(t))
or L'(I,a;). In the particular case where the function f is continuous on [a,b], the Lebesgue-Stieljes
integral of f exists and is also equal to the Riemann-Stieljes integral of f, which is denoted and defined
by:

b
®S) [ 1) dits —hme £ (i(as) — j(@ir)), (4.1)

where the convergence holds uniformly on all finite partitions ?}’7(7" ={a=a9 <z <--- <z, :=0b}
of [a, b] such that max (x; —x;—1) < 7 and such that ££n) belongs to [x;_1,x;]. The following result, will

be used extensively_ir_l the sequel of this section.

Lemma 4.1. Let [a,b] be a finite interval of R, I (resp. J) an interval of Ry (resp. of R) and let
L :[a,b] x I x J be a C'-function. Let f : [a,b] — I and j : [a,b] — J be two continuous functions of
bounded variation on [a,b]. Then one has the following equality:

b b
L(b,f(b)vj(b))—L(a,f(a),j(a)):/ (%Ll(s,f(«?),j(S)) d5+/ %(S,f(S),j(S)) df (s)

b
+f OL (4, £(5). j(s)) di(s). (4.2)

Proof. All the integrands in the right hand side of (4.2)) are continuous. Thus the Lebesgue-Stieljes
integrals in the right hand side of (4.2]) are also Riemann-Stieljes integrals. It is then easy to deduce

([.2), using (4.1). 0

In view of Theorem-Definition it is clear that we can extend the notion of integral in (S)“to the
case where m is a signed measure (the notation remaining the same). We will therefore keep the same
notations for this integral, whatever the measure m is (signed or positive). In the remaining of this paper,
and unless otherwise specify, the measure m denote a measure, that may be o-finite or signed.

4.1 Itdé Formula in (L?) for C''? functions with sub-exponential growth

Let us begin with the following lemma, the proof of which is an immediate consequence of [Wid44l
Theorems 1,2 p.88-89].

Lemma 4.2. Let T > 0 and v : [0,T] x R — R be a continuous function such that there exists a couple
(Cr,Ar) of R x RY such that Irfa>é]|v(t,y)| < Cr Y for all real y. Define; for every a > Ar, the
te[o,

map J, : Ry x (0,1/4a) x R — R by setting:

Jo(t,ug, ug) := /R v(t,x) - y(ur,x — uz) de. (4.3)

Then J, is well defined. Moreover lim Jp(t,u, uz) = v(to,lo), ¥V (to,lo) in [0,T] x R.

(t,u1,u2)—(t0,0%,lo)
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It is easy to extend [Ben03b, Thm. 2.8] to the case of a Borel measure m instead of the Lebesgue measure.
The next result, which constitutes this extension, is more suitable that Thm. when one deals with
L2-valued integrands. The proof being obvious, is then left to the reader.

Theorem 4.3. Let m be a positive measure on (%,B(#)) and X : # — (L?) be such that the function
t— S(X¢)(n) is measurable, for alln in 7 (R), and such that t — || X;||, belongs to L*(%,m). Then X
is (S)"-integrable over # and verifies:

||/ Xem(dt) || < /j 1X,l, m(dt).

74

Through this subsection, we assume that T > 0 and define # := [0,T]. We can now give the main
result of this section. Denote C*2([0,7] x R, R) the set of functions of two variables which belongs to
C1([0,T],R) as function of their first variable and to C?(R, R) as function of their second variable. The
main result of this section is the following.

Theorem 4.4. Let T > 0. Let f be a C12([0,T] x R, R) function. Furthermore, assume that there are
constants C > 0 and A < (4 n%g§]Rt)_1 such that for all (t,z) in [0,T] x R,
telo,

Joax {760, |56 2)]. | 0)], | T 0)[} < 0 (4.4)

Assume moreover that Assumptwn ) holds and that the map t — Ry is both continuous and of bounded
variations on [0,T]. Then the followz'ng equality holds in (L?):

T T T
f(T,Gr) :f(o,o)+/ 9 (t,Gy) dt+/ 9 (t,Gy) d°Gy + & / 9L(t,Gy) dRy.  (4.5)
0 0 0

Proof. The general technique of proof of the It6 formula via the S-transform can be traced back to
[Kub83]. The general structure of this proof is similar to the proof of [Ben03b, Theorem 5.3]. However,
one can not follow this latter completely since one does not assume (as it is the case for fBm) that
ZT = {0}, where we set Z7 := Zr N[0, T]. Equality (4.5) may be rewritten as:

T 5 T P T
/O 9L(t,Gy) d°Gy = f(T,Gr) — £(0,0) —/0 9L(t,Gy) dt — %/0 91L(t,Gy) dR,. (4.6)

Thanks to (4.4) we may write, for evellryQK in {f, g{, gf:, gzé} and ¢ in [0, 7], that E[K (¢, Gt)Q] < M?,
where we set M? := C? (1 4)\R)_ ” and B = sup{R;; t € [0,T]}. Moreover, t — | K(t,Gy)l|,

belongs to L1 ([0, T, dt) while t — ||2 5 L(t,Gy) ||, belongs to L' ([0, T], dR;). The measurability of the maps
t — S(K(t,G¢)(n) will become clear thanks to ({.7). A simple application of Theorem - 3| then yields
that all members on the right hand side of (4.6 . ) exist and are in (L?). Moreover, Lemma [2.3| provides the
upper-bound |S( (t Gy) OWt(G))(n)\ < Mg, e‘"‘i, for all (n,t) in Z(R) x [0,T], where q is given
by Assumption . A straightforward application of Theorem then shows that f r af (t,Gy) d°Gy
belongs to (S)*. In order to prove the theorem, it then just remains to show that the S tranbform of
both sides of are equal. For this purpose, we first give an integral representation of the S-transform
of K(t,Gy). Since E[: e<~"~ :] = 1, for every n in .(R), one can define a probability measure Q,, on the

L e<em> . where dQ” denotes the Radon-Nikodym derivative of Q,, with

space (2, F) by setting &

respect to . To make computatlons easier we use the following obvious fact: L, L P ) = E?{", for

every centered Gaussian random variable X and 7 in /(R), and where LY, denotes the law of a random
variable Y under the probability measure p. In view of this fact, it is clear that G} is a Gaussian variable
with mean < g, > and variance R;, under the probability measure Q,,. One then gets, for every ¢ in
[0,7] and 7 in .7(R):

S(K(t,Gy))(n) = Eq, [K(t,Gy)] = / K(t,u RY? 4 < gin>) = e/ du. (4.7)
R
Denote I, := [0, T)\Z7 and let n be in .(R). In view of (4.7) we get:
K(t,v) (R, v— < g¢,m >) dv, Vit €Iy, 4.8)
St GOy — | Jo KD = <000) " (

K(t,0), Viez". (4.9)
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Let a be a real in (A, (4?)71). Thanks to Lemma we know that the map Jg is well defined on
Y. :=10,T] x (0,1/4a) x R and we clearly have:

S(K(t7Gt))(77) = JK(t;Rtv < gt,n >)a Vt € E? (410)

Moreover, it is clear that J; is a C'-function on ¥,. Denote, for every n in .(R), j, : [0,7] — R the
map defined by j,(¢t) :=< g:,n >. According to Point 1 of Remark |1} j, is absolutely continuous on
[0,T]. We first have the following result.

Lemma 4.5. Let a be a real in (A, (4§)71) and J be the map, defined on X, by (4.3)). For every (t,n)
in I x Z(R), one has the following equalities:

o (8, Ru, iy (£))=2 £ (¢, R, G (8)); Jgi(tvRt»jn(t)):%(taRtvjn(t))Jﬁ(tvRtajn(t)) =%t Re, iy (1)),
Oz? x ot

Proof of Lemma Using from one hand the equality 87 = ;gm} valid on R% x R, and, form the
other hand the theorem of differentiation under the mtegral sign, in a neighborhood of every (¢, u1,uz)

in ¥,, provide equalities stated in Lemma on each (¢, uq,uz) of ¥, and then allows us to conclude.[]
Using Lemma one gets, for every n in #(R),

T
1 2 . o .
7 i [ SEAEGO0) dR: = [ Tyey (0 Fudyft) dRe =2 [ G Rud) dR (411)

. dz?
7= [ SGEEGOYn) SO de = [ Gt Resin(®) din(e), (4.12)
0 Ik
I“)—/ S(5HtG)) ) d =/ a"f<t1~zt,yn<>>dt+/ Fr(6,0) dt. (4.13)
e zr

Thus, in order to end the proof, one just has to establish the following equality:

SUT.Gr)(m) = SUO.0)0) = [ Bt Reun(®) dt+ [ 520 Fejo(0) dR

+/F S2L(t, Ry, (1)) djn(t)+/ZT 9L(t,0) dt. (4.14)
R

R

Since T}, is an open set of [0, 7], that does not contain 0, it can be written under the form

FR = |_| (a/ia bz) u (b7 T}, (415)
iEN
where all the intervals in (4.15]) are disjoint and where, by convention, (z,y) = (x,y] = 0, for every reals

x and y such that x > y. Note moreover that every element of {a;,b;, i € N} (as well as b, if (b, T] # 0)
belongs to Z7. We need to distinguish between two cases:

First case: 3 (a/,b') € (0,T)° with ' <V’ s.t. (0,a’) and (b',T)] are both subsets of I'z.

Define a := sup{a’ € [0,T], s.t. (0,a’) C Iz} and b := inf{d’ € [0,T], s.t. (b',T] C I;}. Even if one has
to consider a subset I of N, one may assume, and we will in the sequel, that (a;,b;) # 0, for every 4
in N. One can find p in R} such that (p,a —p) # 0, (b+ p,T — p) # 0. Moreover, for every i in N,
one can find p; in R% such that (a; + p;,b; — p;) # 0. Since all these intervals belong to Iy, one can
apply Lemma with L = J¢, on each one of them. We then get, for every interval (z,y) in the set of
intervals Y := {(p,a — p), (b + p,T — p), (a; + pi,b; — p;); i € N},

Jr(y, Ry, 3 (y)) — J¢ (2, Ry, gy (2))

- / 2111 Ry, jo(t)) di + / 291 (1, Ry, 4y (1)) dRy + / I (1 Ry, jo®) din(t). (Awy)

For any interval (z’, 3") which belongs to {(0,a), (b,T), (a;,b;); @ € N}, there exists a sequence of elements
(Tns Yn)pen in TN such that (zn,yn) — (2/,9'), as n — +oo and such that [z,,y,] C (2/,7). Lemma
[£.2] then provides the convergence of the left hand side of (A, 4, ) to f(y',0) — f(2/,0), if (', ') belongs
o {(0,a), (a;,b;);i € N}, and to S(f(T,Gr))(n) — f(b,0), if (a’,y") = (b,T). Besides, the Lebesgue’s
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dominated convergence theorem applies to each integrand of the right hand side of (Amnyn) since they are
all continuous. This provides the convergence of the right hand side of (A, 4, ) to ff an (t, Ry, gn(t)) dt+
I gi’f t Rt Gn(t)) AR+ [2 52 (t, Ry, Gy (1)) djy(1), for any («/,3/) in {(0,a), (b, T), (% b;); i € N}. In

(9112

view of (| and (| -, and making the summation of (Ag, ,), over all i € N, we then get:
S(f(T, Gr))(n) = S(£(0,0))(n) = (£(b,0) = f(a,0) = > (f(b;,0) = f(as,0)))

1eN

— [ G Reg ) der [ SR 0) dRe+ [ B0 RG0) dy0). (410

Ir Ik Tk
Denote A := fZRT %(t, 0) dt, one has the equality:
A= 95(t,0) dt—/ 9L (t,0) dt:/ 9L(t,0) dt—Z/

[0,7] Iz [0,71\(0,a]u(b,T] iEN

= f(,0) = f(a,0) = > (f(b;,0) — f(a:,0)). (4.17)

1€EN

Using , Equality then reads:
ST G = S(.0)m) ~ [ 5(6.0)

R

:/F 991 (t, Ry, iy (t)) dt+/ S2L(t, Ry, ju(1)) th+/ SIL(t, R, (1)) djin (1),
R

Ik Tk
which is nothing but (4.14) and therfore ends the proof in this case.

Second case: There is no (a’,V) in (0,T)> with a/<b s.t. both (0,a’) & (V/,T] are subsets of T'p.

Since the cases of 0 and T' can be treated in the same manner, we only treat here the case of T. We
then assume that there is no b in (0,7) such that (b',7] C I;. We need to distinguish between two
cases. If there exists b’ in (0,7") such that (b',7] C Z! then the problem can be reduced to establish
between 0 and b, where b := inf{b € (0,T); [V, T] C Z7}. Otherwise, one can find an increasing

sequence (1), o of LYY, which converge to T'. For every n in N, denote (al(.n), bgn)) the interval (a;, b;)
of I, which contains T,,. For every integer n, (al(-n), T,] is a non empty subset of I;;. Therefore, one can
use first case to establish (4.5) between 0 and T,. To establish the equality of S-transform of both sides
of (4.5), (between 0 and T,,), it then remains to apply, from one hand Lemma [4.2{to J¢ (T, Rr,, jn(Thn))

and, form the other hand, Lebesgue’s dominated convergence theorem to the following integrals:

Tn

Tini= [ SGHCGOm dRe =2 [ §0 R (0) d
R

Tn

Tii= [ SGHEGW SO de= [ 5 Reia) o)
1, / S(2L(t,G))(n) dt /(n) 1 (¢, Ry, (1)) dt+/z§<n) 95 (t,0) dt,

where T\ denotes T, N [0, T,,] and 27 denotes ZT'N[0,T,). This result and the fact that J; is a C*
function on ¥, allows us to apply [Kuo96, Theorem 8.6] and thus to conclude. O
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4.2 Comparison with other It6 formulas for Gaussian processes

Since [AMNO1], many It6 formula for Gaussian processes have been established. If one excepts It6 formula
for Gaussian semimartingales, that are well known, all the It6 formulas provided, for Gaussian processes
in general, in the literature of functional extensions so far, namely: [AMNOI, Theorems 1 & 2], [MV05,
Theorem 31], [NT06, Theorem 1], [KRT07, Corollary 8.13], [KR10, Proposition 11.7] and [LN12, Theorem
3.2], are established using the divergence type integral. A requirement of all these previous references
is that the variance function ¢t — R, is, at least, continuous and with bounded variations on [0,T].
Assuming the continuity of R seems reasonable. Indeed, otherwise, as the anonymous referee noticed,
Equality may fail for very simple functions f, such as f(z) := x*. If one excepts [KRT07, Corollary
8.13], another requirements of theses references above is that the function f is of class C? and, together
with all its derivatives, with sub-exponential growth (i.e. fulfills (4.4))). In view of this fact, it appears
that the assumptions made in Theorem [£.4] are minimal. However, to see to what extent Theorem [£.4]
generalizes [t6 formulas for Gaussian processes that already exist, let us make a detailed comparison.
Comparison with the conditions on function f

The function f (i.e. f(t,z) := f(x)) is assumed to be of class C* in [MV05, Theorem 31] and in [KR10}
Proposition 11.7], and of class C7 in[NT06, Theorem 1]. In [KRT07, Corollary 8.13] and f is assumed to
be of class C? but not with sub-exponential growth; the second derivative of f therein is assumed to be
bounded. However, since the stochastic calculus for Gaussian processes, developed in [KRTQ7] requires
that the covariance function has a planar bounded variation, which corresponds to “regular” processes
(such as fBm for H > 1/2), one easily sees that the price to pay for relaxing the assumption on the
growth of f is that one can not deal with irregular Gaussian processes (that is precisely to overcome this
limitation on the regularity of G that [KR10] has been written. However, as we stated above, this latter
reference requires much more than the growth condition we make on f).

Comparison with the assumptions made on G
e Comparison with the assumptions made on R

The variance function ¢ — R; is assumed to: be continuous and of bounded variations on [0, 7] in [KRT07,
Corollary 8.13], be of class C? on R in [MV05, Theorem 31], fulfill Assumptions (3) et (4) in [NT06)
Theorem 1], fulfill Assumptions (A), (B) and (C) in [KRI10, Proposition 11.7] and, in [LN12, Theorem
3.2], to verify the two following conditions:

(i) for every s in [0,T1], the map ¢ — R(t, s) is absolutely continuous on [0, T;

(ii) there exists @ > 1 such that: tes[l(l)pT] fOT |28 (s, t)‘a ds < +4o0.

e Other assumptions

In [AMNO1, Theorems 1 & 2], in addition to the assumptions made in Theorem the kernel K
has to fulfill Assumptions (K1) to (K3), in the singular case, and (K1) to (K4), in the regular case.
Other assumptions on the process G are difficult to compare in general. As it is stated in Remark
a key propoerty in our construction of integral is that the maps ¢ — E[G; [ 1(s) dBs] are absolutely
continuous w.r.t. the Lebesgue measure for every n in #(R). A related assumption in other papers is
that the functions t — E[GG;] or t — E[G;B;] are absolutely continuous or of bounded variations for
every s, see [LN12|[AMNO1]. However These assumptions do not, in general, imply each other. In an
another class of papers, namely [KRT07], some quadratic variation type conditions are imposed on G,
e.g. in [KRTO07] or in [NTO6]. These assumptions are even more difficult to compare with the present
setting and would lead us too far from the goal of this present work. We therefore postpone a more
detailed comparison to a future work.

Note also that he It6 formula provided in [LN12] is extended in this work, while the other results presented
in [LN12] are extended in [Leb17].

In view of the arguments developed above, it appears that the It formula we present here offers im-
provements on the ones presented in [AMNO1] [CN05, MV05, NT06l, [KR10, [LN12], by allowing one to
have less restrictive hypotheses. Of course all the Gaussian processes in ¢ of “reference” fulfill assump-
tions of Theorem [4.4] In the case of mBm one needs to assume that h is a C' function with its derivative
bounded on #p. Note moreover that, applying Theorem when G is a fBm (resp. « mBm) allows one
to recover [Ben03al, Theorem 4.1 & Rk. 4.6] (resp. [LLV1{, Theorem 5.5/). When G is a ¥ - process one
recovers and extends, as we showed above, [MV05, Theorem 31].
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5 Comparison with other stochastic integrals

Forewords

In order to define the divergence integral of a continuous Gaussian process G in the way of [AMNOI] and
then of [MVO05], it is essential to first know a representation of G on a compact set of the form [0, T]. In
general, [HH93, Theorem 4.1] ensures that any Gaussian process may be written as a sum of two terms;
one of them being Zfil fg K;(t,u) dW;(u), where N is a positive integer (possibly infinite) and W is
a Brownian motion. However it is not an easy task to obtain such a decomposition for a given process
G. For instance, although a kernel is known for fBm, this is not the case of bifractional motion [HV03].
Likewise, writing the moving average and harmonizable multifractional Brownian motion under this
form remains an open problem (see [LLVHI4l Section 5] for more details). Moreover, Gaussian bridges
in general are an example of Gaussian processes which do not admit “proper” Volterra representation,
i.e. that can not be written under the form (see [SV14, Ex. 3.3]). Thus, there is no hope to use
[AMNOI] nor [MV05] in order to build a stochastic integral wrt Gaussian processes of the form (1.1, for
which one does not know any integral representation on a compact set included in [0,7T]. To overcome
this deficiency one then might consider [NT06, KRT07, [KR10, LN12, [SV14]. As we stated above, in these
latter references one needs that the covariance function fulfills some requirements. However, it happens
sometimes that one has to deal with Gaussian processes, given under the form 7 for which one
does not know how to compute the covariance function, such as the one where ¢; is defined by setting
gi(u) = Ljog(u) Kp)(t,u), where h : [0,7] — (0,1) is a continuous deterministic function and where
the family of Kernel (K'n)y¢(g,1) is the one defined in [Nua06, (5.8)] in the case where H € (1/2,1) and
in [Nua06, Proposition 5.1.3] in the case where H € (0,1/2). As a consequence our stochastic calculus
it is the only one available when the Gaussian process G can be written under the form but not
under any of the form nor ; or when the stochastic calculus provided in [KRT0T7, [KR10) LN12]
does not apply. The work provided in [KRTQ7] offers an alternative to the previous methods to build
a stochastic integral wrt continuous Gaussian processes, for which one knows the covariance function.
Introducing the concept of covariance measure structure, the authors built and developed a stochastic
calculus wrt “regular” processes (such as fBm with H > 1/2). This work has been extended to the
“singular” case in [KR10]. This approach is particularly suitable when the kernel is not explicitly known,
under any of the representations to (L.3), (like in the case of bifractional motion [HV03]). However,
the It6 formula in [KR10] is quite restrictive. The conditions required in [KRT07] are not so restrictive
but they do not allow one to deal with “irregular” Gaussian processes, by the very essence of covariance
measure structure.

In this section we make first, in Subsection [5.1} a comparison of the Wick-It6 stochastic integral we
developed above with the functional extensions of stochastic integrals developed in [AMNOT) [MV05] and
then, in Subection with the It6 integral.

5.1 Comparison with Malliavin Calculus or divergence type integrals

We start by making the comparison between our Wick-Itd integral and the divergence type integral
developed in [AMNOI]. We will then show, in Section that the Wick-It6 integral fully generalizes
the (extended) Skorohod integral developed in [MV05]. Let T' > 0 be fixed and let us take Z = [0, T].
Let G := (Gt);¢[0,7) be a Volterra process.

5.1.1 Comparison with divergence type integral of [AMNO1]

The goal of this section is to compare the Wick-1t6 integral wrt G to the divergence integral wrt G,
defined in [AMNOI] and in [MV05] and studied in [AMNO1], [Nua05] and in [MV05]. In [AMNO1] G is a
assumed to be a continuous process while it is not assumed to be continuous in [MV05]. One therefore
will assume (in Subsection only) that G is continuous on [0,T]. G being a Volterra process, it can
be written, for any real ¢ in [0, 7],

t
G = / K(t,s) dW,,
0

where the kernel K (¢, s), defined on [0,T]?, is such that K (t,s) = 0 on the set [0,7]*\{(u,v) € (0,T] x
[0,T]: v < u} and verifies for any ¢ > 0, K; := fg K(t,s)%ds < oo.
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Denote L2(£2, L?([0,T])) the set of random process u such that Hu||iz(Q7L2([07T])):: E[fOTuf dt] < +oo.
The main result of this section is Theorem [5.3] which states that every process u which belongs to
L?(Q, L*([0,T))) and that belongs to the domain of the divergence of G is also Wick-Itd integrable
wrt G, on [0,T]. Moreover, one has the equality fOT ug 060Gy = fOT us dGg, where fOT us 0G5 denotes
the divergence integral on [0, 7], associated to G, that has been defined in[AMNO1]. In order to state
rigorously this result we briefly recall some elements and notations of stochastic calculus of variations wrt
G (for a presentation of Malliavin calculus, see e.g. [Bal03, Nua06]), as well as the approach of [AMNO1]
and [NuaQ5] for the construction of a stochastic integral wrt to Volterra processes. The real T > 0 being
fixed, one still note G the process (Gt)te[O}T] since there is no risk of confusion. G being a centered
Gaussian process, denote Hr the reproducing kernel Hilbert space (R.K.H.S.) defined as the closure of
the set & := span{l, t € [0,T]}, with respect to the inner product <, >y, , that has been defined
by setting < 1jg, 1jo,s] >,,  := Ris. Denote H; the first Wiener chaos of G and G(p) the image in H;
of an element ¢ of Hp by the isometry, between Hy and Hy, that associates 1jg 4 to Gy.

Remark 8. It is not always true that the bilinear form <, >, defined by < 14, 1jo.5) >ty T Ry s is

an inner product. For ezample, for the Brownian bridge B := (Et)te[o,l] on [0,1], one has |[1}9 1 HHT =0.
For this reason we will assume in the sequel that <,>4, ., defined above, is really an inner product. The
reader interested in details on Reproducing Kernels Hilbert Spaces may refer to [Jan97, Chap.8] as well
as to [LLV1], Appendixz B] in the case of mBm.

Define S := {V = f(G(p1),G(p2),...,G(en)), f € C°(R"),¢; € Hr,i=1,...,n}. For an element V'
of S, one defines the derivative operator D¢ as:

The derivative operator D¢ is a closable unbounded operator from L?(Q) into L?(€;Hr). We note Dg
the closure of S with respect to the norm defined by ||Vl ,, = (E[V?] + E[||DGV||%2(Q;HT)D%. We
denote by d¢g, and call divergence integral with respect to G, the adjoint of the derivative operator
D%. The domain of §¢ in L2, denoted Dom(5%), is the set of the elements u in L?(Q;Hr) such that
there exists a constant ¢ verifying, for all V in S, |[E(< DV,u >;,)| < ¢ ||V|l2, where || |2 denotes
the norm in L2(Q). If u belongs to Dom(6%), 6%(u) is the element of L?(Q) defined by the duality
relationship: E(V6%(u)) = E(< DV,u >4,), for all V in Dg. We will simply denote, in the sequel,
D,D, 6 and || ||1,2 when G is a Brownian motion. Define now the linear operator K_ : &r — L?([0,T]) by
K_(1j0,4) := K(t,.) and denote || [|;,,. the norm on Hr which derives from the inner product <, >, .
Since [|¢lly, = [[K-(#)ll2(j0,77), for every ¢ in €, it is clear that the operator K_ can be extended to
a linear isometry, still denoted K_, between (Hr, | [I,,,) and a closed subset of L?([0,T7]). Besides, one
can show, [AMNOI] (12)], that Dom(dg) = (K_)~!(Dom(d)). Moreover, for a process v in Dom(dg) one
has:

T
S (v) = /0 (K_v)(s) 6W,. (5.1)

In other words, dg(v), the divergence integral of v wrt G, also noted fOT v(s) 0Gy, verifies the equality

fOTv(s) 0Gs = fOT(K_v)(s) dWs. In order to prove Theorem [5.3| below, one needs to define the adjoint
of the operator K_, that we will denote K, not only on the set &y but also on .#(R). For this reason
we recall the two following hypotheses, given in [Nua05] for fBm, that we will make in the sequel on the
kernel K (t, s).

H1) K(t,s) is continuously differentiable on {0 < s < t < T} and its partial derivative verify the
following integrability condition:

T t
swp [ 1wl -+ 15 @)l s) ds < o
t 0

e<t<T

for any € in (0,7). Moreover, t fg

0<a<hb.

ne %—}f(h s)(t ANb—sVa)y ds is continuous on (0,7, for all

H2) The function k(t) := ff‘

o K(t,s) ds is continuously differentiable on (0, 7).
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We present here the arguments given in [Nua05l, Section 2] for fBm about the operator K, but in a
slightly different manner. Denote C(R) the set of differentiable functions which are bounded together
with its derivatives. Hypotheses H1) and H2) aHOW us to deﬁne the operator Ky on & U C}(R) by

setting, for every ¢ in [0,T], (K+¢)(t) := K/'(¢ )+ fot %If t,r) (p(r) — (t)) dr.
In view of [Nua05, p.116], it is easy to check that we have, for any (¢, ¢) in Ep X Er, the equality

< K+(<P)’w >L2([O,T]) =< %K—(Ib) >L2([0,T])' (52)

It is clear that one has, in this section, g; := K _(1jg4)), for every ¢ in [0, T]. It is established in [Nua05)
Propostion 2] that g, exists and that g; = K4 (.)(¢) for every ¢ in (0,7]. However it is not possible to

establish that ¢ — Wt(G) is (8*)-integrable on [0,7] without any additional assumption. Moreover one

needs to be able to establish that fOT us dG 4 exist for a reasonable class of processes u. Thus, following
[Nua05l Proposition 7], we will assume in the sequel the following condition:

H3) The function C : t — |K'(t)| + fo 9 (t,7)| (t —r) dr belongs to L([0,T7).

Remark 9. It is clear that Hy), Hs) and Hs) entail that Assumptzons- and|% ;)| hold. We will show,
in the next subsection (Remaﬂc.} that they are not always necessary.

The following result will be useful in the proof of Theorem [5.3| below.

Lemma 5.1. If Assumptions Hy), Hs) and Hz) hold, any process u in L?(Q, L*([0,T])) is Wick-Ito
integrable with respect to G.

Proof. The proof of this lemma, which consists on verifying that Condition @ is verified with p = ¢ = 2,
can be found in [Nua05, Proposition 7]. O

Since one has: |[(Kn) (0] < [K'(8) 0l + 17l fo 155 (£ 7)] (¢ =) dr, for every (n,1) in 7 (R) x [0, T,
Hypothesis H3) implies in particular that K (n) belongs to L2([0,T]). Note moreover that, for every n
in Z(R),

K+(77)(t) =< 5taK+(77) > = %< K*(]-[O,t})vn >L2([O,T])' (53)
The following result, which is a consequence of results given in [Nua05l, Section 2 and Proposition 7], will

be essential in order to prove Theorem below. Denote EH '™ the closure of the set Er with respect
to the norm || - = |l 34, + Il l20.z- Note that &' ' € Hz 1 L2([0,T)).

Lemma 5.2. For any function v in ET” Iz 4nd n in (R), one has:

< K+(n),w >L2([O,T]) = < n,Kf('(/J) >L2([O,T])' (54)

Proof. It is easy to check (5.4) directly in the case where ¢ is in & and 7 in .#(R), using (5.3)).
The fact that, for every v € Ep, <, K(.) > 12([0,17) belongs to Z,(R), for every p in N* is also
clear. Thus, for every p in N*, one easily sees that the map ¥, : ¢ — <9, K, () > 12(j0,17) is uni-

formly continuous from (&7, |4,) to (Z,(R),| |_,) and can then be extended uniquely to 5” I
(we will denote ¥, :=< 1, K (.) > this extension). The same argument can be applied to the map

O, < K (V) > 12(j0,1])- The equality of ¥, and ®, on 5” Ir trom one hand, and the fact that
<, Ky (1) > = <9, K4 (.) >p2((,qy) for any ¢ in 5” I7 fom the other hand allow us to conclude. O

The main result of this section is the following.

Theorem 5.3. Assume that Hy), Ho) and Hs) hold. Let u be a process in LQ(Q,EH HT), then u belongs
to the domain of the divergence of G, and u is Wick-Ito integrable on [0,T] wrt G. Moreover one has the

equality
T T
/ us 0G5 = / us d°G. (5.5)
0 0
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Proof. The proof we give here is a generalization, to Volterra processes, of the proof provided, in the
particular case of fBm, in [Nua05l Proposition 8]. We however write it down here for reader’s convenience.

The fact that fOT us d°G4 is well-defined has been established in Lemma Besides, for every fixed n

in .7 (R), one has: L1 := S(f us 6G5)(n) = S(fy (K_u)(s) 6W)(n) = fo SI(K_u)(s)](n) n(s) ds. Note
that the last equality results from the fact that the Wick-Ito integral wrt Brownian motion generalizes
the Hitsuda-Skorohod integral (see for example [HOUZI0, Theorem 2.5.9] or [Kuo96, (13.8)]). Using the
previous equality, Fubini’s theorem and Lemma one gets:

T
L= / E[(K_u)(s) : e~ ] n(s) ds = B[: e~ : < K_u,1n >r2(0,1))]
0

T
=E[e~" :<u,K(n) >r20,1)] = / E[us : e~ ] K. (n)(s) ds.
0

It then remains to use (¢i) of Theorem [3.6|as well as (5.3)) to obtain:

T
L= / S(us)(n) SOV )ds:S(/ s oW ds)(n).
0
We hence have shown, for every n in .#(R), the equahty S( fo us 0G5)(n) = S(fOT us d°Gs)(n).
The injectivity of S-transform (see (i) of Lemma [2.5) allows us to conclude. O

Example 5.4 (The case of fBm). Let T > 0. For any H in (0,1), define BY = fot Kg(t,s) dWs,
where the kernel Ky is defined in [Nua03, (13)]. BH is an fBm of Hurst index H. Moreover the process
BY fulfills H1), H2) and HS3). This implies in particular that the Wick-Ité integral fOT BH d°BH egists,
for any H in (0,1). We know moreover, thanks to Example that the equality fOT BHE ¢°BH =
z ((BTH)2 — T2 is true for any H in (0,1). On the other hand, the divergence integral wrt BY is only
defined and developed in [AMNOI, Section 8] or in [Nua06, Section 6] for H > 1/4, as we mentioned in

the introduction. One moreover knows that B does not belong to Dom(Sgu) when H < 1/4 and one
has to use the extended divergence integral wrt fBm developed in [CNOJ|.

Corollary 5.5. The set {fo s) 0Gs, f € Hr} of Wiener divergence integral wrt G, coincide with the
/L2

set O¢g = {fo s) d°Gs, f€&r} of Wick-Ité6 Wiener integrals wrt G.

Proof. The equality {fo s) d°Gs, f € &Er} = {fo s) 6Gs, f € Er} is obvious, in view of (5.5)). Be-
’L2)

sides, the equality { fo 8)0Gs, fe Hrt={ fo s) 0Gs, fe€ér} results from Meyer inequalities

(see [AMNOl (5)] for example) O

Remark 10. 1. In many cases (such as for fBm) the equality 5T” I = Hp N L3([0,T)) is clear. In
these situations Theorem [5.3 in a way that makes clear how the wick Ité integral wrt G generalizes
the divergence one. Indeed, when equality ST” lr = Hr N L2([0,T]) holds one just has to assume that
H,), H3) and H3) hold. Hence, for any process u in L*(Q, L*([0,T))), if u belongs to the domain of the
divergence of G, then u is Wick-Ito integrable on [0,T] wrt G. Moreover Equality holds.

2. In view of the previous corollary, we see that one just has to extend the motion of Wiener integral
given in Definition[d], and call Wiener integral wrt G in ¥, any element of O¢, if one wants that our set
of Wiener integrals is the same that the one of [AMNOI)].

3. If Theorem[5.3 clearly states that the Wick-1to integral has a bigger set of integrands than the divergence

type integral developed in [AMNOI1|], assuming they both belong to LQ(Q,EH ”T), one may wonder if this

fact remains true outside L*(S), Er HT). While this remains an open problem, here is what we can still
say about it. The set Hp may contains generalized functions (for example, one can see [Nua06, p.280] or
JLLV1J, Proposition 2.11] in the case where G is a fBm). When this happens (i.e. when, for almost every

w in Q, u(w) is a generalized function which belongs to Hy and which is not a function), fOT ugs 0G4 has

still a meaning and belongs to L?(Q). On the contrary, fOT us d°Gg can only be defined if s — ug is a
function (an (8*)-valued function but still a function). Define the space
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T
A= {ue L*(Hr); u is Wick-Ito integrable wrt G and such that / us d°Gs € L*()}.
0

A consequence of what we stated above is that the inclusion Dom(dg) C A is not true. Note that the
inclusion A C Dom(8g) does not hold either. Indeed, if one considers again, as process G, the fBm B,
as we did in Eacample we know that B belongs to A for every H in (0,1), while B does not belong
to Dom(BH) if H is in (0,1/4). Finally, the only thing one can say in general is that we have the dense
inclusion L*(2, L*([0,T])) NDom(ég) C A.

5.1.2 Comparison with the divergence type integral of [MV05]

The comparison between Wick-Itd stochastic integral and the one defined in [MV05] is easier, in view of
Theorems [3.4] and Indeed, one has the following result.

Theorem 5.6. For any process u such that the (extended) Skorohod integral wrt G, on [0,T), defined in
[MV035], exists, then u is also Wick-Ito integrable wrt G, on [0,T]. Moreover one has the equality

T T
A / Uy 6G = / ws d°Gs, (5.6)
0 0

where [MV0O5] - fOT us 0G5 denotes the (extended) Skorohod integral of u wrt G, defined in [MV05).

Remark 11. Note that, in this case, one does not have to make any additional assumptions (such as

H1, H2 or H3) nor that the equality EH Ir — Hr N L2([0,T)]) holds. Moreover, and as we stated in the
introduction, this theorem as well as Theorem show that the stochastic integral wrt to ¥, - processes,
budlt in [MV05], is a particular case of the Wick-Ito stochastic integral we provide here. This means that
for every ¥, - process §7, and every stochastic process X, such that the integral of X wrt B exists
in the sense defined in [MV05], the Wick-Ito stochastic integral of X wrt BY eists. Moreover they are
equal. Finally, this also allows us to deal with non continuous Gaussian processes, as it is the case in
[MV05)].

Proof. Using notations of Theorem Lemma [2.3| and Cauchy-Schwarz inequality one gets, for every
7 in . (R) and every integer ¢ > 3:
1/2

/OTIS(us)(n)S(Wg(G))(n)I ts< ([t as) /OT W, ds) e

Since both quantities ||u||iz(97L2 0.7y and foT |9/ () |3q ds are finite (by assumption for the first one and
as a consequence of Theorem ofr the second one), Theorem applies and establishes the existence
of fOT us d°Gs. Besides, since in this case the extended domain of the [MVO05] - Skorohod integral is,
by its very definition (see [MV05, Def. 27]) a subset of L?(Q, L?([0,T]), one can use the exact same
proof as the one of Theorem one just has to change therein K_ (resp. Ky) by K7 (resp. K3*)
and note that the equality given in [MV05, Remark 12] has now the role played by Equality (5.4)),
in the proof of Theorem The only thing which remains to be shown is that .(R) C H’, where
H' = {f € L*([0,T]), Kx*f e L*([0,T])}. This latter inclusion results from [MV05, Proposition 15]
(one just has to take therein 7(s) := s* on R}, with o € (1/2,1) and 7(0) := 0 and then show that
Z(R) C C", where C" has been defined in Example O

T 1/2

Note that the results provided in both Thm. [5.6] and Thm. [3.16] allow us to think that one could solve
some linear stochastic evolution equations driven by infinite dimensional Gaussian processes.

In [MV05] the set of Gaussian processes is smaller than ¢. In [NT06] the class of Gaussian processes
considered is a little bit restrictiveﬂ (see [N'TOG (2), (3) & (4)]). Moreover, since our stochastic calculus
is carried out within the framework of the White Noise Theory, our stochastic integral does not have to

6 Moreover, while the Wick product is used to define a stochastic integral in [NT06], the space of stochastic distributions
(which is the natural set on which one can use Wick product) is not used at all. This latter is crucial to derive occupation
time formulas for local times, as we will show in [Leb17]
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be extendedﬂ once it has been built, in order that the set of integrands is not empty or not too small,
as it is the case for divergence type integral (see [MVO05, Remark 25 & p.407] and [CNO5]). Indeed, it
happens that the Gaussian process is not even itself integrable i.e. that [ G, 0G does not exist, (e.g.
in [AMNOI] when G is a fBm with H < 1/4 or when G is the process considered in [MV05]). Note
that the same phenomenon happens aIS(ﬂ in [LN12]. A general way to extend the divergence integral
for Volterra processes, assuming it exists, has been provided in [LNO5]. Howeveﬂ an Itd formula for
extended divergence integral has not been provided in the same time for general Volterra processes.
Finally, our stochastic calculus is an extension to general Gaussian processes of the stochastic calculus
built, wrt fBm in [EVdHO3,  BSOWO04, Ben03a] and wrt mBm in [LLV14] [Leb13, [LLVHI4].

5.2 Comparison with It6 Integral

The goal of this section is to compare the Wick-1t6 integral wrt G to the It integral wrt G, when G is a
(Gaussian) semimartingale. In this subsection we still assume that % = [0, T]. Since the line of reasoning
we are following would be similar if ¢ — G; would not be continuous, we will assume, in this subsection,
that G is continuous. Denote, for every ¢ in [0, T], U; the complete{ﬂ o-field defined by U; := o({Gs; 0 <
s < t}) and denote U the filtration (Uz);c(o 7 In this subsection one then assumes that G = (Gt),c(0 1
is a continuous centered Gaussian U-semimartingale of the form , which fulfills Assumption

Let us recall first the following result, that describes the structure of Gaussian semimartingales.

Proposition 5.7. [Str83, Prop. 2 & Thm 1] The Gaussian U-semimartingale G is a special U-semimartingale:
i.e. for almost every (t,w) in [0,T] x Q, one can write:

Gt - Mt + At7 (57)

where M = (My),cjo.7) s a centered U-martingale and A := (Ay),cioq) is a centered U-predictable
process of bounded variations. Moreover, M and A both belong to the same Gaussian Hilbert space as
G. In addition, the function of quadratic variation of G, denoted t — <G>y, is deterministic and M is
bounded in LP, for every positive real p.

Denote 7 := (T¢),co,7) the filtration, defined by T := o({Bs; 0 < s < t}), which we suppose complete

(if it is not the case we complete it and still denote it 7T;). Through this subsection, we will denote
T

T
Ia(X) = / X, dG, the 1td (resp. faq(X) = X, d°G4 the Wick-1t0) integral of X wrt G on
0 0
[0, T, when it exists. For any continuous martingale M := (My);¢(o 7}, bounded in (L?) and such that
My = 0, denote L?(M) := L*([0,T] x Q,P,du d< M >;) the space of progressively measurable processes
K such that:

T
2
1KI2a 00, = E / K? d<M>],

where P denote the progressive o-field with respect to /. The following result will be used in order to
establish Point (i) of Proposition [5.9] below.

Lemma 5.8. Let G be a Gaussian martingale that fulfills Assumption and let f be a C12([0,T] x
R,R) function. Denote F(t,x) := %(t,x) and define X; := %(t,Gt). If R and f both fulfill conditions

of Theorem [{.4), then one has the following equality:

T T
a.s. / X, dGs = / X, d°G,.
0 0

In particular one has the equality:

T T
0s. / F(s,Gy) dG, = / F(s,Gy) d°G.. (5.8)
0 0

"Besides, if [CN05] provides a method (that has been used in [MV05]) to extend the divergence type integral wrt fBm,
this leads to require much more regularity on the function f, to provide an It6 formul

91n this latter case, the extended domain and the initial one are not comparable (see [LN12] p. 383]).

0and if one excepts [MV05], the results of which we fully generalize in this paper.

If U is not complete, we complete it and still denote it U;.
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Proof of Lemma [5.8] G being a Gaussian martingale, one gets <G>; = R; almost surely, for every

t in [ T). Since R and f both fulfill conditions of Theorem one gets, using both It6 formulas
and [RY99, Theorem 3.3]): Ag(X) = Ho(X) — jg(X) = 0, which in particular implies that:
fo (s,Gs) dGs = fo (s,Gs) d°Gs. O

The main result of this subsection is the following.

Proposition 5.9. 1. Assume that G is Gaussian martingale, adapted to the filtration T. Let X in L*(G)
such that X, € (L?), for every t in [0,T], and such that (X, G) satisfies condition (I) (given in Section
[3.8). Define, for every s in [0,T], U, := inf{t; R, > s}. Let us write the following conditions:

a) the map t — Ry is strictly increasing and continuous on [0,T] and such that U is absolutely
continuous on [0, T).

b) Gi, — Gy, is independent of Ty, , for every 0 <ty <ts <T.

If one the two conditions a) or b) is fulfilled then the map t — X, is both dG-integrable and Ito-integrable,
on [0,T]. Moreover we have the equality:

T T
/ X, dG, = / X, d°G.. (5.9)
0 0

2. If the semimartingale G is not a Gaussian martingale, then Equality (5.9) does not hold in general,
T T

assuming both integml/ X, dGy cmd/ X, d°Gy do exist.
0 0

Note that the condition X; € (L?), for every t in [0,7] is only a slight reinforcement of the assumption
X € L*(G).

Proof. 1.Let G and X be of the form described in point 1. above. We still denote Z¢ (X fo X, dGy

the Ito (resp. Za(X) = fo X d°Gs the Wick-1t6) integral of X wrt G on [0, T, When 1t exists. The
existence of 7 (X) is clear and the existence of #5(X) is obvious, in view of Theorem

1.a) G being a martingale, it can be written, according to Dubins-Schwarz theorem as Gu = Bp,, for
some Brownian motion B and for every u in [0 T). Of course we also have the equalities B; = Gy, and
Ug, = t, for every ¢t in [0, T] since R is strictly increasing. It is then clear that:

T T T Rt Rr
Ja(X) :/ X dGy :/ X; dBp, :/ Xuy, dBRr, = Xy, dBy = Xy, d°By.
0 0 0 ' 0 0
For every n in . (R), we can then write S(Zg(X fRT S(Xy,)(n) < dt,m > dt. Besides, we have
the equality < 1j04),7 >r2r)= E[B; < .,n >] = [GUt o1 >] =< gu,,n >r2w). Since U is absolutely

continuous on [0,7] so is s —< gy,,n >. Thus this yields to:

Rt
S(I6(X))(n) = / S(Xu,)(n) d < g, >

On the other hand, we have: S(_Z¢(X))(n) = fOT S(Xs)(n) d < gs,n >=: fo fn(s) dAs , where we
have set A =< gs,n > and f, = S(X))(n). Applylng [RY99, Proposition 4.10] to the positive and
then the negative part of f,, we get fOT fn(s) dA™M = T, (Us) dA,(J") which entails that:

Rt Rt
S(Fa(X))(n) = / fo(U) dAD = / S(Xu,)(n) d < g >

and ends the proof in this case.

1.b) The proof of the equality (X ) = _Z(X) is obtained by following exactly the same three steps as
in the proof of [Kuo96, Theorem 13.12], in which the equality #g(X) = #p(X) is established (B being
a Brownian motion). One then just has to substitute in there the process ¢ by X, to replace 1, ,) by
gt, — g¢, in the first step, and noticing that one can find, for any process X in L?(G), a sequence (Xn)nen
of simple processes such that lim,, 1o Zc(X,) = Fc(X), where the convergence holds in (L?). We will

27



only write down here the first of these three steps; in order, first to make clear the differences with the
case where G = B, and second, to translate the proof of [Kuo96, Theorem 13.12] in the notations we

use in this paper. Let (¢1,t2) be in [O,T]2 such that 0 <t; <ty < T and assume that X; := Xy, 1¢, 4,1,
where X, is U;-mesurable. Let X,;, = I:E) I, (ft(ln)) be the chaos decomposition of Xy,. By definition
of Itd integral, and using the identity:1,, (k) I1(I) = Int1(k@1)+n In_1(< k,l >[2(g)), where ® denotes
the symmetric tensor product and which is valid for every: n in N*, symmetric function k in L?(R™)
and [ in L?(R), one gets: 400

I6(X) = X0, (Gr, = Gu) = D Llfi”) Inlons = 9n)

n=0
+oo
= Z (In+1(ft(1n)®(gt2 —9t,)) +nl (< ft(ln)agtz — 9t >L2(R)) )-

n=0

Lemma 3.11 of [Kuo96] applies here since U is included in 7. One then knows that, for every n in N*,
t(ln) is equal to 0 almost everywhere on [0,7]™\[0,#1]". Moreover, since Gy, — Gy, is independent of Ty, ,

it is clear that <ft(1n),9t2 9T Ry T 0, for every n in N*. Using Proposition we get, for any 7 in

R)
(R), m -
S(Ia(X)m) = S (Tnsa (1890, = 9e))0) = Y- < f 8 (90 = 900)sm® ") >
n=0 n=0

+o0
=3 < V0" > < gu, — g >= S(X1,)(0) S(Gu, — Gi,) () = S(Fa(X)) ().
n=0

The injectivity of S-transform then allows us to write Z¢(X) = Za(X).

2. In view of Proposition [5.7} three cases are possible for the structure of the semimartingale G. The
case where G is a martingale has been treated in Point 1 below. Our goal here is to exhibit, when G is
not a Gaussian martingale, some general and simple examples for which #5(X) and #¢(X) both exist
and are different. Let f be a C12([0,T] x R, R) function. Assume that both R and f fulfill conditions
of Theorem Denote Y = 0 when the process Y := (});¢(o 7 is such that

Yi(w) =0, V(w,t)eQ x][0,T], (5.10)

where )’ is measurable subset such that p(2') = 1. We will denote Y # 0 when (5.10) is not satisfied.
The case where M = 0 being easier we will assume that A Z 0 and M # 0 in (5.7)). Assume that both
M and A are continuous and that there exists a map ¢ — ggl) from [0, 7] into L?(R) such that g(*)

fulfills Assumptionand such that M; =< | gt(l) > almost surely, for every ¢ in [0, T]. Let us compare
Z¢(G) and _Z(G). The existence of #;(G) is clear. Moreover, using classical Ité formula, one gets:

T T
]G(G):/ M, dMs+/ Ay dAg + Ar Mr.
0 0

The existence of _#(G) is clear in view of Example Moreover, using again Example the fact
that M is bounded in (L?) as well as an integration by parts, one gets:

T T
jb«ﬂzi/ A@d%@4:/ A, d°A, + Ap o My,
0 0

Classical 1t6 formula, Example (5.8) and, finally, Propsotion and Proposition yields:

T T
@de:ﬂﬂQ—j@@%i/<@¢%—/ A, d°A, + Ap My — Ag o My
0 0
= 2_1E[A%] + Ar My — Ap o My = 2_1E[A%] — E[ATMT] (51].)

It is then easy to find a finite variation processes A, as well as a positive real T', and choose the map
g, that defines the Gaussian martingale M, such that: 27 'E[A%] — E[A7My] # 0. O
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Remark 12. 1. In the particular case where there exists a function f : R — R, which belongs to L*(R),
t

such that Gy := / f(u) dBy, for every t in [0,T], a.s., then all the assumptions of Propoistion are
0
reduced to X belongs to L?>(G). Note also that one recovers in particular, the result of [Kuo96, Theorem
1 1
13.12], that is / X, d°B; :/ X, dBs, for every X in L*(B).
0 0

2. One may also remark, from what we stated in the previous sections, that the existence of fol X, d°Gy
does not imply the existence fol X, dGs. Conversely the existence of fol X, dGs does not imply the exis-

tence fol X d°Gs. Three natural questions then arise in this framework;
(i) If fOT X, dG, exist, on which conditions on X the integral fOT X, d°G4 will exist?
(i) If fOT X, d°G, exist, on which conditions on X the integral fOT X, dG will exist?

(ii) When both the integrals fOT X, d°G and fOT X, dGg do exist, what is the exact link bet ween them?

In order to answer properly to these three questions one needs to use the operators Dy, and Dy, , defined
in [Kuo96, Chap 9], and express both our Wick-Ité integral and the Ité integral using these operators.
Since this would lead us too far from the goal of this present work, we will therefore give the answer to
these questions in a future work.

3. In view of Lemma , it seems that Equality (5.9) remains true under weaker assumptions than the
one proposed in Proposition . Howewver, extend under weaker assumptions is an open problem.
4. Of course one can limit our definition of Wick-Ité integral to Gaussian martingales only. Then, and
as it is the case for Ité integral, one can extend the definition of Wick-Ito integral wrt G to the case
where G is a Gaussian semimartingale, by simply setting:

T T T
/ X, d*Gy = / X, d°M, +/ X, dA,, (5.12)
0 0 0

where M (resp. A) denotes the martingale (resp. the bounded variation process) given by (5.7)), and where
M is assumed to be of the form (1.1 and fulfills Assumption , fOT X d*Gs will then be defined as
soon as each member of the right hand side of (5.12|) will exist. The Ité integral fOT X, dAg, in the right

hand side of (5.12)), offers also the advantage, on fOT X d°A; of being defined w by w since it is Stieljes
integral.
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Appendix

A.1 Bochner Integral

The following notions about Bochner integral come from [HP57) p.72, 80 and 82] and [Kuo96l p.247].

Definition 3. Bochner integral [Kuo96, p.247] Let I be a Borelian subset of R endowed with the Lebesque
measure. One says that ® : I — (S)* is Bochner integrable on I if it satisfies the two following conditions:
1 ® is weakly measurable on I i.e u—< $y, ¢ > is measurable on I for every ¢ in (S).

2 3p € N such that ®u € (S-p) for almost every u € I and u— [|@u||_, belongs to LY(I).

The Bochner-integral of ® on I is denoted fl D, ds .

Proposition A.1. If® : I — (8)* is Bochner-integrable on I then there exists an integer p such that HfI (28 dsH .

f] |®s]|_, ds. Moreover ® is also Pettis-integrable on I and both integrals coincide on I.
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Remark 13. The previous proposition shows that there is no risk of confusion by using the same notation for
both Bochner and Pettis integrals.

Theorem A.2. Let p € N and (<I>("))neN be a sequence of processes from I to (S)*such that oM e (S=p) for

almost every u € I and for every n. Assume moreover that ®™ is Bochner-integrable on I, for every n, and
that lim fI ||<I>£’”) — oM ||_p ds = 0. Then there exists an (S)"-process (almost surely (S—p)-valued),

(n,m)—(+00,+00)

denoted ®, defined and Bochner-integrable on I, such that
lim / @5 — (|, ds=0 (A1)
I

n—-+oo

Furthermore, if there exists an (S)"-process, denoted ¥, which verifies (A.1)), then ¥y = &, for a.e. s in I. Finally
one has lim [, @\ ds= [, ®, ds, where the equality and the limit both hold in (S)*.

n——+oo

B.1 Proof of Theorem [3.4]

Proof: In view of Proposition it is sufficient to show that Assumption [(Z)| holds. Besides, it is clear that ®
is well defined on R4 since one has, for every t in Ry, the equality:

Oy = E(t) - d0 — (Lo, - Bt =)' (B.1)

It is clear that function E (resp. &) is increasing, differentiable on R} and continuous on R4 (resp. increasing
and of class C' on R). Equality together with the properties of E entail that ® is continuous at ¢t = 0.
Let us now establish Equality . For every ¢t in RY, ¢ in Z(R), and r > 0, denote I, :=< M,gp >.
Using the change of variable formula, an easy computation gives us:

b-,{(/om Lp(u)e(t—&-r—u)du—/ot np(u)&(t—u)du)

:/; [e((t+7)(1 =) p(u(t+7)) —e(t(l —v)) (vt)]dv +/€((t+r)(1ffu)) eu(t+ r))dv =: IV + 12,

0
For every r in (0, 1), one has 19 = fotﬂ 1(0,e4r)(w) fffj p(t +r —u) du. Since t and ¢ are positive, Lebesgue’s

dominated convergence theorem applies and allows one to write that lim,_,o I @ = Ot # p(t—wu) du and thu

that lim, 0 I\? = %fot o(u) e(t — u) du. Besides, IV can be written under the following form:

1£1>:/ te (t+7)(1 —v)) (w)dw/ ;go(vt) (e((t+r)(1—v)) —e(t(l —v))) dv=: I + .

The exact same method as the one used to compute lim,_ IT(Q) applies and allows one to write:

lim J) = / to & (vt) e(t(1 — v)) dv = 1/ w o (u) (t — u) du. (B.2)
0 0

r—0 t

Having in mind that ¢?(r) = (¥*)'(r), an integration by parts in J12 yields:

I = 5(0) (tj LEEDE ﬂ”) - / & (0t) B((t+7)(1 - v)) do
+ ;/ & (0t) (B((t+7)(1 =) — E(t(1 - v))) dv.
0
It is then clear that: .
lii% J2 = 0(0) (E(t) - Ei”) - %/ ¢’ (u) E(t —u) du+ li_ri% K. (B.3)

Thus, it only remains to determine lim K,. An integration by parts in K, yields:
r—0

1 1
K, = so’<0)(t+’2"@“”2‘g‘“—‘fi?)—@ / ¢ (vt) E(EA—v))dv+ 2 [ (ut) (SLEDIZD_ECO) ) gy,
0 0

One then gets, after a change of varaible:

lim K, = <p'(0)(E(t) — @) — 1/ 0" (u) E(t —u) du+/ " (u) (1 - %) E(t—u) du. (B.4)

r—0 t

12Note that one could also have used [MV05, Remark 3] and assume that (72)’ (and hence €) is non-increasing.
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Finally, gathering lim,_, I'® and Equalities (B.2]) to (B.4)) yields:

lim I, = %/0 o(u) e(t —u) du+ %/0 ©'(u) (uelt —u) - E(t—u) du

r—0

i1 / () ((t =) B(t—u) — 6(t—w) du +(0) (a(t) _ E“)) L0 (E(t) _ g“))

t t t

This is nothing but (3.5). Let us now show that ¢ — |®'(¢)|_

€ N_L*(0,b)), Vg > 3. Let b be a positive real
bER®

"
and ¢ be an integer such that ¢ > 3. It is sufficient to show that the map t — \<I>'(t)|?;q belongs to L'((0,b)).
Using (3.5)), one gets, for every integer k > 2,

| < @' (t),er > | < o (e() + 2L + M), (B.5)

where ai = |lex| + llekll + llenll., and where M := (¢ + 3) sup E(s) + sup &(s) + sup @. Using the
s5€[0,¢] s€[0,¢] 5€(0,¢]

relation e, (z) = \/gekfl(m) — v/ EH epi1(x) (see [Kuo96, p.354]) as well as Theorem one easily obtains that

o <48 (k+1)2 2?272 llex+i]l?, < 250 (k + 1), for every integer k > 2. Having in mind the definition of R,

given in it is then clear that there exists C' > 0 which does not depend on ¢ nor ¢ such that:

+oo +o0
@O, =D 1< @) en> " k427 < LB Y 0k 2k+2)7 < CH (1) Ray, (B.6)
k=0 k=0

where we have set £(t) := (e(t) + @ + M)Q. It then remains to show that both ¢? and ¢ + Eg)z belong to

L*((0,b)). The first part is clear since ¢* = (?)’. Moreover, in a neighborhood of 0 one haﬂ E(t) <2te(t), for

b B(t))2 b o 2 .
t # 0. One therefore has: fo (%) dt < 4f0 e*(t)dt = 4v*(b) < +o0, which ends the proof. O
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