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Stochastic Calculus with respect to Gaussian processes

Joachim LEBOvITS*!

April 28, 2015

Abstract

Stochastic integration with respect to Gaussian processes has raised strong interest in recent

years, motivated in particular by its applications in Internet traffic modeling, biomedicine and
finance. The aim of this work is to define and develop a White Noise Theory-based anticipative
stochastic calculus with respect to all Gaussian processes that have an integral representation over
a real interval (that maybe infinite). This very rich, this class of Gaussian processes, which will be
denoted ¢, contains, among many others, Volterra processes (and thus fractional Brownian motion)
and multifractional Brownian motions. It also contains Gaussian processes, the regularity of which
varies along the time. The stochastic calculus provided in this work allows us to derive It6 formulas,
a Tanaka Formula as well as to perform a first study of (both weighted and non weighted) local
times of elements of ¢, that includes providing occupation time formulas.
A systematic comparison of the integral wrt elements of ¢ we provide here, to the ones given by
Malliavin calculus, in [AMNOI], [MV05], [NTO6], and by Itd stochastic calculus is also made. A
complete comparison of the Itd6 and Tanaka formulas (resp. the results on Gaussian local times)
we present here, is made with the ones proposed in [AMNOT], [NT06, [KRT07, [KRI0, [LN12]
[SVT4] (resp. in [LNT12]).

Moreover, one shows that the stochastic calculus wrt Gaussian processes provided in this work
fully generalizes and extends the ones originally proposed in [MV05] and in [NT06], as well as it gen-
eralizes some results given in [AMNOT]. In particular it generalizes results given by [MV05] by allow-
ing one to consider highly irregular processes (even more irregular that those considered in [MV05]
since their regularity may vary along the time in this work). It also extends the stochastic calculus
for fractional Brownian motion provided in [EVAH03, BSOWO04| Ben03a] and for multifractional
Brownian motion in [LIV14] [LebT3, [LLVHT4]. In addition, the stochastic calculus presented here
offers alternative conditions to the ones required in [AMNOT], [NTO06l [KRT07, [KR10, LN12]

and [SVT14], when one deals with stochastic calculus with respect to Gaussian processes in general.

Keywords: Gaussian processes and local times, stochastic analysis & White noise theory, Wick-Ito

integrals, It6 and Tanaka formulas, varying regularity processes, fractional and multifractional Brownian

motions.
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1 Introduction

The purpose of this paper is to develop an anticipative stochastic calculus with respect to
Gaussian process G := (Gy),c, that can be written under the form:

Gt:/Rgt(u) B, (1.1)

where R denotes the set of real numbers, Z denotes a closed interval of R (that may be equal
to R), B := (By),cg is Brownian motion on R and (g),., is a family of a square integrable
functionsEI on R. Denote ¢ the set of Gaussian processes that can be written under the form
(LI). The set 4 obviously contains Volterra processes, as well as Gaussian Fredholm processes.
For every positive real T', the process (V4)yc(o 77 (resp. (Fi)iejo7y) is said to be a Volterra (resp.
a Gaussian Fredholm) process on [0, 77, if it can be written under the form:

t
Vt::/ K(t,s)dWy: Vtel[o,T), (1.2)
0

T
resp. Fy: :/ Kr(t,s)dWs; Vtel0,T], (1.3)
0

where (Ws) (0,7 18 a Brownian motion and K (resp. Kr) belongs to L2(]0,T)%). Note moreover
that ¢ contains the Gaussian processes that can be written under the form:

t
Ht::/ K(t,s)dBs; YteR. (1.4)

In view of building a white noise integral wrt any G in ¢, one will have first to define a Gaussian
white noise (i.e. a derivative of ¢t — G}) as a Hida stochastic distribution. In addition to the

!i.e. such that u + g¢(u) is measurable on R and such that fR lg¢(w)]? du < 4-oc0.



definition and the main properties of our stochastic integral with respect to Gaussian processes
that belong to ¢, as well as a comparison of our integral to the previous existing ones, our main
results are:

e An Itd formula, that reads, for every 7' > 0 and every C*2([0,7] x R) function f, with
sub exponential growth:

f(T,Gr) = f(0,0) +/ ZL(t,Gy) dt+/ SL(t, Gy) d°Gt+ / t (t,Gy) dRy,

where the equality holds in L?(2) and almost surely, where ¢ — R; denotes the variance function
of GG, which will be supposed to be a continuous function, of bounded variations; the meaning
of the different terms will be explained below.

e Two occupation time formulas that read, for every positive real-valued Borel function ®:

[ e as= [ 490w o) dy
0 R

[ e ar = [ AP0 20

where EFEFG) (y) (resp. .,SfT(G) (y)) denotes the non weighted (resp. the weighted) local time of G
(which will be both defined precisely), at point y, up to time 7. We will moreover establish that
these two latter random variables are L? random variables.

1t6 stochastic calculus provides a non-anticipative stochastic integral with respect to Gaussian
semimartinagles. However, 1t6’s theory does not apply anymore when the Gaussian process
considered is not a semimartingale. Twd] main and parallel ways have been developed over
the years to build a stochastic calculus with respect to Gaussian processes; the It6 integral
wrt Brownian motion (for non anticipative integrands) being at the intersection of all these
approaches. More precisely, one has the:

- trajectorial or pathwise extensions,

- functional extensions.

The trajectorial approach, initiated by [You36], provides generalizations of the Riemann—Stieltjes
integral that are: the pathwise forward-type Riemann-Stieltjes integral (introduced in [FoI81];
see also [SV13] and references therein) and the pathwise generalized Lebesgue-Stieltjes integrals
(introduced in [Za98]). The reader interested in this approach, that also provides It6 formulas,
will find in [EVI0] a very complete overview. Let us also mention the stochastic calculus via
regularization (see [RVQ7] and references therein), that is also a generalization of It integral.
Since the pathwise extensions of 1t integral require, by their very definition, that the stochastic
integral is built w by w, it will clearly appear that they are of a completely different nature from
our definition of stochastic integral (that will be given in Definition 2 below). For this reason
we will not compare, in this work, our approach to the pathwise ones.

Our main interest here consists in the functional approach. The functional extensions are rooted
in the extension of It6 integral wrt Brownian motion to anticipative integrands built by Hitsuda
n [Hit72] Hit78] and Skorohod in [Sko75]. This extension is therefore named Hitsuda-Skorohod
integral. In [GT82] it was proved that the stochastic integral wrt Brownian motion and the
adjoint of the derivative operator, on the Wiener space, coincide. This result led to many

2The enlargement of filtration technique is a third method to extend It6 integral for non semimartingale (see
[MY06] and references therein). However we will not discuss it in this paper since it is very rarely used in the
literature.



developments in (anticipative) stochastic calculus with respect to Gaussian processes, the most
significant of which is [AMNOI]. This latter article provides, using Malliavin calculus, not only
a divergence type integral with respect to continuous Volterra processes but also It6 formulas.
In fact, all the functional extensions of 1t integral developed to build a stochastic integral wrt
Gaussian processes so far, have been developed using the divergence type integral. One can
divide these functional extensions into two groups, depending if the assumptions are made on
the kernel K (first group) or on the covariance function R (second group). The first group is

composed of [AMNO1] and [MV05], while the second one is composed of [NT06, [KRT07, [KR10),
LNT2, SV14).

The stochastic calculus we propose in this work belongs to the first group since the set of
assumptions we make will be about the kernel g; however it does not use the divergence type
integral. For this reason we will make, in this work, a systematic comparison of the stochastic
integral we provide here with the ones provided in [AMNOI] and in [MVO05].

[MV05] provides a stochastic calculus, wrt a particular class of Volterra processes, that we will
denote 7, - processes in the sequel, where v : Ry — R is a deterministic function. For any
determlnlstlc function v : Ry — R, 7 - processes (or elements of 77) are defined in [MV03,
Proposition 1] as being the processes, denoted BY .= (B} )tefo,r) defined by setting:

_ t
B ;:/ e(t —s)dW,; Vi€ [0,T), (1.5)
0

with v : Ry — R such that 72 is of class C? everywhere in R, except in 0; and such that
(72)" is non increasing. The map ¢ : R% — R is defined by setting ¢ := /(7?)’. While the
set 7, does not contain fractional Brownian motion (fBm) (and therefore not multifractional
Brownian motion either), it contains Gaussian processes that can be more irregular than any
fBm. Moreover, it contains Gaussian processes that present longer-range negative interactions
than any fBm with H < 1/2. More generally, than any Gaussian process defined by any given
scale of almost-sure uniform continuity that is bounded below by the modulus of continuity
of Brownian motion. However, by their very definition, the regularity of every 7 - process is
constant along the time. Not only 7 is a subset of ¢, but also the stochastic mtegral built
in [MVO05], wrt any element of ¥, is a particular case of the Wick-It6 stochastic integral we
provide in this work, as we will show further. This means that for every process B7 in 7, and
every stochastic process X such that the integral of X wrt B? exists in the sense deﬁned in
[MV05], our stochastic integral of X wrt B7 exists. Moreover they are equal. This will allow us
to deal with non continuous Gaussian processes, as it is the case in [MV05]. In addition, our set
of Gaussian processes ¢ does not only contain Gaussian processes with fixed regularity (such
as 7, - processes) but also Gaussian processes that have a regularity which varies along the
time; and of course, the stochastic calculus provided in this paper applies to them. Besides, in
[IMV05] the variance function of elements in ¥, noted ¢ — Ry in this paper, is assumed to be of
class C? on R’ . We will not assume such a regularity here, for elements in ¢. We will assume
here that ¢ — R; is continuous and of bounded variations only in Sections [4] and [0l (in order to
derive It6 formulas and results on local times of elements of ¢).

An another advantage of the stochastic integral we build in this work is that one does not have
to extend it, once it is built, in order that the set of integrands is not empty (or not too small),
as it is the case for divergence type integral. Indeed, as it has been noticed in [MV05, Remark
25 & p.407], it happens that the Gaussian process wrt which the divergence type integral is
defined is not itself integrable (e.g. the fBm, for H < 1/4 in [AMNOQI], or B?, when ~(r) > /4
in [MVO05]); the same phenomenon happens also in [LN12] and in [SV14]. Moreover, in these
two latter cases, the extended domain and the initial one are not comparable (see [LN12| p.
383]). This is a serious drawback, and especially when one wants to have at one’s disposal an



It6 formula. [CNO5] provides a method to extend the divergence type integral wrt fBm. Using
the same ideas as the ones provided in [CNO5|, the authors of [MV05] extended the divergence
type integral wrt ¥, - processes as well. However, in these two particular cases, the authors
had to require more regularity on the function f, to provide an It6 formula. Indeed, in both
It6 formulas provided in these papers (that are [CN05, Lemma 4.3] and [MV05, Theorem 31]),
the function with sub exponential growth, denoted f, is assumed to be of class C'*°. Moreover,
all its derivatives are assumed to have a sub-exponential growth. The stochastic integral we
build in this work avoids this disadvantage and the Itd formula we provide here is, at our best
knowledge, the most general one for general Gaussian processes that are not semimartingales.
Note moreover that a general way to extend the divergence integral for Volterra processes,
assuming it exists, has been provided in [LNO05]. However Ité formula for extended divergence
integral has not been provided in the same time for general Volterra processes, if one excepts
[MVO05]. Besides, while the stochastic calculus developed in [MV05] provided a Tanaka formula
it seemed so far that the intrinsic method (i.e. the stochastic calculus we called of the second
group above) is more suitable to provide ones with occupation formula for Gaussian local times
(as it has been done in [LN12] for weighted local times). The stochastic calculus we provide
here allows us to get both, It6 and Tanaka formulas, as well as occupation formulas for local
times of any G in ¥.

More importantly, in order to define the divergence integral of a continuous Gaussian process
G in the way of [AMNOI] and then of [MV05], it is essential to first know a representation of G
on a compact set of the form [0, T]. In general, [HH93| Theorem 4.1] ensures that any Gaussian
process may be written as a sum of two terms; one of them being SV, fg K;(t,u) dW;(u),
where N is possibly infinite and W is a Brownian motion. However it is not an easy task to
obtain such a decomposition for a given process G. For instance, although a kernel is known for
fBm, this is not the case of bifractional motion [HV03]. Likewise, writing the moving average
and harmonizable multifractional Brownian motion in this form remains an open problem (see
[LLVH14, Section 5] for more details). Moreover, as it has been noticed in [SV14, Ex. 3.3],
Gaussian bridges in general are an example of Gaussian processes which do not admit “proper”
Volterra representation (i.e. that can not be written under the form (L2)). We will see that the
stochastic calculus provided in this paper allows one to deal with this kind of processesﬁ.

We therefore understands that there is no hope to use [AMNO1] nor [MV05] in order to build a
stochastic integral wrt Gaussian processes of the form (1), for which one does not know any
integral representation on a compact set included in [0,7]. One then might consider to use the

stochastic calculus wrt Gaussian processes developed in [NT06], [KRT07], [KR10], [LN12] or

[SV14]. As we stated above, by the very definition of the stochastic calculus provided in [NT0G,
KRTO7, [KR10, [LN12, [SV14], one needs that the covariance function fulfills some requirements.
However, it happens sometimes that one has to deal with Gaussian processes, given under
the form (CTI), for which one does not know how to compute the covariance function, such as
the one where g; is defined by setting g;(u) = 1jg4(u) Kp)(t,u), where h : [0,T] — (0,1) is a
continuous deterministic function and where the family of Kernel (Kp) He(0,) 18 the one defined
in [Nua06l, (5.8)] in the case where H € (1/2,1) and in [NuaO6, Proposition 5.1.3] in the case
where H € (0,1/2). Nevertheless, let us see briefly what has been done, and obtained, in these
latter references.

In [NTOG], a stochastic integral wrt continuous Gaussian processes is defined, again based on
Malliavin calculus. However, the class of Gaussian processes wrt which a stochastic integral is

3[SV14] Section 1] also noticed that Theorem 4.1 of [HH93] requires that the Gaussian process considered is
purely non deterministic, which excludes some basic Gaussian processes such as the one given in [SV14], Example
3.1], for which the stochastic calculus we provide here also applies.



defined is a little bit restrictive since it requires, among other things, two conditions on the
sums of the square of the covariance of the increments of the Gaussian process considered (see
INTO6 (2), (3) & (4)]). As a consequence of this definition of stochastic integral, the Itd formula
derived from [NTO6] requires that f is a function of class C”. This can be a serious drawback
when one deals with not so much regular functions. Moreover, while the Wick product (which
is a key tool in the White Noise theory) is used to define a stochastic integral in [NT06], the
space of stochastic distributions (which is the natural set on which one can use Wick product) is
not used at all. Therefore, one can not use the flexibility of stochastic distributions (i.e. White
Noise theory) to obtain a less restrictive It6 formula, nor a Tanaka formula, nor an integral
representation of local times wrt G. This latter is crucial to derive occupation time formulas,
as we will show in this work.

The work provided in [KRT07] offers an alternative to the previous methods to build a stochas-
tic integral wrt continuous GaussiaIH processes, for which one knows the covariance function.
Introducing the concept of covariance measure structure, the authors built and developed a
stochastic calculus wrt “regular” processes (such as fBm with H > 1/2). This work has been
extended to the “singular” case in [KR10]. This approach is particularly suitable when the ker-
nel is not explicitly known, under any of the representations (ILI]) to (I4), (like in the case of
bifractional motion [HV03]). However, as we will show further, the conditions required to estab-
lish It6 formula in [KR10] are quite restrictive (since one of the requirements is that f is of class
C*°). The conditions required in [KRT07] are not so restrictive but they do not allow one to
deal with “irregular” Gaussian processes, by the very essence of covariance measure structure.
[LN12] provides an intrinsic stochastic calculus (requiring conditions only on the covariance
function R) for continuous Gaussian processes, based on divergence integral. In addition to It6
& Tanaka formulas, a proof that weighted local times of Gaussian processes considered are L?
random variables is provided. We extend most of these three results in this work.

Finally, [SV14] also provides a stochastic calculus, but wrt to Gaussian Fredholm processes
(defined by (L3))), that are not necessarily continuous. The authors do so by using a transfer
principle. They make alternative assumptions to the ones we do in this work, to derive their
Itd formula. If the assumptions made in [SVI4] generalize the ones required in [LN12|], no
Tanaka nor local times properties are derived. Moreover, contrary to [LN12|, that does not use
any representation of the Gaussian process considered, [SV14] uses the operator Kp (in fact
“its adjoint”, denoted K7) to build the stochastic integral wrt Gaussian process. This makes
the method employed in [SVI14] to build a stochastic calculus, in between intrinsic and “non
intrinsic” (i.e. in between groups 1 and 2 described above). Moreover, even if one knows that G
admits a Fredholm representation, finding explicitely the operator K or K;. (which is useful
if one wants to have at least an idea of the domain of the divergence) seems not to be an easy
task.

We want to build here a stochastic integral wrt Gaussian processes in ¢, that is a functional
extensions of It6 integral, and develop a stochastic calculus, with the biggest generality. Because
we wanted that our stochastic calculus avoids all the drawbacks inherent in the previously
mentioned methods, one had to find another way to do so. The resulting stochastic calculus is
carried out within the framework of the White Noise Theory. Moreover, it is an extension to
general Gaussian processes of the one built, in the recent years, in order to define a stochastic
calculus wrt fBm in [EVdH03, BSOWO04| [Ben03a] and for mBm in [LLV14) [Leb13, [LLVHI4]. In
fact, the stochastic calculus with respect to Gaussian processes we provide here is the only one
available when the Gaussian process can be written under form (LI but not under any of the

form (L2) to (L4); or when the stochastic calculus provided in [KRT07, KRI0,[LNT2] does not

4 .
as well as non Gaussian




apply. Moreover it provides new results on Gaussian local times as well as improvements of
It6 formulas provided in [AMNOI] [CNO5L MV05, INT06|, [KR10, LNT12|], by allowing one to have
less restrictive hypotheses that the ones required in those references. It also improves the It6
formula given in [SV14], by first extending the class of processes for which one can provide an
It6 formula; and second by offering alternative assumptions than the one required in [SV14].
It also offers extension of the results obtained for local times in [LN12]. Moreover, the stochastic
integral we provide here avoids the drawback of having to be extended, as it might be the case
in [AMNO1], MV05| [CN05, [LNT2| [SV14] - to have a “reasonable” set of integrands, that includes
in particular the Gaussian process wrt which one builds the stochastic integral. Besides, it is
interesting to note that White Noise theory is a strong enough theory to allow one to develop
a stochastic calculus that provides Itd, Tanaka and occupation times formulas within the same
framework.

White Noise Theory is roughly speaking, the stochastic analogous of deterministic generalized
functions (also known as tempered distributions). More precisely, White Noise Theory has been
introduced by T.Hida in [Hid75]. The idea is to realize nonlinear functional on a Hilbert space
as functions of white noise (which is defined as being the time derivative of Brownian motion).
White Noise theory has now many application fields, such as quantum dynamics, quantum
field theory, molecular biology, mathematical finance, among many others (see [HS04] for more
details). One can find very good introductions (and more!) to White Noise Theory in [HKPS93),
[Kuo96l [Si12] (see also references therein). One may also refer to [HOUZI10] for the study, in
the white noise theory’s framework, of stochastic differential equations as well as stochastic
partial differential equations. It is also notable that the stochastic integration developed from
White Noise theory does not only allow us to solve, theoretically, certain stochastic differential
equations (SDEs) but also lends itself well to numerical approximation of solutions of these SDEs
(see [CLV14] for an example, in a mathematical finance context, of numerical approximations
of solution of some linear SDEs, using the functional quantization).

Gaussian Processes in ¢4 of “reference”

We will consider throughout this paper, a running example. The interest of this example is
to give a concrete idea of the way the stochastic calculus we present in this paper works and to
see in what extent it generalizes the stochastic calculus wrt Gaussian processes, provided in the
literature that already exists The Gaussian processes treated in this running example, which
all belongs to ¢, are: Brownian motion and Brownian bridge, fractional and multifractional
Brownian motions as well as ¥, - processes, that we have already presented above. For notational
simplicity we will call, in the sequel of this paper, these processes the Gaussian processes of
“reference”. Of course our aim, with this running example, is not to define a stochastic integral
with respect to any of these Gaussian processes of “reference” since this has already been done
in [EVdHO03, BSOWO04], Ben03al for fBm, in [MVO05] for ¥, - processes and in [LLVI4,Leb13]
[LLVHI4] for mBm. Our aim is rather to show how the stochastic calculus we provide in this
work, which is built on a very simple set of assumptions (given page [I4), allows one to first
recover easily the results provided in these previously cited articles and, second to improve these
results in many places.

Fractional and Multifractional Brownian motions

We only give here a presentation of fBm and mBm that is limited to the strict minimum. The
reader interested in details about these two processes may refer, for fBm (resp. for mBm), to
[Nua06] (resp. to [LLVHI4]) and references therein. Introduced for the first time in [Kol40], and
popularized in [MVNGS], fBm is a centered Gaussian process, the covariance function of which
is denoted Ry and is given by:



1, o 2H 2H
RH(t,8)1:§(W + s = [t = s[77),

where H belongs to (0, 1), and is usually called the Hurst exponent. Moreover, when H = 1/2,
fBm reduces to standard Brownian motion. Among many other properties, fBm is able to
match any prescribed constant local regularity and to model phenomena that presents long
range dependence. These properties made this process very popular in many fields such as
mathematical finance, Internet traffic modeling, image analysis and synthesis, physics and more.
MBm, which is a Gaussian extension of fBm, was introduced in [PLV95] and in [BJR97] in
order to match any prescribed non-constant deterministic local regularity and to decouple this
property from long range dependence (this impossibility of doing so for fBm constitutes one
of the drawbacks of this process). To obtain mBm, the idea is to replace the constant Hurst
parameter H of fBm by a deterministic function ¢ — h(t) ranging in (0, 1). Several definitions of
mBm exist and the reader interested in the evolution of these definitions may refer to [LLVHI4]
and references therein. We will only give here the definition of mBm given in [LLVH14l Definition
1.2], which is not only the most recent but also includes all previously known ones. A mBm on
R, with functional parameter h : R — (0,1), is a Gaussian process B" := (B}'),.g defined, for
all real t, by B! := B(t,h(t)), where B := (B(t, H)) (1, m)erx(0,1) is fractional Brownian field
on R x (0,1) (which means that B is a Gaussian field, such that, for every H in (0, 1), the
process (B(t, H)),cg is a fBm with Hurst parameter H). In other words, a mBm is simply a
“path” traced on a fractional Brownian field. Note also that when h is constant, mBm reduces
to fBm. An explicit construction of an fBm and of a mBm, given under the form (III), will be
presented at Example 28 Besides, one may refer to [ST94, [AMNOIL [BDMI0] to get precisions
on the various integral representations of fBm and mBm that exist. The literature on Stochastic
integration wrt fBm is extensive now. The reader interested in an exhaustive overview of the
subject may refer to [Nua06, [Cou07], [MisO8] and references therein. One may also find treated
in [Ben03a, BSOWO04| [EVAH03, [Nua05], the particular case of stochastic integral wrt fBm, in
the white noise theory framework.

More recent, the literature on Stochastic integration wrt mBm is less rich. Nevertheless, one may
cite [BDM10] for a divergence type integral wrt to a Volterra-type mBm and [LLV14] Leb13] for
a Wick-1t6 multifractional integral (i.e. an integral wrt to normalized mBm, in the White Noise
theory framework). Note moreover that [LLVHI4] provides a general method of integration wrt
to all classes of mBm, that does not only apply for divergence type integral and white noise
theory integral but also for pathwise integral.

Qutline of the paper

The remaining of this paper is organized as follows. In Section 2], we recall basic facts about
white noise theory and about the family of operators (Mpy) He(0,1), Which is instrumental for
our running example. Let G := (Gy),c, be a Gaussian process that belongs to . In Section 3
one first defines the time derivative of G, in weak sense. We then define a stochastic integral
wrt G and give its main properties. Various instances of Itd formula are given in Section @]
in both L?(Q) and stochastic distributions senses. The main result, which is Theorem 4] that
provides an It formula in L?(€2), is given in Subsection EET} This latter subsection ends with a
complete comparison of Theorem 4.4l with all the Itd formulas for Gaussian processes, provided
so far in the literature of functional extensions of ito integral (that are: [AMNOI, Theorems 1
& 2], [MV05, Theorem 31], [NT06, Theorem 1], [KRTQT, Corollary 8.13], [KR10, Proposition
11.7], [LN12| Theorem 3.2] and [SVI14, Theorems 4.4 & 4.5]. Subsection is devoted to the
obtention of an It6 formula in the stochastic distributions sense. This result is a preparatory
work for the study of local times provided in Section [l In Section Bl we compare our stochastic
integral with respect to elements of ¢, to some of the ones that already exist. More precisely,



to the divergence type integrals, provided in [AMNOI] and in [MV05], in Subsection 51l and to
1t6 integral in Subsection In particular, we show therein how our integral fully generalizes
the one built in [MV05]. Finally one provides in Section [l a Tanaka formula, a definition of
weighted and non weighted local times of Gaussian processes that belong to ¢, as well as
an integral representation of them. An occupation time formula for both, weighted and non
weighted, local times of G is also established and constitutes the second main result of this
paper. Finally we prove that both, weighted and non weighted local times of G, belong, as two
parameters processes, to L2(R x 2, A ® i), where \ denotes the Lebesgue measure on R. We
then compare the results we obtained to the ones provided in [LN12] for weighted local times.

2 Background on White noise theory & on operators (My) He(0,1)

We recall in this section the standard set-up for classical white-noise theory. Readers interested
in more details about White Noise Theory may refer e.g. to [HKPS93| [Kuo96] and [Si12].

2.1 The spaces of stochastic test functions and stochastic distributions

Define N (resp. N*) the set of non negative integers (resp. positive integers). Let .(R) be the
Schwartz space endowed with its usual topology (i.e. a family of functions (f,), cn of 7 (R)N

is said to converge to 0 if for all (p,q) in N? we have lirerl sup{ |z fy(Lq)(x)|; x € R} =0).
n—-—+0o0

Denote .#/(R) the space of tempered distributions, which is the dual space of .(R), and F or
F(F) the Fourier transform of any element F' of .’/ (R). For every positive real p, denote LP(R)
the set of measurable functions f such that [ |f(u)|” du < +0o. When f belongs to L' (R), fis
defined on R by setting f(£) := [ €™ f(x) dx. Define the measurable space (£, F) by setting
Q:= . (R) and F := B('(R)), where B denotes the o-algebra of Borel sets. The Bochner-
Minlos theorem ensures that there exists a unique probability measure p on (2, F) such that,
for every f in /(R), the map < .,f >: (Q,F) — R defined by < ., f > (w) =< w, f >
(where < w, f > is by definition w(f), i.e. the action of w on f) is a centred Gaussian random
variable with variance equal to || f ||%2 (R) under p. The map f —< ., f > being an isometry from
(L (R), <, >12r)) to (L*(Q, F, 1), <, >12(0,7 ), it may be extended to L*(R). One may thus
consider the centred Gaussian random variable < ., f >, for any f in L?(R). In particular, let
t be in R, the indicator function 1y is defined by setting:

1 if 0<s<t,
1oq(s) =94 =1 if t<s<0 exceptift=s=0,

0 otherwise.

Then the process (Et)teR’ where By(w) := B(t,w) := < w, 1o, > is a standard Brownian mo-
tion with respect to u. It then admits a continuous version which will be denoted B. Define, for
fin L2(R), [;(f)(w) :== < w, f >. Then I;(f)(w) = [g f(s) dBs(w) pu—a.s., where [ f(s) dBs
denotes the Wiener integral of f.

For every n in N, let e, (z) := (—1)" 7T_1/4(2"n!)71/26x2/2J‘i—"n(e_#) be the n-th Hermite func-
tion. It is well known (see [Tha93]) that (ey),cn is @ family of functions of .#(R) that forms
an orthonormal basis of L?(R,dt). The following properties about the Hermite functions (the
proof of which can be found in [Tha93]) will be useful.

Theorem 2.1. There exist positive constants C and v such that, for every k in N,

Ck+1)""2 if |z <2vVk+1,

<
lex(@)] < {06712 if |x| > 2VE +1.



Let (| |p)p€Z be the family norms defined by |f|12) =320 (2k + 2P < flep >%Q(R), for all (p, f)

in Z x L?>(R). The operator A, defined on .#(R), by setting A := —% + 22 + 1, admits the
sequence (ey,),cy as eigenfunctions and the sequence (2n + 2),eN as eigenvalues. It is then easily
seen that A is invertible and that |f|, = [A” f|,, for every f € (R) and p in Z. Besides, define,
for p in N, the spaces .%,(R) := {f € L*(R), | f[, < oo} and Z,(R) as being the completion
of L?(R) with respect to the norm | |- It is well known (see [Kuo96]) that the Schwartz
space .7’(R) is the projective limit of the sequence (#,(R)), o and that the space 7/(R) of
tempered distributions is the inductive limit of the sequence (Zp(R)) - This means that we
have the equalities .7 (R) = pQNyp(R) (resp. '(R) = pgNZp(R)) and that convergence in

Z(R) (resp. in .’(R)) means convergence in .#,(R) for every p in N (resp. convergence in
Z»(R) for some p in N ).

The space of stochastic test functions and distributions is built from Frechet spaces in a way
analogous to the one .#”/(R) is built from spaces (£, (R)), x- More precisely, let (L?) denote the
space L?(2,G, 1), where G is the o- field generated by (< ., f >) FEL2(R)- According to Wiener-
It0’s theorem, for every random variable ® in (L?) there exists a unique sequence (fy),cn Of
functions in L2(R") such that ® can be decomposed as ® = S0 In(fn), where L2(R™) denotes
the set of all symmetric functions f in L?(R"™) and I,,(f) denotes the n—th multiple Wiener-
It6 integral of f with the convention that Iy(fy) = fo for constants fy. Moreover the equality
E[®?] = 3% n! anHQLg(Rn) holds, where E denotes the expectation with respect to u. For

any ® := S0 [,(f,) satisfying the condition Y20 n! |A®"fn|g < 400, define the element
L(A)(®) of (L?) by T(A)(®) := 3120 I,,(A®" f,,), where A®™ denotes the n—th tensor power of
the operator A (see [Jan97, Appendix E] for more details about tensor products of operators).
The operator I'(A) is densely defined on (L?). It is invertible and its inverse I'(4) ™! is bounded.
We note, for ¢ in (L?), Hgng = ||g0||%L2). For n in N, let Dom(I'(A)") be the domain of the n-th
iteration of I'(A). Define the family of norms (| Hp)pEZ by:

18], = [T(APDl, = [T(AP@) 2, VpeZ, Vb e (L) N Dom(T(4))

For p in N, define (S,) := {® € (L?) : T'(A)P(®) exists and belongs to (L?)} and define (S_,)
as the completion of the space (L?) with respect to the norm | ||_,. As in [Kuo96], we let
(S) denote the projective limit of the sequence ((Sp)),cn and (8)* the inductive limit of the
sequence ((S-p)),en-
The space (S) is called the space of stochastic test functions and (S)* the space of Hida distri-
butions. One can show that, for any p in N, the dual space (S,)" of S, is (S_,). Thus we will
only write (S_,) in the sequel, to denote the space (S,)". Note also that (S)* is the dual space
of (S). We will note <,>> the duality bracket between (S)* and (S). If ¢, ® belong to (L?),
then we have the equality < @, ¢ >= < ®,p >2) = E[® ¢]. Besides, denote <, > the duality
bracket between ./(R) and . (R)) and recall that every tempered distribution F' can be written
as F' = Z:ﬁ% < F, e, > e,, where the convergence holds in .#/(R). The next proposition, that
will be used extensively in the sequel, is a consequence of the definition of (S) and (S)*.

Proposition 2.2. Let F be in in #'(R). Define < ., F >:= Y10 < F e, > < .,e, >. Then
there exists py in N such that that < .,F > belongs to (S—p,), and hence to (S)*. Moreover
we have || < ., F > HZ*po = \FEPO. Conversely, define ® := >t b, < .,e, >, where (by),cn
belongs to RN. Then ® belongs to (S)* if and only if there exists an integer py in N such that
SE b2 (20 + 2) 70 < 4oo. In this latter case F = Y129 bue, belongs to .y, (R) and then

to . (R). It moreover verifies the equality ]FEPO =378 b2 (2n 4 2) 70 = \\fb|]3p0.
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2.2 (S)"-process, (S)"-derivative and (S)"-integral

Denote B(R) the Borelian o-field on R and m a measure on B(R) such that (R, B(R),m) is a
sigma-finite measure space. Through this section, I denotes an element of B(R).

A measurable function ® : I —(8)* is called a stochastic distribution process, or an (S)*-
process. An (S)*-process ® is said to be differentiable at to € I if }L)r% 1 (g1 — Py exists

in (S)*. We note d(ifo the (8)* derivative at ¢y of the stochastic distribution process ®. ® is

said to be differentiable over I if it is differentiable at every tg of I. More generally, for every k
in N, ® is said to be C* in (S)* if the process ® : I —(S)" is C*.

It is also possible to define an (S)*-valued integral in the following way (one may refer to [Kuo96,
p.245-246] or Def. 3.7.1 p.77] for more details).

Theorem-Definition 2.1 (integral in (S)*). Assume that ® : I — (S)* is weakly in L*(I,
i.e. assume that for all ¢ in (S), the mapping u — < ®,, ¢>, from I to R, belongs to L' (I,
Then there exists an unique element in (S)*, noted [; @, m(du), such that, for all ¢ in (S),

< /cp(u) m(du), > — / < By 0> midu).
1 I

We say in this case that @ is (S)*-integrable on I (with respect to the measure m), in the Pettis
sense. In the sequel, when we do not specify a name for the integral (resp. for the measure m)
of an (8)*-integrable process ® on I, we always refer to the integral in Pettis’ sense (resp. to
the Lebesgue measure).

m),
m

).

2.3 S-transform and Wick product

A presentation of S-transform and Wick product may be found in [Kuo96]. For f in L?(R),
define the Wick exponential of < ., f >, noted : e<+/> : as the (L?) random variable equal to
e<+/>=3I716. The S-transform of an element ® of (8*), noted S(®), is defined as the function
from .(R) to R given by S(®)(n) := <®,: e~ > for any n in .(R). For any (®,¥) €
(8)* x (8)*, there exists a unique element of (S)*, called the Wick product of ® and ¥, and
noted ® o ¥, such that S(®oW¥)(n) = S(®)(n) S(¥)(n) for every n in .#(R). Note that, when &
belongs to (L?), S®(n) is nothing but E[® : e<-7> ;] = e~ 315 E[® e<~"*]. The following result,
the proof of which can be found in [LLV14, Lemma 2.3.], will be intensively used in the sequel.
Lemma 2.3. For any (p,q) in N? and (X,Y) in (S—,) x (S—,),

2
S(X o Y)(m)] < Xy, [V € Mmctriar.

Some useful properties of S transforms are listed in the proposition below. The proof of the
results stated in this proposition can be found in [Kuo96, Chap 5].

Proposition 2.4 (Some properties of S transforms). 1. When ® is deterministic then ® o
U =@, for all ¥ in (S)*. Moreover, let (X;),cg be a Gaussian process and let H be the

subspace of (L?) defined by H = spang {Xi;t € R}(LQ). If U and V are two elements of H then
UoV =UV —-E[UV].

2. Let ® = Y[ ap<.,ep > and ¥ = Y"1 I,,(fn) be in (S)*. Then their S-transform is given,
for every n in (R), by:

+00 too
S(@)(n) =Y ar <mex >r2my; S(P)n) =D < fu.n" >
k=0 k=0

3. For every (f,n,€) in L*(R) x .7 (R) x R, we have the equality:
S(e€<I>) (i) = ez (Inlet2iE<fin>=€21f15) (2.1)
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One may refer to [Jan97, Chap.3 and 16] for more details about Wick product. The following
results on the S-transform will be used extensively in the sequel. See [Kuo96], p.39] and [HKPS93,
p.280-281] for proofs. Denote F(A; B) the set of B-valued functions defined on A.

Lemma 2.5. The S-transform verifies the following properties:
(i) The map S : ® — S(®), from (S)"into F(.#(R);R), is injective.
(ii) Let ® : I — (S)" be an (S)*process. If ® is (S)*-integrable over I wrt m, then one has,
for alln in #(R), S(f; B(u) m(du))(n) = J; S(B(u))(r) m(du).

(iii) Let ® : I — (S)" be an (S)"-process differentiable at t € I. Then, for every n in ./(R)
the map u — [S®(u)](n) is differentiable at t and verifies S[%2()](n) = L [S[®(t)](n)].

It is useful to have a criterion for integrability in (S)* in term of conditions on the S-transform.
This is the topic of the next theorems.

Theorem 2.6. [Kuo96, Theorem 13.5] Let ® : I — (S)* be a stochastic distribution such that,
for alln in Z(R), the real- valued map t — S[®(t)](n) is measurable and such that there exist

a natural integer p, a real a and a function L in L'(I,m) such that |S(®(t))(n)| < L(t) e“‘"'f’,
for all n of Z(R) and for almost every t of I. Then ® is (S)*- integrable over I, wrt to m.

We end this section with the following theorem that will be useful in the next section.

Theorem 2.7. [Ben03d, Theorem 2.17] For any differentiable map F : I — %' (R), the element
<, F(ty> is a differentiable stochastic distribution process which satisfies the equality:
4 < F(t)>=<,%t)>.

2.4 Operators (MH)HG(O,I) and a classical example of Gaussian processes in ¢
Operators (Mpy) e 1)

The operator My will be useful in the sequel, not only to provide one with a representation
of fBm and of mBm under the form (LIJ), but also to verify that Assumptions , we will
make in Section B] hold for both fBm and mBm. Let H belongs to (0,1); following [EVAHO3]
and [LIV14, Section 2.2], define the L?(R)-valued operator My, in the Fourier domain by:

My (u)(y) = 2% |y[1>~ 1 q(y), vy e R,

where ¢, is defined, for every x in (0,1) by:

=

Y sitay)

Cx += (F(2:v+1) sin(7x) (22)

This operator is well defined on the homogeneous Sobolev space of order 1/2— H, noted L% (R.)
and defined by setting:
LZR) ={uec S (R) : a=Ty; f € L(R)and |jul|g < +oo}, (2.3)

where the norm || - || derives from the inner product denoted (-, -) ;;, which is defined on L% (R)
by:

1 COH oy
(w,0) g = [ 161723 (€) 70 de. 24)
c Jr
Since My is an isometry from (L% (R), || - [|z) into (L*(R), || - | 2(r)), one easily sees that, for
every (H,t,s) in (0,1) x R?,
< My ) Mu(Lo.q) > o) = Bull, ). (2.5)
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We will say that an mBm is normalized when its covariance function, denoted Ry, verifies the
equality:

2

Sy s 1 2hy,s 2ht,s 2ht,s
Rh(tas):m [5 ([T 4 [s]70 — [t — s]7"°)], (2.6)

where hy s 1= M and ¢, has been defined in (2.2]).

Example 2.8 (Gaussian Processes in ¢ of “reference”: a running example). Let H be real in
(0,1) and h : R — (0,1) be a deterministic measurable function. Define the processes

B = {< '71[0715} >7 te R}7 E = {< .,1[0715} — tl[O,l] >7 t e [O, 1]},
B = {< ., Mu(1py) >; t € R}; B :={< . My (1) >; t € R}
BY = {< . 1pye(t—.)) > ift € R} & By := 0},

where 1(g ) e(t — .) denotes the map s — 1jg)(s) €(t — s), defined on [0,t). We know, thanks
to Section 2], that B is a Brownian motion on R. Moreover, since for any g; that belongs to
L*(R), < .,g; > Jr 9t(u) dBy, it is clear, in view of ZH), that BH is a fBm of Hurst index
H, that B" is a normalized mBm of functional parameter h, that B is Brownian bridge on [0, 1]

and that B is a ¥, - process (defined in (I3)).

A word on notation: BY or BMY will always denote an fBm with Hurst index H or h(t), while
B" will stand for an mBm. Throughout this paper, unless otherwise specify, we will neither
specify the value of H in (0,1), when we consider a fBm, nor the (0,1)-valued function h
when we consider a mBm, nor the function v of a 7, - process. Moreover, since mBm is a
generalization of fBm, which is itself a generalization of Brownian motion, one might want to
treat only the case of mBm and then take constant function A, equal to H for fBm, and equal
to 1/2 for Brownian motion. However we will not proceed that way in this paper and we will
treat separately, from one hand the cases of fractional and multifractional Brownian motions
and, from the other hand, the Brownian motion and bridge. The main reason is that we want
to emphasize the minimum conditions that are really needed to ensure the existence and the
main properties of stochastic integral wrt each of the Gaussian processes in ¢ of “reference” we
consider. In addition, this choice will also allow us to point exactly the papers that our approach
generalizes.

3 Stochastic integral with respect to Gaussian process

In this section and in the next one, we will follow the general organization of [Ben(03a] and
[LLV14], in order to indicate where the differences appear when we generalize, to all Gaussian
processes of ¢, the stochastic calculus wrt fBm (resp. mBm) that has been developed in [Ben03al
(resp. in [LLV14]).

The first part of this section is devoted to the definition of the time derivative, in the Stochastic
distribution sense, of any element G := (G})tcy of 4. Subsection is devoted to the study of
generalized functional of GG, that will be useful in order to establish Tanaka formulas in Section
B We compute the S-transforms of processes G and W (%) in Subection B3l The Wiener integral
wrt (G is presented in Subsection B.4], whereas the stochastic integral wrt G is built in Subsection

We keep the same notations as in Section [2l In particular, the probability space (2, F, u),
described in the previous section is now fixed. Denote G := (G})ies the process defined, for
every t in #, by Gy :=< .,g; >, where (g;),c, is a family of functions of L*(R). As we saw

in Example 28], G is a Gaussian process which fulfills the equality Gy = [ g(u) dB,,. Denote
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(t,s) — Ry the covariance function of G. We hence have R, ; := E[G; G| = < ¢¢, 95 >2(R)
for every (s,t) in %2. We will note in the sequel R; instead of Ry ;. For the sake of notational

simplicity we assume that Gy % 0. Moreover, when the Gaussian process G will admit a
continuous modification, we will systematically use it and still call it G.

3.1 White Noise derivative of G

Define the map g : Z — ./(R) by setting ¢(t) := ¢g;. When g is differentiable at point ¢, one
denotes g} its derivative. Denote A the Lebesgue measure on % and define Lll(%(%) ={f:Z—
R is measurable ; f € L'((a,b)), for all finite interval (a,b) s.t. [a,b] C Z}. In this section and
in the next one (namely in Sections Bl and [), we will make the following assumption:

i) The map g is continuous on %,

ii) The map ¢ is differentiable A — almost everywhere on %,

(
(

(o) (iii) There exists ¢ in N* such that ¢ — [g| _, belongs to Lllgc(%),
(

iv) For every (a,b) in %2 such that a < b, one has, in .#/(R), the equality:

b
9 — Ga = / g, du. (Eap)
a

Proposition Bl below will provide one with an easy way to check whether Assumption holds
or not. Besides, define the set Zp by setting Zp := {t € #; g is differentiable at point ¢}.

Of course Lllgc(%) contains in particular all measurable functions f : Zp — R such that
f € LY((a,b) N %Zp) (that we will denote L'((a,b)) in the sequel, by abuse of notation), for
every finite interval (a,b) s.t. [a,b] C Z. For the sake of notational simplicity we will write
i) (resp. [} [ or [4v)]), in the sequel, when one wants to refer to (i) (resp. to (ii), (iii)
or (iv)) of Assumption |(«)]

Making Assumptions and |¢;;)| seems reasonable since we want to “differentiate”, with
respect to ¢, the Gaussian process G, which trajectories are, in general, not differentiable in the
strong sense (e.g. the Brownian motion). The interest of Assumptions [o7;;| and [&/;,] will be
explained when it will be needed for the first time; in Section B4l right after Definition [

Remark 1. 1. A first consequence of Assumption 1s that g is “weakly” locally absolutely
continuous on Z; that is that the map t —< gy, > is absolutely continuous on every finite
interval [a,b] of Z, for every n in S (R).

2. If g would have been a real-valued function, Assumption would have been nothing but the
local absolute continuity of g on %. However, g is ./ (R)-valued. Thus, and even if a notion of
absolute continuity (and more generally a notion of bounded variations) exists for .#'(R)-valued
functions (see [HP5T, Definitions 3.6.2 € 3.2.4]), the absolute continuity of g on an interval
[a,b] of Z does not entail the differentiability of g in general (see an example that illustrates
this fact in [HP57], right above Theorem 3.8.6).

An easy way to see if Assumption holds is to check if the sufficient condition provided in
the following proposition, and that will be used a lot in the sequel, holds.

Proposition 3.1. A sufficient condition for Assumption to be verified is that:

7

(i) The map g is continuous on % and differentiable on every finite interval (a,b) s.t. [a,b] C %,
(i) There exists q in N* such that t — |gy| _, belongs to L;&(%)
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Proof. Indeed, these two conditions obviously entail that Assumptions [¢/;)| to [#7;;)| hold. More-
over, these two conditions also entail Equality (E. ) for every [c,d] in %’D Z being a closed
interval of R, and in view of (i7) of Assumptlon , there can be 0,1 or 2 points, at the
maximum, that belong to #Z but not to Zp. Let us treat this latter case only and denote a and
b these two points. The continuity of ¢ at points a and b, from one hand, and the Lebesgue
dominated convergence theorem, from the other hand, give us the equality (Eqp). ]

As previously, and for the sake of notational simplicity we will write [ ;)| (resp. [Z)| ) when one

wants to refer to (i) or to (ii) of Assumption |(Z)
Assumption Proposition and Theorem [Z7] lead to the following definition of Gaussian
white noise:

Theorem-Definition 3.1 (Gaussian White Noise). Define for every t in %p,

Wt(G) =<.g >, (3.3)
where the equality holds in (S)*. Then (Wt(G))te/D is a (S8)*-process and is the (S)*-derivative
of the process (Gt)teﬁ We will sometimes note @ instead of Wt(G)

Using Proposition one easily sees that ([B3]) also reads, for every t in Zp:
+oo

+oo
G
Wt( ):§ < gy ep >< . ep > = E (%<gt,ek >) < .ep >
k=0 k=0

The regularity of the map ¢ — HWt H is the topic of the following proposition.
Proposition 3.2. The map t — HW |Lp is continuous if and only if t — |g;| , is continuous.

Proof. Thanks to Proposition 2.2 one can write ||Wt ||_p gt ¥ (pyt) iIn N* x Zp. O

As the next example shows Assumptions|(Z)| (and therefore Assumption|(.2)|) holds in the case
of all Gaussian processes in ¢ of “reference”. Denote, for every n in (1/2,+00),

+oo
Rp= (2k+2)7". (3.4)
k=0
Example 3.3. 1. (Brownian motion on R € Brownian bridge on [0,1]). For the Brownian

motion on R, one has # = #p = R. Since gy = 1y, the map g clearly fulfills Asumption
D;) and one has g; = 0, for every real t. Moreover, for every positive integer p, the map
t— |g£|7p is continuous and bounded on R, which shows that holds. Indeed we know,
thanks to Theorem [21], that there exists C', independent of t and p, such that :

Vi) €NT xR, g, = SIS ) (2k+2) T <R,
(Brownian bridge on [0,1]) In this case, # = %p = [0,1] and g; = 6; — 1jg 1, for every
t in Z. In view of what we have just stated above, in the case of Brownian motion, it
is clear that the map g here fulfills Asumptions 6’5 since the map t — |gi|_,, is

continuous and bounded on [0,1], for every positive integer p. One moreover has, for a
constant C', which is independent of p and t:

2
V(p,t) € N* x [0,1], [g]7, <C'"R,.
2. (Fractional & Multifractional Brownian motions on R) In both these cases, one has # =
Zp = R. Thanks to [LLV1}, Remark 4.3 and Proposition 4.10], we know that Asumption

as well as the fact that t — ||Wt(BH)H_p (resp. t — ||Wt(Bh)H_p) is continuous and
bounded on any compact set of R, are verified for every p > 2 and H in (0,1) (resp. h
differentiable with locally bounded derivative).
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3. (The process BY) In this case, Z = R and Zp = R* (where we set R} = R\{0}).
Moreover Assumption is also fulfiled, as Theorem [3.4) below shows.

The following theorem shows that 7, - processes fulfill Assumption (and therfore Assump-
tion ). This result will be crucial to show, in Section [(.1.2] that the stochastic integral wrt
¥~ processes, developed in [MV05], is a particular case of the one we build in this work. Let us
first define the two maps £ : Ry — R and & : R. — R by setting:

E(z) == {({0 e(u) du, i iilgi’ & &(x) = /0 E(u) du.

Theorem 3.4. The map ® : Ry — '(R) defined by setting:
O(t) = @, = | Lo St =) tER,
0 if =0,

-+

d
(1) = (@] = Fr = (Gy) + (Hy)", (3.5)
where for every W in '(R), V' denotes the derivative of VU, in the sense of tempered distri-

butions Band where Fy, Gy and Hy all belong to .#'(R) and are defined by setting, ¥t in R :

o Fri= 0000 4 (2(1) - B2 &,
ue(lt—u)— E(t —u)
t

. Gy o= (B — 20 5o 1 u s ( > 10, (1),

T (L2 KL P

Furthermore, the map t — |®'(t)|_, belongs to L2((0,b)), for every b > 0 and every integer
q=3.

Proof: In view of Proposition B it is sufficient to show that Assumption |[(Z)|holds. Besides,
it is clear that ® is well defined on R since one has, for every ¢ in R, the equality:
&, = E(t) 6 — (1) Bt — ) (3.6)

It is clear that function E (resp. &) is increasing, differentiable on R’ and continuous on R
(resp. increasing and of class C! on R ). Equality (3.8]) together with the properties of E entail
that ® is continuous at ¢ = 0. Let us now establish Equality (B.3l).

For every t in R%, ¢ in /(R), and r > 0, denote I, :=< M,gp >. Using the change of
variable formula gives us, after an easy computation:

</Ot+7" ou)e(t+r—u) du— /Ot o(u) e(t —u) du)
= [T 5 e+ ) ololt + ) - (it ) )] do

~

=3

= /15 [e((t+7)(1 —v)) (vt + 1)) —e(t(l —v)) p(vt)]dv —/015(@ +7)(1 =) (vt +r1))dv
= M 4+ 1)

s

[e=]

®One therefore has < (G})', ¢ >= — < G, ¢’ >, for every (t,¢) in R} x .7(R).
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For every r in (0, 1), one has D = fg“ 10,44y () # o(t+r—u) du. Since t and € are positive,
Lebesgue’s dominated convergence theorem applies and allows one to write that lim,_q L@) =
;s # o(t — u) du and thudd
1 1 rt
lim 72) — / £(t(1 = v)) p(vt) dv = ~ / o(u) et — u) du. (3.7)
0 0

r—0 t

Besides, L(,l) can be written under the following form:
1
i :/ te((t+r)(1—v)) (w)dv
0
—i—/ ~pot) (e(t+7r)1—0) —e(t1—0))) do=:JY + 2.

The exact same method the the one we used to get ([B.7)) applies and allows one to write:

lim J) = /01 tv ' (vt) e(t(l —v)) dv = 1/Ot w @' (u) e(t — u) du. (3.8)

r—0 t

Having in mind that €2(r) = (72)(r), an integration by parts in J,@ yields:

t 1
+;/O S (wt) (B((t+ 7)1 =) — E(t(1 —v))) do.

=K,

It is then clear that:
E(t
(2 — _ ;
EIL%J ©(0) (5 ; ) / ¢’ (vt) E(t(1 —v)) dv—i—}lg(l)[(r

= (0) (E(t) — %) — —/ ¢ (u) B(t —u) du + hm K,. (3.9)

t t Jo

Thus, it only remains to determine lir% K,. An integration by parts in K, yields:
r—

1 1
ol ] [ e o
0
_ @/(O)(H_chf(t-‘rr?)"—cf(t) _ t—H’) t—l—r / 90 Ut 1—1))) dv

+ L /0 o (vt)( (ESIEE f(t(m))) do.

One then gets:
1
lim K, = ¢’ (0)(E( / " (vt) E((1 —v)) dv + t/ o"(vt) (1 —v) E(t(1 —v)) dv

:go'(O)(E(t)—@)—;/o () E(t — u) du+/ () (1= ) B(t = u) du. (3.10)

Finally, gathering Equalities (37) to (3.I0) yields:

®Note that one could also have used [MV05] Remark 3] and assume that (4?)" (and hence €) is non-increasing.
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}LI%I,,:%/O () e(t — ) du + ~ / ) (we(t —u) — B(t —u)) du

T / (t— ) E(t —u) — &t —u)) du

+ (0) (a(t) — @) + ¢/ (0) (E(t) — @) (3.11)

which is nothing but (3.35). Let us now show that t — [®/(t)|_, € L'((0,0)), for every b in R%
and every integer ¢ > 3.

Let b be a positive real and ¢ be an integer such that ¢ > 3. It is sufficient to show that the
map t — \CD’(t)Eq belongs to L((0,b)). Using (B5), one gets, for every integer k > 2,

| < (1) e, > | < agle(t) + 249 4+ wr), (3.12)
where ay, == |lex| o + €}l +1l€xll,, and where M := (t+3) sup E(s)+ sup &(s)+ sup g(s)
s€[0,t] s€[0,t] s€(0,t]
Using the relation € (z) = \/gek,l(m) — /B e 1 () (see [Kuo96l p.354]) as well as Theorem
211 one easily obtains that oy, < 48 (k+1)* Y7, ||6k?+ch2>o < 250 (k +1)?, for every integer
k > 2. It is then clear that there exists C' > 0 which does not depend on ¢ nor ¢ such that:

—+00 —+00
=Y < @ () en > P (2h+2) < () + 2D+ )" Y af (2k+2)
k=0 k=0
E(t) 2 X 4-2q
<SC () + 32+ M) > (2k+2)"% (3.13)
k=0

It then remains to show that both 2 and ¢ (t) belong to Ll((O b)). The first part is clear
since €2 = (2)". Moreover, in a neighborhood of 0 one hadl E(t) < 2te(t), for t # 0. One
therefore can write the following equality, which ends the proof:

b E(t)2 b, 2

3.2 Generalized functionals of G

In the next section, we will derive various It6 formulas. It will be useful to obtain such
formulas not only for functions but also for tempered distributions (in particular this will provide
us with a Tanaka formula in Section [@). In that view, we define generalized functionals of G,
using [Kuo96, Section 7.1]. We identify, here and in the sequel, any function f of L}, .(R) with
its associated tempered distribution, denoted noted 7'y, when it exists. In particular, one notes
in this case: < f,¢ > = [g f(t) ¢(t) dt, for every ¢ in .(R). In this latter case we say that the
tempered distribution 7' := T} is of function type. Define the sets Zg := {t € #; R; = 0} and
Zh ={te X%, R, > 0}.

Theorem-Definition 3.2. Let F be a tempered distribution. For every t in Z%, define

1
o Z o Rk < P&y > I (9°F)

F(Gy) =

where, for every (z,k) in R x N, & i(x) := 7T1/4(k:!)1/2Rf/2 exp{—7 }ek(ﬂ:/(\/QRt)). Then for
all real t, F(Gy) is a Hida distribution, called generalized functzonal of Gy.

"See [MV05}, p.396] for a proof of this fact.
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Proof. This is an immediate consequence of [Kuo96, p.61-64], by taking f := g;. O
Remark 2. As shown in [Ben03d], when F = f is of function type, F(G¢) coincides with f(Gy).
The following theorem yields an estimate of || F' (Gt)HQ_p which will be useful in the sequel.
Theorem 3.5. Let p be in N. Then there is a constant D, such that:
-2 2 —1/2
VFeZ,R),VteZh |FG)2, < max{R™; R} R, "> D, |F|*,. (3.14)

Proof. This is a simple consequence of the following more general result: let f be a nonzero
function in L?(R), p € N and F € .%Z,(R). There exists a constant D,, independent of F' and
f, such that

IF(< o f )2, < max{[flg™; [£l6"} 1flo" Dy [FI2,-

The line of the proof is the same as in [Ben03al, Theorem 3.3] by replacing there 2/ by | f \3 O

3.3 S-Transform of G and W)

The following theorem makes explicit the S-transforms of G, of the Gaussian white noise W(©)
and of generalized functionals of GG. Denote 7 the heat kernel density on Ry x R i.e.

~y(t,x) == \/%nt exp{}—”f} ift #0and 0if ¢t = 0. (3.15)
The results provided in Theorem below will be used a lot in the sequel, and from Section

B4
Theorem 3.6. For every n in #(R) one has the following equalities:

(i) S(Gt)(n) = < gt,m > 12(w), for every t in %,
(ii) SW D)) = < ghon > = £[< g0 > 2wy, for every t in Zp;
(iit) Forpe N, F € Z,(R), and t in Z§, S(F(G))(n) = (F,v(Re,. — < gt,mn>)).

Furthermore, there exists a constant Dy, independent of F,t and n, such that:
- —~1/2
vt € 2, [S(E(G))[* < max{R; s R} B, D, [F*, exp{|n|;}.

Proof. (i) Obvious in regard of point 2 of Proposition 24l Point (i) is a straightforward
consequence of (i) in Lemma 25 and of (B3]). The equality in (iii) results from [Kuo96],
Theorem 7.3 p.63] with f = g;. The inequality results from (BI4]) as in [Ben03a, Theorem
3.8). 0

Before giving the general result on stochastic integral wrt G we deal, in the next subsection,
with Wiener integral wrt G.

3.4 Wiener integral with respect to G

In all this subsection one denotes I a Borel set of Z and f : Z — R a deterministic and
measurable functimﬁ. We want to define the integral of f, on I, with respect to G. Since the
map s — Gy is (weakly) differentiable on I, one may think to define formally the Wiener integral
wrt G, denoted [; f(s) d°Gs, by setting:

| 1 e = [ 1

assuming s — f(s) WS(G) is (S)*-integrable on I. More precisely we have the following definition.

4Cs ds = / F(s) W) ds, (3.16)
ds I

8This - of course! - includes the case of deterministic and measurable functions f:%p—R
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Definition 1. (Wiener integral with respect to G)
For any Borel set I of Z and any deterministic measurable function f : I — R such that
s = f(s) Wi s (8)"-integrable on I, one says that [, f(s) d°Gs, defined by [BI8), is the

Wiener integral of f on I, with respect to G, if [; f(s) d°Gs belongs to (L?).

Even if, in practice, there will often exist an integer ¢ in N such that the map t — |g;|_, is
bounded (as it was the case in Example B.3)), it seems more than reasonable to expect, even if
t+ |g| _, is not bounded, that, for any finite interval [a,b] of Z,

/ 1 d°G, is well-defined and such that:/ 1d°Gs = Gy — G, in (S)". (%)
(a,b) (a,b)

Thanks to Equality (8I6) and Theorem B8] it is clear that (&) entails, among other conse-
quences, that:

e The map s —< g,,n > belongs to Llla'c(%)’ for every n in . (R), (3.17)

o/ <gin> ds=<gyn>— < gan >, forevery nin .#(R) and (a,b) in Z*. (3.18)
(a,b)

Using Proposition [Z2] it is easy to establish, for all (F, ¢, ¢) in ./(R) x . (R) x N, the following
inequality:

| <Foo> | <[F|_, ol (3.19)

In view of (B9, it appears that Assumption is almost necessary to get (&), if one deals
with Pettis integrals, and necessary if one deals with Bochner integrald. Moreover, it is clear
that (BI8)) is nothing but Assumption Thus, the simple considerations given in (), as
well as the ones given right above Remark [I (about & @ , entail that Assumption
is almost minimal (i.e. necessary) to get a reasonable notion of Wiener integral. We will show,
in the next sections of this work that these assumptions are also sufficient to provide us with a
general non-anticipative stochastic integral.

Remark 3. By the very definition of the space '(R) as the inductive limit of the sequence
(Zp(R)) jen: Assumption entails that, for every compact set K of Zp, there exists an
integer q in N such that |gy|_, < +oo, for every t in K. Thus appears to be only a slight

reinforcement of

Denote £(Z) the set of step functions on %Z. We have the following property.

Proposition 3.7. For any f in E(Z), [,f(u)d°G, is a Wiener integral with respect to G.
Moreover, let [a,b] be a finite interval of Z, then f(f d°G, = Gy — G4 almost surely.

Proof. Fix n in (R). From (i) of Theorem Bl ¢ — S(f(t) Wt(G))(n) is measurable on
2. Moreover we have, thanks to Lemma [Z3] |S(f(t) Wt(G))(n)| < |gil_, suplf(#)] e'"‘Q—q, where
tez

q is the integer given by Assumption @mﬂ . Theorem then applies and entails that f is
dG-integrable on (a,b). Furthermore, thanks to Lemma [Z7] one has the equality:

S(fE dG,)(n) = [ SWED) () du = [S(G)()]L = S(Gy)(n) — S(Ga) (1) = S(Gy — Gu)(n).

The equality, in (S§*), follows from the injectivity of the S-transform. Finally, since G — G,
belongs to (L?), the equality f; d°G, = Gy — G, holds in (L?) and hence almost surely. O

9See Appendix [A ]l for precisions about Bochner integrals.
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The following theorem gives a sufficient condition for an integral, of the form (BI6]), to be a
Wiener integral.

Theorem 3.8. Assume that there exists qo in N such that the map s — f(s) |gs|_,, belongs
to Ll(%’). Then Z = [, f(s)d°Gs is an element of (S)*, which verifies the equality Z =
S (S £(8) < ghver > ds) e >, in (8)". Moreover Z is a Gaussian random variable if
and only zfz o ([ f(s) < dgher> ds) < +o00. In this latter case, on has:

E[Z?%] = (/ f(s) < gh,ex > ds)Q.

Remark 4. Denote ~+ the equality in law and N (0 0?) the law of an unidimensional centered
Gaussian random variable with variance equal to o®. Let T>0 be such that [0,T] C %. Taking
fin Lloc(%) and flry instead of [ in the previous theorem, allows one to get a sufficient
condition under which the process (Zi),co 11, defined by setting Z; := Iy f(s) d°Gs, is a Gaussian
process, which fulfills:

7, = /Otf(s) d°G W./\/'<0,Jio (/Otf(s) < g. e > d5)2>, vVt € [0,T],

Proof. In order to show that equality [, f(s) d°Gs 20 Up f(s) < ghyer >ds) < .,ep >
holds in (8)*, let us establish points a), b) and c) below

a) s — f(s)W§G) is (S)*-integrable over Z.

One can use Theorem since one has, for every (7, s) in “(R) x Zp and using Lemma 23]

!S(f(S)Ws(G))(n)\ < NN g€ < £ 1], <"

b) U, := Z o (Jz f(5) < g e > ds) < . e, > belongs to (S_,,), as soon as pg > qo + 1.
Let pg be in N such that pg > qo + 1. Recall the definition of R,, given in ([84]). Proposition
and (3I9) entail that

2 2
19 £11Z,, < lls = ()19l g0 11 () Rpo-ao < +00-
c) ®s:= [, f(s) d°G; is equal to ¥y in (S)".
Define the (§)"-process 7 and the family of (S)*-processes (7n)ycn by setting, for every real s,
T(s) =020 f(s) < ghier, > < .,ex >, and TN (s) = SN, f(s) < g. er > < . ex >. Obviously
we have &y = [, 7(s)ds, Uy = NlirJrrl J77n(s)ds in (S)". It then remains to show that
— 100

= Nhril J7Tn(s) ds in (S)*. For this purpose, we use Theorem [A:2] Let (po,n) be a couple
—+o0

of integers with py > qo + 1. It is easily seen that 7y and 7 are weakly measurable on Z (see
Definition M) and, using the same upper-bound we used in b), that 7x(s) and 7(s) belong to
(S—p,) for every real s. Moreover, using Proposition and, again, the upper-bound we used
in b), it is clear that both functions s — [[7n(s)[|_,, and s — [|7(s)[|_,, belong to LY (%, ds)
since |’TN(8)|’3PO < ”T(S)”%I)O < f3(s) ]gglzqo Rpo—qo- We hence have shown that both functions
7n(.) and 7(.) are Bochner integrable on Z%. Besides, for every (n,m) in N? with n > m, we
have, thanks to the previous upper bound
/
) = = 155 100 < o > >
< Rpn-anlls = FEI] gl

It is then clear that the left hand side of the previous inequality tends to 0 as (n,m) tends to
(400, 400). Theorem [A.2] (see Appendix[A.T]) applies and establishes ) Finally, 7 is the (L?)-
limit of a sequence of 1ndependent Gauss1an variables if Z o ([ f(8)< gk ex > ds) < +00.

The equality E[Z2] = 20 (s f(s) < ghyer > ds) then becomes 0bv1ous. O
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Example 3.9. 1. If G is a Brownian motion B, then, using the expression of |6t|2_

2
point 1 of Example [3.3, it is easy to see that ||s — |53|2—p”L2(R)

itive integer p. Since one moreover has the equality > ;2% (fg f(s) < ds, €5 > ds)? = ||f||%2(R),
Theorem [Z8 allows us to define the Wiener integral of f, in sense of Definition[d, for any func-
tion f in L*(R). This establishes that, our definition of Wiener integral wrt Brownian motion
and the usual definition of Wiener integral coincide exactly.

Using Theorem[Z.0, it is clear that Iy := fol f(s)o By ds is well-defined in (S)*when f belongs to
L%([0,1]). In view of Point 1 of Proposition it is clear that Iy is an (L) random variable.
From the first part of this example one deduces that Theorem[3.8 allows us to define the Wiener
integral of f wrt Brownian bridge, in sense of Definition[d, if and only if f belongs to L*([0,1]).

2. The case of Wiener integral wrt fBm has been treated in [LLV1j), Section 4] (see in particular
Proposition 4.31). It is shown that, for every H in (0,1) the functions for which one can define
a Wiener integral wrt fBm, in sense of Definition ], are included in the Sobolev space L% (R),
that has been defined in [Z3)). Besides, in view of Example and point 1. of this example, it
is easy to see that, for every H in (0,1), from one hand ]ggﬁp < dy Rp—2/3 (for a constant dy
that only depends on H) and, from the other hand, that ;2% ( Jg f(s) < .. ex > ds)2 = | £1I%-
Theorem [Z.8 then allows us to extend [LLV14, Proposition 4.31] and to claim that the integral
Jg f(s) d°BI is the Wiener integral of f, wrt B, for every function f in L*(R) N L% (R).

The case of Wiener integral wrt mBm has been treated in [LLV1}), Sections 2.3 & 4] (see in

particular Remark 4.30). It is shown that the functions for which one can define a Wiener
<,>p

» given in

= C'R, < +o0, for every pos-

integral w.r.t. fBm, in sense of Definition [, are the functions included in E(R) , where
<, >, denotes the inner product, defined (in [LLV1J, Sections 2.3 € Proposition 3.1.]) by setting
< Lo, Ljo,5) >, = Ry(t,s), and where Ry, has been defined in (2.6]).

3. In the case of V, - processes, one can improve Proposition 14 of [MV05]. Indeed, denote
H the set of all functions for which [MV05] define a Wiener integral (see [MV05, Section 3])
and, for any n : [0,T] — Ry, continuous and increasing in a neighborhood of 0 and such that
limg, 7 = 0, define the set C" := {f € L*([0,T]), sup |f(s)—f(r)|/n(s—r) < +oc}. In order
0<r<s<T
to show that H contains C", [MV05, Proposition 14] has to require an additional assumption on
1. No such an assumption is required here. In fact, it is very easy to show, using only Theorem
and Remark [} that for every T > 0, the process (Zi)iejo ), defined by Zy := Iy f(s) d°Gs,
where [ belongs to C", is a Gaussian process. One just needs to see that, for every (f,s) in
C"x [0,T]:

[F(S) ' (s)] gy < (M +[f(ro)]) (14 [2(5)]_g,)

where M := sup n(u) sup |f(s)— f(r)|/n(s—71), ® and ®' have been defined in Theorem
0<u<T 0<r<s<T
and ro is any real in (0,T] such that |f(ro)| < +o00. Using Theorem[34), one concludes that

s = |f(s)]|®'(s)]_,, belongs to LY((0,T)) and one then uses Theorem [3.3

Remark 5. In fact one can extend the notion of Wiener integral wrt any G in 9 in two ways.
The first way, which is also the more general one, is given in Point 1. of Remark[IA. The second
way of doing it is the following: If the bilinear form <,>p, defined on E(Z) x E(Z) by setting
<l lps >5 = R(t,s) is an inner product; assuming there exists an isometry, denoted
M : (E(Z),<,>g) = (L*(R),<,>2(R)), such that g, :== M(1yy), then one can extend the
notion of Wiener integral to any elements 0f@< % This latter space contains in general not
only functions but also tempered distributions. This general method applies to fBm and mBm

(see [LLV14, Section 3]), as well as to Volterra processes.
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Remark 6. As it is explained in Ezample 3.3.] the Brownian bridge admits several
representations, among which are the orthogonal one, the Fredholm one and the canonical one.
It is clear that both the orthogonal and the canonical representations of the Brownian bridge on
[0,T] fulfill Assumption on % = [0,T] (since there exists q in N* such that t — |g;|
belongs to LY([0,b],dt), for every b in [0,T). This result can be extended to Gaussian bridges
(see [GSVO] for more details about this latter notion), assuming the Gaussian process G :=

(Gt)reqo,r) fulfills Assumption |(/ )}

3.5 The Wick-It6 integral with respect to Gaussian processes

We still assume in this section that Assumption holds. We are now able to define, and
give the main properties, of the Wick-1t6 integral wrt G. We still denote I a Borel set of #
and let X := (X;),c, be an (S)"-valued process. Because the belonging to (S)" is not stable
by ordinary product, one can not generalize ([B.I6) to any (S)"-valued process X, by simply
setting:

/Xs d°G = /Xs s g — /XS Wi ds.
I I ds I

However, since the belonging to (S) is stable by Wick product one may extend the integral
BEI6) to (S)*-valued processes X in the following manner.

Definition 2 (Wick-Ito integral wrt Gaussian process). Let X : #Z — (S)* be a process such

that the process t — X3 ¢ Wt(G) is (S)*-integrable on %. The process X is then said to be dG-
integrable on Z (or integrable on %), wrt the Gaussian process G. The Wick-1té integral of X
wrt G, on %, is defined by setting:

/ X, d°Gy = / X, 0 W ds. (3.20)
R R
For any Borel set I of Z, define [; X d°Gs = [, 11(s) X d°G.

The Wick-Itd integral of an (S*)-valued process, wrt G is then an element of (S)*. It is easy to
see that Wick-1t6 integration wrt G, is linear and that Definition 2] is coherent with Definition
[, of Wiener integral, we gave in the previous subsection. Moreover, and as it will be stated
in Proposition below, one of the advantages of Definition [ is that our integral wrt G
is centered, assuming it belongs to (L?). Used a lot in the sequel of this paper, the following
condition ensures the integrability, on I, of an (S)*-valued process X, wrt G.

Let I be a Borel set of Z and X : I — (S)* be an (S)"-valued process. Denote the following
condition:

(1) {(2) : t— S(Xy)(n) is measurable on I, for all n in .(R)
.. G
(ii) :  3(p,q) € N? such that the map ¢ — HXtH_pHWt( )H_q belongs to L'(I,dt).
When the processes X and G satisfy condition (Z)) on I, we will say that (X, G) satisfies (Z]) or

([Z,.q) ; when we want to specify the value of p and ¢ in (ii) of Condition (Z]). We will use the
following theorem a lot in the sequel.

Theorem 3.10. If (X, G) satisfies condition [L,4) on I, then [; Xs d°G is well-defined and be-
longs to (S—,) for every r > 2+max{p; q}. Moreover there exists a real constant C, independent

of X and G , such that:

Vr > 2 + max{p;q}; H /Xt d°G,
I

G
<o [1xl, WOl d @22
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Proof. For every n € (R), the measurability on I of ¢t — S(X; ¢ Wt(G))(n) is clear since
S(X o Wt(G))(n) = S(X;)(n) < g;,n >. Since Condition (Z)) is verified, one may write for every

7 in . (R), using Lemma [Z3}
G 2 G
[S(Xe o W) )| < et |14, WSV, (3.23)
where p and ¢ are given by condition (Z) . It is now clear that Theorem 26 applies. The upper-
bound [B:22), as well as the existence of r and C, results from [Kuo96, Theorem 13.5]. O

The next corollary gives a sufficient condition for integrability, wrt G, of an (L?)-valued process.

Corollary 3.11. Let K be a compact subset of Zp and X :t +— X; be a process from K into
(L?%) such that t — S(X;)(n) is measurable on K, for all n in (R), and such that t — || X¢||,
belongs to L*(K). If t |g¢|_, is bounded on K, then X is dG-integrable on K and there exists
an integer r > 2 + max{p;q} and a constant Cx such that,

Vr > 2+ max{p; ¢}; / X; d°Gy|| < Ck / 1 X¢llo dt.
K —r K
Proof. In view of the proof of Theorem B.I0, the following inequality is sufficient to conclude.
G 2
IS(X o W) < 1Xellg "' suplgf]_, 0

We can now give the first properties of the Wick-1t6 integral wrt G.

Proposition 3.12. (i) Let I be a Borel subset of Z and X :I —(8)" a dG-integrable process
over I. Assume that [; X5 d°Gs belongs to (L?). Then E[[; X5 d°Gs] = 0.

(ii) Let [a,b] C &. The (S*)-process U defined by (t) := [' X d°Gy is continuous on [a,b],
as soon as (X, G) satisfies condition [Z)) on [a,b].

Proof. (i) That S(f; X, d°G)(0) = [; S(X,)(0) S( S(G))(O) ds = 0 is clear since S( ng))(O) =
< g.,0 > = 0. Now, it sufficient to note that E[U] = S(U)(0) for every r.v. U in (L?).

(74) The integrability of X wrt G is proved by Theorem Let ty be fixed in (a,b). In order
to establish the continuity of ¥ in ¢y we are going to use [Kuo96, Theorem 8.6]. By symmetry
one may assume that tg > t. [Kuo96, Theorem 8.6] applies since we clearly have:

2 G
a) [S(U(t) = W(to)) ()] < elMmostvar [0 X, )|, (WA du — 0
G
b) [S(W(®)(m)] < eMmstrsar i | X, (WD), du. 0
Proposition 3.13. Let (X, G) be a couple of processes that satisfies condition {l) on %. Define,
for every n in N, the process G := (ngn))te% by setting ng) =< .,gt(n) >, where ggn) belongs

to L*(R) and let (X(”))neN = {(Xt("))te%; n € N} denote a sequence of (S)*-valued processes.
Denote I a subset of Z. Let us denote the following conditions:

a1) (X,G"M) satisfies condition ) on I, uniforml@ inq.

az) 3 (r,r1) € N x (0,4+00] such that: |G —G||_, :{0, where the convergence holds

both pointwisely on I, and in L™ (I),
a3) X is (S)*-differentiable on I and there exist (a,l) € N x R and a function L € L™(I,dt)

s.t. ]%[S(Xs)(ﬁ)” < L(s) ea‘"ﬁ,

for all n of Z(R) and for a.e. s of I, where ry € (0,400] is such that rl_l + 7"2_1 =1,
19.e. 3 (p,q) € N?, such that s — ||XSH_pHWS(G(n))||_q belongs to L'(I,ds), for every n in N.
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ah) 3(r1,ra) € (0,400) with r7t + 15t =1, such that:

(i) |ls = |gs" = Gsl gl =205 (@) s = [ Xsll, belongs to L™ (1).

If conditions (a;)ieq1;2;3y or both conditions (a1) and (ay) are fulfilled, then one has the conver-
gence:

/ X, &G — / X, d°G, in (S)*.
I n—+oo Jr
Besides, denote the following conditions:

b)) (XM Q) satisfies condition @) on I, um'forml n p.

by) 37 € N such that: | XM — X ||_. —:LO pointwise.
n—-+0o0

b3) Both X and (X™),  are (S)*-differentiable on I. Moreover, 3(1,a,r2) € NxRx (0, +00]
and a function L in L™ (I,dt) such that, for every (n,n) in N x #(R) and a.e. s € I,

d d 2
il (n) il < aln|
LS ]|+ S )] < L(s) e
by) (i) 31 €N, s.t. ||s— H%[Xs - Xs(n)]H_r/HLw(I) :>L0 and (i) s+ |gs|_, belongs
to L™ (I), where 1 € (0,400] is such that r{* + 751 = 1.

by) 3(r1,ra) € (0,400) with rit + 75t =1, such that:
(i) lls = 1% = XN ylliray 3.0 to L) ) s+ Ighlq € L7 (1),

If conditions (b;)icq1,2;3.43 or both conditions (b1) and (by) are fulfilled, then one has the con-
vergence:

/ XM aa, — / X, d°G, in (S)*.
I n—+oo Jr
Proof. The scheme of the proof is “symmetric in G and X()”: we will then only show the

convergence [; X, dOng) T J; X5 d°Gy. Denote A,, := [; X, d°Gs— [; X, dOng); let us show
n——+0oo

that assumptions of [Kuo96, Theorem 8.6] are fulfilled. The existence of all following integrals
come form Theorem

e Case where a1) & af) are fulfilled:
rir

S(A) M7 = (| f; S(X) () SV W DY my ds) < (J; 1X:172, ds)(Jy 14™ = g1, ds.

e Case where (a;);cq1,2;3) are fulilled : For sake of notational simplicity we assume that I = [0,].

Using an integration by parts, one gets:

SN = | [ S S = W) ds| = | [ SX)m) < (o), —gn > ds
=< g" = gi,n > S(X2)(n) - /I < gl —gs,n > FIS(Xs)(n)] ds
< e (154G = Gil, + [ G = Gull, L(s) do).

The Holder inequality then allows one to establish the two conditions of [Kuo96, Theorem 8.6]
and therefore achieves the proof. O

Yie. 3 (p,q) € N?, such that s ||XS(")||7P||WS(G)H7Q belongs to L' (I,ds), for every n in N.
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Remark 7. 1. The advantage of condition () is that it allows us to make assumptions on both
elements of the couple (X, G) instead of making assumptions only on X or only on G. This,
for example, allows us to make more assumptions on X than G or the other way round. In this
case, the more informations on the “regularity” of X (resp. of G) one gets, the less informations
one needs on the “reqularity” of G (resp. of X ). We used this property in the proof of Corollary
[Z11.

2. It is clear, in ag) of (iii) of Proposition [313, that one can also choose the pointwise conver-
gence in (L?) or in probability instead of convergence in (S_,).

3. When G is an fBm (resp. an mBm), the Wick-1té integral wrt G given by Definition[2 is noth-
ing but the fractional (resp. multifractional) Wick-It6 integral defined in [EVAHOS,[BSOWO0,
[Ben03d] (resp. in [LLVT],[LLVHT],[Leb13)).

It is of interest to have also a criterion of integrability for generalized functionals of G. In that
view, we set up the following notation: for p € N, 0 < a < b, we consider a map F : [a,b] —
Zp(R) (hence F(t) is a tempered distribution for all ¢). We then define F'(t, G¢)(t) := F(t)(G).
Recall the following theorem (see [CG62, Lemmas 1 and 2 p.73-74]):

Theorem 3.14. Let I be an interval of R, t — F(t) be a map from I into /_,(R), t —
o(t,.) be a map from I into S (R) and toy € I. If both maps t — F(t) and t — @(t,.) are
continuous (respectively differentiable) at ty, then the function t —< F(t), p(t,.) > is continuous
(respectively differentiable) at ty. In this latter case we have

Aot (1) =< AE(10), o(t,.) > + < F(1), L[t = @(t,.)](to) >.

Theorem 3.15. Let p € N, [a,b] be an interval of Z§ and let F : [a,b] — Z,(R) be a con-
tinuous map. If t — maX{R;pfl/zl; Rffl/‘l} belongs to L'([a,b]) (resp. there exists an integer q
such thatt — |g;| max{Rt_p_l/4; Rf_l/A‘} belongs to L'([a,b])), then the stochastic distribution
process F(t,Gy) is (S)*-integrable (resp. dG-integrable) on [a,b] (resp. on (a,b)).

Proof. We shall apply Theorem 2.6l The measurability of ¢ — S(F(t,Gt))(n) results from The-
orems and BI4] the continuity of F' and the measurability of ¢ — (F, v (Ry,. — < g1,n >?)).
Lemma 2.3 and ([B14) yield:

- —1/4
SIF(LGOJ)] < max(R; s &Y B[y max [P(s)|, exp{ln?).

which allows us to apply Theorem to F(t,G¢). The mesurability of t — S(F(t,Gt) ©
Wt(G))(n) is obvious since S(F(t,Gy) ¢ Wt(G))(n) = S(F(t,G¢))(n) < g;,n >. Besides, denote
r := max{q,p}. F(t,G;) and Wt(G) both belong to (S_,), for all ¢ in (a,b). Using Lemma 23]
and (B14)), and defining K, := /D, Srél[z(;}zHF(s)Lp, we get for all ¢ in (a,b):

G G 2 —p+1/4 p+1/4 2
[S(E(t,Gr) o W)Y )] < IF (Gl WD el < K, |gj|_, masc{R, 7T REF/Y el
Theorem applies again to ¢t — F(t,Gy) ¢ Wt(G) and achieves the proof. O

Remark 8. Of course conditions of Theorem are obviously verified when the infimum of
t — Ry on [a,b] is positive and when its supremum is upper-bounded on [a,b]. Moreover, in
the particular case where these latter conditions hold, Theorem [T 11 entails that both quantities
ff f(Gy) dt and ff f(Gy) dGy ezist in (S)*, as soon as f is a function of polynomial growth.

Example 3.16 (Computation of fOT G d°Gy). Let T > 0. Assume that [0,T] C % and that
t = Ry is upper-bounded on [0,T), then the following equality holds almost surely and in (L?).
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T
/ Gy d°G, = L (G% — Ry) (3.24)
0

2 2
Indeed, since |S(Gy o W)Y < [1Gelly IWED |, e < (1 + s[lépT}Rt) 91|y €. Indeed,
Assumption , allows us to apply Theorem [Z8. This shows that both members of (B.24)
belong to (S)*. Besides, for every n in & (R) we may write, using (ii) of Theorem [3.4,

S(/OTGt d°Gt)(77)=/ S(Go) () SW) (@) dt=/0T<gt,n >< gy, > dt
= 2(S(Gr)(n)* = SGEGF) (),

and then conclude that fOT Gy d°Gy = 1G$2. Point 1. of Proposition establishes ([B.24) in
(8)*. The equality in (L?) is now clear since G% — Ry belongs to (L?).

Remark 9. 1. This result will be obtained as a direct consequence of Ité formulas provided in
Section [4)

2. In the previous example, we could have replaced the assumption t — Ry is upper-bounded on
[0,7) by Jy Rilgil_, dt < +oc.

To end this section, we present a simple but classical stochastic differential equation, driven by
a Gaussian process. We need first to generalize the definition of the Wick exponential, given at
the beginning of Subsection [Z3] to the case where ® belongs to (S)*. For any ® in (§)*and k in
N* let ®°* denotes the Wick product of ®, taken k times. For any ® in (S)*such that the sum
Zgﬁ% q)k—Tc converges in (S)*, define the Wick-exponential of ®, and denote exp® @, the element
of (8)"defined by exp® ® := Z;‘;’B q’,:!k. For f in L?*(R) and ® :=< ., f >, it is easy to verify
that exp® ® =: e<+f> .,

Example 3.17 (The Gaussian Wick exponential). Let Z = R and let us consider the following
Gaussian stochastic differential equation:

(E . dXt = Oé(t)Xt dt + 5(75)Xt dOGt
| Xoe (),

where o : Ry = R and f: Ry — R are two deterministic contmuous functions. Of course (E)
is a shorthand notation for X; = Xo+ [ a(s) Xsds + [3 B(s) Xs d°Gs. As in [HOUZI0), it is
easy to guess the solution. Let us define the pmcess Z by settmg

Zy = Xo o exp® (/Ot a(s) ds + /Ot B(s) d<>G8)7 teRy, (3.25)

Theorem 3.18. The process Z defined by [B.25) is the unique solution, in (S)*, of (E).
Proof. This is a straightforward application of [HOUZI10, Theorem 3.1.2]. O

4 It6 Formulas

The main result of this section is Theorem @4l which provides an It6 Formula in (L?), for C'1+?
functions, with sub-exponential growth. This latter result is given in Subsection [A] while the
end of this subsection is devoted to a comparison between our It6 formula and all the previous
ones, obtained for Gaussian processes in general, and provided in: [AMNO1], Theorems 1 & 2],

[MV05] Theorem 31], [NT06, Theorem 1], [KRT07, Corollary 8.13], [KR10, Proposition 11.7],
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[LN12, Theorem 3.2] and in [SVI14l Theorems 4.4 & 4.5]. In particular, it will be shown, in this
same subsection, that the It6 formula we provide in Theorem [£4]is the most general 1t6 formula
for Gaussian processes of the form (LT, established so far. The main result of Subsection
is an 1t6 Formula, in (L?)-sense, for generalized functionals of G' (Theorem EET)). This latter will
not only provide us with a Tanaka formula in Section [l but will also give us a precise reason
to define the weighted local time of GG, the way we do it, in Section [6l In order to obtain such
an Itd6 Formula, one needs first to establish an It6 formula in (S)*. This is done in Subsection

42T

Let us first recall a few basic facts about Lebesgue-Stieljes & Riemann-Stieljes integrals, that
will be used extensively in the remaining part of this work. Let [a,b] be an interval of R and
J @ la,b] — R be a function of bounded variation. Denote «; the signed measure such that
j(t) = «aj(a,t]), for every t in [a,b]. For any function f : [a,b] — R, denote f;f(s) dj(s) or
f; f(s) doj(s) the Lebesgue-Stieljes integral of f with respect to j, assuming it exists. In this
latter case, we will write that f € L'(I,dj(t)) or L'(I, ;). In the particular case where the
function f is continuous on [a,b], the Lebesgue-Stieljes integral of f exists and is also equal to
the Riemann-Stieljes integral of f, which is denoted and defined by:

b n
(RS) [ £) dils) = i S FE) (i) — i), (4.1
a =1
where the convergence holds uniformly on all finite partitions 97(:1) ={a=20<x1 < <

Zy := b} of [a,b] such that Jwax (x; — x;—1) < 7 and such that {fn) belongs to [x;—1,x;]. The
<i<n

following result, will be used extensively in the sequel of this section.

Lemma 4.1. Let [a,b] be a finite interval of R, I (resp. J) an interval of Ry (resp. of R) and

let L : [a,b] x I x J be a C'-function. Let f : [a,b] — I and j : [a,b] — J be two continuous
functions of bounded variation on |a,b]. Then one has the following equality:

b b
Llb. f0).30) — Lo, f(@)s@) = [ 5= (5,06 (s)) ds+ [ 5 (s (50,500 )
b
OL (s, 7). 5)) di(s). (1.2
a u3

Proof. All the integrands in the right hand side of (£2]) are continuous. Thus the Lebesgue-
Stieljes integrals in the right hand side of ([L2) are also Riemann-Stieljes integrals. It is then

easy to deduce ([A2]), using (4T]). O

Remark 10. In view of Theorem-Definition [21), it is clear that we can extend the notion of
integral in (S)*to the case where m is a signed measure (the notation remaining the same). We
will therefore keep the same notations for this integral, whatever the measure m is (signed or
positive).

In the remaining of this paper, and unless otherwise specify, the measure m denote a measure,
that may be o-finite or signed.

4.1 Itdé Formula in (L?) for C''? functions with sub-exponential growth

Let us begin with the following lemma, the proof of which is an immediate consequence of

[Wid44, Theorems 1,2 p.88-89].
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Lemma 4.2. Let T >0 and v : [0,7] x R — R be a continuous function such that there exists
a couple (Cr, Ar) of R x R such that H%g%\v(t, y)| < Cr AV for all real y. Define; for every
telo,

a > Ap, the map J, : Ry x (0,1/4a) x R — R by setting:

Jp(t,ur,uz) == /R v(t,x) y(ur, x — ug) dz. (4.3)

Then J, is well defined. Moreover lim Jyp(t,ur, uz) = v(to,lo), ¥ (to,lo) in [0,T] x R.
(tyu1,u2)—(to,01,lo)

It is easy to extend [Ben03bl Theorem 2.8] to the case of a Borel measure m instead of the

Lebesgue measure. The next result, which constitutes this extension, is more suitable that

Theorem [Z.6], when one deals with L?-valued integrands. The proof being obvious, is then left

to the reader.

Theorem 4.3. Let m be a positive measure on (%,B(%)) and X : # — (L*) be such that the
function t — S(Xy)(n) is measurable, for all n in #(R), and such that t — || X¢||, belongs to
LY(%,m). Then X is (S)"-integrable over % and verifies:

| Xemian) | < [ 1%l mian).
4 0 4

Through this subsection, we assume that 7' > 0 and define #Z := [0,T]. We can now give the
main result of this section. Denote C12([0, 7] x R, R) the set of functions of two variables which
belongs to C*([0,T],R) as function of their first variable and to C*(R,R) as function of their
second variable.

Theorem 4.4. Let T > 0. Let f be a C12([0, ] x R,R) function. Furthermore, assume that
there are constants C' > 0 and A < (4 max Rt) such that for all (t,x) in [0,T] X R,
telo

af x?
ox {|7(t,2)],| {(t,w)\ab to)|, | 5t @)} < M (4.4)

Assume moreover that Assumption holds and that the map t — Ry is both continuous and
of bounded variations on [0,T]. Then the following equality holds in (L*):

f(T,Gr) = f(0,0) +/ (t,Gy) dt+/ (t,Gy) d°Gy + 5 / 5.2 (t,Gy) dRy.  (4.5)

Proof. The general structure of this proof is similar to the proof of [Ben03b, Theorem 5.3].
However, one can not follow this latter completely since one does not assume (as it is the case
for fBm) that Z7 = {0}, where we set Z} := Zr N [0,7T]. Equality (£3]) may be rewritten as:

[" ey e = sman - 0.0 - [ Gucoa-y [ Hecyar. 40
0 ox \"? ’ ’ 0 ot \" 2 0 Ox

Thanks to () we may write, for every K in {f, %{, gi, ggg’;} and t in [0, 77, that E[K (¢, G})?] <
C?(1- 4)\§)_1/2 =: M?, where we set R := sup{R;; t € [0,T]}. Moreover, t — ||K(t,G)|,
belongs to L([0,T], dt) while t H%(t, G|, belongs to LY([0,T],dR;). The measurability of
the maps ¢t — S(K(t,Gy)(n) will become clear thanks to [@T]). A simple application of Theorem
A3 then yields that all members on the right hand side of (&) exist and are in (L?). Moreover,

Lemma provides the upper-bound

2
1S(ZL(t,Gy) o WY ()| < M g1l e,
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for all (n,t) in Z(R) x [0,7T], where ¢ is given by Assumption . A straightforward ap-

plication of Theorem [Z6 then shows that [ r 8f (t,G¢) d°Gy belongs to (S)*. In order to prove
the theorem, it then just remains to show that S- transform of both sides of ([@G]) are equal.
For this purpose, we first give an integral representation of S-transform of K(t,G;). Since
E[: e :] =1, for every n in .(R), one can define a probability measure Q,, on the space

(92, F) by setting =2 dQ def, e<n> :, where d—% denotes the Radon-Nikodym derivative of Q,, with

respect to u. To make computations easier we use the following obvious fact: Jis: X+ (X)) = E%’,

for every centered Gaussian random variable X and 7 in .(R), and where L. denotes the law
of a random variable Y under the probability measure p. In view of this fact, it is clear that G
is a Gaussian variable with mean < g;,7 > and variance R;, under the probability measure Q,,.
One then gets, for every ¢ in [0,7] and n in . (R):

S(K(t,Gi)(n) = Bq, [K(t,Gy)] = /R KtuR?+<gn>) A e Pdu  (47)
Denote I := [0,7)\2Z} and let n be in .#(R). It is clear, in view of (&1, that one has the

equality:
/ K(t,v) y(Ri,v— < gi,m >) dv, Vt € I, (4.8)
R

K(t,0), Vite 27T, (4.9)

S(K(t,Gi))(n) =

Let a be a real in (), (4R) 1) Thanks to Lemma 2], we know that the map Jx is well defined
on ¥, :=[0,7] x (0,1/4a) x R and we clearly have:

S(K(t,Ge))(n) = Jk(t, R, < g1,n >), V€ I (4.10)

Moreover, it is clear that J; is a C'-function on %,. Denote, for every n in . (R), j, : [0,7] = R
the map defined by j,(t) :=< g, n >. According to Point 1 of Remark [ j, is absolutely
continuous on [0,7]. We first have the following result.

Lemma 4.5. Let a be a real in (], (4?)71) and J be the map, defined on ¥, by (A3). For every
(t,n) in Iy x Z(R), one has the following equalities:

) a7 ‘ . a7 )
I o2p (t, Re, Gy (1) = 2 Gk (¢, Ry, (1)) Jgﬁ (t, Ry, gy (1) = gt (t, Re, Gy (1));

o2
. oJ .
& J%ﬁ(t7Rtaj77(t)): a_tf(t?Rh]n(t))
t

Proof of Lemma Using from one hand the equality %} = ; 5.3, valid on R} x R, and,

form the other hand the theorem of differentiation under the integral sign, in a nelghborhood
of every (t,uj,usz) in X4, provide equalities stated in Lemma on each (t,uq,us) of ¥, and
then allows us to conclude. O

Using Lemma 5] one gets, for every n in .(R),

T
17(71) ::/0 S(%(t, Gt th /F J_i t Rt,jn th = 2/ 3u1 t Rt’=777 )) dRy, (411)
R

Ox?
T
T o= [ S GO SOV ) dt = [ G B olt) din(t), (112)
Iw_/ S t@xmﬁzézm@an ﬁ+/ (4.13)

Thus, in order to end the proof, one just has to establish the following equality:
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ST, G = SO0 = [ G Redalt)) de+ [ GiE( Reo o) dB

R
+/ 7 (&, R, gn (1)) din( +/ 91(t,0) dt. (4.14)
Since I} is an open set of [0, 7], that does not contain 0, it can be written under the form

Lo = | | (@i, bs) U (b, 77, (4.15)
1€EN
where all the intervals in ({I5) are disjoint and where, by convention, (z,y) = (z,y] = 0, for

every reals = and y such that z > y. Note moreover that every element of {a;,b;, i € N} (as
well as b, if (b,T] # 0) belongs to ZF. We need to distinguish between two cases:

First case: 3 (a/,') € (0,T)? with o’ < b’ s.t. (0,a’) and (¥, T] are both subsets of T'p.
Define a := sup{a’ € [0,T], s.t. (0,a") C Iz} and b := inf{b' € [0,T], s.t. (b',T] C Iy}. Even if
one has to consider a subset I of N, one may assume, and we will in the sequel, that (a;, b;) # 0,
for every ¢ in N. One can find p in R such that (p,a —p) # 0, (b+ p,T — p) # 0. Moreover,
for every i in N, one can find p; in R% such that (a; + p;, b; — p;) # (. Since all these intervals
belong to Iy, one can apply Lemma &1 with L = Jf, on each one of them. We then get, for
every interval (x,y) in the set of intervals Y := {(p,a—p), (b+p, T —p), (a;+pi,bi—p;); 1 € N},

Jf(yaRy,jn( )) Jf(x Rma]n
Y
:/x PJ (1 Ry, jy(t) dt+/ O (¢, Ry, j(t) th+/ 0L (t, R, jo(1)) din(D): (Auy)

For any interval (z/,y") which belongs to {(0,a), (b,T), (a;,b;); i € N}, there exists a sequence
of elements (zy,, Yn),en in T such that (2, yn) — (2',9), as n — +o0 and such that [z,,y,] C
(«',y"). Lemma 2] then provides the convergence of the left hand side of (A, 4,) to f(y',0) —
f(2,0), if («',y) belongs to {(0,a), (a;,b;);i € N}, and to S(f(T,Gr))(n) — f(b,0), if (', y) =
(b, T). Besides, the Lebesgue’s dominated convergence theorem applies to each integrand of the
right hand side of (A, 4, ), since they are all continuous. This provides the convergence of the
right hand side of (A, 4,), for any (m' y') in {(0,a), (b,T), (a;,b;); i € N}, to

0 R0 d R af+ [ 2L R o) d
, Ot ( ) ta]n i+ au t ta]n( )) ¢+ ,  Ouy (tv t7]n(t)) ]n(t)'
x xT
In view of ([@9]) and (@I, and maklng the summation of (A, p,), over all ¢ € N, we then get:

S(f(T,Gr))(n) = S(£(0,0))(n) = (f(5,0) = f(a,0) = > (f(b;,0) — f(as,0)))

1€EN

= |G Ren(®) dt [ G R Go(0) ARt |G R jalt) din(0) (410

Denote A := fzg %ti(t, 0) dt, one has the equality:

A= 9L (¢,0) dt — Qﬁt,()dt:/ 9L(t,0) dt — / 9L(t,0) d
[0,7] ot (4,0) i 3 (6,0) [O,T]\(O,a}u(b,T] ZEZN
= f(b,0) = f(a,0) = > _(f(b;,0) — f(as,0)). (4.17)
ieEN

Using ([@I7), Equality (ZI6]) then reads:
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S(FT.Gr)m) = SO0 — [ F(t.0) d

T
ZR

aJ . aJ . aJ . .
= I, B_tf(t7Rt7]7l(t)) dt+/I‘R 8_1/:(t7Rtaj7](t)) th—i_/l—‘R ﬁ(th,jn(t)) djn(t)7 (418)

which is nothing but ([AI4]) and therfore ends the proof in this case.

Second case: There is no (a/, V') in (0,T)% with o’ <¥' s.t. (0,a’) & (¥, T)] are both subsets of

N

Since the cases of 0 and T can be treated in the same manner, we only treat here the case of

T. We then assume that there is no b in (0,7) such that (b',T] C Ij.

We need to distinguish between two cases. If there exists b’ in (0,7)) such that (V/,7] C ZZ

then the problem can be reduced to establish (@3] between 0 and b, where b := inf{b €

(0,7); [/, T) C ZI}. Otherwise, one can find an increasing sequence (1), of TN, which
() 1(n)

a; b

converge to T'. For every n in N, denote (a; ’,b; ') the interval (a;, b;) of I which contains T5,.

Zn), T,] is a non empty subset of I;. Therefore, one can use first case to
establish (Z3]) between 0 and 7,,. To establish the equality of S-transform of both sides of (L5,
(between 0 and T3,), it then remains to apply, from one hand Lemma B2 to J¢ (T}, Rr,, , jn(Tn))
and, form the other hand, Lebesgue’s dominated convergence theorem to the following integrals:

For every integer n, (a(

Tn

Ty = [ SGA G R =2 [ G Rea0) R
R

0
Tn
1= [ SEE@ G SW D) dt = [ G R 0) i)
R

T,
" ) oJ . 9
T = [ S Go)m de = /FRW S Ry ) di+ [ SE0) ar

,(n
R

where FFE”) denotes I, N [0,7,] and 25" denotes ZT N [0,7,,]. This result and the fact that J;
is a C'! function on ¥, allows us to apply [Kuo96, Theorem 8.6] and thus to conclude. O

Comparison with other It6 formulas for Gaussian processes

Since [AMNO1], many It6 formula for Gaussian processes have been established. If one excepts
1t6 formula for Gaussian semimartingales, that are well known, all the It6 formulas provided, for
Gaussian processes in general, in the literature of functional extensions so far (namely: [AMNOT],
Theorems 1 & 2], [MV05], Theorem 31|, [NT06, Theorem 1], [KRTQT7, Corollary 8.13], [KR10,
Proposition 11.7], [LN12, Theorem 3.2] and [SV14, Theorems 4.4 & 4.5]) are established using
the divergence type integral.

If one excepts [SV14, Theorems 4.4 & 4.5], the assumptions made in all the 1t6 formulas provided
in the references cited right abovd? imply that the variance function ¢t — R; is continuous and
of bounded variations on [0, 7. If one excepts [KRT(O7, Corollary 8.13], the assumptions made
in all the Itd formulas provided in the references cited abov imply that the function f is of
class C? and, together with all its derivatives, with sub-exponential growth (i.e. fulfills (Z4])). In
view of this fact, it appears that the assumptions made in Theorem [£4] are minimal. However,

24.¢. in [AMNOI] Theorems 1 & 2], [MV05, Theorem 31], [NT06, Theorem 1], [KRTO7, Corollary 8.13], [KR10)
Proposition 11.7] and [LN12| Theorem 3.2].

134.e. in [AMNOI], Theorems 1 & 2], [MV05, Theorem 31], [N'T06, Theorem 1], [KR10, Proposition 11.7], [LN12,
Theorem 3.2] and [SV14, Theorems 4.4 & 4.5]
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in order to see to what extent Theorem 4] generalizes It6 formulas for Gaussian processes that
already exist, let us compare it to them, in details.

As we stated above, Theorem 4] (for f(t,x) := f(z)) is less restrictive than any It6 formula
provided in [AMNOI, Theorems 1 & 2], [MV05, Theorem 31], [NT06, Theorem 1], [KR10,
Proposition 11.7] and [LN12 Theorem 3.2] since they all require - at least - the same assumptions
as the one made in Theorem L4 In addition, f is assumed to be of class C*° in [MV05] Theorem
31] and [KRI0, Proposition 11.7], and of class C7 in[NT06, Theorem 1]. Moreover, the variance
function ¢ — R, is assumed to: be of class C? on R% in [MV05F, Theorem 31], fulfill Assumptions
(3) et (4) in [NTO06l Theorem 1], fulfill Assumptions (A), (B) and (C) of [KRI0, p.12-13] in
[KR10, Proposition 11.7] and, in [LN12, Theorem 3.2], to verify the following conditions:

(i) for every s in [0,77], the map t — R(t, s) is absolutely continuous on [0, 7;

o

OR ds < +o00.

T
(ii) there exists o > 1 such that: sup / 8—(8, t)
0 s

t€[0,T]

Besides, in [AMNO1, Theorems 1 & 2], and in addition to the assumptions made in Theorem
L4 the kernel K has to fulfill Assumptions (K1) to (K3), in the singular case, and (K1) to
(K4), in the regular case.

It now remains to discuss [KRT07, Corollary 8.13] and [SV14, Theorems 4.4 & 4.5]. In [SV14],
Theorems 4.4 & 4.5], where G is assumed to be separable (see [SVI14, Definition 2.1.]), t — Ry is
assumed to be bounded, as well as of bounded variations on [0, 7’|, but not necessarily continuous.
However, in order to establish It6 formulas, the authors of [SV14] have to require two additional
assumptions on the covariance function R, that are:

(i) for every s in [0,7], the map t — R(t, s) is of bounded variation on [0, T7;

(ii) sup [ |R|(ds,t) < 4o0.
t€[0,T]

Finally, R is assumed to be continuous and of bounded variations on [0, 7] in [KRT(0T, Corollary
8.13] and f is assumed to be of class C? but not with sub-exponential growth; the second
derivative of f therein is assumed to be bounded. However, since the stochastic calculus for
Gaussian processes, developed in [KRT07] requires that the covariance function has a planar
bounded variation, which corresponds to “regular” processes (such as fBm for H > 1/2), one
easily sees that the price to pay for relaxing the assumption on the growth of f is that one can
not deal with irregular Gaussian processes. That is precisely to overcome this limitation on the
regularity of G that [KR10], which requires much more than the growth condition we make on
f, as we stated above, has been written.

In view of the arguments developed above, it appears that Theorem (4] is the most general
functional extension-type 1t6 formula for Gaussian processes of the form (LI]) so far.

Remark 11. Of course all the Gaussian processes in 4 of “reference” fulfill assumptions of
Theorem[J4). In the case of mBm one needs to assume that h is a C' function with its derivative
bounded on Zp. Note moreover that, applying Theorem [{.4] when G is:

-a fBm allows one to recover [Ben03d, Theorem 4.1 & Rk. 4.6],

-a mBm allows one to recover Theorem 5.5/,

-a ¥ - process allows one to recover and extend, as we showed above, [MV05, Theorem 31].

4.2 It6 Formula for generalized functionals of GG

A little bit more technical than the previous one, this subsection is of crucial importance for
Section [6l and the study of Local times of G.
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4.2.1 Itd Formula in (S)* for generalized functionals of GG on an interval [a,b] of Z§

Before establishing an Itd formula in (S)*, let us first fix some notations. For a tempered
distribution G and a positive integer n, let G(™ denote the n' distributional derivative of G.
We also write G/ := GU). Hence, by definition, the equality < G',¢ >= — < G, ¢’ > holds
for all ¢ in .(R). For a map t — F(t) from [a,b] to Z,(R) we will note —n( ) the quantity

(F(t))(") that is the n'" derivative in .’ (R), of the tempered distribution F(t). Hence we

may consider the map ¢ — ng (t) from [a,b] to #'(R). Moreover for any ¢y in [a, b, we will

F(t0+7‘)7F(t0)

note W(to) the quantity }1_1)% , when it exists in .Z,(R), for a certain integer p.

When it exists, %—f(to) is a tempered distribution, which is said to be the derivative of the
distribution F'(t) with respect to ¢ at point ¢ = ty. In line with Section B:2] we then define, for
to in [a,b] and a positive integer n, the following quantities: %%f(to, Gy,) = (F(to))(")(Gto) and

%_ir(t()?Gto) = (%_?(to)) (GtO).

Theorem 4.6. Let [a,b] be an interval of 2%, p € N, and let F be an element of C*([a,b], £, (R))

such that both maps gx and 2 a 9L from [a,b] into . »(R), are continuous. Assume moreover that
holds and that the map t — Ry is both continuous and of bounded variations on [a,b]. Then
the following equality holds in (S)*:

b
F(b,Gb)—F(a,Ga) :/ aF S G d8+/ aF 3 G d°Gs + 5 / %mg S G dR;. (419)

Proof. Assumption [¢/;;;)| and the fact the map t — Ry is upper and lower bounded on |[a, b

allow one to apply Theorem B.15] to 8—F(s Gs), 2 axg L (s,Gy) (with the Borel measure defined by
t — Ry), and to %—5(5, Gs). This and Remark [§ entail that all the integrals on the right side of
(E19) exist. Thanks to Lemma 251t is then sufficient to show the equality of the S-transforms
of both sides of ([£I9). Using Theorem 3.6 one then just has to establish, for every n in .(R),
the following equality:

b
Lop(n) /< 9 (5),v(Rs,. — < gs,1 >) >d8+/< 52(5),7(Rs, . — < g5, >) >< giyn > ds

+/ < M ,Y(Rs,. — < gs,n >) > dRs, (4.20)
where we set I, (1) :=< F(b),v(Rp,. — < gp,n >) > — < F(a),v(Rq,. — < ga,n >) >. Define
the map L : [a,b] x Ry X R by setting:

L(uy, ug,uz) =< F(u),y(u2,. —us) > .

The assumptions made on F entail that L is a C''-function. Moreover, using the equality % =

%g 3, one gets:

9(5),9(Rs,. — < gy >) > = < F(s), Z(Rs,. — < g, >) >
< ZL(s),¥(Rs,. — < g5 >) > = L < F(s), 2 (Rs,. — < g5, >) >

a
Since Iop(n) = L(b, Ry, ¥(< gb,1 >)) — L(a, Ra, (< ga, 1 >)), E20) also reads

b b
Lo 0.30)) = las f@.3(@) = [ 55,5 6)oin6)) ds + [ 2 (5.7 5)onls) )
b
+ [ g—gs,ﬂs),jn@» &i(s), (4.21)

with f(s) := R, and j,(s) :=< gs,n >. According to Point 1 of Remark [ j, is absolutely
continuous on [0,7]. Lemma [T] therefore applies and establishes ([@21]), which achieves the
proof. O

(
)
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Remark 12. As Theorem [J.7 below will show, one can extend [EI9) to the case where [a,b] N
Zr # 0, if one makes additional assumptions on R and F. However, we will not extend ([EI9)
directly since one does not need such a general formula to get Theorem[{.7], and hence a Tanaka
formula. Nevertheless, we think it is better to not specify (19, directly to F(.) instead of F(.,.),
in Theorem [{.0, since this result can be extended to any interval [a,b] and then provide an Ito
formula in (S)*-sense.

4.2.2 Ité6 Formula in (L?) for certain generalized functionals of G on any interval

of #

Our goal is to get a Tanaka formula, as well as to perform a study of local times of G, in
Section 6l For this purpose one needs both: to generalize ([ZI9]) to the case where [a, b] contains
elements of Zg, and to specify [@IJ) to the case where F(t,z) = F(z). However, Theorem
6] does not extend immediately to the case where [a,b] intersects the set Zi because the
generahzed functionals of G (see Theorem-Definition B.2]) are not defined in this situation. As
in [Ben03al, we now extend our previous results to deal with this difficulty. Having in mind the
definition of distributions of function type, given in Section B2l one has the following result.

Theorem 4.7. Let [a,b] be an interval of Z, F be a distribution of function type that is
continuous on 23" := [a,b] N Zg. Assume that the first distributional derivative of F, noted F”,
is also of function type and that F' and F' both have polynomial growth. Assume moreover that
holds, that the map t — Ry is both continuous and of bounded variations on |a,b] and that
the following assumptions are satisfied:

(i) MZ7") = ar(Z;") =0,
(ii) t — R;"* belongs to L'([a,b],dR;),
(i1i) 3 q € N such that t = |g;| _, R, T2 e LY ([a,b],dt),

where A denote the Lebesque measure on % and where the signed measure ar has been defined
at the beginning of Section[l Then, the following equality holds in (L?):

b 1 b
F(Gy) — F(Gy) = / F'(Gy) Gy + 5 / F"(Gy) dR,. (4.22)
Proof. Let us first show that ¢ — F/(Gt)th(G) is (S)*- integrable on [a, b] and that t — F"(G})
is (S)*-integrable on [a, b] with respect to ag. Denote Iy := {t € [a, b]; Ry > 0}.
a) t— F'(Gy)o Wt(G) is (S)*-integrable on (a,b).
Denote R, := sup R; and D := sup{ leZ(u)| : k € N,u € R}. We have the following upper

tela,b]
bound, valid for all k£ in N and ¢ in I{*,

’ 2 2
| < FL &> =< F&y > =nk RF | < F, Liep(x/V2R?) exp{—2?/4R}] > |,

where f; ;. denotes %CE — & k(). The right hand side of the previous equality can be decomposed
into two parts. We get the upper bound of these two parts similary. Thus, we only show here
how to get the upper bond of

| < F,(2 Ry)™Y2e}(x/V2R}?) exp{—a® AR} > | = Jy .
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Denote K (resp. N) the real (resp. the integer) such that |F(z)] < K(1+|z|"), for every real .
Using the relation e} (z) = \/gek_l(x) — /e (z) (see [Kuo96, p.354]), valid for all positive
integer k, and the polynomial growth of F', one immediately gets:
T < @R [ |F@)] 2k 1) D e o
R
— N . —
<1+ VR) DK/ (1 + Ju) e/ du vE T 1.
R

It is now easy to obtain the next inquality, for a real D’ which does not depend on k nor ¢:
V(t, k) €T8P x N, | < F &p>[> < D'(k+1)! R, (4.23)
Moreover, since the norm operator of A=! is equal to 1/2 (see [Kuo96, p.17]), we get for a real
D that does not depend on ¢, using Theorem-Definition and ([Z23), for all ¢ in T":
2 = —1 e 2 4—1_ 2k _
IF(GoIIZy = g2 S ()T Ry < F &5 > A gy < DRy (4.24)
k=0

In view of Lemma and of ([L24]), it is clear that there exists a real K, such that, for every
nin Z(R) and t in I3 N %p,

[S(F'(Ge) o W) )| < I1F (G| -y |IWE)

2 —~1/2 2
el < K |gj|_, Ry 2 el (4.25)

One can then apply Theorem and conclude that | ; F'(Gy) d°Gy exists in (S)".

b) t — F"(Gy) is (S)"-integrable on [a,b], with respect to apg.
Since F’ also has polynomial growth we get, by replacing F' by F’ in ([£24]), using Lemma 23],
for every t in I;i"*,

IS(F"(Gy)) ()| < K Ry M? elh,

Thanks to Assumption (i), we know that the right hand side of the previous inequality belongs
to L'([a,b]\ 23", dR;). Theorem 2.6] then applies and ensures that f(f F"(Gs) dRs exists in (S)”.
To establish ([ZZ2), it is then sufficient to show that the following equality holds in (L?):

1
F(Gy) = F(Ga) = /Fa,b FI(Gy) d°Gy + 5 /Fa’b F"(Gy) dRy. (4.26)
R R

Having in mind (iii) of Theorem B8] we proceed as in the proof of Theorem F4l Since I};"* is
an open set of [a, b], it can be written under the form:

3" = [a,c) U |_| (ci,d;) U (d, D], (4.27)

1€EN
where all the intervals in ([{27)) are disjoint and where, by convention, (z,y) = (z,y] = 0, for
every reals z and y such that z > y. Note moreover that every element of {c¢;,d;, i € N} (as

well as ¢, if [a,c) # (), and d, if (d,b] # 0) belongs to Z;*. Exactly as in the proof of Theorem
44l one needs to distinguish between two cases:

First case: 3 (¢,d') € [a,b]* with ¢ < d' s.t. [a,¢) and (d',b] are both subsets of T,
Second case: 3 (¢, d') € [a,b)* with ¢ < d’ s.t. [a,¢') and (d’,b] are both subsets of ;"
In both cases, the same reasoning as the one we used in the first case of the proof of Theorem

@A (with Theorem [6linstead of Lemma I T]and Lemma L2l with v(t,.) = F') applies and allows
us to conclude. O
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Remark 13. 1. As it has been noticed in [Ben03d, Remark 4.6] (in the case of fBm), Equality
E22) holds in (L?) in the sense that both sides belong to (L?). If F"(Gy) belongs to (L?) and
under the additional assumption that [ |[F"(Gs)|lo dRs < 400, then [ F"(Gs) dRs is an
(L?)-valued Bochner integral (see Appendiz [A1 for the definition of Bochner integral) and all
members of both sides of E22) belong to (L?). Note moreover that the assumption t — Ry is
bounded on [a,b] is sufficient but not necessary; however, if one wants to relieve assumption on
R, one will have to weigh down the ones on F, F' or on the process G.

2. Theorems [{.4) and [{.7 are the first Ito formulas provided, for Gaussian processes in general,
obtained within the framework of White noise theory. To our best knowledge, only the cases of
stochastic integrals wrt fractional (resp. multifractional) Brownian motions have been treated

in [Ben03d, BSOWO04] (resp. in [LLV1])]), using White Noise Theory. In view of Point 1 of

Remark [, it is clear that Ito’s formulas provided in this section also generalize the ones given
in [Ben03d)] and in [LLVT})].

Remark 14. Once again, all the Gaussian processes of “reference” fulfill assumptions of The-
orem [{.7 The only non obvious case is the one of V., - processes. In this latter case, t — Ry is
absolutely continuous on [0,b] and therefore condition (iii) of Theorem [{.] is fulfilled. Besides,
because R is: absolutely continuous on [0,b], non decreasing and such that lim, o+ R, = +00,
it is easy to show, using B13)), that condition (i) of Theorem[].7 entails condition (ii). Finally,
one has the equality:

(2¢)7" (2¢)7 (2¢)7
I:= / R,'? dR, = / R, R, du=2 / (R/?) du=2R;,.  (4.28)
0 0 0

5 Comparison with other stochastic integrals

In this section we make, first in Subsection 5.1}, a comparison of the Wick-1t6 stochastic integral
we developed above with the functional extensions of stochastic integrals developed in [AMNOI],
[MV05] and then, in Subection B2, with the It6 integral.

5.1 Comparison with Malliavin Calculus or divergence type integrals

We start by making the comparison between our Wick-It6 integral and the divergence type
integral developed in [AMNOI]. We will then show, in Section [(.1.2] that the Wick-Itd integral
fully generalizes the (extended) Skorohod integral developed in [MV05]. Let T > 0 be fixed and
let us take #Z = [0,T]. Let G := (G¢),¢[o 1) be a Volterra process.

5.1.1 Comparison with divergence type integral of [AMNO1]

The goal of this section is to compare the Wick-Itd integral wrt G to the divergence integral

wrt G, defined in [AMNOI] and in [MV05] and studied in [AMNOIl [Nua05] and in [MV05]. In

these two papers G is a continuous Volterra process, one therefore will assume (in this subsection
only) that G is continuous on [0,7]. G being a Volterra process, it can be written, for any real
tin [0, 77,

t
@:/mmwm,
0

where the kernel K (¢, s), defined on [0, T]?, is such that K (¢,s) = 0 on the set [0, T]*\{(u,v) €
(0,7] x [0,T] : v < u} and verifies for any ¢ > 0,

_ t
K; = / K(t,s)*ds < oc.
0

Denote L%(€2, L%([0,T])) the set of random process u such that Hu”%g(glg([ojmzz E[foTut2 dt] <
+00. The main result of this section is Theorem [5.3] which states that every process u which
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belongs to L%(Q2, L?([0,T])) and that belongs to the domain of the divergence of G is also Wick-
It6 integrable wrt G, on [0,T]. Moreover, one has the equality fOT us 0Gg = fOT us dGy, where
fOT us 0G5 denotes the divergence integral on [0,7], associated to G, that has been defined
in[AMNO1].

In order to state rigorously this result we briefly recall some elements and notations of
stochastic calculus of variations wrt G (for a presentation of Malliavin calculus, see e.g. [Bal03,

Nua06]), as well as the approach of [AMNOI] and [Nua03] for the construction of a stochastic

integral wrt to Volterra processes. The real T > 0 being fixed, one still note G the process
(Gt)te[O,T] since there is no risk of confusion. G being a centered Gaussian process, denote
‘Hr the reproducing kernel Hilbert space (R.K.H.S.) defined as the closure of the set & =
span{1jy,, t € [0,T]}, with respect to the inner product <, >y, , that has been defined by
setting < 1y 4, 1jo,q > = R; . Denote H; the first Wiener chaos of G and G(¢) the image
in H; of an element ¢ of Hr by the isometry, between Hy and Hy, that associates 1jg ;) to Gt.

Remark 15. It is not always true that the bilinear form <,>4, . defined by < 19 1, 1jo T

Ry s is an inner product. For example, for the Brownian bridge B = (Bt)te[o 1] on [0,1], one
has Hl[OJ]HHT = 0. For this reason we will assume in the sequel that <,>4, ., defined above, is
really an inner product. The reader interested in details on Reproducing Kernels Hilbert Spaces

may refer to [Jan97, Chap.8] as well as to [LLV1J, Appendiz B] in the case of mBm.
Define S :={V = f(G(¢1),G(¢2),...,G(pn)), f € C;°(R"),pi € Hr,i=1,...,n}. For an el-
ement V of S, one defines the derivative operator D as:

DOV = i (G (1), G(p2), ..., G(gn)) on-
=1

The derivative operator D¢ is a closable unbounded operator from L?(Q) into L?(2; Hr). We
note D¢ the closure of § with respect to the norm defined by

1
Vi1 = (BIV?] + EB[IDV a0

We denote by d¢g, and call divergence integral with respect to G, the adjoint of the derivative
operator D&. The domain of 6% in L?, denoted Dom(§%), is the set of the elements u in
L?(Q; Hr) such that there exists a constant ¢ verifying:

’E(< DGV,U >HT)’ <c HV”27
for all V in S and where || ||2 denotes the norm in L?(Q). If u belongs to Dom(6%), 6% (u) is the
element of L?(Q) defined by the duality relationship:
E(V§%(u)) = E(< DYV, u >4,), for all V in Dg.

We will simply denote, in the sequel, D,D,d and || |[;,2 when G is a Brownian motion. Define
now the linear operator K_ : & — L*([0,T]) by K_(1jy) := K(t,.) and denote | ||, the
norm on Hy which derives from the inner product <, >3, . Since [[¢[5,,, = [K-()|l 12(j0.17) for
every @ in £, it is clear that the operator K_ can be extended to a linear isometry, still denoted
K_, between (Hr,|| [|3,) and a closed subset of L?([0,T)). Besides, one can show, [AMNOI],
(12)], that

Dom(dg) = (K_) " (Dom(s)).

Moreover, for a process v in Dom(d¢) one has:
T
56 (v) = / (K_v)(s) 6W.. (5.1)
0
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In other Words dc(v), the divergence integral of v wrt G, also noted fOT v(s) G, verifies the
equality fO s) 0Gs = fO (K_v)(s) 6Ws. In order to prove Theorem below, one needs to
define the adjomt of the operator K_, that we will denote K, not only on the set & but also
on . (R). For this reason we recall the two following hypotheses, given in [Nua05)] for fBm, that
we will make in the sequel on the kernel K(¢,s).

H1) K(t,s) is continuously differentiable on {0 < s <t < T'} and its partial derivative verify
the following integrability condition:

T
sup / |6 (r,t)|(r —t) dr—i—/ |‘9K (t,s)|(t —s) ds < o0,
e<t<T Jt

for any € in (0,7"). Moreover, t — fmb 9K 2 (t,5)(t N\b— sV a)y ds is continuous on (0,77,
forall 0 <a <hb.

H2) The function k(t) := [{ K(t,s) ds is continuously differentiable on (0, 7.

We present here the arguments given in [Nua05, Section 2] for fBm about the operator K,
but in a slightly different manner. Denote C}(R) the set of differentiable functions which are
bounded together with its derivatives. Hypotheses H1) and H2) allow us to define the operator
K, on & U CL(R) by setting, for every ¢ in [0, T,

(K o)(0) = K0 ¢(0) + [ %E(07) (o00) = o(0)

In view of [Nua05l p.116], it is easy to check that we have, for any (v, ¢) in & x Er, the equality

<K (0), ¥ > 1200 = <@ E-(¥) >r201))- (5.2)

It is clear that one has, in this section, ¢; := K_ (1[0 ¢), for every t in [0, T]. It is established
n [Nua05l Propostion 2] that g exists and that g; = K (.)(¢) for every ¢ in (0,T]. However it

is not possible to establish that ¢ — Wt( ) is (S8*)-integrable on [0,7] without any additional
assumption. Moreover one needs to be able to establish that fOT us dG, exist for a reasonable
class of processes u. Thus, following [Nua0O5, Proposition 7], we will assume in the sequel the
following condition:

H3) The function C : t — |K'(t)] + fo aK (t,7)| (t — ) dr belongs to L?([0,TY)).

Remark 16. It is clear that Hy), Ha) and Hs) entail that Assumptions and hold. We

will show, in the next subsection (Remark[18), that they are not always necessary.
The following result will be useful in the proof of Theorem below.

Lemma 5.1. If Assumptions Hy), Hs) and H3) hold, any process u in L?(Q2, L?([0,T)])) is
Wick-1t6 integrable with respect to G.

Proof. The proof of this lemma, which consists on verifying that Condition (Z]) is verified with
p = q =2, can be found in [Nua05, Proposition 7]. O

Since one has, for every (n,t) in . (R) x [0, 7],
(K em)@®)] < K @)l lInlloo + 17 Hoo/ Gi ()| (t—r) dr,

Hypothesis H3) implies in particular that K (1) belongs to L%([0,T]). Note moreover that, for
every 7 in . (R),
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Ki(n)(t) =<8, Ky(n) > =< K (1pg),n > (5.3)

L2([0,77)"

The following result, which is a consequence of results given in [Nua05, Section 2 and Proposition
7], will be essential in order to prove Theorem below.

Lemma 5.2. For any function v in Hy N L%([0,T]) and n in .7 (R), one has:

<K (M) > 200y = <1 E-(¥) > 2019 (5.4)

Proof. It is easy to check (0.4]) directly in the case where ¢ is in &7 and n in . (R), using (5.3).
The fact that, for every ¥ € Ep, < 1, K (.) > r2(jo,7]) belongs to Zp(R), for every p in N* is
also clear. Thus, for every p in N*, one easily sees that the map W, : ¢ — < 1), K, () > £2([0,77)
is uniformly continuous from (Er, || 3,) to (Zp(R),[ |_,) and can then be extended uniquely
to (Hr, || llz,) (we will still denote W, this extension). The same argument can be applied to
the map @, : ¢ — < ., K_(v) >r2(j0,))- The equality of W), and @, on Hy from one hand, the
equalities Wy, = < ¢, K4.(.) > 2 qp) and @p = <., K_(¥) > 20 q7) o0 Hr N L?([0,T)) from
the other hand allow us to conclude. O

The main result of this section is the following.

Theorem 5.3. Assume that Hy), Ha) and H3) hold. Let u be a process in L*(Q2, L*([0,T))). If
u belongs to the domain of the divergence of G, then wu is Wick-It6 integrable on [0,T] wrt G.
Moreover one has the equality

T T
/ s 6Gy = / ws d°Gs. (5.5)
0 0

Proof. The proof we give here is a generalization, to Volterra processes, of the proof provided,
in the particular case of fBm, in [Nua05l Proposition 8]. We however write it down here for
reader’s convenience. The fact that fOT us d°Gy is well-defined has been established in Lemma
[B.11 Besides, for every fixed n in .(R), one has:

T

L= S 0G0 = ([ (K u)(s) Wa) ) = [ SI ()] nfs) ds.

0 0

Note that the last equality results from the fact that the Wick-1t6 integral wrt Brownian motion
generalizes the Hitsuda-Skorohod integral (see for example [HOUZ10, Theorem 2.5.9] or [Kuo96],
(13.8)]). Using the previous equality, Fubini’s theorem and Lemma [5.2] one gets:

T
Ly = / E[(K_u)(s) : e~ | n(s) ds = E[: e~ 1 < K_u,1 >r2(j0.17)]
0
T
=E[: e~ <u, Ky (n) >r201)] = /0 E[us : e~ ] Ky(n)(s) ds.

It then remains to use (ii) of Theorem B0 as well as (B.3]) to obtain:

T
L= / () n) SOV ) ds = S( [ uy oW ds)()
0
We hence have shown, for every 7 in .(R), the equality S( fO us 0Gs)(n fo us d°Gs)(n).
The injectivity of S-transform (see (i) of Lemma [Z5]) allows us to conclude O
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Example 5.4 (The case of fBm). Let T > 0. For any H in (0,1), define B! := fg Kp(t,s) dWs,
where the kernel Ky is defined in [Nua03, (13)]. BY is an fBm of Hurst index H. Moreover
the process BY fulﬁll H1), H2) and HS3). This implies in particular that the Wick-Ito integral
fOT B @°BE exists, for any H in (0,1). We know moreover, thanks to Example [310, that the
equality fOT BH qepll = 1 ((B¥)2 — T s true for any H in (0,1). On the other hand, the
divergence integral wrt BY is only defined and developed in [AMNOI, Section 8] or in [Nua0G,
Section 6] for H > 1/4, as we mentioned in the introduction. One moreover knows that B
does not belong to Dom(dgr) when H < 1/4 and one has to use the extended divergence integral

wrt fBm developed in [CNO5).

Corollary 5.5. The set {fOTf(s) 0Gs, f € Hr} of Wiener divergence integral wrt G, coincide
/L2)
with the set O¢ = {fOTf(s) d°Gs, f € ST}\ of Wick-Ito Wiener integrals wrt G.

Proof. The equality {fg f(s)d°Gs, [ € &r} = {fOT f(s) 0Gs, f € Er} is obvious, in view of

(T2

L?)
(B3). Besides, the equality {fOT f(s)dGs, f e Hr} = {fOT f(s)dGs, f € ST}\ results from
Meyer inequalities (see [AMNOI] (5)] for example). O

Remark 17. 1. In view of the previous corollary, we see that one just has to extend the notion
of Wiener integral given in Definition [, and call Wiener integral wrt G in &, any element of
Og¢, if one wants that our set of Wiener integrals is the same that the one of [AMNOI)].

2. If Theorem[5.3 clearly states that the Wick-Ité integral has a bigger set of integrands than the
divergence type integral developed in [AMNO1), assuming they both belong to L*(2, L*([0,T])),
one may wonder if this fact remains true outside L*(Q, L*([0,T))). While this remains an open
problem, here is what we can still say about it. The set Hr may contains generalized functions
(for example, one can see [Nua(6, p.280] or Proposition 2.11] in the case where G is
a fBm). When this happens (i.e. when, for almost every w in 2, u(w) is a generalized function
which belongs to Hy and which is not a function), fOT us 0Gs has still a meaning and belongs to
L3(2). On the contrary, f(;[ us d°G can only be defined if s — ug is a function (an (S*)-valued
function but still a function). Define the space

T
A= {u € L*(Q;Hr); u is Wick-Ito integrable wrt G and such that / us d°Gs € L*(Q)}.
0

A consequence of what we stated above is that the inclusion Dom(dg) C A is not true. Note that
the inclusion A C Dom(dg) does not hold either. Indeed, if one considers again, as process G,
the fBm BY | as we did in Ezample we know that BT belongs to A for every H in (0,1),
while BY does not belong to Dom(B™) if H is in (0,1/4). Finally, the only thing one can say
in general is that we have the dense inclusion L?(2, L?([0,T])) NDom(ég) C A.

3. The Ito formulas provided in the previous section also provide a way to compare divergence
type integral with Wick-1to integral. Besides, since a precise comparison between the Ito formulas
we obtained in Section [J] and the ones obtained in [AMNOI] has been made in the previous
section, one does not discuss it again here.

5.1.2 Comparison with the divergence type integral of [MV05]

The comparison between Wick-It6 stochastic integral and the one defined in [MVO05] is easier,
in view of Theorems 3.4 and Indeed, one has the following result.

4 One just has to consider B under the form given in Example 28]
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Theorem 5.6. For any process u such that the (extended) Skorohod integral wrt G, on [0,T],
defined in [MV05], exists, then u is also Wick-Ité integrable wrt G, on [0, T]. Moreover one has
the equality
T T
[MV05) — / s 6Gly = / s d°Gs, (5.6)
0 0

where [MV05] - fOT us 0G5 denotes the (extended) Skorohod integral of u wrt G, defined in

Remark 18. 1. Note that one does not have to make any additional assumptions (such as H1,
H2 or H3) in this case.

2. As we stated in the introduction, this theorem as well as Theorem[3.4] show that the stochastic
integral wrt to ¥, - processes, built in [MV05], is a particular case of the Wick-Ito stochastic
integral we provide here. This means that for every V5 - process B"Y, and every stochastic process
X, such that the integral of X wrt B exists in the sense defined in [MV05], the Wick-Ito
stochastic integral of X wrt B7 exists. Moreover they are equal.

Proof. Using notations of Theorem B4l Lemma 23] and Cauchy-Schwarz inequality one gets,
for every n in #(R) and every integer ¢ > 3:
1/2

[ st s ds< ([ ul? ds)m ([ 1w, as) .

Since both quantities ||u||%2(Q7L2([O7T})) and fOT |‘1>’(5)|2_q ds are finite (by assumption for the
first one and as a consequence of Theorem [B.4] ofr the second one), Theorem applies and
establishes the existence of fOT ug d°Gyg.

Besides, since in this case the extended domain of the [MV05] - Skorohod integral is, by its very
definition (see [MV05], Def. 27]) a subset of L2(Q2, L?([0, T]), one can use the exact same proof as
the one of Theorem (.3} one just has to change therein K_ (resp. K) by K3 (resp. K3*) and
note that the equality given in [MV05, Remark 12] has now the role played by Equality (5.4)),
in the proof of Theorem The only thing which remains to be shown is that . (R) C H/,
where H' := {f € L*([0,T]), K*f € L*([0,T])}. This latter inclusion results from [MV05)
Proposition 15] (one just has to take therein 7(s) := s® on R, with a € (1/2,1) and n(0) := 0
and then show that .(R) C C", where C" has been defined in Example O

Note that the results provided in both Theorem [B.6land Theorem [B.I18 allow us to think that one
could solve some linear stochastic evolution equations driven by infinite dimensional Gaussian
processes. A first step would be to extend to elements of ¢, what has been done in [MV07] for
/., - processes.

In addition to the results provided in this section about the differences between the Wick-1t6
integral and the divergence type integrals developed in [AMNO1] and in [MV05], every differences
we pointed out in the introduction are valid. We will therefore not repeat them again here.

5.2 Comparison with It6 Integral

The goal of this section is to compare the Wick-1t6 integral wrt G to the It integral wrt
G, when G is a (Gaussian) semimartingale. In this subsection we still assume that Z = [0, 7.
Since the line of reasoning we are following would be similar if t — G; would not be continuous,
we will assume, in this subsection, that G is continuous. Denote, for every ¢ in [0,T], U; the

completd™ o-field defined by Uy := o({Gs; 0 < s < t}) and denote U the filtration (Uy),co 7-

151f U, is not complete, we complete it and still denote it L.
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In this subsection one then assumes that G = (Gt)te[o 7] is a continuous centered Gaussian U-
semimartingale of the form (ILT]), which fulfills Assumption . Let us give first the following
result, that describes the structure of Gaussian semimartingales.

Proposition 5.7. [Sir83, Prop. 2 & Thm 1] The Gaussian U-semimartingale G is a special
U-semimartingale: i.e. for almost every (t,w) in [0,T] x Q, one can write:

Gy = M, + Ay, (5.7)

where M = (M)eoq s a centered U-martingale and A = (A¢)yeoq) @5 a centered U-
predictable process of bounded variations. Moreover, M and A both belong to the same Gaussian
Hilbert space as G. In addition, the function of quadratic variation of G, denoted t — <G>y,
1s deterministic and M is bounded in LP, for every positive real p.

Denote T := (T¢)ycjo 7 the filtration, defined by Ty := o({Bs; 0 < s < t}), which we suppose
complete (if it is not the case we complete it and still denote it 7;). Through this subsection, we

T T
will denote J(X) := / Xy dGy (resp. fa(X) = / X d°G) the Ito (resp. the Wick-1t0)

0 0
integral of X wrt G on [0,T], when it exists.
For any continuous martingale M := (Mt)te[O,T]7 bounded in (L?) and such that My = 0, denote
L?(M) := L2([0, T} xQ,P,du d< M >;) the space of progressively measurable processes K such
that:

2 T
1K1 Facany = B[ K2 d<ht>],

where P denote the progressive o-field with respect to U. The following result will be used in
order to establish Point (i) of Proposition below.

Lemma 5.8. Let G be a Gaussian martingale that fulfills Assumption and let f be a
C12([0,T] x R,R) function. Denote F(t, ) := %(t,x) and define Xy := 5o (t,Gy). If R and f
both fulfill conditions of Theorem [{.4), then one has the following equality:

T T
a.s. / X, dG, = / X, d°G.
0 0

In particular one has the equality:
T T
a.s. / F(s,Gs) dGs = / F(s,Gs) d°Gs. (5.8)
0 0

Proof of Lemma [5.8l G being a Gaussian martingale, one gets <G>; = R; almost surely, for
every ¢t in [0, 7). Since R and f both fulfill conditions of Theorem 4] one gets, using both Itd

formulas (3] and [RY99, Theorem 3.3]):

Ag(X) = Fa(X) = Fa(X) =0,
T T
which in particular implies that: / F(s,Gs) dGs = / F(s,Gs) d°Gs. O
0 0

The main result of this subsection is the following.

Proposition 5.9. 1. Assume that G is Gaussian martingale, adapted to the filtration T and
such that Gy, — Gy, is independent of Ty, , for every 0 < t; < to < T. Then, for any X in L*(G)
such that X; € (L?), for every t in [0,T], and such that (X,G) satisfies condition (I) (given in
Section[FH), then the map t — Xy is both dG-integrable and Ité-integrable, on [0,T]. Moreover
we have the equality:

T T
/ X, dG, = / X, d°G,. (5.9)
0 0
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2. If the semimartingale G is not a Gaussian martingale, then Equality [59) does not hold in
T T

general, assuming both integral / X5 dGg and / X, d°Gy do exist.
0 0

Note that the condition X; € (L?), for every t in [0,7] is only a slight reinforcement of the
assumption X € L?(Q).

Proof. 1. Let G and X be of the form described in point 1. above. The existence of .Z5(X)
is clear and the existence of #Z5(X) is obvious, in view of Theorem B.I0l The proof of the
equality J¢(X) = _Z¢(X) is obtained by following exactly the same three steps as in the
proof of [Kuo96, Theorem 13.12], in which the equality .#g(X) = #p(X) is established (B
being a Brownian motion). One then just has to substitute in there the process ¢ by X, to
replace 1, 1,) by gt, — gr, in the first step, and noticing that one can find, for any process X in
L?*(G), a sequence (Xp),cn of simple processes such that lim, 4o Z6(Xp) = Fa(X), where
the convergence holds in (L?).

We will only write down here the first of these three steps; in order, first to make clear the
differences with the case where G = B, and second, to translate the proof of [Kuo96, Theorem
13.12] in the notations we use in this paper.

Let (t1,t2) be in [0,7]? such that 0 < #; < t5 < T and assume that X; := X, 14, to), Where Xy,
is Uj-mesurable. Let X;, = Y2720 I,,( ft(ln )) be the chaos decomposition of X, . By definition of
1t6 integral, and using the identity:

1(k) Ti(0) = T (K © 1)+ Ly (< 7l >1a0m)

where ® denotes the symmetric tensor product and which is valid for every: n in N*, symmetric
function k in L?(R™) and [ in L?(R), one gets:

jG(X) = Xt1(Gt2 - th Z I ft1 Il gt2 gt1)

— Z n+1 th _gtl)) +n In*1(< ft(f)’th — 9ty >L2(R)) )

Lemma 3.11 of [Kuo96] applies here since i/ is included in 7. One then knows that, for every
n in N*, ft(fl) is equal to 0 almost everywhere on [0, 7]"\[0,#1]". Moreover, since Gy, — Gy, is
independent of Ty, , it is clear that < ft(ln ), Gt2 = 9> r2R) = 0, for every n in IN*. Using point 2
of Proposition 24}, we get, for any 7 in . (R),

+00 +o00

S(I(X)m) =S (i1 (£ B0 — 9))0) = 3 < 178 (ge2 — g0), 1D >

n=0 n=0

= Z < ft1 ’n@m > <Gty = G,N >= S(th)(ﬁ) S(Gt2 —Gy)n) = S(/G'(X))(n)

The injectivity of S-transform then allows us to write Z¢(X) = _Z¢(X).

2. In view of Proposition 5.7, three cases are possible for the structure of the semimartingale G.
The case where G is a martingale has been treated in Point 1 below. Our goal here is to exhibit,
when G is not a Gaussian martingale, some general and simple examples for which .5 (X) and
_Zc(X) both exist and are different. Let f be a C12([0,7] x R, R) function. Assume that both
R and f fulfill conditions of Theorem [Z4l Denote ¥ = 0 when the process Y := (Y),¢(o 1 is
such that
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Yi(w) =0, V(w,t)e Q' x][0,T], (5.10)

where ' is measurable subset such that p(Q2') = 1. We will denote Y # 0 when (5I0) is not
satisfied.
(i) If M =0 in (B7). Define X; := %(t, Gy), for every t in [0,7]. In this case, both integrals

Jc(X) and _Z;(X) exist. Moreover, using both It6 formulas (i.e. (5]) and, for instance, [RY99,
Theorem 3.3]) we get:

T
s Ag(X) = 2(I6(X) - Fo(X)) :_/0 2L (,Gy) dRy, (5.11)
which will be different from 0, as soon as the right hand side term of (GIT]) belongs to R*.
T T
Hence, for instance, for every T' in Z%, on has / X, dGs — / X, d°Gy = 271 Ry > 0. This
0 0
ends the case (i).

(14) If A0 and M # 0 in (B7). Assume that both M and A are continuous and that there
exists a map t — gﬁl) from [0,7] into L?(R) such that ¢g») fulfills Assumption and such

that M; =< .,ggl) > almost surely, for every t in [0,77]. Let us compare .(G) and Zq(G).
The existence of .Z5(G) is clear. Moreover, using classical It6 formula, one gets:

T T T T
I6(G) = / M, dM, + / A, dA, + / A, dM, + / M, dA,
0 0 0 0

T T
:/ M, dMs+/ A, dA, + Ap M.
0 0

The existence of #(G) is clear in view of Example Moreover, using again Example [3.16],
the fact that M is bounded in (L?) as well as an integration by parts, one gets:

T T T T

76(@) = / M, d°M, + / Ay d°A, + / A, &M, + / M, d°A,
0 0 0 0

T T
— / M, d°M, +/ Ay d°A, + Ap o M.
0 0
Classical It6 formula, Example B16, (5.8]) and finally, Propsotion E.7land Point 1. of Proposition
24 yields:
T T
06(G) = I6(G) — #6(G) = / A, dA, — / Ay @A, + Ap My — Ao My
0 0
= 271E[A%] + Ar My — Ar o My = 271E[A%] — E[ATMT] (512)

It is then easy to find a finite variation processes A, as well as a positive real T', and choose the
map g1, that defines the Gaussian martingale M, such that: 27 'E[A%] — E[ArM7] #0. O

Remark 19. 1. In the particular case where there exists a function f: R — R, which belongs
to L*(R), such that Gy := /t f(u) dBy, for every t in [0,T], a.s., then all the assumptions of
Propoistion 5.9 are reduced too X belongs to L*(G). Note also that the one recovers in particular,
the result of [Kuo96, Theorem 13.12], that is /01 X, d°B, = /01 X, dBg, for every X in L*(B)

(i.e. in the particular case where G = B).
2. One may also remark, from what we stated in the previous sections, that the existence of
fol X, d°Gg does not imply the existence fol X, dGs. Conversely the existence of fol X, dG does

not imply the existence fol X d°Gs. Three natural questions then arise in this framework;

(i) If fOT X, dGy exist, on which conditions on X the integral f(;[ X, d°G will exist?
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(ii) If fOT X, d°G exist, on which conditions on X the integral fOT X, dG will exist?

(iii) When both the integrals fOT X, d°Gy and fOT X, dGy do exist, what is the exact link bet
ween them?

In order to answer properly to these three questions one needs to use the operators Dy, and Dy, ,

defined in [Kuo96, Chap 9/, and express both our Wick-Ito integral and the Ité integral using
these operators. Since this would lead us too far from the goal of this present work, we will give
the answer to these three questions in a future work.

3. In view of Lemma [2.8 (especially Equality (5.8))), it seems that Equality [B.9) remains true
under weaker assumptions than the one proposed in Proposition [2.9. However, extend (59)
under weaker assumptions is an open problem.

4. Of course one can limit our definition of Wick-Ito integral to Gaussian martingales only.
Then, and as it is the case for Ito integral, one can extend the definition of Wick-Ité integral
wrt G to the case where G is a Gaussian semimartingale, by simply setting:

T T T
/ X, d*Gy = / X, d°M, + / X, dA,, (5.13)
0 0 0

where M (resp. A) denotes the martingale (resp. the bounded variation process) given by (&),
and where M is assumed to be of the form (1) and fulfills Assumption . fOT X d*"Gg will
then be defined as soon as each member of the right hand side of (BI3l) will exist. The Ito
integral fOT X, dAg, in the right hand side of ([BI3)), offers also the advantage, on fOT X, d°Ag
of being defined w by w since it is Stieljes integral.

6 Tanaka formula & Local times

The main results of this section are Theorem and Theorem [6.6] which provide a Tanaka

formula and two occupation time formulas; the first one is given in Subsection while the
second is given in Subsection 6.2l After having given the main result of Subsection 6.1 one then
performs a complete comparison between our Tanaka formula and the ones provided so far,
for general Gaussian processes (namely [LN12] Theorem 4.3] and, to a lesser extent, in [MV05),
Theorem 36]). In particular, it will be shown that the Tanaka formula we provide here not
only fully extends the one provided in [MV05, Theorem 36| but is also less restrictive, in many
places, than the one provided by [LN12, Theorem 4.3]. We then apply our Tanaka formula to the
Gaussian processes of “reference” and compare the resulting Tanaka formulas hence obtained
with the Tanaka formulas established so far, for these particular Gaussian processes.
In Subsection [6.2] we provide a definition and a basic study of both (non weighted) and weighted
local times of elements G in 4. After having provided an integral representation of each of these
two processes, we establish, under classical assumptions, the belonging of both these local times
of G, as two parameters processes, to L2(R x Q, A ® u). The proof, that (non weighted) local
time of G belongs to L?(R x Q, A ® ) we give here, is not only new and based on White noise
analysis; it also offers the advantage to be easily adaptable to the weighted local time of G. We
will then show in what extent the results we provide in this Subsection are new, and also give
a complete comparison of our results to the one obtained in [LN12], for weighted local times
(that are the only local times considered in this latter reference). Finally, we apply our result
to the Gaussian processes of “reference” and show how our results extend the ones known for
them, so far.

In addition to the references [GHS80, [MR06] and [RY99], Chapter V1], that provide a complete

overview on local times, a summary on fractional Brownian motion’s local time (that includes
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the concept of weighted fractional local time) can be found in [Cou07), Section 7.8] (see also
references therein, in particular [CNT0I]). Note that a study of fBm’s local time in the white
noise theory’s framework can be found in [H@S05]. The non-weighted local times of particular
mBms have been studied in [BDGO06LBDGO7] in the case of an harmonizable mBm while the
weighted local time of a Volterra-type mBm has been studied in [BDMI10]. This approach has
been extended to multifractional Brownian sheets in [MWXO0S].

Through this section, let 7' denotes a positive real and recall that Z7 := Zr N[0, 7.

6.1 Tanaka Formula

A consequence of Theorem 7] is the following Tanaka formula.

Theorem 6.1 (Tanaka formula for G). Let T' > 0 be such that [0,T] C % and c¢ be real number.
Assume that Assumption holds and that the map t — Ry is both continuous and of bounded

variations on [0,T] and such that:

(i) MZz) = ar(Z5) =0,

(ii) t — R;'* € LY([0,T),dR;),
(ii)) 3q € N such that t = |gj|_, B, /> € L([0,T], dt).
Then, the following equality holds in (L?):

T T
Gy —¢| = el +/0 sign(Gy — ¢) d°G, +/0 510y (Gy) dRy, 6.1)
where the function sign is defined on R by sign(z) := 1r: (z) — 1r_(2).
Proof. This is a direct application of Theorem [£7] with F': = +— |z — ¢|. O

Remark 20. Thanks to [@28]), we clearly see that condition (ii) is satisfied if t — Ry is
absolutely continuous.

Comparison with Tanaka formula for general and particular Gaussian processes

As Equality (610]) will show, one can write (6.1]) with the (weighted) local time instead of the
last term on the right hand side.

Because the approach used in [LNT2] is more intrinsic (since all the assumptions are made
exclusively on the variance function R), it is not easy to compare conditions (H1), (H3a) &
(H4), required by [LN12| Theorem 4.3], to conditions (i) to (iii) of Theorem [E.Il However, one
can note the following facts. It is clear that one does not need here to make any assumption
on the covariance function (¢,s) — Ry s but only on the variance function ¢ — R;. In [LN12]
(t,s) — Ry is assumed to be continuous on [0,7T]?, while only ¢ + R; is assumed to be
continuous on [0,7] here. Moreover, we do not need to assume that ¢t — Ry is increasing,
nor such that Z7 = {0}. Besides, the fact that ¢ — R; is of bounded variations on [0,7] is
sufficient here and one thus does not need to make Assumption (H3a). Finally we do not need
any assumption of the type of [LN12l (H4)] to get a Tanaka formula.

Besides, in view of results of Theorem and Remark [I4] it is clear that Theorem applies
to all 74 - processes and, therefore, that Equality (GII) (or if one prefers Equality (GI0) below)
fully generalizes [MV05, Theorem 36] (with F': z +— (z —c), instead of z +— |z —c]).

Note moreover that Theorem also generalizes the classical Tanaka formula for Brownian
motion (see [RY99, Theorem 1.5]), the one given for fBm in [Ben03al Corollary 4.8] for any
Hurst index H in (0,1), the one provided in [BDM10, Theorem 12] for Volterra type mBm (it
is assumed in there that h takes values in (1/2,1)) and the one given in [LLV14, Theorem 6.1]
for normalized mBm.
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6.2 Local times of Gaussian processes in ¢

In all this subsection one does not assume anymore that Assumptions holds. G is just
assumed to be of the form (I and such that the map g, defined at the beginning of Section
B is continuous on Z. One assumes, through this section, that [0,7] C Z. Let us first define
the local time of G.
Definition 3. (non weighted) local time of G

The (non weighted) local time of G at a point a € R, up to time T', denoted by E%G)(a), s defined
by:

! @) — i :

0y (a) ;== lim 2—)\({3 €[0,7); Gs € (a—e,a+¢)}),

e—0t 2¢€

where X denotes the Lebesque measure on R and where the limit holds in (S), when it exists.

Having in mind the definition of generalized functional of G (given in Theorem-Definition 3.2])
one has the following result.

Proposition 6.2. [Integral representation on [0,T| of non weighted local time]
Assume that the variance map s — Rg is continuous on [0,T] and such that the Lebesgue
measure of Z; is equal to 0, then:

1. The map s — 0,(Gs) is (S)"-integrable on [0,T] for every a € R*. The map s — §o(Gs)
is (S)"-integrable on [0,T) if s = R;? belongs to L*([0,T],ds).

2. The following equality holds in (S)":

T
67 = [ du(Go) ds. (6.2)
0
for every a € R*; and, also for a =0 if s — R;Y? € LY([0,T],ds).

Remark 21. The reason why we have to assume that the Lebesque measure of 2. is equal
to 0 lies in the fact that, when F belongs to '(R), F(Gi) is not defined if t belongs to ZF
(Theorem-Definition[Z3). However, for any a in RY if §,(Gs) has a limit in (S)*, as s tends to
so € ZF, one may extend 6,(Gs) at point sg by setting 6,(Gs,) := 0. We can not say anything
in general, when a = 0.

Before giving the proof of Proposition [6.2] let us state the following result, the proof of which
is obvious, since t +— R, is a continuous function, and then left to the reader.

Lemma 6.3. One has the following result:
Vne S R), YaeR" Ve € (0, %), I~ € (0,¢), such that: Y(s,y) € D(Z;,7) x D(a,7),
— (y— < g5, >)* < —a?/16, (6.3)

where we have set D(a,7) := (a —v,a +7), D(ZF,7) := {u € [0,T); d(u, ZL) <~} and where
d(A,z) denote the distance between the subset A of R and the real x.

Proof of Proposition
1. Thanks to [Kuo96, Theorem 7.3], we know that s +— d,(Gs) is an (S)*-process, the S-
transform of which is equal, for every (a,7n,s) € R x .7(R) x Ij, to:

—(a— s, 2
S(04(G))(n) = gt exp {520y, (6.4)

where Tj; has been defined in the proof of Theorem 4] and is equal to {u € [0,7T]; R, > 0}.
When a = 0, the right hand side of (6.4 is bounded by R;'/?, which belongs, by assumption,
to L'([0,T),dt). Theorem 6 then applies and establishes 1. in the case where a = 0.
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Let a be in R*. The weak measurability of ¢ — d,(G) is clear. In view of [Kuo96) p. 246], one
just has to show that t — S(6,(G¢))(n) belongs to L'([0,T],dt), for every n in .#(R). Let n be
in .(R) and ¢ be in (0, |2‘) In view of (64]) and thanks to Lemma [63] one knows that, for
every sp in Z7, there exists a neighborhood Vs, of so on which:

1S(8a(G)) ()] < B2 7@ /3B = 1, (s).

Since I, belongs to L'([0,T7],dt) for every n in .#(R), one has established 1. in the case a # 0
and therefore ends the proof of 1.

2. Let € > 0, and a be a real number. Define

(5)" T
= /R (/0 1((1—6,a+5) (y) 5y(GS) dS) dy.

A simple application of Theorem and Fubini’s theorem shows that ®.(a) is well defined, for
every a € R. Besides, since I.(a) = fOT 1p(a,e)(Gs) ds, one has:

T
Iz—:(a) = /O (/R l(afe,aJrs) (y) 5y(Gs) dy) ds, (6'5)
where we used the following lemma, the proof of which can be found in Appendix [A.2]

Lemma 6.4. Let j € ' (R) be of function type and let g be in L*>(R). Define ¥; : R — (S)*
by setting V;(y) = j(y) 0y(< .,g >). If ©; is (S)*-integrable on R, then one has the equality

/R i) (< g >)dy 2 (< g >). (6.6)

Moreover, if j(< .,g >) belongs to (L?), then (6.8) is also true in (L?).

I.(a) :=X({s€[0,T]; Gs € D(a,e)}); and ®.(a)

A direct application of Fubini’s Theorem and (6.35]) show the equality of the S-transform of ®.(a)
and I.(a). The equality in (S)*results of the injectivety of the S-transform. It then remains to

show that lir%lz(g) exists in (S). Besides, let (n,a) be in .(R) x R. Let € be in (0,1) such
e—

that D(a,e) C RY or D(a,e) C R, if a € R*. Using (4i) of Lemma 23] and (6.4 we get:

L@y y_ L /Té 1 2 ) . i/ /T
S( 2e )(77) % D(a,z—:)( 0 V27 Rs exp{ 2R (y < gs,N >) } ds dy "9 D(a,s)( : Pn(y, S) ds)dy'
(6.7)

We will use the following lemma, the proof of which can be found in Appendix [A.2]

Lemma 6.5. For every n in /(R), define the map G, : R* — R, by setting G,(y) :=
fOT pn(y,s) ds. Then Gy, is continuous on R*. Moreover, if s — R;'/? belongs to L' ([0, T]\ 27, ds),
then one can extend G, to R by setting Gy(0) := fOT py(0,s) ds. Furthermore, this extension is
continuous on R.

The equahty Gpla) = S( fO a( )(77) and the continuity of G, on D(a, ), allows us to write
hr% 5 fD(a o) Gi( dy = fO o(Gs) ds)(n). Thanks to (6.7]), one finally gets il_)l% S(%:))(n) =

S( fo 34(Gs) ds)(n). Moreover, using the same computations as in the proof of Lemma [6.5] it is
easy to show that, for every a in R*,

Vi€ Z(R), Vy € D(a,lal/2),  |Gy(y)| < M, el
where M, := T (8(1 4 e)|a] " + sup{R;"/?exp(—a?/32R,)}). One then gets ]S(I8 a))( )| <
M, elo. [Kuo96, Theorem 8.6] then allows us to write lim =) & fo o(Gs)ds, which ends the
e—0

2e

proof. O
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Remark 22. We deduce from the proof of Proposition [6.2 that K(TG)(a) exists for every a in R*;

and also for a =0, if s — R;"? belongs to L'([0,T],ds). Besides, the example of the Gaussian
process (Gs)ser, defined by setting gs == Y >0 s(1 + k)~! ey, shows that the condition s — R/
belongs to L*([0,T),ds) is required in order that the map s — 0o(Gs) is (S)*-integrable on [0, T].

Theorem-Definition 6.1. [Weighted local time of G and its integral representation in (S)*]
Assume that the map s — Rg is continuous and of bounded variations on [0,T] and such that
ar(Zr) is equal to 0. Then:

1. The map s+ 04(Gs) is (8)"- integrable on [0, T] with respect to the measure ag, for every
a € R*. The map s — 80(Gs) is (S)*-integrable on [0,T] with respect to the measure ap,
if s = R;Y? belongs to L'([0,T],dRy).

2. For every a € R, when s — 6,(Gs) is (S)"-integrable on [0,T] with respect to the measure

ap, one can define the weighted local time of G at point a, up to time T, denoted X}G) (a),
as being the (S8)*- process defined by setting:

(@) ’
29w = [ 6(G.) d. (6.8)
0
where the equality holds in (S)*.

Proof. Since the proof of Point 1 follows exactly the same steps as proof of Proposition
(one just has to replace the Lebesgue measure by ag), it is left to the reader. U

The definition of weighted local time of G (DeflG.g]) generalizes the one given, for fBm, in [Cou07,
Definition 14]. Besides, assume that s — R is absolutely continuous on [0, 7] and such that its
derivative, denoted R', is differentiable a.e. on [0, 7. If the following conditions are fulfilled:

(i) s+ R, 0,(Gs) is (S)"-integrable on [0, T7,
(i) s R 0{9(a) is (S)*-integrable on [0, 7],

(iii) s R ¢ (a) has a limit in 0 and T (denoted respectively £ (a) R,

G
., and 49 () R,

s:T)7

then an integration by parts yields:
T
A @) = (@) R _p = @Ry = [ 49 () R ds, (6.9)
where R” denotes the second derivative of R.

Remark 23. 1. In view of the definition of weighted local time, it is clear that ([GI]) now reads:

T
Gy — | = |c| + / sign(Gy — ¢) &°Gy + 29 (c). (6.10)
0

As we stated at the end of Subsection [0 1], one recovers hence the Tanaka formula provided in

[MV0Q5, Theorem 36] and in [LN12, Theorem 4.3].

2. Equality (©9) above generalizes, to Gaussian processes which belong to 4, the relation between
weighted and non-weighted local times given, for fBm, in [Cou07, Definition 14].

The following theorem establishes that, under suitable assumptions, both weighted and non-
weighted local times are (L?) random variables and also provides an occupation time formula
for both /(%) and Z(©). Denote .#,(R) the set of positive Borel functions defined on R.

Theorem 6.6. Assume that the function s — R is continuous on [0,T].
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(i) Assume that Ag(ZF) = 0 and that s — R;"*> € LY([0,T],ds) If E[ [a | i eigGSds|2d§]<

+o00, then the map a — K%G)(a) belongs to L?(A®u), where A denotes the Lebesgue measure.
Moreover one has the following equality, valid for p-a.e. w in 2,

Vo e 4R / B(G ds_/R 49 () (w) B(y) dy. (6.11)

1) ssume that ag = ssume moreover that s — Rs is of bounde vamatzons on
A h zZr 0. A h R f bounded
[0,7], and such that s — R;'> € L([0,T],dRy). If E[ fg | Ji €% dR, ] d¢] < +oo,

then a — .,Sfj(ﬂ )( ) belongs to L>(A® p). Moreover one has the following equality, valid for
p-a.e. w in €,

Vo e (R / B(Go(w)) dRs — /R 2D (1) (w) B(y) dy. (6.12)

Remark 24. 1. The first consequence is that, under assumptions of Theorem[G.8, both K%G) (a)
and .,%T(G) (a) are (L?) random variables for every real a. In a forthcoming paper we discuss
the joint continuity of processes (T, a) fng)(a) and (T,a) — .,%}G)(a). In particular, under
assumptions of local non—determinisw@, it is shown that both map a — K%G)(a) and a +— .,SfT(G) (a)

are continuous (the continuity at point 0 requires that t — R, 1/2 belongs to L'([0,T),dt) or to
LY(0,T), dRy)).

2. Since E[X] = S(X)(0), for every (L?) random variable, it is easy to get, for almost every
real a, the equalities:

(@) T a2 (@) T a2
Bl (a)]:/o i op{—gtds & BLAD () :/O e oxp{— -} dR..

when assumptions of Theorem [6.0 are fulfilled,

3. As we stated right after the proof of Theorem-Definition [61, the map t — R{I/Q belongs to
LY([0,T),dRy) if t = Ry is absolutely continuous. In this latter case (612) holds under the single
condition E[ [g|/T eigGstSIng] < +oo, which is equivalent to [ [ (A(t,s))”/*dRs dR; <
+00, where A(t,s) :== E[(Gy — Gy)?]. As it is shown in [GHS0, (21.9) € (21.10)] any of these
two latter conditions is necessary and sufficient to ensure the existence of a weighted local time,
that is an (L*) random variable. This shows that the assumptions we made on the variance
function R are almost minimal.

4. The condition t — R;'? € LY([0,T],dt) N L'([0,T],dR;) is verified for all the Gaussian
processes of “reference” (see Proposition [6.8 below for the case of ¥, - processes).

Let us give the proof of Theorem before discussing the results provided in it and before
making the comparison of them with the results obtained in [LNT12] §4].

Proof. Let us start with the proof of (7). Define, for every (w,a) in  x R, the map denoted
f}w) :R — R and, for every positive integer n, the family of maps denoted f}wg :R — R by

setting: f} &) = f e€Gs(@) ds and f (5) =€/ f}w) (€). Recalling the notations about
Fourier transform deﬁned in Section [ZT] define also:

E¥a) = F(F) ) & K$)(a) = F(15)) (a). (6.13)

Ysee [GHS0, §3.24] and references therein for an overview of this notion
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. . ) . . )
It is clear that . ngKéw’z = K}w , in L2(R), since nll)rfoo f}wg = }w , where the convergence
holds in L?(R). Denotes Kr1.,(a) (resp. Kr(a)) the random variable w Kj(ﬂwi(a) (resp. w —
K1 (a)).
. G . *
Step 1: ngrfooKTm(a) = KFEF )(a), in (S)".

Let w in . Since f}wg belongs to L'(R) N L?(R), one can write K}wg(a) = |r f}“j{(g) e qe.
For every n in . (R), using Lemma [Z5] we then have:

SUma(@)n) = [ e ([0 s ds) ae.

R 0

Using Equality (ZJ]) and Fubini’s theorem, that both obviously apply here, we get:

S(K 2(62( +Rs)+2i€(a—<n,9s> )d ds =: 1 TJ d
( Tn \/ﬂ —6 13 S—.\/—z—7r o nm(S) S.

Using the change of variable u := £+v/e,, + Rs, where &, := 2 in J,, yields:
(a—<n,9s )
T exp{— 595y
S(Krn(a))(n) \/g/ ¢8,ET}; = ds.

Using the same arguments that the one we used in the proof of Lemma allows us to apply
the Lebesgue dominated convergence. We therefore get, using (G.4]) and then (G.2I),

lim S(r (@) = [

= S(657 (a)) (). (6.14)

The domination used in the proof of Lemma applies here also and prove the existence of a
function L, which belongs to in L([0,7]), such that:

T
V(p,n,ma) € N x N* x #(R) xR, |S(Krn(a))n)| < / Lw) du.  (6.15)
0
Formulas (6.14]) and (6.15]) allow us finally to apply [Kuo96, Theorem 8.6.] and we then establish

. _ (@) . *
that nEI}—looKT’"(a) =/(;"(a), in (S)".

Step 2: Let us show that there exists a strictly increasing function ¢ : N* — N* such that, for
almost every real a, ll)I_’I_l Kr,(a) = Kr(a), in (L?).
n o0

From the first step we know that, for u - almost every w, lirf HK}UQ — = 0.
n—-—+0oo ’

T ”LQ(R)
2
From the other hand, one gets sup HK(W)HL2 < HK:(pw)Hp(R). Since, by assumption, w —
nelN*
2
HK}W) I [2(R) 18 an (L?) random variable, the Lebesgue dominated convergence theorem applies.

Thus we get the convergence lirJrrl Jo HK% - K (w)H dw = 0; that may also be written
n——+0o0 )

lim E[|Kry,(a) — KT(a)Hﬂ da = 0. This shows that there exists a strictly increasing

n—+o00 JR
function ¢ : N* — N* such that for almost every real a, ll)I_’I_l Kr,,m)(a) = Kr(a), where the
n o0

limit holds in (L?). Finally, results of steps 1 and 2 yield, for almost every real a, K7(a) = E(TG) (a).
We have then proved that the map a — Egﬂc) (a) belongs to L?(A ® p).
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Step 3: Proof of (G.I1)):
An application of the monotone class theorem allows us to establish (GI1]) only for every ® in

< (R). For any ® in .¥(R), denote & the function defined by setting P(¢) == ®(—¢) and, for any
F in /(R), denote F' the tempered distribution defined by < F <I> >=<F, <I> >, for every ® in
Z(R). For every w in €2, define ngw) :Z(R) — R by setting 9( fO Gs(w)) ds. Since
Hépw) belongs to .#’(R), one can compute its Fourier transform, denoted F (H(T )). We obtam, for
almost every real u:

~—

T .
F(05")(u) = / e G @) g5 — 27 £ (u) (6.16)
0
Besides, since 953}) = %]:(.7:(9;“))) we get, using (.10, H(T“) - %}“(gﬂ f}w)) _ K}w); and
hence, for all ® in . (R),
0\ (@) =< K @ >. (6.17)

Thanks to Step 2, we know that, for almost every real a, Kr(a) = E(TG)(a). The definition of

ngw) as well as (6.I7) then yield:

/ L b (Ga(w)) ds = / 49 (a) ®(a) da.
0 R

The proof of (74) is obvious in view of the one of (i), since one just has to take f:(pw) &) =

+ f e€CGs(@) dR, and Q(T“’)(q)) = f(;[ ®(Gs(w)) dRs. Tt is therefore left to the reader. O

Comparison with the existing results on Local times of general and particular
Gaussian processes

Let us first recall that, for any Borel set B of R, the occupation measure of G on B, denoted
vp, is defined for all Borel sets D C R by setting vg(D) := A({s € B; G5, € D}). When v
is absolutely continuous with respect to the Lebesgue measure on R, one defines the local
time of G on B, noted {Lg(B,z); = € R}, as being the Radon-Nikodym derivative of vg.
Folllowing [GHS80L Section 2] we say in this case that G is (LT). When B = [0,T], we write
{Lc(T,x); x € R} instead of {Lg([0,7T],x); x € R}.

Remark 25. 1. In Theorem[G0, instead of giving our proof of (i), one may think to use [GHS(,
Theorem (21.9)]. In particular, we know thanks to [GHS80, (21.10)] (or the equivalent condition
[GHS0, (22.3)]), that G is (LT) and that {Lg(T,a); a € R} belongs to L*>(\ ® p). However we
do not know, at this stage, that {Lc(T,a); a € R} and {E(TG)(a); a € R} are the same process

(since one does not know, in particular that EgﬂG) (a)) is a random variable, which belongs to (L?),
for almost every real a). Note moreover that [GHS0, (21.10) or (22.3)] can not be used in the
proof of (ii) of Theorem [6.4 either; at least without any additional assumption on the variance
function t — Ry. In contrast, the proof we gave for (i) can be adapted for establishing proof of
(7).

2. Note that [612) allows one to get the occupation times formula given in [RY99, Corollary
p. 224] in the case where G, which belongs to ¢, is a continuous Gaussian semimartingale.
It is also clear that ([612)) generalizes, to Gaussian non-semimartingale, the occupation times
formula given in [RY99, Corollary p. 224].

In addition to the general references cited in the introduction of this section, [LN12, Section 4],
is the only one recent paper in which local times of general Gaussian processes are studied at
such a level of generality. The authors consider therein only what we have called here weighted
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local time, which they denote by Ly(x) and define, when it exist, as the density of the occupation
measure:

ma(B) = /Ot 15(Gs) dRs, VB € B(R).

By the very definition of Li(z), they obtained the occupation formula ([©I2). They then show
that that Li(x) is an (L*) random variable, by giving its chaos decomposition.

In comparison with [LN13, Section 4], and as we already stated in Section [61), one first does
not need to assume that (t,s) — Ry s is continuous on [O,T]z, but only that t — Ry and t — g4
are continuous on [0,T]. Besides, the fact that t — Ry is of bounded variations on [0,T] and

such that ag(ZY) = 0 is sufficient here and one thus does not need to make Assumption (H3a)
of [LN12] (i.e. to assume that t — Ry is increasing and such that ZF = {0}). Finally, and as

we stated in Point 3 of Remark the assumption E[fRUoT eigGsts|2d£] <400 is mecessary
and sufficient to ensure the existence of a weighted local time, that is an (L?) random variable.
It is then less restrictive than [LN12, (H4)]. Finally, Assumption [LN12, (H4)] is not required
here but one needs to assume that s — R;Y/? € L1([0,T],dRs).

Let us end this section, and conclude this work, by studying the case of the Gaussian processes
of “reference”.

Example 6.7. 1. If G is a Brownian motion or a Brownian bridge, then E(TG)(a), given in

Definition[3, always exists and belongs to L*>(R x Q,A® ), as a two parameters process.
Moreover, assumptions of Proposition [6.2, Theorem-Definition [61] and Theorem [6.4 are
all fulfilled. Of course, EgﬂB) and X}B) both coincide and we recover classical results for
Brownian motion local time (see [RY9Y, Chapter 6] for example) in all its generality.

2. (i) If G is a fBm B, then assumptions of Proposition [6.3, of Theorem-Definition
and Theorem [G0 are all fulfilled, whatever the value of H in (0,1) is. Thus E(TG)(a), given
in Definition [3, always exists and {E%G)(a)(w); (a,w)} belongs to L*>(R x QA ®@ p). We
therefore recover the results for non weighted local time given in [HO02], as well as the

occupation times formulas given, for both weighted and non weighted fractional local times,
in [CoulT, Proposition 30 € Definition 14]. In particular, if we except the occupation time

H
formula, the results we provide here on weighted local time when G = B (i.e. on .,Sfj(ﬂB )),
are new.

(1) To our best knowledge, there was no proof of existence of (weighted or non-weighted)
local time of general mBm (i.e. in sense of Definition 1.2], recalled in our
introduction) in the literature so far. However, several results exist for certain classes of
mBm. More precisely, in [BDG06,[BDGO7] the authors are interested in the mBm, which
corresponds to Yy gy in [STOG6]. They establish, on each time interval [a,b] C (0,+00), the
existence of a square integrable local time (i.e. in L>(RxQ, A\®pu) ), assuming sup{h(t); t >
0} < BAL, where h is 3-Hélder continuous. In [BDMI10], a Volterra-type representation of
mBm is studied. It is established, using the sufficient condition given in [GHS80, Theorem
22.1/, the existence of a square integrable local time, (assuming h is a differentiable and
(1/2,1)-valued function). As a consequence, the authors get [GI1)). Starting from the It6
formula [AMNOTL, Theorem 2], they also get ([GI2). All these results are recovered by
Theorem [G8. In particular, the results we provide on weighted local time when G = B",
are new.

3. Finally, we provide new results on weighted and non weighted local times of V-, - processes
in the Proposition below.
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Proposition 6.8. Let B be a 7 - process Then both weighted and non-weighted local times of

G (denoted respectively E(T) and .,% ) exist and belong to L>(R x Q,A® ), as two parameters

processes. Moreover, for p-a.e. w in Q and all ® in #,(R), one has the following equalities:

T
| o w)ds = [ 6w o) dy (618)
0 R
T
| ey an, = [ 200w o) dy. (619)
0 R

Proof. It is sufficient to apply Proposition [6.2, Theorem-Definition 6.1l and Theorem [6.6] Since
t — Ry is absolutely continuous (thanks to Remark [I4]), one sees, in view of Remark [24] that

one just have to prove that: E[ [ | i %5 dRs|2 d€] < 400 & E[ g | Ji €8 d5|2 d¢] <
+00. However, thanks to [GHR0, (21.10) & (22.3)], one knows that this equivalent to show
that: f(;[ f(;[ (At s) V2 dt ds < +00 & f(;[ fOT (A(t,s))"Y* dR, dRy < +o00, where A(t,s) =
E[(B] — B;Y)2]. Thanks to [MV05], Proposition 1.1], we know that: Rj,_y < A(t,s) <2 Ry,
for every (t,s) in [0,7]%. We then use the same arguments as the one given in Remark [[4] as
well as the fact that R is increasing, to get:

@T_// (s,u)) 1/2duds<2/ /Rl/Qdu)dt<8( + Ry) +

T2
Va’
where o := inf{u € (0,T], R, < 1} (where we set inf () = 400). This achieves the proof. O
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Appendix

A.1 Bochner Integral
The following notions about Bochner integral come from [HP57, p.72, 80 and 82] and [Kuo96, p.247].

Definition 4. Bochner integral [Kuo906, p.247] Let I be a Borelian subset of R endowed with the Lebesgue
measure. One says that ® : I — (S)™ is Bochner integrable on I if it satisfies the two following conditions:

1 @ is weakly measurable on I i.e u—< ®y, ¢ > is measurable on I for every ¢ in (S).
2 3p € N such that @, € (S-p) for almost every u € I and u — [|®y[|_, belongs to LY(I).
The Bochner-integral of ® on I is denoted f[ P, ds .

Proposition A.1. If ® : I — (S)" is Bochner-integrable on I then there exists an integer p such that
||f1 8 ds”ip </, ||‘I)5H_p ds. Moreover ® is also Pettis-integrable on I and both integrals coincide on I

Remark 26. The previous proposition shows that there is no risk of confusion by using the same notation
for both Bochner and Pettis integrals.
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Theorem A.2. Letp € N and ((I)(n))neN be a sequence of processes from I to (S)*such that (" € (S=p)
for almost every u € I and for every n. Assume moreover that ®™ is Bochner-integrable on I, for every

n, and that lim I; H@S’” - @2”’”7 ds = 0. Then there exists an (S)"-process (almost surely
(n,m)—(+00,+00) p

(S—p)-valued), denoted ®, defined and Bochner-integrable on I, such that
lim / [y — @ _, ds =0 (A.1)
I

n—-+o0o

Furthermore, if there exists an (S)*-process, denoted W, which verifies (A1), then Wy = ®, for a.c. s in
I. Finally one has lim f] @g") ds = f] ®, ds, where the equality and the limit both hold in (S).

n——+o0o

A.2 Proof of Lemmas and

Proof of Lemma
The existence of the left hand side of (6.6)) results from (64 and Theorem [Z6l Using (i¢) of Lemma [Z7]
and again ([@4]), we get, for every n in . (R),

S(/R 3() 6y(< g >) dy)(U)Z/Rj(y) S(y(< 9 >)(n) dy:\/Q_F;M/Rj(y) exp { =522 ) gy
0
- T—;gb /R (o) exp {52} dy = 5(i(< g >))(),

where the last equality results from [Kuo96, Theorem 7.3]. The conclusion comes from the injectivity of
S-transform. O

Proof of Lemma

Let (a,n) in R* x “(R) and ¢ be in (0, L‘;‘) Among the assumptions that are required to apply the theo-
rem of continuity under sign f , only the domination of p,, is not obvious and will therefore be stablished
here. Let v be chosen in (0,¢) such that (63) holds. Denote I, := {u € [0,7]; d(u, Z}) > v}, my =

sup{R;"* u € [0,T), s.t. d(u, ZF) >~} and, for every 7 in (0, T], denote M, := sup{R;"/* ¢ %r:; s €
[0,7]}. Using Lemma [G:3] one gets, for every (s,y) in D(ZF,v) x D(a,7),

0 (s 8)] = lpn(y, )| 1, (s) + [pn(y, )| 1p(zr 4)(8) < My I, (8) + My Ip(zr ) (s) =2 f(s)-

Since f belongs to L'([0,T],ds), the domination is complete. The case a = 0 is simpler. Indeed, one has:
V(e,n) e R* x L(R), Y(y,s) € D(0,e) x[0,T], |py(y,s)| <R,

Since s — R;'/? belongs to L'([0, T]\ZT,ds) by assumption, the domination is now complete and the
theorem of continuity under sign f applies here and ends the proof. O
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