N

N

old, current and (perhaps) future advances to
homogenization in random environments

Panagiotis E. Souganidis

» To cite this version:

Panagiotis E. Souganidis. old, current and (perhaps) future advances to homogenization in random
environments. NETCO 2014 - New Trends in Optimal Control, Jun 2014, Tours, France. hal-
01029622

HAL Id: hal-01029622
https://inria.hal.science/hal-01029622

Submitted on 22 Jul 2014

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/hal-01029622
https://hal.archives-ouvertes.fr

old, current and (perhaps) future advances to
homogenization in random environments

Panagiotis E. Souganidis

University of Chicago

NETCO June 2014



homogenization

is about the study of
the effective (averaged) macroscopic behavior

of phenomena (equations) depending on many scales and
taking place at the microscopic level in self-averaging environments



homogenization

is about the study of
the effective (averaged) macroscopic behavior

of phenomena (equations) depending on many scales and
taking place at the microscopic level in self-averaging environments

the issues

e reduce the complexity of the problem
e pass from microscopic to macroscopic — bridge scales rigorously
o identify effective (averaged) equations



general problems

F(D?ue, Duc, x/e) =0 and — etr A(Due,X/¢e,w)D?ue + H(Due, x/e,w) =0

mathematical questions

e qualitative

e dothe u.’s have alimit U? _
e does U satisfy a translation invariant equation F(D?0, DT) = 0 and

H(Du) = 0?
e quantitative

e rates of convergence
e numerical approximations

e are there any qualitative and quantitative differences between periodic and
random environments (besides nontrivial technicalities)



examples of “self averaging” environments

e periodic, quasiperiodic, almost periodic

e random

o
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FUNDAMENTAL DIFFERENCE

periodic/almost periodic compact

random not compact




the heuristics of the random media

equations appear with the same frequency no matter where they are located
(stationarity) but they mix ( ergodicity)
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the heuristics of the random media

equations appear with the same frequency no matter where they are located
(stationarity) but they mix ( ergodicity)

assume we have “blue” and “red equations

if they do not mix there will be, at large scales, solutions of “only blues” and of “only
reds”

but if the “blues” and the “reds” mix, the picture will become “uniformly purple”

if we know a rate for the way they mix, it is possible to estimate, for a given small scale,
how many solutions are close to the averaged one



random setting

in the family of all equations, F(Q, p, x), satisfying some common uniform properties
like uniform ellipticity, Lip continuity, coercivity, ... concentrate on a subfamily

F(Q, p, x,w) appearing with some “frequency” described by the fact that w belongs to
a probability space (2, F, P) such that

e if F(Q,p,-,w) isinthe family and we change position to y,
then F(Q,p, -+ y,w) isalsointhe family,i.e.,
F(Q,p,-+y,w) = F(Q,p,-, yw), and the frequency of appearance is
independent of the change of the location, i.e.,
Ty Q — Q is measure preserving stationarity

e under translations, the operators “repeat themselves”, i.e.,

it P(A) >0, then P(U,cgaTyA) =1 ergodicity



definitions

(§2,5,P) probability space endowed with a group (7y), s Of measure preserving
transformations 7, : Q — Q

f:R? x Q — R stationary iff its distribution is indep. of the location
f:RYx Q — R stationary iff f(x + y,w) = f(x, Tyw)

(7x)xera ergodic iff if 7xA = A forall x, then P(A)=0 or 1



definitions
(§2,5,P) probability space endowed with a group (7y), s Of measure preserving
transformations 7, : Q — Q
f:R? x Q — R stationary iff its distribution is indep. of the location
f:RYx Q — R stationary iff f(x + y,w) = f(x, Tyw)

(7x)xera ergodic iff if 7xA = A forall x, then P(A)=0 or 1

think that Q is the set of all equations F (and their translations) sharing some common properties
8, 8(r) the smallest o-algebras generated by the measurable sets {F(-,y,-):y € Q;} and
{F(-,y,-) : dist(y, Q) = r} of Q for r > 0and Q the unit cube in RY

(2,3, P) is strongly mixing with rate g if

sup aecs [P(ANB) —P(AP(B)| < g(r)
BeS(r)

and g(r) > 0asr — oo



some technical differences between periodic and random settings

e no compact Sobolev imbeddings — Poincare, isoperimetric inequalities
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some technical differences between periodic and random settings

e no compact Sobolev imbeddings — Poincare, isoperimetric inequalities

e “simpler problem”

integrating a mean 0 periodic function yields a periodic function

integrating a mean 0 stationary function does not yield a stationary function
instead it gives a function with strictly sublinear at infinity growth

recall ergodic theorem

v:Q — R stationary = limg_ fB(o gy V(mxw)ax = E(f)

v stationary, E(v) =0 and u(x) = fo v(y)dy = u(x)/|x] = 0 as |x|] — oo



references for periodic/almost periodic media

e linear non divergence form equations
too many to state and still many open problems

e nonlinear equations
a very incomplete list

Lions-Papanicolaou-Varadhan, Evans, Majda-S, Caffarelli, ..... Imbert, Monneau —dislocation
dynamics

Capuzzo-Dolcetta - Ishii, Caffarelli-S. — error estimates

Evans- Gomes, Fathi-Siconolfi— connections to KAM

Tanaka, Barles - Da Lio -Lions -S., Choi-Kim —Neumann conditions
Cardaliaguet -Lions-S; Caffarelli-Monneau —-moving fronts
Cardaliaguet —noncoercive HJ

Cardaliaguet-Nolen-S. — G -equation

Feldman — Dirichlet conditions

Jing- S. -Tran—time dependent HJ with linear growth

Ishii — almost periodic HJ equations

Lions-S — almost periodic degenerate Bellman



references for random media

e linear equations
Papanicolaou-Varadhan; Kozlov; Jikov; Yurinskii; Piatniski, ...

e nonlinear problems

variational
Dal Masso-Modica
nonvariational

Hamilton-Jacobi equations

S ; Rezakhanlou-Tarver; Lions-S. (correctors); Lions-S (new proof); Schwab (random in time);
Davini -Siconolfi; Armstrong -S. (unbounded media); Armstrong - S. (L*° variational problems);
Cardaliaguet-S. (G-equation); Nolen -Novikov (special case of G-equation); Armstrong-S.
(quasiconvex and “metric approach”); Armstrong, Cardaliaguet -S. (rates); Armstrong, Tran and Yu
(some special non convex problem), Ciomaga, S and Tran (noncoervive HJ), ....

degenerate Bellman equations

Lions-S.; Kosygina-Rezankhanlou-Varadhan; Lions-S. (new proof); Armstrong-S. (unbounded
media and “metric approach”); Armstrong-Tran; Armstrong-Cardaliaguet (error estimates),
Kosygina-Varadhan (random in time), ...

fully nonlinear second order
Caffarelli-S-Wang; Caffarelli-Mellet (obstacle problems); Caffarelli-S. (error estimates);
Armstrong-Smart (degenerate elliptic and error estimates); Otto et al. (qualitative theory)



coercive degenerate Bellman equations

—etr A(x/e,w)D?u; + H(Dug, x/e,w) =0
A stationary, ergodic, degenerate elliptic

H stationary, ergodic, coercive, quasi-convex*, bounded for bounded gradients or
unbounded with moment bounds



coercive degenerate Bellman equations

—etr A(x/e,w)D?u; + H(Dug, x/e,w) =0

A stationary, ergodic, degenerate elliptic

H stationary, ergodic, coercive, quasi-convex*, bounded for bounded gradients or
unbounded with moment bounds

Theorem (convergence)

the problem homogenizes almost surely to a Hamilton-Jacobi equation with an effective
Hamiltonian H which has the same qualitative properties as H.

S., Rezakhanlou -Tarver, Lions-S., Kosygina, Rezakanlou -Varadhan, Kosygina -Varadhan,
Schwab, Armstrong -S. (metric approach), Armstrong-Tran, Armstrong-Tran-Yu™ a nonconvex
example, Kosygina-Varadhan and Schwab (oscillations in time)
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a qualitative difference between periodic and random environments?

Ut — AU + |Duc|? — V(x/e,w) =0 inRY x (0, 0)
U:(,0;w) =0 in RY
e V stationary ergodicand 0 < V <1
e homogenization = lim,_o Uz(-,;w) = G(-,-) in C(RY x (0,00)) and a.s.
e 0U(x,t) = —tH(0) solves
Uy + H(DO) =0 in RY x (0,00)
u(-,0)=0 in RY

¢ what do we know about H(0)?
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visible and invisible potentials
e invisible potentials = H(0) =0
P{w € Q:supjy <, V(y,w) <a} >0 foreveryp,a>0
i.i.d. potentials, Poisson clouds BUT not periodic
o visible potentials = H(0) <0
P{w € Q:supj, <, V(y,w) < a} =0 for (fixed) p > 0and 0 < a < 1

periodic potentials

H(0) is the principal eigenvalue of —A + V with “periodic boundary confitions”
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rates of convergence

(model) microscopic problem  u. + H(Du. + p) = V(x/e,w) in RY
H coercive, convex H(0) =0 and 0=infV <V < C

effective Hamiltonian H may have “blocking zones”

homogenization = u. — T and T+ H(DU+p) =0 = T= —H(p)
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effective Hamiltonian H may have “blocking zones”
homogenization = u. — T and T+ H(DU+p) =0 = T= —H(p)

e periodic environment |u. + H(p)| < Ce(|p| + 1)

= ¢'/3 rate of convergence for general problem  Capuzzo-Dolcetta and Ishii
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rates of convergence

(model) microscopic problem  u. + H(Du. + p) = V(x/e,w) in RY
H coercive, convex H(0) =0 and 0=infV <V < C

effective Hamiltonian H may have “blocking zones”
homogenization = u. — T and T+ H(DU+p) =0 = T= —H(p)

e periodic environment |u. + H(p)| < Ce(|p| + 1)

= ¢'/3 rate of convergence for general problem  Capuzzo-Dolcetta and Ishii

e random environment rate is more complicated and it can be arbitrarily slow
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Us + H(Du: + p) = V(x/e,w) in RY
H coercive, quasiconvex H(0) =0 and 0=infV <V <C
V(-,w) independent at finite range D
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Us + H(Du: + p) = V(x/e,w) in RY
H coercive, quasiconvex H(0) =0 and 0=infV <V <C
V(-,w) independent at finite range D

Theorem (rate of convergence Armstrong, Cardaliaguet and S.)

_UE('7W; p) — ﬁ(p) <A1

olimsupgﬁoSUpBR Cg1/s||095|1/3 =

if H(p) > 0, then
—ue(wip) ~ Ap)  _
CH(p)” '='/3|loge]'/2 ~

7“5('7§J;p) —ﬁ(p) > 1
CH(p) “e'/®|loge|'/? ~

e limsup,_,osupg,

e liminf._,oinfg,

if Hp) =0 and P{w € Q: V(0,w) > A} > AP, then

_UE('7W; p) — ﬁ(p) > 1

e liminf._,qinfg, cea| Ioga|ﬁ >

o =min(1/6,d/d + 0) 8 = 1/4

general rate —O(c'/8|loge|®/18) < uf — u < O(¢'/5|loge|/?)
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H(Dug, x/e) =0 - the cell problem

the formal expansion u. = U + ew(x/e) leadsto H(Dxt + Dyw,x/e) =0
and the cell problem

e foreach p € R there exists a unique constant H(p) such that

H(Dw + p,y) = H(p) in RY
has a solution (corrector) w satisfying w(y)/|ly| — 0 as |y| — oo
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H(Duc, x/c) = 0 - the cell problem

the formal expansion u. = U+ ew(x/¢) leads to H(Dxt + Dyw,x/e) =0
and the cell problem
e foreach p € R there exists a unique constant H(p) such that
H(Dw + p,y) = H(p) inR?
has a solution (corrector) w satisfying w(y)/|ly| — 0 as |y| — oo

solution of the cell problem and perturbed test function =- homogenization
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do correctors exist?

e coercive Hamiltonians Lipschitz bounds

YES in periodic media and NO in random media
the problem is not estimates but strictly sublinear growth

e non coercive Hamiltonians no Lipschitz bounds

everything depends on the particular setting

the approximate cell problem dw;s + H(Dws +p,y) =0 in RY

coercivity = Lip. bounds

periodic and almost periodic media = dws — —H uniformly in RY and this proves
homogenization

random media (after homogenization is proved)
dws — —H uniformly in balls of radius 1/4

e new approach based on identifying quantities that control the behavior of solutions
and are amenable to the ergodic and subadditive ergo theorems
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periodic approximations of the ergodic constants  Cardaliaguet - S.

F(-) is the ergodic conitant and F(-,w) is an L-periodic “approximation” of F(-,w)
with ergodic constant F(-,w)
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periodic approximations of the ergodic constants  Cardaliaguet - S.

F(-) is the ergodic conitant and F(-,w) is an L-periodic “approximation” of F(-,w)
with ergodic constant F(-,w)

e questions
e isittruethat,as L — co anda.s., F.(-,w) — F(:)?

e s there a rate of convergence?

e problems
e how to define the periodic approximations?
® how to pass to the large period limit?

® how to connect the ergodic constants?
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—etr(A(X /e, w)D?uf) + H(DUE, X /e,w) = 0
A= A(y,w), H= H(p,y,w) stationary ergodic, H convex and coercive in p and A
the “square” of a Lipschitz matrix = homogenization
correctors do not exist in general and the ergodic constant H is identified by
SUPycp, ,; 16V (y,w) + H(p)| 0
vd solves dv0 — tr(A(x,w)D?v®) + H(DV® + p,x,w) =0 inRY
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—etr(A(x /e, w)D?uf) + H(DUE, X /e,w) = 0

A= A(y,w), H= H(p,y,w) stationary ergodic, H convex and coercive in p and A
the “square” of a Lipschitz matrix = homogenization

correctors do not exist in general and the ergodic constant H is identified by
sUpyep, ; 10V (¥, w) + H(p)| — 0
vl solves §v0 — tr(A(x,w)D?v0) + H(DV® + p,x,w) =0 inRY

if Aand H are replaced by L— periodic A/ (-,w) and H,(-,w), the effective Hamiltonian

Hy(-,w) is the unique constant for which
—tr(AL (X, w)D2x) + Hy(Dx + p, x,w) = H(p,w) ink?
has a a continuous, L—periodic solution x
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—etr(A(X /e, w)D?uf) + H(DUE, X /e,w) = 0

A= A(y,w), H= H(p,y,w) stationary ergodic, H convex and coercive in p and A
the “square” of a Lipschitz matrix = homogenization

correctors do not exist in general and the ergodic constant H is identified by
sUpyep, ; 10V (¥, w) + H(p)| — 0
vl solves §v0 — tr(A(x,w)D?v0) + H(DV® + p,x,w) =0 inRY

if Aand H are replaced by L— periodic A/ (-,w) and H,(-,w), the effective Hamiltonian

Hy(-,w) is the unique constant for which
—tr(AL (X, w)D2x) + Hy(Dx + p, x,w) = H(p,w) ink?
has a a continuous, L—periodic solution x

it is possible to choose periodic A, and H; so that, as L — 400, H,(p,w) converges to
H(p) locally uniformly in p and a.s. in w

one direction of the convergence is based on the homogenization, while the other
relies on the construction of subcorrectors to the periodic cell problem using
approximate correctors for the original system

if a rate is known for the homogenization, then there is a rate for the a.s. convergence
of the H,(p,w)’s to H(p)
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e it is necessary to take special care in choosing the A, and H,

taking A, = Aand H, = Hin [-L/2, L/2)? and extending them periodically cannot
work

(i) forthe L-problems to be well defined A; and H; need to be continuous

(i) viscous HJB equations are very sensitive to large values of the Hamiltonians and,
as a consequence, the H;’s must be substantially smaller than H at places where H
and H, differ
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e it is necessary to take special care in choosing the A, and H,

taking A, = Aand H, = Hin [-L/2, L/2)? and extending them periodically cannot
work

(i) forthe L-problems to be well defined A; and H; need to be continuous

(i) viscous HJB equations are very sensitive to large values of the Hamiltonians and,
as a consequence, the H;’s must be substantially smaller than H at places where H
and H, differ

A=0and H(p, x,w) = |p|? — V(x,w) with V bounded stationary ergodic =
H(0) = infypa V(X,w)
if HL(p, Xx,w) = |p|2 = V,(x,w), with V, L—periodic, then H; (0, w) = inf, .pa V, (X, w)

V; cannot just be any regularized truncation of V(-,w), since it must satisfy the
condition

infyegra Vi(X,w) = inf, cpa V(X w)
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e it is necessary to take special care in choosing the A, and H,

taking A, = Aand H, = Hin [-L/2, L/2)? and extending them periodically cannot
work

(i) forthe L-problems to be well defined A; and H; need to be continuous

(i) viscous HJB equations are very sensitive to large values of the Hamiltonians and,
as a consequence, the H;’s must be substantially smaller than H at places where H
and H, differ

A=0and H(p, x,w) = |p|? — V(x,w) with V bounded stationary ergodic =
H(0) = infypa V(X,w)
if HL(p, Xx,w) = |p|2 = V,(x,w), with V, L—periodic, then H; (0, w) = inf, .pa V, (X, w)

V; cannot just be any regularized truncation of V(-,w), since it must satisfy the
condition

infyegra Vi(X,w) = inf, cpa V(X w)
define V, in [-(L — 1)/2, (L — 1)/2)9 as a smooth interpolation between V; = V in
[—(L—=1)/2,(L—1)/2)9 and V, = 0 on §[—L/2,L/2)? and extend V, periodically

such approximation cannot always work because it implies H; (0, w) < 0 whatever the
map Vis
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the approximation for Hamilton-Jacobi equations

H stationary ergodic, convex and coercive  (C;'|p|” — Cy < H(p, x,w) < Ci|p|” + Ci)

= homogenization and Cf lp|” — Cy < H(p) < Cqlp|” + Cq
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the approximation for Hamilton-Jacobi equations

H stationary ergodic, convex and coercive  (C;'|p|” — Cy < H(p, x,w) < Ci|p|” + Ci)
= homogenization and Cf lp|Y — Cy < H(p) < Cy|p|” + Cy

Him(p, x,w) = (1 = ¢n(x/L))H(p, x, w) + ¢4 (x/L)Ho(p)

Ho(p) = C; 'p|” — Cs is chosen so that Ho(Dv® + p) < H(p) and Hy(p) < H(p)
¢y - R — [0, 1] is 1-periodic such that

Cn=01inQ_2y, ¢y =110 Q\Q1_,, DGyl < ¢/n and [|D?¢, || < c/n?
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the approximation for Hamilton-Jacobi equations

H stationary ergodic, convex and coercive  (C;'|p|” — Cy < H(p, x,w) < Ci|p|” + Ci)
= homogenization and Cf lp|Y — Cy < H(p) < Cylp|” + Cy

Him(p, x,w) = (1 = ¢n(x/L))H(p, x, w) + ¢4 (x/L)Ho(p)

Ho(p) = C; 'p|” — Cs is chosen so that Ho(Dv® + p) < H(p) and Hy(p) < H(p)
¢y - R — [0, 1] is 1-periodic such that

Cn=01inQ1_2,, ¢y =1in Q\Qi_p, 1D < ¢/n and [[D?¢,l < ¢/n?

Theorem

lim SupL—H»oo ﬁL,n(pv w) S P(p) S lim infL—:{—oo PL,n(prg) + C(|plw + 1)77
independence at finite range = limp— 100 Hy,, n,(P) = H(p) with rate

it does not seem possible to let n — 0 simultaneously with L — +o0
upper bound uses homogenization and that H = Hy ,, in Q1_2y)

lower bound uses choice of Hy and the periodic corrector to construct an approximate
sub corrector of the random problem
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non coercive problems - periodic setting

uf +a(%)|DuF[ =0 in RY x (0,00)
1>

a periodic, |{a < 0}| =6 and
P it y {u =up on R?x{0}

then

Ut — 0up + (1 —0)T in L2(RY x (0,00)) weak *

loc

where o
{u, = H(DT) in RN x (0, c0)

U=up on RN x {0}

H(p) = Jim Hs(p),  Hs effective Hamiltonian for max(a, &)
—

Cardaliaguet-Lions-Souganidis
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non coercive problems - random setting Ciomaga -S.-Tran

classical Bernoulli percolation on the lattice z¢

e - each cube is painted white or black with probability p or 1 —
o SRR = P P y p p

: - Pl . when p is above some critical threshold p > pc, there exists
':I || _" *.' almost surely only one unbounded region (infinite white cluster)
LR B

F(w)(:= union of the black cubes) consists of mutually disjoint open connected black
clusters Ut (w)

R?\ F(w) consists of mutually disjoint open connected white clusters U (w)
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F(w)(:= union of the black cubes) consists of mutually disjoint open connected black
clusters Ut (w)
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non coercive problems - random setting Ciomaga -S.-Tran

classical Bernoulli percolation on the lattice z¢

- Ll _- .I
i :l:_' uE: _: - each cube is painted white or black with probability por 1 — p
L L =B when p is above some critical threshold p > pc, there exists
':I J _" *.' almost surely only one unbounded region (infinite white cluster)

= B

F(w)(:= union of the black cubes) consists of mutually disjoint open connected black
clusters Ut (w)

R?\ F(w) consists of mutually disjoint open connected white clusters U (w)

{min(d(x, oUF (W), 1/2)  ifx e Uf(w)
a(x,w) =

Ue,t + a(x/e,w)|Duc| =0 . 7 ) "
—min(d(x,0U; (w)),1/2) ifx € U~ (w)

the u®’s converge weakly to t = (1 — 6)ug + Ouo
Uso the solution corresponding to ‘H.. associated to the infinite cluster and 6 = PlUso]



non coercive problems - random setting Ciomaga -S.-Tran

classical Bernoulli percolation on the lattice z¢

. :l': HH _: - each cube is painted white or black with probability por 1 — p

s Pl . when p is above some critical threshold p > pc, there exists

I: J -l- * almost surely only one unbounded region (infinite white cluster)
- 4 - -I-

F(w)(:= union of the black cubes) consists of mutually disjoint open connected black
clusters Ut (w)
R?\ F(w) consists of mutually disjoint open connected white clusters U (w)
in(d(x, U (w)), 1/2 if x € Ut
Uot+ a(x/e,0) DU =0 a(x,w) = mm(l (x,0U; (f:f)) /2) I X ,7(w)
—min(d(x,0U; (w)),1/2) ifx € U~ (w)

the u®’s converge weakly to t = (1 — 6)ug + Ouo
Uso the solution corresponding to ‘H.. associated to the infinite cluster and 6 = PlUso]

when the configuration is a periodic checkerboard there is always trapping



46

a general result

Ut + a(x/e,w)|Du:| = 0 a bdd, Lip., stationary ergodic
foreach w Up(w) = {a(-,w) = 0} and there exist connected disjoint sets U;(w) st
{a(w >0} = Ujejs Ui(w) and {a(w < 0} = Uje,- Uj(w)
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a general result

Ut + a(x/e,w)|Du:| = 0 a bdd, Lip., stationary ergodic

foreach w Up(w) = {a(-,w) = 0} and there exist connected disjoint sets U;(w) st
{a(w >0} = Ujejs Ui(w) and {a(w < 0} = Uje,- Uj(w)

there exists a partition (U;);c/+yu~ugoy Of Q st P[U;] =6; >0 and
U)={xeR?¥ : new e W} as.inw
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a general result

Ut + a(x/e,w)|Du:| = 0 a bdd, Lip., stationary ergodic

foreachw Up(w) = {a(-,w) = 0} and there exist connected disjoint sets U;(w) st
{a(w >0} = Ujejs Ui(w) and {a(w < 0} = Uje,- Uj(w)

there exists a partition (U;);c/+yu~ugoy Of Q st P[U;] =6; >0 and
U)={xeR?¥ : new e W} as.inw

for uniformly small § >0, all i € I* and a.sinw, the sets

US(w) = {x € Uj(w) : |a(x,w)| > 6} are connected
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a general result

Ut + a(x/e,w)|Du:| = 0 a bdd, Lip., stationary ergodic

foreachw Up(w) = {a(-,w) = 0} and there exist connected disjoint sets U;(w) st
{a(w >0} = Ujejs Ui(w) and {a(w < 0} = Uje,- Uj(w)

there exists a partition (U;);c/+yu~ugoy Of Q st P[U;] =6; >0 and
U)={xeR?¥ : new e W} as.inw

for uniformly small § >0, all i € I* and a.sinw, the sets

US(w) = {x € Uj(w) : |a(x,w)| > 6} are connected

a.s. inw each unbounded Uj(w) is an infinite cluster, i.e., for § > 0 and each unit vector e
there exist R = R(w, ¢, €) > 0 and random intervals (s;, ;) such that |; — s;| < R and
B(w):={t>0:te¢ UE(w)} = U(s}, 1)
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a general result

Ut + a(x/e,w)|Du:| = 0 a bdd, Lip., stationary ergodic

foreachw Up(w) = {a(-,w) = 0} and there exist connected disjoint sets U;(w) st
{a(w >0} = Ujejs Ui(w) and {a(w < 0} = Uje,- Uj(w)

there exists a partition (U;);c/+yu~ugoy Of Q st P[U;] =6; >0 and
U)={xeR?¥ : new e W} as.inw

for uniformly small § >0, all i € I* and a.sinw, the sets

US(w) = {x € Uj(w) : |a(x,w)| > 6} are connected

a.s. inw each unbounded Uj(w) is an infinite cluster, i.e., for § > 0 and each unit vector e
there exist R = R(w, ¢, €) > 0 and random intervals (s;, ;) such that |; — s;| < R and
B(w):={t>0:te¢ UE(w)} = U(s}, 1)

for each i € I= let H; be the effective Hamiltonian for the homogenization in sU;(w)

Us — T =0g + T = 0;0; in L22(RY x (0, 00)) weak *

T; is the solution to T; ; + H;(DT;) = 0 &(-,0) = up

H; =0 if Uj(w) is bounded
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turbulent combustion |: the G- equation

a sharp interface model in turbulent combustion

thin front moving with normal velocity V =1— < V(x/e),n >

Unsd
\ \ e Pt
S— osa‘ﬂawj fonk

Ua=1t V(F) /—— wg)ui A
AN sg(n)

Un
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turbulent combustion |: the G- equation

a sharp interface model in turbulent combustion

thin front moving with normal velocity V =1— < V(x/e),n >

Unsd
N \ e Pt
S oscllahig Fonik
vn=1t V(E) aweroped  frnds
the G-equation is Ue,t = |Duc|+ < V(x/e), Du: >

“averaged” thin front moves with normal velocity V = H(n)

is there enhancement?
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non-coersive G-equation
Ugt = |Duc|+ < V(x/e), Due > in RY x (0, c0)
e |V|| <1 = problem is coercive and homogenizes

e ||V|| > 1= problem is not coercive
homogenization may not be possible even in periodic setting
the u:’s may not converge locally uniformly

the vector field “traps points”

to homogenize need an assumption on V' (other than coercivity) that allows the
controls to overcome the traps
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the G-equation in periodic setting Nolen, Cardaliaguet and S.
Ust = |Due|+ < V(x/e), Due > in RY x (0, 00)
V' bounded, Lip. continuous, periodic, mean zero and with “small divergence ”, i.e.,

¢yl div V”Ld(O) <A1 (cy is the isoperimetric constant in the cube Q)
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Ust = |Due|+ < V(x/e), Due > in RY x (0, 00)
V' bounded, Lip. continuous, periodic, mean zero and with “small divergence ”, i.e.,

¢yl div V”Ld(O) <A1 (cy is the isoperimetric constant in the cube Q)

there exists a positively homogeneous (of degree one) effective Hamiltonian H




56

the G-equation in periodic setting Nolen, Cardaliaguet and S.
Ust = |Due|+ < V(x/e), Due > in RY x (0, 00)
V' bounded, Lip. continuous, periodic, mean zero and with “small divergence ”, i.e.,

¢yl div V”Ld(O) <A1 (cy is the isoperimetric constant in the cube Q)

there exists a positively homogeneous (of degree one) effective Hamiltonian H

e enhancement

H(p) > IpI(1 = c/lldivV]| g(q))+ < E(xdiv V), p >
if divV =0, H(p) = |p| ifandonlyif < V(x),p >=0 forall x
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the G-equation in periodic setting Nolen, Cardaliaguet and S.
Ust = |Due|+ < V(x/e), Due > in RY x (0, 00)
V' bounded, Lip. continuous, periodic, mean zero and with “small divergence ”, i.e.,

¢yl div V”Ld(O) <A1 (cy is the isoperimetric constant in the cube Q)

there exists a positively homogeneous (of degree one) effective Hamiltonian H

e enhancement

H(p) > IpI(1 = c/lldivV]| g(q))+ < E(xdiv V), p >
if divV =0, H(p) = |p| ifandonlyif < V(x),p >=0 forall x

the condition on V allows to obtain, in place of Lip bounds, a uniform control on the
oscillation of the solutions to the approximate cell problem

ovs = |Dvs + p|l+ < V- (Dvs + p) >
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Ue .t = |Dus |+ < V(x/e,w),Dus > in RY x (0,00)

o @

Hao
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the G-equation in random media Cardaliaguet-S.

Ue t = |Due|+ < V(x/e,w), Dus > in RY x (0, 00)

V' bounded, Lipshitz, stationary ergodic, EV =0 and divV =0
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the G-equation in random media Cardaliaguet-S.

Ue t = |Due|+ < V(x/e,w), Dus > in RY x (0, 00)

%

bounded, Lipshitz, stationary ergodic, EV =0 and divV =0

homogenization

there exists a positiveILhomogeneo_us (of degree one), Lip. continuous, convex,
nonnegative effective H such that H(p) > |p|

enhancement

H(p) = |p| ifand only if < V(x,w),p >=0 forall xanda.s. inw
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new (old) strategy

Uet = |Duc|+ < V(x/e),Due > in RY x (0,00)  ue(-,0) =t
Us (X, t,w) = SUP, e 4 Uo (X" 5Y) = SUPy c ke (x,1,w) Uo(¥)

foreach a € A = L*°((0,c0); B) and x € R?, X"*=“ solves

X(s) = V(X(s)/e,w) + a(s)  X(0) = x

RE(x, t,w) = {X*° : a € A} reachable setof x attime ¢
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Uet = |Duc|+ < V(x/e),Due > in RY x (0,00)  ue(-,0) =t
Us (X, t,w) = SUP, e 4 Uo (X" 5Y) = SUPy c ke (x,1,w) Uo(¥)

foreach a € A = L*°((0,c0); B) and x € R?, X"*=“ solves

X(s) = V(X(s)/e,w) + a(s)  X(0) = x

RE(x, t,w) = {X*° : a € A} reachable setof x attime ¢

the behavior of u. is controlled by R¢(x, t,w) = eR(x /e, t/e,w)
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new (old) strategy

Uet = |Duc|+ < V(x/e),Due > in RY x (0,00)  ue(-,0) =t

Us (X, t,w) = SUP, e 4 Uo (X" 5Y) = SUPy c ke (x,1,w) Uo(¥)

foreach a € A = L*°((0,c0); B) and x € R?, X"*=“ solves

X(s) = V(X(s)/e,w) + a(s)  X(0) = x

RE(x, t,w) = {X*° : a € A} reachable setof x attime ¢

the behavior of u. is controlled by R¢(x, t,w) = eR(x /e, t/e,w)

the long time behavior of R is determined by the minimal time function
O(x,y,w)=min{t >0:y € R(x,t,w)}

natural setting for the subadditive ergodic theorem
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O(x,y,w)=min{t >0:y € R(x, t,w)}
e subadditivity and stationarity 6(0, (n + m)v, w) < (0, nv, w) + 6 (0, mv, Tp, w)
e no integrability, in general — example with E[6(0, x, )] = co
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O(x,y,w)=min{t >0:y € R(x, t,w)}

e subadditivity and stationarity 6(0, (n + m)v, w) < (0, nv, w) + 6 (0, mv, Tp, w)

e no integrability, in general — example with E[6(0, x, )] = co

e weak controlability pointwise bound

forall € € (0,e9) and a.s. in w, there exists T(w,e) > 0 such that

0(x,y,w) < T(w,e) +e|x| + (1 +¢)ly — x| forall x,y € RY

the constant T(w, €) is not integrable and we cannot apply directly the subadditive
ergodic theorem
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O(x,y,w)=min{t >0:y € R(x, t,w)}

e subadditivity and stationarity 6(0, (n + m)v, w) < (0, nv, w) + 6 (0, mv, Tp, w)

e no integrability, in general — example with E[6(0, x, )] = co

e weak controlability pointwise bound

forall € € (0,e9) and a.s. in w, there exists T(w,e) > 0 such that

0(x,y,w) < T(w,e) +e|x| + (1 4+¢)ly — x| forall x,y € RY

the constant T(w, €) is not integrable and we cannot apply directly the subadditive
ergodic theorem

there exists a positively homogeneous, convex L:RY - R suchthat |q| <
L(q) <1+ | V| and, a.s.in wandforall R> 0,

Mt 00 SUP | <, (x| <R [t O(tX, (X + p),w) — L(p)| = 0

iMoo T TR(tX, L w) ={y e R : [(x —y) < 1}
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O(x,y,w)=min{t >0:y € R(x, t,w)}

e subadditivity and stationarity 6(0, (n + m)v, w) < (0, nv, w) + 6 (0, mv, Tp, w)

e no integrability, in general — example with E[6(0, x, )] = co

e weak controlability pointwise bound

forall € € (0,e9) and a.s. in w, there exists T(w,e) > 0 such that

0(x,y,w) < T(w,e) +e|x| + (1 +¢)ly — x| forall x,y € RY

the constant T(w, €) is not integrable and we cannot apply directly the subadditive
ergodic theorem

there exists a positively homogeneous, convex L:RY - R suchthat |q| <
L(q) <1+ | V| and, a.s.in wandforall R> 0,

Mt 00 SUP | <, (x| <R [t O(tX, (X + p),w) — L(p)| = 0

iMoo T TR(tX, L w) ={y e R : [(x —y) < 1}

theorem = u.(x,t,w) — U =sup{up(y) : L(x —y) < 1}

averaged Hamiltonian ~ H(p) = sup{< p,q >: L(q) = 1}
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the way around the lack of integrability

foreach a € B(0,1) find a € A so that the solution of the ode
X, = V(Xi+ a(t) Xo=0has,as t - oo and a.s. in w, the properties

@ t7'X; — a is small

(i) t710(0, X;, w) has a limit ~(w)
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the way around the lack of integrability

foreach a € B(0,1) find a € A so that the solution of the ode

X = V(X; + a(t) Xp =0has,as t - oo and a.s. in w, the properties
(i) t7'X — a is small

(i) t710(0, X;, w) has a limit ~(w)

to prove (i) we construct a random control in an augmented probability space and to use both a
random version of the ergodic theorem
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the way around the lack of integrability

foreach a € B(0,1) find a € A so that the solution of the ode

X = V(X; + a(t) Xp =0has,as t - oo and a.s. in w, the properties
(i) t7'X — a is small

(i) t710(0, X;, w) has a limit ~(w)

to prove (i) we construct a random control in an augmented probability space and to use both a
random version of the ergodic theorem

(i) follows from the subadditive theorem since 6(Xs, Xi, w) < M(t — s)

the limit is random because the measure preserving transformation 7, is not ergodic
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the way around the lack of integrability

foreach a € B(0,1) find a € A so that the solution of the ode

X = V(X; + a(t) Xp =0has,as t - oo and a.s. in w, the properties
(i) t7'X — a is small

(i) t710(0, X;, w) has a limit ~(w)

to prove (i) we construct a random control in an augmented probability space and to use both a
random version of the ergodic theorem

(i) follows from the subadditive theorem since 6(Xs, Xi, w) < M(t — s)

the limit is random because the measure preserving transformation 7, is not ergodic
subadditivity, reachability estimate =

0(0, ta, w) < 0(0, X200 0) + (XV0 ¥ ta,w) <

0(0, X204 W) + T(w, e) + e X0V | £ (1 4 )| XX — ta)
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the way around the lack of integrability

foreach a € B(0,1) find a € A so that the solution of the ode

X = V(X; + a(t) Xp =0has,as t - oo and a.s. in w, the properties
(i) t7'X — a is small

(i) t710(0, X;, w) has a limit ~(w)

to prove (i) we construct a random control in an augmented probability space and to use both a
random version of the ergodic theorem

(i) follows from the subadditive theorem since 6(Xs, Xi, w) < M(t — s)

the limit is random because the measure preserving transformation 7, is not ergodic
subadditivity, reachability estimate =

0(0, ta, w) < 0(0, X200 0) + (XV0 ¥ ta,w) <
0(0, XP0% W) + T(w,e) + | XX0™ | + (1 + )| X0 — ta]

properties of X[U‘o‘“’“ = limsup, ., t7'6(0, ta,w) < y(w) + eC
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the way around the lack of integrability

foreach a € B(0,1) find a € A so that the solution of the ode

X = V(X; + a(t) Xp =0has,as t - oo and a.s. in w, the properties
(i) t7'X — a is small

(i) t710(0, X;, w) has a limit ~(w)

to prove (i) we construct a random control in an augmented probability space and to use both a
random version of the ergodic theorem

(i) follows from the subadditive theorem since 6(Xs, Xi, w) < M(t — s)

the limit is random because the measure preserving transformation 7, is not ergodic
subadditivity, reachability estimate =

0(0, ta, w) < 0(0, X200 0) + (XV0 ¥ ta,w) <
0(0, XP0% W) + T(w,e) + | XX0™ | + (1 + )| X0 — ta]

properties of X[U‘o‘“’“ = limsup, ., t7'6(0, ta,w) < y(w) + eC

e =0 =lim o t770(0, ta,w) = v(w) as. inw
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the way around the lack of integrability

foreach a € B(0,1) find a € A so that the solution of the ode

X = V(X; + a(t) Xp =0has,as t - oo and a.s. in w, the properties
(i) t7'X — a is small

(i) t710(0, X;, w) has a limit ~(w)

to prove (i) we construct a random control in an augmented probability space and to use both a
random version of the ergodic theorem

(i) follows from the subadditive theorem since 6(Xs, Xi, w) < M(t — s)

the limit is random because the measure preserving transformation 7, is not ergodic
subadditivity, reachability estimate =

0(0, ta, w) < 0(0, X200 0) + (XV0 ¥ ta,w) <

0(0, XX 0 WY+ T(w, &) + X0 | + (1 + ) X0 — ta]
properties of X[U‘o‘“’“ = limsup, ., t7'6(0, ta,w) < y(w) + eC
e =0 =lim o t770(0, ta,w) = v(w) as. inw

6 ergodicity and stationarity =

lim;_ oo r‘a(o, fa, w) is independent of w a.s.
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a simpler (?) problem Jing-S.-Tran

Ut = a(x/e, t/e)|Dug| in RY x (0, 00)

a is 791 -periodic and 0 < a < a< j
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a simpler (?) problem Jing-S.-Tran

Uet = a(x/e, t/e)|Due| in RY x (0,00) a is 29" -periodic and 0 < a < a<

the strict positivity of a does not yield Lip bounds and controllability
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a simpler (?) problem Jing-S.-Tran

Uet = a(x/e, t/e)|Due| in RY x (0,00) a is 29" -periodic and 0 < a < a<
the strict positivity of a does not yield Lip bounds and controllability
admissible curves Ag ¢ = {v:[0,t] = RY : |5/(r)| < a(~(r),r)| aein [0, {]}
reachable set R¢(x) := {y € RY : v(0) = x and ~(t) = y for some v € Ag ¢}
. ) ) tify € Re(x)
minimal time to reach (y, t) starting at (x,0) 6((y, t),(x,0)) := )
oo otherwise

controllability and subadditivity are a problem
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a simpler (?) problem Jing-S.-Tran

Uet = a(x/e, t/e)|Due| in RY x (0,00) a is 29" -periodic and 0 < a < a<
the strict positivity of a does not yield Lip bounds and controllability
admissible curves Ag ¢ = {v:[0,t] = RY : |5/(r)| < a(~(r),r)| aein [0, {]}
reachable set R¢(x) := {y € RY : v(0) = x and ~(t) = y for some v € Ag ¢}

. ) ) tify € Re(x)
minimal time to reach (y, t) starting at (x,0) 6((y, t),(x,0)) := )

oo otherwise

controllability and subadditivity are a problem

the fix: forget about the space-time minimal time, treat the space-time periodicity
separately and look at the spatial reachable sets directly
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the enlarged reachable set R;(Q) = UycqR¢(X)
e controls the behavior of R¢(x)
e is subadditive R,(Q) C Ri(Q) + Rm—k(Q) — Q

a subadditive theorem for convex sets =

there exists a compact, convex D C R9 such that limm—s oo &,’7”7(0) =D

D is an upper bound for the long time behavior of R(Q)

in general is not possible to remove co from the ergodic limit of compact subadditive
sets

use the space-time periodicity to design special paths to show that every y € D can be

approximated by some ym € y’”T(O)
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fully nonlinear uniformly elliptic stationary ergodic

F(D?ue, x/e,w)=01in U u.=g on dU

e homogenization with uniformly elliptic effective nonlinearity
F uniformly elliptic Caffarelli-S.-Wang
F degenerate elliptic with E[A~P] < oo for p > d Armstrong-Smart
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fully nonlinear uniformly elliptic stationary ergodic

F(D?ue, x/e,w)=01in U u.=g on dU
e homogenization with uniformly elliptic effective nonlinearity
F uniformly elliptic Caffarelli-S.-Wang
F degenerate elliptic with E[A~P] < oo for p > d Armstrong-Smart
e rate of convergence
strongly mixing media, i.e., at large distances the F(-, -, x, w)’s decorrelate

logarithmic mixing rate = logarithmic rate Cafarelli-S.

finite distance independence =- algebraic rate Armstrong - Smart
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fully nonlinear uniformly elliptic stationary ergodic

F(D?ue, x/e,w)=01in U u.=g on dU
e homogenization with uniformly elliptic effective nonlinearity
F uniformly elliptic Caffarelli-S.-Wang
F degenerate elliptic with E[A~P] < oo for p > d Armstrong-Smart
e rate of convergence
strongly mixing media, i.e., at large distances the F(-, -, x, w)’s decorrelate

logarithmic mixing rate = logarithmic rate Cafarelli-S.
finite distance independence =- algebraic rate Armstrong - Smart

e approximation of the ergodic constant by periodic ones

simpler than HJ-case; interpolation with any uniformly elliptic Fy with the same
ellipticity constants Cardaliaguet-S.
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oscillatory boundary conditions

. - F(D?u;)=0inU
homogenize the Dirichlet problem
u: = g(-/e,w) on OU

F uniformly elliptic with constants 0 < A < A
the “Diophantine” properties of the boundary should play a role
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oscillatory boundary conditions

. . F(D?u;)=0inU
homogenize the Dirichlet problem
u: = g(-/e,w) on OU

F uniformly elliptic with constants 0 < A < A
the “Diophantine” properties of the boundary should play a role

considerable work in periodic media for linear divergence form scalar equations and
systems by Barles-Mironescu, Gerard-Varet -Masmoudi, Kenig-Wang, etc.
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oscillatory boundary conditions

. . F(D?u;)=0inU
homogenize the Dirichlet problem
u: = g(-/e,w) on OU

F uniformly elliptic with constants 0 < A < A
the “Diophantine” properties of the boundary should play a role

considerable work in periodic media for linear divergence form scalar equations and
systems by Barles-Mironescu, Gerard-Varet -Masmoudi, Kenig-Wang, etc.

e nonlinear periodic setting Feldman

rU) ={xeol:vx e RZd}

there exists By(d, A\, A) > max(0, %(d — 1) — 1) such that, if dimgI'(U) < Bo.
there exists a continuous g = ji(g, vx) such that the oscillatory Dirichlet problem
homogenizes to one with Dirichlet condition g
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oscillatory boundary conditions

. . F(D?u;)=0inU
homogenize the Dirichlet problem
u: = g(-/e,w) on OU

F uniformly elliptic with constants 0 < A < A
the “Diophantine” properties of the boundary should play a role

considerable work in periodic media for linear divergence form scalar equations and
systems by Barles-Mironescu, Gerard-Varet -Masmoudi, Kenig-Wang, etc.

e nonlinear periodic setting Feldman

rU) ={xeol:vx e RZd}

there exists By(d, A\, A) > max(0, %(d — 1) — 1) such that, if dimgI'(U) < Bo.
there exists a continuous g = ji(g, vx) such that the oscillatory Dirichlet problem
homogenizes to one with Dirichlet condition g

Bo determines the Hausdorff dimension of a subset of 9U which is negligible

I is determined by homogenizing the Dirichlet problem with boundary a plane
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e nonlinear random setting Feldman-Kim-S.

assumptions on F

F uniformly elliptic with constants 0 < A < A and 1-positively homogeneous
either A\/A > d +1/2d or F is convex or concave

assumptions on g
g stationary, bounded, Holder continuous and strongly mixing with rate ¢ st
Jo (N2 2dr < oo

homogenization of sets of exponentially small probability
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isotropic diffusions in random environments — Sznitman-Zeitouni, Fehrman

Uep — trA(x/e,w)D2Uz + 1b(x/e,w) - U= = f(x, x/€p,w) N RY x (0, 0)

us =g on RY x {0}

assumptions

A uniformly elliptic, A, b, f stationary
finite range independence

(a(rx,w, b(rx,w))cra has the same law as (ra(x,w)rT, rb(x,w))
same law for any rotation r

A= <mn, bl <n

XER

+ have the
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isotropic diffusions in random environments — Sznitman-Zeitouni, Fehrman

Uep — trA(x/e,w)D2Uz + 1b(x/e,w) - U= = f(x, x/€p,w) N RY x (0, 0)
us =g on RY x {0}

assumptions
o A uniformly elliptic, A, b, f stationary
o finite range independence

o (a(rx,w, b(rx,w)),cra hasthe same law as (ra(x,w)rT, rb(x,w)),.ra have the

same law for any rotation r
e [A—Il<n, |bl<n

XER

results

for n sufficiently small, there exists a > 0 st
e homogenization with f = f(x) to U — aAU=f  Sznitman-Zeitouni

e homogenization with f = f(x, x/e,w) to Uy — aAl =f Fehrman
e a.s. existence of invariant measure  Fehrman

e Liouville property for strictly sublinear solutions  Fehrman
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some examples about non periodic perturbations of periodic environments — Lions-S.

the modeling of, for example, materials with defects leads to perturbations of periodic
media

under what non periodic perturbations does the ergodic constant remain unchanged?
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some examples about non periodic perturbations of periodic environments — Lions-S.

the modeling of, for example, materials with defects leads to perturbations of periodic
media

under what non periodic perturbations does the ergodic constant remain unchanged?
e Hamilton-Jacobi equations

|Du + p|2 = g+ H(p) g periodic with ming = 0

|Dv + p|? = g + f + H(p) has a strictly sublinear at infinity solution iff f > 0 compactly
supported or slow decay at infinity
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some examples about non periodic perturbations of periodic environments — Lions-S.

the modeling of, for example, materials with defects leads to perturbations of periodic
media

under what non periodic perturbations does the ergodic constant remain unchanged?
e Hamilton-Jacobi equations

|Du + p|2 = g+ H(p) g periodic with ming = 0

|Dv + p|? = g + f + H(p) has a strictly sublinear at infinity solution iff f > 0 compactly
supported or slow decay at infinity

e “viscous” Hamilton -Jacobi equations

—Au+|Du?=H0)=0

when does —Av + |Dv|?2 = \f have a strictly sublinear at infinity solution?
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some examples about non periodic perturbations of periodic environments — Lions-S.

the modeling of, for example, materials with defects leads to perturbations of periodic
media

under what non periodic perturbations does the ergodic constant remain unchanged?
e Hamilton-Jacobi equations

|Du + p|2 = g+ H(p) g periodic with ming = 0

|Dv + p|? = g + f + H(p) has a strictly sublinear at infinity solution iff f > 0 compactly
supported or slow decay at infinity

e “viscous” Hamilton -Jacobi equations

—Au+|Du?=H0)=0

when does —Av + |Dv|?2 = \f have a strictly sublinear at infinity solution?

A1 first eigenvalue of —A + A\ f

there exists A¢ st A\ = 0if A < Agand Ay < 0if A > A¢ Ae=ociff f >0

A < A¢ = there exists a strictly sublinear solution; otherwise no solution
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some examples about non periodic perturbations of periodic environments — Lions-S.

the modeling of, for example, materials with defects leads to perturbations of periodic
media

under what non periodic perturbations does the ergodic constant remain unchanged?
e Hamilton-Jacobi equations

|Du + p|2 = g+ H(p) g periodic with ming = 0

|Dv + p|? = g + f + H(p) has a strictly sublinear at infinity solution iff f > 0 compactly
supported or slow decay at infinity

e “viscous” Hamilton -Jacobi equations

—Au+|Du?=H0)=0

when does —Av + |Dv|?2 = \f have a strictly sublinear at infinity solution?

A1 first eigenvalue of —A + A\ f

there exists A¢ st A\ = 0if A < Agand Ay < 0if A > A¢ Ae=ociff f >0

A < A¢ = there exists a strictly sublinear solution; otherwise no solution

e uniformly elliptic



